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Coulomb branch amplitudes of maximally supersymmetric Yang-Mills theory display infrared proper-
ties different from their conformal counterparts. While the four-leg amplitude is known to very high
perturbative orders, amplitudes of higher multiplicity fall into an uncharted territory starting already from
two loops. The reason for this is that they are not easily amenable to traditional techniques like canonical
differential equations due to the uncontrolled swelling of solutions to integration-by-parts identities. In this
paper, we break the barrier for the five-leg amplitude using a technique based on the analysis of Newton
polytopes corresponding to Feynman/Schwinger integrands and their tropical geometry. Specifically, we
analytically evaluate the near mass-shell limit of the off-shell pentabox in terms of Goncharov
polylogarithms.
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I. INTRODUCTION

The Coulomb branch [1–4] of maximally supersymmet-
ric Yang-Mills theory, also known as N ¼ 4 sYM, is a
laboratory to study off-shell scattering of massless particles
in a controlled gauge-invariant environment. Recent years
have taught us [5–11] that the near mass-shell behavior of
infrared-sensitive observables in this theory deviates from
its conformal point, i.e., the origin of the moduli space.
Already, leading infrared logarithms of particles’ virtual-
ities, which replace poles in the parameter of dimensional
regularization, are accompanied by different functions of
the Yang-Mills coupling constant, or the ’t Hooft coupling
of the planar limit. They are given by the cusp [12,13] and
octagon [14–16] anomalous dimensions, respectively.
Finite remainders differ as well [9,10]. In both cases, not
only the infrared logarithms exponentiate order-by-order in
the coupling, but also these finite pieces. Amplitudes on the
conformal branch of the theory display a compelling
iterative structure [17,18], which predicts their all-order
form up to additive contributions depending on conformal
crossratios built from particles’ momenta. Is this property
preserved on the Coulomb branch? Beyond four external
legs [5,19], this question cannot even be addressed since
only one family of Feynman integrals is known at two-loop
order in the planar limit, i.e., the double box [20,21]. The

latter is an indispensable ingredient in the basis of the
integral decomposition of multileg amplitudes; however,
other, more complicated families are currently unknown.
For the five off-shell external legs [6,22], the pentabox,
shown in Fig. 1 (left panel), is needed. This is the subject of
this work.
Calculating the off-shell pentabox is not an easy feat.

The jump in complexity from the double box graph is
staggering. While the latter depends on three Mandelstam
invariants and external off shellness,1 the former is a
function of five Mandelstam-like variables and the off
shellness. We will dub the off shellness as the “small”
invariant, while all the rest as “large,” since we are
interested in the infrared behavior when the former goes
to zero. The double box was solved with the conventional
application of the method of differential equations [23–25],
and required sensible computational resources and time
consumption for the successful completion of its analysis
[20,21]. In particular, solutions to integration-by-parts
identities, which are at the heart of the formalism, could
be reached in a matter of days in the fully analytical
approach, or mere hours with modular arithmetic and
subsequent rational reconstruction. The five-leg case did
not yield to this technique. Neither the fully analytical nor
the modular techniques for the required integration-by-
parts reductions could be handled on a supercomputer with
2T of memory2 [26].
Were the emerging Feynman integrals finite, the problem
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1We choose it to be the same for all legs.
22T is a user limit on an undedicated cluster.

PHYSICAL REVIEW D 113, 045019 (2026)

2470-0010=2026=113(4)=045019(22) 045019-1 Published by the American Physical Society

https://orcid.org/0000-0003-1336-4770
https://orcid.org/0000-0001-5573-6267
https://ror.org/024v1qn33
https://ror.org/010pmpe69
https://crossmark.crossref.org/dialog/?doi=10.1103/hn9g-ccd8&domain=pdf&date_stamp=2026-02-23
https://doi.org/10.1103/hn9g-ccd8
https://doi.org/10.1103/hn9g-ccd8
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


on iterative integration techniques of corresponding
Feynman/Schwinger parametric integrals. Of course, these
have limitations on their own. In general circumstances, if
parametric integrands are not linearly reducible, the func-
tional space would have to be enlarged from Goncharov
polylogarithms (GPLs) to elliptical (or higher-order curve)
functions and studied on a case-by-case basis. However, if
we know a priori that a given Feynman integral can be
expressed solely in terms of GPLs, how do we go about
ubiquitous divergences of loop-momentum integrals?
The predicament spelled out in the last sentence can be

resolved as follows. The off-shellness serves as a regulator
of infrared divergences. In the near mass-shell limit, the
latter manifest themselves as its logarithms of decreasing
order, starting with the power twice the perturbative order.
We anticipate that the functional space of their coefficients,
and a finite remainder, is spanned by GPLs, which can be
tackled with computer codes like HYPERINT [27]. So first,
we have to recast these coefficients in terms of some
(reduced) Feynman integrals. This is accomplished relying
on the method of regions (MofR) [28]. However, since the
latter “splits up” the loop-momentum space into compo-
nents possessing different scaling with respect to the
“small” off-shellness parameter, it inevitably introduces
an intermediate regularization parameter to make individ-
ual momentum components well defined. In a wide range
of applications, dimensional regularization in D ¼ 4 − 2ε
suffices for this purpose.3 At the end, when one splices
various contributions together, the dependence on ε
vanishes.
MofR provides the sought-after reduced Feynman inte-

grals independent of the “small” off-shellness scale.
However, these now depend on ε in addition to the “large”
external momentum invariants. They develop poles in ε and
obstruct the immediate use of, say, HYPERINT. There are, of
course, several well-known methods for resolving the
pole structure of dimensionally regularized Feynman inte-
grals, such as the Mellin-Barnes contour-integral represen-
tation [29–32], various sector decompositions [33–36],
and the Nilsson-Passare analytic continuation [37,38].

Unfortunately, the Mellin-Barnes technique is helpless
for analytical calculations in problems with many
Lorentz invariants. The other two are more promising.
Let us briefly recall them by starting with sector

decompositions. According to this procedure, a given
Feynman/Schwinger parametric integral is broken into
the so-called sectors, where for each of them, a new set
of integration variables is introduced in such a manner that
their integrands are represented as analytic functions
accompanied by products of sector variables raised to
powers linearly dependent on the regularization parameter.
The immediate consequence of this parametrization is that
the analysis of poles in the regularization parameter reduces
to the power counting of sector variables. Sector decom-
positions were used in the past to prove basic results on
analytic [39,40] and dimensional [41,42] renormalization.
From the point of view of the original Feynman integrals,
they were endowed with a clear graph-theoretical meaning
by associating sectors with one-particle-irreducible sub-
graphs of a given graph. A few decades down the road,
recursive approaches to sector decompositions were devised
in Refs. [33,34,36] and successfully applied to the numerical
evaluation of Feynman integrals. A modern variant of non-
recursive sector decompositions based on the geometry of
polytopeswas suggested inRef. [35].However, repeating the
fate of the Melin-Barnes technique, the sector decomposi-
tions are inappropriate for analytical evaluations because
individual sector contributions become analytically more
involved than the initial integral they start with. For example,
in the case of the strategy of Ref. [35], the sector decom-
position breaks the linear reducibility of parametric inte-
grands by virtue of triangulation of the integration domain
and accompanying changes of variables.
Finally, the Nilsson-Passare analytic continuation allows

one to extract the poles in the parameter of dimensional
regularization by enlarging the region of analyticity for the
corresponding parametric integrands. In retrospect, it ech-
oes the procedure due to ’t Hooft and Veltman for analytic
continuation of dimensionally regulated Feynman integrals
directly in the momentum space [43]. Both of these are
based on integration by parts (IBP). However, the Nilsson-
Passare process possesses two flaws. First, upon the
extraction of poles, it does not reduce the dimensionality

FIG. 1. Pentabox (left panel) belongs to a family of Feynman integrals with irreducible scalar products (ISPs) shown in the right panel.

3Sometimes, when it is not enough, an additional, analytic
regulator is employed.
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of the accompanying remaining integral. Second, it pro-
liferates the number of integrals after each IBP step. So it
quickly becomes impractical due to the very fast growth of
the number of finite integrals at the end of the procedure to
be fed, for instance, into HYPERINT.
In this work, we will employ and refine a novel strategy

recently advocated in Ref. [44]. This will allow us to
analytically evaluate contributions from all the regions
appearing within MofR. Let us emphasize that this modi-
fied strategy can, in principle, be applied to any parametric
integral, not only to “reduced” region integrals presently
considered.
Our subsequent presentation is organized as follows.

First, we present the pentabox integrals with ISPs that are
the main objects of our consideration. In Sec. III, we apply
MofR in the limit of the off shellness tending to zero and
provide a set of reduced regularized Feynman integrals that
need to be evaluated. In Secs. IVand V, we offer a synopsis
of the method of Ref. [44]. Since the technique is quite new
and was previously practically applied in realistic circum-
stances only once, i.e., to the single-scale Sudakov form
factor in Ref. [11], for the reader’s convenience, we will
provide there an extensive discussion of a sample

multiscale integral with various options to tackle it.
After that, in Sec. VI, we turn to other regions, continuing
with a more involved example that possesses new features
compared to the previous one, and which are worth
emphasizing. In Sec. VII, we address the question of
breaking of linear reducibility of integrands and how to
tackle it. We summarize our results in Sec. VIII, and finally
provide a conclusion. An Appendix contains the explicit
list of regions’ integrands obtained within MofR.

II. PENTABOX FAMILY

The pentabox family of Feynman integrals is shown in
the right panel of Fig. 1. Anticipating the necessity of
dimensional regularization for MofR, as was alluded to in
the introduction, we define them as

Ga1…a11 ≡ ðμ2 eγEÞ2ε
Z

dDk1
iπD=2

dDk2
iπD=2

Y11
j¼1

D
−aj
j ; ð2:1Þ

with eight internal propagators (a1;…;8 ≥ 0) and three
ISPs (a9;10;11 ≤ 0)

D1 ¼ −k21; D2 ¼ −ðk1 þ p3Þ2; D3 ¼ −ðk1 þ p2 þ p3Þ2;
D4 ¼ −ðk1 þ p1 þ p2 þ p3Þ2; D5 ¼ −ðk2 − k1Þ2; D6 ¼ −k22;

D7 ¼ −ðk2 − p4Þ2; D8 ¼ −ðk2 þ p1 þ p2 þ p3Þ2;
D9 ¼ −ðk1 − p4Þ2; D10 ¼ −ðk2 þ p3Þ2; D11 ¼ −ðk2 þ p2 þ p3Þ2: ð2:2Þ

These integrals are highly nontrivial functions of the five
“large” Mandelstam-like variables sjjþ1 and the “small”
off-shellness m

sjjþ1 ¼ −ðpj þ pjþ1Þ2; m2 ¼ −p2
j : ð2:3Þ

The latter is chosen to be the same for all legs. It is tacitly
assumed throughout this paper that all of these Lorentz
invariant products are in the Euclidean domain, i.e.,
sjjþ1 > 0, m2 > 0. We will be interested in a particular
set of indices in Eq. (2.1), the one that corresponds to an
integral contributing to the five-leg Coulomb branch
amplitude [22], namelyG11111111−100. This choice, although
very particular, is not a limitation for the application of our
analysis to other integrals in the family. We merely have to
rerun our routines for other cases. Currently, we prefer to be
specific rather than generic.
Introducing the Schwinger parameters xj, the loop

momenta can be integrated out, and we obtain the
Feynman/Schwinger integral

G11111111−100 ¼ ðμ2 eγEÞ2εΓð3þ 2εÞ
Z
½0;∞Þ

d8xδ

�X
j∈S

xj − 1

�

× ∂x9 ½U1þ3εF−3−2ε�jx9¼0; ð2:4Þ

with the integration measure d8x ¼ dx1…dx8 and the
integrand determined by two Symanzik polynomials, con-
ventionally calledU andF. They are constructed as a sum of
trees T1 and two-trees T2 (embellished with squares of
momentum flows mom2

T2 from one tree component to
another), respectively,

Uðx; x9Þ ¼
X
T1

Y
i∉T1

xi;

Fðx; x9; sjjþ1; mÞ ¼ −
X
T2

mom2
T2

Y
i∉T2

xi: ð2:5Þ

Wedonot display them explicitly since they arevery lengthy,
consistingof 23 and70 terms, respectively.But the reader can
easily generate them with the UF routine of FIESTA [36]. The
GLð1Þ invariance of the integration measure manifests itself
in the Cheng-Wu theorem [45], i.e., a statement that a sum of
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any subset S of the Schwinger parameters can be set to 1.
Practically, we will set just one of these equal to 1.

III. NEAR MASS-SHELL LIMIT WITH MOFR

The Feynman/Schwinger integral representation is the
most suitable for a geometric approach to the analysis of the
asymptotic behavior of the Feynman integrals G as
m → 0 [46,47]. Information about it is encoded in the
Newton polytope associated with the parametric integrand
built out of the two Symanzik polynomials U and F. For a
concise analysis, it is sufficient to consider their product
rather than studying associated polytopes individually. We
start by constructing the multivariate polynomial in
Schwinger parameters xj and the “small” invariant m2

UF ¼
X
j

cjm2n0;jxnj : ð3:1Þ

Here and below, we use the shorthand notation for the
products of tuples of monomials

xn ≡ xn11 …xn88 : ð3:2Þ

The integer-valued n components are drawn from f0; 1; 2g,
while n0 is binary f0; 1g. The set of “vertices” ðn0; nÞ
defines a hull. Due to the GLð1Þ invariance, we can set any
xj to 1. In our particular case, without loss of generality, we
can project, say, on the n8 ¼ 0 plane and define the Newton
polytope as a convex hull of vertices

Newt½UF� ¼ ConvHullfðn0; n1;…; n7Þjn0 ∈ f0; 1g;
n1;…;7 ∈ f0; 1; 2gg: ð3:3Þ

All expansion coefficients cj accompanying the monomials
in Eq. (3.1) are positive definite due to the chosen
Euclidean kinematics, so the above definition of the
polytope is proper.
As m → 0, the original loop-momentum integrals

receive leading contributions from a particular set of
momentum modes. In the current consideration, they are
known as hard, collinear, and ultrasoft [11,22,48]. These
possess different scalings of their momenta in the “small”
invariant m. Slicing the entire loop-momentum space into
subspaces classified according to them defines the so-called
regions of MofR [28]. Since Schwinger parameters are
reciprocal to propagators, these momentum modes yield
(reversely) equivalent scalings of xj ’s. In this manner, the
Newton polytope of the integrand allows one to define the
regions in a completely geometrical fashion [47].
The (outward-pointing) normals to the facets of the

Newton polytope are the rays of its dual fan. The cones of
the maximal dimension tile the entire seven-dimensional
space. However, only a subset of these is relevant for the
asymptotic behavior of the Feynman integral. Namely, the

cones of the minimal dimension, i.e., the rays, that possess
a negative projection4 on the 0th direction define the
leading regions. Their components r projected on the
r0 ¼ 0 plane provide the scaling law of corresponding
Schwinger parameters,5

x → ðμ2=m2Þrx: ð3:4Þ

The above strategy is implemented in the ASY

routine [47] that relies on the QHull linear programming
algorithm [49] for finding the polytope’s normals. It is part
of FIESTA and is called with the SDExpandAsy command. It
was employed by us to reveal 32 nontrivial6 leading
regions. The Feynman integral (2.4) is then decomposed as

G11111111−100jm→0 ¼
X32
i¼1

MiRegr þOðmÞ; ð3:5Þ

where the m dependence is completely factored out from
the accompanying parametric integrals into prefactors,
given by the 32-dimensional array

M ¼ fm−8ε; m−8ε; m0; m−2ε; m−8ε; m−8ε; m−4ε; m−6ε; m−6ε;

m−4ε; m−6ε; m−6ε; m−4ε; m−4ε; m−4ε; m−4ε; m−6ε; m−6ε;

m−6ε; m−6ε; m−4ε; m−6ε; m−2ε; m−2ε; m−6ε; m−4ε; m−6ε;

m−4ε; m−4ε; m−2ε; m−2ε; m−4εg: ð3:6Þ

These exponents are in one-to-one correspondence with the
loop momentum scalings inducing various regions, i.e.,
m−2ðl1þl2Þ stem for li ¼ 0ðhardÞ; 1ðcollinearÞ; 2ðultrasoftÞ
for one of two loop momenta. The reduced parametric
integrals Regi develop poles in ε and are listed in the
Appendix. Taylor expansion of M in ε generates infrared
logarithms in the particle’s virtuality m.

IV. TROPICAL GEOMETRY OF REGIONS

Having established the form of the reduced parametric
integrals for all leading regions, we are now in a position to
evaluate them. They are complicated multivariate functions
of the Mandelstam-like invariants sjjþ1. However, we
anticipate them to be given in terms of GPLs since a

4Notice that this criterion is opposite to the one in Ref. [47] due
to their use of inward-pointing normals. We use the opposite
direction for a uniform treatment with other polytopes appearing
later in our analysis.

5From now on, we will set the dimensional regularization mass
parameter to 1, i.e., μ ¼ 1. With this convention, the “small” and
“large” invariants can be regarded as dimensionless. In the total
sum of all regions, the μ dependence will cancel, and the proper
mass dimension of the Feynman integral will be restored.

6Trivial leading regions result in scaleless integrals which are
set to zero within dimensional regularization.
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naked eye inspection suggests that the parametric inte-
grands possess the property of linear reducibility, although
it is not a given after performing a few successive
integrations, as it can be easily broken along the way.
We want to preserve it as long as we can. We will see below
what it entails. As we advocated in the introduction, this
will take the sector decomposition off the table and will
leave the Nilsson-Passare [37,38] analytic continuation on
the “back burner.”
Let us provide a short introduction to the required

elements of algebraic geometry, which form the foundation
for the framework set up in Ref. [44]. The formalism is
rooted in the unravelling of divergences through the
understanding of the tropical geometry of Newton poly-
topes associated with given (reduced, in the current
application) integrands. It furnishes singularities of
Feynman integrals with a simple geometrical origin. The
inception of the method appeared earlier in Ref. [50].
The Euclidean kinematics chosen by us for all Lorentz

invariants implies that our Feynman/Schwinger parametric
integrals can potentially diverge only at the boundaries of
their semi-infinite integration domains; there are none in
their bulk since all Symanzik polynomials are positive
definite. The former can be uncovered using the logarith-
mic map t ¼ logbase x, which zooms in on the t → ∞
asymptotic behavior of integrands. Tropical arithmetic
arises as a classical arithmetic under the logarithm when its
base is taken to infinity. It is known as Maslov’s dequan-
tization of positive real numbers, see Refs. [51–53] for
comprehensive profiles.
Its relevance to the divergence structure of Feynman/

Schwinger integrals can be visualized with an example.
Take, for instance, the two-fold [after fixing the GLð1Þ
gauge x5 ¼ 1] integral for region 18 (A32). It will serve
our demonstration purposes in the simplest, though non-
trivial, circumstances. The main focus is on the region’s
integrand I18

Reg18 ¼ c18

Z
d2x
x

I18ðxÞ ð4:1Þ

accompanying the logarithmic measure in Schwinger
parameters d2x=x≡ d log x1d log x2,

I18ðxÞ ¼ x1x1−ε2 ð1þ x1Þ−1−2ε
ð1þ x1 þ x2Þ2ε
ð1þ x1Þ=uþ x2

: ð4:2Þ

The dependence on the external kinematics enters here
through the ratio u determined by the Mandelstam-like
invariants u ¼ s12=s45. Stripping the monomials x1x1−ε2 off
the rest,7 we can find the Newton polytope for this

integrand as a Minkowski sum, see, e.g., Refs. [54–56]
for a glossary of terms, of the convex hulls of vertices of the
reduced Symanzik polynomials. For generic Mandelstam-
like invariants, their value is irrelevant for the algebraic
geometry analysis, which follows, so we can safely set
them to unity. Thus

P18≡Newt½I18�¼Newt½1þx1�⊕Newt½1þx1þx2�
¼ConvHullff2;0g;f1;1g;f1;0g;f0;1g;f0;0gg: ð4:3Þ

This Newton polytope is shown in the panel (a) of
Fig. 2 along with a set of normals fr1;…; r4g to the
polytope’s (here, polygon’s) facets (here, edges). For the
logarithmic map t ¼ logbase x of logbase I18ðxÞ, the domains
of its linearity become more and more prominent and well
separated, as we increase the base. The limit as base → ∞
defines its tropical approximation,

Trop½I18� ¼ lim
base→∞

logbaseI18jx¼baset

¼ t1 þ ð1 − εÞt2 − ð1þ 2εÞmaxð0; t1Þ
− ð1 − 2εÞmaxð0; t1; t2Þ: ð4:4Þ

We will simply refer to it as TropðtÞ ¼ Trop½I18� for the
rest of this section.
The normals to the polytope’s facets define the bounda-

ries of the aforementioned domains of the integrand’s
linearity. These normals are the one-dimensional cones,
also known as rays, of the dual fan of the Newton
polytope [54,56]. Choosing them on an integer lattice as
close as possible to the origin, they read explicitly for
region 18

r ¼ ff0;−1g; f−1; 0g; f0; 1g; f1; 1gg: ð4:5Þ

These play a pivotal role in unravelling the divergent
structure of the Feynman/Schwinger integral. The cones
of highest dimension, i.e., two, in the current case, are
generated by these rays and tile the entire integration
domain

R2 ¼ Spanþðr1; r2Þ ∪ Spanþðr2; r3Þ ∪ Spanþðr3; r4Þ
∪ Spanþðr4; r1Þ: ð4:6Þ

This defines a triangulation. It is enough, however, to
ascertain the behavior of the integrand, through its tropical
approximation (4.4), only on the rays r, rather than keeping
track of it at every point of R2 [44,50]. Evaluating (4.4)
on (4.5), we find

TropðrÞ ¼ f−1þ ε;−1; ε;−εg: ð4:7Þ

In this manner, we associate a number with each facet (dual
to a given ray) of the polytope that determines its degree of

7Overall monomials are irrelevant for the Newton polytope’s
geometry since they merely translate the polytope in the ambient
space without altering its shape.
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divergence [50]. Recalling that this behavior of the loga-
rithm of the integrand at large values of Schwinger
parameters is accompanied by the logarithmic measure,
the first two values with Trop < 0 yield convergent
behavior of the integral, while the latter two generate
logarithmic divergences for ε ¼ 0, Trop ¼ 0. Trop > 0will
not appear in our study. This consideration suggests that the
original integral is divergent on the subfan Σdiv of the
original dual fan of the Newton polytope

Σdiv ¼ fSpanþðr3Þ; Spanþðr4Þ; Spanþðr3; r4Þg: ð4:8Þ

This subfan is formed by simplicial cones since their
generators r3;4 are linearly independent. This property will
be of paramount importance in the next section.
The tropical approximation of the integrand captures the

asymptotic behavior of the latter for large values of
Schwinger parameters and relates it to geometrical
data of the Newton polytope, i.e., its divergent fan (4.8).

FIG. 2. Newton polytope P18, see Eq. (4.3), with its facets’ normals in (a). Contour plots of the natural (b), and common
(c) logarithmic maps t ¼ logbase x of the natural and common logarithms, respectively, of the integrand for region 18. The latter is larger/
smaller in brighter yellow/deeper blue domains. As the base of the logarithm increases, the integrand begins to display sharper
separation of its domains of linearity, becoming piecewise in its tropical approximation in (d). The latter panel also shows the divergent
(red) and regular (green) rays of the dual fan of the Newton polytope.
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To determine the value of the integral more accurately, this
information is not sufficient, however. We need the
coefficients accompanying this scaling. These are deter-
mined by the monomials in the integrand’s Symanzik
polynomials that stay piecewise constant in the divergent
subfan. These monomials are the ones with the exponent
vectors n that belong to the corresponding face of the
Newton polytope. They are determined by the initial forms.
For a ray, it is evaluated as

I18jr ¼ lim
L→∞

L−TropðrÞI18ðLrxÞ; ð4:9Þ

while for a two-dimensional cone Spanþðrj; rkÞ, it is

I18jSpanþðrj;rkÞ ¼ lim
L1→∞

L−TropðrkÞ
1 lim

L2→∞
L
−TropðrjÞ
2 I18ðLrk

1 L
rj
2 xÞ:

ð4:10Þ

For higher-dimensional cones, when present, the generali-
zation is straightforward. For compatible rays of the fan, the
order of taking the limits is irrelevant. Rays’ compatibility
can be read off from the lattice structure of the fan, through
its Hasse graph (to be demonstrated later on).
The cones of the maximal dimensions in the divergent

fan determine the leading singularity of the Feynman/
Schwinger parametric integral in question, as was already
employed in Ref. [50]. Introducing the barycentric coor-
dinates, see, e.g., [35], which read in terms of the original
coordinates

log x ¼ −T · log y; ð4:11Þ

with the unimodular transformation matrix T ¼ ðr3jr4Þ
formed by the divergent rays listed as columns, the y
integrations can be easily performed with the result

Reg18jleading singularity ¼ c18

Z
Spanþðr3;r4Þ

d2x
x

I18jSpanþðr3;r4ÞðxÞ

¼ c18
½−Tropðr3Þ�½−Tropðr4Þ�

: ð4:12Þ

Attempts to extend this consideration to other cones in the
fan inevitably lead to the violation of linear reducibility, a
property we would like to preserve.

V. LOCALLY FINITE INTEGRANDS

The analysis in the previous section is as far as the
tropical geometry alone can take us. The triangulation of
the integration domain with subsequent barycentric change
of variables is well-suited for numerical algorithms
[35,36,57]. However, this route is doomed for analytical
approaches, which aim at a systematic extraction of
poles with subsequent determination of accompanying

coefficients and finite remainders as functions of kinemati-
cal variables.
This calls for the abandonment of the space triangula-

tion. However, integrals over the entire integration domain
with integrands approximated in a given cone of the dual
fan will be singular regardless of the initially implemented
dimensional regularization. Thus, one has to either impose
an extra regularization when splitting the integrand accord-
ing to its tropical properties, or “subtract” these divergences
at the integrand level in such a manner that their inclusion/
exclusion to/from the original integral yields well-defined
individual contributions. The second route is taken in
Ref. [44] and leads to the notion of locally finite integrands.
The latter implies that the expansion in ε of the integral can
be obtained by the expansion of the corresponding inte-
grand. The procedure of representing a given integral as a
linear combination of integrals with locally finite inte-
grands is based on some “subtractions” which differ in
character from the conventionally understood subtraction
of poles in ε within dimensional renormalization. In our
procedure, these poles are not removed; rather, they are
merely extracted from integrals to arrive at locally finite
integrands.8

To motivate how this has to be enabled, let us focus on
the leading singularity (4.12). If the integration domain in
that integral is enlarged from Spanþðr3; r4Þ to the entire
quadrant 0 ≤ x < ∞, the integral will be singular on the
lower limits since the initial form of the integrand captures
correctly its large x → ∞ asymptotics only: it is oblivious
to the behavior in all other cones of the dual fan (4.6). How
do we make it well defined in the entire domain? We can do
it with the introduction of a “suppression” factor. Since we
do not want to alter the large-x asymptotics of the
integrand, it has to go to 1 there, while simultaneously
this prefactor has to provide sufficient suppression in the
singular vicinity of the origin to furnish the integral with a
finite regularized value.9 Of course, there is a plethora of
choices that fit the profile. However, this is not the most
stringent requirement on its form. Since the term we are
currently discussing extracts the leading singularity from
the Feynman/Schwinger integral, it has to be “subtracted”
from the original expression to determine the remainder.
We want this subtraction (i) not to produce unregularized
integrals and only (ii) to generate less singular terms in the
parameter of dimensional regularization. Moreover, we
have to (iii) preserve the property of linear reducibility

8This is the reason for us to use the notations such as
“subtractions” and “counterterms” in quotes to avoid confusion
with traditional terminology.

9To put this into perspective, recall that a similar suppression
was introduced within the context of the Bogolyubov-Parassyuk-
Hepp-Zimmermann ultraviolet renormalization [58–60] based on
integrand subtractions at zero external momenta. A modification
of this scheme employing auxiliary masses to regulate emerging
infrared divergences was also proposed in the literature [61].
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to stand a chance of calculating the rest analytically.
This cumulative information implies that the sought-after
‘suppression’ factor should be a rational function of
Schwinger parameters, and its properties have to inherit
those of the divergent subfan.
The form of the “suppression” factor that obeys the

above properties is not unique, but an ansatz was proposed
in Ref. [44]. Echoing the tropicalization of crossratio
variables, which appeared in a related context of ultraviolet
divergences [62,63], as well as string amplitudes [64] and
stringy canonical forms [65], we define a set of “conjugate”
vectors wj obeying the so-called geometric property [44]

rj · wk ¼ −δjk; ð5:1Þ

for all rays r, in the divergent subfan Σdiv, and introduce the
“suppression” variables as

vrj ¼ ð1þ xwjÞ−1: ð5:2Þ

Then, a “counterterm” stemming from a cone
Spanþðrj; rk;…Þ is [44]

I jSpanþðrj;rk;…Þv
1−TropðrjÞ
rj v

1−TropðrjÞ
rj …: ð5:3Þ

The existence of a basis of w’s implies that the divergent
subfan has to be simplicial. When this is not the case,
further preparatory steps are required. These will be
addressed in the next sections.
To conclude our analysis of the contribution from region

18, we are now ready to calculate it as a Laurent series in ε
up to OðεÞ and determine its coefficient analytically. The
inclusion/exclusion allows us to write down the initial
expression in terms of a sum

Reg18 ¼ c18

Z
d2x
x

½I ð1Þ
18 þ I ð2Þ

18 þ I ð3Þ
18 þ I ð4Þ

18 �; ð5:4Þ

of the following integrands

I ð1Þ
18 ¼ I18 − v1−Trop33 I18jr3 − v1−Trop44 I18jr4

þ v1−Trop33 v1−Trop44 I18jSpanþðr3;r4Þ;
I ð2Þ
18 ¼ v1−Trop33 ½I18jr3 − v1−Trop44 I18jSpanþðr3;r4Þ�;

I ð3Þ
18 ¼ v1−Trop44 ½I18jr4 − v1−Trop33 I18jSpanþðr3;r4Þ�;

I ð4Þ
18 ¼ v1−Trop33 v1−Trop44 I18jSpanþðr3;r4Þ; ð5:5Þ

where, to simplify the presentation, we used only the rays’
indices to label corresponding variables rather than dis-
playing the former as their arguments. Here, the initial
forms, calculated according to Eqs. (4.9) and (4.10), read

I18jr3 ¼ x1ð1þ x1Þ−1−2εxε2; ð5:6Þ

I18jr4 ¼ x−2ε1 ðx1 þ x2Þ2εx1−ε2 =ðx1=uþ x2Þ; ð5:7Þ

I18jSpanþðr3;r4Þ ¼ x−2ε1 xε2: ð5:8Þ

The first integrand I ð1Þ
18 is locally finite. The rest are

“counterterms.” But after the extraction of poles from
these, their remainder will be finite as well. Let us
demonstrate this explicitly since this region is simple
enough to fit everything on one page.
Recalling that

c18 ¼
e2εγEsε34
s12s23s45

ΓðεÞΓð1 − εÞΓð2εÞ; ð5:9Þ

we need to evaluate all integrals to order Oðε3Þ. We start

with the integrand I ð1Þ
18 , which is locally finite, so we can

immediately expand it in the Taylor series in ε and feed it
into HYPERINT [27]. The latter calculates it without a hiccup
and yields

Z
d2x
x

I ð1Þ
18 ¼ −

1

6
π2 þ 2ζ3ε −

1

40
π4ε2 þOðε3Þ: ð5:10Þ

In this particular situation, one can get an ε-exact result by
noticing that the initial form I18jr4 entirely “subtracts” out
the u dependence of the original integrand, such that the
resulting integral is u independent and can be calculated in
a closed form

Z
d2x
x

I ð1Þ
18 ¼ Γ2ðεÞ

Γð1þ 2εÞ −
1

ε2
: ð5:11Þ

The second term in Eq. (5.4) is the first “counterterm.”
So, it develops a pole in ε. The latter can be easily extracted
from it, making use of the barycentric variable trans-
formation (4.11) with the unimodular matrix

T ¼ ðr3je1Þ; ð5:12Þ

where we complemented the divergent ray r3 with a unit
vector e1 ¼ ð1; 0Þ. Then the y1 integration can be per-
formed in a straightforward manner, producing an overall
factor of the regularized “volume” of the divergent ray,
Volðr3Þ ¼ 1=½−Trop3� ¼ −1=ε, with the remaining inte-
grand being locally finite. In fact, it vanishes for ε ¼ 0, so it
is oðεÞ. We find

Z
d2x
x

I ð2Þ
18 ¼ 1

½−Trop3�
Z

∞

0

dy2y
−1þε
2

× ½ð1þ y2Þ−1−2ε − ð1þ y2Þ−1−ε�

¼ 1

ε2
−

Γ2ðεÞ
Γð1þ 2εÞ : ð5:13Þ
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The integral here was simple enough to be evaluated exactly

in ε. Notice that the sum of the integrated I ð1Þ
18 and I ð2Þ

18

vanishes, which implies that the inclusion/exclusion some-
times “oversubtracts.” However, though it requires extra
integrations to be performed, the procedure never fails.
The third term is treated in the very same fashion. First,

we extract the regularized “volume” of the ray r4,

Volðr4Þ ¼ 1=½−Trop4�, with the transformation matrix
T ¼ ðr4je1Þ. Then, the remaining integral is again finite,
and its integrand can be safely expanded in ε. Its individual
terms are more complex, though, since they now depend on
the kinematical invariant u, but HYPERINT comes to the
rescue and produces with ease

Z
d2x
x

I ð3Þ
18 ¼ 1

½−Trop4�
�
log uþ ε

�
1

6
π2 −

1

2
log2u − Li2ð1 − uÞ

�

þ ε2
�
4ζ3 þ

1

6
π2 log u − log2u logð1 − uÞ þ 1

6
log3u − 2Li3ðuÞ − 4Li3ð1 − uÞ

�
þ…

�
: ð5:14Þ

We dropped the oðε3Þ term since it requires more than a
couple of lines to be displayed, but does not bring any new
insights. HYPERINT can handle arbitrarily high orders in ε.
Above, we also employed the package GTOLRULES.M [66]
to convert all GPLs to classical polylogarithms. The full
expression can be found in the accompanying notebook in
terms of GPLs.
Last but not least, the final “counterterm” is

Z
d2x
x

I ð4Þ
18 ¼ 1

½−Trop3�½−Trop4�
: ð5:15Þ

It coincides with Eq. (4.12) defining the leading singularity.
Summing all contributions together, we can verify the
correctness of our result by a numerical test with FIESTA.

VI. NONSIMPLICIAL DIVERGENT FAN

The above example, although it shows all of the
ingredients of the formalism, is not representative enough
to exhibit potential pitfalls. This is what we are turning to
next. We, therefore, continue with a situation where the
geometric property (5.1) is violated and how to go about it.
As was alluded to earlier, this happens when the divergent
subfan is not simplicial. As a rule of thumb, this problem
will be encountered more often than not when the number
E of independent Schwinger parameters in the Feynman/
Schwinger integrals is of order or larger than twice the
perturbative order L. This reflects the apparent10 complex-
ity of the integral in question. To get a quantitative estimate,
let us assume that the divergent contribution of a given
region saturates the maximal order of the pole in ε. It is 2L
at L loops. Then, if a Feynman/Schwinger integral is
accompanied by Euler gammas with l poles in this region,
these need to be subtracted from 2L. The remaining poles
should come from integrations over E Schwinger param-
eters. This E sets the dimension of the ambient space.

The leading singularity of the integral comes from the
volume of a maximal cone in the divergent fan formed by
compatible divergent rays. Consistency requires its order to
be 2L − l. However, the total number d of divergent rays in
a fan can, of course, be greater than d ≥ 2L − l since a
bulk of divergent rays can be incompatible with respect to
the fan. For the divergent fan to be simplicial, the rays have
to be linearly independent, i.e., d ≤ E is a necessary
condition. For a very rough estimate of d, recall that the
total number of rays in a dual fan scales as 2E for Feynman/
Schwinger integrals being generalized permutahedra [67],
up to a stipulation that region integrals are generally not
permutahedra due to their exceptional kinematics. The
latter implies a reduction in the number of vertices in
the polytope and, therefore, facets. Thus, the above is an
overestimation. Taking d≲ 2E as an upper limit leads to
the immediate violation of the geometric property as a
consequence of the very fast growth of the number of
divergent rays compared to the dimension of the ambi-
ent space.

A. Tropical geometry of region 7

Let us consider a specific, simple, yet more advanced
example where the above situation occurs. We will inten-
tionally overcomplicate it to demonstrate emerging diffi-
culties. Consider region 7 as it comes out of ASY, see
Eq. (A26). The dimension of this integral can be signifi-
cantly reduced, making use of the substitutions x6 ¼ ηξ and
x7 ¼ ηð1 − ξÞ and integrating both η and ξ out. Further
fixing the GLð1Þ redundancy, we would be left with a one-
fold integral. We will not do this, however. Instead, we will
merely fix the gauge x2 ¼ 1 and then apply the tropical
geometry to the resulting integrand of apparently high
complexity.
The starting point is then

Reg7 ¼ c7

Z
d3x
x

I7ðxÞ ð6:1Þ
10We will dwell on this notion below.
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with the integrand11

I7ðxÞ ¼ ð1þ x1Þ3εðx6 þ x7Þ3ε
× ðx6x7 þ x1x6 þ x1x7 þ x1x6x7Þ−2ε=ð1þ x1=uÞ:

ð6:2Þ

The parameter u is the very same ratio that we encountered
in the previous section, u ¼ s12=s45. The overall coefficient

c7 ¼
e2γEεΓð2εÞ
s12s23s45

ð6:3Þ

already possesses a pole in ε such that the anticipated other
three should stem from the three-fold integral with the
rescaling-invariant logarithmic measure

d3x
x

≡ dx1
x1

dx6
x6

dx7
x7

: ð6:4Þ

From our discussion given in the preamble to this section,
the (overestimated) upper limit on the number of rays in the
fan for this integrand is 8 ¼ 23. So, if the number of
divergent rays in it is anywhere near 8, then we have a
tension with the geometric property, which requires their
number to be no more than 3.
Let us proceed with a hands-on analysis. To construct the

Newton polytope corresponding to the integrand (6.2), we

take the Minkowski sum of the polytopes of each of the
integrand’s polynomials,

P7 ≡ Newt½I7� ¼ Newt½x1 þ 1� ⊕ Newt½x6 þ x7� ⊕ Newt½x1x6 þ x1x7 þ x7x6 þ x1x7x6�
¼ ConvHullfð2; 2; 1Þ; ð2; 2; 0Þ; ð2; 1; 2Þ; ð2; 1; 1Þ; ð2; 0; 2Þ; ð1; 2; 1Þ;
ð1; 2; 0Þ; ð1; 1; 2Þ; ð1; 1; 1Þ; ð1; 0; 2Þ; ð0; 2; 1Þ; ð0; 1; 2Þg: ð6:5Þ

The result is shown in Fig. 3, where the ðt1; t2; t3Þ axes label
the exponents of x1, x6, and x7, respectively. The polytope
consists of six facets. The normals to these—the rays r of its
dual fan—are shown with arrows (ignore the color coding
for now). They read explicitly

r ¼ fð1; 0; 0Þ; ð0; 1; 0Þ; ð0; 1; 1Þ; ð0;−1;−1Þ;
ð0; 0; 1Þ; ð−1;−1;−1Þg: ð6:6Þ

The facets are dual to these rays, and the vertices of the
polytope are dual to maximal cones formed by triplets of
the corresponding transversal facets’ normals. Compati-
bility of cones of all dimensions can be read off from the
face lattice of the polytope and is depicted in the Hasse

diagram12 in Fig. 4. Consequences of the compatibility
conditions will be discussed shortly.
The tropical approximation of the integrand TropðtÞ≡

Trop½I7� is given by the piece-wise multivariate linear
function

TropðtÞ¼−ð1−3εÞmaxð0;t1Þþ3εmaxðt2;t3Þ
−2εmaxðt1þt2;t1þt3;t2þt3;t1þt2þt3Þ: ð6:7Þ

Evaluating its value on the rays (6.6), we find that all but
the first one are divergent,

TropðrÞ ¼ f−1þ ε; ε;−ε;−ε; ε; εg: ð6:8Þ

So the divergent subfan

FIG. 3. Newton polytope P7 (6.5) for the region’s 7 integrand
(6.2) and corresponding normals to facets. Divergent and regular
rays are shown in red and green, respectively. They form one-
dimensional cones of the dual fan.

11We preserve the labelling of Schwinger parameters accord-
ing to the propagators (2.2) of the original Feynman momentum
integral (2.1).

12Though most of the calculations in this section can be done
inMathematica [68], we employed POLYMAKE [69] as a main tool
for polytope analyses in all subsequent considerations.
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Σdiv¼fSpanþðr2Þ;Spanþðr3Þ;Spanþðr4Þ;Spanþðr5Þ;
Spanþðr6Þ;Spanþðr2;r3Þ;Spanþðr2;r4Þ;Spanþðr2;r6Þ;
Spanþðr3;r5Þ;Spanþðr3;r6Þ;Spanþðr4;r5Þ;
Spanþðr4;r6Þ;Spanþðr5;r6Þ;Spanþðr2;r3;r6Þ;
Spanþðr2;r4;r6Þ;Spanþðr3;r5;r6Þ;Spanþðr4;r5;r6Þg

ð6:9Þ

covers a large portion of the face lattice ofP7 as can be seen
from the corresponding Hasse graph in Fig. 4.
Our earlier estimates are pretty close to the real numbers

stemming from the exercise in linear programming. There
are five divergent rays in three dimensions. They are
obviously linearly dependent: the divergent subfan (6.9)
of the polytope P7 for region 7 is not simplicial, and the
geometric property is not satisfied. To alleviate the problem
with this overcomplete set of divergent rays, we need to get
rid of “redundant” ones. There are, of course, a number of
routes to achieve this. What drives the optimal choice is
how many terms one generates after each step in the
elimination process. This is heavily integrand dependent.

B. Nilsson-Passare IBP

The main tool in the elimination of divergent rays is the
Nilsson-Passare analytic continuation [37,38] via IBP
formulated in the space of Schwinger parameters. Let us
describe this procedure explicitly.
For the case at hand, we need to get rid of at least two

divergent rays in the divergent subfan Σdiv (6.9) such that
the rest are linearly independent. A glance at Eqs. (6.6) and
(6.2) suggests that we should choose to integrate by parts
first, along the divergent rays r3 ¼ ð0; 1; 1Þ and
r4 ¼ ð0;−1;−1Þ. One of the reasons for this choice is,
of course, linear algebraic, and the other is that both of them

produce just a single term after corresponding Nilsson-
Passare procedures. For instance, to integrate along r3, we
rescale the integration variables of I7 as x ¼ ðx1; x6; x7Þ →
xλ ≡ λ−r3x ¼ ðx1; x6=λ; x7=λÞ and, benefiting from the
rescaling invariance of the logarithmic measure (6.4), set

dI7ðxλÞ
dλ

����
λ¼1

¼ 0: ð6:10Þ

In this manner, we relate the original integrand to a new one
with a better behavior along the r3 ray,

I7ðxÞ ¼ 2I 0
7ðxÞ; ð6:11Þ

where

I 0
7ðxÞ ¼ x1ð1þ x1Þ3εðx6 þ x7Þ1þ3ε

× ðx6x7 þ x1x6 þ x1x7 þ x1x6x7Þ−1−2ε=ð1þ x1=uÞ:
ð6:12Þ

With its tropical approximation being

Trop0ðtÞ¼ t1−ð1−3εÞmaxð0;t1Þ
þð1þ3εÞmaxðt2;t3Þ−ð1þ2εÞ
×maxðt1þ t2;t1þ t3;t2þ t3;t1þ t2þ t3Þ; ð6:13Þ

we find that the integral indeed becomes finite on the ray r3,

Trop0ðr3Þ ¼ −1 − ε: ð6:14Þ

Since the factor-polynomial structure of the integrand did
not change, we can now perform IBP along the ray
r4 ¼ −r3. Of course, it also yields a single term,

I 0
7ðxÞ ¼

1þ 2ε

ε
I 00
7ðxÞ; ð6:15Þ

where

I 00
7ðxÞ ¼ x1x6x7ð1þ x1Þ1þ3εðx6 þ x7Þ1þ3ε

× ðx6x7 þ x1x6 þ x1x7 þ x1x6x7Þ−2−2ε=ð1þ x1=uÞ;
ð6:16Þ

with its Trop being

Trop00ðtÞ¼ t1þ t2þ t3þ3εmaxð0;t1Þþð1þ3εÞmaxðt2;t3Þ
−2ð1þεÞmaxðt1þ t2;t1þ t3;t2þ t3;t1þ t2þ t3Þ;

ð6:17Þ

we find right away

Trop00ðrÞ ¼ f−1þ ε; ε;−1 − ε;−1 − ε; ε; εg: ð6:18Þ

FIG. 4. Hasse diagram for the face lattice of the Newton
polytope P7 (6.5). Compatibility of all cones of the dual fan
can be read off from it.
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Since the values of Trops for this integrand are the same on
all divergent rays, we will simply refer to these as Trop≡
Trop00ðr2;5;6Þ ¼ ε in what follows.
Having eliminated the two divergent rays r3;4, we are, in

principle, done since the rest, i.e., r2;5;6, are linearly
independent such that their fan is simplicial. The corre-
sponding divergent subfan is formed by the cones

Σ00
div ¼ fSpanþðr2Þ; Spanþðr5Þ; Spanþðr6Þ;

Spanþðr2; r6Þ; Spanþðr5; r6Þg: ð6:19Þ
We will dub this as Option I below.
However, to demonstrate the variety of ways of handling

the integral and make an informed decision on how to
proceed in more complex situations, we can do one more
IBP such that the divergent subfan simplifies even further.
Namely, we can integrate along either of the three remain-
ing rays r2, r5, or r6. If we do IBP along r6, the remaining
divergent rays r2;5 would be incompatible with respect to
the normal fan, see Fig. 4. However, if we perform the
Nilsson-Passare procedure along r2 or r5, the remaining
rays will be compatible, and this will complicate the
structure of the divergent subfan. Below, we will elucidate
(dis)advantages for each of the chosen paths.
Let us apply the Nilsson-Passare procedure, say, for the

ray r2. It immediately yields

I 00
7ðxÞ ¼

1þ 3ε

ε
I 000
7;1ðxÞ − 2

1þ ε

ε
I 000
7;2ðxÞ; ð6:20Þ

with

I 000
7;1ðxÞ¼ x1x6x27ð1þx1Þ1þ3εðx6þx7Þ3ε

× ðx6x7þx1x6þx1x7þx1x6x7Þ−2−2ε=ð1þx1=uÞ;
ð6:21Þ

I 000
7;2ðxÞ¼ x21x6x

2
7ð1þx1Þ1þ3εðx6þx7Þ1þ3ε

× ðx6x7þx1x6þx1x7þx1x6x7Þ−1−2ε=ð1þx1=uÞ:
ð6:22Þ

For these two integrands, the divergent subfan consists of
the two rays r5, r6, and their positive span,

Σ000
div ¼ fSpanþðr5Þ; Spanþðr6Þ;Spanþðr5; r6Þg: ð6:23Þ

On the rest, they are finite, as can be seen from their Trops,

Trop0001 ðtÞ¼ t1þ t2þ2t3þ3εmaxð0;t1Þþ3εmaxðt2;t3Þ
−2ð1þεÞmaxðt1þ t2;t1þ t3;t2þ t3;t1þ t2þ t3Þ;

ð6:24ÞTrop0002 ðtÞ¼2t1þt2þ2t3þ3εmaxð0;t1Þ
þð1þ3εÞmaxðt2;t3Þ
−ð3þ2εÞmaxðt1þt2;t1þt3;t2þt3;t1þt2þt3Þ;

ð6:25Þ

with values

Trop0001 ðrÞ¼ f−1þ ε;−1þ ε;−1− ε;−1− ε;ε;εg; ð6:26Þ

Trop0002 ðrÞ¼ f−1þ ε;−1þ ε;−2− ε;−1− ε;ε;εg: ð6:27Þ

Again, since both of the integrands possess the same
values on both divergent rays, we will denote them as
Trop ¼ Trop0001 ðr5;6Þ ¼ Trop0002 ðr5;6Þ ¼ ε. The original inte-
gral is thus reduced to

I7ðxÞ ¼ 2
ð1þ 2εÞð1þ 3εÞ

ε2
I 000
7;1ðxÞ

− 4
ð1þ εÞð1þ 2εÞ

ε2
I 000
7;2ðxÞ; ð6:28Þ

and we will refer to this as Option II.
Finally, if we choose instead to integrate along r6 as last

IBP, we find three terms

I7ðxÞ ¼ −2
ð1þ 2εÞ

ε2u
I 0000
7;1ðxÞ þ 2

ð1þ 2εÞð1þ 3εÞ
ε2

I 0000
7;2ðxÞ

− 4
ð1þ εÞð1þ 2εÞ

ε2
I 0000
7;3ðxÞ; ð6:29Þ

with

I 0000
7;1ðxÞ¼x21x6x7ð1þx1Þ1þ3εðx6þx7Þ1þ3ε

×ðx6x7þx1x6þx1x7þx1x6x7Þ−2−2ε=ð1þx1=uÞ2;
ð6:30Þ

I 0000
7;2ðxÞ¼ x21x6x7ð1þx1Þ3εðx6þx7Þ1þ3ε

× ðx6x7þx1x6þx1x7þx1x6x7Þ−2−2ε=ð1þx1=uÞ;
ð6:31Þ

I 0000
7;3ðxÞ¼ x21x

2
6x

2
7ð1þx1Þ1þ3εðx6þx7Þ1þ3ε

× ðx6x7þx1x6þx1x7þx1x6x7Þ−3−2ε=ð1þx1=uÞ:
ð6:32Þ

The divergent subfan for this situation is the simplest

Σ0000
div ¼ fSpanþðr2Þ; Spanþðr5Þg; ð6:33Þ

since the rays r2 and r5 are not compatible, see Fig. 4. This
is Option III.

C. Option I

We continue our consideration by working out Option I,
first. Its divergent subfan contains three rays, with one, i.e.,
r6, compatible both with r2 and r5, which makes the
inclusion/exclusion a bit elaborate. We choose the conjugate
vectors wi according to the geometrical condition (5.1) to be
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w2¼ð1;−1;0Þ; w5¼ð1;0;−1Þ; w6¼ð1;0;0Þ: ð6:34Þ

In this manner, as can be seen from Fig. 5, these do not refine
the divergent subfan. The v variables (5.2) corresponding to
them are

v2¼
1

1þx1=x6
; v5¼

1

1þx1=x7
; v6¼

1

1þx1
: ð6:35Þ

Then, the inclusion/exclusion allows us towrite the integrand
I 00 as a sum of six terms

I 00
7 ¼

X6
i¼1

I 00ðiÞ
7 ; ð6:36Þ

where

I 00ð1Þ
7 ¼ I 00

7 − v1−Trop2 I 00
7jr2 − v1−Trop5 I 00

7jr5 − v1−Trop6 I 00
7jr6

þ v1−Trop2 v1−Trop6 I 00
7jSpanþðr2;r6Þ

þ v1−Trop5 v1−Trop6 I 00
7jSpanþðr5;r6Þ; ð6:37Þ

I 00ð2Þ
7 ¼ v1−Trop2 ½I 00

7jr2 − v1−Trop6 I 00
7jSpanþðr2;r6Þ�; ð6:38Þ

I 00ð3Þ
7 ¼ v1−Trop5 ½I 00

7jr5 − v1−Trop6 I 00
7jSpanþðr5;r6Þ�; ð6:39Þ

I 00ð4Þ
7 ¼ v1−Trop6 ½I 00

7jr6 − v1−Trop2 I 00
7jSpanþðr2;r6Þ

− v1−Trop5 I 00
7jSpanþðr5;r6Þ�; ð6:40Þ

I 00ð5Þ
7 ¼ v1−Trop2 v1−Trop6 I 00

7jSpanþðr2;r6Þ; ð6:41Þ

I 00ð6Þ
7 ¼ v1−Trop5 v1−Trop6 I 00

7jSpanþðr5;r6Þ: ð6:42Þ

Here, the initial forms are

I 00
7ðx;uÞjr2 ¼ x1xε6x7ð1þx1Þ3εþ1

× ðx1þx7þx1x7Þ−2ε−2=ð1þx1=uÞ; ð6:43Þ

I 00
7ðx;uÞjr5 ¼ x1x6xε7ð1þx1Þ3εþ1

× ðx1þx6þx1x6Þ−2ε−2=ð1þx1=uÞ; ð6:44Þ

I 00
7ðx;uÞjr6 ¼ x1x6x7ðx6þx7Þ3εþ1ðx1x6þx1x7þx6x7Þ−2ε−2;

ð6:45Þ

I 00
7ðx; uÞjSpanþðr2;r6Þ ¼ x1xε6x7ðx1 þ x7Þ−2ε−2; ð6:46Þ

I 00
7ðx; uÞjSpanþðr5;r6Þ ¼ x1x6xε7ðx1 þ x6Þ−2ε−2: ð6:47Þ

Let us now count how many terms we need to calculate,
taking into account the Laurent expansion. Due to an
overall double pole in ε accompanying I 00

7 , we need to

expand I ð1Þ
7 to oðε2Þ, while I ð2;3;4Þ

7 to oðε3Þ after extracting
from them an overall pole in ε. Finally, I ð5;6Þ can be
calculated exactly. Were we not able to determine the latter
two exactly, they would contribute five terms each. Adding
these up, there are 17 (or 27, with the last stipulation) terms
total to be fed to HYPERINT.

D. Option II

For this calculation, the divergent fan (6.23) consists of
two compatible rays. We can choose the “conjugate”
vectors as

w5 ¼ ð0; 1;−1Þ; w6 ¼ ð0; 1; 0Þ; ð6:48Þ

with the corresponding v variables being

v5 ¼
1

1þ x6=x7
; v6 ¼

1

1þ x6
: ð6:49Þ

Then, the inclusion/exclusion recasts the integrands I 000
1;2,

cumulatively called I 000 below, as a sum of four terms

I 000 ¼
X4
i¼1

I 000ðiÞ; ð6:50Þ

where

FIG. 5. Divergent rays r (red) and “conjugate” vectors w (blue)
for Σ00

div, Eq. (6.19), of the integrand I 00
7 .
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I 000ð1Þ ¼ I 000 − v1−Trop5 I 000jr5 − v1−Trop6 I 000jr6
þ v1−Trop5 v1−Trop6 I 000jSpanþðr5;r6Þ; ð6:51Þ

I 000ð2Þ ¼ v1−Trop5 ½I 000jr5 − v1−Trop6 I 000jSpanþðr5;r6Þ�; ð6:52Þ

I 000ð3Þ ¼ v1−Trop6 ½I 000jr6 − v1−Trop5 I 000jSpanþðr5;r6Þ�; ð6:53Þ

I 000ð4Þ ¼ v1−Trop5 v1−Trop6 I 000jSpanþðr5;r6Þ ð6:54Þ

are built in terms of the following initial forms for the first

I 000
1 ðxÞjr5 ¼ x1x6xε7ð1þ x1Þ3εþ1

× ðx1 þ x6 þ x1x6Þ−2ε−2=ð1þ x1=uÞ; ð6:55Þ

I 000
1 ðxÞjr6 ¼ x1x6x27ðx6 þ x7Þ3εþ1ðx1x6 þ x1x7 þ x6x7Þ−2ε−2;

ð6:56Þ

I 000
1 ðxÞjSpanþðr5;r6Þ ¼ x1x6xε7ðx1 þ x6Þ−2ε−2; ð6:57Þ

and second

I 000
2 ðxÞjr5 ¼ x21x6x

ε
7ðx1 þ 1Þ3εþ1

× ðx1 þ x6 þ x1x6Þ−2ε−3=ð1þ x1=uÞ; ð6:58Þ

I 000
2 ðxÞjr6 ¼ x21x6x

2
7ðx6þx7Þ3εþ1ðx1x6þx1x7þx6x7Þ−2ε−3;

ð6:59Þ

I 000
1 ðxÞjSpanþðr5;r6Þ ¼ x21x6x

ε
7ðx1 þ x6Þ−2ε−3; ð6:60Þ

contributions, respectively.
Now, we are back to the counting of how many terms,

including the Laurent expansion, we need in this case. Since
we had one extra IBP along a divergent ray, I 000’s are
accompanied by the third-order pole in ε. So, I 000ð1Þ needs
to be expanded to oðε3Þ, I 000ð2;3Þ to oðε4Þ after the separation
of the overall divergence, and I 000ð4Þ is known exactly. If the
latter were not possible, it would produce five terms instead.
We thus have to calculate 2 × ð3þ 2 × 4þ 1Þ ¼ 24, respec-
tively, 28 terms.

E. Option III

Last but not least, let us address Option III. Its divergent
subfan (6.33) consists of just two incompatible rays. Thus,
the required “subtractions” are extremely simple, and the
inclusion/exclusion merely contains three terms

I 0000 ¼ I 0000ð1Þ þ I 0000ð2Þ þ I 0000ð3Þ ð6:61Þ

for each of I 0000 ¼ I 0000
1;2;3, where

I 0000ð1Þ ¼ I 0000 − v1−Trop2 I 0000jr2 − v1−Trop5 I 0000jr5 ; ð6:62Þ

I 0000ð2Þ ¼ v1−Trop2 I 0000jr2 ; ð6:63Þ

I 0000ð3Þ ¼ v1−Trop5 I 0000jr5 : ð6:64Þ

Choosing the “conjugate” vectors in the form

w6 ¼ ð0;−1; 0Þ; w7 ¼ ð0; 0;−1Þ ð6:65Þ

the v variables read

v6 ¼
1

1þ 1=x6
; v7 ¼

1

1þ 1=x7
; ð6:66Þ

and the initial forms are

I 0000
1 ðxÞjr2 ¼ x21x

ε
6x7ð1þx1Þ3εþ1

× ðx1þx7þx1x7Þ−2ε−2=ð1þx1=uÞ2; ð6:67Þ

I 0000
1 ðxÞjr5 ¼ x21x6x

ε
7ð1þx1Þ3εþ1

× ðx1þx6þx1x6Þ−2ε−2=ð1þx1=uÞ2; ð6:68Þ

I 0000
2 ðxÞjr2 ¼ x21x

ε
6x7ð1þ x1Þ3ε

× ðx1 þ x7 þ x1x7Þ−2ε−2=ð1þ x1=uÞ; ð6:69Þ

I 0000
2 ðxÞjr5 ¼ x21x6x

ε
7ð1þ x1Þ3ε

× ðx1 þ x7 þ x1x7Þ−2ε−2=ð1þ x1=uÞ; ð6:70Þ

I 0000
3 ðxÞjr2 ¼ x21x

ε
6x

2
7ð1þ x1Þ3εþ1

× ðx1 þ x7 þ x1x7Þ−2ε−3=ð1þ x1=uÞ; ð6:71Þ

I 0000
3 ðxÞjr5 ¼ x21x

2
6x

ε
7ð1þ x1Þ3εþ1

× ðx1 þ x6 þ x1x6Þ−2ε−3=ð1þ x1=uÞ: ð6:72Þ

Adding up the multiplicities of all ingredients involved,
we conclude that we need 3ð3þ 4þ 4Þ ¼ 33 terms to
calculate. There are more than in the previous two options.
However, this is not the most unpleasant feature. In our case
of many kinematical variables, the divergent subfan for this
particular option results in spurious kinematical poles in
individual contributions. We find them “crippled” with the
(1 − u) denominator, which disappears only in the total
sum. While this can be looked at as a feature rather than a
bug, i.e., their cancellation ensures the correctness of the
final result, in more complicated circumstances, this is an
unwelcome characteristic of this choice. We observed in
other contributions from regions that we will face a
dilemma in choosing either dealing with spurious poles
in smaller expressions or rather without them, but with
factor-of-ten larger integration outputs. The take-home
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lesson of our consideration in this section is that the simpler
the divergent fan is, the more terms one has to calculate. So,
it is a trade-off. Of course, no matter the chosen route, the
final integration step with HYPERINT gives the same result.
However, there are subtleties. We address them next.

VII. BREAKING OF LINEAR REDUCIBILITY

Up to now, we have not been very verbose about the
integration step of the formalism. Although the HYPERINT’s
integrator is very powerful, its responses are limited, so you
must ask the right questions [70]. The main problem that
arises is the violation of the linear reducibility of integrands
after a few integration steps have already been taken. If this
happens after all but one remaining integration, HYPERINT
can be instructed [27] to work with algebraic roots by
enabling the option

hyper algebraic roots ≔ true ð7:1Þ

and explicitly specifying the field to factorize quadratic
polynomials which yields these radicals

hyper splitting field

≔ fRootOfðcþ b � Zþ a � Z2̂Þg: ð7:2Þ

However, if there is more than one variable resulting in
quadratic polynomials, the only way out is to implement a
proper variable transformation before the next step in the
integration recursion can be taken. There is no general
prescription for how to do it, at least for the moment. So, it
has to be figured out on a case-by-case basis.
Let us demonstrate this with an example of a region

where this is encountered. We will take the most involved
integral as far as the number of integrations is concerned,
i.e., region 4 with seven Schwinger parameters before
fixing the GLð1Þ-redundancy. First, we want to reduce the
number of integrations to be performed. A quick inspection
of the integrand (A25) suggests that we can integrate over
the sum η ¼ x7 þ x8 by first implementing the change of
variable x7 ¼ ηξ, x8 ¼ ηð1 − ξÞ with the Jacobian η. Then
we choose the gauge x2 ¼ 1. Finally, to work with all
integrations over the positive half line, we further replace
ξ ¼ x2=ð1þ x2Þ with the Jacobian 1=ð1þ x2Þ2. These
manipulations simplify this region to a sum of three
fivefold integrals

Reg4 ¼ c4

Z
d5x
x

½ð2þ εÞs51I4;aðxÞ þ ð2þ εÞs34I4;bðxÞ

− 2εI4;cðxÞ�; ð7:3Þ

with

c4 ¼
e2γEε

s45
ΓðεÞΓð2þ εÞ ð7:4Þ

and the integrands

I4;aðxÞ¼x3I4;bðxÞ
¼x1x1−ε2 x23x4x5ð1þx2Þ2þ3εð1þx1þx3þx4þx5Þ2ε
× ½s12ðx1x4þx4þx5Þþs23ð1þx1Þx2x3
þs34x1x5þs45x2ðx1x4þx4þx5Þþs51x1x5x3�−3−ε;

ð7:5Þ

I4;cðxÞ ¼ x1x1−ε2 x3x4x5ð1þ x2Þ1þ3ε

× ð1þ x1 þ x3 þ x4 þ x5Þ−1þ2ε

× ½s12ðx1x4 þ x4 þ x5Þ þ s23ð1þ x1Þx2x3
þ s34x1x5 þ s45x2ðx1x4 þ x4 þ x5Þ
þ s51x1x5x3�−2−ε: ð7:6Þ

The reader may wonder why we split I4;aðxÞ and I4;bðxÞ
individually instead of considering them together. Notice
that they differ from each other only by a power of x3. The
reason for this is that while overall monomials do not affect
individual Newton polytopes for each of these integrands,
in the Minkowski sum of the two, one is shifted in the
ambient space with respect to the other one by one lattice
space in the x3 direction. This adds extra facets for the total
sum, actually two of them to be precise. If neither were
divergent, we could equally well consider the sum.
However, one of them is, so this results in a more
complicated divergent subfan. We chose to deal with
simpler ones but doubled the number of terms to be
computed. Again, it is a trade-off in effort. Currently, we
do not have the intention to be optimal.
We will address the simpler integrand I4;c since it

showcases integration pitfalls transparently. It needs to
be evaluated merely to leading order in ε, i.e., oðε0Þ since
the pole in c4 is canceled by the accompanying power of ε
in (7.3). The analysis of its Newton polytope with
POLYMAKE shows that it possesses 13 facets, but just
one of them is associated with a divergent ray in its dual
fan, i.e., r ¼ ð0; 1; 0; 0; 0Þ with the value of

TropðtÞ¼ t1þð1−εÞt2þ t3þ t4þ t5

þð1þ3εÞmaxð0;t2Þ−ð1−2εÞmaxð0;t1;t3;t4;t5Þ
−ð2þεÞmaxðt1þ t3;t1þ t2þ t3;t4;t1þ t4;

t2þ t4;t1þ t2þ t4;t5;t1þ t5;t2þ t5;t2þ t3þ t5Þ;
ð7:7Þ

being TropðrÞ ¼ ε. The inclusion/exclusion formula con-
tains just two terms
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I4;cðxÞ ¼ ½I4;c − v1−TropðrÞr I4;cjr� þ v1−TropðrÞr I4;cjr; ð7:8Þ

where the subtraction involves the v variable vr ¼ x2=ð1þ
x2Þ and the initial form on the ray is

I4;cjr ¼ x1xε2x3x4x5ð1þx1þx3þx4þx5Þ−1þ2ε

× ½s12x4þ s23x1x3þ s34x5þ s45x1x4þ s51x5x3�−2−ε:
ð7:9Þ

The divergent integration in the “counterterm” can be
performed using the barycentric variable transformation
with the matrix T ¼ ðrje1je3je4je5Þ formed by the divergent
ray r and the five-dimensional unit vectors ej along the jth
axis. The rest of the y ¼ ðy2; y3; y4; y5Þ-integrals have to be
fed to HYPERINT.
We turn to it next. No matter the order of integrations we

choose, we end up with quadratic polynomials in the
integrand after the first two steps are executed. The property
of linear reducibility is broken. However, HYPERINT’s error-
message output specifies the first quadratic polynomial it
encountered, so we can use this information to fix the
problem. Of course, if there is more than one, the procedure
will have to be repeated. For the “counterterm” in question,
we chose the integration order y5 → y4 → y3 → y2. After the
y5;4 integrations, the “nonfactorizable” quadratic polynomial
that arises in the integrand is

s23y2y3 − s34ð1þ y2 þ y3Þ − s51y3ð1þ y2 þ y3Þ:

It is almost obvious that one can linearize the y3 integration
with the variable change y2 → ð1þ y3Þy2 since the poly-
nomial factorizes. This does the trick. The final integration
with respect to y2 will, however, be quadratic as well. But,
explicitly specifying the radicals in the option (7.2) with

a ¼ s45s51 − s23s45 − s34s45;

b ¼ s23s34 þ s12s51 þ s45s51 − s12s23 − s34s45;

c ¼ s12s51;

HYPERINT performs the integration successfully.
The locally finite integrand in the first term in the square

brackets of (7.8) can be done with the very same routine,
except for adding one more integration. This does not
present a complication for HYPERINT.

VIII. ADDING UP ALL CONTRIBUTIONS
OF REGIONS

Strategies outlined in the previous sections were applied
with minor variations to all other regions. We observed the
appearance of other radicals that produced other square-
root letters in the pentabox’s alphabet. We borrowed13 the
hard region, region 3, from the known results for pentabox
Master Integrals on the conformal branch of the N ¼ 4
sYM [71–73]. Finally, we added up all regions with
accompanying scalings in m (3.5). As expected, all poles
in ε canceled in the total expression since infrared singu-
larities are regularized with the nonzero m. The pentabox
enjoys the anticipated double logarithmic nature in m, such
that it admits the following expansion at this perturbative
order

s12s23s45G11111111−100jm→0 ¼
X4
l¼0

al log4−l m2: ð8:1Þ

The leading three coefficients are simple enough to be
presented here. They are

a0 ¼ 3; ð8:2Þ

a1 ¼ −
5

2
logðs12s23s34s51Þ − 2 logðs45Þ; ð8:3Þ

a2 ¼
1

2
log2

�
s34
s51

�
þ 1

4
log2

�
s12
s23

�
−
5

4
log2ðs12s23Þ þ

3

2
log2ðs34s51Þ þ

3

2
logðs12Þ logðs34Þ

þ 9

2
logðs12Þ logðs51Þ þ

9

2
logðs23Þ logðs34Þ þ

3

2
logðs23Þ logðs51Þ −

1

2
logðs45Þ logðs34s51Þ

þ 13

2
logðs45Þ logðs12s23Þ − 4 logðs34Þ logðs51Þ − 3log2ðs45Þ þ

5π2

6
: ð8:4Þ

The rest of the coefficients are not as simple, at
least at this time. Therefore, they are relegated to the
accompanying Mathematica notebook pentabox. nb,
where we also perform numerical tests of our results in
terms of GPLs by means of the ginsh interface of
PolyLogTools [74] against sector decomposition with
FIESTA.

IX. CONCLUSIONS

In this paper, we calculated a two-loop Feynman integral
that eluded traditional techniques employed by practi-
tioners in the field of multiloop computations of

13We are thankful to Dima Chicherin for this.
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Feynman integrals. The formalism that allowed us to break
through the barrier of limitations of previously available
methods is based on the tropical geometry of convex
polytopes associated with parametric integrands. Since
the integrals are infrared divergent, in order to be able to
use powerful integrators available in the literature, it was
imperative to deal with finite integrals by introducing
subtractions under the integral, which yield locally finite
integrands. Such a technique has been proposed in
Ref. [44]. We relied on it as a blueprint for our consid-
eration in this work.
We successfully evaluated the near mass-shell limit of

the pentabox in terms of GPLs. This was the last required
ingredient for understanding the infrared properties of five-
leg amplitudes at two-loop order on the Coulomb branch of
N ¼ 4 sYM. This analysis is, however, postponed to a
future publication.
Our consideration opens new avenues for further studies.

It is likely that the same technique will allow us to go to
even higher multiplicities. Six-leg amplitudes are our
ultimate goal. The main interest in them is to understand
their finite part, since it will be the first occurrence of the
so-called remainder functions of conformal cross-ratios
formed by Mandelstam-like invariants. Are they the same
as the ones in the conformal case [75–77]? If they are
different, what can the difference be attributed to? In similar
circumstances of near mass-shell form factors, an analog of
the remainder function shows up for a lower number of
external legs. It was found there [9,10], that it is indeed
different from the conformal case [78,79], and the reason

for this is a different form of splitting amplitudes which
drive their near-collinear behavior [22,80].
To achieve the above goal, an automation of the steps

involved in the construction of convex polytopes, their
tropical data, locally finite integrands, and, eventually, their
integration is highly desirable. A Mathematica package is
being prepared to meet these needs.
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APPENDIX: REGION INTEGRALS AND THEIR
SYMMETRIES

In this appendix, we quote the Feynman/Schwinger
integrals for all regions. They are enumerated according
to Eq. (3.5) and have the following region vectors14

−r ¼ ff1; 0; 1; 2; 2; 1; 0; 1g; f2; 1; 0; 1; 2; 1; 0; 1g; f0; 0; 0; 0; 0; 0; 0; 0g; f1; 1; 1; 1; 1; 1; 0; 0g; f1; 0; 1; 2; 1; 0; 1; 2g;
f2; 1; 0; 1; 1; 2; 1; 0g; f0; 0; 1; 1; 1; 0; 0; 1g; f2; 1; 0; 1; 2; 1; 1; 2g; f1; 0; 1; 2; 1; 1; 2; 2g; f1; 1; 0; 0; 1; 0; 0; 1g;
f1; 1; 2; 2; 2; 1; 0; 1g; f1; 0; 1; 2; 2; 1; 1; 2g; f2; 2; 2; 2; 2; 1; 0; 1g; f0; 0; 1; 1; 1; 1; 0; 0g; f1; 0; 1; 2; 2; 2; 2; 2g;
f1; 1; 0; 0; 1; 1; 0; 0g; f2; 1; 1; 2; 2; 1; 0; 1g; f1; 1; 2; 2; 1; 0; 1; 2g; f1; 0; 1; 2; 2; 2; 1; 1g; f2; 1; 0; 1; 2; 2; 1; 1g;
f2; 1; 0; 1; 2; 2; 2; 2g; f2; 2; 1; 1; 2; 1; 0; 1g; f1; 1; 1; 1; 1; 0; 0; 1g; f1; 1; 0; 0; 1; 1; 1; 1g; f2; 2; 1; 1; 1; 2; 1; 0g;
f1; 0; 0; 1; 1; 0; 0; 1g; f2; 1; 0; 1; 1; 2; 2; 1g; f1; 1; 0; 0; 0; 1; 1; 0g; f1; 0; 0; 1; 1; 1; 0; 0g; f0; 0; 1; 1; 1; 1; 1; 1g;
f1; 0; 0; 1; 1; 1; 1; 1g; f0; 0; 1; 1; 0; 0; 1; 1gg; ðA1Þ

associated with them.
Some of them can be calculated in a closed form. They are

Reg1 ¼ e2γEεðs23s45ÞεΓ4ðεÞΓ2ð1 − εÞ; ðA2Þ

Reg5 ¼ e2γEεðs23s34Þε
Γ3ðεÞΓ2ð1 − εÞΓð2εÞ

Γð1þ εÞ ; ðA3Þ

Reg12 ¼ e2γEεsε23
Γ3ðεÞΓ2ð−εÞΓð1 − εÞ

Γð−2εÞ ; ðA4Þ

with others obtained from thesevia leg permutations.Wewill
accommodate the latter with overall multiplicative prefactors
such that

Reg2 ¼
�
s12
s23

�
ε

Reg1; ðA5Þ

14Recall that we are using outward pointing normals as
compared to the conventions adopted in asy.
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Reg6 ¼
�
s12s51
s23s34

�
ε

Reg5; ðA6Þ

Reg17 ¼
�
s45
s23

�
ε

Reg12; ðA7Þ

Reg20 ¼
�
s12
s23

�
ε

Reg12: ðA8Þ

All other regions are cast into the form

Regr ¼ Ci

Z
dErx
GLð1Þ IiðxÞ; ðA9Þ

where the dimension E of the Feynman/Schwinger inte-
grals can be ascertained by counting the number of
Schwinger parameters in each integrand. We list below
the overall coefficients

C3 ¼ e2γEεΓð3þ 2εÞ; ðA10Þ

C4 ¼
e2γEε

s45
Γð2þ 2εÞ; ðA11Þ

C7 ¼
e2γEε

s23s45
Γð2εÞ; ðA12Þ

C8 ¼
e2γEεsε12s51
s12s23s45

Γ3ðεÞΓð1 − εÞ; ðA13Þ

C9 ¼
e2γEε

s12
Γð2εÞ; ðA14Þ

C10 ¼
e2γEεs51
s12s45

Γð2εÞ; ðA15Þ

C13 ¼ e2γEεΓð2þ 2εÞ; ðA16Þ

C15 ¼
e2γEεsε23s34
s12s23

Γ2ðεÞΓð1 − εÞΓð2þ εÞ; ðA17Þ

C18 ¼
e2γEεsε34
s23s45

ΓðεÞΓð1 − εÞΓð2εÞ; ðA18Þ

C24 ¼
e2γEεs51
s12

Γð2þ 2εÞ; ðA19Þ

C26 ¼
e2γEε

s12s23s45
Γð2εÞ; ðA20Þ

C28 ¼
e2γEε

s12
Γð2εÞ; ðA21Þ

C29 ¼
e2γEε

s12s23s45
Γð2εÞ; ðA22Þ

C31 ¼
e2γEε

s12s23
Γð2þ 2εÞ: ðA23Þ

The (yet to be gauge-fixed) integrands are15

I3 ¼ ∂x9 ½U1þ3εF−3−2ε�jx9¼0;m¼0; ðA24Þ

I4 ¼
ðx7 þ x8Þ1þ3ε

x8
ðx1 þ x2 þ x3 þ x4 þ x5Þ−1þ3ε½−3εDenom−2−2ε

4

þ 2ð1þ εÞðx1 þ x2 þ x3 þ x4 þ x5Þ½ðs34x2 þ s51x3Þðx7 þ x8Þ þ x7x8�Denom−3−2ε
4 �; ðA25Þ

I7 ¼
ðx1 þ x2Þ3εðx6 þ x7Þ3εðx2x6x7 þ x1x6x7 þ x1x2x6 þ x1x2x7Þ−2ε

x1x6x7ðs12x2 þ s45x1Þ
; ðA26Þ

I8 ¼
ðx6x7Þ−εðx6 þ x7Þ2ε
x6ðs23x6 þ s51x7Þ

; ðA27Þ

I9 ¼
x3ε2 ðx5 þ x6Þ3εðs23x3x5x6 þ x2x3x5 þ x2x3x6 þ x2x5x6Þ−2ε

x2x5ðx2 þ s23x3Þðs12x5 þ s45x6Þ
; ðA28Þ

15The reader should not be surprised that some of these integrands involve polynomials in Schwinger parameters that are of mixed
nature, i.e., with coefficients proportional to either sjjþ1 or unity. This is the artifact of us setting the scale parameter of dimensional
regularization to μ ¼ 1 such that sjjþ1 are effectively dimensionless. The monomials with unit coefficients in the MofR integrands stem
from the ones with the off-shellnessm as a mass parameter in the original Symanzik polynomial F (2.5). Upon the rescaling (3.4), them
dependence gets converted to the μ dependence. Since we set the latter to 1, it is no longer visible.
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I10 ¼
x3ðx3 þ x4Þ3εðx6 þ x7Þ3εðx3x4x6 þ x3x4x7 þ x3x6x7 þ x4x6x7Þ−2ε

x4x6ðs23x3 þ s45x4Þðs23x3x6 þ s45x4x6 þ s51x3x7Þ
; ðA29Þ

I13 ¼
xε7

x7ðx7 þ s45x8Þ
ðx1 þ x2 þ x3 þ x4 þ x5Þ−1þ3ε½−3εDenom−2−2ε

13

þ 2ð1þ εÞðx1 þ x2 þ x3 þ x4 þ x5Þ½s34x2 þ s51x3 þ x8�Denom−3−2ε
13 �; ðA30Þ

I15 ¼ ðx5 þ x6 þ x7 þ x8Þ2εðs12x5x8 þ s34x5x7 þ s45x6x8Þ−2ε; ðA31Þ

I18 ¼
ðx2x5Þ−εðx1 þ x5Þ−1−2εðx1 þ x2 þ x5Þ2ε

x5½s12x2 þ s45ðx1 þ x5Þ�−3−2ε
; ðA32Þ

I24 ¼
x3ðx3 þ x4Þ1þ3εðx5 þ x6 þ x7 þ x8Þ3ε

x4ðs23x3 þ s45x4Þ
ðA33Þ

×½s23x3x5x6 þ s45x6ðx4x5 þ x3x8 þ x4x8Þ þ s51x3x5x7 þ x3x4ðx5 þ x6 þ x7 þ x8Þ�−2−2ε; ðA34Þ

I26 ¼
ðx2 þ x3Þ3εðx6 þ x7Þ3εðs34x2 þ s51x3Þ
x2x3x6s23x3x6 þ s34x2x7 þ s51x3x7

ðx2x3x6 þ x2x7x6 þ x3x7x6 þ x2x3x7Þ−2ε; ðA35Þ

I28 ¼
x−2ε3 ðx5 þ x8Þ

x5

ðx3x5 þ x4x5 þ x8x5 þ x3x8 þ x4x8Þ1þ3ε

s23x3x5 þ s45ðx4x5 þ x8x5 þ x3x8 þ x4x8Þ
½x5x8 þ x4ðx5 þ x8Þ�−1−2ε

s23x3ðx5 þ x8Þ þ s45ðx4x5 þ x8x5 þ x4x8Þ
; ðA36Þ

I29 ¼
ðx2 þ x3Þ3εðx7 þ x8Þ3εðs34x2 þ s51x3Þ

x2x3x8

ðx2x3x7 þ x2x8x7 þ x3x8x7 þ x2x3x8Þ−2ε
s12x2x8 þ s34x2x7 þ s51x3x7

; ðA37Þ

I31 ¼
ðx2 þ x3Þ1þ3εðx5 þ x6 þ x7 þ x8Þ3εðs34x2 þ s51x3Þ

x2x3
ðA38Þ

×½s12x2x5x8 þ s23x3x5x6 þ s34x2x5x7 þ s45x6x8ðx2 þ x3Þ þ s51x3x5x7 þ x2x3ðx5 þ x6 þ x7 þ x8Þ�−2−2ε: ðA39Þ

Here, the hard region 3, corresponding to the region vector r3 ¼ f0; 0; 0; 0; 0; 0; 0; 0g, is defined by the original integrand
(2.4) with m identically set to zero. To make these formulas more readable, we introduced shorthand notations for the
lengthy denominators involved

Denom4 ¼ s12x2ðx4x7 þ x4x8 þ x5x8Þ þ s23x1x3ðx7 þ x8Þ
þ s34x2x5x7 þ s45x1ðx4x7 þ x4x8 þ x5x8Þ þ s51x3x5x7 þ x7x8ðx1 þ x2 þ x3 þ x4 þ x5Þ; ðA40Þ

Denom13 ¼ s12x2x4 þ s23x1x3 þ s34x2x5 þ s45x1x4 þ s51x5x3 þ ðx1 þ x2 þ x3 þ x4 þ x5Þx8: ðA41Þ

We displayed above only expressions for functionally different regions. Those not shown are again obtained from these
by exchanges of the Mandelstam-like variables and factor multiplications. Namely,

Reg11 ¼
s51
s12

�
s45
s51

�
ε

Reg8

����
s23↔s45;s51↔s12

; ðA42Þ

Reg19 ¼ Reg8js12↔s23;s34↔s51 ; ðA43Þ

Reg22 ¼
s34
s23

�
s45
s34

�
ε

Reg8

����
s12→s34;s23→s45;s45→s12;s51→s23

; ðA44Þ
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Reg27 ¼
s51
s45

Γð2εÞ
ΓðεÞΓð1þ εÞReg8js45↔s51 ; ðA45Þ

Reg25 ¼ Reg18js12↔s23;s34↔s51 ; ðA46Þ

Reg16 ¼ Reg7js12↔s23 ; ðA47Þ

Reg21 ¼ Reg15js12↔s23;s34↔s51 ; ðA48Þ

Reg14 ¼ Reg10js12↔s23;s34↔s51 ; ðA49Þ

Reg23 ¼ Reg4js12↔s23;s34↔s51 ; ðA50Þ

Reg30 ¼ Reg24js12↔s23;s34↔s51 ; ðA51Þ

Reg32 ¼ Reg28js12↔s23;s34↔s51 : ðA52Þ
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