PHYSICAL REVIEW D 113, 096009 (2026)

(3+1)D event-by-event preequilibrium dynamics in heavy-ion collisions
Xiaojian Du®,"***> Séren Schlichting®,® and Jie Zhu®®""
'Wilczek Quantum Center, Shanghai Institute for Advanced Studies,

University of Science and Technology of China, Shanghai 201315, China
2Shanghai Research Center for Quantum Sciences, Shanghai 201315, China
3Hefei National Laboratory, Hefei 230088, China
4Departmem‘ of Physics, University of Jyviskyld, P.O. Box 35, 40014 Jyviskyld, Finland
>Helsinki Institute of Physics, P.O. Box 64, 00014 University of Helsinki, Finland
® Fakultit fiir Physik, Universitit Bielefeld, D-33615 Bielefeld, Germany
"Institute of Particle Physics and Key Laboratory of Quark and Lepton Physics (MOE),
Central China Normal University, Wuhan 430079, China

® (Received 18 December 2025; accepted 17 April 2026; published 11 May 2026)

So far a major source of uncertainty in the study of heavy-ion collisions arises from the early time
dynamics which includes initial state and preequilibrium dynamics. The state-of-the-art framework,
KgMPgST [Kurkela et al. Phys. Rev. C 99, 034910 (2019); Kurkela et al. Phys. Rev. Lett. 122, 122302
(2019)], employs nonequilibrium Green’s functions to propagate the initial energy-momentum tensor to the
hydrodynamic phase, yet currently only treats transverse plane dynamics under boost-invariant conditions.
In this work, we extend KgMPgST to include nonboost-invariant responses to initial conditions, essential
for accurately capturing the longitudinal structures observed in heavy-ion collisions. Nonboost-invariant
fluctuations on top of a homogeneous background are evolved using (3 + 1)D response functions
calculated in kinetic theory. To assess kinetic theory’s transition towards hydrodynamic evolution,
we systematically compare the out-of-equilibrium shear-stress tensor from KgMP@ST-3D with estimates
based on Navier-Stokes hydrodynamics. Subsequently, a comprehensive (3 + 1)D framework, McDipper +
KgMPgST-3D + CLVisc + SMASH, is utilized to simulate the complete spacetime evolution of heavy-ion
collisions. The sensitivity of key observables, including longitudinal structure of anisotropic flow, to

variations in the hydrodynamic initialization time is thoroughly investigated.

DOI: 10.1103/hpzj-xx3h

I. INTRODUCTION

A multi-stage framework consisting of early-time
dynamics, hydrodynamic expansion, and a hadronic after-
burner has been widely utilized in the study of relativistic
heavy-ion collisions [1,2]. Recently, most models on the
market have been gradually evolving into full three-
dimensional formulations in order to describe the complete
space-time dynamics at each stage. For the initial state
modeling, the transition is exemplified by the developments
from 2D frameworks such as TRENTo [3] to TRENTo-3D
[4,5], and from CGC-based models like IP-Glasma [6—8] to
3D-Glasma [9,10], as well as by newer implementations
such as EKRT [11,12]. For the hydrodynamic stage, the
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evolution follows a similar path, from earlier 2D viscous
hydrodynamics (e.g., VISHNU [13]) to modern (3 + 1)D
frameworks such as MUSIC [14,15] and Trajectum [16].
Finally, for the hadronic afterburner stage, publicly avail-
able models such as UrQMD [17,18] and SMASH [19-22]
are already formulated in full (34 1)D. One of the
remaining challenges in this multi-stage picture lies in
modeling the preequilibrium dynamics, which bridges the
gap between the initial conditions and the onset of the
hydrodynamic expansion.

Starting from the initial state, parametric models, such as
the Glauber model [23-26] or TRENTo [3] model, only
provide the initial energy or entropy density but miss the
remaining hydrodynamic fields, such as the flow velocity and
the out-of-equilibrium contributions. Microscopic models,
such as IP-Glasma and McDipper, provide the full information
of the initial energy-momentum tensor. However, a theoreti-
cal description of the thermalization process is still needed to
evolve the initial energy-momentum tensor to the point in
time where a viscous hydrodynamic description becomes
applicable.

Published by the American Physical Society
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In order to describe this preequilibrium stage, simple
models such as free streaming [27,28] and the gradient
expansion [29-31] have been employed to capture some
physics during the preequilibrium stage. However, devel-
oping a more realistic model remains an urgent task. The
preequilibrium framework, KgMPgST [32,33], provides a
practical way to propagate the energy-momentum tensor in
a far-from-equilibrium initial state to a time when viscous
hydrodynamics becomes applicable and some recent works
[34-38] have already employed KgMP@ST in various
contexts. The power and advantage of KgMP@ST comes
from the fact that the nonequilibrium kinetic evolution can
be efficiently described using nonequilibrium Green’s
functions calculated in kinetic theory, which consequently
enables fast event-by-event preequilibrium evolutions.

Considering the late time hydrodynamic behavior is fully
characterized by the energy-momentum tensor, the central
object of KgMPgST is to propagate the nonequilibrium
energy-momentum tensor 7+ from an initial time zggy to a
time 7yy4,, When hydrodynamics becomes applicable, i.e.,

T (tgkr, X)
out-of-equilibrium

— " (Thydro’ X)' (1)
The energy-momentum tensor 7+ at (Thydm,x) is deter-
mined by the initial conditions at an earlier time gyt in a
causal neighborhood of point x, which constrains their
position x’ to satisfy

X" — x| < ¢(Tnyaro — TEKT)- (2)

Since for collisions of large nuclei, such as Pb and Au, at
RHIC and LHC energies, the time duration of preequili-
brium evolution A7z = 7,4, — 7ggr 1S much smaller than
the typical size (R ~ 5 fm) of collision region, long wave-
length fluctuations within the causal circle are small,
whereas short wavelength fluctuations are typically washed
out as the quark gluon plasma (QGP) equilibrates and
becomes a hydrodynamically expanding fluid.

Based on this separation of scales, the evolution of
energy-momentum tensor can be split into the expansion
of a longitudinally boost-invariant and locally transverse
homogeneous background and the propagation of respec-
tive perturbations around the background [32,33],

T (2,x') = T () + 6T (1, X'). (3)

By virtue of the scaling behavior found in kinetic theory
[32,39], the nonequilibrium evolution of the background
energy-momentum tensor (7#¥) can be described by a
universal attractor curve [40], if the time variable (7) is
scaled by the equilibrium relaxation time 7.4(7) = “’”LT/‘
While the small perturbations around the background can
be described by linear response theory,

ST (7,X) ST (74, %)
= | d*xGy(X.X0. 7. 7))~z (4
T;T (T) / Xo aff (X X0, T TO) T‘;‘[ (TO) ( )

where the nonequilibrium Green’s functions G’O‘(; need to be

determined from the underlying microscopic theory, using
e.g., QCD kinetic theory.

However, the current implementation of KgMPgST is
limited to describe the dynamics in the transverse plane,
and therefore only applies at midrapidity. A full three-
dimensional description becomes essential in the forward
and backward rapidity regions of high-energy nucleus—
nucleus collisions, especially at lower collision energies,
where the longitudinal structure of the final observables
plays an important role. In this work, we extend the state-
of-the-art KsMP@ST framework, to construct a new frame-
work for the three-dimensional preequilibrium dynamics.
KgMPgST-3D provides a smooth transition from 3D initial
conditions to (3 + 1)D viscous hydrodynamics, thereby
reducing the dependence of the hydrodynamic model on
the initialization time 74y, [30,41].

This paper is organized as follows. In Sec. II, we
briefly introduce the solution to the kinetic theory under
the relaxation time approximation, and present the corre-
sponding response functions in both Fourier and coordinate
space, as well as their implementation in the KeMPgST-3D
framework. In Sec. III, we introduce the (3 + 1)D frame-
work employed to simulate event-by-event heavy-ion
collisions. This framework consists of the McDipper initial
state model, the KgMP@ST-3D preequilibrium dynamics,
the CLVisc viscous hydrodynamics, and the hadronic after-
burner SMASH. In Sec. IV, we first visualize the input and
output of the KgMP@ST-3D framework. Then we examine
the smooth transition from kinetic theory preequilibrium
dynamics to hydrodynamic expansion by analyzing the
evolution of hydrodynamic fields, including energy den-
sity, radial flow, and momentum azimuthal ellipticity, and
the hydrodynamization of the out-of-equilibrium shear
stress tensor as well as the scaled time variable. Further-
more, we examine the sensitivity of final-state observables,
including longitudinal structure of the multiplicity, mean
transverse momentum and anisotropic flow, to the hydro
starting time (7hyqro)- Finally, we summarize the findings
and point out possible directions for future work in Sec. V.

II. RESPONSE FUNCTIONS

Building on the foundational work of KgMPgST
[32,33], in this work, we continue to assume that the
background is locally transverse homogeneous and longi-
tudinally boost-invariant. Hence, the nonequilibrium evo-
lution of the background energy-momentum tensor T+
remains identical to the original KgMPgST framework,
while the nonequilibrium response functions evolve the
full three-dimensional structure of the initial energy-
momentum tensor. Since the linearization is performed
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on a boost-invariant and homogeneous background, the
3D response functions depend only on the differences
(x — X9, — 1), such that

oTH (7,x,1n
77(7 ) /dZXodno (X, 11, X0, 10, 7, 70)
Tx.n( )
% 5T§€1(;0, X0.10) ’ 5)
Txﬁr](TO)

. i
where the response functions, G75(X,7,X¢, 70,7, 7o), can
be more easily solved in momentum space,

y - d*kydk
GZ/} (X - XO’ i’] - 7]07 T, TO9 T;T(TO)) = / (271_)3 .
Gl (K, Ky 7,70, T (z9) ) e tkrx=xa) tha o}, (6)
where the longitudinal momentum is defined as

k, = |kg|zsinh(y —#). So in momentum space, we have

5TZﬂ (To)

ST (7) _ 1
— _Gaﬂ(kT’kW’T’ TO) e(T())

e(r) 2

(7)

We note that the symmetries of the background constrain
the possible structure of the response functions, and it is
therefore advantageous to perform a decomposition into
different tensor structures.

A. Decomposition of response functions

Based on rotational symmetry in the transverse plane, the
response functions in momentum space for (scalar) energy
perturbations can be decomposed as follows:

|

1

—ZA d|kT||kT|dk,7 COS(k,7 .

G ) = 5.

1
G{(Ir], [n[) = ”/ d|kr||ky|dk, cos(k, -

)Jo(|ke|r)G

Y1 ([ r[) G (

Gii(kr.k,) = Gi(

al):

G (k. ky) = =i (K.l ) T
. i - ~ k ik J
Gt (k. ky) = G2 (Kl k)67 + G (el Iy ) 5
G‘n(kTka]) )
G2 k) = i G (e, Ky ).
|k, |
» ik,
G (kp k) = (e ey )- ®)
T IkTIIkI !

Similarly, in position space, the decomposition for energy
perturbations takes the following form:

Gi(r.n) = Gi(|r|, [n]).
. r
Gi’f(r,n)=mG§< 1),

Ga(r.n) = GE([rl, |n|)87 + G ((rl, |77|)| |z,

Gl (x.n) = GI(Irl. In)).

7 n .

Gre(r,n) = 1, G5 (Jel. bnl).

) ry

Gl(r,n) = ST(|x, 7). 9
(v.1) = (g7 G5 Oe ) (9)

The coordinate space Green’s functions are related to their
momentum space counterparts according to the Fourier-
Hankel transformation as follows:

skl [Kyl),

al):

! : Ii(lkli) -
G (Iel ) = 5.5 | dllalliealak, cos(, - n) | Jo el le) G (e, 1 ) + 71 ETED G2 e 1)
22 Jy e
r 1 ~
G (Il i) = 5 [ dlclcal iy cos(h ) a Je)GE . ).
1 ~
GUI i) = 55 [ dlical kel o5y -l )G . 1.
S, n & . S,
GE (el nl) = 53— | dlexllila, sink, - )do(Kale) G5 (Kl ).
27l Jo
v, - o0 . U,
) = 5t [ el el sin(l )l G5 . ) (10)

In this work, the independent components of macroscopic response functions Gaﬁ will be calculated using kinetic theory in
the relaxation time approximation, which will be explained in the next section.
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B. Response functions from Kkinetic theory in the
relaxation time approximation

We will employ the Boltzmann equation in the relaxation
time approximation (RTA),

PO+ 0 =220, | f(x. p)
= -2 ) = Sl )] (1)

for a conformal system of ultrarelativistic massless bosons,
to calculate the response functions, as exemplified in [42],
and in selected cases also compare the RTA results to
calculations in QCD kinetic theory. We employ Milne
coordinates,

o = (7, X7, 1), (12)

with metric g,, = diag(1,—1,-1,—1/7%), such that p* in
Eq. (11) denotes the four momentum,

p'=(p*.pr. P"). (13)

which can be parametrized as

p = (proosy =n).pr. sinhly <)) (14

In equilibrium, the distribution is assumed to be the Bose-
Einstein distribution,

1
ef—1

feq(x) =

such that the equation of state is given by e (7) = z/eff%T“,
where v 1s the effective number of degrees of freedom.
The relaxation time is determined by Ttz = 51,/s, such
that for a conformal system with constant ratio of shear-
viscosity to entropy density 7, /s, the relaxation time is
inversely proportional to the temperature.

In principle, the distribution function can be decomposed
into a background [f (7, pr.|p,|)] that is longitudinally
boost invariant and locally homogeneous in the trans-
verse plane, together with small perturbations [5f(x, p)]
around it,

f(x, p)

= fsc (7, pr. |pyl) + 61 (x, p). (15)

Therefore, we obtain the Boltzmann equations for the
background and the perturbations, respectively,

70.fg = —i [ 86 (7, P1s |Pn\) —feq <%>]
p”aﬂ(sf = |:(feq fBG) + p?Tf/eq]
T 1 a T
_%5 |: TR (feq fBG) +%féq:|v (16)

where only the linear-order terms are retained for the latter.
Since the response functions are first derived in Fourier
space, we also rewrite the Boltzmann equation for the
perturbations into Fourier space to eliminate the explicit
spatial dependence, as follows:

4’k dk
5f(T,X,771pT9pr/):/(2ﬂ_)1; 7;

x 8f (7, pr, Pn>ei(kT'x+k”">- (17)

The Boltzmann equations in Eq. (16) are then reformu-
lated using the method of moments, which transforms the
partial differential equations into a set of coupled ordinary
differential equations. The quantities to be solved are the
moments E" and 6ET, of the corresponding distribution
function, defined as

dp, [ d*p
l/eff/ '7/ T 1/’;

X Y] (b, 0 )ch,(r P

/dpn/de 13 e

X Yl (¢p1~k'.~f r/)xéfk(r’ Pr, pn)- (18)

).

Py

SE}(7)

Following [42], the resulting coupled ordinary differential
equations are numerically solved using the fourth-order
Runge-Kutta method.

Since large longitudinal momenta cannot be maintained
at early times, and the nonequilibrium attractor of kinetic
theory suggests that all initial conditions eventually con-
verge to the same evolution, we employ an initial condition
in which the longitudinal momentum distribution is taken
as a Dirac delta function,

(2r)3 dnN,
8(py) dnd2oed?
Veff nd“prd-x

(19)

fBG(To,PT,P;ﬁ =

where, due to the simplicity of the kinetic theory in relax-
ation time approximation, the concrete form of the initial
(transverse) momentum distribution dN,/dyd’prd®x is
irrelevant.

By following the logic of KgMPgST [32,33,42], the
initial conditions for the linearized perturbations are taken
to correspond to a small shift of the typical transverse
momentum pr, free-streaming up to z,, such that
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Iprl 0
5f (70, P> Pq) = - (TT a\pT\fl(ac);ﬂPTL Pq)

+(PT KT PT7) )
i 79—k, arcsch
( lpx] 0" ( Py ) .

Xe (20)

We note that due to the conformal scaling properties of
the Boltzmann equation in the relaxation time approxima-
tion, the dependence on the relaxation time or coupling
constant can be completely eliminated by considering @ =
T(z)t/(4mn,/s) as the relevant time variable [42], thus
making the Green’s functions universal functions of the
variables @, |[ky|A7 and k, in Fourier space, and respec-

tively @, |r|/Az and 7 in coordinate space.

1. Green’s functions in Fourier space

In Fig. 1, we show the evolution of the energy response
Gi(|kr|Ar = [ky|(t = 179).k,) (upper panels) and the
longitudinal momentum response Gy”"(|ky|Az, k,) (lower
panels) to an initial energy perturbation as functions of
transverse (|kp|A7) and longitudinal (k,) wavenumber.
Different columns in Fig. 1 correspond to different evolu-
tion times @ = T(r)t/(4nn,/s). For the energy response,
at very early times, a free-streaming behavior is observed
(see Appendix A for more details), where the oscilla-
tions extend to large |k¢|Az values and exhibit an almost
uniform pattern along the &, direction. As time evolves, the
response gradually decays, and only the low wave-number

modes eventually survive. In contrast, a longitudinal
momentum response to an initial energy perturbation is
absent at early times, as the momentum response needs to
build up dynamically. As the system evolves, however, the
response is gradually generated through the energy gra-
dients and increases over time, while remaining mainly
concentrated in the low wave-number region. The addi-
tional response functions G (|kr|Az, k,), G¥°(|ky|Az, k),
Gi*(|ky|At, k), G!(|kr|At, k,) and G}"(|ky|Az, k,) are
presented in Fig. 15 of Appendix B.

2. Green’s functions in coordinate space

Based on the results in Fourier space, the response
functions in coordinate space are obtained through the
reverse Fourier transformation as defined in Eq. (10).
In practice, since only a finite set of discrete points in
Fourier space (|kp|At, k,) are calculated within a limited
region of the kinetic theory evolution, interpolation
between these points and extrapolation beyond the covered
region (using the free-streaming approximation) are per-
formed to obtain a smooth Fourier transform as in
Refs. [32,43]. Furthermore, Gaussian smearing kernels,
exp(—o?|kg[?Ar?/2) and exp(—c7k;/2), are applied to
regulate the large wave-number tails, at early times where
viscous damping of large-ky and k, modes is not yet
present. If not stated otherwise, in this work, we use
0:0.1,6,,:0.1.

@~ 0.51 W= 1.01
1.0 1.0 1
0.5 0.5
0.0 0.0 0
-0.5 -0.5
15 15 15 15
hy) ., 10 10 ., 10 10
(r. 5 5 Yr_ 5 5 r. 5 S
z) 00 Kn ny 00 Kn n 00 Ka
3 @~ 0.01 @~ 0.51 @~ 1.01
< 0.10 0.10 0.10 0.1
< 0.05 0.05 0.05
= 0.00 0.00 0.00 0.0
& -0.05 -0.05 -0.05
S -0.10 -0.10 -0.10 -0.1
2]
O 15 15 15 15 15 15
~
K, 10 10 K, 10 10 K, 10 10
/i ’o)5 00 % ¥n . 70)5 00 % K r. r0)5 00 ° Kn

FIG. 1. Evolution of the energy response [G$(|ky|Az, k,)] and longitudinal momentum response [G{"(|ky|Az, k,)] to an initial
energy perturbation as a function of |ky|Az and k,. Different panels correspond to different points in time. The color indicates the

magnitude of respective response functions.
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w=~ 0.01

(Irl/(t - 10), 1, W)

)
S

(t-10)%G

0.10
0.05
0.00
-0.05

-0.10

0
?

(7= 70)?1G(IFl/(T - To), N, @)

05 ..
00 N\

w= 0.51 w=~ 1.01

FIG. 2. Evolution of the energy response [G(|r|/Az,7)] and longitudinal momentum response [G5”(|r|/Az,#)] to an initial energy
perturbation as a function of |r|/Az and 7. Different panels correspond to different points in time. The color indicates the magnitude of

respective response functions.

In Fig. 2, we show the evolution of energy response
G3(|r|/Az,n) (upper panels) and longitudinal momentum
response Gy (|r|/Az, ) (lower panels) to an initial energy
perturbation as functions of |r|/Az and 5. At very early
times, the energy response exhibits free-streaming behavior
resulting in a localized peak around |r|/Az = 1 andp = O as
in the transverse plane the perturbation propagates at the
speed of light (Jr|/Az~ 1), while along the longitudinal
direction, it remains nearly a delta function [5(57)], indicating
negligible longitudinal diffusion. As the system evolves, a
finite longitudinal width of the response appears due to the
underlying diffusive dynamics, such that by the time @ ~ 1
when the system can be considered sufficiently close to
equilibrium for hydrodynamics to apply, initial perturbations
have spread around one unit in rapidity. By spreading
out, transversely and longitudinally, the overall magnitude
of the response gradually decreases, where at later times the
Green’s function features an outer peak signaling the out-
ward transport of the initial energy perturbation as well as a
central dip characterizing the wake. While the longitudinal
momentum response, depicted in the lower panels vanishes
at early times, as the system evolves, the longitudinal
momentum is gradually generated by the energy density
gradients in longitudinal direction and increases over time.
The flow pattern shows inward motion around the dip
and outward motion around the peak. The remaining

response functions, namely G (|r|/Az,5), G%°(|r|/Az,7),

G (|rl/Az.n), GY(r|/Az.n), Gi'(|r|/Az.n) are pre-
sented in Fig. 16 of the Appendix.

3. Hydrodynamic constitutive relations

Since the nonequilibrium system approaches equilibrium
over the course of its evolution, at late times, the response
functions from kinetic theory are expected to approach the
hydrodynamic regime, in which the different components are
interrelated by the hydrodynamic constitutive relations. By
following the strategy of Ref. [32], we can thus identify
relations between different components of energy-momentum
tensor, which emerge in second order hydrodynamics for
small wave-number perturbations. Extending the analysis of
Ref. [32] to include longitudinal dynamics (k, # 0), we obtain
the following relations between independent components of
the response functions for an initial energy perturbations:

G (7. |ky|. k,)
_ <P+%+ 1 —3€§ Tnmfz— M Cgfzﬂflv |kT|2>
X Gg(T’Tl;T ’kn‘) + (%’71; - ”UT]T6C§97:—4 + ;_j/ll>
SelGile Ral k) el
+3T%
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Gy'(z,

Ky

c2+1/3 4,
s kﬂ') = (’/Ivfnf_r]v __1)

37
« kg| G5 (z, [kyl, [K7])
T +T)
n k|G (z, [kl |K7])
T +1T} ’

(22)

where, in order to match the underlying microscopic kinetic
description, we have ¢2 = 1/3 and the transport coeffi-
cients are taken as [44—46]

i,
Tp = s
e+ P
2512
A = _25m (23)
7(e+P)

In Fig. 3, we examine the constitutive relations, Egs. (21)
and (22) at scaled time @ ~ 2 or 5. The response functions
G"% and G;" obtained from RTA dynamics are compared
with those (denoted as 2nd order hydro) reconstructed from
G$, G? and G}, G according to the constitutive relations
at various |k|Az or k,. Strikingly, as shown in the upper
panels, the constitutive relation between the pressure,

0.4 T

energy and momentum responses, Eq. (21), is well-satisfied
by @ = 2 even for relatively large wave numbers |kp|Az
and k,. Conversely, as shown in the lower panels, the
hydrodynamic constitutive relation between the longi-
tudinal component of the shear stress and momentum
response, is much harder to fulfill, except at very late
times (@~15) and for rather small wave numbers
|ky|Az, k, < 1, indicating that hydrodynamization is more
difficult to achieve for the longitudinal components of the
energy-momentum tensor than for the transverse ones.

4. From RTA to QCD: Comparison of energy response
Junctions at kr=0 and k,=0

So far we have presented the calculation of (34 1)D
nonequilibrium response functions in kinetic theory in the
relaxation time approximation. One step further is to
calculate these response functions in QCD kinetic theory
by formulating the collision integrals for background and
perturbation contributions as

a7:fa,BG = _Ca [f]’

pH
?0”5]‘,—{:“ = —0C,[f.df7]. (24)

Ty

0.3

0.2

%]
S

o o

o =
wHH

[krlAT=0
kr|AT=1
kr|AT=2
kr|AT=3
lkr|Ar=4

lkrlAT=5
|krlAT=6
|krlAT=7
|krlAT=8
|krlAT=9

Y P NN FEET AUATY FERTE RN ARAT AN

@ 008
01f @~2 G2
3 £ RTA — RTA
_03F RTA —03fF ---- 2nd order hydro 3=~ ---- 2nd order hydro
F ---- 2nd order hydro F r
045 4 8 0 %% 2 6 8 0 2 4 6 8 0
|kr|AT ky Ky
0.5 x10-2 . j10-2 i}
r =2 1.0 — ;=0.000 . .
O ——————u=s [ —— k;=0.125 7 ]
N e e T = “=—a 4
\ O i osf. " fn=0.250 / N ]
-05 M /::,, S kn:0-375 ,/j" et : N\
- : I —— |kg|AT=0.00 [ — k=0500 S e N
So_q o) I —— |kr|AT=0.25 Sa ook /= 2N
LTTENNT /S —— |kelAT=0.50 © 7/ q
W/ — |kr|AT=0.75 AN 7 @~5 ]
-15 \\\/ I,’ — |kyAT=1.00 050 \::\\ g 1
/ - NS 4
NS F A — RTA b
N/ =
B 20 < —— RTA - ]
---- 2nd order hydro — —-- 2nd order hydro 1ob ---- 2nd order hydro B
. - -2.5 ; L . A .
4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
|kt|AT Kk |ky|AT

FIG. 3.

Examination of the constitutive relations, Egs. (21) and (22), at scaled times @ ~ 2 and 5. The response functions G%° (upper

panels) and GV (lower panels) from RTA dynamics (denoted as RTA) are compared with those reconstructed from G, GV and GV, GV

according to the constitutive relations at various |k¢|Az or k,.
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FIG. 4. Comparison of the energy response functions in QCD and in RTA for k,, = 0 (left) and k7 = O (right) at three selected times.

where the index a runs through all QCD species a = ¢, ¢, ¢ and the wave number vector is k= (k7. k,). The background
collision integrals for QCD include both 2 <> 2 elastic and 1 <> 2 inelastic processes. The elastic collision process is

calculated,

11
- 2u,2E

Ca?lf1(P)

Prbede{gqras}

up to leading order scattering in matrix amplitude
square | M (B, pa|P3, ps)|* for all possible processes
a,b< c,d with a,b,c,d=g,q,q in QCD, and
F9(p1. P2|P3. P4) is the quantum statistical factor. The
inelastic radiation process is calculated as

1 1
5 Z /0 dz,

v _
4 b.celgarar}

Ca?lf1(p) =

dre i
X { dé’” (p.2)v Fi.(plzp.Zp)

1dre, (p (p, z
T <_’Z)D‘F‘”’ <_|p’_p>
Z Z Z Z

Z3
1adrs, (p _ P,z )}

- 3 4 > CFC _ s _ 3 26
s (2 )wra(Znie)]. o

with effective inelastic rates dI'}.(p, z)/dz for all possible
process a <> b, c with a, b, c = g, ¢, g in QCD in the AMY
framework [47], and F§,(2|p,%p) is the quantum statis-
tical factor. The detailed implementations, including
numerical algorithms, can be found in our previous papers
[48,49]. The perturbation components receive contributions
from variations of the scattering matrix elements 5| M% 2,
radiation rates 6(dl'¢,.(p,z)/dz), as well as the statistical
factors §F?, 5F¢_ and a more detailed discussion of all the

ATl | MG (P1. P2|Ps. Pa) PFq(Pr. P2l B3 Pa). (25)

|
above quantities and their numerical implementation will
be provided in a forthcoming paper [501]."

Evidently, the numerical calculations in QCD kinetic
theory are significantly more demanding compared to the
RTA, and we will therefore only compare the results for the
special cases k, = 0 and |ky| = O depicted in the left and
right panels of Fig. 4. By inspecting the case of k, =0,
which characterizes the transverse response, we observe no
qualitative differences between the behavior in QCD and
RTA kinetic theory, which is in line with earlier studies of
equilibrium [51] and nonequilibrium response functions
[42] in different kinetic theories. When considering the
longitudinal dynamics of energy perturbations, depicted
in the right panel, we again observe the same quali-
tative behavior between QCD and RTA Kkinetic theory.
Differences emerge at early times, where the results in
QCD kinetic theory show a stronger damping of the large
k, modes, which can be attributed to a difference in the
initial conditions, where for numerical convenience in the
case of QCD kinetic theory the simulations are initialized
with a large but finite momentum anisotropy, as opposed to
the infinite momentum anisotropy employed in RTA

'Note that linearized perturbations in QCD kinetic theory have
already been studied in [51] to investigate hydrodynamic/non-
hydrodynamic modes in QCD, however, without providing
technical details.
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calculations. Due to this difference longitudinal energy
diffusion starts right away in the case of QCD Kkinetic
theory, however at later times, where the system can sustain
a larger longitudinal pressure and longitudinal energy
diffusion becomes more and more pronounced the QCD
and RTA results are again in good agreement.

C. KeMPgST-3D

We proceed by embedding the three-dimensional
response functions discussed above into the preequili-
brium evolution model, KeMPgST, thereby constructing
a complete (3 4 1)D evolution of the prehydrodynamic
stage, referred to as K¢gMP@gST-3D which is publicly
available at [52].

Following the general formalism of KgMPgST
[32,33,42] outlined in Sec. I, we include the nonequili-
brium response functions discussed above to extend the
description to (3 4 1)D. We aim to describe the evolution
of the energy-momentum tensor from 7ggy tO Tpygr, at any
given point (X, 7). To this end, at the starting time 7gkr,
we first build the background as a Gaussian weighted
average around the point of interest,

—(1-n)*

T 1 ~(x'-x¢)? 1
T35 (Tekr) = / d*xdn 5o2¢ 22 e
IO \/ﬁ
X TTT(TEKT, X,ﬂ), (27)

where the arguments (Xg,7,) on the left-hand side are
rewritten as subscripts to emphasize that the background is
locally transverse homogeneous and longitudinally boost-
invariant. In this work, the respective Gaussian widths are
chosen as ¢ = (Thyaro — Trxr)/2. 6, = 3/2. In principle, all
components of perturbations around the homogeneous
diagonal background energy-momentum tensor 7%,
should contribute to the input of the subsequent hydro-
dynamic evolution. As a first step, this work only considers
the initial energy perturbation 6T ,, (7gkr, X, ) around the
spatial point (xg,7,), which is obtained as

ST o (texrs X.n) = T (tgxr. X, ) = T o (Texer)- (28)

It should be noted that the double dependence on spatial
coordinates in 867 , (tgkr. X, 1) reflects that the perturba-
tion evaluated at point (x,7) generally varies with the
choice of the reference point (x¢, 7).

With regard to the evolution of the background compo-
nents of the energy-momentum tensor during the preequi-
librium stage, the well-known hydrodynamic attractor
behavior is used to infer the components of the background
energy-momentum tensor at hydrodynamization time as in
Refs. [32,33]. We will briefly summarize it here again. In
the study of background evolution, we only consider the
diagonal components of the energy-momentum tensor,

ie T = diag(e,PT,PT,T%PL), and based on the study
of kinetic theory [32], the background evolution can be
parametrized in terms of a single scaling function £(@y)
for the energy density. In practice, the energy density,
transverse and longitudinal pressure at the hydrodynamic
initialization time 7,4, can be read off from the following
scaling functions:

2

T -

€=Vl 30 Tﬁig(wld)’ (29)
7 4y~

P = Vg%Tid,P(wId), (30)

e RIS |
PT = Vg%T?d <55(wld) —573(0)1(1)>, (31)

where T4 denotes the overall energy scale and @y = -~ is a
eq

scaled time variable, which is determined by the shear

viscosity and the ideal temperature T;4(7; A7) as

dnn, /s

) = Ty

(32)

Note that in contrast, to the more frequently used scaling

ﬂ;}i the scaling variable @y in KMPg@ST is

defined in terms of the ideal temperature [32]

variable @ =

A
Tyt A7) = W (33)

1/3

such that T4 behaves as 7'/~ at all times. The energy scale

Ar = (T7'/3)3? is self-consistently determined from the
initial background energy density 7% (zggr) and the para-
metrization in Eq. (29) as

P
- ps
e(tgxr) = TE 1, (Texr) = Vg%T?d(TEKT;AT)

T, A
x & |y = KT 4‘;(;‘37; r)]. (34)

By virtue of Eq. (29), the scaling variables are simply
related according to @ = @ E"/*(@y), and as in the
original version of KgMPg@ST we use @y in the numerical
implementation.

While the energy attractor function £(@yy) is parame-
trized as in Ref. [32], the auxiliary function P(@y) in
Eq. (30) is readily determined by the energy balance equa-
tion for Bjorken expansion, i.e., d,(re) = —P;, such that

P(dng) = E(@ng) — 2014E (D1q)- (35)

On top of the background field, the perturbations
8TH (X, 7o) at the hydrodynamic starting time 7yyq,, are
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determined by convoluting the precalculated linear kinetic
response functions, G’;;; with the initial energy perturbation
as follows:

5TMD(Thydrov X0, 7/0) _

T;[(Tn (Thydro )

/ d*xdnG'% (X,1,X0.10: Thydro» TEKT)

5T;‘f)~7’]0 (TEKTa X, ’7) (36)

T§f,,q0 (Tekt)

where the integration is confined to a causal region.
While in the transverse plane this restricts the integration
to |x — Xo| < At in the limit 7, — 0, there is no limit on the
rapidity separation |7 —79|. Since the Green’s functions
themselves have a limited support in both |[x — x|/ At and
|7 — nol, in practice we limit the integration to |x — X,| <
1.3A7 and Ay < 3, which is sufficient to account for all
contributions.

Eventually, the full energy-momentum tensor is recon-
structed from the background and perturbations, as

T””(Thydro, Xg.10) = T’éz,no (Thydro) + 5T}w(7hydroa X0, 1o)-
(37)

In order to examine the dependence of hydrodynamic
model on the starting time 7y,4,,, Wwe Will consider different
values of the hydrodynamization time,

Thyaro = 0.4,0.6,0.8, 1.0, 1.2 fm, (38)

and study the subsequent evolution up to the final state
hadronic observables. During the preequilibrium stage,
the ratio between shear viscosity and entropy is taken as
n,/s = 0.16. Once we have the energy-momentum tensor
at Tpyqro, it is decomposed into energy density, flow velocity
and shear tensor in Landau frame which can be directly
input into the subsequent hydrodynamic expansion,

T = (e + P)u'u’ — Pg" + ot (39)

We note that the regulator developed in Ref. [32] is also
utilized for handling the failure to find a local fluid rest
frame, especially at the edges or peaks of the medium
where the gradients are particularly steep.

III. APPLICATION OF KgMPgST-3D: (3+1)D FULL
EVOLUTION OF HICs

Now that we have established KgMPgST-3D to
perform the preequilibrium evolution, we can embed this
into a (3 + 1)D multistage framework employed for the
description of relativistic heavy-ion collisions. Prior to
the preequilibrium evolution, a saturation-based three-
dimensional initial state model, McDipper, is utilized to
generate the initial conditions for KgMPgST-3D.

Subsequently, the event-by-event (3 4+ 1)D CLVisc hydro-
dynamic framework [53-55], which incorporates second-
order dissipative hydrodynamic evolution and a Cooper-
Frye hadronic sampler, is employed to simulate the space-
time evolution of the QGP medium and thermal hadron
production. Finally, the microscopic hadronic cascade
model SMASH is used to describe the subsequent hadronic
rescattering and decays. Before we turn to the numerical
results of such simulations, we briefly describe the indi-
vidual modules.

A. McDipper initial-state model

The McDipper model [56,57] provides a framework for the
initial energy and charge deposition in heavy-ion collisions,
formulated within the kp-factorization limit of the color
glass condensate (CGC) effective theory. In this approach,
the initial energy density (et), is obtained from the first
moment of the gluon and (sea)quark distributions,

dN dN
— d2 K g9 qar
(e1), / plpl[ Y Exdipdy %‘7& Zp dy} y

(40)

Here, the phenomenological normalization factor K, is
introduced to account for the normalization uncertainties
and higher-order corrections to gluon production in accor-
dance with Ref. [57]. In the present implementation,
McDipper employs the single parton production formulas
computed at leading order to determine the corresponding
gluon and quark distributions.

For gluons, the single inclusive production originates
from radiative processes. Consequently, the gluon spec-

trum can be expressed as the integration of the two

dN,
> d>xd’pdy’
momentum space dipole functions [58—60] of the projectile
and target, in the adjoint representation, together with a

hard factor (see Refs. [61,62]),

dN,  (N2-1) / d*q d’k q*k2
d’xd’pdy  4n°#N. ) (2x)? (2x)* p?

X D1 a4 (x1,x, q)DZ,adj (x2. %, k)

x (27)26@ (q + k — p). (41)

where x;,, = \/LLNLNeiY denotes the light-cone momentum
fraction in the projectile and target, g is the strong coupling
constant, and N, = 3 denotes the number of colors.

In the high energy limit, single inclusive quark produc-
tion arises from the stopping of the collinear quarks inside
the projectile (target) nucleus via multiple scattering off the

color fields of the target (projectile) nucleus. The corre-

can be written as [63,64]

. dN,,
sponding quark spectra, W;{)dy’
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quf 7x1q?(x1’p27X)Dfun(x2’ X, p)
&Ixd’pdy (27)?
)Czq? ('x27 p2’ X)Dfun(xl » X, p)
(27)? ’

(42)

where q/;» (X125 Q2. x) represent the collinear quark distri-

butions in the two nuclei, which in McDipper are modeled as

the incoherent sum of the parton distributions of individual

nucleons, q’f’/ "

distribution functions of neutrons are obtained from those
of protons by interchanging u <> d quark flavors.

In this work, the dipole gluon distributions are modeled
using the impact-parameter dependent saturation (IP-Sat)
model [65,66], where the fundamental dipole is given by

. Invoking isospin symmetry, the parton

r2s?

Dy (x. X, 8) = exp —mas(ﬂz)XQ(xaﬂz)T(X) . (43)

where g(x,u?) denotes the gluon distribution function
initialized at a scale y via the parametrization

xg(x,,u(z)) = agx_’lg(l —x)39, (44)

and evolved to further scales, u, via the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi equation. By assuming that
local color correlations of charges inside the nucleus are
Gaussian, the adjoint dipole can be related to the funda-
mental one as D,g;(x, X, s) = [Dyyn(x, X, 8)]“/€F, which is
the relation employed throughout this work.

With the initial energy density specified, the energy-
momentum tensor for the subsequent preequilibrium evo-
lution is initialized as

T = diag(e, e/2,¢/2,0), (45)

where only energy perturbations are present and the strong
pressure anisotropy of the above energy-momentum tensor
indicates that the system at zggr is still far from local
equilibrium and cannot be properly described by viscous
hydrodynamics, motivating the use of KgMPgST.

Since the McDipper model does not include final-state
interactions, we always assume the initial time gkt to be
very small, to account for kinetic final-state interactions in
KgMPgST. In practice, we take the starting time of the
subsequent preequilibrium evolution as rggt = 0.01 fm/c,
however we expect our results to be rather insensitive to the
choice of initial time 7ggrt.

We note that in this work, we will only examine the
applicability of our (3+ 1)D framework in the most
central 0-5% Pb + Pb collisions at /syy = 2.76 TeV.
The normalization factor K, = 2 in McDipper is chosen to
approximately reproduce the charged particle multiplicity
at midrapidity.

B. CLVisc hydrodynamics

Following the preequilibrium evolution in KgMPgST-3D,
the subsequent space-time evolution of the QGP fireball
will be simulated in the CLVisc hydrodynamic framework
[53-55] which solves the energy-momentum conservation
equation,

9,T" =0, (46)

based on hydrodynamic constitutive equations for the
energy-momentum tensor 7#* of the QGP. Since the QGP
medium remains out of local thermal equilibrium through-
out its entire evolution, dissipative corrections to 7 are
evolved according to Israel-Stewart type equations [67].
Considering the conformal limit assumed in the preequili-
brium stage, the evolution of bulk pressure in the QGP
phase is ignored, while the shear stress tensor is evolved
according to”

T,,AZ;Dﬂ'aﬂ + 1 = 50" — 8,0 — ‘L'Mzz"l(”(f;>

+ g adaie. (47)

Here D is the covariant derivative u*d,, A" is the spatial
projector ¢* — utu?, V¥ = A9, 6 = d,u" is the expan-
sion rate and o** is the symmetric shear tensor 2V*y*). The
traceless tensor A% = ALEA® projects out the part that

is traceless and transverse to the flow velocity using
the double, symmetric, and traceless projection operator
Al = S (ARAY + ALA#g) =AM Ay 7, is  relaxation
times of shear tensor. d,,,7,, and ¢, are second-order
transport coefficients. The values of relaxation time and
transport coefficients are taken from Ref. [68]. In this work,
the specific shear viscosity 7,/s is taken to be a constant
value of 0.16 throughout the hydrodynamic evolution,
consistent with the value used in KsMP@ST-3D evolution.
The equation of state used in the hydrodynamic evolu-
tion is taken from the HotQCD Collaboration [69]. This
choice differs from the equation of state employed in the
KgMPgST-3D preequilibrium stage, where we assume a
conformal equation of state e =3P with an effective
number of degrees of freedom v = 40, chosen such that
the resulting energy density e(7) approximately matches
that of high-temperature QCD [69,70]. We note that this
mismatch between the preequilibrium and hydrodynamic
equations of state constitutes a systematic approximation of
our framework. Its phenomenological consequences will be

“Note that, when expanded to second order in gradients,
the evolution equations take the same form as Eq. (D6) of
Ref. [32]. However, there is a slight mismatch in the value of
the second-order transport coefficient A;; in kinetic theory,

RTA _ 251 : o g ;

A = F(er Py whereas in the hydrodynamic simulations we
_ (25 _ 36\ 1

employ 4, = (% = 75) 1%
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reflected in the final observables and are implicitly included
in the theoretical uncertainty of our results.

C. Particlization and afterburner

When the local temperature of the QGP fluid drops down
to the freeze-out temperature (7, = 0.154 GeV), we use
the Cornelius algorithm [71] to infer the hypersurface for
the subsequent Cooper-Frye sampler. The momentum of
produced hadron is sampled from the following formula,

dN; G
dYprdprdd — (2x)?

where the thermal equilibrium contributions f., and out-of-
equilibrium correction §f, are given as

1

/2 S, fu(145f0),  (48)

T4 = o l(p-u=Brp) /T £ 1
n
5fn:(1ifeq)%~ (49)

We note that in this work, we oversampled each hydro-
dynamic event 1000 times to suppress nonflow effects
and reduce statistical fluctuations in final observables.
Once the hadrons are produced, a hadronic afterburner
SMASH [19-22] is employed to simulate final-state
interactions between them.

IV. RESULTS AND DISCUSSIONS

In this section, we show the results from the (3 + 1)D
framework in which the McDipper initial conditions are
evolved with the kinetic theory in KgMPgST-3D, followed
by hydrodynamic evolution in CLVisc and a hadronic
afterburner in SMASH. We first investigate the smoothness
of the transition from the early preequilibrium stage of a
heavy-ion collision to the subsequent hydrodynamic stage,
by looking at averages and profiles of the hydrodynamics
fields. Subsequently, we will also consider hadronic obser-
vables, and investigate their dependence on the hydro-
dynamic initialization time 7yy4,. In order to scrutinize
the effects, and not lose any information in statistical
averages, in this work, we will only examine one single
random event from McDipper in 0%—5% Pb + Pb collisions
at SNN = 2.76 TeV.

A. Visualization of preequilibrium evolution

In order to gain intuition for the preequilibrium evolu-
tion, we visualize the energy density and flow for the
McDipper initial condition, both in full three dimensions
(Fig. 5) and in two-dimensional slices (Fig. 6). The three-
dimensional energy density profile 777 (x, y, #,) from the
McDipper initial state model is evolved with the kinetic-
theory based preequilibrium solver KgMPgST-3D from
gkt = 0.01 fm to the hydrodynamic initialization time
Thydro = 1.0 fm. In the lower panel of Fig. 5, we also show
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FIG. 5. Three-dimensional energy density distribution
7T (x,y,n,) for the McDipper initial condition, shown before
the kinetic-theory preequilibrium evolution at zggt = 0.01 fm
(upper) and at the hydrodynamic initialization time tyyqr, =
1.0 fm (lower). Arrows in the lower panel indicate the direction
of the energy-flow components (7%, T%,zT™).
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FIG. 6. Time evolution of the energy density ze(x,y,n,)
during the kinetic-theory preequilibrium stage, shown as two-
dimensional cuts in the transverse plane at 7, = O (top) and in the
reaction plane at y = 0 fm (bottom).
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FIG.7. Transverse average of ze3/*, transverse velocity v, and momentum eccentricity as a function of time 7 in midrapidity (7, = 0)
and forward rapidity (1, = 5). The three average fields are plotted for different hydrodynamic initialization time hygro-

the direction of initial energy flow (77, T%,zT™) with
black arrows where the magnitude of the flow is omitted
for a clearer illustration. All in all, we observe both the
spreading of the initial fireball energy profile and the
generation of initial flow, demonstrating significant expan-
sion during the preequilibrium stage.

For a clearer view of the evolution during the preequili-
brium stage, Fig. 6 shows the energy density ze(x, y,7,) in
the transverse plane at 7, = 0 (top) and in the reaction plane
at y = 0 fm (bottom). Again, we can see how the onset of
dissipation during the preequilibrium phase results in a
smearing of the energy density profile both in the transverse
plane and the reaction plane.

B. Hydrodynamic fields

Next, to examine the transition from the kinetic pre-
equilibrium stage to hydrodynamics, we first consider the
transversely averaged hydrodynamic fields, namely the
energy density, radial flow, and momentum anisotropy,
at midrapidity and in the forward rapidity regions. The
averaged energy density and radial flow, are defined as

[ dPxute - redt

3/4
(re”®) [dxute

(50)

s

[ d*xute- v,

[ d?xute

(vi)y, (51)
where the radial flow is defined as v, = /v2 + 1;5 and

J d*x denotes an integral over the transverse coordinates.
The azimuthal momentum anisotropy is constructed from
the transversely integrated stress tensor as

/ xutT™

V([T = [T],)° + 4T
[T + [17;

[T+,

(52)

(53)

£y(7)

In Fig. 7, we present the averaged transverse profiles of
the energy density (ze’/*), transverse velocity (v, ) and
momentum eccentricity €, as a function of evolution time 7
at midrapidity (7, = 0) and forward rapidity (3, = 5) for
different hydrodynamization time 7,4, We find that the
evolution of energy density (re¥*) in midrapidity and
forward rapidity shows only a very weak dependence on
the hydrodynamics initialization time 7,4y, With the tiny
differences originating from the switch from a conformal
equation of state to a realistic QCD equation of state
[72,73]. On the other hand, we find that the evolution of the
radial flow is almost independent of the hydrodynamic
initialization time 74y, €xcept for the very early initial-
ization at 7yy4,, = 0.4 fm. This means the kinetic theory
captures well the rapid rise in the radial flow at early times
which ensures a smooth transition to hydrodynamic
regime. However, when we look at the time evolution of
the momentum eccentricity €, an evident dependence on
hydro starting time is found for both midrapidity and
forward rapidity as in previous (2 + 1)D preequilibrium
evolution [32]. This indicates that KgMPgST cannot
generate a momentum anisotropy &, comparable to that
in the hydrodynamic evolution. While the origins of this
behavior are still under active investigation, one possible
explanation would be that ¢, could be sensitive to non-
linear effects of fluctuations which are not included in the
linearized treatment of KgMP@ST [32]. The equivalence
between kinetic theory and hydrodynamics at the hydro-
dynamization time 7yyqy, ensures that the above examined
averaged hydrodynamic fields are insensitive to the choice
of the hydrodynamic starting time, especially for energy
density and radial flow. We now proceed to test whether
this insensitivity also holds for the local distribution of
hydrodynamic fields. In Fig. 8, we show the spatial
distributions of the energy density ze’* and the flow
velocity v, (or v, ) at the time slice 7o, =2 fm in the
transverse plane (left panels) and along the longitudinal
direction (right panels). The different curves stand for
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FIG. 8.

Local profile of energy density ze** and flow velocity v, (or

v, ) for different hydrodynamics transition times 7jyqy, in

transverse plane (left panels) or longitudinal direction (right panels).

different hydrodynamic transition times 7py4,,. Again, we
find that the local structure of ze3/* and the flow velocities
exhibit only a very weak dependence on the hydro-
dynamic initialization time 7yy4,, both in transverse plane
and longitudinal direction, indicating a well-controlled
matching between the preequilibrium dynamics and the
subsequent viscous hydrodynamic evolution in full

(3 4+ 1) dimensions.

C. Hydrodynamization

As in Ref. [32], the approach of kinetic theory towards
hydrodynamic regime can be assessed by comparing the
out-of-equilibrium components of the energy-momentum
tensor to the corresponding estimates in first order dis-
sipative hydrodynamics. In Fig. 9, we compare the out-of-
equilibrium shear stress tensor 7#* with the Navier-Stokes
estimate at different hydrodynamic initialization times
Thyaro = 0.8, 1.0, 1.2 fm/c. Here we take the transverse
diagonal component and the longitudinal momentum

component as examples, while the remaining components
of the shear tensor are shown in Appendix C. We find that
both the transverse and longitudinal components of the
shear stress tensor from kinetic theory agree well with the
hydrodynamic estimate over most of the collision region,
both in the transverse plane and along the longitudinal
direction, except near sharp edges where the small gradient
assumption breaks down. This indicates that the evolu-
tion of the system can now be smoothly matched onto
hydrodynamics.

In Fig. 10, we also present the scaled evolution time
variable @y = T4/ (47n,/s) at different hydro starting
times. Since previous studies [32,33,39,74,75] have shown
that values of @py > 1 indicate that the system can be
described by hydrodynamics, we find that the central
region in the transverse plane and the midrapidity region
along the longitudinal direction enter the hydrodynamic
regime for sufficiently large times, while deviations still
persist at the edges of fireball where the local energy
density is significantly smaller.
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2.0 ‘ ‘ |
- —— Ty =0.41m  Pb+Pb@Vsw=2.76 TeV | ¢ | _10fm 1
| Tryaro =06 fm 0%5% | — Thyaro=1.2 fm i

1.5 Thydro = 0.8 fm

y=0 fm x=y=0 fm

tTia /(4T0)/5)
)

W=

x(fm) Ns

FIG. 10. Scaled evolution time variable @4 at different hydro starting times. Values of @y > 1 indicate that the system is close enough
to local thermal equilibrium for hydrodynamics to become applicable.
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D. Final observables

Finally, we move on to investigate the effect of a
consistent description of the early-time dynamics on the
final observables in heavy-ion collisions. Since we observe
a smooth matching from the preequilibrium to the hydro-
dynamic stage, we expect that, for reasonable values, the
choice of the matching time 7,44, does not significantly
affect the final state hadronic observables.

We first demonstrate the effects of hydrodynamization
time 7y,y4,, 0N the pseudorapidity dependence of the charged
hadron multiplicity in Fig. 11. Overall, the multiplicity
shows only a very weak dependence on 74y, across the
rapidity direction when KgMP@ST-3D is used to describe the
early stage of the medium evolution. The slightly decreasing
trend in dN, / dn is already anticipated by the corresponding
behavior of (ze3/*), and can be traced back to the mismatch
between the equations of state used in the preequilibrium
stage and in the subsequent hydrodynamic evolution. How-
ever, for variations of 7,4, between 0.8 and 1.2 fm/c this
effect is less than 1 percent. Similarly, the examination of
radial flow, quantified by the mean transverse momentum
of charged hadrons in Fig. 12, also shows only marginal
sensitivity to the hydrodynamization time 74, Over the
whole rapidity range, at the level of about 2%. This tiny
difference can be attributed to the slight variation of the
multiplicity in each case. If the overall normalization is
consistently tuned to reproduce the experimental multiplic-
ity, the residual variation in the mean transverse momentum
can be further suppressed.

The anisotropic flow coefficients, which are among the
most widely studied observables in heavy-ion collisions,
are also examined for different durations of the pre-
equilibrium stage in Fig. 13. The upper panel shows the
transverse momentum dependence of the second- and
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FIG. 11. Dependence of charged particle multiplicity on hydro-
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flow v,, v3 to hydro starting time Tyyqyo-
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third-order flow coefficients at midrapidity, while the lower
panel displays the rapidity dependence of the anisotropic
flow for various hydrodynamization times 7pyqr- In this
work, the p; and 7 differential anisotropic flow (v, and v3)
are computed with the event plane method as follows:

v (pT) :l<COSn(¢—(DnA)> + (cosn(¢—d),13)> (54)
! 2 \/COS n(q)nA - (DnB) ’
(cos n(¢p=—D,4)) <0
v/ cosn(®,,—P,p) ’ g
1 {cosn(¢=®,)+{cosn(p=Dyp))
vn (’7) - 2 \/C05n(q)nA_q>nB) ’ ’/l O (55)
(cosn(d-,p) >0

\/cosn(®,4—®,p) "

where (---) denotes the average over all particles of
interest, ¢ is the azimuthal angle of particle of interest
and @, (g is the event plane of two reference subevents,

chosen as 3 < 7% < 5 and =5 < %' < —3 in the differ-
ential flow coefficients. In order to suppress short range
nonflow correlations, the 1 dependence of the anisotropic
flow is evaluated in the following way. Particles at +# are
correlated with reference particles from the backward
region, while particles at —# are correlated with reference
particles from the forward region. Since we only consider a
single event, the differential observables as functions of py
and 7 exhibit visible statistical fluctuations. Nevertheless,
the curves remain very close to each other, both in their
pr and n dependence, generally indicating only a weak
sensitivity of anisotropic flow to 7jy4,- By inspecting the
lower panel of Fig. 13 more carefully, one observes a small
systematic increase of v and a small systematic decrease
of v, when increasing 7yyqr, from 0.4 to 1.2 fm/c. We
attribute this to an interplay of the mismatch in the equation
of state between hydrodynamics and kinetic theory—
which, as seen in the middle panel of Fig. 7, overestimates
the buildup of radial flow during the preequilibrium
stage—and the underestimation of the momentum aniso-
tropy €, during the preequilibrium phase, as seen in the
right panel of Fig. 7. However, even within the relatively
large range of 0.4 fm/c < 734 < 1.2 fm/c, these varia-
tions are only at the 10%-20% level, indicating a satis-
factory performance of KeMPgST-3D.

V. SUMMARY AND OUTLOOK

In this work, we developed the framework KgMPgST-
3D to describe the (3 + 1)D preequilibrium dynamics of
HICs. Based on nonequilibrium response functions calcu-
lated in kinetic theory in the relaxation-time approximation,
we include the transverse and longitudinal structure of
the response to initial energy perturbations on top of a
longitudinal boost-invariant and transversely homogeneous
background. We confirmed that the newly developed

preequilibrium model, KeMP@ST-3D, provides a smooth
transition from 3D out-of-equilibrium initial conditions to
(3+ 1)D near-equilibrium viscous hydrodynamics. For
example, the preequilibrium dynamics based on kinetic
theory consistently capture the entropy production and the
radial flow generation. More importantly, the hydrodynam-
ization can be achieved in most of the collision region, not
only in the transverse plane but also in the longitudinal
direction. Subsequently, we embed the preequilibrium
model into a (3 + 1)D framework to describe the full
evolution of heavy-ion collisions, namely McDipper +
KgMPgST-3D + CLVisc + SMASH. We find that the
above framework only shows a marginal dependence on the
hydrodynamic initialization time 7y,yq,. The longitudinal
structure of dN/dn, {pr) and v, 3(n) shows little sensitivity
to hydrodynamization time 7y,

The development of a consistent theoretical framework
for (3 + 1)D simulations of the space-time dynamics of
heavy-ion collisions significantly improves the power of
phenomenological studies, as a detailed exploration of the
transverse and longitudinal dynamics could significantly
improve the extraction of QCD transport coefficients from
anisotropic flow measurements. Our newly developed
KgMPgST-3D framework reduces the uncertainty associ-
ated with the theoretical description of the early preequili-
brium phase, e.g., by eliminating the dependence on the
matching time to hydrodynamics, and can therefore be an
important tool for future investigations.

In the future, there are still several improvements that can
be done in this direction. For example, a more realistic
input of response functions from QCD kinetic theory is still
needed to improve the description of preequilibrium
dynamics. In addition, it is also important to include the
response to initial energy, momentum, and tensor pertur-
bations simultaneously for a comprehensive propagation
of information from initial conditions. Although these
aspects are conceptually straightforward, they are computa-
tionally expensive. We also aim to explore the applicability
of the KgMPgST framework by pushing the simulations to
smaller system sizes and lower collision energies, where
the duration of preequilibrium dynamics can become
comparable to the system size.
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APPENDIX A: ENERGY RESPONSE FUNCTIONS
IN FREE-STREAMING LIMIT

In this section, we will give the analytical results of 3D
response functions under free-streaming limit. In this case,
the Boltzmann equations are

anBG(T7pT’ pn) 207 (Al)

Taréfk(r’ Pr, p17) = 5fk(71 Pr, pr/)

i it
—k,p, ——Kkr- . (A2
X (TpT npn pT T pT> ( )

The solutions to them can be easily written down as

fBG(T’ PT,Pn) :fBG<TO7pTap;1)7 (A3)

. DT T
—ik, (arcschm—arcsch”—o)
P o

5f«(z. pr, Pn) = 6f (70 P> Pn)e

(Vo i—/ria+rl)

_iPT'sz
Xe ' (A4)
Following in the usual assumption in Ref. [76], the initial
distribution is taken as

240, e %
a0 = i e Y
6f4(x0) = ~ 210, fs(x0)] (A6)

where cos@ = p,/(zop) and p*> = p} + p; /7.
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FIG. 14. Evolution of the background energy density in the
free-streaming limit.

Hence, the background [77°(7)] evolution in free-
streaming limit is

_ dp.d?
Tre(c) = Lo / il Pr g ol0)

T (2r)?
_ v [dpydpr
T (27)3
2p2 2
240, e—fjg[lJr(éz—l)cos ()]
A Pl /1 + (& = 1)cos?(0)

=1

/1 dx
X
21 (1= x% + Ex%72 /13)?
1 arctan /a
= + s
l+a Vva

(A7)

where x = cos@ and a = &7 /75 — 1. We plot the back-
ground evolution in free-streaming limit in Fig. 14. It is
found that a highly anisotropic initial distribution (large &)
tends to approach Bjorken solution e(z) ~1/z. If we

further assume 7/7, > 1, we can obtain 77 (7) (770)297 +

= 1, arctan+/&—1
%02%5 and TTT(TO) X 5—2 ‘I‘W

Based on the definition of the perturbation,

y dp p'p*
5T (2) = vy / o). (A)

(27)*
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arctan \/
+ as follows:
Ve-t )

we express various responses to initial energy perturbation 8T% () o 27 * (& 2

5T @2n10(|kT|T)(1 + k/E)eHl

k i
5T” —0( 2ﬂJ1(|kT|T>< +k,7/§)€_k”/§,

=
k 72 ky, k,
ST —”o<—2n'J0(| 1|7) Lt eHlE,
= B
; ky'ky/ T _
o1 (31 =50 o« aldy + o) ale(1 4 ke
T

i ;oo 7 _
5T <2 Kl —5U> & L 2a(= )kl (1 + ke

o kk 12 k —k
ST 11 cx k|t — e kil
el & 7 271 (Kl )|k| 2

ST 27tJ0[|kT|T] 5 b e~falt, (A9)

where we assumed 7/7; > 1, £ > 1 and a common prefactor of perturbations is omitted here.
Utilizing the definition of response function,

8Ty (7) /5T“ﬂ(fo)
Ky, k Tk AL0
Gl (ke oy 7. 70) = T7(t) /| T (zy) (A10)
we derived various response functions in Fourier space,
Gy (K. [k 1) ~ Jo([k|o) (1 + Ky /E)e ™0,
Gy (k. [y ) 7 (Iler)( + Ky E) el
Gy (|, [ky|) ~ (|kT|T)§ ehile,
~ 1
G (K. k) 2 5 (Jo +2) [l 7)1 + Ky /)%,
G (k! |k, |) & (=1)J5[|kr|z](1 + k"/g)e—kn/.f
=, 70 k
Gx'v(|kT|,|k,7])z— 1(|kplr)—te knlé
& 5
. Tg —k, ke
Gl( ky|) ~ [|kT|T] = (A1)

The response functions in coordinate space can also be obtained via the reverse Fourier transformation in Eq. (10),

s _w _ tr §(r|-7) ¢
Gs( )_Gs( )_GS ( ”21_ <1+”2§2)2’
s, s _ 7_05(|r| B T) |’1|§
G{( ) = =Gy (|r|, |n]) = P (1+’72€2)2,
2 (v -7) ¢
Gi(|r|, |n]) = 2 2t (1428
G (Irl, In]) = 0. (A12)
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APPENDIX B: MORE IMAGES OF RESPONSE FUNCTIONS

1. In Fourier space
In Fig. 15, we show the evolution of the transverse momentum response [G{(kA7,k,)], the pressure response

[G§’5(kAT, k,) and G!(kAr, k,)] and shear stress response [GL¥ (kAz, k,) and Gy (kAz, k,)] to an initial energy perturbation
as a function of kAr and kn'

2. In position space
In Fig. 16, we show the evolution of the transverse momentum response [GY(r/Az,1n)], the pressure response

[GY(r/Az,n) and G'(r/Az.n)] and shear stress response [G:*(r/Az,n) and GY"(r/Az,5)] to an initial energy
perturbation as a function of r/Az and 7.
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correspond to different points in scaled time variable.
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APPENDIX C: COMPARISON OF MORE COMPONENTS OF THE SHEAR STRESS TENSOR TO THEIR
NAVIER-STOKES ESTIMATES

In Fig. 17, we compare the remaining components of the out-of-equilibrium shear stress tensor 7##* with their Navier-
Stokes estimates at different hydrodynamics initialization times 7,4, = 0.4, 0.6, 0.8, 1.0, 1.2 fm/c. We find that most of
them agree well with the hydrodynamic estimate over most of the collision region, both in the transverse plane and along the
longitudinal direction, except the component related to longitudinal response. However, the overall magnitude of this
discrepancy is relatively small. This indicates that it is safe to pass these components to subsequent hydrodynamic
simulations.
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FIG. 17. Hydrodynamization of more components of shear stress tensor.
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