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We find a large class of holographic solutions describing D4-branes wrapped on four-manifolds My
with constant curvature leading to gravity duals of supersymmetric quantum mechanics in the IR via
twisted compactifications. The manifolds M, considered here are four-dimensional spheres and
hyperbolic spaces, products of two Riemann surfaces, and Kahler four-cycles. The solutions are
obtained from the maximal gauged supergravity in six dimensions with CSO(p,q.5— p —¢) and
CSO(p,q.4 — p—q) X R* gauge groups. These gauged supergravities can be embedded in type ITA
theory via consistent truncations on H?”¢ x R3P~¢ and HP7 x R*P~7 x S', respectively. The solutions
take the form of 7 x My-sliced domain walls interpolating between locally flat domain walls and singular
geometries in the IR. Upon uplifted to type IIA theory, many solutions admit physical IR singularities and
could holographically describe supersymmetric quantum mechanics arising from twisted compactifications

of D4-branes on M,.
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I. INTRODUCTION

For almost three decades, the AdS/CFT correspondence
[1-3] and the generalization to nonconformal field theories
called DW/QFT correspondence [4-6] have attracted much
attention in the holographic study of strongly coupled field
theories using gravity duals. Both AdS,,;/CFT,; and
DW,,1/QFT, dualities have been used to study various
aspects of field theories in different dimensions with d > 2.
Unlike higher dimensional counterparts, AdS,/CFT,; and
DW,/QFT, correspondences have been far less explored to
date. The dual (0 4 1)-dimensional field theories in this
case are superconformal quantum mechanics and super-
symmetric quantum mechanics. Some examples of the
latter arise naturally in string/M theory in the form of matrix
models [7,8]. These models are expected to play an
important role in string theory, D-brane physics, and
noncommutative geometries, see [9,10] for recent reviews.
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Most of the important results in AdS,,;/CFT, or
DW,,/QFT, dualities are generally obtained by studying
various types of solutions to gauged supergravity in d + 1
dimensions. Since the construction of two-dimensional
gauged supergravity has appeared only recently in [11],
see also [12] for earlier results, the study of DW,/QFT,
correspondence within the framework of gauged super-
gravity has only been carried out in a handful of previous
works [13-15], see also [16] for another approach using
spherical branes. These provide gravity duals of matrix
quantum mechanics on the world-volume of DO-branes.
Alternatively, QFT; or supersymmetric quantum mechanics
can also arise from Dp-branes wrapped on a p-dimensional
compact manifold. These configurations can preserve
some amount of the original supersymmetry by a topological
twist [17,18].

In the present paper, we are interested in the case of
D4-branes wrapped on a four-manifold M, with constant
curvature, see [19-26] for examples of other D-branes and
M-branes wrapped on a four-manifold and, in particular,
[27] for a solution describing supersymmetric quantum
mechanics from D6-branes wrapped on six-cycles. The M,
manifolds under consideration here are given by a
Riemannian four-manifold of constant curvature, a product
of two Riemann surfaces, and a Kahler four-cycle. In the
DW/QFT correspondence, the dynamics of the maximal
five-dimensional gauge theory on the world-volume of
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D4-branes in type IIA theory can be explored by studying
the effective maximal gauged supergravity in six dimen-
sions [28]. Accordingly, we study solutions of D4-branes
wrapped on M, by performing topological twists on the
(flat) domain wall solutions dual to five-dimensional super
Yang-Mills (SYM) theory along M,. A large number of
flat domain walls from maximal gauged supergravity in six
dimensions has been found in [29-31], and solutions
describing D4-branes wrapped on two- and three-manifolds
have also studied recently in [32].

We consider six-dimensional gauged supergravity with
CSO(p,q,5-p—¢q) and CSO(p,q.4—p—q) X R*
gauged groups. Both of these gauged supergravities can
be obtained from an S' reduction of the maximal gauged
supergravity in seven dimensions with CSO(p,q,5—p —
q)and CSO(p, q,4 — p — q) gauge groups [33]. It has been
shown in [34] that seven-dimensional CSO(p, g, 4 — p — q)
gauged supergravity can be obtained from type IIA theory
via a consistent truncation on H7-4 x R*P~4, Accordingly,
further truncation on S' leads to six-dimensional gauged
supergravity with CSO(p, q,4 — p — q) X R*, or equiva-
lently, a truncation of type IIA theory on H?*4 x R*P~4 x
S! leads to CSO(p, q.4 — p — q) X R* gauged supergrav-
ity in six dimensions. On the other hand, the maximal
CSO(p,q,5 — p — q) gauged supergravity in seven dimen-
sions can also be obtained as a truncation of 11-dimensional
supergravity on H”4 x R37P~4 [35]. Another dimensional
reduction on S' gives CSO(p, q,5 — p — q) gauged super-
gravity in six dimensions as a consistent truncation of
11-dimensional ~ supergravity on HP9 x R>™P~4 x S!,
Together with the fact that type ITA theory can be obtained
from an S' reduction of M theory, the six-dimensional
CSO(p,q,5 — p — q) gauged supergravity can be consid-
ered as a truncation of type IIA theory on HP9 x R>™P~4
after a truncation of M theory on S'. The full truncation
Ansatz for the case of S* ~ H>0 has been constructed in [36].
However, the complete truncation Ansdtze for both type I1A
theory on H?4 x R*P~4 or 11-dimensional supergravity on
HP4 x R37P~4 have not been worked to date although the
relevant twist matrices and the truncation Ansctze for the
metric and internal components of the form fields have
already been given in [34,35]. Therefore, the complete
truncations to six dimensions are currently not available
either. In any case, all solutions of these six-dimensional
gauged supergravities can, in principle, be embedded in type
ITA theory as described above.

The solutions of interest in this paper take the form of
R x My-sliced domain walls with the R factor being the
time coordinate. We look for solution interpolating between
asymptotically locally flat domain walls dual to maximal
SYM in five dimensions and a curved domain wall with
t x My-sliced world-volume. Holographically, these sol-
utions would describe renormalization group (RG) flows
across dimensions from maximal five-dimensional SYM to

one-dimensional SYM or supersymmetric quantum
mechanics in the IR. In general, due to the presence of
topological twists, the latter is obtained from twisted
compactifications of the former on M,. We also point
out that, in holographic studies involving nonconformal
field theories, supergravity solutions generically contain
singular geometries in the IR.

To determine whether the resulting solutions are physi-
cally acceptable, we employ the condition introduced in
[18]. According to this condition, the (00)-component of
the type ITA metric gy, should not diverge near the IR
singularities since fixed proper energy excitations in super-
gravity should correspond to lower and lower energy
excitations in the dual field thoery. Upon uplifted to type
A theory, the solutions with physical IR singularities
would describe different configurations involving D4-
branes wrapped on M,. It should also be noted that
although the complete Ansdtze for the aforementioned
truncations are not available, we can determine the ten-
dimensional metric component gy, using partial results
given in [34,35] and check whether a given singularity is
physical or not. For convenience, we also give the relevant
expressions for g for all of the solutions in Appendix B. In
addition, it should be pointed out that there is another
criterion to determine whether a given singularity is
physically acceptable or not directly within the framework
of lower-dimensional gauged supergravity theories. This is
the Gubser’s criterion given in [37]. According to this
criterion, a singularity in gauged supergravity is physical
if the scalar potential is bounded above when the singu-
larity is approached. In order to apply this criterion, we
need to construct the corresponding two-dimensional
Lagrangian by a compactification of the Lagrangian of
the six-dimensional gauged supergravity on M, and
identify the effective scalar potential in two dimensions,
see, for example, the Appendix of [18]. However, due to
some complications in transforming the effective two-
dimensional Lagrangian to the Einstein frame, it is not
clear how to implement this criterion in the present case.
Accordingly, we do not consider Gubser’s criterion in
this paper.

The paper is organized as follows. Section II briefly
reviews maximal N = (2,2) gauged supergravity in six
dimensions. Then, the details of gaugings under GL(5) C
SO(5,5) are given together with the embedding of
CSO(p.q.5—p—¢q) and CSO(p.q.4—p—q) X R*
gauge groups in the global symmetry group SO(5,5).
The solutions describing D4-branes wrapped on M, from
the resulting gauged supergravities are, respectively, given
in Secs. III and IV. Conclusions and discussions are given
in Sec. V. For convenience, we collect some useful
formulas and relations in Appendixes A and B together
with a number of numerical solutions in Appendixes C
and D.
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II. SIX-DIMENSIONAL N = (2,2) GAUGED
SUPERGRAVITY WITH CSO(p.q.5-p-q)
AND CSO(p.q.4-p -g) X R* GAUGE GROUPS

We first review the general structure of six-dimensional
N = (2,2) gauged supergravity in the embedding tensor
formalism constructed in [28]. We mainly setup the
notations and collect relevant formulas for finding super-
symmetric solutions. More detailed construction can be
found in [28].

A. Maximal gauged supergravity in
six dimensions
Maximal supersymmetry only allows for the supergrav-
ity multiplet. In six dimensions, the bosonic field content
consists of the vielbein e}, two-form potentials B, ,, and
B,  (m=1,...5), three-forms C,, 4 (A=1,...,16),
vector fields A,4, and scalars V,* (a=1,...,4 and

i
a=1,..., 4) that parametrize the coset space
SO(5.5)/SO(5) x SO(5). Curved and flat spacetime indi-
ces are denoted by p, v and ji, D, respectively. Lower and
upper m indices, respectively, label fundamental and
antifundamental representations of GL(5) Cc SO(S5,5).
The index A describes Majorana—Weyl spinors of the
SO(5,5) duality symmetry, while the indices a and &
are, respectively, two sets of SO(5) spinor indices in the
SO(5) x SO(5) local symmetry.

Fermionic field content contains the gravitini y, ,, and
W and the spin-} fields y, ., and y_,, wherea = 1, ...,5
and a=1,....5, respectively, denote two sets of SO(5)
vector indices in SO(5) x SO(5). We use =+ to indicate
spacetime chiralities of the spinors. In addition, all spinors
are symplectic-Majorana—Weyl. With all these, all compo-
nent fields can be written as

(el/j ’ B;w,M ’ C/wp,A vAyA ’ VAad’ W-‘rﬂa’ l//—/ld 7)(—&-110‘1’)(—[105) . ( 1)

We also note that due to the self-duality of the two-form
fields, the Lagrangian of the ungauged supergravity is only
invariant under the GL(5) subgroup of the full duality
symmetry SO(5,5). In this case, only the electric two-
forms B,, ,, appear in the Lagrangian, while the magnetic
duals B, can be introduced on shell.

In the embedding tensor formalism, gaugings can be
described by introducing the minimal coupling of various
fields via the covariant derivative,

DM - aﬂ - gA”A®AMNtMN, (2)

where ¢ is a gauge coupling constant, and ®,"V is the
embedding tensor. The corresponding gauge generators are
given by X, = ©,MN¢, . In general, these are particular
linear combinations of the SO(5,5) generators £,y and
form a closed Lie algebra of the gauge group

Gy C SO(5,5). The latter implies that the embedding
tensor needs to satisfy the quadratic constraint of the form

(X4, Xp] = =(X4)5 X (3)

with (X,)¢ denoting gauge generators in chiral spinor
representation of SO(5,5) given below.

In addition, consistency with supersymmetry requires
the embedding tensor to transform as 144,. representation of
SO(5,5). Accordingly, ®,MN can be parametrized in terms
of a vector-spinor #¥ of SO(5,5) as

0,MN = —gPM(TM),, = (TMEN) (4)
with 4 subject to the constraint
(Tar)ag 9" =0, (5)

where (I'y;) 45 is an SO(5,5) gamma matrix. In terms of
0*M | the quadratic constraint reduces to the following two
conditions:

MOy =0 and  OAMEEN(TP)) . = 0. (6)

nuy is the off-diagonal SO(5, 5) invariant tensor given by

0 15
_ MN _ _ 7
NMun =N (]]5 0) ()

With SO(5,5) generators in vector and spinor representa-
tions given by

(tun)p2 = 4’7P[M51%] and  (tyy)s® = (Tun)a® (8)
the corresponding gauge generators take the forms

(Xa)p™ =2(Ty0V) 4 4+ 2(TV0y)
and (XA)BC = (FMQN)A(FMN)BC' )

Unlike the ungauged supergravity, the most general
gauged supergravity can involve a symmetry that lies
outside the off-shell GL(5) symmetry. Under GL(5),
M can be decomposed as #M = (4™ 94 ,)). Gaugings
triggered by @4 are called electric in the sense that only
electric two-forms participate in the gauged theory, while
magnetic gaugings obtained from 4,, also involve mag-
netic two-forms together with additional three-form tensor
fields C,,, 4. In this case, the magnetic two-forms B, can
appear in the gauged Lagrangian by coupling to the three-
form potentials via the topological term. The electric and
magnetic two-forms are combined into a vector represen-
tation of the full global symmetry group SO(5,5) denoted

by B;w,M = (B;w.mvB;wm)'
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The gauge covariance of the field strength tensors for all
these fields requires the presence of higher-degree form
fields leading to hierarchies of non-Abelian vector and
tensor fields of various ranks. In particular, the covariant
field strengths of vector and two-form fields are defined by

Myt = Fu = V290"V B,y (10)
Hywpt = 3DByym + 3\/§(FM)ABA[MA
X (ODAP]B + %gX[CD]BADCAp]D)
- \/EQWMNQAN C;wp,A’ (1 1)
with the usual non-Abelian gauge field strengths,
F,A= 26[”A,,]A + gX[BC]AA”BADC. (12)

These field strengths satisfy the following Bianchi iden-
tities:

V2
Dy Moyt = === 90" Moy . (13)
D, H Ty as i
I L//)/I].M—z—\/i( M)AB v Tpl]
1
- m gnMNeANHMy/)/I,A ’ (14)

with the four-form field strengths defined by

Hm/p/l,A = 4D[/4Cvpﬁ].A - (FM)AB |:6\/§Bm/,MHp/IB
+ 690"V Bl By v + 8(Twr) cpA"ALC0,A,P
+ 2(FM)CFXDEFAMBAUCAPDA,I]E} . (15)

In addition, all of the aforementioned field strength tensors
are subject to the following duality relations:

1
0= ggAm (H;w/)m - 6 Kmneﬂypﬂo"rHﬂo—Tn> ’ (16)

1
0= geAm (H/wp/l,A + EMABe;wpﬁGTHUT.B) ’ (17)

where K" and M ,p are scalar matrices written in terms of
the scalar coset representative.
The matrix M ,p is defined by

MAB = QaﬂQ(Jt[}’VAaaVBﬂﬂ7 (18)

with Qg and Q, ; being the two USp(4) ~ SO(S) sym-
plectic forms used for lowering indices o and @,

respectively. Raising of indices @ and ¢ is implemented
by using Q% = (Q,)* and Q% = (Q, ;)" On the other
hand, the matrix K™" is defined in terms of the coset
representative in vector representation of SO(5,5) of the

form
N VAR
VA = " "o, 19
M <Vma Vma) ( )

with A = (a, a). This is related to the coset representative
in the chiral spinor representation V,** by the following
relations:

1 . ;
V' = 16 VAW<FM>AB (}’a)aaﬂ b VB/;/}” (20)

. 1 . . ;
Vit = = e VIO s (r) Vo (21)
in which VA« — QafQab VA, and VA, are inverse ele-
ments of the coset representative V4. In these relations,
(Cr)ag and (Ta)oi” = ((ra)ad” . (va)ad”) are, respec-

tively, SO(5,5) gamma matrices in nondiagonal 7,y
and diagonal 7, p bases, see Appendix A of [29] for more

detail.
With all these, the matrix K" is defined by
KM — Vma(vnu)—lp+ _ Vma(vna)—lpi’ (22)

in which P are projections on the self- and antiself-dual
parts given by

P =2(1x)). (23)

N[ =

The operation j implements the duality transformation as

. ~ 1
J Hm/p = H/wp = 6 ee/wpio'KngK- (24)

The bosonic Lagrangian of the general six-dimensional
N = (2,2) gauged supergravity takes the form

1 1 . 1
e\ L = 1R — 1_6PMaaPﬂaa _ ZMABHMDAH/UJ,B
1
a EKmnHﬂvﬂ-mHan -V+ e_lﬁtop’ (25)

where L, is the topological term given in [28]. The kinetic
term for the scalar fields is written in terms of the scalar
vielbein,

Paa:

u (rap(r)apV 4D,V a??., (26)

Bl —
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where (r*) 5 = 5, (1) o’ and (") = 19255, (r") e -
The scalar potential is given in terms of the embedding
tensor and the coset representatives by

2
V = OGN VIV 1) 1) Vil (2)

For all solutions given in the present paper, the three-
form field strengths identically vanish. For simplicity, we
accordingly set H,,, , = 0 from now on. It is straightfor-
ward to verify that this is indeed a consistent truncation in
all cases considered here.

With this, supersymmetry transformations of the fer-
mionic fields read

9
4

1 . . R
+ g (7/;414) - 65;I;yp)vaAQaﬂ VAﬂﬂe—ﬁa (28)

5W+/m = DM€+a + 77/4Taﬂ€—/}‘

g,
5W—m§z = Dye—a - Z y;tTﬂde-‘rﬂ

1, . ;
+ g (Yyyp - 65;7// )HV/)AQaﬂVAﬁﬂ€+/3’ (29)

|
_Pﬂaiﬂ/ﬂ (Ya)a/}e—ﬂ + Zg(Ta)ﬂae+/)’

5)(+a{'z = 4

9 e 1 R ;
2 T*4(Ya)d"e1p + ZHﬂVAy”DQG‘l/}'VAa/}(Ya)aﬁeJrﬂ’

(30)

1 . .
5)(—610: = ZP”aayy (ya)aﬂe—hﬁ + Zg(Tél)aﬂe—ﬁ

9w . o
T3 Taa (yu)aﬁe_/} + Z HﬂVAyﬂVQa}VAﬂl(ya)(lﬁe—ﬁ'

2
(31)

The covariant derivatives of supersymmetry parameters,
€., and e_,, are

1 . 1
DM€+(1 = 6;4€+a + Zwyw)%//)€+a + Z Qﬂah (7ah)aﬂ€+ﬂ7 (32)

1 1 ,
D[le—fl = ape—o'z +Zwﬂypyvp€—d + ZQﬂab (Va}})aﬁe—/}» (33)

with 7, = eﬁf/ﬂ. Matrices 7, are spacetime gamma matri-
ces, see the convention in Appendix B of [29]. For
simplicity, we suppress all spacetime spinor indices.
The SO(5) x SO(5) composite connections Q,* and

QM“’ are given by

Qﬂab = (7ab>aﬂg(}z/')’VAadDﬂ VAﬂﬂ7 (34)

0| —

i1 - . ;
0,1 = g Quplr gV DV, (35)

The T tensors in the fermionic supersymmetry trans-
formations are defined as

(Ta)aa:VMaeAMvAaa’ (Ta)aa:_VMagAMVAaa’ (36)

with

T = (TV%(ra)" = —(T)%(ra)p*.  (37)
In terms of the T tensors, the scalar potential is given by

. 1.
V=@ T (T =3 T | (38)

B. Gauging CSO(p,q,5-p—¢q) and
CSO(p.q.4-p—q) X R* groups
In this paper, we are only interested in CSO(p,q,5 —
p—q) and CSO(p, q.4 — p — q) X R* gauge groups that
can be embedded in GL(5) C SO(5,5). The embedding

tensor M in 144, representation of SO(5,5) decomposes
under GL(5) as

144, 557057 @107 @15 ' @245 940 945,
(39)

The CSO(p,q,5— p —q) gauge group with p+ ¢ <5
corresponds to the embedding tensor in 157! representa-
tion, while the CSO(p,q.4 — p — q) X R* gauge group
with p + g <4 is obtained from the embedding tensor in
407! representation. Both of these gauge groups arise from
a dimensional reduction on S' of the maximal gauged
supergravity in seven dimensions with CSO(p,¢,5—p —
g) and CSO(p,q,4— p —q) gauge groups constructed
in [33]. Moreover, as previously mentioned, the six-
dimensional gauged supergravity with these two gauge
groups can also be embedded in type IIA theory via consistent
truncations on HP4 x R>P~4 and HP4 x R* P4 x S!,
respectively.

Decomposing the SO(5,5) spinor representation under
GL(5)as 16, —» 53 @ 107! & 175, we find that the gauge
generators can be written as

Xy = —H—Ame + 'ﬂ'}rAnn X + —H—A*X*- (40)

Generators X", X,,,, and X, correspond, respectively, to
5+3,107!, and 173 representations of GL(5). The decom-
position matrices T,,, T%", and T,, are given in
Appendix A. Similarly, the vector fields in 16, representa-
tion decompose as

126023-5
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AA=TAA, , + Th, A + TRAY, (41)

with matrices T4", T4,, and T4 being inverses of
Tam, T4, and T,, given by complex conjugations,
T4 = (T4)~! = (T4)*. Accordingly, the gauge covariant
derivative can be written as

D,=V,—gA, X" —gA "X, — gAX.. (42)

To identify relevant components of the embedding
tensor, we recall the decomposition of SO(5,5) vector
representation 10 — 572 @ 572 under GL(5). We can then
write the embedding tensor as M = (94 ¢4, with the
two components 64" and @4, containing the following
irreducible GL(5) representations:

oM 55 @107 247 H 407, (43)
0, 5P o5 o107 @157 @457, (44)

Gaugings in 157! representation can be parametrized by a
symmetric tensor Y, = ¥, leading to the nonvanishing
components of the embedding tensor of the form

04" =0 and 64, =T*Y,,,. (45)

On the other hand, gaugings from 40~! representation are
characterized by a tensor U™ = Ul"Pl™  satisfying
Ulnrm — 0. This leads to the embedding tensor of the form

o' =T4,U" " and 64, = 0. (46)

We also point out that these gaugings are, respectively,
purely magnetic and purely electric, see [29] for more
detail.

To construct an explicit form of the scalar coset repre-
sentative, we first consider the decomposition of 25 non-
compact generators of SO(5,5) under GL(5) as

25_)1TL14+ 10 , (47)

. N
ta b mn

t,;, denote noncompact generators of GL(5) defined by

Ly = 5 (MMM + MMM ey, (48)

N =

where M, = (M, ", M,¥) is a transformation matrix
whose explicit form is given in (A17).

In accordance with (47), we denote all the 25 scalar
fields as

(I)I:{(p7¢l’""¢14’GI""7QIO}’ (49)

with I =1, ...,25. The scalar ¢ is the dilaton correspond-
ing to the SO(1,1) factor in GL(5) ~ SL(5) x SO(1,1)
generated by

d= 211 + 222 + 233 + 244 + 255. (50)

On the other hand, 14 scalars {¢,, ..., ¢4} corresponding
to generators £,;, parametrize the SL(5)/SO(5) submani-
fold of SO(5,5)/SO(5) x SO(5). Finally, the remaining
ten scalars {¢|,...,¢jo} correspond to the shift generators
Syun = t,, and are called shift scalars. From a higher-
dimensional point of view, these scalars arise from the St
reduction of the vector fields in the maximal seven-dimen-
sional gauged supergravity.

III. SUPERSYMMETRIC QUANTUM MECHANICS
FROM CSO(p,q.5-p-q) GAUGED
SUPERGRAVITY

We begin the study of supersymmetric solutions describ-
ing D4-branes wrapped on a four-manifold M, from the
maximal gauged supergravity with CSO(p,q,5 - p —q)
gauge group. From the embedding tensor given in (45), we
can choose a basis in which the symmetric tensor Y, takes
the form

Yo = diag(l,....1.=1,....—1,0.....0),  (51)
S—— ——— N~

p q r

for p+ g+ r=>5. In this case, the only nonvanishing
gauge generators are given by

Xown = —l]—?nnXA = 2Yp[mtpn]v (52)
with #",, being GL(5) generators. Therefore, only ten gauge
fields A,™" = A, mn] appear in the gauge covariant deriv-
atives

D, =V, —gA" X, (53)

The gauge generators satisfy the relations

[an’qu] = (an)pqrers’ (54)

with (X,4) g
ing gauge group is determined to be

TS — (Xm,,)[ » [’5;]]. Therefore, the correspond-

Gy = CSO(p,q,r) = SO(p, q) X RP+II7 (55)

Recall that gaugings in 157! representation are magnetic,
and we find that, in general, the two- and three-from fields
B,  and C,,, can appear in the Lagrangian. With
04" = (), the two-form field strengths take the form

126023-6
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Hm/A = F/wA - \/Eg—l]—AnYnt/wm’ (56)
which can be decomposed as
H/w,m = —H—AmH/u/A = _\/EgYmnB;wny
H,™ =Ty H,A = F,m. (57)

F,, denote the usual non-Abelian gauge field strengths
given by

Fﬂymn — ‘u’;\nnFﬂyA — Q’aDIAD]m” + g(qu)rSmnAﬂquDrx'
(58)

A. D4-branes wrapped on a Riemannian four-manifold

We first consider the case of supersymmetric solutions
describing D4-branes wrapped on a Riemannian four-
manifold 22 with constant curvature. The curvature of
Zﬁ is characterized by a constant k with values k = 1,0, —1
corresponding to a four-dimensional sphere S*, a flat space
R*, or a hyperbolic space H*, respectively. Although there
are many possibilities to perform topological twists in this
case, we restrict to the case of £} being a constant curvature
manifold for simplicity and also for the sake of comparison
with a similar work in seven dimensions studied in [38].

The metric Ansatz for the six-dimensional spacetime is
given by

ds? = —e*Vdr + dr? + ezvmds%i. (59)

ds, is the metric on X} with the explicit form written as
k
A%y = d*+ £ dy? +sin?y (A6 +sin*0dZ?)],  (60)

for y,y,0 €[0,5], { €0, 2x]. The function f(y) is defined
by

siny, for k=+1
fe) =4z fork=0 (61)
sinhy, for k= -1

With the following choice of vielbein:
el =eVdt, e =dr,

e’ = eV f(y)sinydo,

e’ =eV fir(x)dy,
¢ =" fi(y)siny sin0de,  (62)

el =eVdy,

we obtain the nonvanishing components of the spin
connection given by

o' =U", w0 =V's,

N N !
037 =0 = 0,17 = ~vIi)
fil)
N v cotd (63)
[0) = =e , @ =€ V. -
’ : fo” F fil)siny
We have split the six-dimensional coordinates as

X = (t,r,x"), i=y, w, 0, {, with indices ,],... =
7.9,0,¢ being flat indices on . The r derivatives will
generally be denoted by ’ with an exception that a ’ on any
function with an explicit argument refers to the derivative
of the function with respect to that argument as in
filr) =42,

To preserve some amount of supersymmetry, we
perform a topological twist by turning on some gauge
fields to cancel the spin connection a)l”‘ on . In the
present case, we achieve this by turning on SO(4) gauge
fields as follows:

/
AVE — A00 — AR — e—Vﬁfk(?()’
v 0 : 4k fi(x)
A PN tl//
A0 = AL = e—Vﬁco ,
0 g 4k fi(x)
- to
ALD — v PO 64
T Ak fi(y)siny )

where p is a constant magnetic charge. In order to perform
this topological twist, we consider gauged supergravity
with the gauge group containing an SO(4) subgroup.
These gauge groups are given by SO(5), SO(4,1), and
CSO(4,0, 1) which can be characterized by a tensor Y, in
the embedding tensor of the form

Y, = diag(1,1,1,1,4), (65)
for 4 = +1, —1, 0. Among the 25 scalar fields, there are two

SO(4) singlet scalars parametrized by the coset represen-
tative,
V = eV, (66)

The first scalar is the dilaton ¢(r) associated with the
SO(1, 1) generator d, and the other one ¢(r) corresponds to
the noncompact generator,

Y=t + s+ + 1y — 4ss. (67)

The topological twist can be achieved by imposing the
twist condition
gp =k, (68)

together with the following projection conditions:

126023-7



PATHARADANAI NUCHINO and PARINYA KARNDUMRI

PHYS. REV. D 113, 126023 (2026)

Pigera = (1)’ epr Toy€sa = (rn)dep,

7739€+a = (7/34)a/}€+/)" (69)
Pope—a = (r33)d"e_p,

(70)

and  7y56_q = (vi3)de_p
Peoe—a = (r3a)d’e_p-
To obtain the corresponding Bogomol nyi-Prasad-
Sommerfield (BPS) equations, we need to further impose
an additional projector of the form
j}rei = e:F’ (71)
due to the radial dependence of scalars. We also take the
supersymmetry parameters to depend only on r. With all
these projectors, the unbroken supersymmetry has two
supercharges. Each chirality of e, consists of two unbroken
supercharges due to the projectors (69) and (70), and the
two chiralities are related by the 7, projector (71).
The nonvanishing components of the SO(4) gauge field
strengths are given by

mn __ mn __ 1 -2V m Sit

H; " = Fis =-5¢ péﬁéﬂ, (72)
in which we have split the GL(5) index as m = (71, 5) with
m,ii=1, 2, 3, 4 and i,j={1,2,3,4} = {7.y.,0.&}.
These identically satisfy the Bianchi identity (13) and
the two-/four-form duality (17). However, the above gauge
field strengths also lead to a nonvanishing term in the
Bianchi identity given in (14). This term takes the form

2
P~ _
e 4V5§n8§j/}?-

(rm)AB—ﬂ—Qp—ﬂ—ng[?}anlz 2]qr - (73)

Therefore, to satisfy the Bianchi identity (14), we turn on a
magnetic two-form potential of the form

2
3L o—22V+39+80)

5
By = — 892 ’ (74)
giving rise to the following two-form field strength:
2
Hins = 3ip” o-20QV+3p+8¢) (75)
7 42y

However, with this new contribution in H,, 5, the two-/
four-form duality (17) is no longer satisfied. To remedy
this, we turn on the four-form field strength of the form

O Hsiia = 0 uMag T e H,
B 3121)2

e

With all these, all the Bianchi identities as well as the field
equations for vector and tensor fields are satisfied.

It should be pointed out that for the CSO(4,0, 1) gauge
group with A = 0, the four-form field strength in (76) vanishes
identically. In this case, the problematic term in (73) cannot be
canceled and must vanish implying p = 0. This leads to
untwisted solutions with all the gauge fields vanishing and
corresponds to the flat domain wall solutions studied in [29].
Accordingly, we do not consider the nonsemisimple gauge
group CSO(4,0, 1) in the following analysis.

Substituting the above Ansatz into the conditions
5W+;4(1 = O’ 51//—;4(1 = Os 5){+uf1 = 0’ and 6)(—&{1 = 0’ and
imposing the projectors (69)—(71), we find the following

e Ve (76)

Pk

4—\/5 BPS equations:
|
U — & e (4 4 1e29) — %P@ e—2V-0+4¢ 196’1_\129 e~4V=30-8¢ (77)
v — ﬁi 74 (4 + 2209) + 43_ e 2V-o+4h _ 136/1—\%; e~4V=30-84 (78)
o = zofi/i P4 (4 1 26209) + 2(:)2’_\1’@6—2\/—%445 _ 8?)/1—5;96_4‘/_3(/}_8(]5’ (79)
& = %640_445(1 — 2e200) — 2(:))’—p\/§e—2v—(p+4¢ _ ;)1_5%]6—4\/—3(/;—845’ (80)

together with a simple form of the Killing spinors,

v g
€L =e2¢€).

(81)

€Y. are constant symplectic-Majorana-Weyl spinors satis-

fying the projectors (69)—(71). It can also be verified that

these equations satisfy all bosonic field equations derived
from the Lagrangian (25). We also note that these equations
do not admit a fixed point solution of the form AdS, x X} at
which ¢/ = ¢ = V' =0 and U’ = const.

The resulting BPS equations cannot be solved analyti-
cally, so we look for numerical solutions. We are interested
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(a) U solution (b) V solution

-40 =30 -20 =10 10

(d) ¢ solution

(c) ¢ solution

FIG. 1. Interpolating solutions between the locally SO(5) flat domain wall as » — oo and ¢ x S*-sliced curved domain walls for the
SO(4) twist in the SO(5) gauge group. The blue, orange, green, red, and purple curves refer to g = 0.15, 0.50, 1, 2, and 4.04,

respectively.

in solutions interpolating between asymptotically locally
flat domain walls studied in [29] and another domain wall
with the world-volume given by ¢ x =i. According to the
DW/QFT correspondence, we expect these solutions to be
holographically dual to supersymmetric quantum mechan-
ics preserving two supercharges in the IR. This quantum
mechanics is obtained from twisted compactification on a
Riemannian four-manifold of the maximal SYM theory in
five dimensions dual to the flat domain wall solutions
of [29].

The first class of solutions is given by solutions that are
asymptotically SO(5) symmetric domain wall of the form

1
U~V~5Singr, @~=Ingr, ¢~—r. (82)
g'or

We also note that the SO(4) singlet scalar ¢ — 0 as r — oo,
while the dilaton ¢ is invariant under SO(5). This asymp-
totic geometry can only exist in the SO(5) gauge group.
Examples of numerical solutions interpolating between this
locally SO(5) flat domain wall and 7 x X}-sliced curved
domain walls are given in Figs. 1 and 2 for k =1 and
k = —1 with various values of the gauge coupling constant
g. For the solutions with 7 x R* slices and k = 0, the
domain walls are entirely flat since the twist condition
implies p = 0. Accordingly, we have omitted these
solutions.

As usually the case for holographic solutions dual to
nonconformal field theories, all solutions flow to singular
geometries in the IR. To determine whether these

un Vi

—

0 =30 =20 =1 10 r 0 =30 =20 10
10 -10
-20 -20
30 -30

(b) V solution

(a) U solution

FIG. 2.

singularities lead to any physical interpretations, we can
uplift the solutions to type IIA theory and look for the
behavior of the ten-dimensional metric component §,,. We
have put a hat on the fields in ten dimensions. Using the
formulas given in Appendix B, we find that for the case of
the SO(5) gauge group, the (00)-component of type IIA
metric takes the form

QOO _ 62U+¢A3/8. (83)
The warp factor A is given by
A=e (') + (?)? + (1) + ()] + 2% ()2, (84)

in which u%, a = 1,2, ...,5, are coordinates on S4 satisfy-
ing puu® = 1.

According to the criterion of [18], goo should not diverge
when approaching the singularity in order for the IR
singularity to be physically acceptable. For all the solutions
shown in Figs. 1 and 2, we give the behavior of gy, in
Fig. 3. From this figure, we readily see that all the solutions
with ¢ x H* slices are uplifted to type IIA theory solutions
with physically acceptable singularities since gy, — 0 near
the singularities. According to the DW/QFT correspon-
dence, these solutions give holographic descriptions of
twisted compactifications of the maximal five-dimensional
SYM theory on H* leading to supersymmetric quantum
mechanics preserving two supercharges. Moreover, the
uplifted type IIA solutions can be interpreted as D4-branes

lr) @(r)

="

(i

(c) ¢ solution

(d) ¢ solution

Interpolating solutions between the locally SO(5) flat domain wall as r — 400 and ¢ x H*-sliced curved domain walls for the

SO(4) twist in the SO(5) gauge group. The blue, orange, green, red, and purple curves refer to g = 0.20, 0.45, 1, 2, and 4, respectively.
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400

300~

200~

} /

-40 -30 -20 -10 10

(b) 2 = H*

FIG. 3. The behavior of g along the RG flows given in Figs. 1 and 2, respectively, for £} = $* and =%, = H* in the SO(5) gauge

group.

wrapped on H*. On the other hand, all solutions with ¢ x §*
slices lead to unphysical type IIA solutions.

We now move to another class of solutions with
asymptotic behaviors given by a locally flat domain wall
with SO(4) symmetry of the form

1 59/)} 1 [ 59/)}
UnV~——ln|-22|, g~—¢p~—In|-"2|. (85
s [ 5l ¢ ¢~z v (85)

The new radial coordinate p is defined by % =e % We
choose the gauge coupling constant g < O in order to
identify the UV limit with p — +o0. It turns out that, in this
case, all of the numerical solutions are uplifted to type IIA
solutions with unphysical IR singularities since goo
diverges near the singularities. Accordingly, we do not
present these solutions here.

For convenience and the sake of comparison with other
cases to be given in subsequent analyses, we summarize
physical acceptabilities of the IR singularities according to
the criterion of [18] in Table I. Note also that solutions with
t x R* slices are not included in the table since these are
untwisted flat domain walls with p =k =0 along the
entire flow solutions. In this table and subsequent ones, we
use the x symbol to mark the cases in which the criterion of

TABLE I. Summary of satisfaction of the physical criterion
given in [18] for the IR singularities of the curved domain wall
solutions obtained from SO(4) twist on a Riemannian four-
manifold in SO(5) and SO(4, 1) gauge groups.

UV flat Gauge Riemannian Physical IR
domain wall group four-manifold singularity
SO(5) SO(5) s4 X
H* any g
S0(4) SO(5) sS4, H* X
SO(4,1) S, H* X

[18] is violated. For the solutions with physically accept-
able singularities, the possible values of the independent
parameter, in this case g, are also given.

B. D4-branes wrapped on a product of two
Riemann surfaces

We now carry out a similar analysis for supersymmetric
solutions describing D4-branes wrapped on a product of
two Riemann surfaces X7 x X} . In this case, the Ansarz for
the metric takes the form of

dst=—-eV0di2 +-dr? + 1 () ds%il + 220 ds%iz ,

(86)
in which the metrics on ¥ and ¥ are given by
dsl, —do} + fi 0V dh i=12  (8)

The function f; (6;) is defined as in (61) with k; = 0, £1
characterizing the constant curvature of E%’_. We split the
six-dimensional coordinates as x* = (t,r,x"",x) with
xit = (x%,x%) and x2 = (x%2, x%2).

Using the following choice of the vielbein:

e =e"1d0,, % =e"2db,,

et =eV2f, (6,)ds,, (88)

e =eldt, e =dr,

e =eVif (0))dE),

we obtain all nonvanishing components of the spin con-
nection as follows:

i =U,  a =V, @ =V,
) [ 2 )
. L0 x O
wp G0 — o=V fkl( 1> , g G0 = V2 kz( 2) ) (89)
1 F1,(61) 2 J1,(62)
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with 7, = @1,2’1 and 1, = @2,2’2 being flat indices on Zil
and X , respectively.

To perform the topological twist, we turn on SO(2) x
SO(2) gauge fields corresponding to X, and X3, gauge
generators of the form

5 12:e—V1ﬂf;ﬂ(9‘)’ L2 Vs Plzf;cz(ez)’
“ 4k fr, (61)" % 4k f1,(07)
sy S @) 34:(3_‘/2@&2( 2) (90)

—e ,
& 4k fr, (01) “ 4ks fr,(62)

The resulting two-form field strengths have the following
nonvanishing components:

1 1
Hélfllzz_zp”e V]’ Hazgzlz _Zp12e_2V2a

1 1
H913134 = —Zp216_2vl, HézZzM = —szze 2V, (91)

As in the previous case, we consider solutions in all gauge
groups with an SO(2) x SO(2) subgroup. The embedding
tensor for these gauge groups are characterized by the
symmetric tensor,

Y, = diag(1,1,x,x,2), (92)

for A =0,%1 and x = 41. All possible gauge groups are
then given explicitly by SO(5) (k=41=1), SO(4,1)
(k=-1=1), SO3,2) (k=-1=-1), CSO(4,0,1)
(k=1,4=0), and CSO(2,2,1) (k =—-1,4=0).

Under SO(2) x SO(2) generated by X, and X34, there
are five singlet scalars. One of them is the dilaton ¢(r)
corresponding to the SO(1, 1) generator d. The remaining
four are denoted by ¢,(r), ¢,(r), ¢i(r), and ¢,(r) and
correspond, respectively, to the following noncompact
generators:

Vi =1 +1y — 2, Vo =35 + 1y — 2s;,
V3 =512, Vi = $3. (93)

The coset representative is then given by

V = e?d+d11+9drte1 Vst (94)

As in the solutions with a SO(2) x SO(2) twist on a
single Riemann surface considered in [32], the SO(2) x
SO(2) gauge field strengths lead to the following non-
vanishing terms in the two-/four-form duality, given in (17),

A oy g —
ggAmMAB—l]—prélzlnp:—ﬁe 2(Vi—p—2¢,—-2¢,)
X (pa1€*P¢) + p11e*¢,)8),,
G V2 —
geAmMABTEPHézéznp:_Ee 2(Va=9=2¢1=2¢2)

X (ppe*g) + ppe*ic)s,. (95)

Accordingly, we would need to turn on the following
components of the four-form fields H,,g,-, 4 and H,,g,¢, 4.
In addition, this leads to nonvanishing components H,,.""
and algebraic constraints on the magnetic charges and the
warp factors V| and V,. To avoid these complications as
well as unnecessary restrictions on the solutions, we set the
two terms in (95) to zero. As in [32], there are two
possibilities, namely, vanishing shift scalars ¢; = ¢, =0
or imposing some additional constraints on the magnetic
charges with nonvanishing shift scalars.

1. Solutions with ¢;=¢,=0

Although setting ¢; = ¢, = 0 solves the two-/four-form
duality (17), there is an additional term in the Bianchi
identity (14) of the form

(F )AB—I]—np qu91§ Hézﬁzqr

1
= WE (P11P2 + prapn)e V17228, (96)

This can be canceled by turning on the following magnetic
two-form potential,

2(Vi+Vy+3p+44, +4</)2)

1
B;y = =5 (P11P2 + Pi2par)e”

84
97)

which leads to another contribution to the two-form field
strengths as

A
Howe = + 2(Vi+Vot3g+adi+4¢n)
175 4\@9 (Pupzz P12P21)

(98)

This, in turn, gives rise to, via the Bianchi identity (14) and

the two-/four-form duality (17), the four-form field

strength,

0" mHélg’lézg’Q, -0 mMAB—l]—B”Hi ?n
22

+ —2V-2V, 85
4\/- (P11P22 p12p21) m

(99)

126023-11



PATHARADANAI NUCHINO and PARINYA KARNDUMRI

PHYS. REV. D 113, 126023 (2026)

For gauge groups with A = %1, the two terms in (96) and
(99) cancel each other recovering the Bianchi identity (14).

On the other hand, for CSO(4,0,1) and CSO(2,2,1)
gauge groups with 4 = 0, the problematic term (96) within
the Bianchi identity (14) cannot be canceled since the
corresponding four-form field strengths do not appear. To

satisfy the Bianchi identity (14) in this case, we further
|

impose the following condition between the magnetic
charges:

PiiP2 + Pi2p2 = 0. (100)

Implementing the relevant topological twist by imposing
the projection condition 7,6, = e as well as

773191 €ra = }75292€+a = (712)aﬂ€+ﬂ = (734)aﬂ€+/5 (101)
and 735 €4 = 72,060 = (Vi3) e_p = (r3a)de_ps (102)
together with the twist conditions
9(p11 +kpa) =k and  g(pia +kpy) =k, (103)
we find the following set of BPS equations:
/ ge? —4ep, —4¢ (1 +¢) 31(191 1P + Plzpzl)
U' = 4\/—(26 + 2k 4 QSN 4 16v/2ge2V 1 +2V2 30t 4,
e_(ﬂ
(e i(py e 1 py et ) 1 e=2Va(prye & et } 104
82 [ (P11 P21 ) (P12 P2 ) (104)
;_9¢” o 4y —4¢ Grony __ MP1iPn + piapa)
Vi = 4\/_ (2e™1 + 2ke™2 + A8t ) ]6\/§gezvl+2v2+3(p+4(/),+4f/;2
-
m {36_2‘/1 (P11e* + pye) — eV (ppet + P22€4¢2)}» (105)
;g€ —4p (1+d2)\ _ AMp11p2 + Pi2Par)
Vy= 4\/-(29 + 2k 4 St 161/2ge2V112V2 30 t4g 40
e_(ﬂ
e i (e 1 py et ) — 3022 (p et 1 ot } 106
82 { (P11 P21 ) (P12 P22 ) (106)
3A(p11P22 + P1aP21)
. —4¢ —4¢ (p1+2)\ _ 111722 12721
@ 20\/_ (2e™41 + 2ke=42 4 Je8(1+02)) 80v/2ge?V 2Vt 3+ 44,
e
+40\/— [ Vi(pne* + pye) + eV (ppett + P22€4¢2)}7 (107)
;L ge? —4p, _ Ay _ 3 8(d1+)\ _ ﬂ(PHPzz +p12p21)
= —5\/5(36 L= 2ke™ 0 — QR PT)) 40v/2ge2V 1 +2V2 30+ i
—p
- 23\/— [ V1 (3pyett = 2py ) 4 e 2 (3ppreth — 2!’2264{/)2)}’ (108)
, ge? —4¢ —4dy _ 3 8(d1+h2)\ _ /1(1911]922 + p12p21)
Py = 5\/5(3’“ = 2e7 — Jet i) 40+/2ge2V 2V 2304 +4d,
+ 203 [ Vi(2py et = 3pyettn) 4 e2 (2p ettt — 3P2234¢2)}, (109)

with the Killing spinors given by (81). As in the previous case, we numerically solve these equations for solutions
interpolating between locally asymptotically flat domain walls and ¢ x 2%1 X Z%Z-SIiced domain walls. We consider the
solutions from gauge groups with 4 # 0 and 4 = O separately.
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Solutions from SO(5), SO(4,1), and SO(3,2) gauge
groups. We first consider semisimple gauge groups SO(5),
SO(4,1),and SO(3,2) with 2 # 0. We begin with solutions
from SO(5) gauge group that, as p — oo, are asymptoti-
cally flat domain walls with SO(5) symmetry given by

Sep o,
42 42 7

for the new radial coordinate p defined by % = e?H8(d1+¢n),

Before giving examples of numerical solutions, we note
that the solutions with 7 x 22 X Z% slices are equivalent to
the solutions with 7 x I} x Z% slices with all subscripts 1

UNVINV2N

~¢,~0, (110)

and 2 interchanged. For the completely flat case with k; =
0 and k, = 0, the topological twist is not needed since there
is no spin connection on R? x R? to be canceled. As a
result, these solutions preserve eight supercharges due to
the 7, projector and the last projector in (101) and (102).
Although the solutions take the form of a flat r x R? x R?-
sliced domain wall, the gauge fields are nonvanishing with
the magnetic charges related by p;; = —kp,; and
P12 = —Kpo,. Therefore, we also give numerical solutions
in this case. For solutions with an R? factor corresponding
to either k; = 0 or k, = 0, the unbroken supersymmetry
consists of four supercharges due to the two projectors on
€. and the 7, projector. Finally, for the case of k; # 0 and
ky # 0, both €, and e_ are subject to three independent
projectors together with the 7, projector relating the two
chiralities, so the corresponding solutions preserve only
two supercharges.

To characterize the solutions, it is also useful to define
the following two parameters:
(111)

71 = g(pi1 —kpa) and  zp = g(p1p — kpa).

Ulp) Vi(e)

5 10° 15 ~10 -5
-1 -1
2/ -2

1 =~0.
10" 4 5 10 ° -06
-1

According to the twist conditions given in (103), the
solutions with z; = z, = 0 are special in the sense that
P11 = Kpp1 = % and P12 = KpPx» :]2%] In particular, the
solution with z; = z, = 0 and k; = k, = 0 corresponds to
the untwisted flat domain wall solution preserving 16
supercharges. Examples of numerical solutions asymptotic
to the locally flat domain wall (110) with SO(5) symmetry
are given in Figs. 4-9. In these figures, we have chosen
g = 0.5 and also given the behavior of the type IIA metric
component (.

From these figures, we readily see that only the solutions
with ¢ x H?> x H? slices in Fig. 7 and solutions with ¢ x
H? x R? slices in Fig. 8 are uplifted to type IIA solutions
with physically acceptable IR singularities for specific
values of z; and z,. We further examine these cases and
find regions in the parameter space (z;,z,) for the IR
singularities to be physically acceptable. The result is
shown in Fig. 10, in which the physical regions (repre-
sented by the yellow areas) appear along the line z; + z, ~
0 for small z; and z, in all cases. We also point out that
these regions expand as ¢ increases.

We now turn to solutions with an asymptotic behavior
given by SO(2) x SO(2) symmetric flat domain wall of the
form

gAp gAp
U~V ~V,~Z ~—
R} 02
9ip
~ oI 112
¢1 ¢2 5\/5 ( )

We have chosen g4 < 0 in order to identify the UV limit
with p — +o00. From the numerical analysis, it turns out
that all of the solutions in SO(5) gauge group are uplifted to
type IIA solutions with unphysical IR singularities. For

Va(p) @(p)
0.
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3
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() ¢, solution

-1 1000/

-2

-20 15 ~10 =5 5 10°

(g) profile of g,

Interpolating solutions between the locally SO(5) flat domain wall as p — +oo and ¢ x S? x S2-sliced curved domain walls for
SO(2) x SO(2) twist in SO(5) gauge group. The blue, orange, green,
,—16).

red, purple, brown, and black curves refer to
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(e) ¢ solution

10° 20— 5 10 =5 10 P
-2 -2

(f) ¢, solution

@(p)

4 02,
20 = 10 5 10 °
2 —
10 ° .

(c) V> solution (d) ¢ solution

s

LA 6 & &

I3

(g) profile of g,

FIG. 5. Interpolating solutions between the locally SO(5) flat domain wall as p — +o0 and ¢ x S? x H?-sliced curved domain walls
for SO(2) x SO(2) twist in SO(5) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to
(z1,22) = (0,0), (0.01,0), (0.50, —0.50), (-2,2), (3,-1), (8, -8), (0, —16).

SO(4,1) gauge group with g = 1, only solutions with 7 x
H? x R? and t x R? x R? slices admit physical IR singu-
larities for =1 <z; <1 and z, =0, and z;, =z, =0,
respectively. The former corresponds to the Mkw; x H?-
sliced curved domain walls obtained from SO(2) x SO(2)
twist on a Riemann surface previously studied in [32], while
the latter, with z; =z, =k; =k, =0, is the SO(2) x
SO(2) symmetric flat domain wall. Accordingly, we do
not give all of these solutions and those with unphysical IR
singularities here.

For SO(3,2) gauge group, examples of numerical
solutions with g = —1 are given in Figs. 11-16. In these

U(p) Vile)

4
3
2
5 [ -f 15 ; -5 5 107
-1

(a) U solution (b) V; solution

15 10

|
!
[
'
&
'
L PO TS

figures, we have shown the regions in the parameter space
(z1, zo) where physical IR singularities exist in each case.
Furthermore, we have also located solutions with physical
IR singularities in the yellow regions by dots with the
colors corresponding to the numerical curves of these
solutions. As in the previous case, x marks that lie outside
the yellow regions represent solutions with unphysical IR
singularities. We end this section by giving a summary of
all the solutions from SO(5), SO(4, 1) and SO(3,2) gauge
groups in Table II.

Solutions from CSO(4,0,1) and CSO(2,2,1) gauge
groups: We now consider the case of nonsemisimple gauge

Va(e)

4|
0.2 | | |
3
2
E 1 ~10 -5 5
-1

(c) V5 solution

-0.8

=-1.0

(d) ¢ solution

10 7 -

(e) ¢, solution

(f) ¢, solution

(g) profile of g,

FIG. 6. Interpolating solutions between the locally SO(5) flat domain wall as p — oo and  x §? x R2-sliced curved domain walls
for SO(2) x SO(2) twist in SO(5) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to
(z1,20) = (0,0),(0.8,0),(0,-1),(-1,0),(0.5,0.6), (3,3), (0, —16).
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Ue) Vi(e)

Va(p) @(p)

(a) U solution (b) V1 solution

¢1(p) ¢2(p)

(e) ¢ solution

(f) ¢, solution

5 Z 8 9 10°

(¢) V, solution (d) ¢ solution

5 6 7 8 9 10

(g) profile of g

FIG. 7. Interpolating solutions between the locally SO(5) flat domain wall as p — oo and ¢ x H?> x H?-sliced curved domain walls
for SO(2) x SO(2) twist in SO(5) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to
(z1,22) = (0,0),(1.5,0), (0,-2.5),(=3,3.5),(7,5), (—9,4.5), (8, =8).

groups with 4 = 0. In this case, we define a new radial
coordinate p by the relation % = e 3% As p = +oo,
we require that the solutions are asymptotic to the SO(2) x
SO(2) symmetric flat domain wall,

3 5
U~rVi~Vy~ Zln/’ - Zln(—glcp),

3
——Inp,

1
N—] —_
@ 4n( gKp) 20

9 1
¢1 ~~=Inp — > In(=gKp), (113)

3
10 2 $2~ =5lnp.

Vi(e)

4 l ‘ n ‘ 7 B 9 10 °
-2
-4l

(b) V] solution

¢2(p)

(a) U solution
¢1(p)
2| 2|

1 1

g g g 10”7
- -1

(e) ¢; solution

(f) ¢, solution

All numerical solutions in CSO(4,0, 1) gauge group lead
to unphysical IR singularities, so we omit these solu-
tions here.

Examples of numerical solutions from CSO(2,2,1)
gauge group are given in Figs. 17-22. We also note that,
in this case, the parameters z; and z, are not independent
from each other due to the constraint p;;p + p1ap2; =0
required by the Bianchi identity (14) for 4 = 0. This leads
to the condition

2122 = kiks. (114)

Va(e)

(o)
1.0
0.5
0.5
1.0

| ‘ 4
7 & 5 0P 7 8 9 10

-2

-4

(c) V, solution (d) ¢ solution

oo
1200

b 5 6 7 8 9 10 °

(g) profile of gy

FIG. 8. Interpolating solutions between the locally SO(5) flat domain wall as p — +co and t x H?> x R2-sliced curved domain walls
for SO(2) x SO(2) twist in SO(5) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to
(z1,20) = (0,0),(0.5,-1.5), (-1.5,-2), (-2.5,3),(7,5), (-9,4.5), (8, -8).
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u(p) Vile) Valp) )

I3

10 © -40 -30 = = 10 7~

Za0 30 ~20 ~10 = 10 °

(a) U solution (b) V7 solution (c) ¥ solution (d) ¢ solution

$1(p) ¢2(P)

s
2 -40 -30 -20 -10 10

(f) ¢, solution (g) profile of gy,

2!

() &1 solution-

FIG. 9. Interpolating solutions between the locally SO(5) flat domain wall as p — +oo and ¢ x R? x R2-sliced curved domain walls
for SO(2) x SO(2) twist in SO(5) gauge group. The blue, orange, green, red, purple, and brown curves refer to
(z1,20) = (0.1,-0.1),(0.2,0), (0.8, -0.8), (=1,—1.5), (3,=3). (0, 16). The dashed curve is the SO(2) x SO(2) flat domain wall
with z; =z, = 0.

0 5 10

%
©k=-1,g=07

0 5 10

5
@k =-1,g=02

-10 5 0 5 10 -10 -5 0 5 10 -10 5 0 5 10

() ky =0, g =025 @k =0,g=05 () by =0, g =075

FIG. 10. Regions (yellow) in the parameter space (z;, z,) where the physical IR singularities exist from ¢ x H> x H>- and
t x H? x R2sliced curved domain walls with k; = —1and g = 0.25, 0.50, 0.75. In the middle panels, we also show the colored dots
corresponding to numerical solutions with physical IR singularities given in Figs. 7 and 8, while the x symbol refer to solutions with
oo — oo near the IR singularities.
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Ulp) Vi(p) Va(p) olp)

(a) U solution (b) V| solution (¢) V, solution (d) ¢ solution

-10 -5 0 5 10

(e) ¢ solution (f) ¢, solution (g) profile of g, (h) (z1,z2)—space

FIG. 11. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and # x S? x S>-sliced curved
domain walls for SO(2) x SO(2) twist in SO(3,2) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to
(z1,22) = (0,0),(-1.5,0),(2,-2),(2.5,2),(8,—1), (1, 10), (—0.5, 11). The yellow region in (z;, z») space shows the area of physical
IR singularities.

In particular, solutions with z; =0 for k;k, #0 do not  nonvanishing, we need to impose the following conditions

exist. In the figures, we have set g = —x = 1 and given the = on the magnetic charges:
solutions for different values of z;. We collect all possible
values of z; giving rise to type IIA solutions with physical Doy =kpy; and  pay = kpio, (115)

IR singularities in Table III.

. . L together with an algebraic constraint
2. Solutions with nonvanishing ¢; and ¢,
We now repeat a similar analysis for solutions with

nonvanishing shift scalars. In order to keep ¢; and ¢, ke'Pig +eg = 0. (116)

Ue) Vip)

(a) U solution (b) V; solution (c) ¥, solution (d) ¢ solution

-10 -5 0 5 10

() ¢ solution (f) ¢, solution (g) profile of g, (h) (z1,z2)—space

FIG. 12. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco and ¢ x S? x H>-sliced curved
domain walls for SO(2) x SO(2) twist in SO(3,2) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to
(z1,20) = (0,0),(-1.5,0),(2,-2),(2.5,2),(8,-1), (1, 10), (—0.5, 11). The yellow region in (z;, z») space shows the area of physical
IR singularities.
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Ulp) Vi(e) Va(e) @(p)

(a) U solution (b) V1 solution (¢) V5 solution (d) ¢ solution

$1(p)

-10 -5 0 5 10

(e) ¢, solution (f) ¢, solution (g) profile of g, (h) (z1,22)—space

FIG. 13. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x S? x R2-sliced curved
domain walls for SO(2) x SO(2) twist in SO(3,2) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to
(z1,22) = (0,0), (-1.5,0), (2,-2),(2.5,2),(8,—1),(1, 10), (=0.5, 11). The yellow region in (z;, z,) space shows the area of physical
IR singularities.

With all these and the magnetic two-form potential (97) as well as the twist conditions

2gpy =k and  2gpiy = ky, (117)
we find the following BPS equations:
U’ :ﬂ(2e‘4¢' +2ke™42 4 )8 Pitda)) 4 kAP P12 _e (prie 2V + pre2) (e +xe*?2),  (118)
4\/5 8\/5962V1+2V2+3¢+4¢1+4¢2 8\/§ ’

Va(e) #(p)
03

0.2

0.1

1 2 3 4 i
-04

(a) U solution (b) V7 solution (¢) V5 solution (d) ¢ solution

-10 -5 0 5 10

(e) ¢1 solution (f) ¢, solution (g) profile of gy (h) (z1, z)—space

FIG. 14. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x H> x H?-sliced curved
domain walls for SO(2) x SO(2) twist in SO(3,2) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to
(z1,22) = (0,0),(-1.5,0),(2,-2),(2.5,2),(8,—1), (1, 10), (—0.5, 11). The yellow region in (z;, z») space shows the area of physical
IR singularities.
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Ulp) Vi(e) Va(p) (o)

0.3
1 1

3 4 5P 7 3 4 4

@
e

-1 =1

(a) U solution (b) V1 solution (c) V3 solution (d) ¢ solution
) B 102— %
(e) ¢ solution (f) ¢2 solution (g) profile of gy (I;O) (z_:, zzg—spﬁace '

FIG. 15. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco0 and t x H? x R%-sliced curved
domain walls for SO(2) x SO(2) twist in SO(3,2) gauge group. The blue, orange, green, red, purple, brown, and black curves refer to

(z1,20) = (0,0),(-1.5,0),(2,-2),(2.5,2),(8,—1), (1, 10), (—0.5, 11). The yellow region in (z;, z») space shows the area of physical
IR singularities.

1% —ﬂ@e“‘qﬁl +2ke™42 4 )e8(P1+4)) — KA1 + <’ (Bpre?Vi—ppe?2)(e* +ket2),  (119)
NG 8v/2geV 1+ 2Vt | 8 /2 Pn P2 ’
V! _ﬂ(ze—% +2Ke~4 4 B+ — KAp1iP1y _ (prie2V1=3pne722) (e +-ke*?2),  (120)
2_4\/§ 8\/§g€2V1+2V2+3¢+4¢1+4¢2 8\/§ pll pl2 )
I getp —4¢ —4¢ 8(h1+ha)\ _ 3Kﬂp11p12
(p = 20\/5 (26 1 + 2’(6 2 + A.e 1 2 ) 40\/§gezvl+zv2+3¢+4¢l+4¢2
e_(p
* 402 (prie™™1 + prpe™"2) (¥ + ke*?2), (121)
U(p) Va(e) Va(p) @lp)
(a) U solution (b) V7 solution (¢) V5 solution (d) ¢ solution
#i(0) oo 10- 5
(e) ¢, solution (f) ¢, solution (g) profile of gy (h) (z;, zp)—space

FIG. 16. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +co and ¢ x R?> x R2-sliced curved
domain walls for SO(2) x SO(2) twist in SO(3,2) gauge group. The blue, orange, green, red, purple, and brown curves refer to
(z1,22) = (-1.5,0),(2,-2),(2.5,2),(8,-1),(1,10),(=0.5,11). The dashed curve is the SO(2) x SO(2) flat domain wall with
z1 = 2o = 0. The yellow region in (z;, z,) space shows the area of physical IR singularities.
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TABLE II. Summary of satisfaction of the criterion [18] for the IR singularities of the solutions with ¢ x 22 X 22
slices obtained from SO(2) x SO(2) twist with ¢; = ¢, = 0 in SO(5), SO(4,1), and SO(3,2) gauge groups

UV flat domain wall Gauge group Two Riemann surfaces Physical IR singularity
50(5) S0(5) §% x 32 x
H? x H? Figs. 10(a)-10(c)
H? x R? Figs. 10(d)-10(f)
R? x R? 21=2=0
50(2) x S0(2) S0(5) 2 x ¥2 x
SO(4,1) S$2 x 32, H?> x H? X
H? x R? -1<7,<1,2,=0
R? x R? 71=2=0
50(3.2) 52 x 2 Fig. 11(h)
S? x H? Fig. 12(h)
52 x R2 Fig. 13(h)
H? x H? Fig. 14(h)
H? x R? Fig. 15(h)
R? x R? Fig. 16(h)
, ge? —4¢ —4¢ 8(ghi+s) KAD11 D12
3e7 — 2ke™ 2 — et \P1TP2)) —
¢ = 5 \/—( ) 20 \/Zg e2V1H2Vat3g+4¢ +4¢,
e ?
(Pr1e™"1 + prae™"2) (3¢ — 2ke?2), (122)
202
1 97 3o _ o=t _ S _ KAp11P1>
P = 5 \/§ (3xe 2e e ) 201/2ge2V 1 +2Va 3044+
e_(p
+——=(p11e21 + p1pe™?2)(2e4 — 3keth), (123)
20V2
J = ﬂ(ze—% — ke~ — )eSB+h)) e, — KAP11P1261
1 \/§ 1 zﬁgezvl+zv2+3(p+4¢l+4¢2
e $
2\/—(Pue Y eV (et —kettr)g,. (124)

Up) Vi(e) Va(e) @(p)
4 4 4

anees

(d) ¢ solution

10 20 30 40

(e) ¢ solution (f) ¢, solution () profile of gy,

FIG. 17. Numerical solutions interpolating between the locally SO(2) x SO(2) flat domain wall as p — +co and ¢ x S? x S?-sliced
curved domain walls for SO(2) x SO(2) twist in CSO(2,2, 1) gauge group. The blue, orange, green, red, purple, and black curves,
respectively, refer to z; = —2.80, —1, —0.50, —0.15, 0.50, 4.
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Vi(e)
4

(a) U solution

(b) V] solution

#1(p)

Va(o) olp)
0.4

T

(d) ¢ solution

(e) ¢; solution

FIG. 18.

(f) ¢, solution

20 30 40°

(g) profile of gy

Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco and t x §? x H?-sliced curved

domain walls for SO(2) x SO(2) twist in CSO(2,2,1) gauge group. The blue, orange, green, red, purple, and black curves,

respectively, refer to z; = —2.80, —1,-0.50, —0.15, 0.50, 4.

It should be pointed out that these are the same as those
given in (104) to (109) subject to the conditions (115)
together with an additional equation for ¢;.

For nonvanishing ¢; and ¢,, the Killing spinors generally
take the form

€, = e%(U+W712)69r and e€_ = e%(U+W712)€9, (]25)

with the r-dependent function W determined by the
composite connection via

Up)

(a) U solution

#1(p)

w' = Qr12 + Qr34

=+ b =49/ (g1 + ) — b1, —dardh.  (126)

However, it turns out that the BPS equations given above
imply that W' = 0. Without loss of generality, we can
choose the constant W to be zero leading to the Killing
spinors of the form (81).

For SO(5), SO(4,1), and SO(3,2) gauge groups with
A # 0, these BPS equations are compatible with all the
bosonic field equations. On the other hand, for nonsemi-
simple gauge groups CS0O(4,0,1) and CSO(2,2,1) with
A =0, the four-form field strengths given in (99) do not

Va(p)

@(p)
0.4

10 10 20} 30 40

-0

-0

(d) ¢ solution

oo

(e) ¢; solution

FIG. 19.

(f) ¢, solution

-

-10 l 10 20 30 40

I3

(g) profile of gy

Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco0 and 7 x §? x R2-sliced curved

domain walls for SO(2) x SO(2) twist in CSO(2,2,1) gauge group. The blue, orange, green, red, purple, and black curves,

respectively, refer to z; = —2.80, —1,-0.50, —0.15, 0.50, 4.
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Up) Vi(e)
4 4
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-
,\_,

(a) U solution

10 20 30 40

1(p)

@(p)
0.3,

(d) ¢ solution

(e) ¢; solution

20 30 20 *

- S_ -10 10 20 30 40°
3

(f) ¢, solution

(g) profile of gy

FIG. 20. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco and ¢ x H> x H>-sliced curved
domain walls for SO(2) x SO(2) twist in CSO(2,2,1) gauge group. The blue, orange, green, red, purple, and black curves,

respectively, refer to z; = —3.50, -1, —0.15, 0.15, 0.50, 1.

contribute to the Bianchi identity (14). Accordingly, the
contribution of SO(2) x SO(2) gauge field strengths to the
Bianchi identity (14) must vanish identically. This leads to
the following condition:

(T )AB—H—Z‘p—ﬂ—g"Hél 2" Hae, "
K

e—2V,—2V2531 = 0.
6\/517111712

(127)

However, this implies that either p;; =0 or p;, =0
incompatible with the twist conditions for k; # 0 and
ks # 0. Accordingly, we do not consider solutions from

nonsemisimple gauge groups CSO(4,0, 1) and CSO(2,2, 1)
in the following analysis.

Similar to the previous case, we look for numerical
solutions with asymptotic behaviors given by flat
domain walls. For the SO(5) gauge group, all solutions
asymptotic to SO(5) symmetric domain wall in (110)
have ¢; = 0 and ¢, = 0 along the entire flow solutions.
Moreover, imposing the conditions (115) and the twist
conditions (117) is equivalent to setting z; =z, =0 in
the previous case. Therefore, the solutions are similar to
those already found 1in the previous section.
Accordingly, we do not give the numerical solutions
for this case to avoid repetition.

(a) U solution

-1' 10 20 30 40
-0

(d) ¢ solution

-1.0

-10 l 10 20 30 40°

(f) ¢, solution

(e) ¢; solution

(g) profile of gy

FIG. 21. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco and t x H> x R2-sliced curved
domain walls for SO(2) x SO(2) twist in CSO(2,2,1) gauge group. The blue, orange, green, red, purple, and black curves,
respectively, refer to z; = —=3.50, -1, —-0.50, 0.01, 1, 2.
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(a) U solution

-1
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(d) ¢ solution

15,
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(e) ¢ solution

FIG. 22.

(f) ¢, solution
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Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x R? x R?-sliced curved

domain walls for SO(2) x SO(2) twist in CSO(2,2,1) gauge group. The blue, orange, green, red, purple, and black curves,

respectively, refer to z; = —2.80, —1, —0.50, —0.15, 0.50, 1.

We now consider solutions with the asymptotic behavior
given by SO(2) x SO(2) symmetric flat domain wall of the
form

gAp gAp
U~Vi~Vy~——e, -,
SRV 2012
gAp _on
~ N——’ ~ e \/E’ 128
b1~ ¢ 5v2 S1 (128)
with the new radial coordinate p defined by

D — ev+8(d1+¢2) We choose g4 <0 in order to identify
the UV limit with p — +o0.

As in the previous case with ¢; = ¢, =0, all of the
solutions in SO(5) gauge group are uplifted to type IIA
solutions with unphysical IR singularities, so we also
neglect these solutions. For SO(4, 1) and SO(3,2) gauge
groups, examples of numerical solutions are given in
Figs. 23-32 for different values of g in Appendix C 1 a.

TABLEIII. Summary of satisfaction of the criterion [18] for the
IR singularities of the solutions interpolating between the locally
SO(2) x SO(2) flat domain wall and 7 X Zﬁ] X Z%z-sliced curved
domain walls obtained from SO(2) x SO(2) twist with ¢; =
¢, =0in CSO(4,0,1) and CSO(2,2, 1) gauge groups.

Gauge group Two Riemann surfaces Physical IR singularity

CS0(4,0,1) ¥2 x 32 X
CS0(2,2,1) §% x 2 -1<7 £-05
S2 x H? X
52 x R2, H? x R? 71 <-1
H? x H? 7 =1
R? x R? 73 £ =0.15

We also recall that, in this case, all the four magnetic
charges have been fixed in terms of the gauge coupling
constant by the four conditions given in (115) and (117). In
addition, we have not given ¢ x R? x R?-sliced solutions
since, in these solutions, we have k; =k, =0 and
P11 = P12 = P21 = P2 = 0. Therefore, the solutions are
essentially flat domain walls. From the figures, we find that
all solutions from SO(3, 2) gauge group lead to physical IR
singularities for any values of k; and k,. On the other hand,
for the SO(4,1) gauge group, only solutions with an R?
factor, k; = 0 or k, = 0, admit physical IR singularities.
We collect all possible values of the gauge coupling
constant g giving rise to type IIA solutions with physical
IR singularities in Table TV.

C. D4-branes wrapped on a Kahler four-cycle

In this section, we perform a similar analysis for
D4-branes wrapped on a Kahler four-cycle K}. As in the

TABLEIV. Summary of satisfaction of the criterion [18] for the
IR singularities of the solutions interpolating between the locally
SO(2) x $O(2) flat domain wall and 7 x £ x X} -sliced curved
domain walls with shift scalars in SO(5), SO(4,1), and SO(3,2)
gauge groups.

Gauge group Two Riemann surfaces Physical IR singularity

S0(5) 22 x X2 X
SO0(4,1) S2 x 82, 82 x H?, H?> x H? x
$? x R? g>2
H? x R? any g
50(3,2) §% x §2, 8% x R? g<-0.6
S2 x H?, H?> x H?, H*> x R? g< =2
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previous cases, the constant k characterizes the constant
curvature of Kﬁ with £k =1,0,—1 corresponding to a
two-dimensional complex projective space CP?, a four-
dimensional flat space R4, and a two-dimensional complex
hyperbolic space CH?, respectively. The manifold K7 has a
U(2) ~ U(1) x SU(2) spin connection. Therefore, we can
perform a twist by turning on SO(2) ~ U(1) or SO(3) ~
SU(2) gauge fields to cancel the U(1) or SU(2) parts of the
spin connection.

A general Ansatz for the six-dimensional metric takes the
form of

ds? = —e*Vdf + dr* + ezv<’>ds§(4,
k

(129)

in which the explicit form of the metric on a Kahler four-
cycle is specified in each case.

1. Solutions with SO(3) twist

We begin with a twist along the SU(2) ~ SO(3) part of
the spin connection and choose the following form of the
metric on a Kahler four-cycle:

dsie = dy” + fily)(d + 5 +7).  (130)

with y € [0,3]. fi(w) is a function defined as in (61), while
75,1 = 1,2, 3, are SU(2) left-invariant one-forms satisfying

d’l’i = &;jITj N 1. (131)
The explicit forms of z; can be chosen to be
1 . .
n=s (—sin 9dO + cos 9 sin Od(),
1
n=; (cos 9d6 + sin 9 sin 6d(),
1
73 :E(dé’—&-cos@dC), (132)

with the ranges of the angular coordinates given by
0€|0,x], {€0,2x], and 9 €0, 4x].
Using the following choice of vielbein:

e'=eVdt, e =dr, e"=e"dy,

= fi(y)r, =" fi(w)m,
(133)

el =e"filw)r.

we find the following nonvanishing components of the spin
connection,

w??? — U/, wi]?’ — VQ?;,
/ ~ n A
WV = e‘ka(W> s, il =eV ! e/l (134)
Jily) Ji(w)

We have split the six-dimensional coordinates as
x* = (t,r,x"), I = (y,i) for i=1, 2, 3, and used I =
{4, 1} as a flat index on K¢ with 7, 7.1=1,2,3.The SU(2)
spin connections on K% are given by /7 and w!. To
perform a topological twist, we turn on SO(3) gauge fields
with the following Ansatz:

v p [filw) —1]
4k filw)

We then consider all gauge groups containing an SO(3)
subgroup. By choosing the SO(3) gauge generators to be
X12, X153, and X,3, we can describe all possible gauge
groups using the embedding tensor characterized by the
following symmetric tensor:

AB = A3 = A2 = e (135)

Y,. =diag(l,1,1,x,4). (136)
There are six possible gauge groups given by
SO(5) k=21=1), SO4,1) k=-1=1), SO(3,2)
(k=1=-1), CSO(4,0,1) k=1, A=0), CSO(3,1,1)
(k =-1,42=0), and CSO(3,0,2) (k =1 =0).

In addition to the dilaton, there are four SO(3) singlet
scalars corresponding to the following noncompact gen-
erators:

Vi = 28i + 2y + 2y — 3y — 3is,

3—}2 :i45, 5’3 2244—259 374 = 845, (137)
leading to the coset representative of the form
V= e(ﬂd+(/’13_}|+(/12572+(/)3j73+€j}4‘ (]38)

With B, ,, = 0, the only nonvanishing components of
the modified gauge field strengths are given by

H23

23 _ 94,23 _ 31 _ gy 31
pi- =M™ =H = Hsj

Wl

=M,3"2 =Hy'"? = - (139)

These satisfy all the Bianchi identities without any further
conditions. However, there is a nonvanishing term in the
two-/four-form duality given in (17) of the form

1

TA" My T Hy P = — 7 e 2 V=020 pet, (140)
1
TA"M g TR, H;3" = — 7 e‘z(v_‘/’_z"a‘)pge;},;ézn. (141)

In order to keep p # 0, we set ¢ = 0 such that the two-/
four-form duality is identically satisfied.

We now impose the twist condition gp = k and the
projectors 7,6, = e as well as
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?iﬁeJra = _(7/12)aﬁ€+/}’ ?2§€+a = _(y23)aﬂ€+ﬂv j}lpieJra = j}ﬁéeJr(zv (142)
together with
iseea=—(ris)de . Prsea=—(n3)dep  Tpiema =Ta36a (143)
The Killing spinors take the form
€+(r> — e%[U(r)+W(r)Y45]€3_ and 6_(r) — g%[U(r>_W(r>y45']€9, (144)
for an r-dependent function W(r). With all these, the resulting BPS equations read
9 [3+ €291 ((x+ 2) cosh 245, cosh dpy — (x = 2) sinh depy) | - 3P pav-pis (145)
42 a2 '
,_ger™ 20 ~ 3P avopis
V= [3 + €291 ((k + 1) cosh 2¢h, cosh 4¢p3 — (k — A) sinh 4(/)3)} + me o+8h1 (146)
¢ =- ger™*h [3 + €21 ((k + 1) cosh 2¢p, cosh 45 — (k — A) sinh 4¢3)] + 3P av-pis (147)
20v2 202 ’
| = ger [2 — ¢29%1 ((k + 1) cosh 24, cosh 4¢h; — (k — 2) sinh 4(/;3)] — P pv-pisan, (148)
10v2 5v2
b= =9 ) sinh 2gh,sechdg (149)
= — K .
2 \/E 2 3
ge(/’+12(/)l
L =>——((k — 1) cosh4¢; — (k + 1) cosh 2¢, sinh 4¢5), (150)
R 2\/5
together with
W= 9 4 2) sinh 26 tanh 49 (151)
= - K .
2\/§ 2 3
|
. . . 4
It can be verified that these BPS equations imply all U=—-5¢ and ¢ =C\ -0, (152)

the second-ordered field equations. We also note that
for k = 0 the twist condition implies p = 0. This leads
to untwisted solutions of standard flat domain walls
preserving 16 supercharges. As in the previous cases,
we do not further consider this type of solutions. On
the other hand, for k= 41, the above projection
conditions imply that the solutions preserve only two
supercharges.

For the CSO(3,0,2) gauge group with k = 4 = 0, the
BPS equations can be analytically solved. In this case, the
BPS equations lead to ¢, = ¢ =W =0, and we can
choose ¢, = ¢p3 = W = 0 without loss of generality. The
other BPS equations give U’ = —5¢/ and ¢| = —$¢' with
the solutions given by

3

for an integration constant C;. We have neglected an
additive integration constant for U which can be absorbed
by rescaling the time coordinate.

Taking a linear combination V' + 5¢’ and changing to a

new radial coordinate p given by % = ¢**+31-V, we find

3
V= {W+C] —50. (153)

2V/2

The integration constant C can also be set to zero by
shifting the coordinate p. With all these results and C = 0,
the equation for ¢’ gives
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Oc -2 {9(””10/3 . CO)], (154)

=—-C;——In
?=3% 740 20gp*73
in which C, is another integration constant.
In the UV limit as p - +oc0, we find the following
asymptotic behavior:

3 7
UNZlnp, VNZlnp,
3 1
P~ —%lﬂp, & ~§1np, (155)

which leads to the six-dimensional metric of the form

ds* = pi(—di® + dp* + prdsys)- (156)

As p — 0 and C # 0, the solution becomes

%4 1ln
2 P

2

~——1
&, 15 np,

U 1ln
2 P

1
@ ~—Inp, (157)

10

leading to the six-dimensional metric,

dSZ — —/)_ldt2 +/)%d/)2 +/)ds%<21 (158)

By uplifting the solution to type ITA theory, we can find the
behavior of the ten-dimensional metric component gy, near
this IR singularity as

1
oo = e2Uto30 o 5 4o,

= (159)

which implies that the singularity is unphysical.

For Cy = 0, we find the same asymptotic behavior (155)
as p — 0. The six-dimensional metric is also given by
(156), and the behavior of gy, near this IR singularity is

@oo = 2U+o=3¢, NP3/4 - 0. (160)
Accordingly, in this case, the singularity is physical, and
the solution describes D4-branes wrapped on K} giving rise
to N = 2 supersymmetric quantum mechanics in the IR.

In other gauge groups, we need to solve the BPS
equations numerically. We begin with solutions that are
asymptotic to a locally flat domain walls with SO(5)
symmetry given by

5
UV 9P o

42’

N3 b1~ hr~h3~0,

(161)

with the radial coordinate p defined by % = e#=5¢1.
Examples of numerical solutions interpolating between
this asymptotic behavior and 7 x K}-sliced curved domain
walls in SO(5) gauge group for different values of g are
given in Figs. 33 and 34 in Appendix C 2 a. In all of these
solutions, we find that ¢, and ¢; vanish identically along
the entire flows, so we have neglected the corresponding
numerical solutions for ¢, and ¢ for convenience. From
the behavior of the ten-dimensional metric component g,
we find that all # x CH?-sliced solutions are uplifted to type
IIA solutions with physically acceptable IR singularities.
On the other hand, the 7 x CP%-sliced solutions admit
physical IR singularities only for g > 0.3.

Another class of solutions consists of solutions that are
asymptotically locally SO(3) symmetric flat domain wall
of the form

3gp 3gp
U ~ V ~ ——— ~ e
42 2002
ap
~ ~ ¢y ~0. 162
¢l 5\/§ ¢2 ¢3 ( )

Choosing g < 0 in order to identify the UV limit with
p — +oo, we find a number of numerical solutions inter-
polating between this locally SO(3) symmetric flat domain
wall and singular geometries in the IR. It turns out that
all solutions in SO(5), SO(4,1), CSO(4.0,1), and
CSO(3,1,1) gauge groups are uplifted to type IIA sol-
utions with unphysical IR singularities. We do not give
these solutions here. In the case of SO(3,2) gauge group,
examples of numerical solutions are shown in Figs. 35 and
36 in Appendix C 2 a. We also note that ¢, = ¢p5 = 0 in all
of the solutions, so we have omitted the numerical solutions
for ¢, and ¢5 in the figures. From the figures, we see that
all t x CP*-sliced solutions are uplifted to ten dimensions
with physical IR singularities for any values of g. On the
other hand, the t x CH?-sliced solutions admit physical IR
singularities only for g < —2. All of these 7 x K}-sliced
curved domain walls obtained from SO(3) twist are
summarized in Table V. We also note that these results
are very similar to solutions with an SO(3) twist on a
Riemannian three-manifold studied recently in [32].

2. Solutions with SU(2) twist

We now move to the topological twist obtained by
canceling the SU(2) part of the spin connection with the
self-dual SU(2), subgroup of SU(2), x SU(2)_~
SO(4) c SO(5) generated by X, + X34, X3 + Xo4, and
X3 + X14. We then turn on the following gauge fields:
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TABLE V. Summary of satisfaction of the criterion [18] for the
IR singularities of the ¢ x K{-sliced curved domain walls ob-
tained from SO(3) twist in SO(5), SO(4,1), SO(3,2),
CS0(4,0,1), CSO(3,1,1), and CSO(3,0,2) gauge groups.

UV flat Kahler Physical IR
domain wall Gauge group four-cycle singularity
SO(5) SO(5) cpP? g=>03
CH? Any g
SO(3) SO(5) CP?, CH? X
SO(4,1) CP?, CH? X
SO(3,2) cpP? Any g
CH? g< =2
CS50(4,0,1) CP?, CH? x
CS0(3.1,1) CP?, CH? x
CS0(3,0,2) (analyticy  CP2?, CH? Cy=0
!
B _ 451 a2 v P W) 1]
AP = AP = A = eV S R TS (163)
fi(w)
/
4_ g4 _ g4 _ v P filw) = 1]
and Ai —AQ —Ag =e @7 (164)
fi(w)

The gauge fields can also be written compactly as

v P fiw) - 1]
4k fi(w)

In this case, we perform the twist by imposing the twist
condition gp = k and the projections given in (142) and
(143) as well as two additional projectors

. 1 .., . . .
Agl = E&‘UIA;JI —|—A§l4 =e 55 (165)

(yIZ)aﬂe-Fﬂ = (y34)aﬂ€+ﬂ

and  (7i3)’e_j = (r3a)d’e_p (166)
Accordingly, the resulting solutions preserve only one
supercharges.

In addition, we also need to turn on the magnetic two-
form potential

2
3p o~ 22V+3p+84)

B;;’ = —
tr 1692

(167)
Recall that the vector representation of SO(4) is identified
with (2, 2) representation of SU(2), x SU(2)_, we see that
the SU(2), is embedded in SO(4) in such a way that
the SU(2), singlets are essentially SO(4) singlets.
Accordingly, we need to consider gauge groups with an
SO(4) subgroup and singlet scalars under SO(4). These
gauge groups are SO(5), SO(4,1), and CSO(4,0, 1) with
the embedding tensor given by (65). As in the case of
SO(4) twist, we consider only SO(5) and SO(4, 1) gauge
groups with 4 # 0 in order to satisfy the Bianchi identities
and the two-/four-form duality.

Using the SO(4) invariant coset representative (66) and
the 7, projection (71), we find the following BPS equations:

9 3P oy
U' = —_ o040 (4 4 30200) — 2E_ -2v—pt4g
9Ap?

L AP —av-3p-89
32V2g

(168)

v/ :4_\9/§e¢—4¢(4+/1€20¢) +f_pe—2v—¢+4¢

_ 3
32V/2g

R
202

9Ap?

N 160v2g

6_4V_3¢_8¢, (169)

30 aveprag

—=e
2012

e’ (4 + 2e27) +

V3050 (170)

e (1 — 2209) — 3p o-2V-0+4

9 P
¢ 2002

=
_ 3w
80v/2g

We then look for numerical solutions asymptotic to locally
flat domain walls with SO(5) and SO(4) symmetries given
in (82) and (85), respectively. We first note that the
resulting BPS equations take a very similar form as those
in Sec. III A. The corresponding numerical solutions are
also very similar to those obtained from the SO(4) twist on
a Riemannian four-manifold in Sec. IIIA. We do not
present these solutions here to avoid repetition but simply
give a summary of the physical IR singularities in Table VI.

V=308, (171)

3. Solutions with SO(2) x SO(2) twist

Another possibility to perform a topological twist on a
Kahler four-cycle is achieved by canceling the U(1) part of
the spin connection. In this case, it is convenient to write the
metric on K7 as

TABLE VI. Summary of satisfaction of the criterion [18] for
the IR singularities of the curved domain wall solutions obtained
from SU(2) twist on a Kahler four-cycle in SO(5) and SO(4, 1)
gauge groups.

UV flat Kahler Physical IR
domain wall Gauge group four-cycle singularity
SO(5) SO(5) cp? X
CH? Any g
SO(4) SO(5) CP?, CH? X
S0(4,1) CP?, CH? x
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dy? e y?
ds + 2+ 13),
T e Ty )
(172)

with 7; being the SU(2) left-invariant one-forms given in
(132). The six-dimensional metric is still given by (129)
with dsii given by (172).

With the vielbein of the form

. N . Vd
e'=eVdt, e =dr, e"’ziezw ,
(ky*+1)
i_ ey 5 ey 3 ey
e =—F——==T|, € =—F—=0 = T3,
Vip?+1 Vi1 (ky+1)
(173)

all nonvanishing components of the spin connection are
given by

w'T =T, a);J’:V’éjj, 1,7 =y.1,2.3,
P N A n e_v
wllx// :a)iZ3 — 0)231 :w221// =
W

— T2 .
a)3§"7:ev(1 kl//)’ glz:e (2ky* + 1)

"4 i "4

(174)

Imposing the projector

Pyi€s = 7356+, (175)
we find that w; 1 and a)A 3 as well as a)2 and wf"’ cancel
each other in the covariant derivatives of the supersym-
metry parameters. The remaining U(1) part takes the
form of
wgé‘f’ - cogTj =e Vhy. (176)
We perform a twist to cancel this by turning on SO(2) x
SO(2) gauge fields,

ge? 3e

—2V—-¢

3P1 _

A§12 4

3
APt = %e“/y/.

Vg and (177)

We also need to impose the following projection conditions
on the Killing spinors:

715€1a = (J’lz)aﬁ€+ﬁ = (y34)aﬁ€+/f (178)
and
Pi3e-a = (ris)d’e_p = (r3a)d’e_p (179)
together with the twist condition
9(p1 +kpy) = k. (180)

Including the 7, projector in (71), the solutions preserve
two supercharges.

As in the case of SO(2) x SO(2) twist on two Riemann
surfaces, the embedding tensor and scalar coset represen-
tative are given, respectively, by (92) and (94). The two-
form gauge field strengths take the form

3
A 12 2 TP oy
His _Hyn = e
3
and H1234=H¢334:—§26‘2V. (181)

In order to satisfy the Bianchi identity (14), we also need to
turn on the magnetic two-form potential of the form

9
BS = — ?p1p26_2(2V+3‘/’+4(/"+4’/’2). (182)

As in the previous cases, for the gauge groups with 4 = 0,
the Bianchi identity implies either p; =0 or p, =0.
Accordingly, to keep both of the SO(2) gauge fields
nonvanishing, we consider only gauge groups with
A # 0. Furthermore, consistency of the BPS equations also
requires either ¢; = ¢, = 0 or p, = p,/k with ¢; # 0 and
¢, # 0. We consider these two possibilities separately.

Solutions with ¢y = ¢, = 0. For ¢; = ¢, = 0, the corre-
sponding BPS equations read

274
U — Qe 4 Dt 4 feSbiTa)) — AP peth) 4 Sl eV Bty (183
4\/5( ) 22 (P P2 ) 2\/— P1P2 (183)
V’ = ﬂ (26_4¢1 _|_ 2Ke_4¢2 _l_ /138(¢1+¢2)) _|_ 38_2V_(p (ple4¢l _l_ p264¢2) —_ iplp28_4v_3(ﬂ_4(ll’l+4¢2 (184)
42 2v2 2v2g
o = ge® (261 + 2e~4 4 Je8+h)) 4 el (pre*h + pre*h) — 272 pLpae~ V0t (185)
20v2 1012 10v/2g
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—2V 7
— 36_4¢1 Die42 — Je8d1td2)) —
—2V—¢
1= 97 (3ot 2= — Sy 43
3ke P2 =271 — e\ 1 TP2))

94
(3P1€4¢‘ — 2pyeP?) — ——— py pye” V0T (186)
5v2g
(2p1e* = 3p,ethr) — 9—AP1P26_4V_3‘”—4¢‘+4¢2- (187)
5v2g

We begin with solutions that are asymptotic to a locally SO(5) symmetric flat domain wall with the following asymptotic

behavior, as p — +oo:

5 g/lp

U~V ~
42

The new radial coordinate p is defined by % = e?t8(d1+¢2),
Examples of numerical solutions from SO(5) gauge group
are given in Figs. 37-39 in Appendix C2b. In these
figures, we have set g = 1 and different values of p;. All
t x CP?-sliced domain walls are uplifted to type IIA theory
with unphysical IR singularities. On the other hand, for
t x CH?- or t x R*-sliced domain walls, all solutions lead
to physical solutions in type IIA theory. We also point out
that the solutions with 7x R* slices do not need a
topological twits and preserve eight supercharges due to
the projectors (71) and (175). However, the SO(2) x SO(2)
gauge fields are nonvanishing in these solutions. For the
sake of comparison, we also give the flat domain wall
solutions with p; = p, = k = 0 represented by the dashed
line in Fig. 39.

Another class of solutions consists of solutions with the
asymptotic geometry given by an SO(2) x SO(2) sym-
metric flat domain wall of the form

gAp
U~V ~ -
4[ 2002
glp
~ s~ =T 189
¢1 ¢2 5\/2 ( )

We choose g4 < 0 in order to identify the UV limit with
p — +oo. For the SO(5) gauge group, all solutions are
uplifted to type IIA theory with unphysical IR singularities.
For SO(4,1) and SO(3,2) gauge groups, examples of
numerical solutions are shown in Figs. 40-45 in
Appendix C2b. From these figures, we see that only
the solutions with specific values of the magnetic charge p,
can be uplifted to ten-dimensional solutions with physical
IR singularities. The conditions for obtaining solutions with
physical IR singularities are summarized in Table VII.

Solutions with ¢, and ¢, scalars. To include nonvanish-
ing shift scalars ¢; and ¢, in the BPS equations, we have to
impose the condition p, = p;/x and an algebraic con-
dition,

A
e,

1N¢2~0. (188)

42
|

ket + e*ig, = 0. (190)

The resulting BPS equations are the same as those given in
(183) to (187) with p, = p,;/k together with an additional

equation,
9¢" (2=t 4 8(ch1+2)
) == e = 2ke 2 — e8Pt P2))
1 \/i( ) 1
2
_OVPIEr v gagag,

gKk

—3V2p e V(e — ket)e,. (191)

It turns out that all solutions asymptotic to an SO(5)
symmetric flat domain wall from SO(5) gauge group have
¢; = ¢, = 0 along the entire solutions. Since these solu-
tions are qualitatively the same as those considered in the
previous case, we do not give the corresponding numerical
solutions here.

We now move to solutions with the asymptotic geometry
given by an SO(2) x SO(2) symmetric flat domain wall of
the form

TABLE VII. Summary of satisfaction of the criterion [18] for
the IR singularities of the solutions with 7 x K} slices obtained
from SO(2) x SO(2) twist with ¢; = ¢, = 0in SO(5), SO(4, 1),
and SO(3,2) gauge groups.

UV flat Kahler Physical IR
domain wall Gauge group four-cycle singularity
SO(5) SO(5) CP? X
CH?, R* Any p,
SO(2) x SO(2) SO(5) K* X
S0(4,1) CP? X
CH? -1<p; L0
R* p1 =0
S0(3,2) CP? -08<p, <-1.1
CH?, R* p1 =0
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TABLE VIII. Summary of satisfaction of the criterion [18] for
the IR singularities of the solutions interpolating between the
locally SO(2) x SO(2) flat domain wall and  x K{-sliced curved
domain walls with shift scalars in SO(5), SO(4, 1), and SO(3,2)
gauge groups.

Gauge Kahler Physical IR
group four-cycles singularity
SO(5) CP?, CH? X
S0(4,1) CP2, CH? X
S0(3,2) CP? g<-15
CH? x
A
Uny 9% _9
42 20v2
glp _sip
~ ~—— cp~e V2, 192
b1~ b2 52 1 (192)
with the new radial coordinate p defined by

%: e?t8(@1+42) By choosing g4 <0, we can identify
the UV limit with p — +oc0. From the numerical analysis,
we find that all solutions from SO(5) and SO(4, 1) gauge
groups are uplifted to ten-dimensional solutions with
unphysical IR singularities. Accordingly, we omit all of
these solutions here. For the SO(3,2) gauge group,
examples of numerical solutions for different values of ¢
are given in Figs. 46 and 47 in Appendix C2b. We have
omitted the ¢ x R*-sliced solutions with k = 0 and p, =
p1 = 0 since, in this case, the solutions are essentially flat
domain walls. From these figures, we find that only
t x CP?sliced domain walls with g < —1.5 (an example
of these solutions is given by the purple line in Fig. 46) are
uplifted to solutions of type IIA theory with physical IR
singularities. All of the solutions are summarized in
Table VIIL

IV. SUPERSYMMETRIC QUANTUM MECHANICS
FROM CSO(p.q.4-p—-q) X R* GAUGED
SUPERGRAVITY

In this section, we repeat the same analysis for
solutions describing D4-branes wrapped on a four-mani-
fold from six-dimensional gauged supergravity with
CSO(p,q,4 — p — q) X R*. This gauge group arises from
the embedding tensor in 40~ representation of GL(5). The
explicit form of the embedding tensor is given by

oAm =Ta, U™ and 64, =0. (193)
We also recall that the tensor U7 satisfies the conditions
ymr = gl and ylmmrl = 0. The quadratic constraint
can be solved by taking

ymnp = glmylp, (194)

in which »™ is a GL(5) vector, and w™" is a symmetric
tensor, w"" = wlmn),

Using SL(5) symmetry, we can choose the vector v =
62 and split the SL(5) index m = (i,5) withi = 1,...,4.In
addition, we also restrict the discussion to cases with
w'S = w> = 0. With a proper SL(4) C SL(5) transforma-
tion that leaves v™ = 87 invariant, we can write w'/ as

i = diag(1,...,1,-1,...,—1,0,...,0), (195
w & ), (195)

P q r

with p + g + r = 4. The nonvanishing gauge generators
are given by

1 . .
— ey i i
Xij ——€ijlllzwl3t2[3 and X —WJSSJ'.

V2

These generators satisfy the following Lie algebra:

(196)

(X7, X/]
(X0, X

[XiﬁXl] = (Xij)l’le/7
islg ). .

= O’
= (Xiliz)i3i4 isig» (197)

i)
with (X;;,);.,5% = 2(X,-],-2)[i3["55§j. The gauge group is
then given by

Gy = CSO(p,q,4—p—q) X R*

= S0(p.q) X (RPHDE-1=0) x R*).  (198)
The CSO(p.q.4—p—q) C SL(4) c SL(5) factor and
the four-dimensional translation group R* are, respectively,
generated by X;; and X".

In this case, it is convenient to describe scalar fields in
the SL(4) basis. In accordance with the branching
SL(5) — SL(4) x R, we split the SO(5) x SO(5) vector
indices as a = (i,5) and @ = (i, 5). The SL(5) noncompact
generators then decompose as

Loy = (tij 5. 1s5)- (199)
The Rt ~ SO(1, 1) generator is given by
Vo =t + s + s + 1y — 4, (200)

while the noncompact generators of SL(4) can be written as

- n 1,
Ly =1t; + Zt55'5ij, (201)
with #, + %y + &5 + 144 = —ss due to the tracelessness of

SL(5) generators. The nine scalar fields corresponding
to ¢; generators parametrize an SL(4)/SO(4) C
SL(5)/SO(5) coset. The remaining four scalars associated

with 7; are nilpotent scalars and are denoted by b;.
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In addition to the dilaton associated with generator d,
there are also ten axions corresponding to the antisym-
metric shift generators s,,, as in the previous section.
The gauge generators couple to ten gauge fields denoted
by A,/ = Al and A,; in the gauge covariant derivatives,
D,=V,—gA, X" —gA, X, (202)
We perform topological twists by turning on gauge fields
A, associated with compact residual symmetries that are
subgroups of the CSO(p, q,4 — p — q) factor and truncate
out all the gauge fields A, ;. Moreover, since gaugings in

407! representation are purely electric, the three-forms
Cyup.a and the magnetic two-forms B,,” do not appear in
the Lagrangian.

As in the previous section, the gauge fields arising from
the topological twist on a four-manifold usually lead to a
nonvanishing term in the Bianchi identity (14) of the form
(To)ap T TP Hyw 12 H ). However, unlike the case of
CSO(p,q,5 — p — q) gauge group, there are no magnetic
two-form fields B,,™ to cancel this term in such a way that
the Bianchi identity is satisfied. On the other hand, the
Bianchi identity could be recovered by turning on the
electric two-form fields B, ,, to make

3
m_2\/§

However, we are not able to find a consistent set of BPS
equations with nonvanishing three-form field strengths.
Therefore, in this section, we set all the tensor fields to zero,
namely,

D[;tHy/m], (F )AB iris 1314H[;wl IZH 1314 (203)

B/w,m =0, B/wm =0, CﬂupVA =0, (204)
and solve the problematic Bianchi identity by requiring the
term () 45T TP, w2 H,pp9™" to vanish identically.
This condition is rather restrlctlve In particular, a topo-
logical twist on a Riemannian four-manifold X} by turning
on SO(4) gauge fields is not possible. In the following
analysis, we then consider topological twists only on four-
dimensional manifolds given by a product of two Riemann
surfaces ¥ x X and a Kahler four-cycle Kj in this
section.

A. D4-branes wrapped on a product of two
Riemann surfaces

For solutions describing D4-branes wrapped on a prod-
uct of two Riemann surfaces, the Ansatz for the metric is
still given in (86). To cancel the spin connection on
¥; x X7 , we turn on the following SO(2) x SO(2) gauge
fields:

e Vipn /i, (01)

1 e_Vzng f;<2 (92)

= N A" —_— - )
- 2V2k [ () T 2V/2k; f1,(02)
A 34:_€_V1p11f;¢1(91) R 34:_€_V2p12f;<2(02)
- 22k fi (0 2v/2k, fi,(62)
(205)
with the corresponding two-form field strengths,
HA N e—2V|p2l H 12 _ e_2V2p22
0,¢, 2\/§ ’ 2\/5 ’
eVip eVaop
Hy s 3 = 1 H, ¥ ="""r12 206
01¢, 2\/§ ¢ 2\/§ ( )

These lead to a nonvanishing term in the Bianchi identity
(14) of the form

(F )AB-H—I]IZ 1314H6‘]§1l1 ZH ¢ 11l4

1

- + e~ 2Vi—2Va 55
6\@(17111722 p12p21) m

(207)

As previously mentioned, in order for the Bianchi identity
to hold, we require that the four magnetic charges satisfy
the following relation:

PiiP2 + Pi2p2 = 0. (208)

There are two gauge groups that contain an SO(2) x
SO(2) subgroup. These are SO(4) X R* and SO(2,2) X
R* obtained from the embedding tensor with

wi = diag(1, 1,x, &), (209)
for k = 1, —1, respectively. Under SO(2) x SO(2) residual
symmetry generated by X, and X34, there are five singlet
scalars with the coset representative of the form

V = e0d+dodo+ddi+aIatads (210)
@(r) is the dilaton corresponding to the SO(1, 1) generator
d while ¢(r) is another dilatonic scalar associated with the
SO(1,1) factor in SL(5) - SL(4) x SO(1, 1) branching.
The remaining three scalars correspond to the following
SO(5,5) noncompact generators:
Vi=ti+by—bs—ly, r=sn, Ji=su.  (211)

We now perform an SO(2) x SO(2) twist by imposing
the twist condition (103) together with the projection
conditions (101), (102) and

e = res (212)
on the Killing spinors (81). Similar to the SO(2) x SO(2)
twist performed in CSO(p,q,5— p —¢q) gauge group,
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consistency requires either vanishing shift scalars or additional conditions on the magnetic charges p,; = kp;; and p,, =
kp1, with nonvanishing shift scalars. However, the latter together with the aforementioned algebraic constraint (208) leads
to p11p12 = 0 which is not compatible with the topological twist. Accordingly, we do not consider the solutions with

nonvanishing ¢; and ¢, in the following analysis.

With ¢; = ¢, = 0, we find the following BPS equations:

9

1
U' =7 er 00t (8 k) — ge_(”M(’b" eV (prie™ + pyie*?) + e (prae™? + pype'?)],

4

9

9

/ 9

9

(213)

Vi= Z€¢_4(¢“+¢)(€8¢ +x) + %e—w+4¢0 Be 1 (pr1e™ + pyre?) — eV (prpe™ + ppet?)], (214)
Vy = Z€$_4(¢°+¢)(68‘7’ + k) _ée—wﬁkﬁo [e7V1(pr1e™ + py1e*) =372 (prpe™ 4 pyet?)), (215)
¢ = _2_()6"’_4(‘/’“+(/'>(68‘/’ +x) + %eﬂpﬂ% (21 (pr1e™ + pye*) + e72V2(prae™? + ppet?)], (216)
by = 2_064’_4("5”4’)(68"’ + ) _%e—wﬂ% [e7V1(pr1e™ + pye) + eV (prae™ + ppe'?)], (217)
(218)

1
¢ = —%€¢_4(¢°+¢)(‘38¢ — k) + ge_ww" [e7V1(pr1e™ = py1e?) + eV2(prpe™ — pyet?)).

As in the previous section, we solve these equations
numerically. For the SO(4) X R* gauge group with k = 1,
we first look for solutions with an asymptotic behavior, as
r — +oo, given by a locally SO(4) symmetric flat domain
wall,

qgr 1. |gr
U~V,~V,~In|=|, ~—py ~—=1In|=|,
1 2 H{J @ do Sn[z}

16
gt

$~ (219)

This behavior implies that ¢ — 0 as r — +oo0, so the SO(4)
symmetry is unbroken in this limit. In this case, the
parameters z; and z,, defined in (111), are not independent
due to the algebraic condition pi;py + p1aps =0 or,
equivalently, in terms of z; and z,, 7,2, = kyk,. From the
behavior of the ten-dimensional metric component gy, we
find that all solutions involving S? factors are uplifted to
type IIA solutions with unphysical IR singularities.
Accordingly, we have omitted the corresponding numerical
solutions in these cases. For ¢ x R? x R?-sliced domain
walls, all solutions but for z; =0 lead to unphysical
solutions in type IIA theory. The solutions with z; =0
corresponds to a flat domain wall with p;; = pj, = py; =
P» =k =k, =0 due to the twist conditions, so all
t x R? x R2-sliced solutions have been omitted as well.
Examples of numerical solutions for the remaining two
cases are given in Figs. 48 and 49 in Appendix D 1 for

g =1 and different values of z,. For t x H?> x H?-sliced
domain walls, the solutions with z; ~ 41 lead to solutions
in type IIA theory with physical IR singularities. On the
other hand, solutions with ¢ x H?> x R? slices admit physi-
cal IR singularities for —1 < z; < 1.

Another class of solutions consists of those with an
asymptotic behavior taking the form of an SO(2) x SO(2)
symmetric flat domain wall,

Un~Vi~Vy~—¢~—In [—%

1
and ¢~ =gy ~<ln [— % ; (220)

with the radial coordinate p defined by % = 3=, We
also choose g < 0 in order to identify the UV limit with
p — +oo. Solutions of these type can be found in both
SO(4) X R* and SO(2,2) X R* gauge groups. For the
SO(4) X R* gauge group, all solutions turn out to be
unphysical upon uplifted to type IIA theory, so we do not
present the corresponding numerical solutions here. For the
50(2,2) X R* gauge group, examples of numerical sol-
utions are shown in Figs. 50-55 in Appendix D 1. From
these figures, we see that many solutions can be uplifted to
ten-dimensional solutions with physical IR singularities.
We have summarized the conditions on z; in order for the
IR singularities to be physically acceptable in Table IX.
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TABLE IX. Summary of satisfaction of the criterion [18] for the IR singularities of the solutions with ¢ x Z%l X
¥} slices obtained from SO(2) x SO(2) twist in SO(4) X R* and SO(2,2) X R* gauge groups.

UV flat domain wall Gauge group

Two Riemann surfaces

Physical IR singularity

SO(4) SO(4) X R*

S0(2) x SO(2) X R*

“n
=)

4

H? x H%, H? x R%, R? x R?

2 % 32 X

H? x H? 7~ =+l
H? x R? 1<z, <1
R2 x R2 71 =0
2 xx? X

S2 x §? 048 <z, <2
S? x H? X

S? x R? 7, >0.54

B. D4-branes wrapped on a Kahler four-cycle

We now consider D4-branes wrapped on a Kahler four-
cycle. Unlike the previous case of the CSO(p,q,5— p —
q) gauge group, we cannot perform an SU(2) twist on a
Kabhler four-cycle. As previously mentioned, in the absence
of tensor fields, the Bianchi identity (14) requires the
SU(2), € SO(4) gauge fields to vanish.

1. Solutions with SO(3) twist

We first consider an SO(3) twist from SO(4) X R*,

SO(3,1) X R*, and CSO(3,0,1) X R* gauge groups

which can be collectively characterized by a symmetric
tensor,

wi = diag(1,1, 1,x), (221)

for k = 1,—1, 0, respectively. The metric Ansatz is still

given by (129) with the metric on K} given in (130). To

cancel the SU(2) part of the spin connection, we turn on
SO(3) gauge fields of the form

e p [fily) —1]
22k fily)

4 A 24 A 34
Al *AZ *AS -

(222)

There are five SO(3) singlet scalars consisting of the two
dilatons and three additional scalars corresponding to the
following noncompact generators:

5)] :ill+i22+i33_3i44’ 5)22245, j}3IS45. (223)
The coset representative then takes the form
V = e#dt+doYotddi+bVr+cds (224)

The gauge two-form field strengths are given by

Hxi/fm :H2314 :Hli/ﬁ% H§T24
e—2Vp
= Hy?§34 = Hiﬁ34 = o (225)

We also note that these nonvanishing components lead to
H A H*¥ = 0 such that the Bianchi identities are satisfied
identically. However, this is not the case for SU(2) or
SO(4) twists.

We perform the SO(3) twist by imposing a twist
condition gp = k together with the projections (142),
(143), and (212) on the Killing spinors (81). However, it
turns out that consistency of the BPS equations requires the
axionic scalar b to vanish. With b = 0, the resulting BPS
equations are given by

U = ge¢—4(¢o+3¢) (3e'% + k) _%6—2‘/—40‘*'4(470—45), (226)
19 po-a(do+30) (3160 3P 2v-prito-0)
V =g¢ (3e'? +x) + 1¢ . (227)
Y oahet39) (3,160 3P v prape-0)
@ 10° (e +z<)+20e ,
(228)
1 9 o-4dot30) (30160 4 ) — P g2V—g+4(d0—)
& 10¢ (3e'? 4 k) 20°¢ ,
(229)
¢ = _§e¢—4(¢0+3¢) (16 —x) +§e—2V—lﬂ+4(¢o—¢)’ (230)
¢ = —gre?*bt3¢) (231)

For CSO(3,0, 1) X R* gauge group with x = 0, we can
analytically solve the BPS equations. In this case, the BPS
equations imply ¢ = 0. We choose the constant value of ¢
to be zero for simplicity. The other equations give the
following solutions for U, ¢, and ¢, as functions of ¢:
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3 3
U= -3¢, ¢=C+§¢, ¢0:Co—§¢- (232)
As usual, we have neglected an additive integration con-
stant for the warp factor U.
We then consider a linear combination of the BPS

equations of the form

V43¢ = %pe—ZV—ler“((/'n—fﬁ)‘ (233)

Using the results in (232) and changing to a new radial
coordinate p defined by % = ¢~ %, we find

1 C
V = =In[3ppe*©] —3¢—§.

5 (234)

With all these results, we finally find the solution for ¢(p)
of the form

C, 1. [3p <

¢p=——-In [—eCerpz/J, (235)

2 8 |5k

in which C; is another integration constant.
As p — 400, the asymptotic behavior of the solution is
given by

U 3ln \% 7ln
g P g P

3
¢~ —¢g~——Inp, (236)

1
~——~Inp.
40 ¢~ —ghnr

This leads to the six-dimensional metric of the form

ds* = pi(—di* + p~'dp* + pdsi.). (237)
As p = 0 and C;| # 0, we find
U : 1 Vv : 1
~ ——1n ~ —In
4P 47
¢ ! In ¢ ! In (238)
AT 2
with the six-dimensional metric given by
ds? = —pid®> + psdp® + p%ds3(4. (239)
k

Upon uplifted to type IIA theory, the solution gives the
behavior of the ten-dimensional metric component ¢, near
this IR singularity of the form

R 34 g
Goo = 2V ~ s — oo, (240)

p

which implies that the singularity is unphysical.

On the other hand, for C; =0 and p — 0, we find the
asymptotic behavior as given in (236). In this case, the
behavior of gy, near this IR singularity is

oo = e2U+2(p—%¢0—¢ ~p107/160 -0, (241)
indicating that the singularity is physical.

For other gauge groups, we look for numerical solutions
to the BPS equations. For SO(4) X R* gauge group with
k = 1, there are solutions with an asymptotic geometry, as
r — +o0, given by a locally SO(4) symmetric flat domain
wall given by

qgr 1. |gr
16 1
¢NW, CNp‘ (242)

Examples of numerical solutions for this type of solution
for different values of g are shown in Figs. 56 and 57 in
Appendix D 2 a. We find that all # x CH?-sliced solutions
admit physical IR singularities upon uplifted to type IIA
theory. For ¢ x CP?-sliced domain walls, only solutions
with g > 1.5 can lead to physical solutions in type IIA
theory.

We then move to solutions with an asymptotic geometry
given by an SO(3) symmetric flat domain wall of the form

U~nVe~d~—In [—@},
8
1 gKp
¢~ o~z [_T] c~pt  (243)

with the new radial coordinate p defined by % = ¢V=13%,

We choose gk < 0 to identify the UV limit with p — +oo0.
For the SO(4) X R* gauge group, all solutions are uplifted
to ten-dimensional solutions with unphysical IR singular-
ities, so we do not give the numerical solutions in this case.
For the SO(3,1) X R* gauge group, examples of numeri-
cal solutions for different values of g are shown in Figs. 58
and 59 in Appendix D 2 a. In this case, all  x CH?-sliced
domain walls can be uplifted to type IIA solutions with
physical IR singularities. For ¢ x CP?-sliced domain walls,
only the solutions represented by the purple and brown
curves in Fig. 58 lead to physical ten-dimensional sol-
utions. All of the solutions in this case are summarized in
Table X.

2. Solutions with SO(2) twist
We end this paper by considering D4-branes wrapped on
a Kahler four-cycle with an SO(2) twist. To cancel the
U(1) part of the spin connection on K} with the metric
given by (172), we turn on an SO(2) gauge field of the form
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TABLE X. Summary of satisfaction of the criterion [18] for the IR singularities of the # x Kﬁ-sliced curved
domain walls obtained from SO(3) twist in SO(4) X R*, SO(3,1) X R*, and CSO(3,0, 1) X R* gauge groups.

UV flat domain wall Gauge group

Kahler four-cycle Physical IR singularity

SO(4) SO(4) X R*
S0(3) SO(4) X R*
SO(3.1) X R*

CSO(3.0.1) X R* (analytic)

CP? g>15
CH? Any g
CP2, CH? X
CP? g>256
CH? Any g
CP?, CH? C, =0

3¢ Vp
22

All gauge groups with an SO(2) subgroup are collectively
characterized by the following component of the embed-
ding tensor:

A2 = — (244)

wi = diag(1, 1,x,1). (245)

Apart from the two dilatons, there are additional
nine SO(2) singlet scalars. Three scalars are in the
SL(4)/SO(4) coset with noncompact generators,

Vi=tj+ly—by—ly. Vo= Vi=by—l;. (246)

The other two scalars correspond to two nilpotent gen-
erators,

5}4 = 235’ 5}5 = 245» (247)

and the remaining four scalars are associated with the
following generators:

(248)
|

Ve=5812, YV71=535, Vg=5845. Vo=53u.

g

3
U = S e?~HP0+91) 26801 4 (k4 1) cosh 2¢h, cosh 4¢ps + (k — 1) sinh deps] — 717 e~ 2V=o+4(do=t)

9

V= g e?=HPot$1) 26801 4 (k 4 1) cosh 2¢p, cosh deps + (k — 1) sinh deps] + > e~ 2V t4do=t)

/ g

3
T e?~ 4P +91) 26801 4 (k 4 A) cosh 2¢p, cosh 4ps + (k — 1) sinh deps] + % e 2V=ot4(do=t)

9

3
P = 0 e?~ 4Pt [2801 1 (k + 1) cosh 2¢h, cosh 4y + (k — A) sinh 4eps] — % e~ 2V t4(do=t)

9

3
P =— S e?~ 4P +91) 26801 — (k 4 1) cosh 2¢h, cosh 4y — (k — 1) sinh 4eps] + 7” e~ 2V=0tdldo=¢n)

9

Py =— 3 eP=4(¢otd1) (k + 1) sinh 2¢h,sechd s,

The analysis turns out to be highly complicated, so we
perform a subtruncation by setting the shift and nilpotent
scalars corresponding to §y,, £33, and Z,s to zero. This is a
consistent truncation and still gives interesting results. In
addition, consistency of the BPS equations also requires the
vanishing of the shift scalar corresponding to s35. We then
end up with seven scalars and the coset representative,

V = e?d+¢dotdi Vit da Yot s Vite Vst Vo (249)

With a twist condition gp = k, and the projector (212),
together with

Vpi3€ta = Vis€4a = (le)aﬁ€+/}

and  756_4 = P16 = (ri2)"e_ (250)
on the Killing spinors

u(r

THWe) and e = TV (251)

€+:ez

the resulting BPS equations read

(252)
3P (253)
(254)
(255)

(256)

(257)
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P = — % eP=4(h+40) ((xc + 2) cosh 26, sinh dehs + (k — A) cosh 4¢bs), (258)
together with
ge[/’+4¢3 .
S = =5 atgerany 151 (K = A+ (k4 4) cosh2¢hy) + (i + 2) sinh 2hsechdghs]. (259)
, ge(ﬂ_4¢3 .
¢h=— ) [¢1(k + 4) sinh 2¢p,sechd¢p; — ¢ (k — A — (k + 1) cosh 2¢h, )], (260)
W= - g eP=4bo+41) (i + 1) sinh 2¢p, tanh 4¢h;. (261)

We do not consider solutions with k = O since the twist condition essentially implies p = 0 leading to flat domain wall
solutions.

For the CS0O(2,0,2) X R* gauge group with kx = 1 = 0, we can analytically solve the BPS equations by the same
procedure as in the case of SO(3) twist in CSO(3,0,1) X R* gauge group. With the new radial coordinate p defined by
% = ¢73%1 the resulting solution is given by

1 C ¢
U==pi,  V=5lloppe!S ===, ¢=C+7,
b Cy 1 2¢€gp C,
0TS =5 g ~ 262
$o = Co 5 a > g3t (262)

with ¢ =3 =W =¢; =¢, = 0. Apart from some numerical factors, this solution is very similar to that of
CS0(3,0,1) X R* gauge group, so we only look at the behavior near the IR singularities.
As p — 0 and C, # 0, the solution becomes

1 1 1 1
UN—Zlnp, VNzlnp, (ﬂN—qﬁON%lnp, ¢]N21np (263)
We find the ten-dimensional metric component,
Goo = 2U+20=ibo=t NW - 400. (264)
Therefore, the solution has an unphysical singularity.
As p — 0 and C; =0, we find
U : 1 Vv 5l ) : 1 ¢ ! 1 (265)
~ —INn ~ —INn ~ — ~ ——IN ~ ——n
] P, 8 P, @ 0 40 P, 1 8 P,
and
Jo0 = 62U+2(p—43¢0—(/)| ~p49/]60 0. (266)

Accordingly, in this case, the IR singularity is physically
acceptable, and the solution can be interpreted as a twisted
compactification of five-dimensional Yang-Mills theory on
K7} to supersymmetric quantum mechanics in the IR.

For other gauge groups, we look for numerical solutions to
the BPS equations. All solutions with an asymptotic geometry
given by an SO(4) symmetric flat domain wall from SO (4) X
R* gauge group lead to uplifted ten-dimensional solutions

with unphysical IR singularities. Therefore, we do not present
these solutions here. Another class of solutions is given by
those asymptotic to a locally SO(2) symmetric flat domain
wall of the form

2 2
(267)

1 1
U~V ~=Sp~5p)~5lnp—In [—%}, by ~=~Inp,
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TABLE XI. Summary of satisfaction of the criterion [18] for the IR singularities of the  x Kﬁ-sliced curved
domain walls obtained from SO(3) twist in SO(4) X R*, SO(3,1) X R*, SO(2,2) X R*, CSO(3,0,1) X R*,

CS0(2,1,1) X R*, and CSO(2,0,2) X R* gauge groups.

UV flat domain wall Gauge group

Kahler four-cycle Physical IR singularity

SO(4) S0(4) X R*

S0(2) SO(4) X R*
SO(3.1) X R*

50(2,2) x R*

CSO(3,

3,0,1) X R*
CcSo(2,1

1
1) X R*

CS0(2,0,2) X R* (analytic)

CP2, CH? X
CP2, CH? X
cp? Any g
CH? g<-25
CP? Any g
CH? g<-5
CP2, CH? X
CP? Any g
CH? g<-25
CP?, CH? C, =0

with ¢, = ¢p; = ¢; = ¢, = 0 and the new radial coordinate p
defined by % = ¢31~19%0_Tt turns out that, in this case, all
solutions have ¢, =¢; =¢, =0 along the entire flow
solutions. Moreover, all solutions in SO(4) X R* and
CS0(3,0,1) X R* gauge groups are uplifted to type IA
solutions with unphysical IR singularities, so we omit numeri-
cal solutions for all of these solutions.

For SO(3,1) X R* 5S0(2,2) X R*, and CSO(2,1,1) X
R* gauge groups, examples of numerical solutions are
given in Figs. 60-65 in Appendix D2 b. We find that all
t x CP?sliced solutions can be uplifted to solutions of type
ITA theory with physical IR singularities. On the other
hand, ¢ x CH?-sliced solutions lead to ten-dimensional
solutions with physical IR singularities only for large
lg|. We collect all these conditions in Table XI. We also
point out that the result is very similar to solutions with
SO(2) twist on a Riemann surface studied in [32].

V. CONCLUSIONS AND DISCUSSIONS

We have studied a large number of supersymmetric
solutions interpolating between locally flat domain walls
and t x My-sliced domain walls from maximal gauged
supergravity in six dimensions with CSO(p,q,5—p — q)
and CSO(p, q,4 — p — q) X R* gauged groups. The four-
manifold with constant curvature M, under consideration
here is given by a Riemannian four-manifold, a product of
two Riemann surfaces and a Kahler four-cycle. By perform-
ing different types of topological twists, various amounts of
supersymmetry are preserved along the entire solutions.
These solutions are expected to give holographic duals of
RG flows across dimensions from the maximal SYM
theories in five dimensions dual to the locally flat domain
wall to supersymmetric quantum mechanics in the IR.

Upon uplifted to type ITA theory, many of these solutions
possess physically acceptable IR singularities. Therefore,
these solutions could be interpreted as D4-branes wrapped
on M, giving rise to supersymmetric quantum mechanics

via twisted compactifications of the maximal five-dimen-
sional SYM on the world-volume of D4-branes. Due to
recent interests in the holographic study of matrix quantum
mechanics, we hope the results given in this paper would be
useful along this line. Rather than considering supersym-
metric quantum mechanics on the world-volume of
DO-branes as in many previous works, we have given a
new class of gravity duals to supersymmetric quantum
mechanics from D4-branes wrapped on four-manifolds.
This might lead to some insight into supersymmetric
quantum mechanics via twisted compactifications of maxi-
mal SYM in five dimensions. With some of the solutions
given analytically, we hope the present results could
provide a very useful tool to further study along these
and related directions.

Due to the relation between six-dimensional gauge
supergravity considered here and the maximal gauged
supergravity in seven dimensions via an S! reduction, it
is natural to look for a possible relation between super-
symmetric solutions with topological twists on M, in both
cases. In seven dimensions, a number of AdS3 X X X X,
solutions have been found in [23] from SO(5) maximal
gauged supergravity. These solutions describe RG flows
across dimensions from N = (2,0) superconformal field
theory (SCFT) in six dimensions dual to the supersym-
metric AdS; vacuum to N = (2,0) two-dimensional
SCFTs in the IR via twisted compactifications on
Ty, X Zy,. In addition, similar solutions in CSO(p, q,5 —
p—q) and CSO(p, q,4 — p — q) gauge groups have been
considered in [38]. Apart from the SO(5) gauge group, all
of these gauge groups do not lead to supersymmetric AdS,
vacua. The resulting RG flow solutions then interpolate
between N = (2,0) nonconformal field theories in six
dimensions to conformal or nonconformal field theories
in two dimensions.

It turns out that all of the solutions with physical IR
singularities obtained in this paper correspond to seven-
dimensional solutions with AdS; x M, fixed points.
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Indeed, from the results of this paper, we have not found
solutions with physical singularities only for the case of
M, = §? x H? in SO(5) gauge group. However, as shown
in [38], the AdS; vacua in this case exist only in a small
region of the parameter space. The corresponding six-
dimensional solutions with physical singularities might exist
within a very small region of the parameter space, but we
have not found these solutions due to the limitation of
numerical analysis. According to the result of [39], an S'
compactification of AdS,, | spaces leads to domain walls in
d dimensions. We then expect that the flow solutions with
physical IR singularities are those obtained from the
corresponding flow solutions to AdS; fixed points in seven
dimensions.

It would be interesting to perform a holographic study of
the resulting supersymmetric quantum mechanics as in [14]
and [15] using holographic renormalization to compute
some correlation functions among the operators dual to
various scalar fields in the six-dimensional gauged super-
gravity. The quantum mechanics dual to some of the
solutions found here might be related to certain deforma-
tions of the Bank-Fischler-Shenker-Susskind (BFSS)
matrix model which plays an important role in string/M
theory, and it would be interesting to explicitly verify this.
On the field theory side, it could be interesting to identify
the maximal SYM theories in five dimensions dual to the
flat domain walls in the presence of topological twists on
M,. The dual quantum mechanics could be directly
constructed by twisted compactifications of the maximal
SYM theories in five dimensions, and it would be interest-
ing to study both the field theory and supergravity sides of
the gauge/gravity duality in this case. On the other hand,
constructing the complete truncation Ansdtze of type IIA
theory on both H?¢ x R>™7~% and HP4 x R*P~4 x §! is
also worth considering. This could be used to uplift the
solutions found here and in [32] to the complete solutions
of type IIA theory in which an interpretation in terms of
D4-branes wrapped on compact manifolds of different
dimensions can be given.
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APPENDIX A: USEFUL FORMULAS

In this appendix, we collect relevant formulas used in the
main text for convenience. All of these relations have been
thoroughly described in [29], so we omit all the details here.
Recall that the branching rule for an SO(5,5) vector

representation under GL(5) takes the form

10 - 52 @ 572, (A1)
we can decompose the SO(5,5) generators as
tun = (G 7, 0", (A2)

with £, = —",,.
SO(5,5) generators in vector representation can be
chosen as

(tun)p? = 477P[M51%]’ (A3)
with the corresponding Lie algebra of the form
[tyn - trol = 4(mmptoiy — viptoim)- (A4)

In terms of the shift generators s,,,, = ¢,,,, and the generators
for the hidden symmetries A™" = ¢"", the SO(5.5) gen-
erators can be written as

tn’ln hmn
(tun)p? = ( . )

Smn —t m

(AS)

The spinor and conjugate spinor representations of
SO(5,5) decompose as

16, > 553 @107 @ 1°°

and 16, - 53 @ 10" @ 173, (A6)

To concretely realize this decomposition, we introduce the
following transformation matrices:

1

Ty, = ——=(T,,)4gp2,Q%, A7

A 2\/5( )ABpaﬁ (A7)

T =L () B, (A8)
42

Ty = = (0m,),5p0 A9

Ax ( m)A P aff ( )

10

The matrices pZﬂ and inverse matrices p;‘ﬁ are given by

Py = 830 + 054 + 658, + 05126,

Ply = 840} + 81,00+ 54 48} + 54, 1,55 (A10)
These matrices satisfy the relations
pPpE, =58 and pPph =& (All)

The inverse matrices of T, are simply given by their
complex conjugation TA = (T,)~' = (T,)* satisfying the
relations

126023-38



SUPERSYMMETRIC QUANTUM MECHANICS FROM WRAPPED ...

PHYS. REV. D 113, 126023 (2026)

T, =6, Ta,Th =6nsl, TiT.=1,
TAT,,, =0,  TA"T,, =0, T4,T, =0,  (Al2)
together with

TA" g + Th TR + TATp, =84 (AI3)

With all these, we can write the following relations for 16,
and 16, representations:

Wy =T, Y" + TP, + T4 Y., (A14)
with ¥, = ¥}, and
WA = TAmY, + T4, 9™ + TAW,. (A15)

The SO(5,5) gamma matrices (I'y),, are related to
SO(5) x SO(5) gamma matrices I'y = (I';,T";) according
to the relation

(FM)AB = MMA(FA)AB’ (A16)

1 /15 1
M=— ( >0 )
V2\1s -5
The SO(S5,5) spinor indices are raised and lowered by the
charge conjugation matrix ¢, of the form

with

(A17)

i PP
CaB :PXGPQ Qup s (A18)

in which p% and p%, are defined in parallel with (A10). In
particular, we have

(FA)AB = (FA)ACCCB- (A19)

On the other hand, the SO(5) x SO(5) gamma matrices
can also be written in terms of SO(5) gamma matrices

(ya)aﬂ and (yu)(lﬁ as

(Ta)a® = ((ra)a® (ra)a®): (A20)

with
(ya)AB = pga(ya)ailﬁﬁpg/} = Pga (Ya)aﬂé{ipg[}’ (AZI)
(ra)a® = P35 (ra)adPly = P O6(ra)d P, (A22)

All these relations lead to (T,,) 5 matrices of the form

1 ; ) )
(Fm)AB = EPX(I [(Ym)aﬁéé + %(Ym)aﬁ} Q/JJ’Qﬁ}"pg/' (A23)

Finally, we can write the explicit form of (I""),2 and
(r™,) 48 matrices using the following definitions:

() = 2 (07, €00 = (), ()] (a24)

and

(07)4% = 3 [(P,EE0)e8 = (), )] (A29)

with

Tula® = 5[0t ) ol (426)

() = [t 0= vl gy (420

In this paper, we use the following representation of
SO(5) gamma matrices:

y3 =1, ® o3,
(A28)

Y1 =—02Q 0, r2=1,®0,

Ys =01 Q 02, Y5 =03 Q 02,

with the Pauli matrices given by

(O (O (L0

APPENDIX B: TYPE ITIA UPLIFT

In this appendix, we give the ten-dimensional metric
component gy, in type IIA theory relevant for determining
whether a given IR singularity of six-dimensional solutions
is physically acceptable upon uplifted to type IIA theory.
Although, as previously mentioned, the complete trunca-
tions to six-dimensional gauged supergravity with
CSO(p,q,5-p—¢q) and CSO(p,q,4—p—q) X R*
gauge groups have not been worked out to date, we can
at least find the explicit form of the (00)-component of the
ten-dimensional metric from the partial results given in [34]
and [35].

1. The embedding of CSO(p,q.4-p—-q) X R*
gauged supergravity
We begin with a more straightforward case of gauged
supergravity with CSO(p,q,4—p—q) X R* gauge
group. Using the consistent truncation to seven dimensions
of type IIA theory on H?7 x R*P~4 given in [34], we can
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perform the standard dimensional-reduction on S' using the
Ansatz

ds3 = e*ds* + e (dz + A)%. (B1)
The scalar ¢ is the dilaton in the main text while z is the
seventh coordinate added to the six-dimensional metric

ds?. In the present notation, the (00)-component of the ten-
dimensional metric is given by

Joo = €_3¢°A%9(%>- (B2)

Recall that ¢, is the dilaton corresponding to the SO(1, 1)
factor in the decomposition SL(5) — SL(4) x SO(1,1).
After a dimensional reduction on S', we can write the ten-
dimensional metric in terms of the six-dimensional one as

Joo = —e o Aie2U+20, (B3)

We have also used the metric Ansatz with gy = —e?V. The
warp factor A is defined by

A= mijrlik’/ljlﬂk,ul? 3 j? =1 2’ 3, 4’ <B4)

in which m" is the inverse of the SL(4) matrix
m;; = (1717T),-j. Vis the SL(4)/S0O(4) coset representative.
The coordinates y' on HP4 x R*P~4 satisfy p'p/n;; = 1
with #7;; being the CSO(p. q.4 — p — q) invariant tensor. In
all cases, the metric component g, takes the same form as
(B3) with different warp factor A due to different scalar
sectors.
For SO(2) x SO(2) symmetric scalars, we have

V = diag(e??, X, 72 724, (BS)

which gives

A = e () + (1)) + ke (6 + (6. (B6)

In this equation, we have used the invariant tensor of SO(4)
and SO(2,2) given by »,; = diag(1, 1,x,«) for k = £1.

For the SO(3) symmetric scalar, the SL(4)/SO(4) coset
representative is given by

V = diag(e, X, e, e769), (B7)

which gives

A=e[(u)? + (1) + (u*)?] + e (u*)2, (BY)

for n;; = diag(1,1,1,x) and xk = 0, £1.
In the case of SO(2) singlet scalars, the coset represen-

tative V) is much more complicated, so we restrict ourselves
to the subtruncation considered in the main text. In this

subtruncation, we have only ¢, ¢,, and ¢; nonvanishing
and

e 0 0 0
5_| 0 &2 0 0
] 0 0 e 2+ 2%icosheh, e 2123 sinhgh,

0 0 e 20 2ginhg, e 2017245 cosgp,

(B9)
The warp factor is then given by

A== ()24 (522 - ¢ {sinh s 12 (i~ ()]
e coshag [2(u*)2 + ()]}, (B10)

in which we have used 7;; = diag(1,1,x,4) for k = 0, £1
and 1 =0, 1.

2. The embedding of CSO(p,q,5-p -q) gauged
supergravity

To find the embedding in type IIA theory in this case,
we first recall that the 11-dimensional metric component
A(11)

Yoo
by

is given via a consistent truncation on H”¢ x R3~P~4

o = Al - (B11)
The warp factor is defined by

A = M enpapcu?, (B12)
with#,,, a,b =1,2,...,5,being the CSO(p,q,5—p — q)
invariant tensor. M is the inverse of the SL(5) scalar
matrix defined in terms of the SL(5)/SO(5) coset repre-
sentative as

My = VAV 4 (B13)
Similar to the previous case, the coordinates u“ satisfy
uéuPn,, = 1. Using the S' reduction given in (B1), we have

(7)

Yoo = €2¢9007 (B14)

which in turn gives

A(11 1
g(()o) = A362(”900-

(B15)

As in the truncation on $* x S! leading to six-dimen-
sional gauged supergravity with SO(5) gauge group con-
structed in [36], we can perform a dimensional reduction of
the 11-dimensional metric on S§' and find the
(00)-component of the ten-dimensional metric of the form
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Goo = Q%A%‘fz(”gooﬂ (B 16)

with

Q= N ™ + ASmur e enapun’.  (B17)

It is also useful to note that the factor € is related to the type
ITA dilaton via

e® = Qi (B18)

The axionic scalars y?® = —y*¢ arise from the dimensional
reduction of the CSO(p. ¢.5 — p — q) gauge fields A4” in
seven dimensions. These scalars transform in representation
10 of SL(5) and can be identified with the shift scalars

¢1, .-, 1o appearing in (49).
For SO(4) invariant scalars, we have
V = diag(e*?, e??, %P, 20, e787), (B19)

and n,, = diag(1,1,1,1,4) for A = 0, +1. In this case, all
shift scalars vanish leading to

Q = e %A, (B20)

with the wrap factor A given by

A= e (') + () + (1) + ()] + 2! ().
(B21)

This can also be used in the case of SU(2), invariant
scalars since all SU(2), singlets are essentially SO(4)

singlets.
For SO(2) x SO(2) singlet scalars, we have
V= diag(62¢1 , o2 , €2¢2, ez¢2’ €_4¢1_4¢2), (Bzz)

and the nonvanishing shift scalars are identified as y'> = ¢,
and y** = ¢,. These lead to

Q= eral 4 A S + (42
+ e ) + (]}, (B23)

with

A= e () + ()] + xe (1) + ()]

+ A2eBP802 (5)2, (B24)

We have also used the CSO(p,q,5-p—q)
invariant tensor 7,, = diag(1, 1,x,x,4) with « = +1
and A = 0, 1.

Finally, in the case of SO(3) singlet scalars, we have

e 0 0 0 0

0 e 0 0 0

V=| 0 0 e* 0 0
0 0 0 e % ™2coshgp, e 01 2#sinhep,
0 0 0 e % 2fginhg, e % 2cosp,

(B25)

For the solutions given in the main text, all shift scalars
vanish, so we simply have the warp factor

Q = ¢ 8?A, (B26)
with
A= e [(u')? + (1) + ()7
1 el2h {sinh4¢3[/12(,u5)2 — (")
e coshdghs [P (a°) + (]} (B27)

In the last relation, we have used the invariant tensor 7,, =
diag(1,1,1,x,4) with x,A = 0, £1.

APPENDIX C: NUMERICAL SOLUTIONS
FROM CSO(p.q.5-p -q) GAUGED
SUPERGRAVITY

In this appendix, we collect various numerical solutions
from different CSO(p, ¢,5 — p — q) gauge groups.
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1. D4-branes wrapped on a product of two Riemann surfaces

a. Solutions with nonvanishing ¢; and ¢,

U(p) Vi(p) Va(p)

(a) U solution (b) V1 solution (c) V> solution

@(p) #1(p) ®2(p)

10 20 30
-0.
1.4
(d) ¢ solution (e) ¢; solution (f) ¢, solution
s1(p) 2(p) oo
150 18 I
" 10 1500
5
50 10008
. — a0
10 20 30 40” s ®
_si - 5000
-100 /
10
15 -1e0 10 20 30 40°
(g) g1 solution (h) 3 solution (1) profile of &g

FIG. 23. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and f x §? x S2-sliced curved
domain walls with shift scalars in SO (4, 1) gauge group. The blue, orange, green, red, purple, and black curves refer to g = 0.1, 0.3, 0.6,
1, 2.
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U(p) Vi(p) Va(p)

(a) U solution (b) V; solution (¢) V5 solution

20 10 20 30 40

(d) ¢ solution (e) ¢; solution (f) ¢, solution
si(p) s2(p) oo
300 - - % i P 15011
20 200
1000}
10 -400
500+
i 10 20 30 40 P -600
'1°'I -800 10 20 30 a0 *
(g) 51 solution (h) 5 solution (1) profile of gy,

FIG. 24. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x S? x H?-sliced curved
domain walls with shift scalars in SO (4, 1) gauge group. The blue, orange, green, red, purple, and black curves refer to g = 0.1, 0.3, 0.6,
1, 2.
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U(p) Vi(p) Va(p)

4 4t 4
2 2t

-2

-6 -GI
(a) U solution (b) 7y solution (¢) V5 solution
@(p)
1.0)
0.5
10 20 30
-0.!
-1.1
(d) ¢ solution (e) ¢ solution (f) ¢ solution
(o) s2(p) Goo
150 15
100 10 1500
5
50 1000
_— - y — 0 P
20 30 w” 2
5 -50 500
-100
=10
15 ~1s0 10 20 3 20”
(g) Sl solution (h) (%) solution (l) proﬁle of gOO

FIG. 25. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x S?> x R2-sliced curved
domain walls with shift scalars in SO(4, 1) gauge group. The blue, orange, green, red, purple, and black curves refer to g = 0.1, 0.3, 0.6,
1, 2.
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U(p) Vi(p) Va(p)

(a) U solution (b) 77 solution (¢) V5 solution

¢1(p) @2(p)

(d) ¢ solution (f) ¢, solution

si(e) 2(p) oo
150
150
100 1500
100
50
50 1000
. — Y 20 | w0 P
10 20 30 a0 ° s
-50 B 500
-100
-100
-150 180 10 20 30 207
(g) 51 solution (h) ¢, solution (i) profile of g,

FIG. 26. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x H> x H?-sliced curved
domain walls with shift scalars in SO(4, 1) gauge group. The blue, orange, green, red, purple, and black curves refer to g = 0.1, 0.3, 0.6,
1, 2.
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Vilp)

(b) V; solution

(e) ¢ solution

Ulp)
1
10 Zb 30
-1
-2
-3
(a) U solution
()
1.08
0.5F
10
(d) ¢ solution
s1(p)
150/
100/
50
10 20 3}) 4:0
-50
-100
=150
(g) 51 solution
FIG. 27.

-1001

\\*’W

-1501

(h) ¢, solution

Va(p)

(c) V5 solution

(f) ¢, solution
600

150
1001

501

4

10 20 3h 40

(i) profile of g,

Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +o0 and ¢ x H> x R?=sliced curved

domain walls with shift scalars in SO(4, 1) gauge group. The blue, orange, green, red, purple, and black curves refer to g = 0.1, 0.3, 0.6,

L, 2.
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U(p) Va(p)

(a) U solution (b) V7 solution (c) ¥, solution
$2(p)
3
o
1»
& 10 20 30 40 °
-1
|
(d) ¢ solution (e) ¢ solution (f) ¢, solution
s2(p) Goo
400+ 1500
300~
1000
200+
500
100 /
10 20 30 20° 10 20 30 a0
(g) g1 solution (h) <5 solution (i) profile of g,

FIG. 28. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and # x S? x S2-sliced curved

domain walls with shift scalars in SO(3,2) gauge group. The blue, orange, green, red, purple, and black curves refer to
g=-0.1,-0.3,-0.6, -1, -2.
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U(p) Vi(p) Va(p)

(a) U solution (b) V7 solution (¢) ¥ solution

(d) ¢ solution (e) ¢ solution (f) ¢, solution
site) s2(p) oo
150 I
2001 1500
100
%0 100 1000}
10 20 [ a0 20° ) .
_50 10 20 30 40 ° 500
-100 -100f
_150 10 20 30 40 °
(g) 51 solution (h) 5 solution (i) profile of gy,

FIG. 29. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x S? x H?-sliced curved
domain walls with shift scalars in SO(3,2) gauge group. The blue, orange, green, red, purple, and black curves refer to
g=-0.1,-0.3,-0.6,—-1, 2.
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U(p) Vi(p) Va(p)

(a) U solution (b) V7 solution (¢) V5 solution

1(p)

(d) ¢ solution (e) ¢; solution (f) ¢, solution
sile) s2(p) Goo
15
2001 1500
10
100+
S 1000+
10 20 30 0P 10 20 30 20°
-50 -100} 5001
-100 _2000
-150 10 20 30 20°
(g) 51 solution (h) 57 solution (i) profile of gy,

FIG. 30. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo0 and 7 x §? x R2-sliced curved
domain walls with shift scalars in SO(3,2) gauge group. The blue, orange, green, red, purple, and black curves refer to
g=-0.1,-0.3,-0.6, -1, -2.
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Ulp) Vilo) Va(p)

(a) U solution (b) V; solution (¢) V5 solution

¢1(p)

E 10 20 30
(d) ¢ solution (e) ¢; solution (f) ¢, solution
sie) s2(p) 0o
3500 I
3000 200} 1500
2500
2000 100p 1000
1500 B _—
1000 10 20 30 40 ° 500l
500 ~100
10 20 30 40 10 20 30 20°
(g) 51 solution (h) ¢, solution (1) profile of gy,

FIG. 31. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — -+oco and ¢ x H> x H?-sliced curved
domain walls with shift scalars in SO(3,2) gauge group. The blue, orange, green, red, purple, and black curves refer to
g=-0.1,-0.3,-0.6,—-1,-2.
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Ulp) Vilo) Va(p)

(a) U solution (b) V7 solution (¢) V5 solution

@(p) $1(p)

E 10 20 30
d) ¢ solution () ¢1 solution f) ¢, solution
L4
o) s2(p) 0o
3500 I
3000 200} 1500
2500
2000 100 1000
1500 i -
1000 10 20 30 40° 500
500 -100]
’ 10 20 30 40 ” 10 20 30 20°
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FIG. 32. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and t x H> x R2-sliced curved
domain walls with shift scalars in SO(3,2) gauge group. The blue, orange, green, red, purple, and black curves refer to
g=-0.1,-0.3,-0.6,—-1,-2.
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2. D4-branes wrapped on a Kahler four-cycle
a. Solutions with SO(3) twist
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FIG. 33. Interpolating solutions between the locally SO(5) flat domain wall as p — +oo and ¢ x CP?-sliced curved domain walls for
SO(3) twist in SO(5) gauge group. The blue, orange, green, red, and purple curves refer to g =0.1, 0.3, 0.6, 1, and 2,
respectively.
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FIG. 34. Interpolating solutions between the locally SO(5) flat domain wall as p — oo and ¢ x CH?-sliced curved domain walls for
SO(3) twist in SO(5) gauge group. The blue, orange, green, red, and purple curves refer to g = 0.1, 0.3, 0.6, 1, and 2, respectively.
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FIG. 35. Interpolating solutions between the locally SO(3) flat domain wall as p — +oo and ¢ x CP?-sliced curved domain walls for
SO(3) twist in SO(3,2) gauge group. The blue, orange, green, red, and purple curves refer to g = —0.1,-0.3,-0.6,—1, and -2,
respectively.
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FIG. 36. Interpolating solutions between the locally SO(3) flat domain wall as p — +oo and ¢ x CH>-sliced curved domain walls for
SO(3) twist in SO(3,2) gauge group. The blue, orange, green, red, and purple curves refer to g = —0.1,—-0.3,-0.6, -1, and —2.1,
respectively.
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b. Solutions with SO(2) x SO(2) twist
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FIG. 37. Interpolating solutions between the locally SO(5) flat domain wall as p — +oo and ¢ x CP?-sliced curved domain walls for
SO(2) x SO(2) twist in SO(5) gauge group with ¢, =¢, =0. The blue, orange, green, red, and purple curves refer to
p1 = —2.90,-0.20, 0, 0.10, and 1.01, respectively.
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FIG. 38. Interpolating solutions between the locally SO(5) flat domain wall as p — oo and ¢ x CH?-sliced curved domain walls for
SO(2) x SO(2) twist in SO(5) gauge group with ¢; = ¢, = 0. The blue, orange, green, red, and purple curves refer to p; = —2.9, —0.5,
0, 0.5, and 4, respectively.
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FIG. 39. Interpolating solutions between the locally SO(5) flat domain wall as p — +oo0 and ¢ x R*-sliced curved domain walls for
SO(2) x SO(2) twist in SO(5) gauge group with ¢; = ¢, = 0. The blue, orange, green, red, and purple curves refer to p; = —2.9, —0.1,
0.2, 0.7, and 4.5, respectively. The dashed curve is the SO(2)x SO(2) flat domain wall obtained from p; =0
which implies p, = k = 0.
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FIG. 40. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +o0 and t x CP?-sliced curved domain
walls for SO(2) x SO(2) twist in SO(4, 1) gauge group with ¢; = ¢, = 0. The blue, orange, green, red, and purple curves refer to
p1 = —4,-0.5, 04, 1, and 2.5, respectively.
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FIG. 41. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x CH?-sliced curved domain
walls for SO(2) x SO(2) twist in SO(4, 1) gauge group with ¢; = ¢, = 0. The blue, orange, green, red, and purple curves refer to

p1 = —4,—-1.3,-1, 0.8, and 2, respectively.
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FIG. 42. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and  x R*-sliced curved domain
walls for SO(2) x SO(2) twist in SO(4, 1) gauge group with ¢; = ¢, = 0. The blue, orange, green, red, and purple curves refer to
p1 = —4,—1,-0.2, 0.6, and 2.4, respectively. The dashed curve is the SO(2) x SO(2) flat domain wall obtained from p; = 0 which
implies p, = k = 0.
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FIG. 43. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +o0 and ¢ x CP?-sliced curved domain

walls for SO(2) x SO(2) twist in SO(3,2) gauge group with ¢; = ¢, = 0. The blue, orange, green, red, and purple curves refer to
p1 = —4,—-1.5,—1,-0.7, and 1.2, respectively.
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FIG. 44. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo0 and ¢ x CH?-sliced curved domain

walls for SO(2) x SO(2) twist in SO(3,2) gauge group with ¢; = ¢, = 0. The blue, orange, green, red, and purple curves refer to
p1 = —4,-0.5, 0, 0.5, and 2, respectively.
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FIG. 45. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco and ¢ x R*-sliced curved domain
walls for SO(2) x SO(2) twist in SO(3,2) gauge group with ¢; = ¢, = 0. The blue, orange, green, red, and purple curves refer to
p1 = —4,-0.5, 0.1, 0.8, and 2, respectively. The dashed curve is the SO(2) x SO(2) flat domain wall obtained from p; = 0 which
implies p, = k = 0.
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FIG. 46. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x CP?-sliced curved domain
walls for SO(2) x SO(2) twist with shift scalars in SO(3,2) gauge group. The blue, orange, green, red, and purple curves refer to
p1 = -0.3,-0.6,-0.9,—-1.2, and -2, respectively.
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Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x CH?-sliced curved domain

walls for SO(2) x SO(2) twist with shift scalars in SO(3,2) gauge group. The blue, orange, green, red, and purple curves refer to
p1 = —0.3,-0.6,-0.9,—-1.2, and -2, respectively.

APPENDIX D: NUMERICAL SOLUTIONS FROM CSO(p,q,4-p-q) X R* GAUGED SUPERGRAVITY

All numerical solutions from CSO(p, q,4 — p — q) X R* are given in this appendix.

1. D4-branes wrapped on a product of two Riemann surfaces
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FIG. 48. Interpolating solutions between the locally SO(4) flat domain wall as r — -+co and ¢ x H> x H?-sliced curved domain walls
for SO(2) x SO(2) twist in SO(4) X R* gauge group. The blue, orange, green, red, purple, and brown curves refer to
71 = —4.01,-1.01,-0.50, 0.10, 1.12, and 3.40, respectively.
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FIG. 49. Interpolating solutions between the locally SO(4) flat domain wall as r — +o0 and t x H?> x R?-sliced curved domain walls

for SO(2) x SO(2) twist in SO(4) X R* gauge group. The blue, orange, green, red, purple, and brown curves refer to
71 = —4,-1,-0.40, 0.10, 0.75, and 1.90, respectively.

Up)

~N

!
~

(a) U solution (b) ¥; solution (c) V, solution (d) ¢ solution
$olp) #(0) oo
2 L 7 Aﬁp L
(e) ¢ solution (f) ¢ solution () profile of gy

FIG. 50. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco and f x §? x S2-sliced curved
domain walls for SO(2) x SO(2) twist in SO(2,2) X R* gauge group. The blue, orange, green, red, purple, brown, and black curves
refer to z; = —4,—-1,-0.50, 0.10, 0.48, 2, and 2.17, respectively.
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FIG. 51. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x S? x H?-sliced curved
domain walls for SO(2) x SO(2) twist in SO(2,2) X R* gauge group. The blue, orange, green, red, purple, brown, and black curves
refer to z; = —4,—-1,-0.21, 0.10, 0.50, 1.10, and 3.90, respectively.

(b) 71 solution

(o)

(e) ¢g solution

6 10° 7
-2 -2

(f) ¢ solution

T( 3 { 6 8 10

(d) ¢ solution

(g) profile of gy,

FIG. 52. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oco and 7 x S? x R2-sliced curved
domain walls for SO(2) x SO(2) twist in SO(2,2) X R* gauge group. The blue, orange, green, red, purple, brown, and black curves
refer to z; = —4,—1,-0.40, 0.10, 0.50, 0.54, and 3.70, respectively.

126023-61



PATHARADANAI NUCHINO and PARINYA KARNDUMRI

PHYS. REV. D 113, 126023 (2026)

Ule) Vi(e) Va(e)

4|

2

‘ .
2|
2 ) 8 107
Ii] I -2

(a) U solution

Fole)

(e) ¢g solution

(f) ¢ solution

(¢) V> solution (d) ¢ solution

(g) profile of gy

FIG. 53. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x H> x H>-sliced curved
domain walls for SO(2) x SO(2) twist in SO(2,2) X R* gauge group. The blue, orange, green, red, purple, brown, and black curves

refer to z; = —4,—1,-0.21, 0.11, 1, 2.60, and 4, respectively.
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FIG. 54. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +o0 and t x H> x R2-sliced curved
domain walls for SO(2) x SO(2) twist in SO(2,2) X R* gauge group. The blue, orange, green, red, purple, brown, and black curves

refer to z; = —4,—1,-0.40, 0.11, 1, 2.60, and 4, respectively.
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FIG. 55. Interpolating solutions between the locally SO(2) x SO(2) flat domain wall as p — +oo and ¢ x R? x R?-sliced curved
domain walls for SO(2) x SO(2) twist in SO(2,2) X R* gauge group. The blue, orange, green, red, purple, brown, and black curves

refer to z; = —4,—1,-0.4, 0.1, 1, 2.6, and 4, respectively.

2. D4-branes wrapped on a Kahler four-cycle

a. Solutions with SO(3) twist
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FIG. 56. Interpolating solutions between the locally SO(4) flat domain wall as p — oo and ¢ x CP?-sliced curved domain walls for
SO(3) twist in SO(4) X R* gauge group. The blue, orange, green, red, purple, and brown curves refer to g = 0.30, 0.60, 0.90, 1.25,

2.12, and 4, respectively.
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FIG. 57. Interpolating solutions between the locally SO(4) flat domain wall as p — oo and ¢ x CH?-sliced curved domain walls for
SO(3) twist in SO(4) X R* gauge group. The blue, orange, green, red, purple, and brown curves refer to g = 0.30, 0.60, 0.90, 1.25,

2.30, and 4, respectively.
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Interpolating solutions between the locally SO(3) flat domain wall as p — +oo and ¢t x CP?-sliced curved domain walls for

SO(3) twistin SO(3,1) X R* gauge group. The blue, orange, green, red, purple, and brown curves refer to g = 0.3, 0.6, 0.9, 1.5, 2.56,

and 4.
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FIG. 59. Interpolating solutions between the locally SO(3) flatdomain wallas p — +ocoand ¢ x CH?-sliced curved domain walls for SO(3)
twist in SO(3,1) X R4 gauge group. The blue, orange, green, red, purple, and brown curves refer to g = 0.3, 0.6, 0.9, 1.5, 2.5, and 4.
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FIG. 60. Interpolating solutions between the locally SO(2) flat domain wall as p — +oo and ¢ x CP?-sliced curved domain walls for

SO(2) twistin SO(3, 1) X R* gauge group. The blue, orange, green, red, and purple curves refer to g = —0.1,—0.5, —1, —1.4, and —4.2,
respectively.
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FIG. 61. Interpolating solutions between the locally SO(2) flat domain wall as p — oo and ¢ x CH?-sliced curved domain walls for
SO(2) twistin SO(3,1) X R4 gauge group. The blue, orange, green, red, and purple curves refer to g = —0.1,-0.5, -1, —1.8, and —4,
respectively.
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FIG. 62. Interpolating solutions between the locally SO(2) flat domain wall as p — +oco and ¢ x CP?-sliced curved domain walls for
SO(2) twistin SO(2,2) X R4 gauge group. The blue, orange, green, red, and purple curves refer to g = —0.1, 0.5, —1, —1.7, and —4 .4,
respectively.
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FIG. 63. Interpolating solutions between the locally SO(2) flat domain wall as p — oo and ¢ x CH?-sliced curved domain walls for

SO(2) twistin SO(2,2) X R4 gauge group. The blue, orange, green, red, and purple curves refer to g = —0.1,-0.5, -1, —1.8, and —5.2,
respectively.
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FIG. 64. Interpolating solutions between the locally SO(2) flat domain wall as p — oo and ¢ x CP?-sliced curved domain walls for

SO(2) twistin CSO(2,1,1) X R4 gauge group. The blue, orange, green, red, and purple curves refer to g = —0.1,-0.5, -1, —1.8, and
—4.4, respectively.
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FIG. 65. Interpolating solutions between the locally SO(2) flat domain wall as p — oo and ¢ x CH?-sliced curved domain walls for
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—4.2, respectively.
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