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We present lattice QCD calculations of the odd Mellin moments of pion valence-quark generalized
parton distribution up to fifth order hx4i and for the skewness range ½−0.33; 0� using operator product
expansion of bilocal quark-bilinear operators. The calculations are performed on an ensemble with lattice
spacing a ¼ 0.04 fm and valence pion mass 300 MeV, employing boosted pion states with momenta up to
2.428 GeV and momentum transfers reaching 2.748 GeV2. We employ ratio-scheme renormalization and
next-to-leading logarithmic resummed perturbative matching. At zero skewness, our results are consistent
with previous lattice studies. By combining matrix elements at multiple values of skewness and momentum
transfer, skewness-dependent moments are obtained through simultaneous polynomiality-constrained fits.
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I. INTRODUCTION

The pion, the lightest meson and Goldstone boson of
spontaneous chiral symmetry breaking, provides an ideal
testing ground for the nonperturbative dynamics of QCD. A
detailed understanding of its internal structure is thus
essential for a comprehensive description of hadron phys-
ics. Over the past decades, extensive theoretical and
experimental efforts have been devoted to unraveling
how quarks and gluons give rise to the properties of the
pion. Among these properties, generalized parton distribu-
tions (GPDs) [1,2] offer a powerful framework to access the
three-dimensional structure of the hadron. Unlike conven-
tional parton distribution functions (PDFs), which describe
only the longitudinal momentum carried by partons, GPDs
also encode information on their transverse spatial distri-
butions, providing a more complete picture of hadron
structure. Moreover, the Mellin moments of GPDs are
directly related to generalized form factors (GFFs) [2],
which connect to local operator matrix elements such as
those of the energy-momentum tensor, thereby yielding
insights into the distribution of momentum, angular
momentum, and internal forces inside hadrons [2–7].

Experimentally, GPDs are accessed primarily through
exclusive processes such as deeply virtual Compton scat-
tering (DVCS) [8] and deeply virtual meson production
(DVMP) [9,10]. Over the past two decades, extensive
DVCS and DVMP measurements on the nucleon have
provided valuable constraints on nucleon GPDs [11–15],
although their extraction remains challenging due to con-
volution integrals in the observables [16–19]. Beyond
DVCS/DVMP, phenomenological fits have also used form
factor data to constrain GPD parametrizations for the
nucleon [20] and the pion [21]. In contrast, experimental
information on pion GPDs is still very limited. Current
knowledge is restricted to related quantities such as the pion
electromagnetic form factor [22,23] and PDFs from Drell-
Yan processes [24–27]. Direct constraints on pion GPDs
are absent, but upcoming programs at Jefferson Laboratory
[28], AMBER at CERN [29], the Electron-Ion Collider
[30], and the proposed Electron-Ion Collider in China [31]
are expected to provide valuable information. In this
context, lattice QCD plays a crucial role by supplying
first-principles input on pion GPDs and guiding future
experimental efforts.
Since GPDs are defined through nonlocal light-cone

correlators, they cannot be calculated directly on a
Euclidean lattice. Instead, the operator product expansion
(OPE) relates their Mellin moments to matrix elements of
local twist-two operators, which are directly accessible in
lattice QCD. Early lattice studies based on this approach
made significant progress on the lowest moments [32–52].
However, calculations of higher moments were strongly
limited by the rapid deterioration of signal-to-noise ratios
and power-divergent operator mixing at higher dimensions
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[53–55]. Operator smearing [56] and gradient flow [57,58]
techniques have been investigated as possible means to
alleviate these difficulties. Other methods based on the
OPE of the hadronic tensor [59,60], a heavy-light quark
hadronic amplitude [61–63], the light-quark Compton
amplitude [64–66], or the current-current correlator
[67–69] can also be used to access higher moments.
With the advent of large-momentum effective theory

(LaMET) [70–72], it has become possible to calculate the x
dependence of parton distributions, including the GPDs
[73–92], from lattice QCD. The central idea is to evaluate
matrix elements of equal-time nonlocal quark-bilinear
operators with external hadrons boosted to large momenta
and relate them to light-cone quantities through large-
momentum expansion and perturbative matching. The
same correlators also provide complementary access to
Mellin moments through the pseudodistribution or short-
distance factorization (SDF) approach [93,94], which
allows for a model-independent determination of moments
through OPE [95]. This strategy has been applied to pion
and proton PDFs [96–110], light-cone distribution ampli-
tudes (DAs) of mesons [111–114], and, more recently,
extended to nucleon and pion GPDs [115–117], where
higher moments can be extracted without the power-
divergent operator mixing that limits the local-operator
approach.
Despite these methodological advances, most lattice

studies of GPDs have so far been limited to the zero-
skewness case, while calculations at nonzero skewness
remain challenging. Introducing the additional parameter ξ
enlarges the required space of kinematic configurations and
substantially increases the computational cost of simula-
tions. On the theoretical side, the perturbative matching
becomes more involved because different moments mix
under Efremov-Radyushkin-Brodsky-Lepage (ERBL)
scale evolution [118,119]. Moreover, quasi-GPD matrix
elements at finite momentum are frame dependent
[83,91,120,121], and this issue becomes more severe when
ξ ≠ 0, leading to additional Lorentz structures. So far,
almost all lattice calculations are limited to ξ ¼ 0, where
the evolution reduces to the simpler Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi- (DGLAP) type kernels.
In this work, we extract the pion GPD moments at both

zero and nonzero skewness through OPE. Calculations are
carried out with boosted pion states at large momenta,
which help suppress frame-dependent effects and power
corrections. The first few oddMellin moments are extracted
through simultaneous polynomiality-constrained fits to
lattice data at multiple values of ξ and momentum transfer.
Access to nonzero skewness enables us to explore the ξ
dependence of GPD moments and to examine funda-
mental consistency conditions such as polynomiality
directly in lattice QCD. To improve the theoretical pre-
cision, we employ next-to-next-to-leading logarithmic
(NNLL) resummation in the zero-skewness case, based

on the next-to-next-to-leading order (NNLO) matching
coefficients [122,123], while the nonzero-skewness
analysis remains at next-to-leading logarithmic (NLL)
accuracy, based on the next-to-leading order (NLO) match-
ing coefficients, including the off-diagonal elements
[75,78,94,121]. This refined matching framework reduces
residual scale and truncation uncertainties, allowing for a
more controlled and reliable determination of skewness-
dependent pion GPD moments.
The rest of the paper is organized as follows: In Sec. II,

we introduce the definition of pion quasi-GPD in Euclidean
space and outline the methodology for extracting the
relevant matrix elements. We also discuss the renormaliza-
tion, perturbative matching, and combined fits, as well as
logarithmic renormalization-group resummation (RGR).
Section III presents our lattice setup and describes the
extraction of ground-state matrix elements from two- and
three-point correlation functions. In Sec. IV, we present our
simulation results, including the pion GPD moments and
the final combined-fit results across different momentum
transfers and skewness values. We compare analyses at
fixed order with those including RGR at NLL accuracy.
Finally, Sec. V summarizes our findings.

II. THEORETICAL FRAMEWORK

A. Quasi-GPD matrix elements on the lattice

The unpolarized pion GPD at leading twist is described
by a single function, denoted byHπðx; ξ; tÞ. At the operator
level, the quark GPD is defined through light-cone matrix
elements,

Hπðx; ξ; tÞ ¼
Z

dz−

4π
eixP

þz−hπðPfÞjψ̄
�
−
z−

2

�
γþ

× L
�
−
z−

2
;
z−

2

�
ψ

�
z−

2

�
jπðPiÞi; ð1Þ

where Lð− z−
2
; z

−

2
Þ denotes the Wilson line along the light-

cone direction ensuring gauge invariance. The states Pi and
Pf are the initial and final pion momenta, and ψ denotes the
quark (fermion) field operator. Pμ ¼ ðPμ

i þ Pμ
fÞ=2 denotes

the average hadron momentum, and Δμ ¼ ðPf − PiÞμ
is the momentum transfer, with the invariant variable
given by −t ¼ Δ2. The light-cone skewness parameter
is ξlc ¼ ðPþ

i − Pþ
f Þ=ðPþ

i þ Pþ
f Þ, characterizing the longi-

tudinal momentum asymmetry between the initial and final
hadron states.
Within the LaMET and SDF frameworks, we can extract

the pion GPD from the following quasi-GPD matrix
element on the lattice:

Mμðz; P;ΔÞ ¼ hπðPfÞjOμjπðPiÞi; ð2Þ

with
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Oμ ¼ 1

2

�
ū

�
−
z
2

�
γμL

�
−
z
2
;
z
2

�
u

�
z
2

�

− d̄

�
−
z
2

�
γμL

�
−
z
2
;
z
2

�
d

�
z
2

��
; ð3Þ

where z is the component of zμ ¼ ð0; 0; 0; zÞ in the spacial
direction. The isovector construction eliminates all quark-
disconnected contributions by treating the u and d quarks
as degenerate under isospin symmetry. In this limit, the
isovector pion GPD coincides with the valence-quark
GPD [101]. Furthermore, G parity dictates that the
u- and d-quark bilinears in Eq. (3) differ only by the sign
of their real part while sharing the same imaginary part, so
their difference yields a purely real contribution [124]. In
practical lattice calculations, this means that one needs only
to evaluate the u-quark operator and take its real part.
The commonly used quasi-GPD with the γ0 projection is

defined as

H̃ðz; Pz; ξ; tÞ ¼
1

P0
M0ðz; P;ΔÞ; ð4Þ

where the skewness parameter ξ in the quasi-GPD frame-
work is given by [75]

ξ ¼ −
z · Δ
2z · P

¼ Pz
i − Pz

f

Pz
i þ Pz

f
: ð5Þ

While light-cone GPDs are Lorentz invariant, quasi-
GPD matrix elements at finite hadron momentum are
frame dependent, which introduces additional Lorentz
structures. To clarify these effects, it is useful to perform
a Lorentz-covariant decomposition of the matrix elements
[83,91,120],

Mμðz; P;ΔÞ ¼ PμA1 þ zμm2A2 þ ΔμA3; ð6Þ

where the amplitudes Aiðz · P; z · Δ;Δ2; z2Þ are Lorentz-
invariant (LI) functions of the corresponding scalar vari-
ables. The quasi-GPD with the γ0 projection can then be
expressed as

H̃ðz; Pz; ξ; tÞ ¼ A1ðz · P; z · Δ;Δ2; z2Þ

þ Δ0

P0
A3ðz · P; z · Δ;Δ2; z2Þ: ð7Þ

To reduce frame-dependent power corrections, it has
been proposed to construct a LI quasi-GPD by solving
for the amplitudes A1 and A3 from both M0ðz; P;ΔÞ and
Mxðz; P;ΔÞ [83], leading to

H̃LIðz · P; z · Δ;Δ2; z2Þ ¼ A1ðz · P; z · Δ;Δ2; z2Þ

þ z · Δ
z · P

A3ðz · P; z · Δ;Δ2; z2Þ;
ð8Þ

which takes the same form as the light-cone GPD matrix
element Mþðz; P;ΔÞ.
In this work, the use of large-momentum pion states

suppresses both intrinsic and frame-dependent power
corrections. Consequently, we find that the matrix elements
obtained from the γ0 projection and from the LI construc-
tion agree within statistical uncertainties; see Sec. III for
details. This demonstrates that, for our kinematic setup, the
simpler γ0 projection is numerically consistent with the LI
construction.

B. Renormalization and short-distance factorization

These bare matrix elements derived from the Euclidean
correlation on the lattice contain both linear and logarith-
mic ultraviolet (UV) divergences [125–127], which are
multiplicative in the coordinate space and must be removed
by a proper nonperturbative renormalization. In this work,
focusing on the short-distance behavior, we implement
renormalization using the ratio scheme [128] by dividing
by the rest-frame matrix element

H̃Rðz; Pz; ξ; tÞ ¼
H̃ðz; Pz; ξ; tÞ
H̃ðz; 0; 0; 0Þ ; ð9Þ

where the denominator is the zero-momentum, zero-
momentum-transfer matrix element. A nonzero-momentum
matrix element could also be utilized for the ratio-scheme
renormalization [129], but we do not consider it in
this work.
In the short-distance limit (z2 → 0), the renormalized

quasi-GPD matrix element can be matched to light-cone
GPD moments through OPE, which was first derived in
terms of the conformal moments in the MS scheme [75].
The conformal moments are linear combinations of the
Mellin moments, so the OPE can also be expressed in the
form [78,94,117]

H̃Rðz; Pz; ξ; tÞ ¼
X∞
n¼1

ð−izPzÞn−1
ðn − 1Þ!

×
Xn
k¼1

Hkðξ; t; μÞξn−kcn;n−kðz2μ2Þ; ð10Þ

where the kth Mellin moments of the pion GPD are
defined as

Hkðξ; t; μÞ≡ hxk−1i≡
Z

1

−1
dxxk−1Hπðx; ξ; tÞ: ð11Þ

The coefficients cn;n−kðz2μ2Þ are perturbatively calculable
and induce a triangular mixing structure: for a given n, the
quasi-GPD expansion at nonzero skewness ξ receives
contributions not only from Hn but also from all lower
moments Hk with k < n, multiplied by powers of ξn−k.
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This mixing reflects the more intricate ERBL evolution at
ξ ≠ 0, while at ξ ¼ 0 the expansion simplifies to a diagonal
form consistent with DGLAP evolution. At leading order in
αs, the kernel reduces to a δ function, so the mixing terms
vanish.
For the operator considered in this work, the Wilson

coefficients cn;n−kðz2μ2Þ have been calculated up to NLO
[78,94,117]. In Table I, we present the expressions for the
NLO matching coefficients cn;n−k in the ratio scheme,
relevant to the first five Mellin moments [117]. More
details can be found in Appendix A. In our analysis, we
restrict to the real part of H̃R, which isolates the odd
Mellin moments.
The Mellin moments themselves can be further

expressed in terms of GFFs. Lorentz covariance (together
with time reversal and hermiticity) enforces the polyno-
miality property, i.e., each moment is a polynomial in ξ of
bounded degree [130],

Hnðξ; tÞ ¼
Xn−1
k¼0
even

An;kðtÞð2ξÞk �mod ðn − 1; 2Þð2ξÞnCnðtÞ:

ð12Þ

Here An;kðtÞ and CnðtÞ denote the tower of GFFs.
Equation (12) makes polynomiality explicit; it provides a
fundamental constraint on the behavior of GPDs, informs
consistent parametrizations in global analyses, and offers a
stringent internal consistency check for lattice determina-
tions of Mellin moments.

C. Implementation of the RG resummation

Perturbative matching in the SDF framework inevitably
contains logarithmic terms of the form lnðz2μ2Þ. When the
hard scale μ is not chosen close to 1=jzj, higher powers
αnsLm (with m ≤ nþ 1) can become numerically signifi-
cant and degrade perturbative stability. To restore conver-
gence, these logarithms must be resummed using the
renormalization-group (RG) evolution of the matching
coefficients, as was first pointed out in Ref. [103].

The matching coefficients in the MS scheme form a

matrix in Mellin-moment space, ĈMSðz2μ2Þ,1 reflecting the
mixing among moments Hk at nonzero skewness. It is well
known that the anomalous dimension matrix in the RG
equation of Hk ’s is triangular [131]. Since the μ depend-
ence of the moments must be canceled by the Wilson
coefficients to give the single-valued anomalous dimension

of the nonlocal quark-bilinear operator, ĈMSðz2μ2Þ must
also satisfy a similar RG equation with a triangular
anomalous dimension matrix,

μ2
d
dμ2

ĈMSðz2μ2Þ ¼ γ̂ðαsðμÞÞĈMSðz2μ2Þ: ð13Þ

The resummation is achieved by solving the above
equations, which involves the running of αs. The accuracy
of resummation is determined by the power counting αs ≪
1 and αsL ∼ 1. Table II summarizes the correspondence
between the resummation order and the logarithmic count-
ing, and the loop orders of the anomalous dimension, the
QCD β function entering the evolution, and the Wilson
coefficient. In the literature, Refs. [103,117] combined
leading logarithmic (LL) resummation with NLO match-
ing,2 which does not follow Table II but was sometimes
used in applications due to limited higher-order inputs. The
first OPE analysis of the pion valence PDF moments at the
NNLL accuracy in Table II was performed in Ref. [132].
To achieve NNLL accuracy, the anomalous dimension

and the QCD β function are required to be known through
three loops:

γ̂ðαsÞ ¼ γ̂0αs þ γ̂1α
2
s þ γ̂2α

3
s ; ð14Þ

βðαsÞ≡ μ
dαs
dμ

¼ −
β0
2π

α2s −
β1

2ð2πÞ2 α
3
s −

β2
8ð2πÞ3 α

3
s ; ð15Þ

TABLE I. Coefficient contributions ci;j at NLO are listed. Here, as ¼ αs=ð4πÞ and L ¼ ln ðe2γEz2μ2=4Þ. The
j ¼ 0 terms correspond to diagonal elements of the matching matrix, while j ¼ 2 and j ¼ 4 represent the off-
diagonal mixing between different Mellin moments.

i Skewness-independent ci;0 Quadratic skewness ci;2 Quartic skewness ci;4

1 1
2 1þ asCF

�
8
3
L − 20

3

�
3 1þ asCF

�
25
6
L − 23

2

�
−asCF

�
5
6
L − 3

2

�
4 1þ asCF

�
157
30

L − 1391
90

�
−asCF

�
11
10
L − 73

30

�
5 1þ asCF

�
91
15
L − 1697

90

�
−2asCF

�
19
15
L − 16

5

�
−2asCF

�
4
15
L − 11

30

�

1Throughout this work, we use a capital letter C for coef-
ficients in the MS scheme, whereas the small c denotes the
corresponding kernels in the ratio scheme.

2In Ref. [117], there appears to be a lnðλÞ term missing in the
NLO Wilson coefficient of the LL resummation formula in
Eq. (6.5), as λ=z2 is the initial scale.
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with β0 ¼ 11 − 2
3
nf, β1 ¼ 102 − 38

3
nf, and β2 ¼ 425n2f

27
−

5033nf
9

nf þ 2857 for nf ¼ 3 active flavors. The one-loop
matrix γ̂0 in the MS scheme, fixed by the coefficient of
logarithm in the NLO matching (Table I), is given for the
first five moments as

γ̂0 ¼

0
BBBBBB@

0.318 0 0 0 0

0 0.601 0 0 0

−0.088 0 0.760 0 0

0 −0.117 0 0.874 0

−0.028 0 −0.134 0 0.962

1
CCCCCCA
:

ð16Þ

The two-loop matrix γ̂1 is obtained by matching Eq. (13)
order by order at Oðα2sÞ using a recursive construction;
the required perturbative inputs are extracted from
Refs. [133–135]. In the MS scheme, we obtain

γ̂1 ¼

0
BBBBBB@

0.266 0 0 0 0

0 0.512 0 0 0

−0.064 0 0.618 0 0

0 −0.061 0 0.688 0

−0.023 0 −0.066 0 0.742

1
CCCCCCA
;

ð17Þ

with further details given in Appendix A. At higher orders,
only the diagonal elements of the three-loop anomalous
dimension γ̂2 are currently available [136]. For complete-
ness, we include its diagonal part in the analysis,

γ̂2 ¼

0
BBBBBB@

0.259 0 0 0 0

0 0.485 0 0 0

0 0 0.578 0 0

0 0 0 0.643 0

0 0 0 0 0.694

1
CCCCCCA
; ð18Þ

which contributes only through the diagonal evolution at
NNLL accuracy and therefore enters only the zero-skew-
ness (ξ ¼ 0) analysis in this work.

For the zero-skewness case, the matching-coefficient
matrix ĉ is diagonal in Mellin-moment space, so the RG
evolution can be carried out analytically. In this case, we
obtain closed-form solutions at LL, NLL, and NNLL
accuracies, shown in Appendix A. For nonzero skewness,
ĉ becomes a nontrivial matrix reflecting moment mixing.
Formally, the solution of Eq. (13) can be written as a path-
ordered exponential,

ĈMS;RGðz2μ2Þ ¼ P exp

�
2

Z
αsðμÞ

αsðμ0Þ

dα
βðαÞ γ̂ðαÞ

�
ĈMSðz2μ20Þ;

ð19Þ
where P denotes ordering with respect to αs, and the
running coupling is evolved from the initial scale μ0 ¼
ð2κe−γEÞ=jzj with κ ∼ 1 being a free parameter that can
vary. In practice, for the nonzero-skewness case we solve
Eq. (13) numerically rather than expanding Eq. (19); this
preserves the noncommutativity of γ̂n, and resums the
leading and next-to-leading logarithmic towers to NLL
accuracy. Since this work is carried out in the ratio scheme,
the resummed evolution kernel is expressed in the corre-
sponding ratio form, defined as

cRGnþ1;kðz2μ2Þ ¼

8>><
>>:

CMS;RG
nþ1;0 ðz2μ2Þ

CMS;RG
1;0 ðz2μ2Þ

; k ¼ 0;

CMS;RG
nþ1;k ðz2μ2Þ; k ≥ 1;

ð20Þ

which is employed for all RGR procedures in this work.

III. LATTICE SIMULATION

A. Lattice setup

We employ the same lattice setup as in our previous work
[88], utilizing 2þ 1 flavor highly improved staggered
quark [137] gauge ensembles generated by the HotQCD
Collaboration [138] with a lattice spacing of a ¼ 0.04 fm
on a 643 × 64 grid. The sea quark masses correspond to a
pion mass of 160 MeV. In the valence sector, we use the
Wilson-Clover action with one level of hypercubic smear-
ing [139], and the clover coefficient is set to the tree-level
tadpole-improved value, 1.02868 [101]. The valence-quark
mass is tuned to amq ¼ −0.033, yielding a pion mass of
300 MeV. The valence pion mass is set to 300 MeV to
maintain a manageable signal-to-noise ratio for boosted

TABLE II. Summary of the logarithmic accuracies used in the RG-improved cn;n−k. The corresponding loop
orders of the anomalous dimension, β function, and the matching coefficients are listed for each level.

Resummation order αnLk log resummed Anomalous dimension β function cn;n−k

LL n ¼ k One loop One loop Tree level
NLL n − 1 ≤ k ≤ n Two loop Two loop One loop
NNLL n − 2 ≤ k ≤ n Three loop Three loop Two loop
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correlators, consistent with observations in our previous
work [101,140]; approaching the 160 MeV sea mass leads
to prohibitively noisy matrix elements. Calculations at
lighter valence masses will be pursued in future work.
To improve overlap with the ground state, especially at

high momentum, we adopt boost-smeared sources [141]
constructed in the Coulomb gauge [101,124]. The Wilson-
Dirac operator is inverted using themultigrid algorithm [142]
implemented in the QUDA library [143–145]. Correlation
functions are computed using a combination of high- and
low-precision propagators, and statistical precision is
enhanced with the all-mode averaging method [146]. We
perform the lattice GPD calculations in non-Breit frames
[83,88], including both zero- and nonzero-skewness kin-
ematics. The computations cover a range of momenta and
momentum transfers, as illustrated in Fig. 1. For ξ ¼ 0, we
employ three boosted pion momenta, Pf

z ¼ f0.967; 1.453;
1.937g GeV; for ξ ≠ 0 we use larger boosts, Pf

z ¼f1.937;
2.421gGeV. On this lattice, the spatial momenta are quan-
tized in units of 2π=ðaNsÞ ≃ 0.484 GeV, and the momen-
tum transfer is restricted to 0–2 units. These discrete
momenta bound the attainable skewness ξ ¼ −Δz=ð2PzÞ,
yielding the range ξ∈ ½−0.33; 0�. Therefore, our analysis
concentrates on this interval, where the available boosts keep
power corrections under better control.

B. Bare quasi-GPD matrix elements

Weadopt the samemethodology as in our previous studies
[88,101,106,147,148] to extract the bare matrix elements. In
particular, we begin by constructing the following two- and
three-point correlation functions on the lattice:

C2ptðP; tsÞ ¼
X
x

e−iP·xhπsðx; tsÞπ†s ð0; 0Þi; ð21Þ

C3ptðPf;q; ts; τ; zÞ
¼

X
x;y

e−iP
f ·xeiq·yhπsðx; tsÞOμðy; τ; zÞπ†s ð0; 0Þi; ð22Þ

where P ¼ 2πn=ðaNsÞ denotes the spatial momentum, with
n being the dimensionless lattice unit. Here, q ¼ Pf − Pi is
the spatial momentum difference between the final and initial
states. The variables ts represent the temporal separations
between the final and initial states, respectively. Additionally,
the operators π†s , πs, and Oμ stand for the pion creation,
annihilation operators, and the insertion operator with com-
ponent γμ, respectively. The subscript “s” indicates “smeared”
fields. The current operatorOμ, defined in Eq. (3), is inserted
at spacetime position (y, τ) and contains a straightWilson line
of length z.
According to the spectral decomposition of the correla-

tion functions [101,106,147,148], the bare matrix elements
can be extracted by constructing an appropriate ratio
between the two types of correlators as follows:

RfiðPf;Pi; ts; τ; zÞ

≡ 2

ffiffiffiffiffiffiffiffiffiffiffi
Ef
0E

i
0

q
Ef
0 þ Ei

0

C3ptðPf;Pi; ts; τ; zÞ
C2ptðPf; tsÞ

×

�
C2ptðPi; ts − τÞC2ptðPf; τÞC2ptðPf; tsÞ
C2ptðPf; ts − τÞC2ptðPi; τÞC2ptðPi; tsÞ

�
1=2

; ð23Þ

where the overall factor 2
ffiffiffiffiffiffiffiffiffiffiffi
Ef
0E

i
0

q
=ðEf

0 þ Ei
0Þ is included to

normalize the bare matrix element, with Ei
0 and Ef

0 being
the ground-state energies of the initial and final states,
respectively.
In Fig. 2, we present the ratio Rfi for two representative

nonzero skewness values. The upper panel shows the case of
ξ ¼ −0.14 with −t ¼ 0.597 GeV2, while the lower panel
corresponds to a larger momentum transfer of −t ¼
2.748 GeV2 at ξ ¼ −0.33. In each panel, the data points
correspond to the lattice results for three source-sink time
separations, ts=a∈ f9; 12; 15g. The visible curvature in the
lattice results indicates the presence of excited-state con-
tamination. To control these effects, we employed a two-state
fit analysis utilizing multiple time separations to isolate the
ground-state matrix elements (see Ref. [148] for methodo-
logical details). The colored bands represent the resulting fit
curves, which show good agreement with the lattice results.
Finally, by extrapolating these fit results to the infinite time
separation as ts → ∞ and τ → ∞, one can extract the bare
matrix elements for the ground state, namely,

lim
ts>τ→∞

Rfi ¼ Mμðz; P;ΔÞ; ð24Þ

which are shown as gray bands in the figure.

FIG. 1. The kinematic coverage presented in this study includes
multiple combinations of the momentum transfer −t, the skew-
ness ξ, and the final-state momentum in the z direction Pf

z .
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As discussed in Sec. II A, quasi-GPD matrix elements
are frame dependent at finite momentum. A natural way to
mitigate such frame dependence is to construct a LI quasi-
GPD from the invariant amplitudes Aiðz · P; z · Δ;Δ2; z2Þ
[83]. According to Eq. (6), the relevant amplitudes A1 and
A3 can be reconstructed fromM0ðz; P;ΔÞ andMxðz; P;ΔÞ,
with results presented in Appendix B. In our setup, the use
of large pion momenta strongly suppresses the difference
between the γ0 projection and the LI definition, which
formally appears as Δ0=P0 versus Δz=Pz. As shown in
Fig. 3, the numerical results of quasi-GPD matrix elements
extracted with the γ0 operator (H̃) are consistent within
uncertainties with the LI construction (H̃LI). This demon-
strates that, in our kinematic regime, both definitions yield
consistent results. We therefore adopt the γ0 projection for
the remainder of this work without loss of generality.

C. Renormalized quasi-GPD matrix elements

To obtain physically meaningful results from lattice
QCD calculations, the bare matrix elements extracted from
correlation functions must be properly renormalized. In this
work, we adopt the ratio scheme for renormalization as
shown in Eq. (9). Figure 4 shows the renormalized matrix
elements H̃R as a function of the dimensionless variable
λ≡ zPz for four representative nonzero values of ξ. In each
panel at fixed ξ, the magnitude of the matrix element
decreases monotonically with increasing jλj for all momen-
tum transfers, as expected from the suppression of long-
distance contributions in the coordinate-space correlator.
Additionally, at fixed λ within each panel, we observe a
systematic falloff in the matrix element magnitude as the
momentum transfer −t increases, consistent with the
generic t slope seen in hadronic form factors. These trends
are consistent with short-distance dominance at small z2

and provide stable inputs for the polynomiality-constrained
fits employed in our moment extraction.

FIG. 3. Comparison of the quasi-GPDs in coordinate space
defined via the LI construction (H̃LI) and the γ0 operator
(H̃). Upper: Pz ¼ 1.937 GeV, −t ¼ 0.864 GeV2; lower: Pz ¼
1.937 GeV, −t ¼ 2.748 GeV2.FIG. 2. Demonstration of fitting the ratio RfiðPf;Pi; τ; tsÞ to

obtain the bare ground-state matrix element. (a) ξ ¼ −0.14,
−t ¼ 0.597 GeV2. (b) ξ ¼ −0.33, −t ¼ 2.748 GeV2.
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IV. SKEWNESS-DEPENDENT MOMENTS
OF PION GPD

The extraction of pion GPD moments is performed
through combined fits to the renormalized quasi-GPD
matrix elements H̃R across different z; Pz; ξ, and t. We
begin with the zero-skewness case (ξ ¼ 0), where the
formalism simplifies and the extracted moments reduce to
GFFs, allowing direct comparison with previous lattice
studies. This setup provides an important validation of
our methodology and enables us to assess the impact of
RGR (LL, NLL, and NNLL) relative to fixed-order
matching. Building on this foundation, we extend the
analysis to nonzero skewness (ξ ≠ 0), where the inclusion
of the additional kinematic variable ξ significantly
increases the complexity of the extraction. In this regime,
a straightforward separation of the ξ and t dependence of
the moments is unstable due to limited and correlated
kinematics. To address these challenges, we perform
polynomiality-constrained combined fits across multiple
values of ξ and t, ensuring that the extracted moments are
both consistent with QCD symmetry requirements and
statistically stable.

A. Fitting strategy

At ξ ¼ 0, the Mellin moments reduce directly to the
GFFs An;0ðtÞ. The lowest moment A1;0 corresponds to the
electromagnetic form factor, providing a natural bench-
mark. This case is also technically simpler: the perturbative
expansion is diagonal in moment space (DGLAP limit),
and analytic expressions for fixed-order matching kernels
are known up to NNLO accuracy [122,123]. Moreover,
RGR can be implemented systematically, allowing us to
compare fixed-order, LL, NLL, and NNLL treatments in a
controlled setup.
We perform a correlated fit of H̃R by minimizing a χ2

function that incorporates the covariance matrix across
different z values, while neglecting correlations in t. In
lattice QCD correlated fits, covariance matrices are often ill
conditioned due to strong correlations and limited statistics.
To stabilize the inversion, we employ a regularized covari-
ance matrix [149]: Covreg ¼ Covþ ϵλmax · I, where Cov is
the covariance matrix, ϵ is a small tunable parameter, λmax
denotes the largest eigenvalue of the original covariance
matrix, and I is the identity matrix. For all the final results
shown in the main body of the paper, we use ϵ ¼ 10−4.

FIG. 4. Renormalized matrix elements H̃R as functions of λ at four nonzero skewness values. In each panel, data points are
distinguished by color, representing results at different momentum transfers −t.
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As shown in Appendix C, we have checked that the choice
of a smaller value, down to ϵ ¼ 0, as well as uncorrelated
fits, gives consistent results within uncertainties. Thus, our
fits capture the essential z correlations while avoiding
potential numerical instabilities.
For the fitting range, we fix the lower bound at zmin ¼

0.08 fm and vary the upper bound zmax to determine an
optimal interval. Since the short-distance factorization is
applicable only at short distances, we restrict zmax to the
range 0.20–0.44 fm and compare results obtained with LL,
NLL, and NNLL resummation. Figure 5 illustrates an
example of the extracted moments at momentum Pz ¼
1.453 GeV and momentum transfer −t ¼ 0.446 GeV2,
with the renormalization scale fixed at μ ¼ 2 GeV. We
vary κ among 1,

ffiffiffi
2

p
, and 2, which are still close to 1, to

estimate the associated uncertainty. This range was also
chosen after a study of the short-distance behavior of the

same zero-momentum matrix elements in Ref. [88]. For the
lowest moment A1;0, RGR effects are negligible because it
is associated with the conserved vector current, whose
anomalous dimension vanishes. This behavior is indeed
observed in the first panel, where the fixed-order and
resummed results are essentially indistinguishable. In
contrast, A3;0 has a nonzero anomalous dimension, so
logarithmic lnðz2μ2Þ terms appear in the matching, leading
to visible sensitivity to the resummation as the fit range
zmax is varied. At larger zmax, the physical scale μ0 ¼
ð2κe−γEÞ=jzj decreases, driving the running coupling αsðμ0Þ
into the nonperturbative regime and thereby spoiling the
reliability of perturbation theory. From the A3;0 panels, we
observe that the LL-resummed result (matching coefficients
at tree level) lies systematically below the NLL- and
NNLL-resummed ones, illustrating the impact of perturba-
tive matching.Moreover, varying κ ¼ f1; ffiffiffi

2
p

; 2g shows that

FIG. 5. GFFs A1;0 and A3;0 at ξ ¼ 0, Pz ¼ 1.937 GeV, and −t ¼ 0.446 GeV2, with different κ values. Marker styles distinguish fixed-
order perturbative matching (up to NNLO), LL resummation, and NLL resummation. Data at the same zmax value are shifted by
�0.005 fm for clarity. The shaded band highlights the plateau region where the fixed-order and NLL- and NNLL-resummed results
agree and remain stable, indicating that zmax ¼ 0.24 fm can be taken as a representative choice.
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the plateau region becomes progressively broader as κ
increases. This is mainly because a larger κ allows for a
wider range of z to be included in the fit, while the weight is
mainly carried by the short-z matrix elements. To ensure
stability and control systematic uncertainties, we therefore
restrict the analysis to a short-distance region where fixed-
order (up to NNLO) andNLL- and NNLL-resummed results
agree within the statistical uncertainties. Therefore, this is a
definitive choice based on the criteria given, so it is not
conservative; we adopt zmax ¼ 0.24 fm in the following
analysis. We further remark that when κ ∼ 1 the nonpertur-
bative effects are still sizable and do not provide meaningful
constraints onA5;0. In particular, no clear plateau is observed
at κ ¼ 1, while the NNLL results show visibly better
convergence than NLL. Accordingly, our choice of zmax is
primarily informed by the plateau behavior observed inA3;0.
Beyond the forward limit (ξ ¼ 0), the Mellin moments

acquire a simultaneous dependence on both t and ξ. On the
lattice, however, Pz, ξ, and t are dependent on each other
through the discrete momentum setup, which makes it
numerically impossible to disentangle their individual con-
tributions in a model-independent way. To address this
challenge, we parametrize the t dependence of the GFFs
An;kðtÞ using functional forms that respect analyticity and
ensure controlled convergence. Two parametrizations are
employed.
The first is a monopolelike form, motivated by the vector

meson dominance (VMD) model [150], which has long
been used in the analysis of hadronic form factors. Taking
the An;kðtÞ case as an example, we use

An;kðtÞ ¼
An;kð0Þ

1 − t=M2
n;k

; ð25Þ

where Mn;k is an effective monopole mass governing the
falloff with t. The second is the more flexible z expansion
[151],

An;kðtÞ ¼
X2
l¼0

an;k;lzl; ð26Þ

with fit coefficientsan;k;l and conformal variable z defined as

zðt; tcut; t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − t

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − t0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − t

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − t0

p : ð27Þ

Here tcut ¼ 4m2
π denotes the two-pion threshold, while t0 ¼

tcutð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ2

max=tcut
p

Þ is chosen to minimize the maxi-
mum jzj within the fit range. We set Q2

max ¼ 2.748 GeV2,
corresponding to the largestmomentum transfer accessible in
this study.
The monopolelike form provides a simple, physically

motivated description, while the z expansion allows greater
flexibility and yields more conservative uncertainty esti-
mates. Together, they offer complementary strategies to

model the t dependence of An;kðtÞ and to stabilize the
extraction of skewness-dependent Mellin moments from
the lattice data.

B. Extraction of moments at zero skewness

With the fit range and t dependence parametrizations
established above, we begin with the zero-skewness case,
which serves as the cleanest benchmark for our analysis.
Combined fits to the renormalized matrix elements H̃R are
performed using data from three boosted momenta, each
covering six values of the momentum transfer −t. The
GFFs are parametrized using both the monopole form of
Eq. (25) and the z expansion of Eq. (26). Both para-
metrizations provide good descriptions of the lattice data,
yielding χ2=d:o:f: ¼ 1.17 (degrees of freedom) (monopole)
and 0.91 (z expansion). A detailed comparison of the two
approaches is given in Appendix C. Unlike the VMD-
inspired monopole form, the z expansion is more flexible.
In particular, it produces more conservative uncertainty

FIG. 6. Demonstration of the combined fit to the original lattice
data at ξ ¼ 0. The upper and lower panels display the results with
−t ¼ 0 and −t ≈ 0.2 GeV2, respectively, each including results
for three different momenta.
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estimates, as reflected in its broader error bands. For these
reasons,we adopt the z expansion in the subsequent analysis.
In Fig. 6, we compare the fit results with the lattice data

at ξ ¼ 0 for two representative values of −t. Each panel
shows results for three different boost momenta. The
shaded bands represent the fit results, while the lattice
data are shown as points with error bars. The fits reproduce
the lattice data across all kinematics, demonstrating the
reliability of the fitting strategy.
Our results for the lowest three odd moments are shown

in Fig. 7, which compares the fixed-order (NNLO) deter-
minations with the NNLL-resummed analyses. The fixed-
order results are shown as solid-filled bands. For the
NNLL-resummed results, the hatched bands contain both
the statistical and systematic uncertainties from varying κ
between 1 and 2. Specifically, we use bootstrap resamp-
ling to construct confidence intervals and quantify the
uncertainty. For each of the three scale parameters
κ ¼ f1; ffiffiffi

2
p

; 2g, we generate 200 bootstrap samples to
estimate the statistical uncertainties, which is sufficient
to yield stable error estimates for our dataset. The final
uncertainty bands are then defined by the envelope of the
upper and lower bounds derived from all three κ values,
thus combining the statistical uncertainty with the system-
atic uncertainty arising from κ variation. In particular, A1;0

(left panel) corresponds to the pion electromagnetic form
factor. Previous lattice studies [147] have demonstrated that
both the pion charge radius and form factor are sensitive to
the pion mass used in lattice simulations. To ensure a
meaningful comparison, we therefore restrict our A1;0

results to those of Ref. [147] at mπ ¼ 300 MeV, obtaining
reasonable agreement. The remaining discrepancies with
experimental determinations [22,152–156] are attributable

to the relatively heavy pion mass used in our lattice
calculations.
Beyond the form factor A1;0, we also present results for

the higher-order GFFs A3;0 and A5;0 in the right panels of
Fig. 7. They have been far less explored in previous studies.
Our results exhibit the expected monotonic decrease with
increasing−t and with higher moment order n. While direct
comparison with existing lattice results of A3;0 at physical
pion mass [85] is not feasible due to the different pion mass
used here, our findings provide complementary information
and confirm theoretically anticipated suppression of higher
moments.

C. Extraction of moments with skewness dependence

We extend the analysis to ξ ≠ 0 using four skewness
settings, ξ ¼ f−0.11;−0.14;−0.25;−0.33g, with momen-
tum transfers up to 2.748 GeV2. The simultaneous fit
applies Eq. (10) to the combined ξ ¼ 0 and ξ ≠ 0 datasets
over the same short-distance window z∈ ½0.08; 0.24� fm.
Polynomiality is enforced through Eq. (12), and the t
dependence of the GFFs An;kðtÞ is parametrized by the z
expansion of Eq. (26). The resulting matching coefficients,
implemented consistently up to NLO accuracy, are sum-
marized in Table I. In this construction, the leading
coefficients An;0ðtÞ are ξ independent and tightly con-
strained by the ξ ¼ 0 data, while the higher coefficients
An;k>0ðtÞ control the skewness dependence. For complete-
ness, we note again that the CnðtÞ form factors appear at
order ð2ξÞn for even n, but vanish for the odd moments
considered here. As discussed in Sec. IVA, we choose a fit
region in which the fixed-order and NLL-resummed
analyses exhibit mutually consistent plateau behavior.

FIG. 7. Unpolarized pion GFFs An;0 (n ¼ 1, 3, 5) as functions of −t, obtained from combined fits at multiple boosted momenta and
momentum transfers. Left: results for A1;0, including comparisons with lattice results at the same pion mass as in this work [147] and
with experimental measurements [22,152–156]. Right: A3;0 and A5;0. The solid-filled bands and the hatched bands correspond to the
fixed-order and NNLL-resummed results, respectively.
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Therefore, in what follows, we only present the NLL-
resummed combined-fit results. For κ ¼ ffiffiffi

2
p

, the combined
fit yields χ2=d:o:f: ¼ 1.7. The fitted parameters an;k;l
obtained from our analysis enter Eq. (26) and are listed
in Appendix D.
To validate that the skewness-dependent contribution is

correctly captured, we perform a subtraction test in which
all terms proportional to An;0 are removed from Eq. (10).
The resulting reduced expression isolates the purely
ξ-dependent piece and takes the form

ΔH̃ðλ; ξ; tÞ ¼ ξ2
�
−2λ2A3;2ðtÞc3;0 þ

λ4

6
ðA5;2ðtÞc5;0

þ ξ2ðA3;2ðtÞc5;2 þ 4A5;4ðtÞc5;0ÞÞ
�
: ð28Þ

For the nonzero-skewness data, we apply the same sub-
traction, removing the An;0 contributions using their NLL-
resummed determination at ξ ¼ 0. Figure 8 compares this
subtracted lattice data with ΔH̃, where the higher-order
GFFs An;k>0ðtÞ are taken from the combined ξ ¼ 0 and
ξ ≠ 0 fit. The observed agreement demonstrates that the
polynomiality-constrained fit consistently reproduces the
additional ξ dependence encoded in the lattice data.
While the subtraction test in Eq. (28) serves only as an

intermediate diagnostic, the central physical information
is provided by the fitted GFFs and reconstructed Mellin
moments, which are presented in Figs. 9–12. As for NLL
resummation, the coupled evolution equations for the
matching coefficients, Eq. (13), are solved numerically
using a Runge-Kutta algorithm, with the two-loop anoma-
lous-dimension matrix and two-loop β function included.
The fitted results are shown in Fig. 7, where the bands
include the statistical uncertainty and the scale-variation
uncertainty estimated by varying κ between 1 and 2.

FIG. 9. Results for A3;0 (left) and A3;2 (right), obtained from the combined fits to the zero- and nonzero-skewness data, are shown as
blue bands. Left: the solid and hatched gray bands represent the NLL- and NNLL-resummed results obtained from fits to the zero-
skewness dataset only, respectively.

FIG. 8. Comparison between the subtracted lattice data and the
fitted ξ-dependent contributionΔH̃fitðλ; ξ; tÞ at different values of
skewness ξ and similar −t. For clarity, the upper panel includes
ξ ¼ −0.11 and ξ ¼ −0.14, while the lower panel includes ξ ¼
−0.25 and ξ ¼ −0.33. In each panel, the two datasets have similar
−t values. Markers denote the subtracted lattice data, and solid
bands show the fit results.
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FIG. 10. Third Mellin moment H3ðξ; tÞ from the combined fit as a function of −t (left) and ξ (right). The left uses fixed
ξ ¼ f0.05; 0.15; 0.25g, and the right uses fixed −t ¼ f0.5; 1; 1.5gGeV2 as illustration. By symmetry, the Mellin moments are even
functions of ξ.

FIG. 11. Results for A5;0ðtÞ, A5;2ðtÞ, and A5;4ðtÞ (shown as blue bands in each panel) obtained from combined fits to the zero- and
nonzero-skewness datasets. Left: the gray bands show the A5;0ðtÞ results obtained from the ξ ¼ 0 dataset, with the solid band
corresponding to the NLL-resummed extraction and the hatched band corresponding to the NNLL-resummed one, for comparison with
the combined-fit determination.

FIG. 12. Fifth Mellin moment H5ðξ; tÞ from the combined fit as a function of −t (left) and ξ (right). Representative kinematic
examples are chosen in the same manner as in Fig. 10.
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For the first moment, A1;0ðtÞ is independent of ξ and is
therefore consistent with the determination from the for-
ward-limit analysis. Moving to the third moment, the
polynomial relation reads

H3ðξ; tÞ ¼ A3;0ðtÞ þ ð2ξÞ2A3;2ðtÞ: ð29Þ

The fitted GFFs A3;0ðtÞ and A3;2ðtÞ are shown in Fig. 9. The
forward-limit piece A3;0ðtÞ agrees well with both the solid
(NLL resummed) and hatched (NNLL resummed) gray
bands obtained from the ξ ¼ 0 dataset, with the NNLL-
resummed result shown in Fig. 7, whereas A3;2ðtÞ is found
to be negative throughout the entire−t range. This indicates
that the third Mellin moment decreases in ξ. Importantly,
the negative sign of A3;2 highlights a characteristic feature
of the pion that is opposite to the nucleon case [117] where
positive values of A3;2 were reported. The reconstructed
momentH3ðξ; tÞ is displayed in Fig. 10 as functions of both
−t and ξ. The results clearly demonstrate two robust trends:
the moments decrease in −t at fixed ξ, and also decrease in
ξ at fixed −t. This behavior reflects the underlying
dynamics of GPDs, where increasing skewness reduces
the DGLAP support region jxj > ξ, while the ERBL region
jxj < ξ provides only a suppressed contribution. Together,
these results provide direct lattice evidence for the dynami-
cal origin of skewness effects in the pion’s three-dimen-
sional structure.
For the fifth Mellin moment H5, the polynomial form is

H5ðξ; tÞ ¼ A5;0ðtÞ þ ð2ξÞ2A5;2ðtÞ þ ð2ξÞ4A5;4ðtÞ: ð30Þ

The corresponding GFFs A5;kðtÞ are presented in Fig. 11. In
the left panel, the combined-fit result for A5;0 (blue band)
remains statistically close to zero over the entire −t range
and is compatible with the zero-skewness-only determi-
nations, shown as the hatched (NNLL resummed) and solid
(NLL resummed) gray bands, within their large uncertain-
ties. The NLL results at κ ¼ 1 suffer from sizable non-
perturbative contamination, which inflates the uncertainty
bands. In contrast, the combined fit achieves a substantially
reduced error band thanks to the enlarged dataset including
the nonzero-skewness measurements. The right panels of
Fig. 11 display the results for A5;2 and A5;4. The former is
consistent with zero within uncertainties, and both observ-
ables exhibit comparatively large statistical errors.
Additionally, the NNLL results at κ ¼ 1 show a signifi-
cantly smaller uncertainty band than the NLL ones at zero
skewness, because the NNLL treatment has better con-
vergence as mentioned before. This indicates that higher
perturbative accuracy can indeed improve the fit quality
and will be systematically explored in future work.
Furthermore, the full dependence of H5ðξ; tÞ on both ξ
and −t is illustrated in Fig. 12. At fixed −t and ξ, H5ðξ; tÞ
decreases with both increasing ξ and increasing −t,
following the same trend observed for H3ðξ; tÞ. This

behavior confirms the general expectation that higher
moments are suppressed both by larger skewness and by
harder momentum transfer.
Overall, the extracted GFFs and reconstructed moments

not only demonstrate consistency between zero- and non-
zero-skewness data but also satisfy the polynomiality
property required by Lorentz covariance. This provides a
stringent internal check of the lattice methodology and
ensures that the extracted results are physically meaningful.
The systematic suppression of higher moments with both
−t and ξ offers new insights into how partonic momentum
and spatial distributions evolve beyond the forward limit,
establishing lattice QCD as a quantitative tool for mapping
the pion’s three-dimensional structure.

V. CONCLUSIONS

We have presented the first lattice QCD calculation of
pion valence-quark GPDmoments at both zero and nonzero
skewness. Using the OPE of nonlocal quark-bilinear
operators, we extracted odd Mellin moments up to the
fifth order without encountering power-divergent mixing.
The calculations were performed on a fine lattice ensemble
with a ¼ 0.04 fm and valence mπ ¼ 300 MeV, employing
boosted pion states up to Pz ≃ 2.4 GeV and momentum
transfers reaching −t ≃ 2.7 GeV2, covering ξ∈ ½−0.33; 0�.
Bare matrix elements were renormalized nonperturba-

tively in the ratio scheme, and Mellin moments were
extracted through perturbative matching with NLL resum-
mation, which enhances perturbative stability. In the ξ ¼ 0
limit, we verified the applicability of SDF by comparing
fixed-order, LL, NLL, and NLL Wilson coefficients and
identified a stable fit window with 0.08 ≤ z ≤ 0.24 fm.
Within this regime, the lowest moment reproduces the pion
electromagnetic form factor, while higher moments A3;0

and A5;0 exhibit the expected monotonic falloff with −t.
Extending the analysis to ξ ≠ 0, we performed combined
fits across multiple values of skewness and momentum
transfer, enabling the extraction of GFFs such as A3;2ðtÞ,
A5;2ðtÞ, and A5;4ðtÞ. The extracted results show the antici-
pated suppression of higher-order moments with increasing
−t and ξ.
This work establishes that skewness-dependent pion

GPD moments can be reliably determined on the lattice,
providing valuable constraints for global analyses, as all
experimental measurements are performed at nonzero
skewness. Future progress will require improved precision
at lighter pion masses, the inclusion of singlet and gluon
contributions, and, ultimately, the determination of even
moments and the D-term to complete the picture.
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APPENDIX A: TWO-LOOP ANOMALOUS
DIMENSION AND ANALYTIC EVOLUTION

IN THE ZERO-SKEWNESS LIMIT

We need the off-diagonal two-loop anomalous dimen-
sion matrix to solve the RG equation. This can be extracted
from the perturbative matching coefficients. We consider
the perturbative expansion of the moment-space matching-

coefficient matrix ĈMSðz2μ2Þ in the MS scheme,

ĈMSðz2μ2Þ ¼ Ĉ00 þ αsðĈ11Lz þ Ĉ10Þ
þ α2sðĈ22L2

z þ Ĉ21Lz þ Ĉ20Þ þ � � � ; ðA1Þ

where Lz ¼ lnðμ2z2Þ, and all coefficients Ĉnm with
fn;m ¼ 0; 1; 2g are matrices. Specifically, Ĉn2, Ĉn1, and
Ĉn0 denote the matrices collecting the coefficients of the
double-logarithmic, single-logarithmic, and finite terms,
respectively, with Ĉ00 being the identity matrix for the case

of moments. The RG equation for ĈMSðz2μ2Þ reads
d

d ln μ2
ĈMSðz2μ2Þ ¼ γðαsÞĈMSðz2μ2Þ; ðA2Þ

where the anomalous dimension matrix is expanded as

γ̂ðαsÞ ¼ γ̂0αs þ γ̂1α
2
s þ � � � ; ðA3Þ

and the QCD β function is given by

dαs
d ln μ2

¼ −b0α2s − b1α3s þ � � � ; ðA4Þ

where b0 ¼ β0
2ð2πÞ and b1 ¼ β1

4ð2πÞ2. Matching both sides at

Oðα2sÞ yields

2Ĉ22 − b0Ĉ11 ¼ γ̂0Ĉ11; ðA5Þ

Ĉ21 − b0Ĉ10 ¼ γ̂0Ĉ10 þ γ̂1Ĉ00: ðA6Þ

Equivalently, we have

γij1 ¼ Cij
21 −

X
k

Cik
10

�
γ̂kj0 þ b0δkj

�
; ðA7Þ

where the superscripts fi; j; kg indicate matrix elements.
This equation provides a practical method to extract the
two-loop anomalous dimension matrix from perturbative
matching coefficients.
Since the anomalous dimension matrix is universal and

depends solely on the renormalization properties of the
collinear sector, it is possible to extract it from the Γ ¼ γz

Dirac channel. In particular, Ref. [135] provides the DAs
two-loop nonlocal coefficient functions Kðα; β; z2μ2Þ in the
MS scheme, expressed in terms of two Feynman param-
eters α and β. At one loop, after an appropriate change of
variables, the β integration can be carried out analytically,
yielding the reduced kernel Kðα; ξλ; z2μ2Þ. The matrix of
matching coefficients for the moments can then be com-
puted via the following formula [117]:

Cnþ1;kðz2μ2Þ¼ ik
�
n

k

�Z
1

0

dααn−k
dk

dðξλÞkKðα;ξλ;z
2μ2Þ

				
λ¼0

:

ðA8Þ

At the two-loop level, the piecewise integration regions and
complex phase structure make analytic variable substitu-
tions difficult. Accordingly, we evaluate the integrals
directly in numerical form, as detailed by the general
strategy below,

Cnþ1;kðz2μ2Þ ¼ ik
�
n

k

�Z
1

0

dαdβð1 − α − βÞn−k

×
dk

dðξλÞk
�
Kðα; β; z2μ2Þe−iðα−βÞξλ

�			
λ¼0

:

ðA9Þ

Using the kernels provided in Ref. [135], we reconstruct the

MS scheme matching coefficients CMS
nþ1;kðz2μ2Þ up to

NNLO. Consequently, the NNLO matching coefficients
for the GPD moments in the MS scheme are obtained
numerically as follows:
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C1;0 ¼ 1þ αsð0.318Lz þ 0.743Þ þ α2sð0.165L2
z þ 1.034Lz þ 1.028Þ;

C2;0 ¼ 1þ αsð0.601Lz − 0.106Þ þ α2sð0.396L2
z þ 0.372Lz þ 1.341Þ;

C3;0 ¼ 1þ αsð0.760Lz − 0.654Þ þ α2sð0.561L2
z − 0.348Lz þ 2.464Þ;

C4;0 ¼ 1þ αsð0.874Lz − 1.088Þ þ α2sð0.694L2
z − 1.042Lz þ 3.838Þ;

C5;0 ¼ 1þ αsð0.962Lz − 1.456Þ þ α2sð0.807L2
z − 1.701Lz þ 5.326Þ;

C3;2 ¼ αsð0.195 − 0.088LzÞ þ α2sð−0.079L2
z þ 0.195Lz þ 0.209Þ;

C4;2 ¼ αsð0.279 − 0.117LzÞ þ α2sð−0.128L2
z þ 0.434Lz − 0.014Þ;

C5;2 ¼ αsð0.354 − 0.134LzÞ þ α2sð−0.164L2
z þ 0.651Lz − 0.313Þ;

C5;4 ¼ αsð0.053 − 0.028LzÞ þ α2sð−0.022L2
z þ 0.042Lz þ 0.107Þ: ðA10Þ

We emphasize that these results are obtained for the
nonlocal quasi-operator with Dirac structure Γ ¼ γz (for
the DA operator, see Ref. [135]), which are used to obtain
the NNLO anomalous dimensions. They are also applicable
to the DA moments case. From Eq. (A10), we can directly
extract the required coefficients Cik

10 and C
ij
21. Incorporating

these into Eq. (A7) yields the desired anomalous dimen-
sion. The resulting numerical values are presented in
Eq. (17) of the main text.
In the zero-skewness case, the perturbative expression

and anomalous dimension reduce to the standard DGLAP
limit, for which analytic evolution kernels are available. At
LL accuracy, the evolution reads, where we use asðμÞ≡
αsðμÞ=ð4πÞ in place of αs for compactness,

CRG
i;0 ðasðμÞ; z2μ2Þ ¼ Ci;0ðasðμ0Þ; z2μ20Þ

�
asðμ0Þ
asðμÞ

�ϒii
0

β0 ;

ðA11Þ

with i ¼ f1; 3; 5g in this work. At NLL accuracy, this
becomes

CRG
i;0 ðasðμÞ; z2μ2Þ

¼ Ci;0ðasðμ0Þ; z2μ20Þ
�
asðμ0Þ
asðμÞ

�ϒii
0

β0

× exp



β0ϒii

1 − β1ϒii
0

β0β1
ln
asðμ0Þβ1 þ β0
asðμÞβ1 þ β0

�
: ðA12Þ

Here, ϒii
0 and ϒii

1 denote the diagonal entries relevant in
the GPD case discussed in the main text, and they are
related to the conventional anomalous dimensions through
ϒii

0 ¼ ð4πÞγii0 andϒii
1 ¼ ð4πÞ2γii1 . Since this limit coincides

with the PDF case, fixed-order matching coefficients are
known up to NNLO [122,123]. At NNLL accuracy, the
RG-improved solution can be written in the compact form

CRG
i;0 ðasðμÞ; z2μ2Þ

¼ Ci;0ðasðμ0Þ; z2μ20Þ
�
asðμ0Þ
asðμÞ

�ϒii
0

β0

× exp



β0ϒii

1 − β1ϒii
0

β0β1
ln
β1 þ β0asðμ0Þ
β1 þ β0asðμÞ

þ 1

2β0

×
Z

asðμ0Þ

asðμÞ
das

�
ϒii

2

as
−

β2ϒii
0 þ β1ϒii

1

−β0a2s − β1a3s − β2a4s

��
: ðA13Þ

Here, ϒii
2 denotes the diagonal three-loop anomalous

dimension [related by ϒii
2 ¼ ð4πÞ3γii2 ], and β2 is the three-

loop QCD β-function coefficient. The final line above
admits a closed analytic form involving an arctan function.
Finally, we emphasize that, in our implementation, the

RG improvement is first applied to the full matching

coefficients CMS
n;k , and the ratio-scheme conversion is then

achieved by dividing by CMS
1;0 . Empirically, this ordering

yields better numerical stability than first forming the ratio
and then RG improving it, as was done in the literature
[103,106]. This is the convention used throughout
this work.

APPENDIX B: EXTRACTION OF THE
LORENTZ-INVARIANT AMPLITUDES

In the zero-skewness case, the amplitude A3 is theoreti-
cally expected to vanish [83], a feature that has been
confirmed in previous lattice studies [83,88]. For nonzero
skewness, however, this constraint no longer holds, and
deviations can naturally appear. To illustrate this behavior,
we select two representative examples at relatively small
momentum (Pz ¼ 1.937 GeV) to extract the LI amplitudes
and examine the difference between the two quasi-GPD
definitions. As shown in Fig. 13, a nonvanishing A3

emerges at smaller momentum transfer in our kinematic
setup. By substituting the fitted amplitudes A1 and A3

into Eq. (8), the corresponding LI amplitudes can be
reconstructed.
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APPENDIX C: DETAILS OF THE FITTING
PROCEDURE

This appendix summarizes the fitting methodology used
in our analysis. Since the matrix elements at different z
from the lattice are evaluated on the same set of gauge
configurations, statistical correlations among them natu-
rally arise. To assess the effects of these correlations, we
perform fits using three different error treatments: (i) assum-
ing uncorrelated uncertainties, where only the diagonal
elements of the covariance matrix are retained; (ii) using
the full covariance matrix Cov, which enters correlated
least-squares fits through the weight matrix Cov−1; and
(iii) applying a regularized covariance matrix by adding a
small diagonal term proportional to the largest eigenvalue
to ensure numerical stability.
As an illustrative case, we assess the impact of these

uncertainty treatments on the fit using the zero-skewness
data, keeping the fit region at z∈ ½0.08; 0.24� fm, as in the
main text. As shown in Fig. 14, the uncorrelated fit
produces visibly larger uncertainties for A3;0 and A5;0,
while the fully correlated fit without regularization results

leads to the largest χ2=d:o:f: In contrast, the regularized
covariance approach with ϵ ¼ 10−4 or ϵ ¼ 10−6 yields
results that are fully consistent with the correlated fit
without regularization, but with better χ2=d:o:f: Among
these, the choice ϵ ¼ 10−4 also leads to a noticeably
improved χ2=d:o:f: Therefore, the combined fits presented
in the main text are based on this regularized covariance
prescription.
In addition, we compare two alternative modeling

approaches. The two most commonly used parametriza-
tions are the monopolelike form and the z expansion,
given in Eqs. (25) and (26), respectively. The comparison
is presented in Fig. 15. Within uncertainties, these two

FIG. 14. Comparison of fits under different uncertainty treat-
ments. The three panels show GFFs A1;0, A3;0, and A5;0 as
functions of −t. Colored bands correspond to (i) uncorrelated
(neglecting off-diagonal correlations), (ii) correlated (full covari-
ance matrix), and (iii) correlated with regularization Covreg ¼
Covþ ϵλmax · I for ϵ ¼ 10−6 and 10−4. The corresponding
χ2=d:o:f: values are 1.27, 2.49, 1.79, and 0.91, in the same order.

FIG. 13. ExtractedLI amplitudes for two representative nonzero-
skewness cases. Upper: Pz ¼ 1.937 GeV, −t ¼ 0.864 GeV2;
lower: Pz ¼ 1.937 GeV, −t ¼ 2.748 GeV2.
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parametrizations are consistent for the A1;0 and A3;0,
indicating that our results are not sensitive to the specific
choice of functional form. For A5;0, however, the fit region
covers only relatively small z values, which provides
limited sensitivity to the higher moments. Moreover, the
monopolelike ansatz enforces a positive-definite behavior,
so the deviation at larger −t for A5;0 is not surprising.
Nevertheless, the z expansion provides a better fit quality,
as reflected in its smaller χ2=d:o:f:, and offers a more
systematic and model-independent description. For these
reasons, we adopt the z-expansion parametrization in the
main text analysis.

APPENDIX D: FIT PARAMETERS an;k;l

The GFFs An;kðtÞ are parametrized through the z
expansion as

An;kðtÞ ¼
X2
l¼0

an;k;lzl; ðD1Þ

where zðt; tcut; t0Þ is the conformal mapping variable
defined in Eq. (27). The coefficients an;k;l are obtained
from fits to the lattice data and encode the t dependence
of the GFFs in a model-independent manner. In the
z-expansion fit, we apply a mild prior reflecting the
expected hierarchy of coefficients,

jan;k;0j≳ jan;k;1jzmax ≳ jan;k;2jz2max;

which ensures a stable and convergent series within the
physical range jzj ≤ zmax ¼ 0.263. A soft prior is intro-
duced as a mild penalty in the χ2 minimization, suppressing
unphysical deviations without constraining the fit. When
the lattice data satisfy the expected hierarchy, the prior has
little influence—it keeps χ2=d:o:f: unchanged and simply
makes the fitted coefficients more reasonable, as is indeed
the case for our data. Table III summarizes the NLL-
resummed fit results for the coefficients an;k;l, whose quoted
uncertainties are estimated fromvarying κ ¼ f1; ffiffiffi

2
p

; 2g, and
the central value is taken as the mean over all 600 bootstrap
samples (200 for each κ).

TABLE III. GFFs are parametrized using the z expansion, with
the coefficients an;k;l determined from fits to lattice data at NLL
accuracy. The central value corresponds to the mean over all
bootstrap samples, and the uncertainty reflects the variation
among κ ¼ f1; ffiffiffi

2
p

; 2g.
GFFs an;k;l Value

A1;0 a1;0;0 0.520(9)
a1;0;1 −1.566ð56Þ
a1;0;2 0.936(20)

A3;0 a3;0;0 0.058(4)
a3;0;1 −0.114ð13Þ
a3;0;2 0.168(5)

A3;2 a3;2;0 −0.098ð14Þ
a3;2;1 0.096(55)
a3;2;2 −0.173ð15Þ

GFFs an;k;l Value

A5;0 a5;0;0 0.015(2)
a5;0;1 −0.056ð9Þ
a5;0;2 0.113(6)

A5;2 a5;2;0 0.031(52)
a5;2;1 −0.030ð12Þ
a5;2;2 0.002(10)

A5;4 a5;4;0 −0.256ð19Þ
a5;4;1 0.371(39)
a5;4;2 0.004(12)

FIG. 15. Comparison of fits using two parametrizations. The
blue and purple bands show the monopolelike and z-expansion
results, which give χ2=d:o:f: values of 1.17 and 0.91, respec-
tively.
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Hořejši, Fortschr. Phys. 42, 101 (1994).

[2] X. Ji, Phys. Rev. Lett. 78, 610 (1997).
[3] M. V. Polyakov and A. G. Shuvaev, arXiv:hep-ph/

0207153.
[4] M. V. Polyakov and A. G. Shuvaev, arXiv:hep-ph/

0207153.
[5] M. V. Polyakov and P. Schweitzer, Int. J. Mod. Phys. A 33,

1830025 (2018).
[6] X. Ji and C. Yang, arXiv:2503.01991.
[7] X. Ji and C. Yang, arXiv:2508.16727.
[8] X.-D. Ji, Phys. Rev. D 55, 7114 (1997).
[9] A. V. Radyushkin, Phys. Lett. B 385, 333 (1996).

[10] J. C. Collins, L. Frankfurt, and M. Strikman, Phys. Rev. D
56, 2982 (1997).

[11] K. Kumerički and D. Mueller, Nucl. Phys. B841, 1 (2010).
[12] G. R. Goldstein, J. O. Hernandez, and S. Liuti, Phys. Rev.

D 84, 034007 (2011).
[13] K. Kumericki, S. Liuti, and H. Moutarde, Eur. Phys. J. A

52, 157 (2016).
[14] Y. Guo, X. Ji, M. G. Santiago, K. Shiells, and J. Yang,

J. High Energy Phys. 05 (2023) 150.
[15] Y. Guo, F. P. Aslan, X. Ji, and M. G. Santiago, Phys. Rev.

Lett. 135, 261903 (2025).
[16] D. Mueller, Few Body Syst. 55, 317 (2014).
[17] K. Kumerički and D. Müller, EPJ Web Conf. 112, 01012

(2016).
[18] V. Bertone, H. Dutrieux, C. Mezrag, H. Moutarde, and P.

Sznajder, Phys. Rev. D 103, 114019 (2021).
[19] E. Moffat, A. Freese, I. Cloët, T. Donohoe, L. Gamberg,

W. Melnitchouk, A. Metz, A. Prokudin, and N. Sato, Phys.
Rev. D 108, 036027 (2023).

[20] H. Hashamipour, M. Goharipour, K. Azizi, and S. V.
Goloskokov, Phys. Rev. D 107, 096005 (2023).

[21] M. Goharipour, M. H. Amiri, F. Irani, H. Hashamipour,
and K. Azizi (MMGPDs Collaboration), Phys. Rev. D 112,
114046 (2025).

[22] S. R. Amendolia et al. (NA7 Collaboration), Nucl. Phys.
B277, 168 (1986).

[23] H. Leutwyler, in Continuous Advances in QCD 2002
(World Scientific, Singapore, 2002), pp. 23–40.

[24] J. Badier et al. (NA3 Collaboration), Z. Phys. C 18, 281
(1983).

[25] B. Betev et al. (NA10 Collaboration), Z. Phys. C 28, 9
(1985).

[26] P. Bordalo et al. (NA10 Collaboration), Phys. Lett. B 193,
373 (1987).

[27] J. S. Conway et al. (E615 Collaboration), Phys. Rev. D 39,
92 (1989).

[28] J. Dudek et al., Eur. Phys. J. A 48, 187 (2012).
[29] B. Adams et al., arXiv:1808.00848.
[30] R. Abdul Khalek et al., Nucl. Phys. A1026, 122447

(2022).
[31] D. P. Anderle et al., Front. Phys. (Beijing) 16, 64701

(2021).
[32] P. Hagler, J. W. Negele, D. B. Renner, W. Schroers, T.

Lippert, and K. Schilling (LHPC, SESAM), Phys. Rev. D
68, 034505 (2003).

[33] D. Brommel et al. (QCDSF-UKQCD Collaboration), Proc.
Sci. LATTICE2007 (2007) 158 [arXiv:0710.1534].

[34] P. Hagler et al. (LHPC Collaboration), Phys. Rev. D 77,
094502 (2008).

[35] C. Alexandrou, J. Carbonell, M. Constantinou, P. A.
Harraud, P. Guichon, K. Jansen, C. Kallidonis, T.
Korzec, and M. Papinutto, Phys. Rev. D 83, 114513
(2011).

[36] C. Alexandrou, M. Constantinou, S. Dinter, V. Drach, K.
Jansen, C. Kallidonis, and G. Koutsou, Phys. Rev. D 88,
014509 (2013).

[37] M. Constantinou, Proc. Sci. LATTICE2014 (2015) 001
[arXiv:1411.0078].

[38] J. R. Green, J. W. Negele, A. V. Pochinsky, S. N. Syritsyn,
M. Engelhardt, and S. Krieg, Phys. Rev. D 90, 074507
(2014).

[39] C. Alexandrou, M. Constantinou, K. Hadjiyiannakou, K.
Jansen, C. Kallidonis, G. Koutsou, and A. Vaquero Aviles-
Casco, Phys. Rev. D 96, 034503 (2017).

[40] C. Alexandrou, M. Constantinou, K. Hadjiyiannakou, K.
Jansen, C. Kallidonis, G. Koutsou, and A. Vaquero Aviles-
Casco, Phys. Rev. D 96, 054507 (2017).

[41] N. Hasan, J. Green, S. Meinel, M. Engelhardt, S. Krieg, J.
Negele, A. Pochinsky, and S. Syritsyn, Phys. Rev. D 97,
034504 (2018).

[42] R. Gupta, Y.-C. Jang, H.-W. Lin, B. Yoon, and T.
Bhattacharya, Phys. Rev. D 96, 114503 (2017).

[43] S. Capitani, M. Della Morte, D. Djukanovic, G. M. von
Hippel, J. Hua, B. Jäger, P. M. Junnarkar, H. B. Meyer,
T. D. Rae, and H. Wittig, Int. J. Mod. Phys. A 34, 1950009
(2019).

[44] C. Alexandrou, S. Bacchio, M. Constantinou, J.
Finkenrath, K. Hadjiyiannakou, K. Jansen, G. Koutsou,
and A. Vaquero Aviles-Casco, Phys. Rev. D 100, 014509
(2019).

[45] E. Shintani, K.-I. Ishikawa, Y. Kuramashi, S. Sasaki, and T.
Yamazaki, Phys. Rev. D 99, 014510 (2019); 102, 019902
(E) (2020).

[46] G. S. Bali, S. Collins, M. Gruber, A. Schäfer, P. Wein, and
T. Wurm, Phys. Lett. B 789, 666 (2019).

[47] G. S. Bali, S. Collins, M. Göckeler, R. Rödl, A. Schäfer,
and A. Sternbeck, Phys. Rev. D 100, 014507 (2019).

[48] C. Alexandrou et al., Phys. Rev. D 101, 034519 (2020).
[49] Y.-C. Jang, R. Gupta, H.-W. Lin, B. Yoon, and T.

Bhattacharya, Phys. Rev. D 101, 014507 (2020).
[50] M. Constantinou et al., Prog. Part. Nucl. Phys. 121,

103908 (2021).
[51] C. Alexandrou et al., Phys. Rev. D 107, 054504 (2023).
[52] Y.-C. Jang, R. Gupta, T. Bhattacharya, B. Yoon, and H.-W.

Lin (Precision Neutron Decay Matrix Elements (PNDME)
Collaboration), Phys. Rev. D 109, 014503 (2024).

[53] M. Gockeler, R. Horsley, E.-M. Ilgenfritz, H. Perlt, P. E. L.
Rakow, G. Schierholz, and A. Schiller, Nucl. Phys. B472,
309 (1996).

[54] M. Gockeler, R. Horsley, E.-M. Ilgenfritz, H. Perlt, P. E. L.
Rakow, G. Schierholz, and A. Schiller, Phys. Rev. D 54,
5705 (1996).

[55] D. Dolgov et al. (LHPC, TXL Collaborations), Phys. Rev.
D 66, 034506 (2002).

[56] Z. Davoudi and M. J. Savage, Phys. Rev. D 86, 054505
(2012).

[57] A. Shindler, Phys. Rev. D 110, L051503 (2024).

SKEWNESS-DEPENDENT MOMENTS OF THE PION GPD FROM … PHYS. REV. D 113, 014505 (2026)

014505-19

https://doi.org/10.1002/prop.2190420202
https://doi.org/10.1103/PhysRevLett.78.610
https://arXiv.org/abs/hep-ph/0207153
https://arXiv.org/abs/hep-ph/0207153
https://arXiv.org/abs/hep-ph/0207153
https://arXiv.org/abs/hep-ph/0207153
https://doi.org/10.1142/S0217751X18300259
https://doi.org/10.1142/S0217751X18300259
https://arXiv.org/abs/2503.01991
https://arXiv.org/abs/2508.16727
https://doi.org/10.1103/PhysRevD.55.7114
https://doi.org/10.1016/0370-2693(96)00844-1
https://doi.org/10.1103/PhysRevD.56.2982
https://doi.org/10.1103/PhysRevD.56.2982
https://doi.org/10.1016/j.nuclphysb.2010.07.015
https://doi.org/10.1103/PhysRevD.84.034007
https://doi.org/10.1103/PhysRevD.84.034007
https://doi.org/10.1140/epja/i2016-16157-3
https://doi.org/10.1140/epja/i2016-16157-3
https://doi.org/10.1007/JHEP05(2023)150
https://doi.org/10.1103/qct5-y7rp
https://doi.org/10.1103/qct5-y7rp
https://doi.org/10.1007/s00601-014-0894-3
https://doi.org/10.1051/epjconf/201611201012
https://doi.org/10.1051/epjconf/201611201012
https://doi.org/10.1103/PhysRevD.103.114019
https://doi.org/10.1103/PhysRevD.108.036027
https://doi.org/10.1103/PhysRevD.108.036027
https://doi.org/10.1103/PhysRevD.107.096005
https://doi.org/10.1103/lyh6-727b
https://doi.org/10.1103/lyh6-727b
https://doi.org/10.1016/0550-3213(86)90437-2
https://doi.org/10.1016/0550-3213(86)90437-2
https://doi.org/10.1007/BF01573728
https://doi.org/10.1007/BF01573728
https://doi.org/10.1007/BF01550243
https://doi.org/10.1007/BF01550243
https://doi.org/10.1016/0370-2693(87)91254-8
https://doi.org/10.1016/0370-2693(87)91254-8
https://doi.org/10.1103/PhysRevD.39.92
https://doi.org/10.1103/PhysRevD.39.92
https://doi.org/10.1140/epja/i2012-12187-1
https://arXiv.org/abs/1808.00848
https://doi.org/10.1016/j.nuclphysa.2022.122447
https://doi.org/10.1016/j.nuclphysa.2022.122447
https://doi.org/10.1007/s11467-021-1062-0
https://doi.org/10.1007/s11467-021-1062-0
https://doi.org/10.1103/PhysRevD.68.034505
https://doi.org/10.1103/PhysRevD.68.034505
https://doi.org/10.22323/1.042.0158
https://doi.org/10.22323/1.042.0158
https://arXiv.org/abs/0710.1534
https://doi.org/10.1103/PhysRevD.77.094502
https://doi.org/10.1103/PhysRevD.77.094502
https://doi.org/10.1103/PhysRevD.83.114513
https://doi.org/10.1103/PhysRevD.83.114513
https://doi.org/10.1103/PhysRevD.88.014509
https://doi.org/10.1103/PhysRevD.88.014509
https://doi.org/10.22323/1.214.0001
https://arXiv.org/abs/1411.0078
https://doi.org/10.1103/PhysRevD.90.074507
https://doi.org/10.1103/PhysRevD.90.074507
https://doi.org/10.1103/PhysRevD.96.034503
https://doi.org/10.1103/PhysRevD.96.054507
https://doi.org/10.1103/PhysRevD.97.034504
https://doi.org/10.1103/PhysRevD.97.034504
https://doi.org/10.1103/PhysRevD.96.114503
https://doi.org/10.1142/S0217751X1950009X
https://doi.org/10.1142/S0217751X1950009X
https://doi.org/10.1103/PhysRevD.100.014509
https://doi.org/10.1103/PhysRevD.100.014509
https://doi.org/10.1103/PhysRevD.99.014510
https://doi.org/10.1103/PhysRevD.102.019902
https://doi.org/10.1103/PhysRevD.102.019902
https://doi.org/10.1016/j.physletb.2018.12.053
https://doi.org/10.1103/PhysRevD.100.014507
https://doi.org/10.1103/PhysRevD.101.034519
https://doi.org/10.1103/PhysRevD.101.014507
https://doi.org/10.1016/j.ppnp.2021.103908
https://doi.org/10.1016/j.ppnp.2021.103908
https://doi.org/10.1103/PhysRevD.107.054504
https://doi.org/10.1103/PhysRevD.109.014503
https://doi.org/10.1016/0550-3213(96)00217-9
https://doi.org/10.1016/0550-3213(96)00217-9
https://doi.org/10.1103/PhysRevD.54.5705
https://doi.org/10.1103/PhysRevD.54.5705
https://doi.org/10.1103/PhysRevD.66.034506
https://doi.org/10.1103/PhysRevD.66.034506
https://doi.org/10.1103/PhysRevD.86.054505
https://doi.org/10.1103/PhysRevD.86.054505
https://doi.org/10.1103/PhysRevD.110.L051503


[58] A. Francis et al., arXiv:2509.02472.
[59] K.-F. Liu and S.-J. Dong, Phys. Rev. Lett. 72, 1790 (1994).
[60] K.-F. Liu, Phys. Rev. D 62, 074501 (2000).
[61] W. Detmold and C. J. D. Lin, Phys. Rev. D 73, 014501

(2006).
[62] W. Detmold, A. V. Grebe, I. Kanamori, C. J. D. Lin, S.

Mondal, R. J. Perry, and Y. Zhao (HOPE Collaboration),
Phys. Rev. D 105, 034506 (2022).

[63] W. Detmold, A. V. Grebe, I. Kanamori, C. J. D. Lin, R. J.
Perry, and Y. Zhao, arXiv:2509.04799.

[64] A. J. Chambers, R. Horsley, Y. Nakamura, H. Perlt,
P. E. L. Rakow, G. Schierholz, A. Schiller, K. Somfleth,
R. D. Young, and J. M. Zanotti, Phys. Rev. Lett. 118,
242001 (2017).

[65] A. Hannaford-Gunn, K. U. Can, R. Horsley, Y. Nakamura,
H. Perlt, P. E. L. Rakow, H. Stüben, G. Schierholz, R. D.
Young, and J. M. Zanotti (CSSM/QCDSF/UKQCD Col-
laborations), Phys. Rev. D 105, 014502 (2022).

[66] A. Hannaford-Gunn, K. U. Can, J. A. Crawford, R.
Horsley, P. E. L. Rakow, G. Schierholz, H. Stüben, R. D.
Young, and J. M. Zanotti (CSSM/QCDSF/UKQCD Col-
laborations), Phys. Rev. D 110, 014509 (2024).

[67] V. Braun and D. Müller, Eur. Phys. J. C 55, 349 (2008).
[68] Y.-Q. Ma and J.-W. Qiu, Phys. Rev. Lett. 120, 022003

(2018).
[69] G. S. Bali, V. M. Braun, B. Gläßle, M. Göckeler, M.

Gruber, F. Hutzler, P. Korcyl, A. Schäfer, P. Wein, and
J.-H. Zhang, Phys. Rev. D 98, 094507 (2018).

[70] X. Ji, Phys. Rev. Lett. 110, 262002 (2013).
[71] X. Ji, Sci. China Phys. Mech. Astron. 57, 1407 (2014).
[72] X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang, and Y. Zhao, Rev.

Mod. Phys. 93, 035005 (2021).
[73] X. Ji, A. Schäfer, X. Xiong, and J.-H. Zhang, Phys. Rev. D

92, 014039 (2015).
[74] X. Xiong and J.-H. Zhang, Phys. Rev. D 92, 054037

(2015).
[75] Y.-S. Liu, W. Wang, J. Xu, Q.-A. Zhang, J.-H. Zhang, S.

Zhao, and Y. Zhao, Phys. Rev. D 100, 034006 (2019).
[76] J. P. Ma, Z. Y. Pang, and G. P. Zhang, J. High Energy Phys.

08 (2022) 130.
[77] J. P. Ma, Z. Y. Pang, C. P. Zhang, and G. P. Zhang, J. High

Energy Phys. 04 (2023) 001.
[78] F. Yao, Y. Ji, and J.-H. Zhang, J. High Energy Phys. 11

(2023) 021.
[79] J.-W. Chen, H.-W. Lin, and J.-H. Zhang, Nucl. Phys. B952,

114940 (2020).
[80] C. Alexandrou, K. Cichy, M. Constantinou, K.

Hadjiyiannakou, K. Jansen, A. Scapellato, and F.
Steffens, Phys. Rev. Lett. 125, 262001 (2020).

[81] H.-W. Lin, Phys. Rev. Lett. 127, 182001 (2021).
[82] C. Alexandrou, K. Cichy, M. Constantinou, K.

Hadjiyiannakou, K. Jansen, A. Scapellato, and F.
Steffens, Phys. Rev. D 105, 034501 (2022).

[83] S. Bhattacharya, K. Cichy, M. Constantinou, J. Dodson, X.
Gao, A. Metz, S. Mukherjee, A. Scapellato, F. Steffens,
and Y. Zhao, Phys. Rev. D 106, 114512 (2022).

[84] S. Bhattacharya, K. Cichy, M. Constantinou, J. Dodson, A.
Metz, A. Scapellato, and F. Steffens, Phys. Rev. D 108,
054501 (2023).

[85] H.-W. Lin, Phys. Lett. B 846, 138181 (2023).

[86] J. Holligan and H.-W. Lin, Phys. Rev. D 110, 034503
(2024).

[87] S. Bhattacharya, K. Cichy, M. Constantinou, A. Metz, N.
Nurminen, and F. Steffens, Phys. Rev. D 110, 054502
(2024).

[88] H.-T. Ding, X. Gao, S. Mukherjee, P. Petreczky, Q. Shi, S.
Syritsyn, and Y. Zhao, J. High Energy Phys. 02 (2025)
056.

[89] H.-T. Ding, X. Gao, S. Mukherjee, P. Petreczky, Q. Shi,
S. Syritsyn, and Y. Zhao, Proc. Sci. SPIN2023 (2024)
024.

[90] J. Holligan, H.-W. Lin, R. Zhang, and Y. Zhao, J. High
Energy Phys. 07 (2025) 241.

[91] S. Bhattacharya, K. Cichy, M. Constantinou, A. Metz, J.
Miller, P. Petreczky, and F. Steffens, Phys. Rev. D 112,
114504 (2025).

[92] M.-H. Chu, M. Colaço, S. Bhattacharya, K. Cichy, M.
Constantinou, A. Metz, and F. Steffens, Phys. Rev. D 112,
094510 (2025).

[93] A. V. Radyushkin, Phys. Rev. D 96, 034025 (2017).
[94] A. V. Radyushkin, Phys. Rev. D 100, 116011 (2019).
[95] T. Izubuchi, X. Ji, L. Jin, I. W. Stewart, and Y. Zhao, Phys.

Rev. D 98, 056004 (2018).
[96] J. Karpie, K. Orginos, and S. Zafeiropoulos, J. High

Energy Phys. 11 (2018) 178.
[97] B. Joó, J. Karpie, K. Orginos, A. Radyushkin, D. Richards,

and S. Zafeiropoulos, J. High Energy Phys. 12 (2019) 081.
[98] B. Joó, J. Karpie, K. Orginos, A. V. Radyushkin, D. G.

Richards, R. S. Sufian, and S. Zafeiropoulos, Phys. Rev. D
100, 114512 (2019).

[99] C. Shugert, X. Gao, T. Izubichi, L. Jin, C. Kallidonis,
N. Karthik, S. Mukherjee, P. Petreczky, S. Syritsyn, and
Y. Zhao, in Proceeding of the 37th International Sympo-
sium on Lattice Field Theory (2020), arXiv:2001.11650.

[100] B. Joó, J. Karpie, K. Orginos, A. V. Radyushkin, D. G.
Richards, and S. Zafeiropoulos, Phys. Rev. Lett. 125,
232003 (2020).

[101] X. Gao, L. Jin, C. Kallidonis, N. Karthik, S. Mukherjee, P.
Petreczky, C. Shugert, S. Syritsyn, and Y. Zhao, Phys. Rev.
D 102, 094513 (2020).

[102] X. Gao, N. Karthik, S. Mukherjee, P. Petreczky, S.
Syritsyn, and Y. Zhao, Phys. Rev. D 103, 094510
(2021).

[103] X. Gao, K. Lee, S. Mukherjee, C. Shugert, and Y. Zhao,
Phys. Rev. D 103, 094504 (2021).

[104] J. Karpie, K. Orginos, A. Radyushkin, and S.
Zafeiropoulos (HadStruc Collaboration), J. High Energy
Phys. 11 (2021) 024.

[105] C. Egerer et al. (HadStruc Collaboration), Phys. Rev. D
105, 034507 (2022).

[106] X. Gao, A. D. Hanlon, N. Karthik, S. Mukherjee, P.
Petreczky, P. Scior, S. Shi, S. Syritsyn, Y. Zhao, and K.
Zhou, Phys. Rev. D 106, 114510 (2022).

[107] R. G. Edwards et al. (HadStruc Collaboration), J. High
Energy Phys. 03 (2023) 086.

[108] C. Egerer et al. (HadStruc Collaboration), Phys. Rev. D
106, 094511 (2022).

[109] X. Gao, A. D. Hanlon, J. Holligan, N. Karthik, S.
Mukherjee, P. Petreczky, S. Syritsyn, and Y. Zhao, Phys.
Rev. D 107, 074509 (2023).

GAO, MUKHERJEE, SHI, YAO, and ZHAO PHYS. REV. D 113, 014505 (2026)

014505-20

https://arXiv.org/abs/2509.02472
https://doi.org/10.1103/PhysRevLett.72.1790
https://doi.org/10.1103/PhysRevD.62.074501
https://doi.org/10.1103/PhysRevD.73.014501
https://doi.org/10.1103/PhysRevD.73.014501
https://doi.org/10.1103/PhysRevD.105.034506
https://arXiv.org/abs/2509.04799
https://doi.org/10.1103/PhysRevLett.118.242001
https://doi.org/10.1103/PhysRevLett.118.242001
https://doi.org/10.1103/PhysRevD.105.014502
https://doi.org/10.1103/PhysRevD.110.014509
https://doi.org/10.1140/epjc/s10052-008-0608-4
https://doi.org/10.1103/PhysRevLett.120.022003
https://doi.org/10.1103/PhysRevLett.120.022003
https://doi.org/10.1103/PhysRevD.98.094507
https://doi.org/10.1103/PhysRevLett.110.262002
https://doi.org/10.1007/s11433-014-5492-3
https://doi.org/10.1103/RevModPhys.93.035005
https://doi.org/10.1103/RevModPhys.93.035005
https://doi.org/10.1103/PhysRevD.92.014039
https://doi.org/10.1103/PhysRevD.92.014039
https://doi.org/10.1103/PhysRevD.92.054037
https://doi.org/10.1103/PhysRevD.92.054037
https://doi.org/10.1103/PhysRevD.100.034006
https://doi.org/10.1007/JHEP08(2022)130
https://doi.org/10.1007/JHEP08(2022)130
https://doi.org/10.1007/JHEP04(2023)001
https://doi.org/10.1007/JHEP04(2023)001
https://doi.org/10.1007/JHEP11(2023)021
https://doi.org/10.1007/JHEP11(2023)021
https://doi.org/10.1016/j.nuclphysb.2020.114940
https://doi.org/10.1016/j.nuclphysb.2020.114940
https://doi.org/10.1103/PhysRevLett.125.262001
https://doi.org/10.1103/PhysRevLett.127.182001
https://doi.org/10.1103/PhysRevD.105.034501
https://doi.org/10.1103/PhysRevD.106.114512
https://doi.org/10.1103/PhysRevD.108.054501
https://doi.org/10.1103/PhysRevD.108.054501
https://doi.org/10.1016/j.physletb.2023.138181
https://doi.org/10.1103/PhysRevD.110.034503
https://doi.org/10.1103/PhysRevD.110.034503
https://doi.org/10.1103/PhysRevD.110.054502
https://doi.org/10.1103/PhysRevD.110.054502
https://doi.org/10.1007/JHEP02(2025)056
https://doi.org/10.1007/JHEP02(2025)056
https://doi.org/10.22323/1.456.0024
https://doi.org/10.22323/1.456.0024
https://doi.org/10.1007/JHEP07(2025)241
https://doi.org/10.1007/JHEP07(2025)241
https://doi.org/10.1103/tlkb-ykgp
https://doi.org/10.1103/tlkb-ykgp
https://doi.org/10.1103/ts5s-hvb1
https://doi.org/10.1103/ts5s-hvb1
https://doi.org/10.1103/PhysRevD.96.034025
https://doi.org/10.1103/PhysRevD.100.116011
https://doi.org/10.1103/PhysRevD.98.056004
https://doi.org/10.1103/PhysRevD.98.056004
https://doi.org/10.1007/JHEP11(2018)178
https://doi.org/10.1007/JHEP11(2018)178
https://doi.org/10.1007/JHEP12(2019)081
https://doi.org/10.1103/PhysRevD.100.114512
https://doi.org/10.1103/PhysRevD.100.114512
https://arXiv.org/abs/2001.11650
https://doi.org/10.1103/PhysRevLett.125.232003
https://doi.org/10.1103/PhysRevLett.125.232003
https://doi.org/10.1103/PhysRevD.102.094513
https://doi.org/10.1103/PhysRevD.102.094513
https://doi.org/10.1103/PhysRevD.103.094510
https://doi.org/10.1103/PhysRevD.103.094510
https://doi.org/10.1103/PhysRevD.103.094504
https://doi.org/10.1007/JHEP11(2021)024
https://doi.org/10.1007/JHEP11(2021)024
https://doi.org/10.1103/PhysRevD.105.034507
https://doi.org/10.1103/PhysRevD.105.034507
https://doi.org/10.1103/PhysRevD.106.114510
https://doi.org/10.1007/JHEP03(2023)086
https://doi.org/10.1007/JHEP03(2023)086
https://doi.org/10.1103/PhysRevD.106.094511
https://doi.org/10.1103/PhysRevD.106.094511
https://doi.org/10.1103/PhysRevD.107.074509
https://doi.org/10.1103/PhysRevD.107.074509


[110] X. Gao, A. D. Hanlon, S. Mukherjee, P. Petreczky, Q. Shi,
S. Syritsyn, and Y. Zhao, Phys. Rev. D 109, 054506
(2024).

[111] X. Gao, A. D. Hanlon, N. Karthik, S. Mukherjee, P.
Petreczky, P. Scior, S. Syritsyn, and Y. Zhao, Phys. Rev.
D 106, 074505 (2022).

[112] J. Holligan, X. Ji, H.-W. Lin, Y. Su, and R. Zhang, Nucl.
Phys. B993, 116282 (2023).

[113] E. Baker, D. Bollweg, P. Boyle, I. Cloët, X. Gao, S.
Mukherjee, P. Petreczky, R. Zhang, and Y. Zhao, J. High
Energy Phys. 07 (2024) 211.

[114] I. Cloet, X. Gao, S. Mukherjee, S. Syritsyn, N. Karthik, P.
Petreczky, R. Zhang, and Y. Zhao, Phys. Rev. D 110,
114502 (2024).

[115] S. Bhattacharya, K. Cichy, M. Constantinou, X. Gao, A.
Metz, J. Miller, S. Mukherjee, P. Petreczky, F. Steffens, and
Y. Zhao, Phys. Rev. D 108, 014507 (2023).

[116] S. Bhattacharya, K. Cichy, M. Constantinou, X. Gao, A.
Metz, J. Miller, S. Mukherjee, P. Petreczky, F. Steffens, and
Y. Zhao, J. High Energy Phys. 01 (2025) 146.

[117] H. Dutrieux, R. G. Edwards, C. Egerer, J. Karpie, C.
Monahan, K. Orginos, A. Radyushkin, D. Richards, E.
Romero, and S. Zafeiropoulos (HadStruc), J. High Energy
Phys. 08 (2024) 162.

[118] A. V. Efremov and A. V. Radyushkin, Phys. Lett. B 94, 245
(1980).

[119] G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22, 2157
(1980).

[120] S. Bhattacharya et al., Phys. Rev. D 109, 034508
(2024).

[121] J. Schoenleber, R. S. Sufian, T. Izubuchi, and Y.-B. Yang,
Phys. Rev. D 111, 094510 (2025).

[122] Z.-Y. Li, Y.-Q. Ma, and J.-W. Qiu, Phys. Rev. Lett. 126,
072001 (2021).

[123] L.-B. Chen, W. Wang, and R. Zhu, Phys. Rev. Lett. 126,
072002 (2021).

[124] T. Izubuchi, L. Jin, C. Kallidonis, N. Karthik, S.
Mukherjee, P. Petreczky, C. Shugert, and S. Syritsyn,
Phys. Rev. D 100, 034516 (2019).

[125] X. Ji, J.-H. Zhang, and Y. Zhao, Phys. Rev. Lett. 120,
112001 (2018).

[126] T. Ishikawa, Y.-Q. Ma, J.-W. Qiu, and S. Yoshida, Phys.
Rev. D 96, 094019 (2017).

[127] J. Green, K. Jansen, and F. Steffens, Phys. Rev. Lett. 121,
022004 (2018).

[128] A. Radyushkin, Phys. Rev. D 98, 014019 (2018).
[129] Z. Fan, X. Gao, R. Li, H.-W. Lin, N. Karthik, S.

Mukherjee, P. Petreczky, S. Syritsyn, Y.-B. Yang, and
R. Zhang, Phys. Rev. D 102, 074504 (2020).

[130] X.-D. Ji, J. Phys. G 24, 1181 (1998).
[131] V. M. Braun, G. P. Korchemsky, and D. Müller, Prog. Part.

Nucl. Phys. 51, 311 (2003).
[132] Y. Su, J. Holligan, X. Ji, F. Yao, J.-H. Zhang, and R. Zhang,

Nucl. Phys. B991, 116201 (2023).

[133] V. M. Braun and A. N. Manashov, Phys. Lett. B 734, 137
(2014).

[134] V. M. Braun, A. N. Manashov, S. Moch, and M.
Strohmaier, J. High Energy Phys. 03 (2016) 142.

[135] Y. Ji, F. Yao, and J.-H. Zhang, arXiv:2504.09367.
[136] A. Retey and J. A. M. Vermaseren, Nucl. Phys. B604, 281

(2001).
[137] E. Follana, Q. Mason, C. Davies, K. Hornbostel, G. P.

Lepage, J. Shigemitsu, H. Trottier, and K. Wong (HPQCD,
UKQCDCollaborations), Phys. Rev. D 75, 054502
(2007).

[138] A. Bazavov et al., Phys. Rev. D 100, 094510 (2019).
[139] A. Hasenfratz and F. Knechtli, Phys. Rev. D 64, 034504

(2001).
[140] X. Gao, A. D. Hanlon, S. Mukherjee, P. Petreczky, P. Scior,

S. Syritsyn, and Y. Zhao, Phys. Rev. Lett. 128, 142003
(2022).

[141] G. S. Bali, B. Lang, B. U. Musch, and A. Schäfer, Phys.
Rev. D 93, 094515 (2016).

[142] J. Brannick, R. C. Brower, M. A. Clark, J. C. Osborn, and
C. Rebbi, Phys. Rev. Lett. 100, 041601 (2008).

[143] M. A. Clark, R. Babich, K. Barros, R. C. Brower, and C.
Rebbi (QUDA Collaboration), Comput. Phys. Commun.
181, 1517 (2010).

[144] R. Babich, M. A. Clark, B. Joo, G. Shi, R. C. Brower, and
S. Gottlieb (QUDA Collaboration), in Proceedings of the
International Conference for High Performance Comput-
ing, Networking, Storage and Analysis (SC ’16) (2011),
arXiv:1109.2935.

[145] M. A. Clark, B. Joó, A. Strelchenko, M. Cheng, A.
Gambhir, and R. C. Brower (QUDACollaboration), arXiv:
1612.07873.

[146] E. Shintani, R. Arthur, T. Blum, T. Izubuchi, C. Jung, and
C. Lehner, Phys. Rev. D 91, 114511 (2015).

[147] X. Gao, N. Karthik, S. Mukherjee, P. Petreczky, S.
Syritsyn, and Y. Zhao, Phys. Rev. D 104, 114515 (2021).

[148] H.-T. Ding, X. Gao, A. D. Hanlon, S. Mukherjee, P.
Petreczky, Q. Shi, S. Syritsyn, R. Zhang, and Y. Zhao,
Phys. Rev. Lett. 133, 181902 (2024).

[149] C. Michael and A. McKerrell, Phys. Rev. D 51, 3745
(1995).

[150] H. B. O’Connell, B. C. Pearce, A.W. Thomas, and A. G.
Williams, Phys. Lett. B 354, 14 (1995).

[151] G. Lee, J. R. Arrington, and R. J. Hill, Phys. Rev. D 92,
013013 (2015).

[152] G. M. Huber et al. (Jefferson Lab Collaboration), Phys.
Rev. C 78, 045203 (2008).

[153] H. P. Blok et al. (Jefferson Lab Collaboration), Phys. Rev.
C 78, 045202 (2008).

[154] T. Horn et al., Phys. Rev. C 78, 058201 (2008).
[155] T. Horn et al. (Jefferson Lab F(pi)-2 Collaboration), Phys.

Rev. Lett. 97, 192001 (2006).
[156] J. Volmer et al. (Jefferson Lab F(pi) Collaboration), Phys.

Rev. Lett. 86, 1713 (2001).

SKEWNESS-DEPENDENT MOMENTS OF THE PION GPD FROM … PHYS. REV. D 113, 014505 (2026)

014505-21

https://doi.org/10.1103/PhysRevD.109.054506
https://doi.org/10.1103/PhysRevD.109.054506
https://doi.org/10.1103/PhysRevD.106.074505
https://doi.org/10.1103/PhysRevD.106.074505
https://doi.org/10.1016/j.nuclphysb.2023.116282
https://doi.org/10.1016/j.nuclphysb.2023.116282
https://doi.org/10.1007/JHEP07(2024)211
https://doi.org/10.1007/JHEP07(2024)211
https://doi.org/10.1103/PhysRevD.110.114502
https://doi.org/10.1103/PhysRevD.110.114502
https://doi.org/10.1103/PhysRevD.108.014507
https://doi.org/10.1007/JHEP01(2025)146
https://doi.org/10.1007/JHEP08(2024)162
https://doi.org/10.1007/JHEP08(2024)162
https://doi.org/10.1016/0370-2693(80)90869-2
https://doi.org/10.1016/0370-2693(80)90869-2
https://doi.org/10.1103/PhysRevD.22.2157
https://doi.org/10.1103/PhysRevD.22.2157
https://doi.org/10.1103/PhysRevD.109.034508
https://doi.org/10.1103/PhysRevD.109.034508
https://doi.org/10.1103/PhysRevD.111.094510
https://doi.org/10.1103/PhysRevLett.126.072001
https://doi.org/10.1103/PhysRevLett.126.072001
https://doi.org/10.1103/PhysRevLett.126.072002
https://doi.org/10.1103/PhysRevLett.126.072002
https://doi.org/10.1103/PhysRevD.100.034516
https://doi.org/10.1103/PhysRevLett.120.112001
https://doi.org/10.1103/PhysRevLett.120.112001
https://doi.org/10.1103/PhysRevD.96.094019
https://doi.org/10.1103/PhysRevD.96.094019
https://doi.org/10.1103/PhysRevLett.121.022004
https://doi.org/10.1103/PhysRevLett.121.022004
https://doi.org/10.1103/PhysRevD.98.014019
https://doi.org/10.1103/PhysRevD.102.074504
https://doi.org/10.1088/0954-3899/24/7/002
https://doi.org/10.1016/S0146-6410(03)90004-4
https://doi.org/10.1016/S0146-6410(03)90004-4
https://doi.org/10.1016/j.nuclphysb.2023.116201
https://doi.org/10.1016/j.physletb.2014.05.037
https://doi.org/10.1016/j.physletb.2014.05.037
https://doi.org/10.1007/JHEP03(2016)142
https://arXiv.org/abs/2504.09367
https://doi.org/10.1016/S0550-3213(01)00149-3
https://doi.org/10.1016/S0550-3213(01)00149-3
https://doi.org/10.1103/PhysRevD.75.054502
https://doi.org/10.1103/PhysRevD.75.054502
https://doi.org/10.1103/PhysRevD.100.094510
https://doi.org/10.1103/PhysRevD.64.034504
https://doi.org/10.1103/PhysRevD.64.034504
https://doi.org/10.1103/PhysRevLett.128.142003
https://doi.org/10.1103/PhysRevLett.128.142003
https://doi.org/10.1103/PhysRevD.93.094515
https://doi.org/10.1103/PhysRevD.93.094515
https://doi.org/10.1103/PhysRevLett.100.041601
https://doi.org/10.1016/j.cpc.2010.05.002
https://doi.org/10.1016/j.cpc.2010.05.002
https://arXiv.org/abs/1109.2935
https://arXiv.org/abs/1612.07873
https://arXiv.org/abs/1612.07873
https://doi.org/10.1103/PhysRevD.91.114511
https://doi.org/10.1103/PhysRevD.104.114515
https://doi.org/10.1103/PhysRevLett.133.181902
https://doi.org/10.1103/PhysRevD.51.3745
https://doi.org/10.1103/PhysRevD.51.3745
https://doi.org/10.1016/0370-2693(95)00642-X
https://doi.org/10.1103/PhysRevD.92.013013
https://doi.org/10.1103/PhysRevD.92.013013
https://doi.org/10.1103/PhysRevC.78.045203
https://doi.org/10.1103/PhysRevC.78.045203
https://doi.org/10.1103/PhysRevC.78.045202
https://doi.org/10.1103/PhysRevC.78.045202
https://doi.org/10.1103/PhysRevC.78.058201
https://doi.org/10.1103/PhysRevLett.97.192001
https://doi.org/10.1103/PhysRevLett.97.192001
https://doi.org/10.1103/PhysRevLett.86.1713
https://doi.org/10.1103/PhysRevLett.86.1713

	Skewness-dependent moments of the pion GPD from nonlocal quark-bilinear correlators
	I. INTRODUCTION
	II. THEORETICAL FRAMEWORK
	A. Quasi-GPD matrix elements on the lattice
	B. Renormalization and short-distance factorization
	C. Implementation of the RG resummation

	III. LATTICE SIMULATION
	A. Lattice setup
	B. Bare quasi-GPD matrix elements
	C. Renormalized quasi-GPD matrix elements

	IV. SKEWNESS-DEPENDENT MOMENTS OF PION GPD
	A. Fitting strategy
	B. Extraction of moments at zero skewness
	C. Extraction of moments with skewness dependence

	V. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: TWO-LOOP ANOMALOUS DIMENSION AND ANALYTIC EVOLUTION IN THE ZERO-SKEWNESS LIMIT
	APPENDIX B: EXTRACTION OF THE LORENTZ-INVARIANT AMPLITUDES
	APPENDIX C: DETAILS OF THE FITTING PROCEDURE
	APPENDIX D: FIT PARAMETERS an,k,l
	References


