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So far a major source of uncertainty in the study of heavy-ion collisions arises from the early time
dynamics which includes initial state and preequilibrium dynamics. The state-of-the-art framework,
KøMPøST [Kurkela et al. Phys. Rev. C 99, 034910 (2019); Kurkela et al. Phys. Rev. Lett. 122, 122302
(2019)], employs nonequilibrium Green’s functions to propagate the initial energy-momentum tensor to the
hydrodynamic phase, yet currently only treats transverse plane dynamics under boost-invariant conditions.
In this work, we extend KøMPøST to include nonboost-invariant responses to initial conditions, essential
for accurately capturing the longitudinal structures observed in heavy-ion collisions. Nonboost-invariant
fluctuations on top of a homogeneous background are evolved using ð3þ 1ÞD response functions
calculated in kinetic theory. To assess kinetic theory’s transition towards hydrodynamic evolution,
we systematically compare the out-of-equilibrium shear-stress tensor from KøMPøST-3D with estimates
based on Navier-Stokes hydrodynamics. Subsequently, a comprehensive ð3þ 1ÞD framework, McDipper +
KøMPøST-3D + CLVisc + SMASH, is utilized to simulate the complete spacetime evolution of heavy-ion
collisions. The sensitivity of key observables, including longitudinal structure of anisotropic flow, to
variations in the hydrodynamic initialization time is thoroughly investigated.

DOI: 10.1103/hpzj-xx3h

I. INTRODUCTION

A multi-stage framework consisting of early-time
dynamics, hydrodynamic expansion, and a hadronic after-
burner has been widely utilized in the study of relativistic
heavy-ion collisions [1,2]. Recently, most models on the
market have been gradually evolving into full three-
dimensional formulations in order to describe the complete
space-time dynamics at each stage. For the initial state
modeling, the transition is exemplified by the developments
from 2D frameworks such as TRENTo [3] to TRENTo-3D
[4,5], and from CGC-based models like IP-Glasma [6–8] to
3D-Glasma [9,10], as well as by newer implementations
such as EKRT [11,12]. For the hydrodynamic stage, the

evolution follows a similar path, from earlier 2D viscous
hydrodynamics (e.g., VISHNU [13]) to modern ð3þ 1ÞD
frameworks such as MUSIC [14,15] and Trajectum [16].
Finally, for the hadronic afterburner stage, publicly avail-
able models such as UrQMD [17,18] and SMASH [19–22]
are already formulated in full ð3þ 1ÞD. One of the
remaining challenges in this multi-stage picture lies in
modeling the preequilibrium dynamics, which bridges the
gap between the initial conditions and the onset of the
hydrodynamic expansion.
Starting from the initial state, parametric models, such as

the Glauber model [23–26] or TRENTo [3] model, only
provide the initial energy or entropy density but miss the
remaining hydrodynamic fields, such as the flow velocity and
the out-of-equilibrium contributions. Microscopic models,
such as IP-Glasma and McDipper, provide the full information
of the initial energy-momentum tensor. However, a theoreti-
cal description of the thermalization process is still needed to
evolve the initial energy-momentum tensor to the point in
time where a viscous hydrodynamic description becomes
applicable.
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In order to describe this preequilibrium stage, simple
models such as free streaming [27,28] and the gradient
expansion [29–31] have been employed to capture some
physics during the preequilibrium stage. However, devel-
oping a more realistic model remains an urgent task. The
preequilibrium framework, KøMPøST [32,33], provides a
practical way to propagate the energy-momentum tensor in
a far-from-equilibrium initial state to a time when viscous
hydrodynamics becomes applicable and some recent works
[34–38] have already employed KøMPøST in various
contexts. The power and advantage of KøMPøST comes
from the fact that the nonequilibrium kinetic evolution can
be efficiently described using nonequilibrium Green’s
functions calculated in kinetic theory, which consequently
enables fast event-by-event preequilibrium evolutions.
Considering the late time hydrodynamic behavior is fully

characterized by the energy-momentum tensor, the central
object of KøMPøST is to propagate the nonequilibrium
energy-momentum tensor Tμν from an initial time τEKT to a
time τhydro when hydrodynamics becomes applicable, i.e.,

TμνðτEKT;xÞ
���
out-of-equilibrium

⟶ Tμνðτhydro;xÞ: ð1Þ

The energy-momentum tensor Tμν at ðτhydro;xÞ is deter-
mined by the initial conditions at an earlier time τEKT in a
causal neighborhood of point x, which constrains their
position x0 to satisfy

jx0 − xj < cðτhydro − τEKTÞ: ð2Þ

Since for collisions of large nuclei, such as Pb and Au, at
RHIC and LHC energies, the time duration of preequili-
brium evolution Δτ ¼ τhydro − τEKT is much smaller than
the typical size (R ∼ 5 fm) of collision region, long wave-
length fluctuations within the causal circle are small,
whereas short wavelength fluctuations are typically washed
out as the quark gluon plasma (QGP) equilibrates and
becomes a hydrodynamically expanding fluid.
Based on this separation of scales, the evolution of

energy-momentum tensor can be split into the expansion
of a longitudinally boost-invariant and locally transverse
homogeneous background and the propagation of respec-
tive perturbations around the background [32,33],

Tμνðτ;x0Þ ¼ T̄μν
x ðτÞ þ δTμν

x ðτ;x0Þ: ð3Þ

By virtue of the scaling behavior found in kinetic theory
[32,39], the nonequilibrium evolution of the background
energy-momentum tensor (T̄μν) can be described by a
universal attractor curve [40], if the time variable (τ) is
scaled by the equilibrium relaxation time τeqðτÞ ¼ 4πηv=s

T .
While the small perturbations around the background can
be described by linear response theory,

δTμνðτ;xÞ
T̄ττ
x ðτÞ

¼
Z

d2x0G
μν
αβðx;x0; τ; τ0Þ

δTαβ
x ðτ0;x0Þ
T̄ττ
x ðτ0Þ

; ð4Þ

where the nonequilibrium Green’s functionsGμν
αβ need to be

determined from the underlying microscopic theory, using
e.g., QCD kinetic theory.
However, the current implementation of KøMPøST is

limited to describe the dynamics in the transverse plane,
and therefore only applies at midrapidity. A full three-
dimensional description becomes essential in the forward
and backward rapidity regions of high-energy nucleus–
nucleus collisions, especially at lower collision energies,
where the longitudinal structure of the final observables
plays an important role. In this work, we extend the state-
of-the-art KøMPøST framework, to construct a new frame-
work for the three-dimensional preequilibrium dynamics.
KøMPøST-3D provides a smooth transition from 3D initial
conditions to ð3þ 1ÞD viscous hydrodynamics, thereby
reducing the dependence of the hydrodynamic model on
the initialization time τhydro [30,41].
This paper is organized as follows. In Sec. II, we

briefly introduce the solution to the kinetic theory under
the relaxation time approximation, and present the corre-
sponding response functions in both Fourier and coordinate
space, as well as their implementation in the KøMPøST-3D
framework. In Sec. III, we introduce the ð3þ 1ÞD frame-
work employed to simulate event-by-event heavy-ion
collisions. This framework consists of the McDipper initial
state model, the KøMPøST-3D preequilibrium dynamics,
the CLVisc viscous hydrodynamics, and the hadronic after-
burner SMASH. In Sec. IV, we first visualize the input and
output of the KøMPøST-3D framework. Then we examine
the smooth transition from kinetic theory preequilibrium
dynamics to hydrodynamic expansion by analyzing the
evolution of hydrodynamic fields, including energy den-
sity, radial flow, and momentum azimuthal ellipticity, and
the hydrodynamization of the out-of-equilibrium shear
stress tensor as well as the scaled time variable. Further-
more, we examine the sensitivity of final-state observables,
including longitudinal structure of the multiplicity, mean
transverse momentum and anisotropic flow, to the hydro
starting time (τhydro). Finally, we summarize the findings
and point out possible directions for future work in Sec. V.

II. RESPONSE FUNCTIONS

Building on the foundational work of KøMPøST
[32,33], in this work, we continue to assume that the
background is locally transverse homogeneous and longi-
tudinally boost-invariant. Hence, the nonequilibrium evo-
lution of the background energy-momentum tensor T̄μν

remains identical to the original KøMPøST framework,
while the nonequilibrium response functions evolve the
full three-dimensional structure of the initial energy-
momentum tensor. Since the linearization is performed
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on a boost-invariant and homogeneous background, the
3D response functions depend only on the differences
ðx − x0; η − η0Þ, such that

δTμνðτ;x; ηÞ
T̄ττ
x;ηðτÞ

¼
Z

d2x0dη0G
μν
αβðx; η;x0; η0; τ; τ0Þ

×
δTαβ

x;ηðτ0;x0; η0Þ
T̄ττ
x;ηðτ0Þ

; ð5Þ

where the response functions, Gμν
αβðx; η;x0; η0; τ; τ0Þ, can

be more easily solved in momentum space,

Gμν
αβ

�
x − x0; η − η0; τ; τ0; T̄ττ

x ðτ0Þ
� ¼

Z
d2kTdkη
ð2πÞ3

G̃μν
αβ

�
kT; kη; τ; τ0; T̄ττ

x ðτ0Þ
�
eifkT·ðx−x0Þþkηðη−η0Þg; ð6Þ

where the longitudinal momentum is defined as
kη ≡ jkTjτ sinhðy − ηÞ. So in momentum space, we have

δTμν
k ðτÞ
eðτÞ ¼ 1

2
Gμν

αβðkT; kη; τ; τ0Þ
δTαβ

k ðτ0Þ
eðτ0Þ

: ð7Þ

We note that the symmetries of the background constrain
the possible structure of the response functions, and it is
therefore advantageous to perform a decomposition into
different tensor structures.

A. Decomposition of response functions

Based on rotational symmetry in the transverse plane, the
response functions in momentum space for (scalar) energy
perturbations can be decomposed as follows:

G̃ττ
ττðkT; kηÞ ¼ G̃s

sðjkTj; jkηjÞ;

G̃τi
ττðkT; kηÞ ¼ −iG̃v

sðjkTj; jkηjÞ
kT

i

jkTj
;

G̃ij
ττðkT; kηÞ ¼ G̃t;δ

s ðjkTj; jkηjÞδij þ G̃t;k
s ðjkTj; jkηjÞ

kT
ikT

j

jkTj2
;

G̃ηη
ττ ðkT; kηÞ ¼ G̃η

sðjkTj; jkηjÞ;

G̃τη
ττðkT; kηÞ ¼ −i

kη
jkηj

G̃s;η
s ðjkTj; jkηjÞ;

G̃iη
ττðkT; kηÞ ¼

kiTkη
jkTjjkηj

G̃v;η
s ðjkTj; jkηjÞ: ð8Þ

Similarly, in position space, the decomposition for energy
perturbations takes the following form:

Gττ
ττðr; ηÞ ¼ Gs

sðjrj; jηjÞ;

Gτi
ττðr; ηÞ ¼

ri

jrjG
v
sðjrj; jηjÞ;

Gij
ττðr; ηÞ ¼ Gt;δ

s ðjrj; jηjÞδij þ Gt;r
s ðjrj; jηjÞ r

irj

jrj2 ;

Gηη
ττ ðr; ηÞ ¼ Gη

sðjrj; jηjÞ;
Gτη

ττðr; ηÞ ¼ η

jηjG
s;η
s ðjrj; jηjÞ;

Giη
ττðr; ηÞ ¼ riη

jrjjηjG
v;η
s ðjrj; jηjÞ: ð9Þ

The coordinate space Green’s functions are related to their
momentum space counterparts according to the Fourier-
Hankel transformation as follows:

Gs
sðjrj; jηjÞ ¼

1

2π2

Z
∞

0

djkTjjkTjdkη cosðkη · ηÞJ0ðjkTjjrjÞG̃s
sðjkTj; jkηjÞ;

Gv
sðjrj; jηjÞ ¼

1

2π2

Z
∞

0

djkTjjkTjdkη cosðkη · ηÞJ1ðjkTjjrjÞG̃v
sðjkTj; jkηjÞ;

Gt;δ
s ðjrj; jηjÞ ¼ 1

2π2

Z
∞

0

djkTjjkTjdkη cosðkη · ηÞ
�
J0ðjkTjjrjÞG̃t;δ

s ðjkTj; jkηjÞ þ
J1ðjkTjjrjÞ
jkTjjrj

G̃t;k
s ðjkTj; jkηjÞ

�
;

Gt;r
s ðjrj; jηjÞ ¼ −1

2π2

Z
∞

0

djkTjjkTjdkη cosðkη · ηÞJ2ðjkTkrjÞG̃t;k
s ðjkTj; jkηjÞ;

Gη
sðjrj; jηjÞ ¼ 1

2π2

Z
∞

0

djkTjjkTjdkη cosðkη · ηÞJ0ðjkTjjrjÞG̃η
sðjkTj; jkηjÞ;

Gs;η
s ðjrj; jηjÞ ¼ η

2π2jηj
Z

∞

0

djkTjjkTjdkη sinðkη · ηÞJ0ðjkTjjrjÞG̃s;η
s ðjkTj; jkηjÞ;

Gv;η
s ðjrj; jηjÞ ¼ −η

2π2jηj
Z

∞

0

djkTjjkTjdkη sinðkη · ηÞJ1ðjkTjjrjÞG̃v;η
s ðjkTj; jkηjÞ: ð10Þ

In this work, the independent components of macroscopic response functions Gμν
αβ will be calculated using kinetic theory in

the relaxation time approximation, which will be explained in the next section.
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B. Response functions from kinetic theory in the
relaxation time approximation

Wewill employ the Boltzmann equation in the relaxation
time approximation (RTA),

�
pτ
∂τ þ pi

∂i −
pη

τ2
∂η

�
fðx; pÞ

¼ −
pμuμðxÞ

τR

�
fðx; pÞ − feqðpμβ

μðxÞÞ�; ð11Þ

for a conformal system of ultrarelativistic massless bosons,
to calculate the response functions, as exemplified in [42],
and in selected cases also compare the RTA results to
calculations in QCD kinetic theory. We employ Milne
coordinates,

xμ ¼ ðτ;xT; ηÞ; ð12Þ

with metric gμν ¼ diagð1;−1;−1;−1=τ2Þ, such that pμ in
Eq. (11) denotes the four momentum,

pμ ≡ ðpτ;pT; pηÞ; ð13Þ

which can be parametrized as

pμ ¼
	
pT coshðy − ηÞ;pT;

pT

τ
sinhðy − ηÞ



: ð14Þ

In equilibrium, the distribution is assumed to be the Bose-
Einstein distribution,

feqðxÞ ¼
1

ex − 1
;

such that the equation of state is given by eeqðTÞ¼ νeff
π2

30
T4,

where νeff is the effective number of degrees of freedom.
The relaxation time is determined by TτR ¼ 5ηv=s, such
that for a conformal system with constant ratio of shear-
viscosity to entropy density ηv=s, the relaxation time is
inversely proportional to the temperature.
In principle, the distribution function can be decomposed

into a background [fBGðτ; pT; jpηjÞ] that is longitudinally
boost invariant and locally homogeneous in the trans-
verse plane, together with small perturbations [δfðx; pÞ]
around it,

fðx; pÞ ¼ fBGðτ; pT; jpηjÞ þ δfðx; pÞ: ð15Þ

Therefore, we obtain the Boltzmann equations for the
background and the perturbations, respectively,

τ∂τfBG ¼ −
τ

τR

�
fBGðτ; pT; jpηjÞ − feq

	
pτ

TðτÞ

�

;

pμ
∂μδf ¼ −

pτ

τR
δf þ pμδuμ

τR

�
ðfeq − fBGÞ þ

pτ

T
f0eq

�

−
pτ

τR
δT

�
1

τR

∂τR
∂T

ðfeq − fBGÞ þ
pτ

T2
f0eq

�
; ð16Þ

where only the linear-order terms are retained for the latter.
Since the response functions are first derived in Fourier
space, we also rewrite the Boltzmann equation for the
perturbations into Fourier space to eliminate the explicit
spatial dependence, as follows:

δfðτ;x; η;pT; pηÞ ¼
Z

d2kT

ð2πÞ2
Z

dkη
2π

× δfkðτ;pT; pηÞeiðkT·xþkηηÞ: ð17Þ

The Boltzmann equations in Eq. (16) are then reformu-
lated using the method of moments, which transforms the
partial differential equations into a set of coupled ordinary
differential equations. The quantities to be solved are the
moments Em

l and δEm
l;k of the corresponding distribution

function, defined as

Em
l ðτÞ ¼ νeff

Z
dpη

2π

Z
d2pT

ð2πÞ2 τ
1=3pτ

× Ym
l ðϕpT

; θηÞfBGðτ; pT; jpηjÞ;

δEm
l;kðτÞ ¼

Z
dpη

2π

Z
d2pT

ð2πÞ2 τ
1=3pτ

× Ym
l ðϕpTkT

; θηÞ×δfkðτ;pT; pηÞ: ð18Þ

Following [42], the resulting coupled ordinary differential
equations are numerically solved using the fourth-order
Runge-Kutta method.
Since large longitudinal momenta cannot be maintained

at early times, and the nonequilibrium attractor of kinetic
theory suggests that all initial conditions eventually con-
verge to the same evolution, we employ an initial condition
in which the longitudinal momentum distribution is taken
as a Dirac delta function,

fBGðτ0; pT; pηÞ ¼
ð2πÞ3
νeff

δðpηÞ
dN0

dηd2pTd2x
; ð19Þ

where, due to the simplicity of the kinetic theory in relax-
ation time approximation, the concrete form of the initial
(transverse) momentum distribution dN0=dηd2pTd2x is
irrelevant.
By following the logic of KøMPøST [32,33,42], the

initial conditions for the linearized perturbations are taken
to correspond to a small shift of the typical transverse
momentum pT , free-streaming up to τ0, such that
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δfkðτ0;pT; pηÞ ¼ −
	jpTj

3
∂jpTjf

ð0Þ
BGðjpTj; pηÞ




× e−i
�
pT ·kT
jpT j τ0−kηarcschð

pTτ0
pη

Þ
�
: ð20Þ

We note that due to the conformal scaling properties of
the Boltzmann equation in the relaxation time approxima-
tion, the dependence on the relaxation time or coupling
constant can be completely eliminated by considering ω̃ ¼
TðτÞτ=ð4πηv=sÞ as the relevant time variable [42], thus
making the Green’s functions universal functions of the
variables ω̃; jkTjΔτ and kη in Fourier space, and respec-
tively ω̃; jrj=Δτ and η in coordinate space.

1. Green’s functions in Fourier space

In Fig. 1, we show the evolution of the energy response
Gs

sðjkTjΔτ≡ jkTjðτ − τ0Þ; kηÞ (upper panels) and the
longitudinal momentum response Gs;η

s ðjkTjΔτ; kηÞ (lower
panels) to an initial energy perturbation as functions of
transverse (jkTjΔτ) and longitudinal (kη) wavenumber.
Different columns in Fig. 1 correspond to different evolu-
tion times ω̃ ¼ TðτÞτ=ð4πηv=sÞ. For the energy response,
at very early times, a free-streaming behavior is observed
(see Appendix A for more details), where the oscilla-
tions extend to large jkTjΔτ values and exhibit an almost
uniform pattern along the kη direction. As time evolves, the
response gradually decays, and only the low wave-number

modes eventually survive. In contrast, a longitudinal
momentum response to an initial energy perturbation is
absent at early times, as the momentum response needs to
build up dynamically. As the system evolves, however, the
response is gradually generated through the energy gra-
dients and increases over time, while remaining mainly
concentrated in the low wave-number region. The addi-
tional response functions Gv

sðjkTjΔτ; kηÞ, Gt;δ
s ðjkTjΔτ; kηÞ,

Gt;k
s ðjkTjΔτ; kηÞ, Gη

sðjkTjΔτ; kηÞ and Gv;η
s ðjkTjΔτ; kηÞ are

presented in Fig. 15 of Appendix B.

2. Green’s functions in coordinate space

Based on the results in Fourier space, the response
functions in coordinate space are obtained through the
reverse Fourier transformation as defined in Eq. (10).
In practice, since only a finite set of discrete points in
Fourier space (jkTjΔτ; kη) are calculated within a limited
region of the kinetic theory evolution, interpolation
between these points and extrapolation beyond the covered
region (using the free-streaming approximation) are per-
formed to obtain a smooth Fourier transform as in
Refs. [32,43]. Furthermore, Gaussian smearing kernels,
expð−σ2jkTj2Δτ2=2Þ and expð−σ2ηk2η=2Þ, are applied to
regulate the large wave-number tails, at early times where
viscous damping of large-kT and kη modes is not yet
present. If not stated otherwise, in this work, we use
σ ¼ 0.1; ση ¼ 0.1.

FIG. 1. Evolution of the energy response [Gs
sðjkTjΔτ; kηÞ] and longitudinal momentum response [Gs;η

s ðjkTjΔτ; kηÞ] to an initial
energy perturbation as a function of jkTjΔτ and kη. Different panels correspond to different points in time. The color indicates the
magnitude of respective response functions.
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In Fig. 2, we show the evolution of energy response
Gs

sðjrj=Δτ; ηÞ (upper panels) and longitudinal momentum
response Gs;η

s ðjrj=Δτ; ηÞ (lower panels) to an initial energy
perturbation as functions of jrj=Δτ and η. At very early
times, the energy response exhibits free-streaming behavior
resulting in a localized peak around jrj=Δτ ¼ 1 and η ¼ 0 as
in the transverse plane the perturbation propagates at the
speed of light (jrj=Δτ ≈ 1), while along the longitudinal
direction, it remains nearly a delta function [δðηÞ], indicating
negligible longitudinal diffusion. As the system evolves, a
finite longitudinal width of the response appears due to the
underlying diffusive dynamics, such that by the time ω̃ ≈ 1
when the system can be considered sufficiently close to
equilibrium for hydrodynamics to apply, initial perturbations
have spread around one unit in rapidity. By spreading
out, transversely and longitudinally, the overall magnitude
of the response gradually decreases, where at later times the
Green’s function features an outer peak signaling the out-
ward transport of the initial energy perturbation as well as a
central dip characterizing the wake. While the longitudinal
momentum response, depicted in the lower panels vanishes
at early times, as the system evolves, the longitudinal
momentum is gradually generated by the energy density
gradients in longitudinal direction and increases over time.
The flow pattern shows inward motion around the dip
and outward motion around the peak. The remaining
response functions, namely Gv

sðjrj=Δτ; ηÞ, Gt;δ
s ðjrj=Δτ; ηÞ,

Gt;k
s ðjrj=Δτ; ηÞ, Gη

sðjrj=Δτ; ηÞ, Gv;η
s ðjrj=Δτ; ηÞ are pre-

sented in Fig. 16 of the Appendix.

3. Hydrodynamic constitutive relations

Since the nonequilibrium system approaches equilibrium
over the course of its evolution, at late times, the response
functions from kinetic theory are expected to approach the
hydrodynamic regime, in which the different components are
interrelated by the hydrodynamic constitutive relations. By
following the strategy of Ref. [32], we can thus identify
relations between different components of energy-momentum
tensor, which emerge in second order hydrodynamics for
small wave-number perturbations. Extending the analysis of
Ref. [32] to include longitudinal dynamics ðkη ≠ 0Þ, we obtain
the following relations between independent components of
the response functions for an initial energy perturbations:

G̃t;δ
s ðτ; jkTj; kηÞ

¼
	
Pþ ηv

2τ
þ 1 − c2s

3

τπηv − λ1
τ2

−
c2sτπηv

2
jkTj2




×
G̃s

sðτ; jkTj; kηÞ
T̄ττ þ

	
2

3
ηv − ηvτπ

6c2s þ 4

9τ
þ 16

9τ
λ1




×
jkTjG̃v

sðτ; jkTj; kηÞ
T̄ττ þ 1

2
T̄k
k

; ð21Þ

FIG. 2. Evolution of the energy response [Gs
sðjrj=Δτ; ηÞ] and longitudinal momentum response [Gs;η

s ðjrj=Δτ; ηÞ] to an initial energy
perturbation as a function of jrj=Δτ and η. Different panels correspond to different points in time. The color indicates the magnitude of
respective response functions.
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G̃v;η
s ðτ; jkTj; jkηjÞ ¼

	
ηvτπ

c2s þ 1=3
τ

− ηv −
4λ1
3τ




×

	jkTjG̃s;η
s ðτ; jkTj; jkηjÞ
T̄ττ þ T̄η

η

þ jkηjG̃v
sðτ; jkTj; jkηjÞ
T̄ττ þ 1

2
T̄k
k



; ð22Þ

where, in order to match the underlying microscopic kinetic
description, we have c2s ¼ 1=3 and the transport coeffi-
cients are taken as [44–46]

τπ ¼
5ηv
ϵþ P

;

λ1 ¼
25η2v

7ðϵþ PÞ : ð23Þ

In Fig. 3, we examine the constitutive relations, Eqs. (21)
and (22) at scaled time ω̃ ≈ 2 or 5. The response functions
G̃t;δ

s and G̃v;η
s obtained from RTA dynamics are compared

with those (denoted as 2nd order hydro) reconstructed from
G̃s

s, G̃
v
s and G̃s;η

s , G̃v
s according to the constitutive relations

at various jkTjΔτ or kη. Strikingly, as shown in the upper
panels, the constitutive relation between the pressure,

energy and momentum responses, Eq. (21), is well-satisfied
by ω̃ ¼ 2 even for relatively large wave numbers jkTjΔτ
and kη. Conversely, as shown in the lower panels, the
hydrodynamic constitutive relation between the longi-
tudinal component of the shear stress and momentum
response, is much harder to fulfill, except at very late
times (ω̃ ≈ 5) and for rather small wave numbers
jkTjΔτ; kη ≲ 1, indicating that hydrodynamization is more
difficult to achieve for the longitudinal components of the
energy-momentum tensor than for the transverse ones.

4. From RTA to QCD: Comparison of energy response
functions at kT = 0 and kη = 0

So far we have presented the calculation of ð3þ 1ÞD
nonequilibrium response functions in kinetic theory in the
relaxation time approximation. One step further is to
calculate these response functions in QCD kinetic theory
by formulating the collision integrals for background and
perturbation contributions as

∂τfa;BG ¼ −Ca½f�;
pμ

pτ ∂μδfk⃗;a ¼ −δCa½f; δfk⃗�: ð24Þ

FIG. 3. Examination of the constitutive relations, Eqs. (21) and (22), at scaled times ω̃ ≈ 2 and 5. The response functions G̃t;δ
s (upper

panels) and G̃v;η
s (lower panels) from RTA dynamics (denoted as RTA) are compared with those reconstructed from G̃s

s, G̃
v
s and G̃

s;η
s , G̃v

s
according to the constitutive relations at various jkTjΔτ or kη.
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where the index a runs through all QCD species a ¼ g; q; q̄ and the wave number vector is k⃗ ¼ ðkT; kηÞ. The background
collision integrals for QCD include both 2 ↔ 2 elastic and 1 ↔ 2 inelastic processes. The elastic collision process is
calculated,

C2↔2
a ½f�ðp⃗1Þ ¼

1

2νa

1

2Ep1

X
b;c;d∈ fg;qf;q̄fg

Z
dΠ2↔2jMab

cdðp⃗1; p⃗2jp⃗3; p⃗4Þj2Fab
cdðp⃗1; p⃗2jp⃗3; p⃗4Þ; ð25Þ

up to leading order scattering in matrix amplitude
square jMab

cdðp⃗1; p⃗2jp⃗3; p⃗4Þj2 for all possible processes
a; b ↔ c; d with a; b; c; d ¼ g; q; q̄ in QCD, and
Fab
cdðp⃗1; p⃗2jp⃗3; p⃗4Þ is the quantum statistical factor. The

inelastic radiation process is calculated as

C1↔2
a ½f�ðpÞ ¼ 1

2νa

X
b;c∈ fg;qf;q̄fg

Z
1

0

dz;

×

�
dΓa

bc

dz
ðp; zÞνaFa

bcðpjzp; z̄pÞ

−
1

z3
dΓc

ab

dz

	
p
z
; z



νcFc

ab

	
p
z
jp; z̄

z
p




−
1

z̄3
dΓc

ab

dz

	
p
z̄
; z̄



νcFc

ab

	
p
z̄
jp; z

z̄
p


�
; ð26Þ

with effective inelastic rates dΓa
bcðp; zÞ=dz for all possible

process a ↔ b; cwith a; b; c ¼ g; q; q̄ in QCD in the AMY
framework [47], and Fc

abðpz jp; z̄z pÞ is the quantum statis-
tical factor. The detailed implementations, including
numerical algorithms, can be found in our previous papers
[48,49]. The perturbation components receive contributions
from variations of the scattering matrix elements δjMab

cd j2,
radiation rates δðdΓa

bcðp; zÞ=dzÞ, as well as the statistical
factors δFab

cd , δF
a
bc and a more detailed discussion of all the

above quantities and their numerical implementation will
be provided in a forthcoming paper [50].1

Evidently, the numerical calculations in QCD kinetic
theory are significantly more demanding compared to the
RTA, and we will therefore only compare the results for the
special cases kη ¼ 0 and jkTj ¼ 0 depicted in the left and
right panels of Fig. 4. By inspecting the case of kη ¼ 0,
which characterizes the transverse response, we observe no
qualitative differences between the behavior in QCD and
RTA kinetic theory, which is in line with earlier studies of
equilibrium [51] and nonequilibrium response functions
[42] in different kinetic theories. When considering the
longitudinal dynamics of energy perturbations, depicted
in the right panel, we again observe the same quali-
tative behavior between QCD and RTA kinetic theory.
Differences emerge at early times, where the results in
QCD kinetic theory show a stronger damping of the large
kη modes, which can be attributed to a difference in the
initial conditions, where for numerical convenience in the
case of QCD kinetic theory the simulations are initialized
with a large but finite momentum anisotropy, as opposed to
the infinite momentum anisotropy employed in RTA

FIG. 4. Comparison of the energy response functions in QCD and in RTA for kη ¼ 0 (left) and kT ¼ 0 (right) at three selected times.

1Note that linearized perturbations in QCD kinetic theory have
already been studied in [51] to investigate hydrodynamic/non-
hydrodynamic modes in QCD, however, without providing
technical details.
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calculations. Due to this difference longitudinal energy
diffusion starts right away in the case of QCD kinetic
theory, however at later times, where the system can sustain
a larger longitudinal pressure and longitudinal energy
diffusion becomes more and more pronounced the QCD
and RTA results are again in good agreement.

C. KøMPøST-3D

We proceed by embedding the three-dimensional
response functions discussed above into the preequili-
brium evolution model, KøMPøST, thereby constructing
a complete ð3þ 1ÞD evolution of the prehydrodynamic
stage, referred to as KøMPøST-3D which is publicly
available at [52].
Following the general formalism of KøMPøST

[32,33,42] outlined in Sec. I, we include the nonequili-
brium response functions discussed above to extend the
description to ð3þ 1ÞD. We aim to describe the evolution
of the energy-momentum tensor from τEKT to τhydro at any
given point ðx0; η0Þ. To this end, at the starting time τEKT,
we first build the background as a Gaussian weighted
average around the point of interest,

T̄ττ
x0;η0ðτEKTÞ≡

Z
d2xdη

1

2πσ2
e
−ðx0−x0Þ2

2σ2
1ffiffiffiffiffiffiffiffiffiffi
2πσ2η

q e
−ðη−η0Þ2

2σ2η

× TττðτEKT;x; ηÞ; ð27Þ

where the arguments ðx0; η0Þ on the left-hand side are
rewritten as subscripts to emphasize that the background is
locally transverse homogeneous and longitudinally boost-
invariant. In this work, the respective Gaussian widths are
chosen as σ ¼ ðτhydro − τEKTÞ=2, ση ¼ 3=2. In principle, all
components of perturbations around the homogeneous
diagonal background energy-momentum tensor T̄μν

x0;η0
should contribute to the input of the subsequent hydro-
dynamic evolution. As a first step, this work only considers
the initial energy perturbation δTττ

x0;η0ðτEKT;x; ηÞ around the
spatial point ðx0; η0Þ, which is obtained as

δTττ
x0;η0ðτEKT;x; ηÞ ¼ TττðτEKT;x; ηÞ − T̄ττ

x0;η0ðτEKTÞ: ð28Þ

It should be noted that the double dependence on spatial
coordinates in δTττ

x0;η0ðτEKT;x; ηÞ reflects that the perturba-
tion evaluated at point ðx; ηÞ generally varies with the
choice of the reference point ðx0; η0Þ.
With regard to the evolution of the background compo-

nents of the energy-momentum tensor during the preequi-
librium stage, the well-known hydrodynamic attractor
behavior is used to infer the components of the background
energy-momentum tensor at hydrodynamization time as in
Refs. [32,33]. We will briefly summarize it here again. In
the study of background evolution, we only consider the
diagonal components of the energy-momentum tensor,

i.e. T̄μν ¼ diagðe; PT; PT; 1τ2 PLÞ, and based on the study
of kinetic theory [32], the background evolution can be
parametrized in terms of a single scaling function Eðω̃IdÞ
for the energy density. In practice, the energy density,
transverse and longitudinal pressure at the hydrodynamic
initialization time τhydro can be read off from the following
scaling functions:

e ¼ νg
π2

30
T4
idEðω̃IdÞ; ð29Þ

PL ¼ νg
π2

90
T4
idPðω̃IdÞ; ð30Þ

PT ¼ νg
π2

90
T4
id

	
3

2
Eðω̃IdÞ −

1

2
Pðω̃IdÞ



; ð31Þ

where T id denotes the overall energy scale and ω̃Id ¼ τ
τeq

is a

scaled time variable, which is determined by the shear
viscosity and the ideal temperature T idðτ;ΛTÞ as

τeqðτ;ΛTÞ≡ 4πηv=s
T idðτ;ΛTÞ

: ð32Þ

Note that in contrast, to the more frequently used scaling

variable ω̃ ¼ TðτÞτ
4πη=s, the scaling variable ω̃Id in KøMPøST is

defined in terms of the ideal temperature [32]

T idðτ;ΛTÞ≡ ΛT

ðτΛTÞ1=3
; ð33Þ

such that T id behaves as τ1=3 at all times. The energy scale
ΛT ¼ ðTτ1=3Þ3=2∞ is self-consistently determined from the
initial background energy density TττðτEKTÞ and the para-
metrization in Eq. (29) as

eðτEKTÞ ¼ T̄ττ
x0;η0ðτEKTÞ ¼ νg

π2

30
T4
idðτEKT;ΛTÞ

× E
�
ω̃Id ¼

τEKTT idðτEKT;ΛTÞ
4πηv=s

�
: ð34Þ

By virtue of Eq. (29), the scaling variables are simply
related according to ω̃ ¼ ω̃IdE1=4ðω̃IdÞ, and as in the
original version of KøMPøST we use ω̃Id in the numerical
implementation.
While the energy attractor function Eðω̃IdÞ is parame-

trized as in Ref. [32], the auxiliary function Pðω̃IdÞ in
Eq. (30) is readily determined by the energy balance equa-
tion for Bjorken expansion, i.e., ∂τðτeÞ ¼ −PL, such that

Pðω̃IdÞ ¼ Eðω̃IdÞ − 2ω̃IdE0ðω̃IdÞ: ð35Þ

On top of the background field, the perturbations
δTμνðx0; η0Þ at the hydrodynamic starting time τhydro are
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determined by convoluting the precalculated linear kinetic
response functions,Gμν

αβ, with the initial energy perturbation
as follows:

δTμνðτhydro;x0;η0Þ
T̄ττ
x;ηðτhydroÞ

¼
Z

d2xdηGμν
ττ ðx;η;x0;η0; τhydro; τEKTÞ

×
δTττ

x0;η0ðτEKT;x;ηÞ
T̄ττ
x0;η0ðτEKTÞ

; ð36Þ

where the integration is confined to a causal region.
While in the transverse plane this restricts the integration
to jx − x0j ≤ Δτ in the limit τ0 → 0, there is no limit on the
rapidity separation jη − η0j. Since the Green’s functions
themselves have a limited support in both jx − x0j=Δτ and
jη − η0j, in practice we limit the integration to jx − x0j <
1.3Δτ and Δη < 3, which is sufficient to account for all
contributions.
Eventually, the full energy-momentum tensor is recon-

structed from the background and perturbations, as

Tμνðτhydro;x0; η0Þ ¼ T̄μν
x0;η0ðτhydroÞ þ δTμνðτhydro;x0; η0Þ:

ð37Þ

In order to examine the dependence of hydrodynamic
model on the starting time τhydro, we will consider different
values of the hydrodynamization time,

τhydro ¼ 0.4; 0.6; 0.8; 1.0; 1.2 fm; ð38Þ

and study the subsequent evolution up to the final state
hadronic observables. During the preequilibrium stage,
the ratio between shear viscosity and entropy is taken as
ηv=s ¼ 0.16. Once we have the energy-momentum tensor
at τhydro, it is decomposed into energy density, flow velocity
and shear tensor in Landau frame which can be directly
input into the subsequent hydrodynamic expansion,

Tμν ¼ ðeþ PÞuμuν − Pgμν þ πμν: ð39Þ

We note that the regulator developed in Ref. [32] is also
utilized for handling the failure to find a local fluid rest
frame, especially at the edges or peaks of the medium
where the gradients are particularly steep.

III. APPLICATION OF KøMPøST-3D: ð3 + 1ÞD FULL
EVOLUTION OF HICs

Now that we have established KøMPøST-3D to
perform the preequilibrium evolution, we can embed this
into a ð3þ 1ÞD multistage framework employed for the
description of relativistic heavy-ion collisions. Prior to
the preequilibrium evolution, a saturation-based three-
dimensional initial state model, McDipper, is utilized to
generate the initial conditions for KøMPøST-3D.

Subsequently, the event-by-event ð3þ 1ÞD CLVisc hydro-
dynamic framework [53–55], which incorporates second-
order dissipative hydrodynamic evolution and a Cooper-
Frye hadronic sampler, is employed to simulate the space-
time evolution of the QGP medium and thermal hadron
production. Finally, the microscopic hadronic cascade
model SMASH is used to describe the subsequent hadronic
rescattering and decays. Before we turn to the numerical
results of such simulations, we briefly describe the indi-
vidual modules.

A. McDipper initial-state model

The McDipper model [56,57] provides a framework for the
initial energy and charge deposition in heavy-ion collisions,
formulated within the kT-factorization limit of the color
glass condensate (CGC) effective theory. In this approach,
the initial energy density ðeτÞ0 is obtained from the first
moment of the gluon and (sea)quark distributions,

ðeτÞ0 ¼
Z

d2pjpj
�
Kg

dNg

d2xd2pdy
þ
X
f;f̄

dNqf

d2xd2pdy

�
y¼ηs

:

ð40Þ

Here, the phenomenological normalization factor Kg is
introduced to account for the normalization uncertainties
and higher-order corrections to gluon production in accor-
dance with Ref. [57]. In the present implementation,
McDipper employs the single parton production formulas
computed at leading order to determine the corresponding
gluon and quark distributions.
For gluons, the single inclusive production originates

from radiative processes. Consequently, the gluon spec-

trum, dNg

d2xd2pdy, can be expressed as the integration of the two

momentum space dipole functions [58–60] of the projectile
and target, in the adjoint representation, together with a
hard factor (see Refs. [61,62]),

dNg

d2xd2pdy
¼ ðN2

c − 1Þ
4π3g2Nc

Z
d2q
ð2πÞ2

d2k
ð2πÞ2

q2k2

p2

×D1;adjðx1;x;qÞD2;adjðx2;x;kÞ
× ð2πÞ2δð2Þðqþ k − pÞ; ð41Þ

where x1=2 ¼ jpjffiffiffiffiffiffi
sNN

p e�y denotes the light-cone momentum

fraction in the projectile and target, g is the strong coupling
constant, and Nc ¼ 3 denotes the number of colors.
In the high energy limit, single inclusive quark produc-

tion arises from the stopping of the collinear quarks inside
the projectile (target) nucleus via multiple scattering off the
color fields of the target (projectile) nucleus. The corre-

sponding quark spectra,
dNqf

d2xd2pdy, can be written as [63,64]
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dNqf

d2xd2pdy
¼ x1qAf ðx1;p2;xÞDfunðx2;x;pÞ

ð2πÞ2

þ x2qAf ðx2;p2;xÞDfunðx1;x;pÞ
ð2πÞ2 ; ð42Þ

where qAf ðx1=2; Q2;xÞ represent the collinear quark distri-
butions in the two nuclei, which in McDipper are modeled as
the incoherent sum of the parton distributions of individual
nucleons, qp=nf . Invoking isospin symmetry, the parton
distribution functions of neutrons are obtained from those
of protons by interchanging u ↔ d quark flavors.
In this work, the dipole gluon distributions are modeled

using the impact-parameter dependent saturation (IP-Sat)
model [65,66], where the fundamental dipole is given by

Dfunðx;x; sÞ ¼ exp

�
−
π2s2

2Nc
αSðμ2Þxgðx; μ2ÞTðxÞ

�
; ð43Þ

where gðx; μ2Þ denotes the gluon distribution function
initialized at a scale μ0 via the parametrization

xgðx; μ20Þ ¼ agx−λgð1 − xÞ5.6; ð44Þ

and evolved to further scales, μ, via the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi equation. By assuming that
local color correlations of charges inside the nucleus are
Gaussian, the adjoint dipole can be related to the funda-
mental one as Dadjðx;x; sÞ ¼ ½Dfunðx;x; sÞ�CA=CF , which is
the relation employed throughout this work.
With the initial energy density specified, the energy-

momentum tensor for the subsequent preequilibrium evo-
lution is initialized as

Tμν ¼ diagðe; e=2; e=2; 0Þ; ð45Þ

where only energy perturbations are present and the strong
pressure anisotropy of the above energy-momentum tensor
indicates that the system at τEKT is still far from local
equilibrium and cannot be properly described by viscous
hydrodynamics, motivating the use of KøMPøST.
Since the McDipper model does not include final-state

interactions, we always assume the initial time τEKT to be
very small, to account for kinetic final-state interactions in
KøMPøST. In practice, we take the starting time of the
subsequent preequilibrium evolution as τEKT ¼ 0.01 fm=c,
however we expect our results to be rather insensitive to the
choice of initial time τEKT.
We note that in this work, we will only examine the

applicability of our ð3þ 1ÞD framework in the most
central 0–5% Pbþ Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV.
The normalization factor Kg ¼ 2 in McDipper is chosen to
approximately reproduce the charged particle multiplicity
at midrapidity.

B. CLVisc hydrodynamics

Following the preequilibrium evolution in KøMPøST-3D,
the subsequent space-time evolution of the QGP fireball
will be simulated in the CLVisc hydrodynamic framework
[53–55] which solves the energy-momentum conservation
equation,

∂μTμν ¼ 0; ð46Þ

based on hydrodynamic constitutive equations for the
energy-momentum tensor Tμν of the QGP. Since the QGP
medium remains out of local thermal equilibrium through-
out its entire evolution, dissipative corrections to Tμν are
evolved according to Israel-Stewart type equations [67].
Considering the conformal limit assumed in the preequili-
brium stage, the evolution of bulk pressure in the QGP
phase is ignored, while the shear stress tensor is evolved
according to2

τπΔ
μν
αβDπαβ þ πμν ¼ ηvσ

μν − δπππ
μνθ − τπππ

λhμσνiλ

þ φ1π
hμ
α πνiα: ð47Þ

Here D is the covariant derivative uμ∂μ, Δμν is the spatial
projector gμν − uμuν, ∇μ ¼ Δμν

∂ν, θ ¼ ∂μuμ is the expan-
sion rate and σμν is the symmetric shear tensor 2∇hμuνi. The
traceless tensor Ahμνi ¼ Δμν

αβA
αβ projects out the part that

is traceless and transverse to the flow velocity using
the double, symmetric, and traceless projection operator
Δμν

αβ ¼ 1
2
ðΔμ

αΔν
β þ Δν

αΔμ
βÞ − 1

3
ΔμνΔαβ. τπ is relaxation

times of shear tensor. δππ; τππ and φ1 are second-order
transport coefficients. The values of relaxation time and
transport coefficients are taken from Ref. [68]. In this work,
the specific shear viscosity ηv=s is taken to be a constant
value of 0.16 throughout the hydrodynamic evolution,
consistent with the value used in KøMPøST-3D evolution.
The equation of state used in the hydrodynamic evolu-
tion is taken from the HotQCD Collaboration [69]. This
choice differs from the equation of state employed in the
KøMPøST-3D preequilibrium stage, where we assume a
conformal equation of state e ¼ 3P with an effective
number of degrees of freedom νeff ¼ 40, chosen such that
the resulting energy density eðTÞ approximately matches
that of high-temperature QCD [69,70]. We note that this
mismatch between the preequilibrium and hydrodynamic
equations of state constitutes a systematic approximation of
our framework. Its phenomenological consequences will be

2Note that, when expanded to second order in gradients,
the evolution equations take the same form as Eq. (D6) of
Ref. [32]. However, there is a slight mismatch in the value of
the second-order transport coefficient λ1; in kinetic theory,
λRTA1 ¼ 25η2v

7ðeþPÞ, whereas in the hydrodynamic simulations we

employ λ1 ¼ ð25
7
− 36

70
Þ η2v
eþP.
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reflected in the final observables and are implicitly included
in the theoretical uncertainty of our results.

C. Particlization and afterburner

When the local temperature of the QGP fluid drops down
to the freeze-out temperature (Tfrz ¼ 0.154 GeV), we use
the Cornelius algorithm [71] to infer the hypersurface for
the subsequent Cooper-Frye sampler. The momentum of
produced hadron is sampled from the following formula,

dNi

dYpTdpTdϕ
¼ gi

ð2πÞ3
Z
Σ
pμdΣμfeqð1þ δfπÞ; ð48Þ

where the thermal equilibrium contributions feq and out-of-
equilibrium correction δfπ are given as

feq ¼
1

exp ½ðp · u − BμBÞ=T� � 1
;

δfπ ¼ ð1� feqÞ
pμpνπ

μν

2T2ðeþ PÞ : ð49Þ

We note that in this work, we oversampled each hydro-
dynamic event 1000 times to suppress nonflow effects
and reduce statistical fluctuations in final observables.
Once the hadrons are produced, a hadronic afterburner
SMASH [19–22] is employed to simulate final-state
interactions between them.

IV. RESULTS AND DISCUSSIONS

In this section, we show the results from the ð3þ 1ÞD
framework in which the McDipper initial conditions are
evolved with the kinetic theory in KøMPøST-3D, followed
by hydrodynamic evolution in CLVisc and a hadronic
afterburner in SMASH. We first investigate the smoothness
of the transition from the early preequilibrium stage of a
heavy-ion collision to the subsequent hydrodynamic stage,
by looking at averages and profiles of the hydrodynamics
fields. Subsequently, we will also consider hadronic obser-
vables, and investigate their dependence on the hydro-
dynamic initialization time τhydro. In order to scrutinize
the effects, and not lose any information in statistical
averages, in this work, we will only examine one single
random event from McDipper in 0%–5% Pbþ Pb collisions
at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV.

A. Visualization of preequilibrium evolution

In order to gain intuition for the preequilibrium evolu-
tion, we visualize the energy density and flow for the
McDipper initial condition, both in full three dimensions
(Fig. 5) and in two-dimensional slices (Fig. 6). The three-
dimensional energy density profile τTττðx; y; ηsÞ from the
McDipper initial state model is evolved with the kinetic-
theory based preequilibrium solver KøMPøST-3D from
τEKT ¼ 0.01 fm to the hydrodynamic initialization time
τhydro ¼ 1.0 fm. In the lower panel of Fig. 5, we also show

FIG. 5. Three-dimensional energy density distribution
τTττðx; y; ηsÞ for the McDipper initial condition, shown before
the kinetic-theory preequilibrium evolution at τEKT ¼ 0.01 fm
(upper) and at the hydrodynamic initialization time τhydro ¼
1.0 fm (lower). Arrows in the lower panel indicate the direction
of the energy-flow components ðTτx; Tτy; τTτηÞ.

FIG. 6. Time evolution of the energy density τeðx; y; ηsÞ
during the kinetic-theory preequilibrium stage, shown as two-
dimensional cuts in the transverse plane at ηs ¼ 0 (top) and in the
reaction plane at y ¼ 0 fm (bottom).
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the direction of initial energy flow ðTτx; Tτy; τTτηÞ with
black arrows where the magnitude of the flow is omitted
for a clearer illustration. All in all, we observe both the
spreading of the initial fireball energy profile and the
generation of initial flow, demonstrating significant expan-
sion during the preequilibrium stage.
For a clearer view of the evolution during the preequili-

brium stage, Fig. 6 shows the energy density τeðx; y; ηsÞ in
the transverse plane at ηs ¼ 0 (top) and in the reaction plane
at y ¼ 0 fm (bottom). Again, we can see how the onset of
dissipation during the preequilibrium phase results in a
smearing of the energy density profile both in the transverse
plane and the reaction plane.

B. Hydrodynamic fields

Next, to examine the transition from the kinetic pre-
equilibrium stage to hydrodynamics, we first consider the
transversely averaged hydrodynamic fields, namely the
energy density, radial flow, and momentum anisotropy,
at midrapidity and in the forward rapidity regions. The
averaged energy density and radial flow, are defined as

hτe3=4iηs ≡
R
d2xuτe · τe3=4R

d2xuτe
; ð50Þ

hv⊥iηs ≡
R
d2xuτe · v⊥R
d2xuτe

; ð51Þ

where the radial flow is defined as v⊥ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2x þ v2y

q
andR

d2x denotes an integral over the transverse coordinates.
The azimuthal momentum anisotropy is constructed from
the transversely integrated stress tensor as

½Tμν�s ≡
Z

d2xuτTμν ð52Þ

εpðτÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð½Txx�s − ½Tyy�sÞ2 þ 4½Txy�2s

p
½Txx�s þ ½Tyy�s

ð53Þ

In Fig. 7, we present the averaged transverse profiles of
the energy density hτe3=4i, transverse velocity hv⊥i and
momentum eccentricity εp as a function of evolution time τ
at midrapidity (ηs ¼ 0) and forward rapidity (ηs ¼ 5) for
different hydrodynamization time τhydro. We find that the
evolution of energy density hτe3=4i in midrapidity and
forward rapidity shows only a very weak dependence on
the hydrodynamics initialization time τhydro, with the tiny
differences originating from the switch from a conformal
equation of state to a realistic QCD equation of state
[72,73]. On the other hand, we find that the evolution of the
radial flow is almost independent of the hydrodynamic
initialization time τhydro, except for the very early initial-
ization at τhydro ¼ 0.4 fm. This means the kinetic theory
captures well the rapid rise in the radial flow at early times
which ensures a smooth transition to hydrodynamic
regime. However, when we look at the time evolution of
the momentum eccentricity εp, an evident dependence on
hydro starting time is found for both midrapidity and
forward rapidity as in previous ð2þ 1ÞD preequilibrium
evolution [32]. This indicates that KøMPøST cannot
generate a momentum anisotropy εp comparable to that
in the hydrodynamic evolution. While the origins of this
behavior are still under active investigation, one possible
explanation would be that εp could be sensitive to non-
linear effects of fluctuations which are not included in the
linearized treatment of KøMPøST [32]. The equivalence
between kinetic theory and hydrodynamics at the hydro-
dynamization time τhydro ensures that the above examined
averaged hydrodynamic fields are insensitive to the choice
of the hydrodynamic starting time, especially for energy
density and radial flow. We now proceed to test whether
this insensitivity also holds for the local distribution of
hydrodynamic fields. In Fig. 8, we show the spatial
distributions of the energy density τe3=4 and the flow
velocity vx (or vηs) at the time slice τout ¼ 2 fm in the
transverse plane (left panels) and along the longitudinal
direction (right panels). The different curves stand for

FIG. 7. Transverse average of τe3=4, transverse velocity v⊥ and momentum eccentricity as a function of time τ in midrapidity (ηs ¼ 0)
and forward rapidity (ηs ¼ 5). The three average fields are plotted for different hydrodynamic initialization time τhydro.
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different hydrodynamic transition times τhydro. Again, we
find that the local structure of τe3=4 and the flow velocities
exhibit only a very weak dependence on the hydro-
dynamic initialization time τhydro both in transverse plane
and longitudinal direction, indicating a well-controlled
matching between the preequilibrium dynamics and the
subsequent viscous hydrodynamic evolution in full
(3þ 1) dimensions.

C. Hydrodynamization

As in Ref. [32], the approach of kinetic theory towards
hydrodynamic regime can be assessed by comparing the
out-of-equilibrium components of the energy-momentum
tensor to the corresponding estimates in first order dis-
sipative hydrodynamics. In Fig. 9, we compare the out-of-
equilibrium shear stress tensor πμν with the Navier-Stokes
estimate at different hydrodynamic initialization times
τhydro ¼ 0.8, 1.0, 1.2 fm=c. Here we take the transverse
diagonal component and the longitudinal momentum

component as examples, while the remaining components
of the shear tensor are shown in Appendix C. We find that
both the transverse and longitudinal components of the
shear stress tensor from kinetic theory agree well with the
hydrodynamic estimate over most of the collision region,
both in the transverse plane and along the longitudinal
direction, except near sharp edges where the small gradient
assumption breaks down. This indicates that the evolu-
tion of the system can now be smoothly matched onto
hydrodynamics.
In Fig. 10, we also present the scaled evolution time

variable ω̃Id ≡ τT id=ð4πηv=sÞ at different hydro starting
times. Since previous studies [32,33,39,74,75] have shown
that values of ω̃Id > 1 indicate that the system can be
described by hydrodynamics, we find that the central
region in the transverse plane and the midrapidity region
along the longitudinal direction enter the hydrodynamic
regime for sufficiently large times, while deviations still
persist at the edges of fireball where the local energy
density is significantly smaller.

FIG. 8. Local profile of energy density τe3=4 and flow velocity vx (or vηs ) for different hydrodynamics transition times τhydro in
transverse plane (left panels) or longitudinal direction (right panels).
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FIG. 9. Comparison of the out-of-equilibrium shear stress tensor with the Navier-Stokes estimate at different hydrodynamics
initialization times τhydro ¼ 0.8, 1.0, 1.2 fm=c.

FIG. 10. Scaled evolution time variable ω̃Id at different hydro starting times. Values of ω̃Id > 1 indicate that the system is close enough
to local thermal equilibrium for hydrodynamics to become applicable.
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D. Final observables

Finally, we move on to investigate the effect of a
consistent description of the early-time dynamics on the
final observables in heavy-ion collisions. Since we observe
a smooth matching from the preequilibrium to the hydro-
dynamic stage, we expect that, for reasonable values, the
choice of the matching time τhydro does not significantly
affect the final state hadronic observables.
We first demonstrate the effects of hydrodynamization

time τhydro on the pseudorapidity dependence of the charged
hadron multiplicity in Fig. 11. Overall, the multiplicity
shows only a very weak dependence on τhydro across the
rapidity direction when KøMPøST-3D is used to describe the
early stage of the medium evolution. The slightly decreasing
trend in dNch=dη is already anticipated by the corresponding
behavior of hτe3=4i, and can be traced back to the mismatch
between the equations of state used in the preequilibrium
stage and in the subsequent hydrodynamic evolution. How-
ever, for variations of τhydro between 0.8 and 1.2 fm=c this
effect is less than 1 percent. Similarly, the examination of
radial flow, quantified by the mean transverse momentum
of charged hadrons in Fig. 12, also shows only marginal
sensitivity to the hydrodynamization time τhydro over the
whole rapidity range, at the level of about 2%. This tiny
difference can be attributed to the slight variation of the
multiplicity in each case. If the overall normalization is
consistently tuned to reproduce the experimental multiplic-
ity, the residual variation in the mean transverse momentum
can be further suppressed.
The anisotropic flow coefficients, which are among the

most widely studied observables in heavy-ion collisions,
are also examined for different durations of the pre-
equilibrium stage in Fig. 13. The upper panel shows the
transverse momentum dependence of the second- and

FIG. 11. Dependence of charged particle multiplicity on hydro-
dynamization time τhydro.

FIG. 13. Sensitivity of the pT and η dependence of anisotropic
flow v2, v3 to hydro starting time τhydro.

FIG. 12. Sensitivity of the mean transverse momentum of
charged hadron to hydrodynamization time τhydro.
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third-order flow coefficients at midrapidity, while the lower
panel displays the rapidity dependence of the anisotropic
flow for various hydrodynamization times τhydro. In this
work, the pT and η differential anisotropic flow (v2 and v3)
are computed with the event plane method as follows:

vnðpTÞ ¼
1

2

hcos nðϕ −ΦnAÞi þ hcos nðϕ −ΦnBÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos nðΦnA −ΦnBÞ

p ; ð54Þ

vnðηÞ ¼

8>>>>><
>>>>>:

hcosnðϕ−ΦnAÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos nðΦnA−ΦnBÞ

p ; η < 0

1
2

hcos nðϕ−ΦnAÞiþhcosnðϕ−ΦnBÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos nðΦnA−ΦnBÞ

p ; η ¼ 0

hcosnðϕ−ΦnBÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos nðΦnA−ΦnBÞ

p ; η > 0

ð55Þ

where h� � �i denotes the average over all particles of
interest, ϕ is the azimuthal angle of particle of interest
and ΦnAðBÞ is the event plane of two reference subevents,
chosen as 3 < ηrefA < 5 and −5 < ηrefB < −3 in the differ-
ential flow coefficients. In order to suppress short range
nonflow correlations, the η dependence of the anisotropic
flow is evaluated in the following way. Particles at þη are
correlated with reference particles from the backward
region, while particles at −η are correlated with reference
particles from the forward region. Since we only consider a
single event, the differential observables as functions of pT
and η exhibit visible statistical fluctuations. Nevertheless,
the curves remain very close to each other, both in their
pT and η dependence, generally indicating only a weak
sensitivity of anisotropic flow to τhydro. By inspecting the
lower panel of Fig. 13 more carefully, one observes a small
systematic increase of v3 and a small systematic decrease
of v2 when increasing τhydro from 0.4 to 1.2 fm=c. We
attribute this to an interplay of the mismatch in the equation
of state between hydrodynamics and kinetic theory—
which, as seen in the middle panel of Fig. 7, overestimates
the buildup of radial flow during the preequilibrium
stage—and the underestimation of the momentum aniso-
tropy εp during the preequilibrium phase, as seen in the
right panel of Fig. 7. However, even within the relatively
large range of 0.4 fm=c < τhydro < 1.2 fm=c, these varia-
tions are only at the 10%–20% level, indicating a satis-
factory performance of KøMPøST-3D.

V. SUMMARY AND OUTLOOK

In this work, we developed the framework KøMPøST-
3D to describe the ð3þ 1ÞD preequilibrium dynamics of
HICs. Based on nonequilibrium response functions calcu-
lated in kinetic theory in the relaxation-time approximation,
we include the transverse and longitudinal structure of
the response to initial energy perturbations on top of a
longitudinal boost-invariant and transversely homogeneous
background. We confirmed that the newly developed

preequilibrium model, KøMPøST-3D, provides a smooth
transition from 3D out-of-equilibrium initial conditions to
ð3þ 1ÞD near-equilibrium viscous hydrodynamics. For
example, the preequilibrium dynamics based on kinetic
theory consistently capture the entropy production and the
radial flow generation. More importantly, the hydrodynam-
ization can be achieved in most of the collision region, not
only in the transverse plane but also in the longitudinal
direction. Subsequently, we embed the preequilibrium
model into a ð3þ 1ÞD framework to describe the full
evolution of heavy-ion collisions, namely McDipper +
KøMPøST-3D + CLVisc + SMASH. We find that the
above framework only shows a marginal dependence on the
hydrodynamic initialization time τhydro. The longitudinal
structure of dN=dη, hpTi and v2;3ðηÞ shows little sensitivity
to hydrodynamization time τhydro.
The development of a consistent theoretical framework

for ð3þ 1ÞD simulations of the space-time dynamics of
heavy-ion collisions significantly improves the power of
phenomenological studies, as a detailed exploration of the
transverse and longitudinal dynamics could significantly
improve the extraction of QCD transport coefficients from
anisotropic flow measurements. Our newly developed
KøMPøST-3D framework reduces the uncertainty associ-
ated with the theoretical description of the early preequili-
brium phase, e.g., by eliminating the dependence on the
matching time to hydrodynamics, and can therefore be an
important tool for future investigations.
In the future, there are still several improvements that can

be done in this direction. For example, a more realistic
input of response functions from QCD kinetic theory is still
needed to improve the description of preequilibrium
dynamics. In addition, it is also important to include the
response to initial energy, momentum, and tensor pertur-
bations simultaneously for a comprehensive propagation
of information from initial conditions. Although these
aspects are conceptually straightforward, they are computa-
tionally expensive. We also aim to explore the applicability
of the KøMPøST framework by pushing the simulations to
smaller system sizes and lower collision energies, where
the duration of preequilibrium dynamics can become
comparable to the system size.
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APPENDIX A: ENERGY RESPONSE FUNCTIONS
IN FREE-STREAMING LIMIT

In this section, we will give the analytical results of 3D
response functions under free-streaming limit. In this case,
the Boltzmann equations are

∂τfBGðτ; pT; pηÞ ¼ 0; ðA1Þ

τ∂τδfkðτ; pT; pηÞ ¼ δfkðτ; pT; pηÞ

×

	
i

τpτ kηpη −
iτ
pτ kT · pT



: ðA2Þ

The solutions to them can be easily written down as

fBGðτ; pT; pηÞ ¼ fBGðτ0; pT; pηÞ; ðA3Þ

δfkðτ; pT; pηÞ ¼ δfkðτ0; pT; pηÞe−ikη
�
arcschpT τpη

−arcschpT τ0pη

�

× e
−ipT ·kT

p2
T

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
Tτ

2þp2
η

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
Tτ

2
0
þp2

η

p �
: ðA4Þ

Following in the usual assumption in Ref. [76], the initial
distribution is taken as

fBGðτ0Þ ¼
2A
λ

Q0

jpj
e
−2
3
p2

Q2
0

½1þðξ2−1Þ cos2ðθÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðξ2 − 1Þ cos2ðθÞ

p ; ðA5Þ

δfkðτ0Þ ¼ −
p
3
½∂pfBGðτ0Þ�; ðA6Þ

where cos θ ¼ pη=ðτ0pÞ and p2 ¼ p2
T þ p2

η=τ20.

Hence, the background [T̄ττðτÞ] evolution in free-
streaming limit is

T̄ττðτÞ ¼ νeff
τ

Z
dpηd2pT

ð2πÞ3 p · fBGðτÞ

¼ νeff
τ

Z
dpηd2pT

ð2πÞ3 p

·

2
42A
λ

Q0

jpj
e
−2
3
p2

Q2
0

½1þðξ2−1Þcos2ðθÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðξ2 − 1Þcos2ðθÞ

p
3
5
τ¼τ0

∝
Z

1

−1

dx
ð1 − x2 þ ξ2x2τ2=τ20Þ2

¼ 1

1þ a
þ arctan

ffiffiffi
a

p
ffiffiffi
a

p ; ðA7Þ

where x≡ cos θ and a≡ ξ2τ2=τ20 − 1. We plot the back-
ground evolution in free-streaming limit in Fig. 14. It is
found that a highly anisotropic initial distribution (large ξ)
tends to approach Bjorken solution eðτÞ ∼ 1=τ. If we
further assume τ=τ0 ≫ 1, we can obtain T̄ττðτÞ ∝ ðτ0τ Þ2 1

ξ2
þ

τ0
τ

π
2ξ, and T̄ττðτ0Þ ∝ 1

ξ2
þ arctan

ffiffiffiffiffiffiffi
ξ2−1

pffiffiffiffiffiffiffi
ξ2−1

p .

Based on the definition of the perturbation,

δTμν
k ðτÞ ¼ νeff

Z
d3p
ð2πÞ3

pμpν

p
δfkðτ; pT; pηÞ; ðA8Þ

FIG. 14. Evolution of the background energy density in the
free-streaming limit.

XIAOJIAN DU, SÖREN SCHLICHTING, and JIE ZHU PHYS. REV. D 113, 096009 (2026)

096009-18



we express various responses to initial energy perturbation δTττ
k ðτ0Þ ∝ 2π � ð 1

ξ2
þ arctan

ffiffiffiffiffiffiffi
ξ2−1

pffiffiffiffiffiffiffi
ξ2−1

p Þ as follows:

δTττ
k ∝

τ0
τ
2πJ0ðjkTjτÞð1þ kη=ξÞe−kη=ξ;

δTτi
k i

kT
i

jkTj
∝
τ0
τ
2πJ1ðjkTjτÞð1þ kη=ξÞe−kη=ξ;

δTτη
k i

kη
jkηj

∝
τ20
τ3
2πJ0ðjkTjτÞ

kη
jkηj

kη
ξ2

e−kη=ξ;

δTij
k

	
δij −

kT
ikT

j

jkTj2



∝
τ0
τ
πðJ0 þ J2Þ½jkTjτ�ð1þ kη=ξÞe−kη=ξ;

δTij
k

	
2
kT

ikT
j

jkTj2
− δij



∝
τ0
τ
2πð−1ÞJ2½jkTjτ�ð1þ kη=ξÞe−kη=ξ;

δTiη
k

kiTkη
jkTjjkηj

∝
τ20
τ3
2πJ1ðjkTjτÞ

kη
jkηj

−kη
ξ2

e−kη=ξ;

δTηη
k ∝

τ30
τ5
2πJ0½jkTjτ�

ξ − kη
ξ3

e−kη=ξ: ðA9Þ

where we assumed τ=τ0 ≫ 1, ξ ≫ 1 and a common prefactor of perturbations is omitted here.
Utilizing the definition of response function,

Gμν
αβðkT; kη; τ; τ0Þ ¼

δTμν
k ðτÞ

T̄ττðτÞ

=δTαβ
k ðτ0Þ

T̄ττðτ0Þ
; ðA10Þ

we derived various response functions in Fourier space,

G̃s
sðjkTj; jkηjÞ ≈ J0ðjkTjτÞð1þ kη=ξÞe−kη=ξ;

G̃v
sðjkTj; jkηjÞ ≈ J1ðjkTjτÞð1þ kη=ξÞe−kη=ξ;

G̃s;η
s ðjkTj; jkηjÞ ≈

τ0
τ2
J0ðjkTjτÞ

kη
ξ2

e−kη=ξ;

G̃t;δ
s ðjkTj; jkηjÞ ≈

1

2
ðJ0 þ J2Þ½jkTjτ�ð1þ kη=ξÞe−kη=ξ;

G̃t;k
s ðjkTj; jkηjÞ ≈ ð−1ÞJ2½jkTjτ�ð1þ kη=ξÞe−kη=ξ;

G̃v;η
s ðjkTj; jkηjÞ ≈

τ0
τ2
J1ðjkTjτÞ

−kη
ξ2

e−kη=ξ;

G̃η
sðjkTj; jkηjÞ ≈

τ20
τ4
J0½jkTjτ�

ξ − kη
ξ3

e−kη=ξ: ðA11Þ

The response functions in coordinate space can also be obtained via the reverse Fourier transformation in Eq. (10),

Gs
sðjrj; jηjÞ ¼ Gv

sðjrj; jηjÞ ¼ Gt;r
s ðjrj; jηjÞ ¼ δðjrj − τÞ

π2τ

ξ

ð1þ η2ξ2Þ2 ;

τGs;η
s ðjrj; jηjÞ ¼ −τGv;η

s ðjrj; jηjÞ ¼ τ0
τ

δðjrj − τÞ
π2τ

jηjξ
ð1þ η2ξ2Þ2 ;

τ2Gη
sðjrj; jηjÞ ¼ τ20

τ2
δðjrj − τÞ

π2τ

η2ξ

ð1þ η2ξ2Þ2 ;

Gt;δ
s ðjrj; jηjÞ ¼ 0: ðA12Þ
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APPENDIX B: MORE IMAGES OF RESPONSE FUNCTIONS

1. In Fourier space

In Fig. 15, we show the evolution of the transverse momentum response [Gv
sðkΔτ; kηÞ], the pressure response

[Gt;δ
s ðkΔτ; kηÞ andGη

sðkΔτ; kηÞ] and shear stress response [Gt;k
s ðkΔτ; kηÞ andGv;η

s ðkΔτ; kηÞ] to an initial energy perturbation
as a function of kΔτ and kη.

2. In position space

In Fig. 16, we show the evolution of the transverse momentum response [Gv
sðr=Δτ; ηÞ], the pressure response

[Gt;δ
s ðr=Δτ; ηÞ and Gη

sðr=Δτ; ηÞ] and shear stress response [Gt;k
s ðr=Δτ; ηÞ and Gv;η

s ðr=Δτ; ηÞ] to an initial energy
perturbation as a function of r=Δτ and η.
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FIG. 15. Evolution of transverse momentum response ½Gv
sðkΔτ; kηÞ�, pressure response ½Gt;δ

s ðkΔτ; kηÞ and Gη
sðkΔτ; kηÞ� and shear

stress response ½Gt;k
s ðkΔτ; kηÞ and Gv;η

s ðkΔτ; kηÞ� to an initial energy perturbation as a function of kΔτ and kη. Different panels
correspond to different points in scaled time variable.
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FIG. 16. Evolution of the transverse momentum response ½Gv
sðr=Δτ; ηÞ�, the pressure response ½Gt;δ

s ðr=Δτ; ηÞ and Gη
sðr=Δτ; ηÞ� and

shear stress response ½Gt;k
s ðr=Δτ; ηÞ and Gv;η

s ðr=Δτ; ηÞ� to an initial energy perturbation as a function of r=Δτ and η. Different panels
correspond to different points in scaled time variable.
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APPENDIX C: COMPARISON OF MORE COMPONENTS OF THE SHEAR STRESS TENSOR TO THEIR
NAVIER-STOKES ESTIMATES

In Fig. 17, we compare the remaining components of the out-of-equilibrium shear stress tensor πμν with their Navier-
Stokes estimates at different hydrodynamics initialization times τhydro ¼ 0.4, 0.6, 0.8, 1.0, 1.2 fm=c. We find that most of
them agree well with the hydrodynamic estimate over most of the collision region, both in the transverse plane and along the
longitudinal direction, except the component related to longitudinal response. However, the overall magnitude of this
discrepancy is relatively small. This indicates that it is safe to pass these components to subsequent hydrodynamic
simulations.
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FIG. 17. Hydrodynamization of more components of shear stress tensor.
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