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Skewness-dependent moments of the pion GPD
from nonlocal quark-bilinear correlators
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We present lattice QCD calculations of the odd Mellin moments of pion valence-quark generalized
parton distribution up to fifth order (x*) and for the skewness range [—0.33, 0] using operator product
expansion of bilocal quark-bilinear operators. The calculations are performed on an ensemble with lattice
spacing a = 0.04 fm and valence pion mass 300 MeV, employing boosted pion states with momenta up to
2.428 GeV and momentum transfers reaching 2.748 GeV2. We employ ratio-scheme renormalization and
next-to-leading logarithmic resummed perturbative matching. At zero skewness, our results are consistent
with previous lattice studies. By combining matrix elements at multiple values of skewness and momentum
transfer, skewness-dependent moments are obtained through simultaneous polynomiality-constrained fits.
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I. INTRODUCTION

The pion, the lightest meson and Goldstone boson of
spontaneous chiral symmetry breaking, provides an ideal
testing ground for the nonperturbative dynamics of QCD. A
detailed understanding of its internal structure is thus
essential for a comprehensive description of hadron phys-
ics. Over the past decades, extensive theoretical and
experimental efforts have been devoted to unraveling
how quarks and gluons give rise to the properties of the
pion. Among these properties, generalized parton distribu-
tions (GPDs) [1,2] offer a powerful framework to access the
three-dimensional structure of the hadron. Unlike conven-
tional parton distribution functions (PDFs), which describe
only the longitudinal momentum carried by partons, GPDs
also encode information on their transverse spatial distri-
butions, providing a more complete picture of hadron
structure. Moreover, the Mellin moments of GPDs are
directly related to generalized form factors (GFFs) [2],
which connect to local operator matrix elements such as
those of the energy-momentum tensor, thereby yielding
insights into the distribution of momentum, angular
momentum, and internal forces inside hadrons [2-7].
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Experimentally, GPDs are accessed primarily through
exclusive processes such as deeply virtual Compton scat-
tering (DVCS) [8] and deeply virtual meson production
(DVMP) [9,10]. Over the past two decades, extensive
DVCS and DVMP measurements on the nucleon have
provided valuable constraints on nucleon GPDs [11-15],
although their extraction remains challenging due to con-
volution integrals in the observables [16—19]. Beyond
DVCS/DVMP, phenomenological fits have also used form
factor data to constrain GPD parametrizations for the
nucleon [20] and the pion [21]. In contrast, experimental
information on pion GPDs is still very limited. Current
knowledge is restricted to related quantities such as the pion
electromagnetic form factor [22,23] and PDFs from Drell-
Yan processes [24-27]. Direct constraints on pion GPDs
are absent, but upcoming programs at Jefferson Laboratory
[28], AMBER at CERN [29], the Electron-Ion Collider
[30], and the proposed Electron-Ion Collider in China [31]
are expected to provide valuable information. In this
context, lattice QCD plays a crucial role by supplying
first-principles input on pion GPDs and guiding future
experimental efforts.

Since GPDs are defined through nonlocal light-cone
correlators, they cannot be calculated directly on a
Euclidean lattice. Instead, the operator product expansion
(OPE) relates their Mellin moments to matrix elements of
local twist-two operators, which are directly accessible in
lattice QCD. Early lattice studies based on this approach
made significant progress on the lowest moments [32-52].
However, calculations of higher moments were strongly
limited by the rapid deterioration of signal-to-noise ratios
and power-divergent operator mixing at higher dimensions
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[53-55]. Operator smearing [56] and gradient flow [57,58]
techniques have been investigated as possible means to
alleviate these difficulties. Other methods based on the
OPE of the hadronic tensor [59,60], a heavy-light quark
hadronic amplitude [61-63], the light-quark Compton
amplitude [64—-66], or the current-current correlator
[67—69] can also be used to access higher moments.

With the advent of large-momentum effective theory
(LaMET) [70-72], it has become possible to calculate the x
dependence of parton distributions, including the GPDs
[73-92], from lattice QCD. The central idea is to evaluate
matrix elements of equal-time nonlocal quark-bilinear
operators with external hadrons boosted to large momenta
and relate them to light-cone quantities through large-
momentum expansion and perturbative matching. The
same correlators also provide complementary access to
Mellin moments through the pseudodistribution or short-
distance factorization (SDF) approach [93,94], which
allows for a model-independent determination of moments
through OPE [95]. This strategy has been applied to pion
and proton PDFs [96-110], light-cone distribution ampli-
tudes (DAs) of mesons [111-114], and, more recently,
extended to nucleon and pion GPDs [115-117], where
higher moments can be extracted without the power-
divergent operator mixing that limits the local-operator
approach.

Despite these methodological advances, most lattice
studies of GPDs have so far been limited to the zero-
skewness case, while calculations at nonzero skewness
remain challenging. Introducing the additional parameter &
enlarges the required space of kinematic configurations and
substantially increases the computational cost of simula-
tions. On the theoretical side, the perturbative matching
becomes more involved because different moments mix
under Efremov-Radyushkin-Brodsky-Lepage (ERBL)
scale evolution [118,119]. Moreover, quasi-GPD matrix
elements at finite momentum are frame dependent
[83,91,120,121], and this issue becomes more severe when
£ #0, leading to additional Lorentz structures. So far,
almost all lattice calculations are limited to £ = 0, where
the evolution reduces to the simpler Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi- (DGLAP) type kernels.

In this work, we extract the pion GPD moments at both
zero and nonzero skewness through OPE. Calculations are
carried out with boosted pion states at large momenta,
which help suppress frame-dependent effects and power
corrections. The first few odd Mellin moments are extracted
through simultaneous polynomiality-constrained fits to
lattice data at multiple values of £ and momentum transfer.
Access to nonzero skewness enables us to explore the &
dependence of GPD moments and to examine funda-
mental consistency conditions such as polynomiality
directly in lattice QCD. To improve the theoretical pre-
cision, we employ next-to-next-to-leading logarithmic
(NNLL) resummation in the zero-skewness case, based

on the next-to-next-to-leading order (NNLO) matching
coefficients [122,123], while the nonzero-skewness
analysis remains at next-to-leading logarithmic (NLL)
accuracy, based on the next-to-leading order (NLO) match-
ing coefficients, including the off-diagonal elements
[75,78,94,121]. This refined matching framework reduces
residual scale and truncation uncertainties, allowing for a
more controlled and reliable determination of skewness-
dependent pion GPD moments.

The rest of the paper is organized as follows: In Sec. 11,
we introduce the definition of pion quasi-GPD in Euclidean
space and outline the methodology for extracting the
relevant matrix elements. We also discuss the renormaliza-
tion, perturbative matching, and combined fits, as well as
logarithmic renormalization-group resummation (RGR).
Section III presents our lattice setup and describes the
extraction of ground-state matrix elements from two- and
three-point correlation functions. In Sec. IV, we present our
simulation results, including the pion GPD moments and
the final combined-fit results across different momentum
transfers and skewness values. We compare analyses at
fixed order with those including RGR at NLL accuracy.
Finally, Sec. V summarizes our findings.

II. THEORETICAL FRAMEWORK

A. Quasi-GPD matrix elements on the lattice

The unpolarized pion GPD at leading twist is described
by a single function, denoted by H”(x, &, 1). At the operator
level, the quark GPD is defined through light-cone matrix
elements,

dz= . .- -
H(x,&,1) = /%ezxp z <7I(Pf)|l/7<—%>}’+

e &3 L

where £(—%,%) denotes the Wilson line along the light-
cone direction ensuring gauge invariance. The states P; and
P are the initial and final pion momenta, and y denotes the
quark (fermion) field operator. P* = (P} + P/;)/2 denotes
the average hadron momentum, and A* = (P;— P;)*
1s the momentum transfer, with the invariant variable
given by —t = A’ The light-cone skewness parameter
is & = (P = P})/(P{ + P}), characterizing the longi-
tudinal momentum asymmetry between the initial and final
hadron states.

Within the LaMET and SDF frameworks, we can extract
the pion GPD from the following quasi-GPD matrix
element on the lattice:

M¥(z, P, A) = (z(Py)|O"|z(Py)), (2)

with
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where z is the component of z# = (0, 0,0, z) in the spacial
direction. The isovector construction eliminates all quark-
disconnected contributions by treating the u and d quarks
as degenerate under isospin symmetry. In this limit, the
isovector pion GPD coincides with the valence-quark
GPD [101]. Furthermore, G parity dictates that the
u- and d-quark bilinears in Eq. (3) differ only by the sign
of their real part while sharing the same imaginary part, so
their difference yields a purely real contribution [124]. In
practical lattice calculations, this means that one needs only
to evaluate the u-quark operator and take its real part.

The commonly used quasi-GPD with the y° projection is
defined as

H(z, P, E 1) = ; M°(z, P, A), (4)

where the skewness parameter ¢ in the quasi-GPD frame-
work is given by [75]

z-A Pf—ij

52_2Z-P:P§+P§‘ )

While light-cone GPDs are Lorentz invariant, quasi-
GPD matrix elements at finite hadron momentum are
frame dependent, which introduces additional Lorentz
structures. To clarify these effects, it is useful to perform
a Lorentz-covariant decomposition of the matrix elements
[83,91,120],

M*(z,P,A) = P A, + 2m* A, + A* A, (6)
where the amplitudes A;(z - P,z - A, A%, z?) are Lorentz-
invariant (LI) functions of the corresponding scalar vari-
ables. The quasi-GPD with the y° projection can then be
expressed as

H(z, P, & 1) = A(z- P,z A, A%, 22)
0
+E.A3(Z'P,Z'A,A2,Z2). (7)

To reduce frame-dependent power corrections, it has
been proposed to construct a LI quasi-GPD by solving
for the amplitudes A; and A3 from both M°(z, P, A) and
M*(z, P, A) [83], leading to

Hu(z-Poz-A A 22) = Ay(z-Poz- A, A% 22)
z-A
+=—As(z- P,z- A, A%, 2%,
z-P

(8)

which takes the same form as the light-cone GPD matrix
element M*(z, P, A).

In this work, the use of large-momentum pion states
suppresses both intrinsic and frame-dependent power
corrections. Consequently, we find that the matrix elements
obtained from the y° projection and from the LI construc-
tion agree within statistical uncertainties; see Sec. III for
details. This demonstrates that, for our kinematic setup, the
simpler y projection is numerically consistent with the LI
construction.

B. Renormalization and short-distance factorization

These bare matrix elements derived from the Euclidean
correlation on the lattice contain both linear and logarith-
mic ultraviolet (UV) divergences [125-127], which are
multiplicative in the coordinate space and must be removed
by a proper nonperturbative renormalization. In this work,
focusing on the short-distance behavior, we implement
renormalization using the ratio scheme [128] by dividing
by the rest-frame matrix element

H(z.P,.E.1)

HR(z,P., &, 1) = —= )
(2. P28 1) (2,0,0,0)

©)

where the denominator is the zero-momentum, zero-
momentum-transfer matrix element. A nonzero-momentum
matrix element could also be utilized for the ratio-scheme
renormalization [129], but we do not consider it in
this work.

In the short-distance limit (z2 — 0), the renormalized
quasi-GPD matrix element can be matched to light-cone
GPD moments through OPE, which was first derived in
terms of the conformal moments in the MS scheme [75].
The conformal moments are linear combinations of the
Mellin moments, so the OPE can also be expressed in the
form [78,94,117]

00 lZP n—1
H (z, P, & 1) = Z 1
n= n_

n

XY Hi(Et,p)é" e, o (2Pu?),  (10)
k=1

where the kth Mellin moments of the pion GPD are
defined as

1
H@mMEMﬂELMWWW@m<m

The coefficients ¢, ,_i(z*u?) are perturbatively calculable
and induce a triangular mixing structure: for a given n, the
quasi-GPD expansion at nonzero skewness & receives
contributions not only from H, but also from all lower
moments H, with k < n, multiplied by powers of &,
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TABLE 1. Coefficient contributions ¢; ; at NLO are listed. Here, a, = a,/(4x) and L = In (¢*#z*4*/4). The
Jj = 0 terms correspond to diagonal elements of the matching matrix, while j =2 and j = 4 represent the off-

diagonal mixing between different Mellin moments.

i Skewness-independent c; Quadratic skewness ¢; , Quartic skewness ¢; 4
1 1
2 87 20
1 + aSCF 3 L 3
3 1 +a;CF(%L—%3) —ayCF(%L_%>
4 1+ a,Cr(§7L -5 ~a,Cr (15 -3)
5 l—i—asCF(?—‘L —lgﬂ) —ZaSCF(%L —'5—6) —ZaSCF(%L —%)

This mixing reflects the more intricate ERBL evolution at
& # 0, while at £ = 0 the expansion simplifies to a diagonal
form consistent with DGLAP evolution. At leading order in
ay, the kernel reduces to a ¢ function, so the mixing terms
vanish.

For the operator considered in this work, the Wilson
coefficients ¢, ,_x(z>4*) have been calculated up to NLO
[78,94,117]. In Table I, we present the expressions for the
NLO matching coefficients ¢, ,_; in the ratio scheme,
relevant to the first five Mellin moments [117]. More
details can be found in Appendix A. In our analysis, we
restrict to the real part of X, which isolates the odd
Mellin moments.

The Mellin moments themselves can be further
expressed in terms of GFFs. Lorentz covariance (together
with time reversal and hermiticity) enforces the polyno-
miality property, i.e., each moment is a polynomial in & of
bounded degree [130],

n—1

Hy(&1) =Y Aul(0)(29)F £ mod (n - 1,2)(28)"C, (1),

k=0
even

(12)

Here A, () and C,(r) denote the tower of GFFs.
Equation (12) makes polynomiality explicit; it provides a
fundamental constraint on the behavior of GPDs, informs
consistent parametrizations in global analyses, and offers a
stringent internal consistency check for lattice determina-
tions of Mellin moments.

C. Implementation of the RG resummation

Perturbative matching in the SDF framework inevitably
contains logarithmic terms of the form In(z?4?). When the
hard scale u is not chosen close to 1/|z|, higher powers
ay L™ (with m < n+ 1) can become numerically signifi-
cant and degrade perturbative stability. To restore conver-
gence, these logarithms must be resummed using the
renormalization-group (RG) evolution of the matching
coefficients, as was first pointed out in Ref. [103].

The matching coefficients in the MS scheme form a

matrix in Mellin-moment space, C'Ms(zz,uz),l reflecting the
mixing among moments H at nonzero skewness. It is well
known that the anomalous dimension matrix in the RG
equation of H;’s is triangular [131]. Since the u depend-
ence of the moments must be canceled by the Wilson
coefficients to give the single-valued anomalous dimension

of the nonlocal quark-bilinear operator, C™S(z242) must
also satisfy a similar RG equation with a triangular
anomalous dimension matrix,

d e . —
12— CMS (224%) = 7(a () CMS (2242).

" (13)

The resummation is achieved by solving the above
equations, which involves the running of @,. The accuracy
of resummation is determined by the power counting o, <
1 and a,L ~ 1. Table II summarizes the correspondence
between the resummation order and the logarithmic count-
ing, and the loop orders of the anomalous dimension, the
QCD / function entering the evolution, and the Wilson
coefficient. In the literature, Refs. [103,117] combined
leading logarithmic (LL) resummation with NLO match-
ing,” which does not follow Table II but was sometimes
used in applications due to limited higher-order inputs. The
first OPE analysis of the pion valence PDF moments at the
NNLL accuracy in Table II was performed in Ref. [132].

To achieve NNLL accuracy, the anomalous dimension
and the QCD p function are required to be known through
three loops:

7lay) = foas + 7105 + 7ra3, (14)

dag Po ) b 3 P> 3
_ __Pop_ _ . (s
Plas) =K du 27 2(27)? % 8(2n)? % (13)

1Throughout this work, we use a capital letter C for coef-
ficients in the MS scheme, whereas the small ¢ denotes the
corresponding kernels in the ratio scheme.

*In Ref. [117], there appears to be a In(1) term missing in the
NLO Wilson coefficient of the LL resummation formula in
Eq. (6.5), as 1/z? is the initial scale.
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TABLE II. Summary of the logarithmic accuracies used in the RG-improved c,, ,_;. The corresponding loop
orders of the anomalous dimension, f function, and the matching coefficients are listed for each level.
Resummation order a"L* log resummed Anomalous dimension p function Cron—k
LL n==k One loop One loop Tree level
NLL n—1<k<n Two loop Two loop One loop
NNLL n—2<k<n Three loop Three loop Two loop

425n2.

with ﬁo =11 —*nf, ﬂ] =102 - i’lf, and ﬂz -

5033nf
9

matrix 7, in the MS scheme, fixed by the coefficient of
logarithm in the NLO matching (Table I), is given for the
first five moments as

ny + 2857 for ny =3 active flavors. The one—loop

0.318 0 0 0 0
0 0.601 0 0 0
70 = | —0.088 0 0.760 0 0
0 -0.117 0 0.874 0
—-0.028 0 -0.134 0 0.962

(16)

The two-loop matrix 7, is obtained by matching Eq. (13)
order by order at O(a?) using a recursive construction;
the required perturbative inputs are extracted from
Refs. [133-135]. In the MS scheme, we obtain

0.266 0 0 0 0
0 0.512 0 0 0
71 = | —0.064 0 0.618 0 0 ,
0 —0.061 0 0.688 0
-0.023 0 —0.066 0 0.742

(17)

with further details given in Appendix A. At higher orders,
only the diagonal elements of the three-loop anomalous
dimension 7, are currently available [136]. For complete-
ness, we include its diagonal part in the analysis,

0259 0 0 0 0
0 0485 0 0 0
=1 0 0 0578 0 o [. (s
0 0 0 0643 0
0 0 0 0  0.694

which contributes only through the diagonal evolution at
NNLL accuracy and therefore enters only the zero-skew-
ness (£ = 0) analysis in this work.

For the zero-skewness case, the matching-coefficient
matrix ¢ is diagonal in Mellin-moment space, so the RG
evolution can be carried out analytically. In this case, we
obtain closed-form solutions at LI, NLL, and NNLL
accuracies, shown in Appendix A. For nonzero skewness,
¢ becomes a nontrivial matrix reflecting moment mixing.
Formally, the solution of Eq. (13) can be written as a path-
ordered exponential,

a(u) da

CMSRG(72,2) — Pexp[ 15040) ﬂ(a)}?(a)} VS (243),

(19)

where P denotes ordering with respect to a, and the
running coupling is evolved from the initial scale uy =
(2xe™r)/|z| with k ~ 1 being a free parameter that can
vary. In practice, for the nonzero-skewness case we solve
Eq. (13) numerically rather than expanding Eq. (19); this
preserves the noncommutativity of 7,, and resums the
leading and next-to-leading logarithmic towers to NLL
accuracy. Since this work is carried out in the ratio scheme,
the resummed evolution kernel is expressed in the corre-
sponding ratio form, defined as

Ci\’/ISRG(Z )

RG 7CM+SIROG(Z ) k=0,

n+1k(z H ) s (20)
CUSRO(242) k> 1,

which is employed for all RGR procedures in this work.

III. LATTICE SIMULATION
A. Lattice setup

We employ the same lattice setup as in our previous work
[88], utilizing 2+ 1 flavor highly improved staggered
quark [137] gauge ensembles generated by the HotQCD
Collaboration [138] with a lattice spacing of a = 0.04 fm
on a 643 x 64 grid. The sea quark masses correspond to a
pion mass of 160 MeV. In the valence sector, we use the
Wilson-Clover action with one level of hypercubic smear-
ing [139], and the clover coefficient is set to the tree-level
tadpole-improved value, 1.02868 [101]. The valence-quark
mass is tuned to am, = —0.033, yielding a pion mass of
300 MeV. The valence pion mass is set to 300 MeV to
maintain a manageable signal-to-noise ratio for boosted
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FIG. 1. The kinematic coverage presented in this study includes

multiple combinations of the momentum transfer —¢, the skew-
ness &, and the final-state momentum in the z direction Pf.

correlators, consistent with observations in our previous
work [101,140]; approaching the 160 MeV sea mass leads
to prohibitively noisy matrix elements. Calculations at
lighter valence masses will be pursued in future work.

To improve overlap with the ground state, especially at
high momentum, we adopt boost-smeared sources [141]
constructed in the Coulomb gauge [101,124]. The Wilson-
Dirac operator is inverted using the multigrid algorithm [142]
implemented in the QUDA library [143—145]. Correlation
functions are computed using a combination of high- and
low-precision propagators, and statistical precision is
enhanced with the all-mode averaging method [146]. We
perform the lattice GPD calculations in non-Breit frames
[83,88], including both zero- and nonzero-skewness kin-
ematics. The computations cover a range of momenta and
momentum transfers, as illustrated in Fig. 1. For £ = 0, we
employ three boosted pion momenta, Pf = {0.967, 1.453,
1.937} GeV; for £ # 0 we use larger boosts, P’; ={1.937,
2.421} GeV. On this lattice, the spatial momenta are quan-
tized in units of 27/ (aN) ~ 0.484 GeV, and the momen-
tum transfer is restricted to 0-2 units. These discrete
momenta bound the attainable skewness & = —A_/(2P,),
yielding the range &€ [—0.33,0]. Therefore, our analysis
concentrates on this interval, where the available boosts keep
power corrections under better control.

B. Bare quasi-GPD matrix elements

We adopt the same methodology as in our previous studies
[88,101,106,147,148] to extract the bare matrix elements. In
particular, we begin by constructing the following two- and
three-point correlation functions on the lattice:

Cop(Po1) = Y e (m(x.1,)71(0,0)),  (21)

X

Cap(P.q: 14, 7:2)

_ E e—szx zqy

(x,t,)O¥(y, 1; Z)ﬂ's (0,0)), (22)

where P = 2zn/(aN,) denotes the spatial momentum, with
n being the dimensionless lattice unit. Here, q = P/ — P is
the spatial momentum difference between the final and initial
states. The variables 7, represent the temporal separations
between the final and initial states, respectively. Additionally,
the operators JT}L, ng, and O! stand for the pion creation,
annihilation operators, and the insertion operator with com-
ponent y#, respectively. The subscript “s” indicates “smeared”
fields. The current operator O¥, defined in Eq. (3), is inserted
at spacetime position (y, 7) and contains a straight Wilson line
of length z.

According to the spectral decomposition of the correla-
tion functions [101,106,147,148], the bare matrix elements
can be extracted by constructing an appropriate ratio
between the two types of correlators as follows:

_ 2\ ERE) Cop (P Pt 712)

CEL+E) Cp(Pry)
C, (Pt C,. (P, P/, t)]1/2
% |: ZPt( ; N T) 2pt( ) ( . S>:| , (23)
C2pt(P s — )CZpt(P ’ T)C pt(P s ts)

where the overall factor 21/ E} Ei) / (E} + E}) is included to

normalize the bare matrix element, with E}, and Eg being
the ground-state energies of the initial and final states,
respectively.

In Fig. 2, we present the ratio R/’ for two representative
nonzero skewness values. The upper panel shows the case of
&= —0.14 with —t = 0.597 GeV?, while the lower panel
corresponds to a larger momentum transfer of —r =
2.748 GeV? at £ = —0.33. In each panel, the data points
correspond to the lattice results for three source-sink time
separations, #,/a € {9, 12, 15}. The visible curvature in the
lattice results indicates the presence of excited-state con-
tamination. To control these effects, we employed a two-state
fit analysis utilizing multiple time separations to isolate the
ground-state matrix elements (see Ref. [148] for methodo-
logical details). The colored bands represent the resulting fit
curves, which show good agreement with the lattice results.
Finally, by extrapolating these fit results to the infinite time
separation as f;, — oo and 7 — oo, one can extract the bare
matrix elements for the ground state, namely,

lim R/ =

1{>T—>00

M*(z, P, A), (24)

which are shown as gray bands in the figure.
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FIG. 2. Demonstration of fitting the ratio R/1(P/,Pi;z,1,) to
obtain the bare ground-state matrix element. (a) & = —0.14,
—1=0.597 GeV2. (b) £ = —0.33, —t = 2.748 GeV2.

As discussed in Sec. I A, quasi-GPD matrix elements
are frame dependent at finite momentum. A natural way to
mitigate such frame dependence is to construct a LI quasi-
GPD from the invariant amplitudes Ai(z -P,z- A, A2, ZZ)
[83]. According to Eq. (6), the relevant amplitudes .4, and
Aj can be reconstructed from M°(z, P, A) and M*(z, P, A),
with results presented in Appendix B. In our setup, the use
of large pion momenta strongly suppresses the difference
between the y° projection and the LI definition, which
formally appears as A°/P° versus A?/P%. As shown in
Fig. 3, the numerical results of quasi-GPD matrix elements
extracted with the y° operator (H) are consistent within
uncertainties with the LI construction (7{;;). This demon-
strates that, in our kinematic regime, both definitions yield
consistent results. We therefore adopt the y° projection for
the remainder of this work without loss of generality.

0.5¢ o #H
D Hu
0.4r 1
—t = 0.864 GeV?
0.3
0.2r
0.1
0.0f
0
0.20f o #H
§ ﬁLI
0.15} ]
—t = 2.748 GeV?
0.10p
0.05¢
0.00f TR0
0 5 10 15 20 2 30
z/a
FIG. 3. Comparison of the quasi-GPDs in coordinate space

defined via the LI construction (7;;) and the y, operator
(’F[). Upper: P, = 1937 GeV, —t = 0.864 GeVZ; lower: P, =
1.937 GeV, —t = 2.748 GeV?.

C. Renormalized quasi-GPD matrix elements

To obtain physically meaningful results from lattice
QCD calculations, the bare matrix elements extracted from
correlation functions must be properly renormalized. In this
work, we adopt the ratio scheme for renormalization as
shown in Eq. (9). Figure 4 shows the renormalized matrix
elements 7 as a function of the dimensionless variable
A = zP, for four representative nonzero values of &. In each
panel at fixed &, the magnitude of the matrix element
decreases monotonically with increasing || for all momen-
tum transfers, as expected from the suppression of long-
distance contributions in the coordinate-space correlator.
Additionally, at fixed 4 within each panel, we observe a
systematic falloff in the matrix element magnitude as the
momentum transfer —¢ increases, consistent with the
generic ¢ slope seen in hadronic form factors. These trends
are consistent with short-distance dominance at small z?
and provide stable inputs for the polynomiality-constrained
fits employed in our moment extraction.
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FIG. 4. Renormalized matrix elements 7{* as functions of A at four nonzero skewness values. In each panel, data points are
distinguished by color, representing results at different momentum transfers —z.

IV. SKEWNESS-DEPENDENT MOMENTS
OF PION GPD

The extraction of pion GPD moments is performed
through combined fits to the renormalized quasi-GPD
matrix elements H” across different z,P,, ¢ and t. We
begin with the zero-skewness case (¢ =0), where the
formalism simplifies and the extracted moments reduce to
GFFs, allowing direct comparison with previous lattice
studies. This setup provides an important validation of
our methodology and enables us to assess the impact of
RGR (LL, NLL, and NNLL) relative to fixed-order
matching. Building on this foundation, we extend the
analysis to nonzero skewness (¢ # 0), where the inclusion
of the additional kinematic variable ¢ significantly
increases the complexity of the extraction. In this regime,
a straightforward separation of the £ and ¢ dependence of
the moments is unstable due to limited and correlated
kinematics. To address these challenges, we perform
polynomiality-constrained combined fits across multiple
values of £ and ¢, ensuring that the extracted moments are
both consistent with QCD symmetry requirements and
statistically stable.

A. Fitting strategy

At £ =0, the Mellin moments reduce directly to the
GFFs A, o(t). The lowest moment A;  corresponds to the
electromagnetic form factor, providing a natural bench-
mark. This case is also technically simpler: the perturbative
expansion is diagonal in moment space (DGLAP limit),
and analytic expressions for fixed-order matching kernels
are known up to NNLO accuracy [122,123]. Moreover,
RGR can be implemented systematically, allowing us to
compare fixed-order, LL, NLL, and NNLL treatments in a
controlled setup.

We perform a correlated fit of ¥ by minimizing a y?
function that incorporates the covariance matrix across
different z values, while neglecting correlations in ¢. In
lattice QCD correlated fits, covariance matrices are often ill
conditioned due to strong correlations and limited statistics.
To stabilize the inversion, we employ a regularized covari-
ance matrix [149]: Cov,, = Cov + €4y - 1, where Cov is
the covariance matrix, € is a small tunable parameter, A,
denotes the largest eigenvalue of the original covariance
matrix, and / is the identity matrix. For all the final results
shown in the main body of the paper, we use € = 1074,
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GFFs A, gand Asgaté = 0, P, = 1.937 GeV, and —t = 0.446 GeV?, with different x values. Marker styles distinguish fixed-

order perturbative matching (up to NNLO), LL resummation, and NLL resummation. Data at the same z,,,, value are shifted by
40.005 fm for clarity. The shaded band highlights the plateau region where the fixed-order and NLL- and NNLL-resummed results
agree and remain stable, indicating that z,,,, = 0.24 fm can be taken as a representative choice.

As shown in Appendix C, we have checked that the choice
of a smaller value, down to € = 0, as well as uncorrelated
fits, gives consistent results within uncertainties. Thus, our
fits capture the essential z correlations while avoiding
potential numerical instabilities.

For the fitting range, we fix the lower bound at z,;, =
0.08 fm and vary the upper bound z,,,, to determine an
optimal interval. Since the short-distance factorization is
applicable only at short distances, we restrict z,,,, to the
range 0.20-0.44 fm and compare results obtained with LL,
NLL, and NNLL resummation. Figure 5 illustrates an
example of the extracted moments at momentum P, =
1.453 GeV and momentum transfer —¢ = 0.446 GeV?,
with the renormalization scale fixed at uy =2 GeV. We
vary k among 1, V2, and 2, which are still close to 1, to
estimate the associated uncertainty. This range was also
chosen after a study of the short-distance behavior of the

same zero-momentum matrix elements in Ref. [88]. For the
lowest moment A, (, RGR effects are negligible because it
is associated with the conserved vector current, whose
anomalous dimension vanishes. This behavior is indeed
observed in the first panel, where the fixed-order and
resummed results are essentially indistinguishable. In
contrast, A;, has a nonzero anomalous dimension, so
logarithmic In(z%4?) terms appear in the matching, leading
to visible sensitivity to the resummation as the fit range
Zmax 18 varied. At larger z,.. the physical scale py =
(2ke™7E) /|z| decreases, driving the running coupling e (uo)
into the nonperturbative regime and thereby spoiling the
reliability of perturbation theory. From the A; |, panels, we
observe that the LL-resummed result (matching coefficients
at tree level) lies systematically below the NLL- and
NNLL-resummed ones, illustrating the impact of perturba-

tive matching. Moreover, varying x = {1, V2, 2} shows that
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the plateau region becomes progressively broader as k
increases. This is mainly because a larger x allows for a
wider range of z to be included in the fit, while the weight is
mainly carried by the short-z matrix elements. To ensure
stability and control systematic uncertainties, we therefore
restrict the analysis to a short-distance region where fixed-
order (up to NNLO) and NLL- and NNLL-resummed results
agree within the statistical uncertainties. Therefore, this is a
definitive choice based on the criteria given, so it is not
conservative; we adopt zp,, = 0.24 fm in the following
analysis. We further remark that when x ~ 1 the nonpertur-
bative effects are still sizable and do not provide meaningful
constraints on As (. In particular, no clear plateau is observed
at k = 1, while the NNLL results show visibly better
convergence than NLL. Accordingly, our choice of z,,,, is
primarily informed by the plateau behavior observed in A5 ).

Beyond the forward limit (£ = 0), the Mellin moments
acquire a simultaneous dependence on both ¢ and £. On the
lattice, however, P, £, and ¢ are dependent on each other
through the discrete momentum setup, which makes it
numerically impossible to disentangle their individual con-
tributions in a model-independent way. To address this
challenge, we parametrize the ¢ dependence of the GFFs
A, (1) using functional forms that respect analyticity and
ensure controlled convergence. Two parametrizations are
employed.

The first is a monopolelike form, motivated by the vector
meson dominance (VMD) model [150], which has long
been used in the analysis of hadronic form factors. Taking
the A, ;(¢) case as an example, we use

An,k (t) = An.k (O)

=t (25)
1 - t/Mﬁ’k

where M, ; is an effective monopole mass governing the
falloff with 7. The second is the more flexible z expansion
[151],

2
An.k(t) = Zan,k,lzlv (26)
=0

with fit coefficients a,, ; ; and conformal variable z defined as

_ \/tcut_t_\/tcut_to‘ (27)
\/tcut_t+\/tcut_t0

Z(t’ Leuts tO)

Here t,,, = 4m2 denotes the two-pion threshold, while 7, =

tea(1 = /14 Q2. /tew) is chosen to minimize the maxi-

mum |z| within the fit range. We set 0%, = 2.748 GeV?,
corresponding to the largest momentum transfer accessible in
this study.

The monopolelike form provides a simple, physically
motivated description, while the z expansion allows greater
flexibility and yields more conservative uncertainty esti-
mates. Together, they offer complementary strategies to

model the ¢ dependence of A, ;(f) and to stabilize the
extraction of skewness-dependent Mellin moments from
the lattice data.

B. Extraction of moments at zero skewness

With the fit range and ¢ dependence parametrizations
established above, we begin with the zero-skewness case,
which serves as the cleanest benchmark for our analysis.
Combined fits to the renormalized matrix elements 7X are
performed using data from three boosted momenta, each
covering six values of the momentum transfer —z. The
GFFs are parametrized using both the monopole form of
Eq. (25) and the z expansion of Eq. (26). Both para-
metrizations provide good descriptions of the lattice data,
yielding y?/d.o.f. = 1.17 (degrees of freedom) (monopole)
and 0.91 (z expansion). A detailed comparison of the two
approaches is given in Appendix C. Unlike the VMD-
inspired monopole form, the z expansion is more flexible.
In particular, it produces more conservative uncertainty

1.00 -
0.95 -
=
M 0.90 -
=
i
= 0.85
® P,=0.968 GeV,—t=0 GeV?
0.804 MM P,=1.453 GeV,—t=0 GeV?
¥ P,=1.937 GeV,—t=0 GeV?
0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25
A
0.75
—~ 0.70 -
-~
'V
=
« 0.65
=
0.601 @ P,=0.968 GeV,—t=0.222 GeV?
M P,=1.453 GeV,—t=0.229 GeV?
¥ P,=1.937 GeV,—t=0.231 GeV?
0.55

0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25
A

FIG. 6. Demonstration of the combined fit to the original lattice
data at £ = 0. The upper and lower panels display the results with
—t =0 and —t ~ 0.2 GeV?, respectively, each including results
for three different momenta.
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Unpolarized pion GFFs A, (n = 1, 3, 5) as functions of —¢, obtained from combined fits at multiple boosted momenta and

momentum transfers. Left: results for A , including comparisons with lattice results at the same pion mass as in this work [147] and
with experimental measurements [22,152-156]. Right: A5 and As . The solid-filled bands and the hatched bands correspond to the

fixed-order and NNLL-resummed results, respectively.

estimates, as reflected in its broader error bands. For these
reasons, we adopt the z expansion in the subsequent analysis.

In Fig. 6, we compare the fit results with the lattice data
at £ = 0 for two representative values of —z. Each panel
shows results for three different boost momenta. The
shaded bands represent the fit results, while the lattice
data are shown as points with error bars. The fits reproduce
the lattice data across all kinematics, demonstrating the
reliability of the fitting strategy.

Our results for the lowest three odd moments are shown
in Fig. 7, which compares the fixed-order (NNLO) deter-
minations with the NNLL-resummed analyses. The fixed-
order results are shown as solid-filled bands. For the
NNLL-resummed results, the hatched bands contain both
the statistical and systematic uncertainties from varying k
between 1 and 2. Specifically, we use bootstrap resamp-
ling to construct confidence intervals and quantify the
uncertainty. For each of the three scale parameters
k={l, V2, 2}, we generate 200 bootstrap samples to
estimate the statistical uncertainties, which is sufficient
to yield stable error estimates for our dataset. The final
uncertainty bands are then defined by the envelope of the
upper and lower bounds derived from all three x values,
thus combining the statistical uncertainty with the system-
atic uncertainty arising from « variation. In particular, A;
(left panel) corresponds to the pion electromagnetic form
factor. Previous lattice studies [147] have demonstrated that
both the pion charge radius and form factor are sensitive to
the pion mass used in lattice simulations. To ensure a
meaningful comparison, we therefore restrict our A,
results to those of Ref. [147] at m, = 300 MeV, obtaining
reasonable agreement. The remaining discrepancies with
experimental determinations [22,152—-156] are attributable

to the relatively heavy pion mass used in our lattice
calculations.

Beyond the form factor A; 5, we also present results for
the higher-order GFFs Aj and As in the right panels of
Fig. 7. They have been far less explored in previous studies.
Our results exhibit the expected monotonic decrease with
increasing —¢ and with higher moment order n. While direct
comparison with existing lattice results of Aj, at physical
pion mass [85] is not feasible due to the different pion mass
used here, our findings provide complementary information
and confirm theoretically anticipated suppression of higher
moments.

C. Extraction of moments with skewness dependence

We extend the analysis to £ # 0 using four skewness
settings, £ = {-0.11,-0.14, —-0.25, —-0.33}, with momen-
tum transfers up to 2.748 GeV?. The simultaneous fit
applies Eq. (10) to the combined & = 0 and & # O datasets
over the same short-distance window z € [0.08, 0.24] fm.
Polynomiality is enforced through Eq. (12), and the ¢
dependence of the GFFs A, ,(t) is parametrized by the z
expansion of Eq. (26). The resulting matching coefficients,
implemented consistently up to NLO accuracy, are sum-
marized in Table I. In this construction, the leading
coefficients A, o(¢) are & independent and tightly con-
strained by the £ = 0 data, while the higher coefficients
A, 1>0(1) control the skewness dependence. For complete-
ness, we note again that the C,(¢) form factors appear at
order (2&)" for even n, but vanish for the odd moments
considered here. As discussed in Sec. IVA, we choose a fit
region in which the fixed-order and NLL-resummed
analyses exhibit mutually consistent plateau behavior.
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Therefore, in what follows, we only present the NLL-
resummed combined-fit results. For k = \/Z the combined
fit yields y?/d.o.f. =1.7. The fitted parameters a,
obtained from our analysis enter Eq. (26) and are listed
in Appendix D.

To validate that the skewness-dependent contribution is
correctly captured, we perform a subtraction test in which
all terms proportional to A, are removed from Eq. (10).
The resulting reduced expression isolates the purely
£-dependent piece and takes the form

- 2
AH(A,E. 1) = E | =22A3,(t)c30 + I3 (As(t)esp
+ E2 (A5 5 (t)csp 4+ 4As4(1)csy)) |- (28)

For the nonzero-skewness data, we apply the same sub-
traction, removing the A, ; contributions using their NLL-
resummed determination at £ = 0. Figure 8 compares this
subtracted lattice data with Aﬂ, where the higher-order
GFFs A, ;~o(t) are taken from the combined £ = 0 and
£ # 0 fit. The observed agreement demonstrates that the
polynomiality-constrained fit consistently reproduces the
additional £ dependence encoded in the lattice data.
While the subtraction test in Eq. (28) serves only as an
intermediate diagnostic, the central physical information
is provided by the fitted GFFs and reconstructed Mellin
moments, which are presented in Figs. 9-12. As for NLL
resummation, the coupled evolution equations for the
matching coefficients, Eq. (13), are solved numerically
using a Runge-Kutta algorithm, with the two-loop anoma-
lous-dimension matrix and two-loop f function included.
The fitted results are shown in Fig. 7, where the bands
include the statistical uncertainty and the scale-variation
uncertainty estimated by varying x between 1 and 2.
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—-0.101
—0.15 A
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0.0 0.5 1.0 1.5 2.0 2.5
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FIG. 9. Results for A5 (left) and As, (right), obtained from the combined fits to the zero- and nonzero-skewness data, are shown as
blue bands. Left: the solid and hatched gray bands represent the NLL- and NNLL-resummed results obtained from fits to the zero-

skewness dataset only, respectively.
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functions of &.
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FIG. 11. Results for As(f), A5, (1), and As 4(¢) (shown as blue bands in each panel) obtained from combined fits to the zero- and
nonzero-skewness datasets. Left: the gray bands show the Asq(r) results obtained from the £ = 0 dataset, with the solid band
corresponding to the NLL-resummed extraction and the hatched band corresponding to the NNLL-resummed one, for comparison with
the combined-fit determination.
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FIG. 12. Fifth Mellin moment Hs(&, ¢) from the combined fit as a function of —z (left) and & (right). Representative kinematic
examples are chosen in the same manner as in Fig. 10.
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For the first moment, A; o(7) is independent of £ and is
therefore consistent with the determination from the for-
ward-limit analysis. Moving to the third moment, the
polynomial relation reads

H3(E,1) = Az (1) + (26)*As,5(1). (29)

The fitted GFFs As o(7) and A5 ,(7) are shown in Fig. 9. The
forward-limit piece A3 () agrees well with both the solid
(NLL resummed) and hatched (NNLL resummed) gray
bands obtained from the £ = 0 dataset, with the NNLL-
resummed result shown in Fig. 7, whereas A3, (1) is found
to be negative throughout the entire —¢ range. This indicates
that the third Mellin moment decreases in &£. Importantly,
the negative sign of A;, highlights a characteristic feature
of the pion that is opposite to the nucleon case [117] where
positive values of A;, were reported. The reconstructed
moment H3 (&, 7) is displayed in Fig. 10 as functions of both
—t and &. The results clearly demonstrate two robust trends:
the moments decrease in —¢ at fixed &, and also decrease in
¢ at fixed —t. This behavior reflects the underlying
dynamics of GPDs, where increasing skewness reduces
the DGLAP support region |x| > &, while the ERBL region
|x| < & provides only a suppressed contribution. Together,
these results provide direct lattice evidence for the dynami-
cal origin of skewness effects in the pion’s three-dimen-
sional structure.

For the fifth Mellin moment Hs, the polynomial form is

Hs(E,1) = As (1) + (26)?As 5 (1) + (28)*As (1) (30)

The corresponding GFFs As () are presented in Fig. 11. In
the left panel, the combined-fit result for As, (blue band)
remains statistically close to zero over the entire —# range
and is compatible with the zero-skewness-only determi-
nations, shown as the hatched (NNLL resummed) and solid
(NLL resummed) gray bands, within their large uncertain-
ties. The NLL results at x = 1 suffer from sizable non-
perturbative contamination, which inflates the uncertainty
bands. In contrast, the combined fit achieves a substantially
reduced error band thanks to the enlarged dataset including
the nonzero-skewness measurements. The right panels of
Fig. 11 display the results for A5, and As 4. The former is
consistent with zero within uncertainties, and both observ-
ables exhibit comparatively large statistical errors.
Additionally, the NNLL results at xk = 1 show a signifi-
cantly smaller uncertainty band than the NLL ones at zero
skewness, because the NNLL treatment has better con-
vergence as mentioned before. This indicates that higher
perturbative accuracy can indeed improve the fit quality
and will be systematically explored in future work.
Furthermore, the full dependence of Hs(&,7) on both &
and —1 is illustrated in Fig. 12. At fixed —r and &, Hs(&, 1)
decreases with both increasing £ and increasing —ft,
following the same trend observed for H3(&,1). This

behavior confirms the general expectation that higher
moments are suppressed both by larger skewness and by
harder momentum transfer.

Overall, the extracted GFFs and reconstructed moments
not only demonstrate consistency between zero- and non-
zero-skewness data but also satisfy the polynomiality
property required by Lorentz covariance. This provides a
stringent internal check of the lattice methodology and
ensures that the extracted results are physically meaningful.
The systematic suppression of higher moments with both
—t and ¢ offers new insights into how partonic momentum
and spatial distributions evolve beyond the forward limit,
establishing lattice QCD as a quantitative tool for mapping
the pion’s three-dimensional structure.

V. CONCLUSIONS

We have presented the first lattice QCD calculation of
pion valence-quark GPD moments at both zero and nonzero
skewness. Using the OPE of nonlocal quark-bilinear
operators, we extracted odd Mellin moments up to the
fifth order without encountering power-divergent mixing.
The calculations were performed on a fine lattice ensemble
with @ = 0.04 fm and valence m, = 300 MeV, employing
boosted pion states up to P, ~2.4 GeV and momentum
transfers reaching —¢ ~ 2.7 GeV?, covering & € [—0.33,0].

Bare matrix elements were renormalized nonperturba-
tively in the ratio scheme, and Mellin moments were
extracted through perturbative matching with NLL resum-
mation, which enhances perturbative stability. In the £ = 0
limit, we verified the applicability of SDF by comparing
fixed-order, LL, NLL, and NLL Wilson coefficients and
identified a stable fit window with 0.08 < z < 0.24 fm.
Within this regime, the lowest moment reproduces the pion
electromagnetic form factor, while higher moments A;
and As exhibit the expected monotonic falloff with —z.
Extending the analysis to £ # 0, we performed combined
fits across multiple values of skewness and momentum
transfer, enabling the extraction of GFFs such as Aj;,(7),
As,(1), and As 4(t). The extracted results show the antici-
pated suppression of higher-order moments with increasing
—t and &.

This work establishes that skewness-dependent pion
GPD moments can be reliably determined on the lattice,
providing valuable constraints for global analyses, as all
experimental measurements are performed at nonzero
skewness. Future progress will require improved precision
at lighter pion masses, the inclusion of singlet and gluon
contributions, and, ultimately, the determination of even
moments and the D-term to complete the picture.
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APPENDIX A: TWO-LOOP ANOMALOUS
DIMENSION AND ANALYTIC EVOLUTION
IN THE ZERO-SKEWNESS LIMIT

We need the off-diagonal two-loop anomalous dimen-
sion matrix to solve the RG equation. This can be extracted
from the perturbative matching coefficients. We consider
the perturbative expansion of the moment-space matching-

coefficient matrix C™MS(z242) in the MS scheme,

EMS(242) = Cog + a4, (€11 L, + Cyp)

+ @ (Cpl2 + Cy L.+ Cy) + -+, (Al)
where L, = In(u?z?), and all coefficients C,, with
{n,m =0,1,2} are matrices. Specifically, Cp, C,p, and
C, denote the matrices collecting the coefficients of the
double-logarithmic, single-logarithmic, and finite terms,
respectively, with Cyy, being the identity matrix for the case

of moments. The RG equation for CMS( Zu?) reads

d A A
5 C(@07) = r(a) E (),

A2
dinu (A2)

where the anomalous dimension matrix is expanded as
f(as) = Yoo, + fla% +ee (A3)

and the QCD p function is given by

dag
dlny?

= —bo(xg - blag + - s (A4)

where by = 2( 5 and b; =
O(a?) yields

( )2 Matching both sides at

2622 - boén = 770@11’ (AS5)
Cy1 = boCio = 70C10 + 71 Coo- (A6)
Equivalently, we have
W= =k o). (A7)
k

where the superscripts {i, j, k} indicate matrix elements.
This equation provides a practical method to extract the
two-loop anomalous dimension matrix from perturbative
matching coefficients.

Since the anomalous dimension matrix is universal and
depends solely on the renormalization properties of the
collinear sector, it is possible to extract it from the I' = y*
Dirac channel. In particular, Ref. [135] provides the DAs
two-loop nonlocal coefficient functions K (a, 3, z>u?) in the
MS scheme, expressed in terms of two Feynman param-
eters a and . At one loop, after an appropriate change of
variables, the £ integration can be carried out analytically,
yielding the reduced kernel K(a, &4, z2u?). The matrix of
matching coefficients for the moments can then be com-
puted via the following formula [117]:

n 1 dx
C, 22y —ik< >/ daa"* K(a,E1, 721> .
+1,k( 1) k) d(fﬂ)k (a.& 1) o

(A8)

At the two-loop level, the piecewise integration regions and
complex phase structure make analytic variable substitu-
tions difficult. Accordingly, we evaluate the integrals
directly in numerical form, as detailed by the general
strategy below,

Croraten) = () [ dadp == py

k

ANk (K(“ p.2u)e _i(a_ﬁ)&)‘

=0’
(A9)

Using the kernels provided in Ref. [135], we reconstruct the
MS scheme matching coefficients CMS'1 (Z2u?) up to
NNLO. Consequently, the NNLO matching coefficients

for the GPD moments in the MS scheme are obtained
numerically as follows:
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Cio=1+a,(0318L, +0.743) + a2(0.165L2 + 1.034L, + 1.028),
Cro =1 +a,(0.601L, —0.106) 4 a?(0.396L2 4 0.372L, + 1.341),
Cs0 =1+ a,(0.760L, — 0.654) + a2(0.561L2 — 0.348L_ + 2.464),
Cyo =1+ a,(0.874L, — 1.088) + a2(0.694L2 — 1.042L + 3.838),
Cso =1+ a,(0.962L, — 1.456) + a?(0.807L2 — 1.701L, + 5.326),

C3» = a,(0.195 — 0.088L,) + a?(—=0.079L2 + 0.195L, + 0.209),

Cyr = 2,(0.279 = 0.117L,) + a?
Csy = ,(0.354 — 0.134L.) + a?
Cs4 = a,(0.053 — 0.028L,) + o

We emphasize that these results are obtained for the
nonlocal quasi-operator with Dirac structure I = y* (for
the DA operator, see Ref. [135]), which are used to obtain
the NNLO anomalous dimensions. They are also applicable
to the DA moments case. From Eq. (A10), we can directly

extract the required coefficients Cik and Céjl. Incorporating
these into Eq. (A7) yields the desired anomalous dimen-
sion. The resulting numerical values are presented in
Eq. (17) of the main text.

In the zero-skewness case, the perturbative expression
and anomalous dimension reduce to the standard DGLAP
limit, for which analytic evolution kernels are available. At
LL accuracy, the evolution reads, where we use a,(u) =
a,(p)/(4x) in place of a, for compactness,

i

_0
Bo
9

with i ={1,3,5} in this work. At NLL accuracy, this
becomes

Ay (/l())
ay(u)

CR ay (). 22%) = Crolay (o). 242) (

(Al1)

CE(()}(as (/,t), 12/42)

s
>ﬂ0

= Cio(a,(uo), Zzﬂ(z)) <M

as(u)
Po X1 =BG ay(ko)py +ﬂo}
e { b " aptpe ) B

Here, Yil and T denote the diagonal entries relevant in
the GPD case discussed in the main text, and they are
related to the conventional anomalous dimensions through
il = (4x)yi and Y% = (47)?y¥’. Since this limit coincides
with the PDF case, fixed-order matching coefficients are
known up to NNLO [122,123]. At NNLL accuracy, the
RG-improved solution can be written in the compact form

(_
(_
(_

0.128L% + 0.434L_ —0.014)
0.164L2 + 0.651L, — 0.313)
0.022L2 + 0.042L. + 0.107).

’

’

(A10)

CRS (as(u), 22p?)

i

o Ag (/’tO) %
= Ciolay(po). 2°15) (m)
Bo Ty —ﬂ1Tg1 Bi+Poas(uo) | 1
e { BB B +Boasn) | 260
alw)  [TH By 4 py Y } }
da,|—% — 0 L ) 13
x Ls(u) “ Ls —ﬁoag - ﬁlai - ﬂzaé1 (A )

Here, Yii denotes the diagonal three-loop anomalous
dimension [related by Yi = (47)3y4], and B, is the three-
loop QCD p-function coefficient. The final line above
admits a closed analytic form involving an arctan function.

Finally, we emphasize that, in our implementation, the
RG improvement is first applied to the full matching

coefficients CnM,f and the ratio-scheme conversion is then

achieved by dividing by C}%. Empirically, this ordering
yields better numerical stability than first forming the ratio
and then RG improving it, as was done in the literature
[103,106]. This is the convention used throughout
this work.

APPENDIX B: EXTRACTION OF THE
LORENTZ-INVARIANT AMPLITUDES

In the zero-skewness case, the amplitude A3 is theoreti-
cally expected to vanish [83], a feature that has been
confirmed in previous lattice studies [83,88]. For nonzero
skewness, however, this constraint no longer holds, and
deviations can naturally appear. To illustrate this behavior,
we select two representative examples at relatively small
momentum (P, = 1.937 GeV) to extract the LI amplitudes
and examine the difference between the two quasi-GPD
definitions. As shown in Fig. 13, a nonvanishing .Aj;
emerges at smaller momentum transfer in our kinematic
setup. By substituting the fitted amplitudes A; and A3
into Eq. (8), the corresponding LI amplitudes can be
reconstructed.
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FIG. 13. Extracted LI amplitudes for two representative nonzero-

skewness cases. Upper: P, = 1.937 GeV, —t = 0.864 GeV?;
lower: P, = 1.937 GeV, —t = 2.748 GeV2.

APPENDIX C: DETAILS OF THE FITTING
PROCEDURE

This appendix summarizes the fitting methodology used
in our analysis. Since the matrix elements at different z
from the lattice are evaluated on the same set of gauge
configurations, statistical correlations among them natu-
rally arise. To assess the effects of these correlations, we
perform fits using three different error treatments: (i) assum-
ing uncorrelated uncertainties, where only the diagonal
elements of the covariance matrix are retained; (ii) using
the full covariance matrix Cov, which enters correlated
least-squares fits through the weight matrix Cov~'; and
(iii) applying a regularized covariance matrix by adding a
small diagonal term proportional to the largest eigenvalue
to ensure numerical stability.

As an illustrative case, we assess the impact of these
uncertainty treatments on the fit using the zero-skewness
data, keeping the fit region at z € [0.08,0.24] fm, as in the
main text. As shown in Fig. 14, the uncorrelated fit
produces visibly larger uncertainties for A;, and Asj),
while the fully correlated fit without regularization results

—— Uncorrelated
Correlated Cov

— - CoV+10"®Amay !

o84 N e CoV + 10 Amay -/

1.09

0.6 -

0.4

0.2

0.0 =
0.0

0.100 1 1.
0.075
0.050

0.025 -

0.000 - T T T T
0.0 0.5 1.0 15 2.0 2.5

l—t [GeV?]

0.06 1

0.034 : *x\.\
e
0.00 ey

-0.031 As o

—0.06 T T T T
0.0 0.5 1.0 15 2.0 2.5

—t[GeV?]

FIG. 14. Comparison of fits under different uncertainty treat-
ments. The three panels show GFFs A;,, A3y, and Asq as
functions of —¢. Colored bands correspond to (i) uncorrelated
(neglecting off-diagonal correlations), (ii) correlated (full covari-
ance matrix), and (iii) correlated with regularization Cov, =
Cov + €l - I for € =107 and 10~*. The corresponding
y%/d.o.f. values are 1.27, 2.49, 1.79, and 0.91, in the same order.

leads to the largest y?/d.o.f. In contrast, the regularized
covariance approach with € = 10™ or € = 107° yields
results that are fully consistent with the correlated fit
without regularization, but with better y?/d.o.f. Among
these, the choice ¢ = 10 also leads to a noticeably
improved y2/d.o.f. Therefore, the combined fits presented
in the main text are based on this regularized covariance
prescription.

In addition, we compare two alternative modeling
approaches. The two most commonly used parametriza-
tions are the monopolelike form and the z expansion,
given in Eqgs. (25) and (26), respectively. The comparison
is presented in Fig. 15. Within uncertainties, these two
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—— Z expansion
= = monopole like
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FIG. 15. Comparison of fits using two parametrizations. The
blue and purple bands show the monopolelike and z-expansion
results, which give y?>/d.o.f. values of 1.17 and 0.91, respec-
tively.

parametrizations are consistent for the A;, and Ajj,
indicating that our results are not sensitive to the specific
choice of functional form. For As (, however, the fit region
covers only relatively small z values, which provides
limited sensitivity to the higher moments. Moreover, the
monopolelike ansatz enforces a positive-definite behavior,
so the deviation at larger —¢ for As, is not surprising.
Nevertheless, the z expansion provides a better fit quality,
as reflected in its smaller y>/d.o.f., and offers a more
systematic and model-independent description. For these
reasons, we adopt the z-expansion parametrization in the
main text analysis.

APPENDIX D: FIT PARAMETERS a,

The GFFs A, (t) are parametrized through the z
expansion as

TABLE III.  GFFs are parametrized using the z expansion, with
the coefficients a,, ; ; determined from fits to lattice data at NLL
accuracy. The central value corresponds to the mean over all
bootstrap samples, and the uncertainty reflects the variation

among k = {1, \/52}

GFFs Ak Value
Ao aiop 0.520(9)
aio,1 —1.566(56)
ajon 0.936(20)
A3_0 61310_0 0058(4)
as0,1 —0.114(13)
as o2 0.168(5)
Azp asno —0.098(14)
azn 0.096(55)
322 —0.173(15)
GFFs Ay fl Value
Aso as 0.015(2)
as0,1 —0.056(9)
dsp.2 0.113(6)
Asa asno 0.031(52)
asn —0.030(12)
asno 0.002(10)
Asy as 40 -0.256(19)
ds 4 0.371(39)
ds42 0.004(12)
2
A=Y a7, (D1)
=0

where z(f, ., fy) is the conformal mapping variable
defined in Eq. (27). The coefficients a, ,; are obtained
from fits to the lattice data and encode the ¢ dependence
of the GFFs in a model-independent manner. In the
z-expansion fit, we apply a mild prior reflecting the
expected hierarchy of coefficients,

|an,k,0| Z |an.k,l |Zmax Z |an,k,2|z%1ax’

which ensures a stable and convergent series within the
physical range |z| < z,,,, = 0.263. A soft prior is intro-
duced as a mild penalty in the > minimization, suppressing
unphysical deviations without constraining the fit. When
the lattice data satisfy the expected hierarchy, the prior has
little influence—it keeps y?/d.o.f. unchanged and simply
makes the fitted coefficients more reasonable, as is indeed
the case for our data. Table III summarizes the NLL-
resummed fit results for the coefficients a,, ;. ;, whose quoted
uncertainties are estimated from varyingx = {1, V2, 2},and
the central value is taken as the mean over all 600 bootstrap
samples (200 for each «).
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