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The renormalization group flow of the multiscalar interacting ¢ theory in d = 6 dimensions is known to
have a gradient structure, in which suitable generalizations of the f functions B! emerge as the gradient of a
scalar function A, 0;A = T,;B’, with a nontrivial tensor T, in the space of couplings. This has been shown

directly to three loops in schemes such as the modified minimal subtraction scheme (MS) and can be argued
in general by identifying A with the coefficient of the topological term of the trace anomaly ind = 6 uptoa
normalization. In this paper we show that the same renormalization group has a gradient structure in
d = 6 — e. The requirement of a gradient structure is translated to linear constraints that the coefficients of

the MS f functions must obey, one of which is new and pertinent only to the extension to d # 6.

DOI: 10.1103/hycz-4wvf

I. INTRODUCTION

The scalar theory with cubic-power interactions and
arbitrary number of flavors described by the action

1 1
Slp] = /ddx{iaﬂfﬂia”(ﬂi+§9ijk(ﬂi(ﬂj(ﬂk} (1)

is perturbatively renormalizable in d = 6 — ¢ dimensions
[1,2]. A summation convention is implied over repeated
flavor indices i = 1, ..., N, where N is the total number of
scalars. The renormalization group functions of Eq. (1) are
known in complete generality up to three loops [3-5].
These functions include the gamma function y;; coming
from the wave function renormalization and the $ function
p' of the tensor coupling ¢’ = g;;;, where we use the
collective index / to denote a fully symmetric triple (i jk).1

We rescale the couplings g;x — (4r)3g; jk in the original
action (1) to avoid uninteresting numerical factors. The
general structure of the f function in the modified minimal
subtraction scheme (MS) up to any given order of the loop
expansion in d = 6 is
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Bijk = S3 {>—‘} + , (2)

where the filled-in circles represent one-particle irreducible
contractions of g;; with no tradpoles. The first term
contains the y function and it is symmetrized as
83 (}/migmjk) :ymigmjk +7/mjgimk +ymkgijm’ using the Sym-
metry factor as label.

The analysis of the conformal anomaly of Eq. (1) can be
carried out using local renormalization group methods of
Refs. [6,7]. It proves that in d = 6 there exists a special
scalar function of the couplings, A = A(g), roughly related
to the topological anomaly [8—11], such that its gradient has
the form

oA =TyB’, (3)

which we also refer to as integrable. On the rhs of Eq. (3)
we introduced a tensor in the space of couplings, 7;, and
the B functions, that are related to the f functions by

B =p = (09" @

The tensor v;; is determined by the renormalization of the
flavor current; as such it is an element of the orthogonal
algebra, i.e., we have that v;; = vy, see Ref. [12] and
references therein. It acts on ¢’ as (v-g) = 0,9, ikt
UmjGimk + UmikGijm- The complete matrix (y + v),; can be
obtained by renormalizing a local source term for ¢; rather
than the two-point functions [12]. Likewise B’, it is invariant
under unphysical flavor rotations. In the practical application
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below, which are based on minimal subtraction, y;; will be
symmetric.

The condition B! = 0, rather than / = 0, is the neces-
sary requirement for conformal invariance, in that the
operatorial relation [7*,] = B'[O,] holds on shell and in
the flat space limit for the renormalized energy-momentum
tensor 7, and the renormalized operators O; = @; (T
should not be confused with the tensor 7;; in the space of
couplings) as a consequence of the Ward identities of
curved space’s Weyl transformations that are improved by a
scale dependent flavor rotation [13]. The “improvement” is
precisely the second term of Eq. (4). Fixed points have been
classified, at least numerically, for low values of N, see,
e.g., Refs. [14-17].

The existence of A is particularly useful when trying to
establish a perturbative proof of the strong version of the a
theorem, i.e., the irreversibility of the renormalization
group. For example, under the above assumptions the flow
of A generated by the Bs becomes

BIaIA - G]JBIBJ, (5)

in which we defined G;; = T(;;). Then B'0,A is always
positive if G;; is positive and nondegenerate, i.e., if G, is an
Euclidean metric in the space of couplings. The latter fact can
generally be established, at least perturbatively, for unitary
theories and has lead to generalizations of Zamolodchikov’s
theorem [18] to d = 4 dimensions [19]. In d = 2 it can be
shown explicitly that there exists a scheme for which G;; is
precisely Zamolodchikov’s metric [19].

In arbitrary d one may instead imagine to rely on the
generalization of A to the F function, that s, to the free energy
of conformal field theories (CFTs) evaluated on spheres up to
a normalization, defined F = sin(zd/2)logZs [4,20],
which interpolates with the topological anomalies in even
dimensions and is also believed to be a monotonic function of
the renormalization group. This suggests that Eq. (3) may
also hold in the e expansion when d =6 —¢ and the
interaction becomes slightly relevant. However, for this logic
to be sound, the identification must also hold slightly away
from the CFTs’ critical values. This possibility has already
been confirmed for ¢* in d = 4 — ¢ in Ref. [21], but the ¢>
case considered here is still unknown.

The gradient structure (3) of the model (1) has already
been verified to three loops in d = 6 some time ago (in two
schemes, including MS) [3]. The requirement of integra-
bility can be formulated as independent linear constraints
that the coefficients of the  function of higher loops should
satisfy. Specifically there is one constraint for the coef-
ficients at two loops and ten constraints for those at three
loops. In this paper we show that in d = 6 — ¢ there is an
additional constraint coming from the three loop order of
Eq. (3). This constraint is independent from the others and
verified by the actual MS coefficients, which gives further

evidence of the link between the A and F functions and
opens the avenue to a perturbative proof of the F theorem
for the cubic model in the spirit of Ref. [22].

II. LOOP EXPANSION

We first recall, as briefly as possible, the results in d = 6
up to three loops in order to set the notation before moving
to the & expansion in the next section.” We represent
contractions of the tensor couplings g, diagrammatically:
to each black dot corresponds an insertion of the coupling
tensor and to each connecting line a contracted index. At
one loop the symmetric part of the anomalous dimension is

7y = era O (6)

and there is no antisymmetric tensor v;; because it is not
possible to form an antisymmetric combination with two
couplings. The p function is

B(]l;i =83 (vﬁn)gmjk) + b1, : (7)

which generally depends on the two parameters ¢, and

by,. The MS values are ¢;, =3 and b;, = —1. Given
(1)
ij
at one loop, () = B(1). The A function is parametrized by
irreducible bubbles as

A(l) = al,a® + al,b@ . (8)

The leading order of 7;; is necessarily symmetric, so
T E(J)) = Gﬁ(}l and is chosen to be trivial, G;g) = 0y, thanks
also to the fact that Eq. (3) is invariant under a combined
rescaling of A and G;; by a constant. The expansion of
Eq. (3) to order g* gives two equations, the so-called Weyl

consistency conditions [6,7],

v;;” = 0, there is no difference between # and B functions

4a,,— by, =0, 4a,, -3¢, =0, 9)
which can always be solved for the coefficients of A(!), so
there is no constraint from integrability. The quite simple
solution is given in Eq. (A2) of Appendix.

At two loops there are two contractions contributing to
the anomalous dimension:

*The applications in d = 4 have been studied more extensively
in the literature, see, e.g., Refs. [13,23-26].
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’Y,(JQ) =C2,a <<D> +ca2p <®>

and three additional ones contributing to the f function:

31(]213 = (71(m)gmjk> +b2,4S3

The MS values are ¢, = 1—18, Crp = —%, by, = —%,

—1. As in the one loop case 1)1(»12») =

_ 1 _
bZ,b =7 and b2.c =
0 because it is impossible to form antisymmetric contrac-

tions also at order ¢g*, which means that 52 = B,
There are five irreducible bubbles that contribute to the A
function at this order:

A®) _a2a®+a2b@+a2(@
+a2d@+a2e@
(1)

A general parametric form of the tensor T}, is obtained by
labeling two independent vertices in the bubbles of the
previous order, given in Eq. (8), and taking derivatives with

p)/z(j) =C3,a

s +csr

respect to them. This results in a symmetric tensor, so

T 2) = Ggy parametrized by four terms, as follows:

Gﬁl} =m1,,S18 [I] +mip Sis {{}} 13
= L e

Solving Eq. (3) to order g’ we find eight independent
equations, which do not admit a general solution for
arbitrary coefficients b, s and ¢, s. By linearly eliminating
the a, s and m, s coefficients, there is only one surviving
equation involving the coefficients of the f function,

b2,h + 66‘2_a + Crp = 0, (14)

which should be seen as a linear constraint among the b, s
and ¢, s [here we inserted the values of b; s and ¢, s of the
previous order, the general formula is given in Eq. (A6)].
This agrees with Ref. [3]. We also note that, solving for the
a, s and m; s, the solution admits two free parameters, o,
and &; on which solutions depend explicitly, as can be
checked in Egs. (A4) and (AS) of Appendix. The param-
eters are also discussed briefly in Sec. IV.

The renormalization group function to three loops can be
found in Ref. [3], but also deduced from the tables given in
Ref. [5] for a special model that can be adapted to the fully
general case. There are in total nine contractions contrib-
uting to the symmetric anomalous dimension:

@L+<®>+<@>+{<@+<®>} .

At this order the tensor v is nonzero and we parametrize it as

The f function includes 17 additional diagrams:

o]
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Bzgk = (%mgmgk) + 03,4 S3

+ b3.¢ Sg + b3}f Ss

+ b3,053 + b3, 51

At this order g

The MS values of the coefficients of 5
the parametrization of A are

3) and »®)

We do not give the expression for Tﬁ) here for the sake of
brevity, note however that it contains 29 independent terms,
of which 15 are individually symmetric and the rest can be
combined to give symmetric/antisymmetric combinations,
s0 Gﬁ * Tﬁ). This is consistent with Ref. [3] (note that 30
contractions are reported in Table 5 of Ref. [3], but the first
and the third are identical). Requiring the gradient structure
of Eq. (3) to the order ¢° of the expansion, we find 45
equations among the coefficients of B®), AG) and T®.
Substituting the results from the previous loops, and
linearly eliminating the coefficients of A®) and T®), we
confirm a system of ten independent equations that forms a
set of constraints on the coefficients of B). The result
agrees with Refs. [3,27] and we give it in Egs. (A9) and
(A10) of Appendix.

III. SOLUTIONS INd=6-¢

In the ¢ expansion, i.e., for d = 6 — ¢, the interaction is
slightly relevant, now with dimension . The # function of
the dimensionless coupling must be complemented by the

+
g
&

+ b3, S3 @— + b3.1. Sz Q» + b3, S3

(3), and the expression of the latter can be obtained from Eq. (17) replacing y — y + v in the first term.
are summarized in Eq. (A8). The irreducible bubbles contributing to

(18)

B _
ljk ljk -

the leading term of A to be

o_ _¢
A 4@, (19

which solves the “zeroth”
to the loop expansion).
In general, the leading term B(®) of the $ function
conspires in Eq. (3) with T(") at the nth order to produce
terms of the same order as, for example, 70 « B(n) = B(n)
Expanding Eq. (3), we have the schematic structure

leading term [J’ —%egi k> which, in turn, forces

order (zeroth order if compared

= Z T(P)  B(n=p) (20)

0<p<n

that must be solved order-by-order also including the term
p = n, which has not appeared in the previous section.
A solution is thus found for {A"), T("}, rather than for

{A T(=DY " at the nth order of the above expansion

105009-4
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given B, see Ref. [21]. By construction, in the limit
e — 0 the loop-perturbative solution must be recovered,
consequently the coefficients of {A"), T(")} are determined
as a regular series in e.

Given that, to each order n of the expansion in Eq. (20),
the coefficients of the solutions of A" and T must
themselves be regular series in ¢, we parametrize them as
done in the pertinent formulas of the loop expansion of
Sec. II, but replacing

Ay = Gy (€)M = iy i (£), (21)
and the solutions of the previous sections become boundary
conditions, a,,(0) =a,, and 7, (0) = m, . With the
above replacement, at any n, Eq. (20) gives linear relations
between &, , and 71, ., in which the latter are multiplied by
¢ because of the contraction T() x BO) « ¢T™ ie., the
term p = n in the expansion of Eq. (20).

New constraints among the £ function coefficients can
emerge by inspecting the order ¢ equation of the resulting
systems. One way to find such constraints is to solve for the
coefficients a,, as functions of (b,,c,,s,) and for the
coefficients m,, , as functions of (b, ,c,1,5,.1); either
way the solutions are subject to the constraints of the previous
section given in Egs. (14) and (A9). Then, the order n of
Eq. (20) expanded to order ¢ relates linear combinations of
ay, (0) with combinations of (b, ,¢,.1.58,41) and con-
straints on the latter set can be found by linearly eliminating
the unknowns (a;, ,(0), 71z}, (0)) and inserting the former set
for simplicity. Equivalently, we could solve for the 7,
coefficients and demand their regularity, i.e., that there are
no % poles in their series (recall that T % () multiplies the
7, s by &, so their general solution may contain a pole), as we
believe was done in Ref. [21]. Either way, we obtain the same
constraints independently of the approach.

At the leading nontrivial order, corresponding to n = 1
in Eq. (20), there are no additional (independent) con-
straints, though we observe that the constraint given in
Eq. (14) is explicitly required for a consistent solution. The
values of the leading-order ¢ corrections to the coefficients
of A" are given in Eq. (A7) of Appendix.

At the next-to-leading order, corresponding to n = 2 in
Eq. (20), we find several constraints, most of which linearly
related to those given in the Appendix. However, there is
one (and only one) new constraint on the coefficients of
B®), which is independent of the 10 constraints coming
from the loop expansion given in Eq. (A9). We find

36C3,a - 1728S3~a - 14463,b + 36b3’f - 144b3’g + 72b3.h
- 43263,&’ + 2166’3’8 + 51846‘3’!] + 43263,6 - 7 = O,
(22)

which we see as the main result of this paper. It is a
straightforward check that the above constraint is solved by

TABLE I. Number of terms and constraints among the tensor
structures in the MS scheme.

MS renormalization group

Number of terms 1 loop 2 loops 3 loops
p (irr.) 1 3 17
4 1 2 9
) 0 0 1
B (total) 2 5 27
A 2 5 16
T 1 4 29
Loop constraints 0 1 10
e-expansion constraints 0 0 1

the MS values given in Eq. (A8). In other words, the
integrability of the renormalization group parametrized by
the B! functions in d = 6 — ¢ is not guaranteed by the
integrability in d = 6; instead the coefficients of the three
loop f function must satisfy an additional relation. The
most general form of Eq. (22) in which the previous
parameters have not been substituted is presented in
Eq. (A12) of Appendix. The number of coefficients of
the various functions and the constraints are summarized in
Table I.

IV. FURTHER RESULTS

The presumed relation between the d-dependent F
function and the e-dependent A function has a key role
in motivating our original expectation that the flow of the B
functions is integrable also in the € expansion. In this case it
becomes important to assess the role of the tensor G;; =
T ;) and its interpretation from the point of view of the F
theorem. In a recent work, Ref. [22], it was shown that, for
the ¢* theory, it is possible to normalize the quantities and
fix parametric dependencies present in G, in such a way
that it directly generalizes Zamolodchikov’s metric in
d#2, ie, Gy — Cyx(pjllp]) where @7 = @i
are the interactions and [¢?] are the renormalized operators
as in Zamolodchikov’s paper [18]. The computation of
Ref. [22] was done entirely on spheres, so that the matching
extends to the F function. The result is particularly
important because in d = 6 the local renormalization group
would instead suggest that T, is related to a three-point
function, e.g., something like 7;; o« ([T* ][¢7][¢]]), for
which it is difficult to establish a notion of positivity.

In a forthcoming paper we plan to address in more
generality many more aspects of the results presented in
this paper, including scheme dependence, but also the
geometry of couplings’ space. In anticipation, to spark a
discussion, we give the (leading corrections to the)
Riemannian curvature scalar R associated to Gy,, inter-
preted as a metric. Using
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R = 0,0,G') — 0,0,G}) + O(P). (23)

we find

R (N +2)N(N = 1)[1IN? +32N + 19

~ 864
+ 144(N + 3)a,] + O(e, ¢2), (24)

which agrees with the result of Ref. [27]. The curvature
depends on the free parameter &; = m; . + a, . that is not
fixed by integrability, see Eq. (A5) which has been used in
Eq. (24). The free parameters a; = a,. and &; should
instead be fixed consistently on spheres by matching A with
F = sin(zd/2)log Zg« and G;; with Zamolodchikov’s
metric under our motivating premise. In the large-N limit
we have R « N° with a coefficient that is instead inde-
pendent on the parameters [27], similarly to the result of
Ref. [22].°

At subleading orders in the large-N expansion Eq. (24)
depends on the parameters that are not fixed by the
integrability conditions. As for the interpretation of these
parameters, we observe that a; is related to the well-known
fact that, given a function A that satisfies the integrability
condition with a certain metric G;;, we can always find an
equivalent function A’ ~ A [3,19], defined as

A'=A+d;,B'B, (25)

for some symmetric matrix dj;, although with a different
tensor 7', ~ T;; which explicitly is

Ty =T+ LTy + 0;(d;xBX) — 0;(dixBX),  (26)

where [’BTIJ = BK()KT” + aIBKT](] + aJBKTIK is the
standard Lie derivative. Notice two important things. On
the one hand, at fixed points gfjk such that B/ = 0, we have
that A(g*) = A’(g"), so the value of A is scheme-invariant.
On the other hand, if the original 7;; is symmetric (i.e.,
T;; = Gyj), the equivalence may give an antisymmetric
part to 7%,. By construction, being G;; the symmetric part
of T;;, we always have

Gj; = Gy + Lgdyy, (27)
but T/IJ = TIJ + ;CBd[‘] Only lf
a]<dJKBK) - a](dIKBK) =0. (28)

This basically is the integrability condition for the Bs, that
is trivially solved by choosing d;; = aT;; (symmetric) for

*We are very grateful to Hugh Osborn for suggestions, for
pointing out the mistakes of Eq. (24) in the previous version of
the draft and for kindly sharing updates on Ref. [27].

some constant ¢, in which case the above equation becomes
[0;,0,]A = 0. Under these assumptions,

A/ = A + aTUBIBJ = A + aBIaIA, (29)

so A’ would be a renormalization group transformation of A
(and obviously still an invariant at fixed points). Notice that
a is not necessarily infinitesimal.

It was shown in Ref. [3] that 7;; can always be chosen to
be symmetric, at least up to three loops. In our notation the
parameter «;, that does not appear in the scalar curvature,
emerges at two loops. In fact

0
A(z) |]inear ina; — —2(11 G;J)B(I)IB(I)J’ (30)

which tells us how to understand the parametric depend-
ence of our result on «; in relation with a. For example, if
A" = A|, _o, then the general A that we have found and
given in Eq. (A2) is such that A ~ A" = A + aG,;B'B’ for
a = 2a;. The dependence on &; is instead entirely confined
to the metric and can be understood as a consequence of the
fact that integrability only fixes the linear combination of
the parameters m; . + m, 4, in agreement with the result
of Ref. [3].

Taking all this into account, we can interpret the scalar
curvature given in Eq. (24) as a consequence of the gradient
structure of theory space that demands a nontrivial metric in
the space of couplings. However, since the curvature
depends on @; in a way that is not proportional to the B
functions at subleading orders in the large-N expansion, it
is not straightforward to argue for its physical meaning.
However, it may acquire a physical meaning once the
parametric ambiguities in both the A function and the
metric are resolved through a physically motivated match-
ing procedure, which would result in matching the values of
a, and & by computing F and Zamolodchikov’s metric
(e.g., with covariant diagrams on spheres), as discussed
earlier.

V. CONCLUSIONS

We have proven that the MS renormalization group flow
of a multiscalar ¢® model is integrable in d =6 —¢
dimensions, i.e., it admits a generating scalar function A
at and, importantly, slightly below the upper critical
dimension of the field theory, the latter being the main
new result of this paper. This result is nontrivial because the
existence of a scalar A function, dependent on the couplings
ijk» 1s generally guaranteed by the analysis of the topo-
logical term of the conformal anomaly only in d = 6, i.e.,
only at the upper critical dimension of the ¢* model and not
below it.

In general d one could argue that the existence of the so-
called CFT F-function (the free energy of the CFT on a
sphere up to a d-dependent constant), which is believed to

105009-6
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replace A and interpolate with the topological anomaly
itself in even dimensions by analytic continuation, should
motivate the existence of some A in general d and,
specifically, in d = 6 — e. However this may not be obvious
because the A function that we have found exists also away
from criticality, which, in the language of this paper, would
be away from the renormalization group fixed points of the
B functions, B’ = 0. The natural prospect of this idea
would be to verify that it is possible to match A and Gy,
with F and Zamolodchikov’s metric on spheres. The
diagrams required for the metric involve the same con-
tractions of the coupling tensor that in this paper appear in
the expansion of Gy, e.g., Eq. (13) for the matching at
leading order. The same computation has been done for the
@* model in Ref. [22], but in the case of the ¢’ there is the
additional complication that to each order of the expansion
the powers of the tensor coupling increase twice as fast.

The integrability of the renormalization group flow of B’
can be conveniently expressed as a set of linear constraints
that the coefficients of the B functions themselves should
satisfy. Specifically, the ¢* model is very constrained by
integrability, especially if compared to ¢*. One explanation
for this fact is, once more, that the polynomial degree of
renormalization group functions grows twice as fast for ¢,
so the complexity of the three loop ¢* is comparable to five/
six loops ¢* and we noticed this empirically when
reproducing the results of Pannell and Stergiou of
Ref. [21]. This statement is qualitative and must be taken
with a grain of salt, in that higher loop diagrams still grow
in complexity at the same rate in both models—e.g., when
looking at the higher order of transcendentality of the
coefficients of the counterterms, which involve a larger
field of numbers as coefficients. In fact, it would be
interesting to explore in general if there is a relation
between the number of constraints and the increase of
complexity in the coefficients’ field, given that the latter are
linear relations.

In summary, there are in total 1 + 10 constraints that the
coefficients up to three loops must satisfy for the existence
of A in d =06. Our analysis reveals that there is one
additional constraint among the three loop coefficients of
B! for the gradient structure to hold in d = 6 — ¢.
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APPENDIX: MS COEFFICIENTS
AND CONSTRAINTS

In this appendix we include and occasionally repeat, order
by order, the § function coefficients in the MS scheme.
Plugging them in Eq. (3) we have solved the system for the
coefficients of the A function and the metric. They are
explicitly included for the one and two loop cases, while in
the three loop case we only include the 10 constraint
equations. All of the results of the loop expansion are the
same as Refs. [3,27], but expressed in our notation.

At one loop the MS coefficients of B(") in Eq. (7) are

1
Cla — 77 bl,a:_l-

12° (A1)

The values of the coefficients of the A function are uniquely
determined as

1 1
al,a:_z’ al,b:%~

At two loops the MS values of B in Eq. (11) are

(A2)

1 11
Cr, =—, Crp = ——,
ST VL)
1 7 1
by, =——, b —, by, =—=. A3
2.a 4 2.b 72 2, D) ( )
The coefficients of the A function are solved as
1 1
a2a:_ﬁ’ a2b:6_2al’ az . = ap,
7 al 1 al
- = — A4
24775767 12 9273456 24 (A4)
Similarly for the coefficients of T';; are solved as
7 7
ml,a :—1—1—12(11, ml,h——ﬁ ap,
- 1 ~
my.=o; —ap, my g4 —8—051 — . (AS)

The free parameters @&; and «;, discussed in Sec. IV, are
unconstrained by integrability. Notice that m; . + m; 4 is
independent on @&; as promised in the main text.

The two loop constraint from integrability given in the
main text in Eq. (A6) is such that the values of the one loop
coefficients of Eq. (A1) have been inserted. In general we
have

byaCap —2¢14(b2p + €24) =0, (A6)
under the assumption that b, , and c; , are nonzero. Using
Eq. (A1) in Eq. (A6) we find Eq. (14) of the main text. In
the e expansion and at the same order, we can provide the &
corrections to the coefficients of A(!) given in Eq. (A2), as
follows:
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- 7 3 . 1 3
a’l,a(O) :—3—2‘1‘5(11, a/l,b(O) :@—gal. (A7)
As expecte_d, the corrections to A at this order depend only on «;.
In the MS scheme, the three loop coefficients are
7 71 103 1 121
Cy, = —, Cyp = ——, C3p,=———, C3g=——, C3p,=———,
34 864 301728 3 10368 3d 108 5 5184
7 23 103 13 137
= — —_—— C ==, C :—’ Ci:_—’ sa:——’
396 24° 397 62208 7776 3 31104 3 10368
3 1 5 47 47
b - — 35> b - 35> b c— T, b — TS5/ a4 e ™ TS5, a0
e g ) 716 34 864 3 864
e 23 5 11 19 1
37088 39 54° 0167 T340 1728
11 11 1 1 29
36 = T758° 307 Taa 3m 16’ 3n =3 s, 3,0 13 + >
23
b3,p =-1, b3.q = _ﬁ'i_ CS’ (AS)

where {3 = {(3) and { is the Riemann ¢ function. We have included the MS value of s3 , that has been determined indirectly
in Ref. [3] [using the last equation of the system (A9) given below] and directly in Ref. [27]. The system of ten constraints
becomes, inserting the MS coefficients at one and two loops,

11
b3.b + 2b3,c + 12b3,d + 241)3‘3 + 12173] + 144[7';1 + 72b3,m + 726’3.3 + 864C3yi + E - 3(1)3.“ + 4(b3,g + 72C3,g)) =0

b3,b + 12b3.h - b3,a - 12b37g = 0

7
12b3.n + b3.p - 2b3.q - 6 - O

7
by .+ 12b3 4+ 6b5 , + T2b5,, + — —

T b3 ,—6b3,=0

11
b3,b + 12b3.d + 12b3,e + 144b3’m + 126‘3’(1 + 1446’3,0 +E - b3,a = 0

bro 3= bag= 1202, =0
Do 1203+ 184bs, + 63, + Ty 7263, + 864c3, + T253 = by = T2b3, = =0
b@+2%y+nqd+uﬁﬂ—%x—uhﬁ—cm—2%h—ﬁ%:0
b3, +6b3 +6b3 5+ 12¢3 ), 4 14453, + 1 = b3, —864¢3, =0
77

€30+ 6035, + 283, — (A9)

3590~

which is equivalent to that of Ref. [3] and satisfied by the MS values given in Eq. (A8). The general form of the above
constraints in which the coefficients of the previous loops are not inserted is
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Crabz g — b1 b3 +2by by o —2¢y ub3, =0
by absi = 2by 4534 = 2b3 ), —2¢ 4b3 ;=0
b3uCi1a—b3pC1a = D1 yb3 g+ by b3, =0

2014030 +4C1 4834 + 2Dy pCop — by 403, =0

2by 4C14C3 5 + 261 b3y — 261 b3 o + 2bs ¢y oDy = By oDy 2y = 0

2 2 2 2 2 2 _
b],ac3,g - C],ab?a,e - 3cl,gb3.g + 2cl,ab3.h + 2bl,acl,as3,a - b2,bb1,ac2.b + bz,bcl,a + b2,aC1.aC2,b - 2C1,ac3,b =0

2 2 2 2
201 4b3.g = 2b1 4C1aC3.a +4CT 4b3 g — 207 D3y — 2D 4C1 0530 — 2D5 ,C1 0 + Do pbyaCop — 202 4CraCop

+ 4Ciac3$b + 203,cb1,acl,a =0

2 2 2 3 3 2 2 2
2Dy 41 4b3g = b1 4C1aC3.a — b1 4Cl.a83.0 — 2037 o + 207 (D3 o + 2Dy by o7 + Dy oC3.4CT 4 + 2Dy 4CT 4C3p

2 2 _
= 205,01 4C14 = 2b1,4D2 41 uCop + b2 pbY 4C2p =0

2 2 3 3 2 3 2 2
2Dy 41 4€3.a + 2b1 41 4C3,0 — 4T b3 + 801 b3 g — 4bY jC1 4C3 5 — 4CT b3y — 2D C1 4C3 + 4Dy o D3

2 3 2 2 2 2 .2 3
- IObl’aCLaS&a =+ 8C1,ac3,b - 8b2,bcl,a - 2b2‘acl.a02.b + 8b2,bbl,acl,ac2,b - bl.acz.b - 2C3’aC1’a =0

2 2 2 2
4ct 4b3 g = b1.4C1aC3.a = b1 39— 267 D30+ D1aC1abig = 3b14C1a83.0 + D2pbraCop + 263,01 4C1 4 — 205 01 4

P 2 _
= by4CraC2p +4¢T 4C3 — €1 4C34 = 0.

(A10)

In the € expansion, eliminating Zz’z’x and 7} , coefficients, we have reported the constraint Eq. (22) in the main text inserting
the coefficients of the previous orders. It can be simplified further using Eq. (A9) to the form

216(b3d - b3.e + b2,f - C3.a) + 18(b3,a - b3,b) - 2592 C3,e - 7776 C3,f + 47 = 0

(Al1)

The general form of Eq. (22) in which the previous loops have not been inserted is instead

2 2 3 3 2 3 2 3
4bl,acl,ac3,d - 2b1'aC1’aC3ye + 4Cl.ub3,f - 16C1,ab3,g + 4b1’aC1‘aC3,g + 8C1,ub3,h + 16b1‘aC1,aS3‘a - 16C1’aC3’b

2 2 2 2 3 2 2 _
+ 12b2.bcl,a + 4b2.ﬂcl,aC2.b - 403,cb1,a‘71,a —10b, by 4C1 4C2p + 43407, + bl.acz,b =0,

(A12)

and reduces to Eq. (22) when the values in Egs. (A1) and (A3) are used. Notice that the general constraint is now quartic in
the coefficients, however, using Eq. (A6) on the last term we could simplify it to a cubic equation.
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