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We combine the ghost-free bimetric theory of gravity with the concept of local Weyl invariance, realized
in the framework of Einstein-Cartan gravity. The gravitational sector, characterized by two independent
metrics and two independent connections, is coupled to a scalar field that can in principle develop a
nonvanishing expectation value through radiative corrections. The spectrum of the model, apart from the
massless standard graviton and a pair of axionlike pseudoscalars, associated with the presence of the Holst
invariants in the action, includes an additional spin-2 state of a nonvanishing Fierz-Pauli mass proportional
to the scalar field vacuum expectation value. We analyze the phenomenology of the model and specify the
conditions under which the massive spin-2 state could be a primary dark matter candidate.
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I. INTRODUCTION

Efforts to formulate a theory of a massive spin-2 field
have a rather long history, starting with the linear theory of
Fierz and Pauli [1]. Just after the resolution of the van Dam-
Veltman-Zakharov discontinuity [2,3] issue in the frame-
work of its nonlinear generalization by Vainshtein [4], the
theory came to face the problem of ghosts raised by
Boulware and Deser [5]. Bimetric gravity [6], characterized
by the existence of two independent metric tensors, came
out as a ghost-free answer to this problem. The physical
Planck mass as well as the Fierz-Pauli mass of the massive
spin-2 excitation arise in terms of two independent gravi-
tational scales, associated with the two dynamical metric
tensors of the theory. On the other hand, the problem of
multiple energy scales, often vastly different, that arise in
physics (hierarchy problem) has often been attributed to
approximate or exact scale invariance, broken at the
quantum level [7-35]. For instance, the Standard model
(SM) is scale invariant with the exception of the Higgs mass
term. In gravitational considerations also global scale or
Weyl invariance has also been employed to address
analogous issues. Weyl invariance can be promoted to a
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local gauge symmetry in the framework of the so called
Weyl geometry. Gauge symmetries play a very important
role in physics, the most obvious example being the SM of
particle interactions whose success relies to a large extend
on its local gauge symmetries. This philosophy can be
carried over to gravitation, promoting gravity to a gauge
theory of the Poincaré group [36,37]. This is the Einstein-
Cartan theory of gravity [38,39], positing, in addition to the
metric, a torsion tensor as a fundamental property of
spacetime. The Einstein-Cartan theory can also be com-
bined with local Weyl symmetry with the role of the
corresponding Weyl gauge field [40] played by the torsion
vector.

In the present article we have combined bimetric gravity
(see [41] for a review and [42—48] for recent applications),
characterized by an additional gravitational scale that leads
to a massive spin-2 field, with the concept of local Weyl
symmetry, the latter realized in the framework of Einstein-
Cartan gravity. Einstein-Cartan bigravity, in addition to the
two independent metrics, posits two independent connec-
tions as well. The gravitational Weyl-invariant action
(see [49-63] for applications) is restricted to include at
most quadratic curvature invariants, so that no unphysical
degrees of freedom arise, consisting of quadratic terms of
the Ricci scalar curvature and Holst invariants [64] corre-
sponding to both metrics and connections. The interaction
potential of the two gravitational sectors is the standard
bigravity potential rendered Weyl-invariant in terms of its
coupling to a scalar field. The equivalent metric form of the
action features the torsion vectors corresponding to the
two sectors which are nondynamical and are integrated out.
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The model, apart from the two interacting spin-2 states,
describes a pair of axionlike pseudoscalars, associated with
the presence of the Holst terms, and the above scalar that
couples to the interaction potential [6]. Considering the
linear limit of the theory for proportional backgrounds, we
arrive, as in the case of standard bigravity, at one massless
graviton state as well as a spin-2 state of nonzero Fierz-
Pauli mass. The latter is proportional to the vacuum
expectation value (vev) of the scalar field. At this point
it is argued that quantum radiative corrections, expected to
break the scale invariance in a fashion analogous to
dimensional transmutation, lead to a nonvanishing expect-
ation value of the scalar field and as a result to a non-
vanishing Fierz-Pauli mass. Although the theory has started
with just a set of dimensionless parameters, namely those
scaling the curvature invariants and those of the interaction
potential, at the end it has exchanged a number of them for
the set of pseudoscalar, scalar, and spin-2 masses.

The paper is organized as follows: In Sec. II we lay out
the basic elements of Einstein-Cartan gravity and local
Weyl invariance. We consider the simplest Weyl-invariant
gravitational action that does not lead to unphysical degrees
of freedom and examine its coupling to a scalar field ¢. In
Sec. III we combine the above Weyl-Einstein-Cartan
framework with the ghost-free theory of bimetric gravity,
characterized by two independent interacting metrics and
connections. The action, featuring quadratic terms of the
Ricci scalars and Holst invariants, is rewritten in terms of
pairs of auxiliary and axionlike pseudoscalar fields. We
derive the equivalent metric form of the action and integrate
out the appearing nondynamical torsion vectors. The
resulting Finstein frame action is characterized by two
gravitational scales set up by the nondynamical auxiliary
fields. In addition to the two gravitons the theory describes
the scalar field ¢ and a pair of axionlike pseudoscalars. In
Sec. IIT A we derive the equations of motion and argue that
the scalar field ¢ can obtain a nonvanishing expectation
value through quantum corrections. In Sec. IV and spe-
cifically in Sec. IV A we discuss a special class of solutions
in which the two metrics are proportional, derive the
corresponding energy-momentum tensors and analyze
the conditions for their compatibility imposed by the
Einstein’s equations. In Sec. IVB we consider perturba-
tions around proportional metric backgrounds and analyze
the corresponding linear limit, characterized by a standard
massless graviton and a spin-2 state, having a Fierz-Pauli
mass. In Sec. V we discuss the phenomenology of the
model, examining particular cases where the spin-2 state is
ultralight or superheavy and analyzing the possibility of
this state to be a primary candidate for dark matter. Finally,
in Sec. VI we state briefly our conclusions.

II. FRAMEWORK

In the Einstein-Cartan formulation of gravity [38,39]
translations and Lorentz transformations are promoted to

gauge symmetries with the gauge fields being the tetrad ej;‘
and the spin connection cu,’:‘B. The corresponding field
strengths can be represented by the affine-curvature R”,,

and the affine-torsion 7%,

_ A A
Rﬂ(rﬂu - ayrl)uﬂ - aurl);m + Fpﬂ/lr vo F/)MF Ho»

T, =TW, —T¥ (1)

vp vp pus

: . : _H(q LA B
in terms of the affine-connection I, = ¢/ (d, e +wize5s).
The torsion tensor can be decomposed as

A

1 1 B}
Tm/p = _5 (g/pr - g/lpTl/) + geﬂypuT + Tuvp» (2)

in terms of a vector part T*, an axial vector part 7*, defined
as

TH = gypTl/llﬂ’ TH — €/‘”P0Typ6’ (3)
and a tensorial part 7,,,, defined by %, =1%, =
€77, = 0.
Global scale symmetry corresponds to invariance under
the transformations
A —1,4 A
ey = q ey, wﬂB ﬂB. (4)
This symmetry can be promoted to a local gauge symmetry
(Weyl symmetry) introducing a gauge field W, transform-
ing as

W, —>W,+ q_l(x)aﬂq(x). (5)

Under this symmetry the torsion vector transforms in an
analogous fashion, namely as

T,—-T,—- 3q_1(x)0”q(x). (6)

It is possible to realize this local symmetry without
introducing the gauge field as an additional dynamical
degree of freedom. Instead, one can employ the torsion
vector by setting W, = %Tﬂ, with the corresponding Weyl
covariant derivative defined as

v 1
Vi) =0, 43T, (7)

It turns out that, in the specific Einstein-Cartan quadratic
models to be considered below, the torsion is nondynamical
and, therefore, employing the above identification will not
introduce any additional dynamical degrees of freedom.
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The set of (local) Weyl transformations are'

G = q_zg;w’ F”up - Fﬂvp - q_lavqéﬂ’
R — qu, R— q27~2,

T,~T,~3q7"9,q Tﬂ - Tﬂ’ Tuwp q‘zrﬂ,,p, (8)
where R and R are the two existing curvature scalars,
namely the Ricci scalar and the Holst invariant [64],

defined as
R = gﬁDRﬂo’pw R = eﬂy/}ﬁRyu/)a' (9)

Constructing a theory of pure gravity in the above
described Einstein-Cartan framework and subject to the
criterion of the absence of any unphysical degrees of
freedom, we are restricted to consider at most quadratic
terms of the curvature and in particular at most quadratic
terms of R and R. In addition Weyl symmetry excludes the
linear terms. Therefore, a general Weyl-Einstein Cartan
pure gravity action is?

/d4x\/_<4f2 R? + WW) (10)

where ¢ is the metric determinant and f, f are dimension-
less parameters. It is also worth mentioning that the above
action coincides with the metric-affine case where non-
metricity is nonzero. This equivalence arises due to a
projective symmetry of the action, generated by a single
vector.” However, if we explicitly include terms involving
nonmetricity and/or torsion in the action (as in what
follows) [68—70], this equivalence no longer holds.

The action (10) can also be written in terms of two
auxiliary fields, namely an auxiliary scalar y and an
axionlike  as

= ¥
/d4x\/_<2f2 fR_W_Tjﬂ)' (1)

The coupling of a scalar field ¢ to gravity in this framework
will necessarily restrict its self-interaction potential to be
quartic. The corresponding action will be

/d4x\/_< ¢2R——(V( )¢)2—§¢4+CT2¢2).
(12)

'Scalar fields transform in terms of their canonical dimension as
¢~ 9.

*We exclude the parity-odd mixed RR term. See [65,66] for
the inclusion of this term in the context of inflation.

JA new extended projective symmetry, generated by a pair of
vectors and leading to interesting phenomenology, has been
discussed in [67].

Note also the presence of the Weyl-invariant term
V=91*¢*, where T?=¢*T,T,, which cannot be
excluded. A nonminimal coupling term \/—_g.7§¢27~€ is also
allowed by Weyl invariance, although it is parity odd.
Recently, numerous studies have explored the effects of this
term in inflation [65,66,71-80].

Closing this section we note that the action can be set in a
metric form by substituting in place of the curvature scalars
the formulas

2 1 4 1
2V T"—fT T T v THYP 1
R=R(g)+ 3 +24 +21,w/, , (13a)
= -V, 1" 2T T L o 7t 13b
- + 3 + 2€ T pos ( )

where the metric Ricci scalar R(g) and the covariant
derivative are defined in terms of the Levi-Civita connec-
tion. In the above formulas, the quadratic terms of the
tensorial part 7, can be neglected, as their (algebraic)
equation of motion yields 7 = 0, allowing us to set them to
zero to begin with.

III. THE MODEL

Bimetric gravity as a ghost-free theory of a massive
spin-2 particle, positing two independent metric tensors
(91),,, and (gy),,» formulated in the Einstein-Cartan frame-
work, is also characterized by two independent connec-
tions. The Fierz-Pauli mass for one of the spin-2 states is
generated by a standard interaction potential of the form®

4 oPuen(VA), where A, = ¢ g,,,, in terms of five
parameters f,. Imposing invariance under common local
transformations g,,, = ¢ g, and (D), — (T,)",, -
q~'9,45, leads us to consider an action of the form (10) for
each metric. Thus, for the noninteracting part of the
gravitational action we adopt the action’

Sg:/ o {*/_—91(4%‘2 4f2R2>
+m<4f2 a7 Rz)] (14

“Starting with eo(X) = 1, the polynomials e, (X) satisfy the
recurrence relation

(_l)n-H n—1 . ;
> (= D)FTE(X R e (X).
k=0

The impact of a quadratic curvature term in bigravity has been
recently discussed in [44,46] using the standard metric formu-
lation and in [42] within the framework of metric-affine gravity.
For further applications in the context of F(R) massive gravity
and bigravity, refer to [81,82].

en(X) = n
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Note that the standard interaction potential discussed above
is of zero Weyl weight. A Weyl-invariant interaction
potential that preserves the results of bimetric gravity
can be written in terms of a scalar field ¢ (of canonical
dimension d = 1) with a quartic interaction, namely

4
= ¢4 Zﬁnen(\/g)
n=0

where f, are five dimensionless parameters. Note that a
quartic self-interaction is included in the sum in terms of
the n =0 and n = 4 terms. Thus, the full action of the
model is

(15)

S — Sg + Sint,(/n (16)
where
1 w .
Sintgp = /d“x —a1 <—§(v;(t )¢)2 + CTi¢?
4
FOS (VD)) (17)
n=0

The specific form of the potential V is determined by the
requirement that the theory remains both ghost-free [6,83]
and invariant under Weyl transformations. This ensures the
internal consistency of the framework, preventing the emer-
gence of unphysical degrees of freedom while preserving its
fundamental symmetry properties. Terms of the form £p*R
and @R also preserve Weyl invariance. However, we omit
them at this stage for the sake of simplicity.

We can proceed by introducing auxiliary fields in the
fashion of (11), namely a pair of auxiliary scalar fields y,
and a pair of axionlike pseudoscalars {,, and rewrite the
gravitational part of the action, summing up over the two
sets of variables in terms of an index a, as

P 2f2 Tt Tap Tap)
(18)

Weyl invariance allows us to set one of the auxiliary
fields to
X1 = fimi. (19)

Next, we can employ the expressions (13) in terms of the
torsion vectors and write the full action in metric form as

=8 +8 + Sines (20)

with

m? 2 1 .
Sl :/d4x —J1 |:71 <R[ ] 3T2+24T1”Tlf)
C 1., — 1
‘ 3T”T1,, + - Tﬁtaﬂél—z(ayqﬁ)z
1 2t 1 H 242 f2 4 ~%_2
_1_8¢ T1T1ﬂ—§¢T10 ¢+ CpTr— —ZC ,

(21a)

7 2 1.
82:/d4x -9 {2 <R[92] 3T2+24T2MT5>

¢ 1, _f3 /3
+22<3T”T2;4)+ T”a”Cz Th07, — —2)(2——24:2

(21b)

4
S = [ xS prenVE), (21¢)
n=0

Note that the kinetic and 72 terms of ¢, included in Sintp
are not included in S, having been incorporated in S;.
Note also that we have omitted the terms 74", 75 since
they appear quadratically in the action, and their equations
of motion yield 7{"” = 74" =0 as solutions. We have
imposed the gauge y; = f7m? and redefined the fields as
G/t =81 &/ =8, and 1o/ f5 = 1> .

Varying the above action (21) with respect to Ty, Ty, T»,
and 7, we obtain the system of linear equations with
solutions

™ _ _3[12515”51 + o p(m; + 48C¢?)]
U248 4 (6m3 + @) (m? + 48Ce?)
ju _ 12280 P — 01 (6m? + )]

L2483 4 (6m2 + ¢?)(m} + 48Ch?)’
™ _ _3<4é;25”22 + 7120'72)
2 = ) ) )
2073 +48)
A/Zl _ 12(‘:2‘?’;)(2 —2(226”52) _ (22)
X5+ 45:2

Substituting the solution back into the action (20) we
obtain
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2

Sy :/d“x\/ [n; Rlgi| - fz - Cz
_ 302 (6mt +¢°) + (9,0 (m1 + 441 +48Cmig?) ‘451"55#"5‘)”51} (23a)
2472 + (6m? + ¢?)(m? + 48Ch?) '
0 —47,(0,8,)* + 8£,0,7,0"
S, = /d4x ) [2 R[g,] —%J(z —&Cz <)(2( MZ) ){2( +CZ)4‘2 C2 = gz)} (23b)

The action S; can be diagonalized by performing the field
redefinition [60,65]°

)

= 12m2e=%/m cosh2< > 24
é:l 1 \/gml ( )

which transforms S, into

2

si= [ vz 5 Rlnl -5 0,07

1
S KA®.2)0,27 - Vi@.2)|.  (25)
where
K, (@ Z)—3 cosh4(\/.%ml)
2 2[cosh2( )+ezz/1l'(1+288Cs1nh2(\/— )]
(26a)
mi 2
Vi(®.2)= f L4 36mif? ‘zz/m'cosh4< - ) (26b)
m

Before proceeding with the diagonalization of S, we
first perform a Weyl rescaling of the metric g,
given by

2
m
Do = )_{72292;41/' (27)

6 . .
The inverse relations are

L &imy
® = v6m, sinh™ (¢/V6m,), Z=-mIn|l—2———].
my (¢/ ml) m 2(¢2 n 6m%)
"Note that Weyl-invariance has been used to gauge-fix the
auxiliary y;, so that no Weyl-rescaling for gy, is required. In
contrast, the metric ¢,,, enters in the Jordan frame and a Weyl-
rescaling is appropriate.

The rescaling introduces the standard additional derivative

2 (0.72)*
4 m2 o

are modified accordingly

term, —

Consequently, the actions S, and S,

m2 3 0,7)>
S = /d“x\/—gz [TZR[Qz] —Zm%( ”5{5)
X2

—-4(0,5,)* + 8%3,4)_(2&”52
75 +40

3 (0.0)°

)

LR TeTE ‘:2] (28)

Sint = 36m‘1‘/d4x,/—g s1nh4< >
\fm1
4

<> (22) bren V), (29)

n=0

where we made use of the property e, (v/Ax) = 2"/%e, (v/X).
Introducing the field

6 =my=2, (30)
S, reduces to a single-field action

m2
5= [ @y R Rl = 5 Klo) 0,0 = Vol

(31)
where
K, (o) -6 and V(o) :lm4f2+lm2]‘262
o 1+ 4062 /m3 2 422t 2
(32)
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Our complete final action is given by

2 1

S+ 8+ S = /d4x —g1 {%R[Ql]

2

(9,®)? - %KZ(CI), 2)(9,2)2 - V4 (, z)]

[ | R Rl = Kel) 00 - Valo)

2

+ 36m‘1‘/d‘*)c\/——g]sinh4 (\/g)nﬁ) 24: <\r/n;_2> nﬂnen(\/K),

where the involved functions are given by (26) and (32).
The absence of ghost degrees of freedom in standard
massive gravity [84] and bigravity [6] was explicitly
demonstrated in [83,85]. For actions similar to (33), where
the interaction potential is field-dependent, this was proven
in [46] and was also adopted in the context of multi-
gravity in [86].

Note that this action, apart from the two spin-2 particles,
describes one dynamical scalar field and two dynamical
pseudoscalars, namely Z and o, associated with the
presence of the Holst terms. The appearing auxiliary y,
is clearly nondynamical, not possessing a kinetic term. As it
has been pointed out, the coupling of the pseudoscalar
sector to the axial vector current of SM fermions can lead to
a possible solution of the strong CP problem [60].

A. Equations of motion

Varying the action (29) with respect to the nondynamical
scalar jy, we get

oS int
%

4
0= G e (VB =0
n=0

where 3, = mjp,,.
This equation amounts

Bres (VB + 2pes (VA + 3pes(VA)ZY

+4fses(VA) =0, (35)
with the jy, coefficients becoming constant for proportional
backgrounds. Note that for the so-called minimal choice [6]

(P = p3 = 0), (35) yields

S1/2 "y (—4,3494(\/&) 1/3.

fres(VB) (36)

V)

By varying the action (33) with respect to @, Z, and o,
we obtain the scalar field equations of motion

(33)
n=0
|
10K, [ 20
O® — ~—2%(0,Z)* + 12+/6m3 sinh
26<I>(” )2 4 12v/6m] sin <\/6m1>
4
« {sinh2< ® )Z 7" e (VD)
\/gml n=0
— f3cosh? (i> e‘zz/’"l] =0, (37a)
\/87711
10K, _ @
0Z - -—2(0,Z)* + 72m} f1e~**/™ cosh* =0,
262(” )*+72mj f1e cos <\/€m1>
(37b)
10K, 1 -
Oo — 390 (0,0)* — Emgfgo =0. (37¢)

Variations with respect to the metrics g,,, and g,,, give the
Einstein equations

1 1
R, (91) - EglﬂyR(gl) = e T, (38a)
1 1 0
Ru(9) == 9 R(92) = — T, (38b)
2 mj
where
1
T\ = 9,00,® — 5 1,(0,@)* + K20,70,7
K 0,2 = gV (®.2)
B gl/w P gl/w 1 ’
@ S, 1S
— 72m‘sinh* ( > Pr——
1 Vom, Z:; V=918
(V=11 en(VA)), (39a)
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K
T/Su) - K a Ga o — D) g2m/(ap6)2 - gZﬂIIVZ(G)

@ f,1
— 72m{sinh* ( ) B 0 .
fml n=0 \% _92 59/2’
(vV=9:125""e,(VA)).

The remaining variations in the equations above, which
have not yet been computed, can be expressed as

Ye,(VA)

(39b)

n=0 ? é‘d’:y
—n 0
Ve (VAR
8= A
= TGN )
n=0 a

where the second term on the right-hand side of the first
line vanishes on-shell due to the equation of motion for j,
(34). At this stage, Eq. (40) contains only the standard
variations in the bigravity framework, given by

-2 8(/~gie,(VA))

(n)
= =V, and
V1 59‘; g

-2 5(\/ —91 en(\/x)) _ ‘7(4—n) (41)

,—_gz 69;1/ H ’
where

V,S’? = ngﬁn)y(\/ 91_192) and

‘7;(42) = gzﬂzyﬁn),,( 95191), (42)
with

= (=X)""e,(X). (43)
r=0

As a result the energy momentum tensors (39) can be
written as

1
1
T\) = 9,00,® — 3 910(0,®)? + K20,70,Z
Ky
- 791/40(6[)Z>2 - 91,WV1((D7 Z)

+ 36m Slnh4 <\/’m > Zﬁn —n/2 /w ’ (4421)
1

n=0

K
T;<w) - K a Ua 0 — 2 gZuv(apa)z - g2yvv2(0)
+ 36m1s1nh4( d ) ZBM‘”/Z . (44b)
\/_ml

n=1

Closing this section we see that the equations of motion
for the two gravity related pseudoscalars ¢ and {; are
satisfied with ¢ = 0 and {; = 0. The latter corresponds to
Z = +4oco through the transformation relation Z =
—my In (ym,/2(¢* + m?)). A vanishing classical vacuum
is also a solution for ¢. Nevertheless, in our general
framework of consideration, where the effective theory
of gravity is treated classically, while matter fields are
sensitive to quantum corrections, it would be reasonable to
expect that quantum corrections involving ¢ could be
important in the flat limit. The potential expressed in terms
of ¢ is just a quartic potential with the role of the bare
coupling played by f,, while the derivative interactions are
suppressed for ¢p < m;. Note that ¢ could very well be a
SM field or even the Higgs itself, interacting with the rest of
matter. Dimensional transmutation via logarithmic correc-
tions to the potential AV ~ ¢* In(¢?/u?) could take place,
thus, generating dynamically a scale (¢) = v # 0. We are
going to make this assumption in the rest our considerations
of the above model.

IV. BACKGROUND SOLUTIONS
AND PARTICLE SPECTRUM

In this section, we shall consider a special class of
solutions for the metric tensors, known as proportional
solutions. Perturbing around these solutions we derive the
corresponding particle spectrum which includes the stan-
dard graviton and a massive spin-2 particle.

A. Proportional solutions

Proportional solutions [87] by definition are those for
which the two metrics are related by a constant proportion-
ality factor

Do = ngl/w = ng/w- (45)

These solutions play a crucial role in simplifying the
structure of the field equations8 and allow for analytic
progress in understanding the vacuum structure and per-
turbative stability of the theory. Note that the requirement
that both metrics should have a flat limit is easier to satisfy
in the case of proportional metrics, in contrast to a case of
independent metrics, which poses a more difficult issue to

¥Note that for proportional backgrounds

e,(VA) = (4)c”. (46)

n
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be studied. Given this relationship, the tensors V,(,'L) and
71 defined in (42), take the form

(n) 3N
V;w = 9w n C and

o (n) 3N oo
W = G ; ¢, with n=0,1,2,3. (47)

These expressions show that, under proportional solutions,
the interaction tensors retain a simple dependence on c,
greatly simplifying the field equations.

These solutions can be valid in vacuum states, where the
fields acquire their vacuum expectation values, or along
specific directions in field space [44]. In the following, we
analyze the behavior of these solutions in the vacuum. The
equations of motion for the pseudoscalars are satisfied for
o = 0and ¢, = 0, while, as we have argued in the previous
section, the scalar ¢ can in principle acquire a nonvanishing
expectation value. The potential for ®, expressed in terms
of the original variable ¢, arising only from the interaction
term, for proportional backgrounds g,,, = g uu corre-
sponds to a quartic potential

(45)

Vi ="y Buaa" en(VA) =
n=0

4
4\. __,
Vin = ¢4Z<n>ﬁn;?2 PZen,
n=0

a constant solution of the equation

(48)

where y, is

4 (B "2 — (). Quantum corrections due to the
¢ self-interaction and to interactions with matter fields,
will necessarily generate logarithmic corrections AV «
¢* In(¢?/u?), which are expected to break its classical
scale invariance and lead to a nonvanishing expectation
value (®) = vg, # 0.

Assuming proportional backgrounds (45) the energy
momentum tensors at the vacuum read

1 1 . v
T.) = = Zm‘l‘f% + 36m]sinh* <\/6311>

3
o __n 3
X E ﬂn)_(2 /2<n)6"9,w = _m%Algyw (498_)
n=0

1
TS = = Zczm‘z‘fg + 36m]sinh* (\/1%(1);11>

4
o 3
——n/2 —
S Zﬂn)(Z / <4 >Cn zg/w
n=1 —-n

1
= ~uy cAmifs = —azm%Ang, (49b)

where a = m,/m, represents the ratio of the gravitational

masses in the two sectors. Note that the ﬁn -dependent term
of Tﬁ,) vanishes on-shell due to the equation of motion (34)
for jy,. This follows from the combinatorial identity
() =50

A crucial property of the Einstein tensor, R, — %gﬂ,,R, is
that it remains invariant under uniform scaling of the metric
as in (45). Consequently, the left-hand sides of the Einstein
equations (38a) and (38b) are identical, leading to the
proportionality of their corresponding energy-momentum

tensors, that is azTi,ly) = T,(f). By redefining the parameters

B,, as B, = ﬁ,,c”)?; "2 and using the proportionality of the
energy-momentum tensors, we obtain the following param-
eter relation

1 . - - - - 1._
Zf% — 36 sinh* (\/%c;l) (Po+3p1 + 3P, + f3) = 1 *f3.
(50)

where & = ac. Furthermore, the proportionality condition
affects the equation of motion for j,, given by (35), which

takes the form (72> + 3chozs + 3278 + By = 0.
This is a cubic equation for )'(é/ % that can be solved to
express jy, as a function of the parameters, that is,

22 = J2(@, B, P, B3 Pa)-

B. Linearization

Perturbation theory in bimetric gravity faces significant
challenges due to the presence of the square root matrix in the
interaction potential. This complication generally makes the
study of fluctuations more intricate. Nevertheless, for propor-
tional solutions, the structure of the equations simplifies
considerably, allowing for a more tractable analysis and
providing a simplified setting for analyzing fluctuations.

Linear perturbations around proportional backgrounds
are studied by introducing the metric fluctuations 4, and
l,, as deviations from the background metrics g, and g,,,
respectively. Specifically, we define

gl;w = g/w + h/w and gZ/uz = ng;w + lm/' (51)
Since the theory generically leads to a massive and a
massless spin-2 excitation, it is useful to construct linear
combinations of h,, and [, that diagonalize the mass
spectrum. The canonically normalized mass eigenstates are
then given by

Mp
Gy=—F
aMP

e ated) e T )

(h/w + azluu)’

(52)
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where G, corresponds to the massless spin-2 mode and
M, represents the massive eigenstate. The physical Planck
mass, which governs gravitational interactions, is defined

as’ Mp = \/m? + ®m3. These redefinitions ensure that
the kinetic terms for the mass eigenstates are properly
normalized, simplifying the analysis of their interactions.
The linearized action for these perturbations takes the form

1 1 1
5=3 / dhxy/=g L_l G o+ 3 My &0 Mg

+ﬁ GG -+ +ﬁ M, M» — a2
2\ 2 2\ 2

2

T AP VN

where we have used the equality of cosmological con-
stants'” Ay = A,. The structure of this action highlights the
presence of two independent sectors: one corresponding to
a massless graviton and another to a massive spin-2 field.
The massive sector exhibits a standard Fierz-Pauli structure
with mass term mfp,, which ensures that the theory
propagates the correct number of degrees of freedom
without introducing ghostlike instabilities. The Fierz-
Pauli mass of the massive spin-2 field is explicitly given by

2 )
N 36M3% sin? <1)q)\/ 1+a

Mep=—"2 NGTR >(Bl+2BZ+B3)- (54)

This mass term arises from the interaction potential between
the two metrics and plays a crucial role in determining the
phenomenology of the massive spin-2 mode.

V. MASSIVE SPIN-2 PHENOMENOLOGY

In this section, we shall examine the Fierz-Pauli mass
(54) and see how it relates to the model parameters,
specifically vg, the ratio of the gravitational scales a,
and the f parameters. We shall also investigate whether the
massive spin-2 particle can constitute DM and, using
previously established constraints, derive limits on the
vacuum expectation value ve. We shall focus on the so-
called minimal choice of parameters, where the parameters
P, and S5 are set to zero. This choice simplifies the analysis
while preserving the essential features of the theory. In this
scenario, solving the equation of motion for y,, we obtain

*We shall assume that the coupling to matter is realized
exclusively through g,,. In this case

m m v 1 wp\n @ yp(m
T = T g+ T T
""Note that A, =m?(}f3—36sinh*( 7o) (Bo+31 1382 +5s)).

aMp

S1/2 ;
== A (55)
which leads to the rescaled f parameters
- b - Pa
= d =0 56
h (=ps/P1)'? and S (=Ba/B1)*? (36)

Note that even in the most complex case, where none of the
f parameters are zero, the § parameters always depend
solely on the  parameters and not on any other parameters
of our model. To explore the behavior of the Fierz-Pauli
mass, we take the  parameters to be of order O(1), and
analyze how the mass evolves for different values of the vev
v, ranging between O(My) and O(Mp). Taking the

specific values f; = —1 = —f,, the Fierz-Pauli mass
becomes
6M V1+a?
Mmpp = — sinh? (yq) ta ) (57)
a V6Mp

In Fig. 1 we show the Fierz-Pauli mass as function of vg
(left) and & (right), computed using Eq. (57). It is clear that
the Fierz—Pauli mass can vary significantly depending on
the values of vg and a. In the following, we discuss the
limiting cases of ultralight and superheavy massive spin-2
particles as well as the case of the spin-2 particle being dark
matter [88-98].

A. Ultralight massive spin-2

For small vevs, i.e., vy < Mp, assuming a < 1, the
Fierz-Pauli mass formula simplifies to the approximate
form mpp ~ v2,/(@Mp), which shows that it scales quad-
ratically with vg, suppressed by aM p. If we take vg to be of
the order of the electroweak scale, vy ~ My, the corre-
sponding mass is estimated to mpp=~3 x 107%a7! eV,
indicating an ultralight massive spin-2 particle in the
limiting case where @ ~ O(1). As a decreases, the Fierz-
Pauli mass correspondingly increases, highlighting its
inverse dependence on a.

B. Superheavy massive spin-2

Restricting our analysis to the case where & < 1 and
considering a vev near the Planck scale, we find a Fierz-
Pauli mass mpp ~Mp/a, which is always super-
Planckian.'" This excludes such high values for the vev
vep. However, if we consider lower vev values
vgp ~ 107"Mp, as for example at the grand unified theory
(GUT) scale (v ~ 2 or 3), we obtain mpgp ~ 107*M/&. For
mpp to remain sub-Planckian, we have to require
@ > 1072, More generally, since we cannot have masses
exceeding the Planck scale, we must have vy < Mpy/a.

"'See also the orange line in the right panel of Fig. 1.
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FIG. 1. The Fierz-Pauli mass, mgp, as function of the vq, (left) and & (right), with parameters /; = —1 = —f,. The cyan and red shaded

regions indicate the constraints on mgp and @ derived in [88], under the assumption that the massive spin-2 particle constitutes DM.

The above distinction between the ultralight and super-
heavy regimes is based on our assumption that the f
parameters are of order O(1). Since these parameters act as
multiplicative factors in the Fierz-Pauli mass, they can
significantly alter its value if we assume that f is either very
large or very small. This would allow for a smooth
transition between the ultralight and superheavy regimes
by appropriately tuning the f parameters. In general, there
is considerable flexibility in setting the mass of the spin-2
particle, allowing us to satisfy various constraints, such as
those arising when the massive spin-2 particle is identified
as a candidate for dark matter [88,91].

C. Massive spin-2 as dark matter

It has been well established that the massive spin-2
particles predicted by bimetric gravity could serve as viable
DM candidates due to their extremely weak interactions
with SM particles. The parameter space for massive spin-2
DM can be constrained by considering the most stringent
lifetime bounds for decaying DM, limits imposed by DM
overproduction, and the exclusion of regions where per-
turbative analysis is not applicable. By incorporating these
constraints, the authors of [88] found that the allowed range
for the Fierz-Pauli mass is significantly restricted to
1 TeV < mpp < 100 TeV, while the gravitational mass
associated with the second metric lies within the range
is 1 TeV <m, <10* TeV. These values, in turn, corre-
spond to the parameter range 10715 <a& < 107!, The
regions satisfying these constraints are indicated by the
shaded areas in Fig. 1. Applying these bounds, the vacuum
expectation value of the scalar field is determined to be

1.5 x 10° GeV S vy < 1.5 x 10° GeV. (58)
As mentioned earlier, this result holds under the assumption
that the parameters f are of order O(1). If the  parameters
take on smaller (larger) values, they lead to larger (smaller)
vevs. Note that if we relax the assumption that the ’s are of
O(1), the massive spin-2 particles can constitute DM with

the characteristic vev of the SM Higgs boson vy ~
246 GeV for a wide range 10° < < 101

To conclude this section, let us have a closer look at the
arising cosmological constants. They are given by

212 2 )
= g = 2ot (MY (5, - ),
41+a*) 1+a V6Mp
(59a)
(_12sz2
A, = 2% 59b
2T a1+ @) (59b)

where we have used the relation f, + 36 + 3f;, + 5 =
po — 3 for f; = —1. In order to satisfy the observational
constraint A; = A, ~ 1071°M% we can set fy =3 to
cancel the dominant contribution to the cosmological
constant, arising from the nonzero vev. Then, the gravita-
tional contributions, which have to satisfy the constraint
f1 = af,, can meet the observational constraint for exceed-
ingly small values of the parameters f; = af, ~ 107,
Nevertheless, additional perturbative and nonperturbative
contributions should be expected that invalidate these
arrangements. For instance, the contribution from the
SM, mostly affecting A, is expected to be of O(M3,).
Thus, a milder, equally agnostic, assumption could be made
that the above gravitational contributions are at least of that
order, leading to f~O(M%/M3)~10732. Note that,
assuming that the couplings f are of the same order as
the f-couplings, the smallness of the latter reflects directly

on the smallness of the axion Z, ¢ masses, being M| ~

LiMe and M, ~ afpMp
V14 1+a?

VI. SUMMARY AND CONCLUSIONS

We started by considering the ghost-free bimetric theory
of gravity, characterized by two independent metric tensors
accompanied by two independent gravitational mass scales.

084051-10



DYNAMICALLY INDUCED SPIN-2 MASS IN A WEYL- ...

PHYS. REV. D 112, 084051 (2025)

Motivated by the use of classical scale invariance to face
large scale hierarchies in particle physics, we imposed on
bimetric gravity local Weyl invariance. We restricted the
gravitational action to include at most quadratic terms,
avoiding any unphysical degrees of freedom. The theory
was coupled to a scalar field that modified the standard
bigravity interaction potential by a quartic scalar field
factor, thus, rendering it Weyl invariant.

Furthermore, local Weyl invariance was realized in the
framework of Einstein-Cartan gravity, with the role of a
gauge vector taken up by a corresponding torsion vector
and, thus, not introducing any additional dynamical degrees
of freedom. The action, depending only on the dimension-
less gravitational couplings and on the dimensionless
parameters of the potential and consisting of quadratic
terms of the Ricci scalars and the Holst invariants, was
written in terms of axionlike pseudoscalars and two
auxiliary scalar fields, the latter being exchanged for the
two independent gravitational mass scales m; and m,.

The scalar field, being massless at the classical level, is
expected to receive radiative corrections either from its self-
interaction or from possible interactions with the rest of
matter. These corrections, unavoidably leading to the
breaking of scale invariance at the quantum level, are
likely to generate a nonvanishing expectation value through
logarithms ~¢* In(¢*/u?) in analogy to standard dimen-
sional transmutation. Assuming this, we have considered
metric perturbations around proportional backgrounds
P = g . and analyzed the resulting linearized theory.
Consistency leads to a proportionality relation between the
corresponding energy-momentum tensors that results in a
relation among parameters. The spectrum of the theory,
apart from the standard massless graviton, includes a pair of
axionlike pseudoscalars, the scalar and the additional spin-
2 state having the Fierz-Pauli mass. The latter depends on
the vacuum expectation value of the scalar field, on the ratio

a = c¢(my/my) and on the dimensionless f§ parameters of
the interaction potential.

Having established the general structure of the spectrum
and the parametric constraints of the model, we proceeded
to analyze the phenomenology of the model focusing on the
massive spin-2 state. Assuming that the initial § parameters
of the standard bigravity potential are of order O(1), we
found that the mass of the spin-2 state could range from
ultralight values, O(107% eV), to superheavy approaching
the Planck scale. Finally, the massive spin-2 particle can be
identified as dark matter, provided that the vacuum expect-
ation value of the scalar field lies within the range
O(10° GeV) < vp < O(10° GeV), although this range
could shift for larger or smaller values that include the
SM Higgs vev if we relax the assumption that the f
parameters are of O(1).

As for future work, it would be interesting to perform a
thorough analysis of cosmological backgrounds in our
setup. In particular, it would be important to investigate
the behavior of perturbations around cosmological solu-
tions and assess their stability conditions [99—-101], as well
as to study the impact of the Fierz—Pauli mass on late-time
cosmology, including possible implications for dark
energy [48,102,103].
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