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We develop a QCD-assisted relaxation dynamic model for the critical mode of the critical end point
(CEP) in the QCD phase diagram, which allows us to investigate the critical slowing-down effect
quantitatively in the QCD phase diagram, especially in the proximity of the CEP, without any
phenomenological parameters. The relaxation time from nonequilibrium to equilibrium in the QCD
phase diagram is extracted from the Langevin simulations of the QCD-assisted relaxation dynamic model.
It is found that in a narrow region along the phase boundary radiated from the CEP, the relaxation time is
enhanced significantly. Outside this narrow region, the relaxation time drops drastically, which implies that
the dynamic critical region is small in the QCD phase diagram. Within the present setup in this work, we
further find that the relaxation time is not strongly enhanced along the considered chemical freeze-out
curves, suggesting that the effects of critical slowing down may be limited there.
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Introduction. Studying the QCD phase diagram plays a
pivotal role in exploring properties of strongly interacting
matter under extreme conditions [1–8]. The structure of the
QCD phase diagram and the nature of its phase transitions
are central frontiers in modern nuclear and particle physics,
with implications for understanding the early Universe,
neutron star interiors, and other fundamental questions. The
QCD phase diagram is characterized by the critical end
point (CEP) of possible existence [9,10], that is, the end
point of the first-order phase transition line in the regime of
high baryon chemical potential or, equivalently, high baryon
densities. Recent years have seen significant progress in the
study of the QCD phase diagram, e.g., the estimate of the
location of the CEP in the phase diagram from direct
computations of functional QCD [11–13] or extrapolations
of lattice QCD based on Yang-Lee edge singularities
[14,15]. Fluctuation observables, such as the high-order
cumulants of net-proton (baryon) number distributions, are
employed to search for the CEP in heavy-ion collision
experiments [16–27], where a peak structure of the kurtosis
of baryon number fluctuations as a function of the collision
energy is expected, as the fireball in heavy-ion collisions
evolves near the CEP [21,26,27].

Another intricacy arises from an effect called the critical
slowing down [28]. As the system is evolving in the
proximity of CEP, the correlation length ξ increases
significantly due to the nature of second-order phase
transitions for the CEP. Since the curvature of the effective
potential of the critical mode, i.e., the sigma mode, behaves
as ∼1=ξ2, the relaxation time from nonequilibrium to
equilibrium would be enhanced remarkably near the
CEP. Consequently, the nonequilibrium effects would come
into play, for instance, drastically modifying the high-order
fluctuations due to the memory effects [29].
To resolve the problems mentioned above, in principle,

one needs to simulate the real-time dynamics from micro-
scopic interactions, e.g., QCD for a many-body system,
which is, however, a formidable task. It turns out that one
can simplify the situations by starting from mesoscopic
instead of microscopic dynamics. For instance, the dynamic
models summarized in [30] have provided us with valuable
information about the real-time dynamics of critical phe-
nomena in phase transitions. The Oð4Þ chiral phase tran-
sition of QCD can be classified as Model G of dynamic
universality classes [31], and the CEP as Model H [32].
The mesoscopic dynamic models are powerful in study-

ing dynamic universal properties of critical phenomena
inside the critical region, e.g., the dynamic critical exponent
[30]. However, this is not the case outside the critical region
when nonuniversal properties are concerned since dynamic
models usually rely on phenomenological parameters, such
as various transport coefficients, which cannot be computed
in the models themselves but rather have to be calculated
from microscopic interactions. Therefore, it is a goal of
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real-time dynamics to combine the microscopic and meso-
scopic models, or even macroscopic approaches, e.g.,
hydrodynamics.
The renormalization group (RG) is a tailor-made method

of resolving the physics of different scales. In particular, the
functional renormalization group (fRG) has been success-
fully used in the study of both QCD at finite temperature
and densities [7,8,11,33–35] and dynamic models [36–46].
In this letter, we combine the microscopic QCD and the
mesoscopic dynamic models within the fRG approach,
which allows us to develop a QCD-assisted relaxation
dynamics for the critical mode of CEP. In the QCD-assisted
relaxation dynamics, the phenomenological parts are com-
pletely computed from QCD at finite temperature and
densities. Therefore, one is able to investigate the properties
of critical slowing down quantitatively in the QCD phase
diagram, specifically near the CEP.
We first describe the relaxation dynamics of the critical

mode with the Schwinger-Keldysh (SK) effective action.
The QCD-assisted Langevin transport model is then dis-
cussed in detail. Next, we simulate the QCD-assisted
Langevin transport in 3þ 1 dimensions, from which the
relaxation time of the critical mode in the QCD phase
diagram can be extracted. More details about the QCD-
assisted Langevin transport model and its simulations are
presented in the Supplemental Material [47]. Our results
offer a novel perspective on the critical slowing down near
the CEP in the QCD phase diagram.

Relaxation dynamics of the critical mode. The nonequili-
brium relaxation evolution of a critical mode, e.g., the σ
mode in QCD phase transitions, can be well described by
Model A, which is a purely dissipative relaxation model
classified in the seminal review about dynamical models in
[30]. Note that the QCD critical point is expected to belong
to the Model H universality class [32], in which the
conserved order parameter is reversibly coupled to the
momentum density. The Model A description adopted here
captures the dominant slowing down of the order parameter
but neglects this mode coupling; we will come back to this
limitation when discussing the phenomenological implica-
tions below. The related SK effective action reads

Γ½ϕc;ϕq� ¼
Z

d4xðZðtÞ
ϕ σq∂tσc − ZðiÞ

ϕ σq∂
2
i σc

þ 2U0ðσcÞσq − 2ZðtÞ
ϕ Tσ2qÞ; ð1Þ

with the field ϕ ¼ fσg, ∂t ≡ ∂=∂t and ∂i ≡ ∂=∂xi

(i ¼ 1; 2;…; d). Here, the spatial dimension d ¼ 3 is
chosen, and a summation for i in ∂

2
i is assumed. The

subscripts c and q stand for the classical and quantum fields,
respectively; see, e.g., Refs. [41,43,58] for more details.
Discussions about the functional renormalization group
with the Schwinger-Keldysh path integral can be found

in, e.g., Refs. [58–60]. In effective action Eq. (1), ZðtÞ
ϕ and

ZðiÞ
ϕ are the temporal and spatial wave functions, respec-

tively. Here, UðσcÞ denotes the effective potential and
U0ðσcÞ the derivative, which arises from the difference
between the effective action on the two different time
branches on the SK contour. The last term quadratic in
σq represents a Gaussian white noise with temperature T.

Note that the temporal wave function ZðtÞ
ϕ appears as the

coefficient of the noise term due to the fluctuation-
dissipation theorem; see [43] for more details.
The effective action in Eq. (1) is expanded up to the

quadratic term in the ϕq field, which is also well known as
the semiclassical approximation. The semiclassical effec-
tive action is equivalent to a description of Langevin
transport. The counterpart of Eq. (1) in terms of the
Langevin equation reads

ZðtÞ
ϕ ∂tσ − ZðiÞ

ϕ ∂
2
i σ þ U0ðσÞ ¼ ξ; ð2aÞ

with the correlation of the Gaussian white noise

hξðt; xÞξðt0; x0Þi ¼ 2ZðtÞ
ϕ Tδðt − t0Þδðx − x0Þ: ð2bÞ

In Eq. (2) we have used σ ¼ σc=
ffiffiffi
2

p
for simplicity.

QCD-assisted Langevin transport model. In order to
simulate the Langevin transport equation (2), one needs
the input of three components: the potential UðσÞ or U0ðσÞ,
the spatial wave function of the σ mode ZðiÞ

ϕ , and the

temporal wave function ZðtÞ
ϕ , respectively. Note that the

first two quantities describe static properties of the system
and thus can be calculated directly from, e.g., Euclidean
field theory. In contradistinction, the temporal wave
function is essentially a dissipation coefficient; it depicts
the dynamic properties, so it can only be computed from
real-time correlation functions in Minkowski field theo-
ries, e.g., the SK field theory, or, equivalently, from the
real-time correlation functions continued analytically from
the Euclidean ones.
In this work, we adopt the three ingredients necessary in

Eq. (2), calculated from QCD at finite temperature and
densities within the fRG approach [11,35]. This provides
us with a unified method to obtain both the static and
dynamic properties of hot QCD matter. In the fRG
approach to QCD, quantum fluctuations of quarks, gluons,
and ghosts, where the Landau gauge is usually chosen in
functional QCD, are integrated in successively with the
evolution of the RG scale from the ultraviolet (UV) to the
infrared (IR). Moreover, the RG also provides us with a
tailor-made approach to deal with transition of degrees of
freedom (d.o.f.) in the low-energy QCD. When the RG
scale is lowered such that the system enters into the regime
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of nonperturbative QCD, e.g.,≲1 GeV, a finite gluon mass
develops, which entails the glue sector, including the
gluons and ghosts, decoupling from the system [61,62].
In addition, as the chiral symmetry is broken spontane-
ously, collective composite d.o.f., e.g., the pion mesons
and the sigma mode ϕ ¼ fσ; πg, take over the fundamental
d.o.f. of φ ¼ fA; c; c̄; q; q̄g and behave as the most active
d.o.f. in the low-energy QCD. Here, A; c; c̄; q; q̄ stand for
the gluon, ghost, antighost, quark, and antiquark, respec-
tively. This transition of d.o.f. is well described in the fRG
approach by virtue of a mature technique called dynamical
hadronization [11,63–65]. It is found that there is no
double counting with dynamical hadronization, which has
been investigated in detail in [48].
Consequently, one is able to compute correlation func-

tions not only for the fundamental fields φ but also the
composite fields, e.g., ϕ, in the fRG approach to QCD. All
these correlation functions can be derived from a unified
effective action Γ½Φ� with Φ ¼ fφ;ϕg. For instance, the
effective potential in Eq. (1) is obtained as follows:

U0ðσÞ ¼ δΓ½Φ�
δσ

����
σðxÞ¼σ

Φ̃¼Φ̃EOM

; ð3Þ

where we consider a coordinate-independent potential and
Φ̃ denotes all the other fields except σ, which are on their
respective equations of motion (EOM). In the same way,
the wave functions can be obtained from the two-point
correlation function of mesons, i.e.,

Γð2Þ
σσ ¼ δ2Γ½Φ�

δσδσ

����
Φ¼ΦEOM

: ð4Þ

Then, for the spatial wave function, one finds

ZðiÞ
ϕ ¼ ∂Γð2Þ

σσ ðp0; pÞ
∂p2

����p0¼0
p¼0

: ð5Þ

As discussed above, the computation of the temporal wave
function is more involved. The Euclidean correlation
function in Eq. (4) has to be continued analytically to
the retarded correlation function in Minkowski spacetime,
that is,

Γð2Þ
σσ;Rðω; pÞ ¼ lim

ϵ→0þ
Γð2Þ
σσ ðp0 ¼ −iðωþ iϵÞ; pÞ: ð6Þ

Note that in the fRG approach to QCD, the analytic
continuation is done on the level of the flow equations,
which allows us to perform numerical computation in
Minkowski spacetime directly and thus does not suffer
from the subtlety of inverse problems if the continuation is
done on, e.g., numerical data. Details about the calcula-
tions of real-time correlations within the fRG approach to
QCD can be found in Ref. [35]. Consequently, the

temporal wave function can be obtained from the imagi-
nary part of the retarded two-point correlation function of
the sigma mode, i.e.,

ZðtÞ
ϕ ¼ lim

ω→0

∂

∂ω
ð−Þ ImΓð2Þ

σσ;Rðω; jpj ¼ pLÞ; ð7Þ

where the long time limit ω → 0 is implemented. In
Eq. (7) the spatial momentum is chosen to be a value
jpj ¼ pL, corresponding to the size of the system. A typical
value pL ¼ 10 MeV corresponds to the length scale
1=pL ∼ 20 fm, which is comparable to the typical size of
a fireball in heavy-ion collisions. We also slightly change
the value of pL, and we are interested in the relative change
of the relaxation time in the QCD phase diagram, which is
found to be insensitive to the specific value of pL. Note that
one is not allowed to adopt the limit jpj ¼ pL → 0 since it is
found that, for the sigma mode in Eq. (7), one has

ImΓð2Þ
σσ;R ∼ 1=jpj in the limit of jpj → 0, which is discussed

in detail in the Supplemental Material [47]. It should be

noted that a finite value of the imaginary part of Γð2Þ
σσ;R arises

from the Landau damping effect, i.e., the particle-hole
process of quarks near the Fermi surface, which has been
discussed in detail in [35]. The critical mode exchanges the
energy of slow modes with the heat bath through Landau
damping.
We close this section by briefly discussing the system-

atics of QCD calculations at finite temperature and
densities within the fRG approach [11]. In the fRG
approach to QCD, quantum fluctuations of different scales
are integrated in successively with the evolution of the RG
scale from the high-energy perturbative to low-energy
nonperturbative regimes, such that a full quantum effective
action, as well as a variety of correlation functions, is
obtained at every fixed temperature T and baryon chemical
potential μB. This allows us to map out the QCD phase
diagram. The obtained phase boundary is quantitatively
consistent with the lattice results in the region of μB=T ≲ 4,
while the systematic errors increase sizably out of this
region. The follow-up studies, e.g., Refs. [34,35,66],
indicate that the estimate of systematic uncertainty could
be ≲10% in the regime of μB=T ≳ 4.

Simulations of QCD-assisted Langevin transport in 3þ 1
dimensions.With the quantities in (3), (5), and (7) computed
within the fRG approach to QCD at finite temperature T and
baryon chemical potential μB [11], one is able to simulate
the Langevin equation (2) in 3þ 1 dimensions; see also
related classical-statistical simulations [67–70]. We choose
a three-dimensional spatial lattice of periodic boundary
conditions with lattice constant a and size N3

L. Dependence
of simulation results on the lattice spacing a and extent NL
are investigated in detail, and the relevant results are
presented in the Supplemental Material [47]. We find that
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convergent results are obtained with a ¼ 0.1 fm and
NL ¼ 32, where the continuum limit is accessible and
the effects of finite volume are negligible. The Langevin
equation (2) is implemented as a stochastic partial differ-
ential equation in Julia on GPUs [71,72], where the time step
is chosen adaptively with the control of relative error. It is
found that a relative error of around 10−2 is sufficient to
resolve the temporal evolution. The Gaussian white noises
are generated by N3

L independent generators of random
numbers with normal distribution.
In the simulations, it is more convenient to work with

the renormalized quantities, e.g., the renormalized sigma

field σ̄ ¼
ffiffiffiffiffiffiffi
ZðiÞ
ϕ

q
σ; cf. more details in the Supplemental

Material [47]. The average of the sigma field on the lattice
for one sample in the ensemble reads

σ̃ðtÞ ¼ 1

N3
L

X
x

σ̄ðt; xÞ: ð8Þ

Then, the ensemble average hσ̃ðtÞi is obtained by averaging
σ̃ðtÞ over Nens samples in the ensemble. The error arising
from a finite sample number Nens is investigated in the
Supplemental Material [47], and it is found that the errors
are very small when the sample number is increased up to,
e.g., Nens ¼ 256. Different schemes for the initial con-
ditions of the sigma field are adopted for the studies of
critical mode relaxation from nonequilibrium to equilib-
rium, e.g., spatially homogeneous initial field configura-
tions, field configurations of the Gaussian distribution,
quenching from another equilibrium state, etc. It is found
that the relaxation time is independent of the choice of
initial conditions; see the Supplemental Material [47] for
more detailed discussions. The relaxation time τ can be
extracted by fitting the ensemble-averaged sigma field with
an exponential decay, as follows:

hσ̃ðtÞi ¼ Ce−
t
τ þ hσ̃ieq; ð9Þ

where hσ̃ieq is the value in equilibrium and C is a constant.

Relaxation time of the critical mode in the QCD phase
diagram. In the left panel of Fig. 1, we show the reduced
relaxation time τ=τ0 in the QCD phase diagram. The
relaxation time is normalized by some reference relaxation
time τ0, which is chosen to be the maximal value in the part
of the phase diagram shown in Fig. 1. Apparently, this is a
point near the CEP. The red dot stands for the location of
the CEP as shown in Eq. (10). In the phase diagram, we
also show the phase boundary obtained in [11], which is
depicted through the pseudocritical temperature of the
renormalized light quark condensate as a function of the
baryon chemical potential; see [11] for more details.
Moreover, we also show three typical freeze-out curves,
which are also used in [25,26]. The Andronic et al. freeze-
out is obtained from the freeze-out data in [4]. The STAR
Fit I freeze-out and STAR Fit II freeze-out are obtained
from the STAR freeze-out data [73], but for the latter some
flawed data from general considerations are dropped; see
[25] for more details. The 3D plot of the relaxation time in
the phase diagram is also shown in the right panel of Fig. 1.
The location of the CEP is found to be

ðTCEP; μBCEP
Þ ¼ ð107; 635Þ MeV ð10Þ

in [11]. Simulations of Langevin transport become difficult
as we approach the CEP. Therefore, the computations are
constrained in the regime of up to the baryon chemical
potential μB ¼ 630 MeV in this work. In this regime, the
maximal relaxation time τ0 is found to take place at
ðT; μBÞ ∼ ð108; 630Þ MeV, which is also used to normalize
the relaxation time; thus, we are left with the reduced
relaxation time τ=τ0. In the left panel of Fig. 1, we also

FIG. 1. Left panel: heatmap of the reduced relaxation time τ=τ0 in the QCD phase diagram. The relaxation time is normalized by the
maximal relaxation time τ0 in this plane, which is located at a point near the CEP, denoted by the red dot. Three typical chemical freeze-
out curves, which are also used in [25], are shown. The black dot-dashed line denotes the phase boundary of the crossover obtained in
QCD within the fRG [11]. The black dotted line stands for the line of the maximal relaxation time along the temperature direction at a
fixed baryon chemical potential. Right panel: three-dimensional plot of the left panel.
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show the line of maximal relaxation time, which is
determined by the temperature related to the maximal
relaxation time for each value of μB. One can see that
the line of maximal relaxation time is below the line of the
phase boundary in the regime of small μB, which is
consistent with the nature of continuous crossover in this
regime. The phase boundary and the line of maximal
relaxation approach each other with increasing μB and
converge near the CEP.
Another interesting finding is that as the baryon chemical

potential is increased up to, e.g., μB ≳ 400 MeV, the
freeze-out curves bend downwards and deviate from the
phase boundary line. Consequently, the relaxation time
decreases with μB rather than increasing along the freeze-
out curves in the region of large μB, which is shown clearly
in Fig. 2. We also show the relaxation time along the phase
boundary line in Fig. 2 for comparison, which increases
with μB monotonically.
The observation that the relaxation time on the chemical

freeze-out curves is not increased significantly with the
increase of μB is also attributed to the fact found from our
calculations, that is, a small dynamical critical region. As
shown in the left panel of Fig. 1, the red region in the
proximity of the CEP is very small. This is even clearer in
the 3D plot in the right panel of Fig. 1, where one can see the
relaxation time drops immediately once it deviates from the
CEP. The small size of the dynamical critical region is
consistent with the small size of the static critical region in
QCD [34,43]. Since the chemical freeze-out curves lie
outside the dynamical critical region, the relaxation time
along them is not strongly enhanced in our simulations,
suggesting that the effects of critical slowing down may be
limited there. The present calculation is, however, per-
formed at fixed T and μB, while in heavy-ion collisions the
fireball is rapidly expanding, finite-lived, and inhomo-
geneous. The importance of nonequilibrium effects

therefore also depends on the expansion rate and on the
trajectory through the phase diagram. Bearing in mind this
caveat, together with the Model A limitation noted earlier,
our results indicate that observables determined mainly at
the chemical freeze-out, such as the baryon number fluc-
tuations, may be reasonably described by hydrodynamic
simulations combined with local equilibrium critical fluc-
tuations [25,26].

Conclusions and outlook. In this letter, we have developed a
QCD-assisted relaxation dynamic model for the critical
mode of the CEP in the QCD phase diagram at finite
temperature and baryon chemical potential. Both the static
effective potential and the dynamic transport coefficient in
the relaxation dynamic model are computed directly from
the flow equations of Euclidean and Minkowski correlation
functions in QCD within the fRG approach. This allows us
to investigate the critical slowing-down effect quantitatively
in the QCD phase diagram, especially in the proximity of
the CEP, without any phenomenological parameters.
The relaxation time from nonequilibrium to equilibrium

in the QCD phase diagram is extracted from the Langevin
simulations of the QCD-assisted relaxation dynamic
model. It is found that in a narrow region along the phase
boundary radiated from the CEP, the relaxation time is
enhanced significantly. Outside this narrow region, the
relaxation time drops drastically, which implies that the
dynamic critical region is small in the QCD phase diagram.
Moreover, we also compute the relaxation time on the
chemical freeze-out curves. It is found that with the
increase of the baryon chemical potential, the relaxation
time is not increasing monotonically but instead develops a
peak structure and decreases in the regime of high baryon
chemical potential. This is attributed to the fact that the
freeze-out curves bend down and deviate from the phase
boundary in the regime of large baryon chemical potential.
In short, this is due to the following: a small dynamical
critical region and the chemical freeze-out curves deviating
from the phase boundary in the regime of large baryon
chemical potential. The relaxation time is not strongly
enhanced along the considered freeze-out curves within the
present static-background, Model A-like setup.
Relativistic heavy-ion collisions are the primary terres-

trial laboratory tool for studying hot and dense QCDmatter.
Our work directly connects to the core scientific goal of
ongoing and planned major experiments worldwide (e.g.,
the RHIC-STAR beam energy scan, future FAIR, NICA)—
the search for the QCD critical point. Our clear conclusion
regarding the mildness of critical slowing down, backed by
a first-principles approach, will provide key input for a
broad community of experimentalists and theorists working
on heavy-ion collisions, influencing how they interpret data
and design future analyses.
Note that in this letter we develop the technique of

coupling first-principles calculations of nonequilibrium

FIG. 2. Relaxation time as a function of the baryon chemical
potential along the phase boundary and the three chemical freeze-
out curves, respectively, as shown in Fig. 1.
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real-time correlation functions in a microscopic quantum
field theory with stochastic differential equation simula-
tions, implemented for the first time in the context of QCD
phase transition dynamics. It is not only applicable to the
critical point problem studied here but can be directly
applied to study the dynamics of chiral symmetry restora-
tion, spinodal decomposition, and more general far-
from-equilibrium evolution of QCD matter. Moreover,
the developed methodology integrating nonequilibrium
field theory with stochastic dynamics is of instructive
and transferable value to researchers studying phase tran-
sition dynamics in statistical and condensed matter physics.
Furthermore, it would be very interesting to extend the
QCD-assisted relaxation dynamic model discussed here to
include, e.g., the conservation of energy and momentum,
nontrivial Poisson bracket, etc., as in the dynamic Model G
or Model H. We will report the relevant progress in the
future.
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