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We revisit the Ricci-flat metrics in four dimensions that are stationary and algebraically special, together
with the locally asymptotically flat conditions in the generalized Bondi-Sachs framework. We show that the
Einstein equation is reduced to the Laplacian equation on the celestial sphere. The solutions consist of two
pairs of arbitrary holomorphic and antiholomorphic functions analogous to the Virasoro modes. We prove
that the higher modes of one pair of the (anti)holomorphic function contain an infinite tower of soft hairs
from the perspectives of the asymptotic supertranslation charges. We verify that different modes of the soft
hairs are distinct solutions that cannot be connected by diffeomorphism, using the Weyl invariants
associated to the solutions. Extending the construction to Einstein-Maxwell theory introduces a third pair of
(anti)holomorphic functions, arising from the Maxwell tensor, which generates soft electric hair. We further
present an exact soft-hairy solution of Einstein-Maxwell theory with a cosmological constant, offering a
potential understanding of soft hair from the AdS/CFT correspondence.
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I. INTRODUCTION

Einstein’s theory of general relativity is one of the
fundamental theories of modern physics, providing a
unified description of classical gravitational interaction
as a geometric property of space and time. In particular,
Einstein’s equation relates the curvature of spacetime to the
energy and momentum of matter. For any physical theory,
an essential mission is to construct and study its solution
space. Black holes are the most intriguing exact solutions of
Einstein’s theory. Nevertheless, the existence of black holes
in our Universe has been confirmed by both theoretical
prediction [1,2] and experimental observation [3]. A
longstanding problem in black hole physics is that infor-
mation appears to be destroyed when a black hole forms
and subsequently evaporates [4–6], giving rise to the
notorious information paradox. Since this paradox chal-
lenges the fundamental principle of unitarity in both
classical and quantum physics, it has remained at the
forefront of research for decades.

Over the past half century, numerous efforts from various
perspectives have been devoted the resolution of the
information paradox, see, e.g., reviews in [7–9]. Well-
known proposals include the page curve as unitarity
evaporation [10], loop quantum gravity [11], the fuzzball
proposal [12–14], the firewall resolution [15], and the
island prescription inspired by holography [16–20]. In
2016, Hawking, Perry, and Strominger (HPS) proposed
that the vacuum in quantum gravity is not unique and black
holes can carry soft hairs [21]. The ingenious feature of the
soft-hair proposal [21] is that the new degrees of freedom
can arise purely from the large gauge transformation, such
as the Bondi-Metzner-Sachs (BMS) supertranslation
[22,23]. Information about the details of the initial state
is not permanently lost, instead, it can be stored by soft
hairs without violating the no-hair conjecture [24–28].
Subsequently, soft hairy solutions have been constructed
by applying large gauge transformation to exact solutions
[29–34]. However, this type of soft hair turns on only soft
modes [35–37], for reviews, see [38].
The essential step toward resolving the information

paradox is the discovery of enough hairs that account
for the black hole entropy. A well-known example in
supersymmetric theories is the existence of large classes
of supergravity solutions corresponding to “fuzzball,” i.e.,
horizonless bound states or microstate geometries [39–49].
Yet, the soft-hair resolution has not fully succeeded as it
has been shown that the soft dynamics decomposes into
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superselection sectors that cannot interact with hard
dynamics [50–55]. Furthermore, soft-hairy solutions
are physically indistinguishable in semiclassical effect,
such as the Unruh effect and Hawking radiation [56,57].
Specifically, the main point of those criticisms is that the
existence of new symmetries does not necessarily imply the
existence of new black hole dynamics.
The purpose of this paper is to specify and investigate in

detail the new black hole dynamics associated with soft
hairs beyond large gauge transformations. In addition to
providing exact solutions with soft hairs, a crucial aspect of
this work is the systematic construction of a method to
distinguish these soft-hairy solutions from local degrees of
freedom. This point is particularly challenging as an
independent problem in general relativity, because diffeo-
morphism covariance implies that the same solution can
appear in completely different forms in different coordinate
systems.
We study the general four-dimensional vacuum solutions

of the Einstein equation with respect to the following
conditions. We assume that the spacetime is algebraically
special, locally asymptotically flat in the generalized
Bondi-Sachs framework [22,23] including the twist func-
tion [58,59], and stationary, that is, there exists a Killing
vector that is timelike, at least near null infinity.1 Moreover,
we set the boundary to be a unit sphere with punctures. We
show that the Einstein equation is reduced to a linear
second order differential equation on the celestial sphere.
The solution space contains two pairs of arbitrary func-
tions, ðL; L̄Þ and ðf; f̄Þ, where L and f are holomorphic,
and L̄ and f̄ are antiholomorphic on the celestial sphere in
the stereographic coordinates ðz; z̄Þ. The extension to the
electrovacuum case introduces a third pair of (anti)hol-
omorphic functions ðQ; Q̄Þ, arising from the Maxwell
fields. These functions are very similar to the Virasoro
modes when the holomorphic and antiholomorphic func-
tions are expanded in convergent power series.
We compute the asymptotically conserved charges at

null infinity for the general solution space and find that the
higher modes of ðL; L̄Þ and ðQ; Q̄Þ contain nontrivial
supertranslation and large Uð1Þ gauge transformation
charges. However, the contribution of those higher modes
to the mass and electric charge vanishes. Hence, they are
exactly the soft-hairy solutions in the sense of the proposal
of HPS [21].
We develop a generic algorithm in the Newman-Penrose

(NP) formalism [66] to compute various Weyl invariants in
a highly efficient manner. We then propose using Weyl
invariants to construct unique relations for each mode of the
solution, in order to verify that the different modes coming

from ðL; L̄Þ are independent vacuum solutions that are not
related by coordinate transformations when the ðf; f̄Þ
modes are turned off. To our knowledge, these constitute
the first examples of soft-hairy exact vacuum solutions that
are not merely consequences of diffeomorphism.
Moreover, we present an exact soft hairy solution of

Einstein-Maxwell theory with a cosmological constant,
which generalizes the Reissner–Nordström-(A)dS solution
by incorporating (anti)holomorphic functions ðQ; Q̄Þ from
the Maxwell fields. Potentially, this solution offers a
new avenue to explore the physical properties of soft hair
via the anti-de Sitter/conformal field theory (AdS/CFT)
correspondence.

II. VACCUM SOLUTION SPACE

The algebraically special vacuum solution exhibits a
remarkable simplification in the radial direction [67].
Recently, the algebraically special solution space was
revisited in the NP formalism [59], incorporating the
locally asymptotically flat conditions [22,23,66,68]. In this
work, we impose two additional constraints: first, the
stationary condition, requiring the existence of a global
Killing vector, and second, that the boundary metric is a
unit sphere with punctures. We adopt the ðu; r; z; z̄Þ
coordinate system, where ∂

∂r points to the repeated principal
null direction with r being the affine parameter of the null
geodesics, ðz; z̄Þ are the stereographic coordinates that are
related to the usual angular variables via z ¼ eiϕ cot θ

2
. Any

field of the solution space is u independent, i.e., ∂

∂u is a
Killing vector. The future null infinity is precisely the
submanifold r ¼ ∞ with the topology R × C�. The boun-
dary line element is ds2 ¼ 4

ð1þzz̄Þ2 dzdz̄. The solutions with
respect to the above conditions were originally obtained in
[69], see also Chapter 29.2.5 of [67]. Here, we will present
a new organization of the equation of motion in the NP
formalism, which could benefit the classification of the
solutions.
Let PS ¼ 1þzz̄ffiffi

2
p , the stationary algebraically special sol-

ution space is described by a cotetrad system [59]

l ¼ du −
M̄
PS

dz −
M
PS

dz̄;

n ¼ dr −
ω̄0

PS
dz −

ω0

PS
dz̄þ

�
1

2
þ rK þ JΣ

r2 þ Σ2

�
l;

m ¼ −
1

PS
ðrþ iΣÞdz; m̄ ¼ −

1

PS
ðr − iΣÞdz̄; ð1Þ

where M is an arbitrary complex function of variables
ðz; z̄Þ and M̄ is its complex conjugate. K and J are two real
functions that are the real and imaginary parts of the
arbitrary complex function Ψ0

2 of variables ðz; z̄Þ,

1For locally asymptotically flat spacetime, there can be
Misner-type strings [60] at one or more locations on the celestial
sphere [61–63], which allows one to include the Taub-NUT
solution [64,65].
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K ¼ 1

2
½Ψ0

2ðz; z̄Þ þ Ψ̄0
2ðz; z̄Þ�;

J ¼ −
i
2
½Ψ0

2ðz; z̄Þ − Ψ̄0
2ðz; z̄Þ�: ð2Þ

Σ is a real function indicating the twist of the geodesic
congruence of l, which is fixed by M from

Σ ¼ −
iP2

S

2

�
∂

�
M̄
PS

�
− ∂

�
M
PS

��
: ð3Þ

The twist function Σ determines ω0 and ω̄0 as ω0 ¼
−iPS∂Σ; ω̄0 ¼ iPS∂Σ. We use ∂ and ∂ to denote ∂z and
∂z̄ for notational brevity. The unknown complex functions
M,Ψ0

2 and their complex conjugate are constrained by [59]

Ψ0
2 − Ψ̄0

2 ¼ −2iðΣþ P2
S∂∂ΣÞ; ∂Ψ0

2 ¼ 0; ∂Ψ̄0
2 ¼ 0: ð4Þ

These equations comprise all the constraints from the
Einstein equation and the Bianchi identities. The above con-
struction encompasses all the algebraically special stationary
solutions under locally asymptotically flat conditions. The
spacetime metric in ðþ;−;−;−Þ signature is obtained from
the cotetrad system as gμν ¼ 2nðμlνÞ − 2mðμm̄νÞ. Clearly, the
condition ∂Ψ0

2 ¼ 0 implies thatΨ0
2 is a holomorphic function

which we denote as Ψ0
2 ¼ LðzÞ. Similarly, Ψ̄0

2 ¼ L̄ðz̄Þ.2
Then, the twist functionΣ is determined from the differential
equation

Σþ ð1þ zz̄Þ2
2

∂∂Σ ¼ i
2
ðL − L̄Þ: ð5Þ

Now the above equation is the only constraint left for the
whole system.Each solutionof (5) canuniquelygive an exact
vacuum solution of Einstein theory. We find that it is
convenient to shift the twist function Σ by

Σ ¼ Aþ i
2
ðL − L̄Þ: ð6Þ

Basically, the twist function includes two parts, the imagi-
nary part of Ψ0

2 and the intrinsic part A that satisfies the
second-order linear differential equation

ð1þ zz̄Þ2
2

∂∂Aþ A ¼ 0: ð7Þ

The salient feature of (7) is its linearity: it is simply the
Laplacian equationon aunit-round spherewith an eigenvalue

−2. Consequently, any linear combination of two solutions is
again a solution. Each solution of (7) generates a tower of
exact solutions, since L and L̄ are completely arbitrary,
analogous to the Virasoro modes. Note that the reality
condition requires that L and L̄ be complex conjugates of
each other, which we impose. Once A is specified, the
functions Σ, M can be correspondingly determined. It is
worth noting that in Kerr’s original work [70], the cotetrad
system with stationary condition was identical to our (1).
Kerr’s strategy was to substituteM into (5) and solve forM
directly, see also [67] for a pedagogical review.
A generic solution of (7) from a potential is given by

A ¼ i
2
P2
S

�
∂

�
fðzÞ
P2
S

�
− ∂

�
f̄ðz̄Þ
P2
S

��
: ð8Þ

The corresponding M for the generic solution is

M ¼
ffiffiffi
2

p

z̄
L̄þ f

PS
þ PS∂Cðz; z̄Þ; ð9Þ

where Cðz; z̄Þ is trivial, denoting the supertranslation
freedom associated with a shift in the time direction
u → u − C. Those solutions are equivalent to the ones
presented in Chapter 29.2.5 of [67] by a shift of f in (8),

f → f − z2
Z

LðzÞ
z2

dz; ð10Þ

up to the supertranslation freedom. The complete solution
space can be classified by the mode expansion of the
holomorphic functions,

L ¼
X
n

Lnzn ¼
X
n

ðMn þ iNnÞzn; ð11Þ

f ¼
X
n

fnzn ¼
X
n

ðXn þ iYnÞzn; ð12Þ

where we introduce the real parameters Mn, Nn, Xn, and
Yn. For some particular modes, ðM0; N0Þ are related to the
mass and NUT parameters, Y1 is related to the rotation.
The singularity of Ricci-flat spacetime is normally

characterized by the principal invariants of the Weyl tensor,
such as the Kretschmann scalar I1 ¼ WμναβWμναβ and
Chern-Pontryagin scalar I2 ¼ 1

2
ϵμναβWαβ

σρWμνσρ, which
are given in the NP formalism for algebraically special
spacetime as [71]

I1 ¼ 24½ðΨ2Þ2 þ ðΨ̄2Þ2�;
I2 ¼ 24i½ðΨ2Þ2 − ðΨ̄2Þ2�: ð13Þ

Recalling the solutions, we obtain

2Note that we need to remove the south and north poles from
the boundary sphere. Otherwise, L ¼ L0 þ L1zþ L2z2 as the
globally defined solutions, because ∂

1
z̄ ¼ πδ2ðzÞ from the usual

two-dimensional conformal field theory knowledge with complex
variables.

FOUR-DIMENSIONAL STATIONARY ALGEBRAICALLY SPECIAL … PHYS. REV. D 113, 024037 (2026)

024037-3



I1 ¼
24L2ðr − iΣÞ6 þ 24L̄2ðrþ iΣÞ6

ðr2 þ Σ2Þ6 ;

I2 ¼ i
24L2ðr − iΣÞ6 − 24L̄2ðrþ iΣÞ6

ðr2 þ Σ2Þ6 ; ð14Þ

which indicate that the spacetime singularity is located at
r2 þ Σ2 ¼ 0. In particular, the singularity should be a circle
at r ¼ 0 parametrized by solution of Σðz; z̄Þ ¼ 0 if r is a
real variable.
As a closing remark, one can prove for the subclass of

Petrov type-D the uniqueness of the Kerr-Taub-NUT
solution from our generic set-up, which is presented in
Appendix A. We set the boundary a unit sphere with
punctures. The results can be recovered in principle for
arbitrary two-dimensional boundary surface, including in
particular the plane case as demonstrated in Appendix B.

III. SOFT HAIRS OF THE VACUUM SOLUTION

The asymptotic symmetries are those residual gauge
transformations that leave the field configurations under
consideration asymptotically invariant [22,23,72–74]. In
the NP formalism, a gauge transformation consists of a
combination of a diffeomorphism and a local Lorentz
transformation. The transformations acting on the tetrad
and the spin connection are given by

δξ;Λeaμ ¼ ξν∂νeaμ − ∂νξ
μeaν þ Λa

bebμ;

δξ;ΛΓabc ¼ ξν∂νΓabc − eμc∂μΛab þ Λa
dΓdbc

þ Λb
dΓadc þ Λc

dΓabd: ð15Þ

The asymptotic symmetries of the algebraically special
solution space were derived in detail in [59]. After impos-
ing the stationary condition and taking the boundary to be a
punctured unit sphere, the corresponding symmetry param-
eters are obtained as

ξu ¼ Tðz; z̄Þ; ξr ¼ 0;

ξz ¼ yþðz2 þ 1Þ − iy−ðz2 − 1Þ þ iy0z;

ξz̄ ¼ yþðz̄2 þ 1Þ þ iy−ðz̄2 − 1Þ − iy0z̄;

Λ12 ¼ Λ13 ¼ Λ14 ¼ Λ23 ¼ Λ24 ¼ 0;

Λ34 ¼ −iy0 þ yþðz̄ − zÞ þ iy−ðzþ z̄Þ; ð16Þ

where y0 and y� are real constant parameters representing
the SOð3Þ rotations. The asymptotic symmetry algebra
consists of the semidirect sum of supertranslations, para-
metrized by an arbitrary function T on the celestial sphere,
with SOð3Þ rotations. The Lorentz boosts present in the
standard global BMS symmetries [22,23,72] are excluded
by the stationary configuration. The transformation law on
the solution space is

δM ¼ Y∂Mþ Ȳ ∂Mþ ∂ ȲM − PS∂T;

δΣ ¼ Y∂Σþ Ȳ ∂Σ;

δK ¼ Y∂K þ Ȳ ∂K;

δJ ¼ Y∂J þ Ȳ ∂ J: ð17Þ

The boundary charges can be computed directly in the
tetrad system [75,76]. The supertranslation charge is simply

QT ¼ 1

8πG

Z
∂Σ

dzdz̄
P2
S
TK; ð18Þ

where ∂Σ can be any constant-u two surface on the boundary.
Because we are in a stationary configuration, the charge is
fully conserved. Therefore, the asymptotic charge evaluated
on any constant-u two surface at the boundarymust yield the
same result. Expanding the supertranslation parameter in
spherical harmonicsT ¼ P

l;m Tl;mYl;m, the supertranslation
charge for the positive nth mode of the solution

Kn ¼
1

2
½ðMn þ iNnÞzn þ ðMn − iNnÞz̄n�

¼ Mn cotn
θ

2
cosðnϕÞ − Nn cotn

θ

2
sinðnϕÞ; ð19Þ

can be obtained as

QT ∼ ðTn;n þ Tn;−nÞMn − iðTn;n − Tn;−nÞNn; ð20Þ

where Yn;�n ∼ sinn θe�inϕ. Since different modes have
different prefactors depending on the normalization con-
ditions, we use the ∼ symbol to indicate only the essential
charge content of each mode. The charge of any given mode
can be completely determined by performing a surface
integral on the boundary. Similarly, for the negative modes
of the solution, we have

QT ∼ ðTn;n þ Tn;−nÞM−n þ iðTn;n − Tn;−nÞN−n: ð21Þ

Specifically,we see that there is only one componentY0;0 that
defines the mass charge of the solution from the zero
mode ðM0; N0Þ.

IV. WEYL INVARIANTS

The exact solutions contain nonvanishing supertransla-
tion hairs encoded by a pair of (anti)holomorphic functions
ðL; L̄Þ that can be characterized by a mode expansion.
However, a crucial feature has not yet been addressed
which is if different modes are independent solutions.
Naively, this appears doubtful, based on lessons from
lower-dimensional gravity, where the Virasoro modes in
the solution space are turned on by large gauge trans-
formations [77], see also recent developments relevant to
soft hairs in [78–82]. We will resolve this issue by
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examining relations among the Weyl invariants of the
solutions. We will turn off the modes from f and focus
exclusively on the supertranslation hairs in this work.
The simplest Weyl invariant is the square of the Weyl

tensor as defined previously, which is given by

W2 ¼ 24

��
L
ϱ3

�
2

þ
�
L̄
ϱ̄3

�
2
�
; ð22Þ

where ϱ ¼ rþ iΣ and Σ ¼ i
2
ðL − L̄Þ. The next invariant of

algebraic construction without any derivative is the cubic of
the Weyl tensorW3 ¼ WμναβWμνρσWαβ

ρσ, which is given by

W3 ¼ 48

��
L
ϱ3

�
3

þ
�
L̄
ϱ̄3

�
3
�
; ð23Þ

when the solutions are inserted. The algorithmof deriving the
invariant in the NP formalism is detailed in Appendixes C–F.
For the Schwarzschild solution, one can verify that
ðW2Þ3 ¼ 12ðW3Þ2. However, the Taub-NUT solution does
not satisfy this relation, which indicates that Taub-NUT and
Schwarzschild are different solutions. Our goal is to con-
struct a unique relation among the Weyl invariants for each
mode of ðL; L̄Þ, allowing us to distinguish between them
unambiguously.
Since the solution space is classified by mode expansion

of ðL; L̄Þ, the strategy to distinguish different modes is to
construct Weyl invariants with varying numbers of deriv-
atives acting on ðL; L̄Þ. Because the Weyl invariant also
depends explicitly on the radial variable r, we need to
introduce a third Weyl invariant of algebraic construction.
This allows the solution variables L, L̄, r to be determined
from those Weyl invariants. Naturally, one would expect to
checkW4, i.e., the fourth power of the Weyl tensor. But the
special configuration of the solution space ensures that any
higher-power Weyl invariant cannot provide an indepen-
dent relation sufficient to determine L, L̄, r.
Surprisingly, we found that the invariant

∇eWabcd∇eWabcd becomes algebraic when evaluated
on the solution space, we denote this as dW2. Another
possible construction that involves one covariant derivative
acting on the Weyl tensor is ∇eWabcd∇aWebcd. We prove
that this latter invariant equals exactly half of the first one.
For any algebraically special solution, dW2 takes a remark-
ably simple form in the NP formalism as

dW2 ¼ 240ðρΨ2ΔΨ2 þ ρ̄Ψ̄2ΔΨ̄2 − τΨ2δ̄Ψ2 − τ̄Ψ̄2δΨ̄2Þ:
ð24Þ

Inserting the solutions, we obtain

dW2 ¼ −360
�
L2

ϱ8
þ L̄2

ϱ̄8

��
1þ L

ϱ
þ L̄

ϱ̄

�
: ð25Þ

Consider a Weyl invariant with derivatives acting on L and
L̄, such as

∇μðW2Þ∇μðW2Þ ¼ −20736
�
1þ L

ϱ
þ L̄

ϱ̄

��
L2

ϱ7
þ L̄2

ϱ̄7

�
2

− 4608
LL̄P2

S

ϱ7ϱ̄7

�
∂ L̄þ 6iL̄ ∂Σ

ϱ̄

�

×

�
∂L −

6iL∂Σ
ϱ

�
: ð26Þ

Then, for the zero mode solution ∂L ¼ 0 ¼ ∂ L̄, there will a
unique relation between ∇μðW2Þ∇μðW2Þ, W2, W3, dW2.
More precisely,

∇μðW2Þ∇μðW2Þ ¼ −20736
�
1þ L

ϱ
þ L̄

ϱ̄

��
L2

ϱ7
þ L̄2

ϱ̄7

�
2

;

ð27Þ

for the zero mode solution. One can then eliminate L, L̄, r
using W2, W3, dW2 to reveal the explicit relation among
those four Weyl invariants. However, for the first mode, or
other higher mode solution, the relation among these
quantities differs from that of the zero-mode solution.
This difference arises because, for higher modes with
∂L ≠ 0 and ∂ L̄ ≠ 0, additional terms appear in
∇μðW2Þ∇μðW2Þ. Consequently, any higher-mode solution
must not be the same solution as the zero-mode solution, as
they satisfy distinct diffeomorphism-invariant relations
among the Weyl invariants.
One can continue this algorithm by introducing a

second Weyl invariant that involves a single derivative
on L and L̄, for example, ∇μðdW2Þ∇μðdW2Þ, as well as a
Weyl invariant containing two derivatives on L and L̄,
such as ∇μð∇νW2∇νW2Þ∇μðW2Þ. The precise forms
of these invariants are provided in Appendix F.
Using these invariants, one can derive a unique rela-
tion between ∇μð∇νW2∇νW2Þ∇μðW2Þ and the set
fW2;W3; dW2;∇μðW2Þ∇μðW2Þ;∇μðdW2Þ∇μðdW2Þg by
eliminating L, L̄, r, ∂L, and ∂ L̄ for the first mode solu-
tion. Higher-mode solutions, however, do not satisfy this
relation because ∇μð∇νW2∇νW2Þ∇μðW2Þ contains terms
with second-order derivatives of L and L̄.
In principle, one can consider W2 and dW2 as the

fundamental building blocks, and by acting with n covar-
iant derivatives, one can construct a Weyl invariant with n
derivatives acting on L and L̄. This procedure distinguishes
the n-th mode solutions from all lower-mode solutions.
This completes our justification that each mode of ðL; L̄Þ
represents an independent solution and cannot be related to
any other mode via a diffeomorphism.
Before closing this section, we comment on the role of

function f in some particular cases. Since f is the potential
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for the A function, different modes of f do not necessarily
correspond to distinct solutions. A simple example is that
the real part of the first mode is trivial, yielding A ¼ 0. The
imaginary part of the first mode corresponds to the rotation
parameter when L and L̄ take the zero mode, which is
nothing but the Kerr-Taub-NUT solution. An SOð3Þ
rotation of the Kerr-Taub-NUT solution turns on the zero
mode of f, reflecting the uniqueness of the Kerr-Taub-NUT
solution of type D.

V. EXTENSION TO EINSTEIN-MAXWELL
THEORY

The investigation can be extended to Einstein-Maxwell
theory in a straightforward way. The solution can be found
in, e.g., Chapter 30 of [67]. A self-contained derivation in
the NP formalism is presented in Appendixes G and H. The
full solution space is given by

l ¼ du −
M̄
PS

dz −
M
PS

dz̄;

n ¼
�
1

2
þ rK þ JΣþQðzÞQ̄ðz̄Þ

r2 þ Σ2

�
lþ dr −

ω̄0

PS
dz −

ω0

PS
dz̄;

m ¼ −
1

PS
ðrþ iΣÞdz; m̄ ¼ −

1

PS
ðr − iΣÞdz̄; ð28Þ

where M is present in (9), and the Maxwell scalars are
given by

ϕ1 ¼
Q

ðrþ iΣÞ2 ; ϕ2 ¼ −
PS∂Q

ðrþ iΣÞ2 þ
2iPSQ∂Σ
ðrþ iΣÞ3 : ð29Þ

In the solution space, a third pair of holomorphic and
antiholomorphic functions, ðQ; Q̄Þ, arises, which can
be characterized by mode expansion Q ¼ P

n Qnzn ¼P
nðqn þ ipnÞzn. Each mode of ðQ; Q̄Þ corresponds to a

distinct solution, as can be expected from invariants
constructed from the Maxwell tensor, analogous to the
Weyl invariants discussed in the previous section. The
zero modes ðq0; p0Þ are directly related to the electric and
magnetic charges. In addition to diffeomorphism, Einstein-
Maxwell theory possesses a Uð1Þ gauge symmetry. The
residual large Uð1Þ gauge transformations that preserve the
asymptotic form of the gauge potential are parametrized by
an arbitrary scalar function on the celestial sphere [83,84],
inducing the transformations δεAμ ¼ ∂μεðz; z̄Þ. The asso-
ciated asymptotic charges are

QΛ ¼
Z
∂Σ

dzdz̄
P2
S
εðQþ Q̄Þ: ð30Þ

One can specify the soft electric hairs by studying the mode
expansion of the charge in exactly the same way as the
supertranslation charge.

VI. SOFT HAIRY SOLUTION WITH A
COSMOLOGICAL CONSTANT

Remarkably, a subclass of the soft hairy solution of
Einstein-Maxwell theory can be extended to include a
cosmological constant according to the theorem in
Chapter 28.4 of [67]. The line element and the Maxwell
tensor satisfying the equation of motion of the Λ-Einstein-
Maxwell theory,

Gμν −
3

l2
gμν ¼

1

2

�
FαμFα

ν −
1

4
F2gμν

�
; ð31Þ

are given by

ds2 ¼
�
−
r2

l2
− 1þ 2M

r
−
QðzÞQ̄ðz̄Þ

r2

�
du2

− 2dudrþ 2r2

P2
S
dzdz̄; F ¼ dA;

A ¼ −
Qþ Q̄

r
duþ 2Q

zð1þ zz̄Þ dzþ
2Q̄

z̄ð1þ zz̄Þ dz̄: ð32Þ

By considering a negative cosmological constant, this
solution potentially opens a new avenue for investigating
soft hair in the context of the AdS/CFT correspondence. We
leave these investigations for future work.

VII. CONCLUSIONS

In this paper, we construct general solutions under the
assumptions of stationary algebraically special and locally
asymptotically flat conditions. The Einstein equations can
be solved completely in terms of two pairs of arbitrary
holonomic and antiholonomic functions. We show that the
higher modes in ðL; L̄Þ correspond to soft-hairy solutions
as they carry nontrivial supertranslation charges. We verify
that different modes of ðL; L̄Þ represent distinct solutions
by examining the relations among Weyl invariants. The
system can be naturally extended to Einstein-Maxwell
theory, where a third pair of holonomic and antiholonomic
functions emerges from the Maxwell field, giving rise to
soft electric hair. Finally, we provide an intriguing soft
hairy solution with a cosmological constant, which may
provide a holographic perspective on soft hair.
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APPENDIX A: UNIQUENESS OF TYPE-D
SOLUTION

Having obtained the solution space of our general ansatz,
we now consider the type-D subclass, since important
metrics such as the Kerr metric belong to type D. In our
initial configuration for the tetrad system, the basis vector l
is a repeated principal null direction of the Weyl tensor.
Type-D metrics are those admitting another repeated prin-
cipal null direction. From the standard analysis of algebraic
classification in the NP formalism [85], the type-D con-
dition is that the two roots of the quadratic equation Ψ4 þ
4x̄Ψ3 þ 6x̄2Ψ2 ¼ 0 for x̄ coincide. Then the other repeated
principal null direction is simply nþ xm̄þ x̄mþ xx̄l. The
coincidence of the two roots implies that 2ðΨ3Þ2 ¼ 3Ψ2Ψ4,
which is equivalent to

L∂ðP2
S∂LÞ ¼

4

3
P2
Sð∂LÞ2; L∂ðP2

S∂ΣÞ ¼ P2
S∂L∂Σ: ðA1Þ

The first equation can be written as

z̄
1þ zz̄

ðL∂LÞ ¼ 2

3
ð∂LÞ2 − 1

2
L∂2L: ðA2Þ

Recalling that L is a holomorphic function of z, the only
solution to the above equation is ∂L ¼ 0, implying that L
should contain only its zero mode. Setting L as a constant,
the second equation in (A1) is reduced to

∂ðP2
S∂AÞ ¼ 0: ðA3Þ

Note also the complex conjugate of this equation

∂ðP2
S∂AÞ ¼ 0: ðA4Þ

The generic solution to the above two equations is

A ¼ a0ðzz̄ − 1Þ þ aþðzþ z̄Þ − ia−ðz − z̄Þ
1þ zz̄

þ A0; ðA5Þ

where a0, a�, and A0 are four real parameters. Combined
with the constraint as solution of Einstein equation for the
function A, one obtains A0 ¼ 0. Thus, we have obtained the
complete set of type-D solutions in our setup. The generic
type-D solution is given by

l ¼ du −
M̄
PS

dz −
M
PS

dz̄;

n ¼
�
1

2
þ rM0 þ N0Σ

r2 þ Σ2

�
lþ dr −

ω̄0

PS
dz −

ω0

PS
dz̄;

m ¼ −
1

PS
ðrþ iΣÞdz; m̄ ¼ −

1

PS
ðr − iΣÞdz̄; ðA6Þ

where M0, N0, a0, aþ, and a− are five real constant
parameters and

M ¼
ffiffiffi
2

p
iN0zþ

ia0zþ iaþ − a−
PS

;

Σ ¼ a0ðzz̄ − 1Þ þ aþðzþ z̄Þ − ia−ðz − z̄Þ
1þ zz̄

− N0;

ω0 ¼
1
2
a−ð1þ z2Þ − 1

2
iaþð1 − z2Þ − ia0z

PS
: ðA7Þ

We have applied the supertranslation freedom to modify the
generic definition of M where

C ¼ 2M0 log
1þ zz̄
zz̄

þ 2iN0 log
z̄
z
: ðA8Þ

In particular, the Kerr solution in the Kerr-Schild coor-
dinates corresponds to setting a� ¼ 0 ¼ N0.
It should be remarked that the Laplacian equation on a

unit-round sphere can be solved from spherical harmonics
for square-integrable solutions. Since we have

∇2Yl;m ¼ −lðlþ 1ÞYl;m; ðA9Þ

the generic solution of

ð1þ zz̄Þ2
2

∂∂Aþ A ¼ 0 ðA10Þ

satisfies an algebraic equation

−lðlþ 1Þ þ 2 ¼ 0; ðA11Þ

which leads to l ¼ 1. If we further require that L and L̄ are
also square-integrable functions, the type-D solution (A6)
forms the complete set of square-integrable solutions.

1. Transformations to Kerr-Taub-NUT solution

Starting from the five-parameter ðM0; N0; aþ; a0; a−Þ
solution, we can make the following coordinate redefinition

z →
αzþ β̄

βz − ᾱ
; z̄ →

ᾱ z̄þβ

β̄ z̄−α
; ðA12Þ

with αᾱþ ββ̄ ¼ 1. The metric is invariant under a further
shift of the u coordinate,
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u → uþ 2iN0 log
α − β̄ z̄
ᾱ − βz

þ 2

1þ zz̄
½ia0ðαβz − ᾱ β̄ z̄Þ þ ða− − iaþÞβðβ̄ z̄−αÞ þ ða− þ iaþÞβ̄ðβz − ᾱÞ�; ðA13Þ

with the redefinitions of the parameters ðM0; N0; ãþ; ã0; ã−Þ, where0
B@

aþ
a0
a−

1
CA ¼ M

0
B@

ãþ
ã0
ã−

1
CA; ðA14Þ

and M is an SOð3Þ matrix,

M ¼

0
B@

1
2
ð−α2 þ β2 − ᾱ2 þ β̄2Þ βᾱþ αβ̄ − 1

2
iðα2 − β2 − ᾱ2 þ β̄2Þ

αβ þ ᾱ β̄ αᾱ − ββ̄ iðαβ − ᾱ β̄Þ
1
2
iðα2 þ β2 − ᾱ2 − β̄2Þ iðβᾱ − αβ̄Þ 1

2
ð−α2 − β2 − ᾱ2 − β̄2Þ

1
CA; ðA15Þ

satisfying MTM ¼ 1. A better way to specify the relations
in (A14) is given by the Cayley-Klein parameters, namely�

a0 aþ − ia−
aþ þ ia− −a0

�
¼A†

�
ã0 ãþ − iã−

ãþ þ iã− −ã0

�
A;

ðA16Þ
where A is a unitary matrix, given by

A ¼ i
�
α β

β̄ −ᾱ

�
: ðA17Þ

Clearly, the transformations yielding ã� ¼ 0 connect the
five-parameter solution (A6) to the Kerr-Taub-NUT sol-
ution in the Kerr-Schild coordinates. Correspondingly,

a0 ¼ ã0ðαᾱ − ββ̄Þ; aþ ¼ ã0ðᾱβ þ αβ̄Þ;
a− ¼ iã0ðᾱβ − αβ̄Þ: ðA18Þ

Hence, we have shown that Kerr-Taub-NUT solutions are
the unique type-D subclass within our general setup.

APPENDIX B: STATIONARY CASE WITH
ARBITRARY 2-SURFACE BOUNDARY

For stationary configuration of the algebraically special
solution space, the cotetrads are

l ¼ du −
M̄
P̄

dz −
M
P

dz̄;

n ¼
�
−μ0 þ rK þ JΣ

r2 þ Σ2

�
lþ dr −

ið̄Σ
P̄

dzþ iðΣ
P

dz̄;

m ¼ −
1

P̄
ðrþ iΣÞdz; m̄ ¼ −

1

P
ðr − iΣÞdz̄;

Σ ¼ i
2
ðð̄M − ðM̄Þ;

K ¼ 1

2
ðΨ0

2 þ Ψ̄0
2Þ; J ¼ −

i
2
ðΨ0

2 − Ψ̄0
2Þ; ðB1Þ

and the NP variables as given by

ρ ¼ −
1

ϱ
; ϱ ¼ rþ iΣ; α ¼ α0

ϱ
; α0 ¼ 1

2
P̄∂ lnP;

β ¼ −ᾱ; τ ¼ 0 ¼ λ; γ ¼ −
Ψ0

2

2ϱ2
;

μ ¼ μ0
2ϱ̄

−
rΨ0

2

ϱ2ϱ̄
; μ0 ¼ −ðα0 − ð̄ᾱ0;

ν ¼ ð̄Ψ0
2

2ϱ2
−
iΨ0

2ð̄Σ
ϱ3

; Ψ2 ¼
Ψ0

2

ϱ3
;

Ψ3 ¼
ð̄μ0

ϱ2
−
ð̄Ψ0

2

ϱ3
þ 3iΨ0

2ð̄Σ
ϱ4

;

Ψ4 ¼ −
ð̄2μ0

ϱ2
þ 4ið̄Σð̄μ0 þ ð̄2Ψ0

2

2ϱ3

−
3ið̄Ψ0

2ð̄Σþ iΨ0
2ð̄

2Σ
ϱ4

−
6Ψ0

2ðð̄ΣÞ2
ϱ5

: ðB2Þ

There are three constraints from the Einstein equation and
Bianchi identities

Ψ0
2 − Ψ̄0

2 ¼ 4iΣμ0 − 2ið̄ðΣ;

ðΨ0
2 ¼ 0; ð̄Ψ̄0

2 ¼ 0; ð̄ðμ0 ¼ 0: ðB3Þ
Any solution of the above system will specify a Ricci-flat
solution of Einstein’s theory.

1. Warm-up: The plane boundary

When choosing a plane for the two-surface boundary,
namely P ¼ P̄ ¼ 1, we have

α0 ¼ 0; μ0 ¼ 0; U0 ¼ 0; Σ ¼ i
2
ð∂M − ∂M̄Þ;

ω0 ¼ −i∂Σ; Ψ0
2 − Ψ̄0

2 ¼ −2i∂∂Σ;

∂Ψ0
2 ¼ 0; ∂Ψ̄0

2 ¼ 0: ðB4Þ
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The most general solution can be derived as

Ψ0
2 ¼ ∂

2fðzÞ; M ¼ z̄fðzÞ − 2ihðzÞ þ ∂Cðz; z̄Þ;

Σ ¼ ∂hðzÞ þ ∂ h̄ðz̄Þ þ i
2
½z̄∂fðzÞ − z∂ f̄ðz̄Þ�; ðB5Þ

where C denotes the supertranslation freedom.
The solutions of type-D subclass are those satisfying

∂Ψ0
2 ¼ 0 and ∂

2Σ ¼ 0 ¼ ∂
2Σ, namely

Ψ0
2 ¼ L0; Ψ̄0

2 ¼ L̄0;

Σ ¼ i
2
ðL0 − L̄0Þzz̄þ a1zþ ā1z̄þ Σ0: ðB6Þ

Correspondingly,

f ¼ 1

2
L0z2; h ¼ 1

2
a1z2 þ h1z; Σ0 ¼ h1 þ h̄1: ðB7Þ

The generic type D solution is given by

l ¼ du − M̄dz −Mdz̄;

n ¼
�
rM0 þ N0Σ
r2 þ Σ2

�
lþ dr − ω̄0dz − ω0dz̄;

m ¼ −ðrþ iΣÞdz; m̄ ¼ −ðr − iΣÞdz̄; ðB8Þ

where the imaginary part of a1 can be removed from a
constant shift of the ðz; z̄Þ coordinates and we denote the
real part of a1 as b,

M ¼ −
i
2
N0z̄z2 − ibz2 − iΣ0z;

Σ ¼ bzþ bz̄þ Σ0 − N0zz̄;

ω0 ¼ −iðb − N0zÞ: ðB9Þ

We have applied the supertranslation freedom to modify the
generic definition of M where

C ¼ −
1

4
M0z̄2z2 þ iðh1 − h̄1Þzz̄: ðB10Þ

Now there are four real free parameters in the metric M0,
N0, Σ0, and b.

APPENDIX C: NP FORMALISM AND
ALGEBRAICALLY SPECIAL SPACETIME

The NP formalism [66] is a tetrad formalism with two
real null basis, denoted as e1 ¼ l ¼ e2; e2 ¼ n ¼ e1, and
two complex null basis e3 ¼ m ¼ −e4; e4 ¼ m̄ ¼ −e3.
The two complex basis are conjugate of each other to
guarantee that the metric constructed from the tetrad is real.
The null basis vectors are set to have the following
orthogonality and normalization conditions,

l ·m ¼ l · m̄ ¼ n ·m ¼ n · m̄ ¼ 0;

l · n ¼ 1; m · m̄ ¼ −1: ðC1Þ

The spin connection is labeled by 12 complex scalars
denoted by Greek symbols,

κ ¼ Γ311 ¼ lνmμ∇νlμ; π ¼ −Γ421 ¼ −lνm̄μ∇νnμ; ϵ ¼ 1

2
ðΓ211 − Γ431Þ ¼

1

2
ðlνnμ∇νlμ − lνm̄μ∇νmμÞ;

τ ¼ Γ312 ¼ nνmμ∇νlμ; ν ¼ −Γ422 ¼ −nνm̄μ∇νnμ; γ ¼ 1

2
ðΓ212 − Γ432Þ ¼

1

2
ðnνnμ∇νlμ − nνm̄μ∇νmμÞ;

σ ¼ Γ313 ¼ mνmμ∇νlμ; μ ¼ −Γ423 ¼ −mνm̄μ∇νnμ; β ¼ 1

2
ðΓ213 − Γ433Þ ¼

1

2
ðmνnμ∇νlμ −mνm̄μ∇νmμÞ;

ρ ¼ Γ314 ¼ m̄νmμ∇νlμ; λ ¼ −Γ424 ¼ −m̄νm̄μ∇νnμ; α ¼ 1

2
ðΓ214 − Γ434Þ ¼

1

2
ðm̄νnμ∇νlμ − m̄νm̄μ∇νmμÞ: ðC2Þ

The Weyl tensor is represented by five complex scalars,
denoted as Ψ0, Ψ1, Ψ2, Ψ3, Ψ4,

Ψ0 ¼ −C1313; Ψ1 ¼ −C1213; Ψ2 ¼ −C1342;

Ψ3 ¼ −C1242; Ψ4 ¼ −C2324: ðC3Þ

We would refer to [85] for the other notations.
For algebraically special spacetime, by default, there is at

least one repeated principal null direction (PND). If the
repeated PND is selected as null basis l, the Goldberg-
Sachs theorem [86] yields that σ ¼ 0 ¼ κ, accompanied by
the conditions of the Weyl scalars Ψ0 ¼ 0 ¼ Ψ1. On top of

that, one can turn off ϵ by a third class of tetrad rotation,
which can not touch the conditions σ ¼ 0 ¼ κ nor
Ψ0 ¼ 0 ¼ Ψ1. Thus, the PND l is tangent to a null geodesic
with affine parameter. Then, one can choose a coordinates
system ðu; r; xAÞ to arrange the tetrad as

n ¼ W
∂

∂u
þ U

∂

∂r
þ XA ∂

∂xA
; l ¼ ∂

∂r
;

m ¼ M
∂

∂u
þ ω

∂

∂r
þ LA ∂

∂xA
: ðC4Þ

Here, we do not have any delicate arrangement for the
choice of the nonradial coordinates. The basis vectors are
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designated by special symbols

D ¼ lμ∂μ; Δ ¼ nμ∂μ; δ ¼ mμ
∂μ; ðC5Þ

as directional derivatives.
One can obtain the following relations from (C1) and

(C2),

lν∇νlμ ¼ ðϵþ ϵ̄Þlμ − κm̄μ − κ̄mμ;

nν∇νlμ ¼ ðγ þ γ̄Þlμ − τm̄μ − τ̄mμ;

mν∇νlμ ¼ ðβ þ ᾱÞlμ − σm̄μ − ρ̄mμ;

∇νlμ ¼ ðϵþ ϵ̄Þnνlμ − κnνm̄μ − κ̄nνmμ

þ ðγ þ γ̄Þlνlμ − τlνm̄μ − τ̄lνmμ

− ðβ þ ᾱÞm̄νlμ þ σm̄νm̄μ þ ρ̄m̄νmμ

− ðβ̄ þ αÞmνlμ þ σ̄mνmμ þ ρmνm̄μ: ðC6Þ

For algebraically special case with l affine parametrized,
one obtains

Lνμ ≡∇νlμ ¼ ðγ þ γ̄Þlνlμ − τlνm̄μ − τ̄lνmμ þ ρmνm̄μ

þ ρ̄m̄νmμ − ðβ þ ᾱÞm̄νlμ − ðβ̄ þ αÞmνlμ: ðC7Þ

Then, the second group

lν∇νnμ ¼ −ðϵþ ϵ̄Þnμ þ π̄m̄μ þ πmμ;

nν∇νnμ ¼ −ðγ þ γ̄Þnμ þ ν̄m̄μ þ νmμ;

mν∇νnμ ¼ −ðᾱþ βÞnμ þ λ̄m̄μ þ μmμ;

∇νnμ ¼ −ðϵþ ϵ̄Þnνnμ þ π̄nνm̄μ þ πnνmμ

− ðγ þ γ̄Þlνnμ þ ν̄lνm̄μ þ νlνmμ

þ ðᾱþ βÞm̄νnμ − λ̄m̄νm̄μ − μm̄νmμ

þ ðαþ β̄Þmνnμ − λmνmμ − μ̄mνm̄μ: ðC8Þ

For algebraically special case with l affine parametrized,
one obtains

Nνμ ≡∇νnμ ¼ −ðγ þ γ̄Þlνnμ þ π̄nνm̄μ þ πnνmμ

þ ν̄lνm̄μ þ νlνmμ − λmνmμ − λ̄m̄νm̄μ − μm̄νmμ

− μ̄mνm̄μ þ ðαþ β̄Þmνnμ þ ðᾱþ βÞm̄νnμ: ðC9Þ

Then, the next group

lν∇νmμ ¼ ðϵ − ϵ̄Þmμ − κnμ þ π̄lμ;

nν∇νmμ ¼ ðγ − γ̄Þmμ − τnμ þ ν̄lμ;

mν∇νmμ ¼ ðβ − ᾱÞmμ − σnμ þ λ̄lμ;

m̄ν∇νmμ ¼ ðα − β̄Þmμ − ρnμ þ μ̄lμ;

∇νmμ ¼ ðϵ − ϵ̄Þnνmμ − κnνnμ þ π̄nνlμ

þ ðγ − γ̄Þlνmμ − τlνnμ þ ν̄lνlμ

− ðβ − ᾱÞm̄νmμ þ σm̄νnμ − λ̄m̄νlμ

− ðα − β̄Þmνmμ þ ρmνnμ − μ̄mνlμ ðC10Þ

For algebraically special case with l affine parametrized,
one obtains

Mνμ ≡∇νmμ ¼ ðγ − γ̄Þlνmμ þ π̄nνlμ − τlνnμ

þ ν̄lνlμ − λ̄m̄νlμ − ðβ − ᾱÞm̄νmμ

− ðα − β̄Þmνmμ þ ρmνnμ − μ̄mνlμ; ðC11Þ

and its complex conjugate

M̄νμ ≡∇νm̄μ ¼ ðγ̄ − γÞlνm̄μ þ πnνlμ − τ̄lνnμ

þ νlνlμ − λmνlμ − ðβ̄ − αÞmνm̄μ

− ðᾱ − βÞm̄νm̄μ þ ρ̄m̄νnμ − μm̄νlμ: ðC12Þ

As most of the Greeks are used for the spin coefficients, we
will use Latins for the spacetime index to avoid notational
confusion. The Weyl tensor can be constructed from the
Weyl scalars as

Wabcd ¼ −
1

2
ðΨ2 þ Ψ̄2Þ½flanblcndg þ fmam̄bmcm̄dg� þ ðΨ2 − Ψ̄2Þflanbmcm̄dg

×

�
−
1

2
Ψ0fnam̄bncm̄dg −

1

2
Ψ4flamblcmdg þ Ψ2flambncm̄dg

−Ψ1ðflanbncmdg þ fnam̄bm̄cmdgÞ þΨ3ðflanblcmdg − flambmcm̄dgÞ þ c:c.

�
: ðC13Þ

Note that the c.c. is only valid in the bracket ½� for the second and third lines and the notation fg means the permutation of
the index as the Weyl tensor

fabcdg ¼ abcd − bacd − abdcþ badcþ cdab − dcab − cdbaþ dcba: ðC14Þ
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For algebraically special solutions, Ψ0 ¼ 0 ¼ Ψ1, the Weyl tensor is given by

Wabcd ¼ −
1

2
ðΨ2 þ Ψ̄2Þ½flanblcndg þ fmam̄bmcm̄dg� þ ðΨ2 − Ψ̄2Þflanbmcm̄dg

×

�
−
1

2
Ψ4flamblcmdg þΨ2flambncm̄dg þΨ3ðflanblcmdg − flambmcm̄dgÞ þ c:c.

�
: ðC15Þ

For deriving theWeyl invariants, one needs to compute the
contractions of the null bases. Then, the point is only about
the orthogonality and normalization of the null bases. Hence,
it is not necessary to know the real tetrads from the solution
space. The final resultsmust be the same for anygroupof four
null vectors that satisfy (C1). The information is only
encoded in the Weyl scalars Ψs and Ψ̄s. One can choose
the simplest tetrads satisfying (C1) to compute the Weyl
invariants in a much more efficient way. For algebraically
special solutions, the square of the Weyl tensor is simply

WabcdWabcd ¼ 24½ðΨ2Þ2 þ ðΨ̄2Þ2�: ðC16Þ

The cubic of the Weyl tensor is

Wab
cdWcd

efWef
ab ¼ 48½ðΨ2Þ3 þ ðΨ̄2Þ3�: ðC17Þ

The fourth power of the Weyl tensor is

Wab
cdWcd

efWef
ghWgh

ab ¼ 288½ðΨ2Þ4 þ ðΨ̄2Þ4�: ðC18Þ

It is also true that

Wn ∼ ½ðΨ2Þn þ ðΨ̄2Þn�: ðC19Þ

The unknown prefactor can be fixed by, e.g., checking for the
simplest Schwarzschild solution.

APPENDIX D: SQUARE OF THE COVARIANT
DERIVATIVE OF THE WEYL TENSOR

Now we compute the invariants including one covariant
derivative of the Weyl tensor. There are two types of
contractions

∇eWabcd∇eWabcd; ∇aWebcd∇eWabcd: ðD1Þ

The strategy is as follows. The covariant derivative will act
on both the Weyl scalars and the bases in (C13). Thus the
computation of the Weyl invariants must involve the
solution space tetrad and ∇aΨ. However, one can use
the relation for the connection Lνμ, Nνμ, Mνμ M̄νμ in (C7),
(C9), (C11), and (C12) to replace the covariant derivative of
the tetrad by the combination of the spin coefficients and
the null bases. For the derivative on the Weyl scalar, we can
use the directional derivative to replace the spacetime
derivative to make everything as scalar times the tetrad
bases. We have

∇μΨ ¼ DΨnμ þ ΔΨlμ − δΨm̄μ − δ̄Ψmμ; ðD2Þ

as well as the complex conjugate. With all the ingredients,
one can repeat the strategy for Weyl invariants of the
polynomial, that is, choosing the simplest bases satisfying
the orthogonality and normalization to compute the con-
traction. For example, the expression

∇eðΨ2flambncm̄dgÞ ¼ ∇eΨ2flambncm̄dg þ Ψ2∇eðflambncm̄dgÞ
¼ ðDΨ2ne þ ΔΨ2le − δΨ2m̄e − δ̄Ψ2meÞflambncm̄dg þΨ2∇eðflambncm̄dgÞ; ðD3Þ

can be treated as follows. For the second piece on the right hand, one should first write explicitly the permutation under fg,
then act with∇e on every combination. In the end, there will be 32 terms. Finally, replace∇l by L,∇n by N,∇m byM,∇m̄
by M̄. Then the whole expression is written as scalar times tetrad bases, there is no derivative. The contraction is only
implemented among the bases which satisfy orthogonality and normalization conditions (C1).
For algebraically general solutions, one can turn off Ψ0 ¼ 0 by tetrad rotation. Following the above algorithm, we obtain

∇eWabcd∇eWabcd ¼ 80ðDΨ2ΔΨ2 − δΨ2δ̄Ψ2Þ þ 160Ψ3ðτDΨ2 þ κΔΨ2 − ρδΨ2 − σδ̄Ψ2Þ
− 160Ψ1ðνDΨ2 þ πΔΨ2 − λδΨ2 − μδ̄Ψ2Þ þ 32Ψ1½κðΔΨ4 þ 4γΨ4Þ − σðδ̄Ψ4 þ 4αΨ4Þ�
− 160Ψ1½ρðΔΨ3 þ 2γΨ3Þ − τðδ̄Ψ3 þ 2αΨ3Þ� þ 64Ψ1Ψ3½5ðμρ − πτÞ þ 7ðλσ − κνÞ�
þ 320ðΨ1Þ2ðνπ − λμÞ þ 320ðΨ3Þ2ðκτ − ρσÞ þ 480Ψ1Ψ2ðνρ − τλÞ þ c:c: ðD4Þ

We verify that the second invariant ∇eWabcd∇aWebcd is a half of the above one. This is an intrinsic property of the Weyl
tensor. The following relations from the Bianchi identity have been applied,
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DΨ1 ¼ 2ð2ρþ ϵÞΨ1 − 3κΨ2;

δ̄Ψ1 ¼ DΨ2 − 2ðπ − αÞΨ1 − 3ρΨ2 þ 2κΨ3;

DΨ3 ¼ δ̄Ψ2 − 2λΨ1 þ 3πΨ2 − 2ðϵ − ρÞΨ3 − κΨ4;

DΨ4 ¼ δ̄Ψ3 − 3λΨ2 þ 2ð2π þ αÞΨ3 − ð4ϵ − ρÞΨ4;

δΨ1 ¼ 2ð2τ þ βÞΨ1 − 3σΨ2;

ΔΨ1 ¼ δΨ2 þ 2ðγ − μÞΨ1 − 3τΨ2 þ 2σΨ3;

δΨ3 ¼ ΔΨ2 − 2νΨ1 þ 3μΨ2 − 2ðβ − τÞΨ3 − σΨ4;

δΨ4 ¼ ΔΨ3 − 3νΨ2 þ 2ðγ þ 2μÞΨ3 þ ðτ − 4βÞΨ4: ðD5Þ

A direct observation from the above results is that
type-III and type-N solutions have vanishing Weyl invar-
iants even for the case with one covariant derivative
acting on the Weyl tensor. For algebraically special
spacetime, we can further arrange the tetrads, such that
Ψ1 ¼ 0, and κ ¼ 0 ¼ σ. Correspondingly, the Bianchi
identity yields τDΨ2 ¼ ρδΨ2. Then the Weyl invariant is
reduced to

∇eWabcd∇eWabcd

¼ 80ðDΨ2ΔΨ2 þDΨ̄2ΔΨ̄2 − δΨ2δ̄Ψ2 − δ̄Ψ̄2δΨ̄2Þ
¼ 40ð∇μΨ2∇μΨ2 þ∇μΨ̄2∇μΨ̄2Þ: ðD6Þ
Alternatively,

∇eWabcd∇eWabcd

¼ 240ðρΨ2ΔΨ2 þ ρ̄Ψ̄2ΔΨ̄2 − τΨ2δ̄Ψ2 − τ̄Ψ̄2δΨ̄2Þ: ðD7Þ
Hence, this Weyl invariant for the algebraic solution in the
main text is

∇eWabcd∇eWabcd ¼ −360
�
L2

ϱ8
þ L̄2

ϱ̄8

��
1þ L

ϱ
þ L̄

ϱ̄

�
:

ðD8Þ

APPENDIX E: INVARIANTS WITH ONE
DERIVATIVE IN THE SOLUTION SPACE

The simplest invariant with one derivative acting on L
and L̄ is

∇μðW2Þ∇μðW2Þ ¼ 4608½3ðΨ2ΔΨ2 þ Ψ̄2ΔΨ2ÞðρðΨ2Þ2 þ ρ̄ðΨ̄2Þ2Þ − ðΨ2δ̄Ψ2 þ 3τ̄ðΨ̄2Þ2ÞðΨ̄2δΨ̄2 þ 3τðΨ2Þ2Þ�: ðE1Þ

Inserting the solution space yields

∇μðW2Þ∇μðW2Þ ¼ −20736
�
1þ L

ϱ
þ L̄

ϱ̄

��
L2

ϱ7
þ L̄2

ϱ̄7

�
2

− 4608
LL̄
ϱ7ϱ̄7

�
ðL̄þ 6iL̄ðΣ

ϱ̄

��
ð̄L −

6iLð̄Σ
ϱ

�
: ðE2Þ

We use the “ð” operator on the sphere [87] to simplify the formulas. For a field of spin s as, they are defined as

ðηðsÞ ¼ ðP∂þ 2sᾱ0ÞηðsÞ ¼ PP̄−s
∂ðP̄sηðsÞÞ; ð̄ηðsÞ ¼ ðP̄∂ − 2sα0ÞηðsÞ ¼ P̄Ps

∂ðP−sηðsÞÞ; ðE3Þ

where (s) denotes the spin weight of the field ηðsÞ. For the case of unit sphere boundary, we haveP ¼ P̄ ¼ PS. The operators
ð and ð̄ will raise and lower the spin weight. The spin weights of relevant fields are listed in Table I. In particular,

ð̄Σ ¼ PS∂Σ; ð̄2Σ ¼ ∂ðP2
S∂ΣÞ; ð̄L ¼ PS∂L; ð̄2L ¼ ∂ðP2

S∂LÞ: ðE4Þ

A second class of invariant with one derivative acting on L and L̄ is given by

∇μðdW2Þ∇μðdW2Þ ¼ −129600
�
1þ L

ϱ
þ L̄

ϱ̄

�"
8

�
L2

ϱ9
þ L̄2

ϱ̄9

��
1þ L

ϱ
þ L̄

ϱ̄

�
þ
�
L2

ϱ8
þ L̄2

ϱ̄8

��
L
ϱ2

þ L̄
ϱ̄2

�#2

−
259200

ϱ2ϱ̄2

�
2

�
1þ L

ϱ
þ L̄

ϱ̄

��
L̄ðL̄
ϱ̄7

þ 8iL̄2ðΣ
ϱ̄8

�
þ
�
L2

ϱ8
þ L̄2

ϱ̄8

��
ðL̄þ 2iL̄ðΣ

ϱ̄

��

×

�
2

�
1þ L

ϱ
þ L̄

ϱ̄

��
Lð̄L
ϱ8

−
8iL2ð̄Σ

ϱ7

�
þ
�
L2

ϱ8
þ L̄2

ϱ̄8

��
ð̄L −

2iLð̄Σ
ϱ

��
: ðE5Þ

TABLE I. Spin weights.

ð τ0 α0 γ0 ν0 μ0 σ0 λ0 Ψ0
4 Ψ0

3 Ψ0
2 Ψ0

1 Ψ0
0 ϕ0

2 ϕ0
1 ϕ0

0

s 1 1 −1 0 −1 0 2 −2 −2 −1 0 1 2 −1 0 1
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APPENDIX F: INVARIANTS WITH TWO DERIVATIVES IN THE SOLUTION SPACE

The simplest invariant with two derivatives acting on L and L̄ is

∇μð∇νW2∇νW2Þ∇μðW2Þ ¼ 144

�
1þ L

ϱ
þ L̄

ϱ̄

��
L2

ϱ7
þ L̄2

ϱ̄7

�
×

�
20736

�
L
ϱ2

þ L̄
ϱ̄2

��
L2

ϱ7
þ L̄2

ϱ̄7

�
2

þ 290304

�
1þ L

ϱ
þ L̄

ϱ̄

�

×

�
L2

ϱ7
þ L̄2

ϱ̄7

��
L2

ϱ8
þ L̄2

ϱ̄8

�
þ 32256

LL̄
ϱ7ϱ̄7

�
1

ϱ
þ 1

ϱ̄

��
ðL̄þ 6iL̄ðΣ

ϱ̄

��
ð̄L −

6iLð̄Σ
ϱ

�

þ 27648
LL̄
ϱ7ϱ̄7

�
iL̄ðΣ
ϱ̄2

�
ð̄L −

6iLð̄Σ
ϱ

�
−
iLð̄Σ
ϱ2

�
ðL̄þ 6iL̄ðΣ

ϱ̄

���

þ 48

ϱϱ̄

�
L
ϱ6

�
ð̄L −

6iLð̄Σ
ϱ

�
×

�
20736

1

ϱ̄

�
ðL̄þ 2iL̄ðΣ

ϱ̄

��
L2

ϱ7
þ L̄2

ϱ̄7

�
2

þ 82944
L̄
ϱ̄7

�
1þ L

ϱ
þ L̄

ϱ̄

�

×

�
L2

ϱ7
þ L̄2

ϱ̄7

��
ðL̄þ 7iL̄ðΣ

ϱ̄

�
þ 4608

L
ϱ7ϱ̄7

�
ðL̄þ 14iL̄ðΣ

ϱ̄

��
ðL̄þ 6iL̄ðΣ

ϱ̄

�

×

�
ð̄L −

6iLð̄Σ
ϱ

�
þ 4608

LL̄
ϱ7ϱ̄7

�
ð̄L −

6iLð̄Σ
ϱ

��
ð2L̄þ 6iðL̄ðΣ

ϱ̄
þ 6iL̄ð2Σ

ϱ̄
−
6L̄ððΣÞ2

ϱ̄2

�

þ 27648
LL̄
ϱ7ϱ̄7

�
ðL̄þ 6iL̄ðΣ

ϱ̄

��
−
iLðð̄Σ

ϱ
þ LðΣð̄Σ

ϱ2

��
þ c:c.

�
: ðF1Þ

A second class of invariant with two derivatives acting on L and L̄ is given by

∇μ∇νðW2Þ∇μ∇νðW2Þ ¼ 2½δ̄ δ̄W2 þ ðα − β̄Þδ̄W2 − λDW2 þ σ̄ΔW2� × ½δδW2 þ ðᾱ − βÞδW2 − λ̄DW2 þ σΔW2�
þ 2½δ̄δW2 − ðα − β̄ÞδW2 − μ̄DW2 þ ρΔW2� × ½δδ̄W2 − ðᾱ − βÞδ̄W2 − μDW2 þ ρ̄ΔW2�
þ 2½DDW2 − ðϵþ ϵ̄ÞDW2 þ κδ̄W2 þ κ̄δW2� × ½ΔΔW2 þ ðγ þ γ̄ÞΔW2 − νδW2 − ν̄ δ̄W2�
þ 2½DΔW2 þ ðϵþ ϵ̄ÞΔW2 − πδW2 − π̄ δ̄W2� × ½ΔDW2 − ðγ þ γ̄ÞDW2 þ τδ̄W2 þ τ̄δW2�
− 2½δΔW2 þ ðᾱþ βÞΔW2 − λ̄ δ̄W2 − μδW2� × ½δ̄DW2 − ðαþ β̄ÞDW2 þ ρδ̄W2 þ σ̄δW2�
− 2½δ̄ΔW2 þ ðαþ β̄ÞΔW2 − λδW2 − μ̄ δ̄W2� × ½δDW2 − ðᾱþ βÞDW2 þ ρ̄δW2 þ σδ̄W2�
− 2½DδW2 − ðϵ − ϵ̄ÞδW2 − π̄DW2 þ κΔW2� × ½Δδ̄W2 þ ðγ − γ̄Þδ̄W2 − νDW2 þ τ̄ΔW2�
− 2½Dδ̄W2 þ ðϵ − ϵ̄Þδ̄W2 − πDW2 þ κ̄ΔW2� × ½ΔδW2 − ðγ − γ̄ÞδW2 − ν̄DW2 þ τΔW2�: ðF2Þ

Inserting the solutions yields

∇a∇bðW2Þ∇a∇bðW2Þ ¼
1

2
∂r

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂rW2

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂r∂rW2 −

1

2
∂r

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂rW2

��
L
ϱ2

þ L̄
ϱ̄2

�
∂rW2

þ 2

ϱϱ̄

�
ð̄
�
1

ϱ
ðð̄W2 þ ið̄Σ∂rW2Þ

�
þ ið̄Σ∂r

�
1

ϱ
ðð̄W2 þ ið̄Σ∂rW2Þ

���
ð
�
1

ϱ̄
ððW2 − iðΣ∂rW2Þ

�

− iðΣ∂r
�
1

ϱ̄
ððW2 − iðΣ∂rW2Þ

��
þ ∂r

�
1

ϱ̄
ððW2 − iðΣ∂rW2Þ

�

×

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂r

�
1

ϱ
ðð̄W2 þ ið̄Σ∂rW2Þ

�
þ
�
ð̄L
ϱ2

−
2iLð̄Σ
ϱ3

�
∂rW2

þ
�
L
ϱ2

−
L̄
ϱ̄2

��
1

ϱ
ðð̄W2 þ ið̄Σ∂rW2Þ

��
þ ∂r

�
1

ϱ
ðð̄W2 þ ið̄Σ∂rW2Þ

�

×

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂r

�
1

ϱ̄
ððW2 − iðΣ∂rW2Þ

�
þ
�
ðL̄
ϱ̄2

þ 2iL̄ðΣ
ϱ̄3

�
∂rW2 −

�
L
ϱ2

−
L̄
ϱ̄2

�
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×

�
1

ϱ̄
ððW2 − iðΣ∂rW2Þ

��
þ ∂r∂rW2

�
1

2

�
L
ϱ2

þ L̄
ϱ̄2

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂rW2

þ 1

2

�
1þ L

ϱ
þ L̄

ϱ̄

�
∂r

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂rW2

�
−
�
ð̄L
ϱ2

−
2iLð̄Σ
ϱ3

��
1

ϱ̄
ððW2 − iðΣ∂rW2Þ

�

−
�
ðL̄
ϱ̄2

þ 2iL̄ðΣ
ϱ̄3

��
1

ϱ
ðð̄W2 þ ið̄Σ∂rW2Þ

��
þ
�
1

ϱ̄
ðð − iðΣ∂rÞ

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂rW2

�

−
�
1

ϱ̄
þ 2rL

ϱ̄ϱ2

��
1

ϱ̄
ððW2 − iðΣ∂rW2Þ

���
1

ϱ
ðð̄∂rW2 þ ið̄Σ∂r∂rW2Þ −

1

ϱ2
ðð̄W2 þ ið̄Σ∂rW2Þ

�

þ
�
1

ϱ
ðð̄þ ið̄Σ∂rÞ

��
1þ L

ϱ
þ L̄

ϱ̄

�
∂rW2

�
−
�
1

ϱ
þ 2rL̄

ϱϱ̄2

��
1

ϱ
ðð̄W2 þ ið̄Σ∂rW2Þ

��

×

�
1

ϱ̄
ðð∂rW2 − iðΣ∂r∂rW2Þ −

1

ϱ̄2
ððW2 − iðΣ∂rW2Þ

�

þ 2

�
1

ϱ
ðð̄þ ið̄Σ∂rÞ

�
1

ϱ̄
ððW2 − iðΣ∂rW2Þ

�
þ
�
1

2ϱ
þ rL̄
ϱϱ̄2

�
∂rW2 þ

1

2ϱ

�
1þ L

ϱ
þ L̄

ϱ̄

�
∂rW2

�

×

�
1

ϱ̄
ðð − iðΣ∂rÞ

�
1

ϱ
ðð̄W2 þ ið̄Σ∂rW2Þ

�
þ
�
1

2ϱ̄
þ rL
ϱ̄ϱ2

�
∂rW2 þ

1

2ϱ̄

�
1þ L

ϱ
þ L̄

ϱ̄

�
∂rW2

�
: ðF3Þ

APPENDIX G: NP FORMALISM FOR
ALGEBRAICALLY SPECIAL SPACETIME

INCLUDING MAXWELL FIELDS

In the NP formalism, the Maxwell tensor is replaced by
three complex scalars

ϕ0 ¼ Fμνlμmν; ϕ1 ¼
1

2
Fμνðlμnν þ m̄μmνÞ;

ϕ2 ¼ Fμνm̄μnν: ðG1Þ

Conversely, the Maxwell tensor is

Fμν ¼ 2ðϕ1 þ ϕ̄1Þn½μlν� þ 2ðϕ1 − ϕ̄1Þm½μm̄ν�
þ 2ϕ2l½μmν� þ 2ϕ̄2l½μm̄ν�: ðG2Þ

The Lagrangian of four-dimensional Einstein-Maxwell
theory in the usual NP formalism is [85]

L ¼ ffiffiffiffiffiffi
−g

p �
R −

1

2
F2

�
; F ¼ dA: ðG3Þ

When we consider the algebraically special solution, we
consider the principle null direction of the Maxwell field
aligned with the Weyl tensor, namely ϕ0 ¼ 0. The tetrad
system can be again constructed as

n ¼ W
∂

∂u
þ U

∂

∂r
þ XA ∂

∂xA
; l ¼ ∂

∂r
;

m ¼ M
∂

∂u
þ ω

∂

∂r
þ LA ∂

∂xA
: ðG4Þ

The fall-off conditions are chosen as follows

W ¼ 1þOðr−1Þ; XA ¼ Oðr−1Þ; U ¼ OðrÞ;
M ¼ Oðr−1Þ;
Lz ¼ Oðr−2Þ; Lz̄ ¼ Oðr−1Þ; ω ¼ Oðr−1Þ;

ρ ¼ −
1

r
þOðr−2Þ; ReðρÞ ¼ −

1

r
þOðr−3Þ;

σ ¼ Oðr−2Þ; α ¼ Oðr−1Þ; β ¼ Oðr−1Þ
ᾱþ β ¼ Oðr−2Þ; λ ¼ Oðr−1Þ;

μ ¼ Oðr−1Þ; τ ¼ Oðr−1Þ: ðG5Þ
Those conditions can be reached for solution space by three
classes of tetrad rotations and the combined coordinates
transformation, which preserves the gauge conditions
κ ¼ ϵ ¼ π ¼ 0, see, e.g., the arrangement for some fall-
off conditions in [68]. The full NP equations including
Maxwell fields with respect to conditions σ ¼ κ ¼ ϵ ¼ π ¼
Ψ0 ¼ Ψ1 ¼ ϕ0 ¼ 0 are arranged as

1. Radial equations

Dρ ¼ ρ2; ðG6Þ

Dα ¼ ρα; ðG7Þ

Dβ ¼ ρ̄β; ðG8Þ

Dτ ¼ τρ; ðG9Þ

Dλ ¼ ρλ; ðG10Þ

Dμ ¼ ρ̄μþΨ2; ðG11Þ
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Dγ ¼ ταþ τ̄β þΨ2 þ ϕ1ϕ̄1; ðG12Þ

Dν ¼ τ̄μþ τλþ Ψ3 þ ϕ2ϕ̄1; ðG13Þ

DΔ ¼ −ðγ þ γ̄ÞDþ τ̄δþ τδ̄; ðG14Þ

Dδ ¼ −ðᾱþ βÞDþ ρ̄δ; ðG15Þ

DΨ2 ¼ 3ρΨ2 þ 2ρϕ1ϕ̄1; ðG16Þ

DΨ3 − δ̄Ψ2 ¼ 2ρΨ3 þ ϕ̄1Dϕ2; ðG17Þ

DΨ4 − δ̄Ψ3 ¼ ρΨ4 þ 2αΨ3 − 3λΨ2 þ δ̄ðϕ2ϕ̄1Þ
þ 2ðα − τ̄Þϕ2ϕ̄1 − 2λϕ1ϕ̄1; ðG18Þ

Dϕ1 − δ̄ϕ0 ¼ −2αϕ0 þ 2ρϕ1; ðG19Þ

Dϕ2 − δ̄ϕ1 ¼ −λϕ0 þ ρϕ2: ðG20Þ

2. Nonradial equations

Δλ ¼ δ̄ν − ðμþ μ̄Þλ − ð3γ − γ̄Þλþ νð3αþ β̄ − τ̄Þ −Ψ4;

ðG21Þ

Δρ ¼ δ̄τ − ρμ̄ − τðτ̄ þ α − β̄Þ þ ðγ þ γ̄Þρ −Ψ2; ðG22Þ

Δα ¼ δ̄γ þ ρν − ðτ þ βÞλþ ðγ̄ − μ̄Þαþ γðβ̄ − τ̄Þ −Ψ3;

ðG23Þ

Δμ ¼ δν − μ2 − λλ̄ − ðγ þ γ̄Þμþ νðᾱþ 3β − τÞ − ϕ2ϕ̄2;

ðG24Þ

Δβ ¼ δγ − μτ þ βðγ − γ̄ − μÞ − αλ̄þ γðᾱþ β − τÞ − ϕ1ϕ̄2;

ðG25Þ

0 ¼ δτ − ρλ̄ − τðτ − ᾱþ βÞ; ðG26Þ

Δδ ¼ δΔþ ν̄Dþ ðᾱþ β − τÞΔþ ðγ − γ̄ − μÞδ − λ̄ δ̄;

ðG27Þ

δρ ¼ ρðᾱþ βÞ þ τðρ − ρ̄Þ; ðG28Þ

δα − δ̄β ¼ μρþ αᾱþ ββ̄ − 2αβ þ γðρ − ρ̄Þ −Ψ2 þ ϕ1ϕ̄1;

ðG29Þ

δλ − δ̄μ ¼ νðρ − ρ̄Þ þ μðαþ β̄Þ þ λðᾱ − 3βÞ − Ψ3 þ ϕ2ϕ̄1;

ðG30Þ

δ̄δ − δδ̄ ¼ ðμ̄ − μÞDþ ðρ̄ − ρÞΔþ ðα − β̄Þδþ ðβ − ᾱÞδ̄;
ðG31Þ

δΨ2 ¼ 3τΨ2 þ 2ρϕ1ϕ̄2 − 2τϕ1ϕ̄1; ðG32Þ
ΔΨ2−δΨ3¼−3μΨ2þð2β−2τÞΨ3−Dðϕ2ϕ̄2Þþδðϕ2ϕ̄1Þ

þ2βϕ2ϕ̄1−2μϕ1ϕ̄1þ ρ̄ϕ2ϕ̄2; ðG33Þ
ΔΨ3 − δΨ4 ¼ 3νΨ2 − ð2γ þ 4μÞΨ3 þ ð4β − τÞΨ4

þ Δðϕ2ϕ̄1Þ − δ̄ðϕ2ϕ̄2Þ þ 2ðμ̄þ γÞϕ2ϕ̄1

− 2νϕ1ϕ̄1 þ 2λϕ1ϕ̄2 þ ðτ̄ − 2α − 2β̄Þϕ2ϕ̄2;

ðG34Þ
δϕ1 ¼ 2τϕ1; ðG35Þ

Δϕ1 − δϕ2 ¼ −2μϕ1 − ðτ − 2βÞϕ2: ðG36Þ

APPENDIX H: STATIONARY ALGEBRAICALLY
SPECIAL SOLUTIONS

In this appendix, we will derive the generic solution
space of Einstein-Maxwell theory with respect to stationary
algebraically special conditions and locally asymptotic
flatness. The solutions to the radial equations are given by

ρ ¼ −
1

rþ iΣ
; α ¼ α0

rþ iΣ
; β ¼ −ᾱ;

τ ¼ τ0

rþ iΣ
; λ ¼ λ0

rþ iΣ
; ϕ1 ¼

ϕ0
1

ðrþ iΣÞ2 ;

ϕ2 ¼
ϕ0
2

rþ iΣ
−

ð̄nϕ0
1

ðrþ iΣÞ2 þ
ϕ0
1ðið̄nΣþ ω̄0Þ
ðrþ iΣÞ3 ;

M ¼ M0

r − iΣ
; ω ¼ ω0

r − iΣ
; Lz̄ ¼ P

r − iΣ
;

W ¼ 1 −
τ̄0M0

r − iΣ
−

τ0M̄0

rþ iΣ
; Xz ¼ −

τ0P̄
rþ iΣ

;

Ψ2 ¼
Ψ0

2

ðrþ iΣÞ3 þ
2ϕ0

1ϕ̄
0
1

ðr − iΣÞðrþ iΣÞ3 ;

μ ¼ μ0

r − iΣ
−

rΨ0
2 þ ϕ0

1ϕ̄
0
1

ðrþ iΣÞ2ðr − iΣÞ ;

γ ¼ γ0 þ τ̄0ᾱ0

r − iΣ
−

τ0α0

rþ iΣ
−

Ψ0
2

2ðrþ iΣÞ2

−
ϕ0
1ϕ̄

0
1

ðrþ iΣÞ2ðr − iΣÞ ;

U ¼ −ðγ0 þ γ̄0Þrþ U0 −
Ψ0

2

2ðrþ iΣÞ −
Ψ̄0

2

2ðr − iΣÞ

−
τ0ω̄0

rþ iΣ
−

τ̄0ω0

r − iΣ
−

ϕ0
1ϕ̄

0
1

r2 þ Σ2
: ðH1Þ
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Correspondingly, the cotetrad system is given by

l ¼ du −
M̄0

P̄
dz −

M0

P
dz̄;

n ¼
�
ðγ0 þ γ̄0Þr −U0 þ rK þ JΣþ ϕ0

1ϕ̄
0
1

r2 þ Σ2

�
lþ dr

−
ω̄0

P̄
dz −

ω0

P
dz̄;

m ¼ −τ0duþ
�
−
r
P̄
þ M̄0τ0 − iΣ

P̄

�
dzþM0τ0

P
dz̄;

m̄ ¼ −τ̄0duþ M̄0τ̄0

P̄
dzþ

�
−
r
P
þM0τ̄0 þ iΣ

P

�
dz̄; ðH2Þ

where K and J are the real and imaginary parts of Ψ0
2,

K ¼ 1

2
ðΨ0

2 þ Ψ̄0
2Þ; J ¼ −

i
2
ðΨ0

2 − Ψ̄0
2Þ:

There are three more radial equations (G13), (G17), and
(G18), which can be in principle solved in the same way.
We found that the solutions to those three equations will be
much simplified when some of the nonradial equations are
solved, in particular for the stationary case. The reason is
that those three equations are relevant to the Bianchi
identity. Only when the Maxwell’s equations are satisfied,
the stress tensor of the Maxwell fields is conserved, which
suggests that one should solve all components of the
Maxwell’s equations before the Bianchi identities.
For the nonradial equations, all the information is

expected to be encoded in the leading pieces of the 1
r

expansion [68], which was precisely verified for the
algebraically special case for the pure gravity case [59].
We expect this should also hold for Einstein-Maxwell
theory. We will first check the constraints from the leading
orders of all the nonradial equations and then verify that
there is no more constraint from any subleading order.
Starting from the z̄ component and r component of (G27)
leads to

γ0 ¼ −
1

2
∂u ln P̄ ¼ 0; ðH3Þ

for the stationary case and

ν0 ¼ ð̄ðγ0 þ γ̄0Þ − τ̄0ðγ0 þ γ̄0Þ ¼ 0: ðH4Þ

We continue with the u component of (G27), which yields

τ0 ¼ −∂uM0 − 2M0γ̄0 ¼ 0: ðH5Þ

From (G28), we obtain that

ω0 ¼ 2iΣτ0 − iðnΣ ¼ −iðΣ: ðH6Þ

Then, (G26) yields that

λ0 ¼ ðτ̄0Þ2 − ð̄nτ̄0 ¼ 0: ðH7Þ

From the u component of (G31), one can derive that

2iΣ ¼ ðM̄0 − ð̄M0

¼ −
½PðP̄W − M̄0XzÞ −M0P̄Xz̄�2

PP̄
l½u∂zlz̄�: ðH8Þ

Now, it is clear that l is hypersurface orthogonal when
Σ ¼ 0. From the z̄ component of (G31), it is obtained that

α0 ¼ 1

2
ðM̄0

∂u lnPþ P̄∂ lnPÞ ¼ 1

2
P̄∂ lnP: ðH9Þ

From (G29), we get

μ0 ¼ 2iΣγ0 þ μ0r ¼ μ0r ; ðH10Þ

where μ0r ¼ −ðα0 − ð̄ᾱ0 ¼ − 1
2
PP̄∂∂ lnðPP̄Þ is the real part.

Then one can verify the commutator of the operator ð

½ð̄; ð�ηðsÞ ¼ −2sμ0rηðsÞ: ðH11Þ

From (G22), we obtain

U0 ¼ ð̄nτ0 − iΣðγ0 þ 3γ̄0Þ − i∂uΣþ μ0r − τ0τ̄0 ¼ μ0r :

ðH12Þ

The r component of (G31) fixed the imaginary part ofΨ0
2 as

Ψ0
2 − Ψ̄0

2 ¼ iΣð2U0 þ μ0 þ μ̄0Þ þ ð̄ω0 − ðω̄0: ðH13Þ

From the Maxwell’s equations (G35) and (G36), we obtain

ðϕ0
1 ¼ 2τ0ϕ0

1 ¼ 0; ðH14Þ

and

∂uϕ
0
1 þ 2ðγ0 þ γ̄0Þϕ0

1 ¼ ðϕ0
2 − τ0ϕ0

2; ðH15Þ

which is reduced to ðϕ0
2 ¼ 0 for the stationary case. Then

we can solve the radial equations (G13), (G17), and (G18).
The solutions are
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ν ¼ ð̄Ψ0
2

2ðrþ iΣÞ2 −
iΨ0

2ð̄Σ
ðrþ iΣÞ3 þ

ϕ̄0
1ð̄ϕ

0
1

ðrþ iΣÞ2ðr − iΣÞ

−
2iϕ0

1ϕ̄
0
1ð̄Σ

ðrþ iΣÞ3ðr − iΣÞ ;

Ψ3 ¼ −
ð̄Ψ0

2

ðrþ iΣÞ3 þ
3iΨ0

2ð̄Σ
ðrþ iΣÞ4 −

2ϕ̄0
1ð̄ϕ

0
1

ðrþ iΣÞ3ðr − iΣÞ

þ 6iϕ0
1ϕ̄

0
1ð̄Σ

ðrþ iΣÞ4ðr − iΣÞ ;

Ψ4 ¼
ð̄2Ψ0

2

2ðrþ iΣÞ3 −
3ið̄Ψ0

2ð̄Σþ iΨ0
2ð̄

2Σ
ðrþ iΣÞ4 −

6Ψ0
2ðð̄ΣÞ2

ðrþ iΣÞ5

þ ϕ̄1ð̄2ϕ0
1

ðrþ iΣÞ3ðr − iΣÞ −
6iϕ̄0

1ð̄ϕ
0
1ð̄Σþ 2iϕ̄0

1ϕ
0
1ð̄

2Σ
ðrþ iΣÞ4ðr − iΣÞ

−
12ϕ̄0

1ϕ
0
1ðð̄ΣÞ2

ðrþ iΣÞ5ðr − iΣÞ : ðH16Þ

Equation (G30) yields that

Ψ0
3 ¼ 2iΣν0 þ ð̄μ0 − ðnλ0 ¼ ð̄μ0: ðH17Þ

From (G21), we obtain

Ψ0
4 ¼ ð̄nν0 − 4γ0λ0 − τ̄0ν0 − ∂uλ

0 ¼ 0: ðH18Þ

A constraint of Ψ0
2 is obtained from (G32) as

ðΨ0
2 ¼ 3τ0Ψ0

2 − 2ϕ0
1ϕ̄

0
2 ¼ −2ϕ0

1ϕ̄
0
2: ðH19Þ

From (G33), there is another constraint of Ψ0
2,

∂uΨ0
2 þ 3ðγ0 þ γ̄0ÞΨ0

2 ¼ ðΨ0
3 − 2τ0Ψ0

3 þ ϕ0
2ϕ̄

0
2; ðH20Þ

which is reduced to ðð̄μ0 ¼ −ϕ0
2ϕ̄

0
2 for the stationary case.

1. Reductions with a sphere boundary

Now we implement the constraint that the boundary is a
punctured unit sphere. The boundary line element is
ds2 ¼ 4

ð1þzz̄Þ2 dzdz̄. Correspondingly, we have μ0 ¼ − 1
2
,

which fixes ϕ0
2 ¼ 0 from (H20). The whole system is

further simplified and described by a cotetrad system

l ¼ du −
M̄
PS

dz −
M
PS

dz̄;

n ¼ dr −
ω̄0

PS
dz −

ω0

PS
dz̄þ

�
1

2
þ rK þ JΣþ ϕ0

1ϕ̄
0
1

r2 þ Σ2

�
l;

m ¼ −
1

PS
ðrþ iΣÞdz; m̄ ¼ −

1

PS
ðr − iΣÞdz̄; ðH21Þ

where we renameM0 as M, which is an arbitrary complex
function of variables ðz; z̄Þ. We define that K and J are the
real and imaginary parts of the arbitrary complex function
Ψ0

2 of variables ðz; z̄Þ,

K ¼ 1

2
½Ψ0

2ðz; z̄Þ þ Ψ̄0
2ðz; z̄Þ�;

J ¼ −
i
2
½Ψ0

2ðz; z̄Þ − Ψ̄0
2ðz; z̄Þ�: ðH22Þ

Σ is the twist function, which is fixed by M from

Σ ¼ −
iP2

S

2

�
∂

�
M̄
PS

�
− ∂

�
M
PS

��
: ðH23Þ

Moreover,

ω0 ¼ −iPS∂Σ; ω̄0 ¼ iPS∂Σ: ðH24Þ
The unknown complex functions M, Ψ0

2, ϕ
0
1 and their

complex conjugate are constrained by

Ψ0
2 − Ψ̄0

2 ¼ −2iðΣþ P2
S∂∂ΣÞ;

∂Ψ0
2 ¼ 0; ∂Ψ̄0

2 ¼ 0; ∂ϕ0
1 ¼ 0; ∂ϕ̄0

1 ¼ 0: ðH25Þ
These equations comprise all the constraints from the Einstein
equation, Maxwell’s equations, and Bianchi identities. The
above construction covers all the algebraically special sta-
tionary solutions with a boundary topology R × C� under
locally asymptotically flat conditions in four-dimensional
Einstein-Maxwell theory. The NP variables are given by

ρ¼ −
1

ϱ
; ϱ¼ rþ iΣ; α¼ α0

ϱ
; α0 ¼ z̄

2
ffiffiffi
2

p ;

β ¼ −ᾱ; τ ¼ 0¼ λ; μ¼ −
1

2ϱ̄
−
rΨ0

2 þϕ0
1ϕ̄

0
1

ϱ2ϱ̄
;

γ ¼ −
Ψ0

2

2ϱ2
−
ϕ0
1ϕ̄

0
1

ϱ2ϱ̄
; Ψ2 ¼

Ψ0
2

ϱ3
þ 2ϕ0

1ϕ̄
0
1

ϱ3ϱ̄
;

ν¼ ð̄Ψ0
2

2ϱ2
−
iΨ0

2ð̄Σ
ϱ3

þ ϕ̄0
1ð̄ϕ

0
1

ϱ2ϱ̄
−
2iϕ0

1ϕ̄
0
1ð̄Σ

ϱ3ϱ̄
;

ϕ1 ¼
ϕ0
1

ϱ2
; ϕ2 ¼ −

ð̄ϕ0
1

ϱ2
þ 2iϕ0

1ð̄Σ
ϱ3

;

Ψ3 ¼ −
ð̄Ψ0

2

ϱ3
þ 3iΨ0

2ð̄Σ
ϱ4

−
2ϕ̄0

1ð̄ϕ
0
1

ϱ3ϱ̄
þ 6iϕ0

1ϕ̄
0
1ð̄Σ

ϱ4ϱ̄
;

Ψ4 ¼
ð̄2Ψ0

2

2ϱ3
−
3ið̄Ψ0

2ð̄Σþ iΨ0
2ð̄

2Σ
ϱ4

−
6Ψ0

2ðð̄ΣÞ2
ϱ5

þ ϕ̄0
1ð̄

2ϕ0
1

ϱ3ϱ̄

−
6iϕ̄0

1ð̄ϕ
0
1ð̄Σþ 2iϕ̄0

1ϕ
0
1ð̄

2Σ
ϱ4ϱ̄

−
12ϕ̄0

1ϕ
0
1ðð̄ΣÞ2

ϱ5ϱ̄
: ðH26Þ

Clearly, the conditions ∂Ψ0
2 ¼ 0 and ∂ϕ0

1 ¼ 0 imply that Ψ0
2

and ϕ0
1 are holomorphic functions, which we denote asΨ0

2 ¼
LðzÞ andϕ0

1 ¼ QðzÞ. Then, the twist functionΣ is determined
from the differential equation

Σþ ð1þ zz̄Þ2
2

∂∂Σ ¼ i
2
ðL − L̄Þ: ðH27Þ

Nowthe aboveequation is the only constraint left for thewhole
system, which is the same as pure Einstein theory.
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