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The classification of the unitary irreducible representations of symmetry groups is a cornerstone of
modern quantum physics, as it provides the fundamental building blocks for constructing the Hilbert spaces
of theories admitting these symmetries. In the context of gravitational theories, several arguments point
toward the existence of a universal symmetry group associated with corners, whose structure is the same for
every diffeomorphism-invariant theory in any dimension. Recently, the representations of the maximal
central extension of this group in the two-dimensional case have been classified using purely algebraic
techniques. In this work, we present a complementary and independent derivation based on Kirillov’s orbit
method. We study the coadjoint orbits of the group SL(2, R) X Hs, where Hj is the Heisenberg group of a
quantum particle in one dimension. Our main result is that, despite the non-Abelian nature of the normal
subgroup in the semidirect product, these orbits admit a simple description. In a coordinate system
associated with modified Lie algebra generators, the orbits factorize into a product of coadjoint orbits of
SL(2,R) and Hs. The subsequent geometric quantization of these factorized orbits successfully reproduces

the known representations.
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I. INTRODUCTION

Symmetries have played a fundamental role in physics
since the pioneering contributions of Lagrange, Hamilton,
and Jacobi [1-5]. The modern treatment of symmetries in
theoretical physics originates from the seminal work of
Noether in 1918 [6]. Although initially motivated by the
challenge of energy conservation in the then recent theory
of general relativity, Noether’s results have had a far
broader impact. Today, her theorems stand as a central
tool in quantum field theory.

Noether’s first theorem states that, for every continuous
symmetry of a system, there exists an associated conserved
quantity, known as the Noether charge. One can also take
the opposite perspective and ask: Given a set of sym-
metries, is there a system that features them? In the
quantum case, the answer comes from representation
theory. Specifically, given a system with a symmetry group,
any quantum state must lie in an irreducible unitary
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representation of that group. By combining such repre-
sentations, one can construct quantum systems with the
desired symmetry properties. This idea is at the core of
Wigner’s famous classification of the irreducible unitary
representations of the Poincaré group, which underlies the
modern formulation of relativistic quantum field theory
[7]. In the classical case, the analogous question remained
unsolved for some time: Can one construct a system
whose phase space encodes a given symmetry group? The
answer came with the work of Kirillov, Kostant, and
Souriau on coadjoint orbits [8—13]. The statement is that
the classical phase space of a system is naturally expressed
in terms of coadjoint orbits of its symmetry group.
Moreover, Kirillov’s orbit method postulates a correspon-
dence between coadjoint orbits and unitary irreducible
representations, thereby bridging the classical and quan-
tum pictures.

How can these ideas be applied to gravity? Is there an
analog of Wigner’s classification for the symmetries under-
lying gravitational theories? An important difference from
the Poincaré group is that the symmetries of gravity are
local, so one must turn to Noether’s second theorem to
address these questions. This theorem states that any local
symmetry corresponds to a constraint, which, in turn,
reflects a redundancy in the equations of motions. To be
more precise, the conserved charges of Noether’s first
theorem are associated with codimension-1 objects—the
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Noether currents—that yield the charge once integrated
over a codimension-1 Cauchy hypersurface. When the
symmetry is local, the second theorem states that such a
current is an exact (d — 1)-form on shell of the equations of
motion and, by Stokes theorem, its integral localizes on the
boundary of the Cauchy hypersurface (a codimension-2
surface, called a corner). In the absence of boundaries, such
charge identically vanishes. As this charge does not
correspond to an observable, the associated symmetry is
not a physical one but is instead a gauge redundancy. States
connected by such a transformations have to be identified.
However, when boundaries are present, some of the charges
become nonvanishing and one says that the corresponding
symmetry is physical.

In the gravitational context, corner charges first appeared
in the work of Regge and Teitelboim [14]. More recently,
the influential work of Donnelly and Freidel [15] sparked
renewed interest in gravitational corner charges, leading to
an extensive study of the topic [16-28]. In particular, it was
found that the corner charges of any gravitational theory
realize a (possibly improper) subset of the universal corner
symmetry (UCS) algebra [26]

ucd = diff(S)&(gl(2, R)&R?)S, (1.1)
where S denotes the corner under consideration; its
presence in the exponent indicates that there exists a copy
of the algebra inside the parentheses for each point of the
corner. The algebra diff(S) has a clear geometric inter-
pretation, while gl(2, R) corresponds to boosts and dila-
tations in the normal plane to the corner, and the R? factor
corresponds to translations in the two normal directions.
The presence of the semidirect sum will be clarified in
Sec. II. As we will see there, the construction of the UCS
algebra relies on only properties of vector fields, making it
ubiquitous in theories with diffeomorphism invariance.
Because of its universality, the algebra (1.1) lies at the
core of the corner proposal. In this approach, the group
associated with the UCS algebra should be seen as the
gravitational analog of the Poincaré group in relativistic
quantum field theory. More specifically, it is conjectured
that quantum gravitational states are organized according to
the irreducible unitary representations of the UCS group or
one of its subgroups.

The next step of the program is clear: Find the irreducible
unitary representation of the UCS. Unfortunately, the
algebra (1.1) is infinite dimensional and complicated by
the semidirect sum structure with diffeomorphisms, so that
a full classification of its representations is not known yet.
One possibility is to first tackle a simplified version of the
problem by focusing on the group

UCS, = GL(2,R) X R?, (1.2)
which can be seen either as a restriction to the
two-dimensional case (when the diffeomorphism algebra

trivializes) or as a per-point analysis of the corner in the
full-dimensional case. Furthermore, the determinant part W
of the general linear group—GL(2,R) = W X SL(2,R)—
is not realized at finite-distance corners in all theories that
have been explicitly studied so far. It is believed to be
associated instead with symmetries at asymptotic corners,
where it appears as the Weyl factor of the generalized Weyl-
Bondi-Metzner-Sachs (BMS) group [29]. Therefore, we
can restrict to the so-called extended corner symmetry
(ECS) group in two dimensions:

ECS, = SL(2,R) X R2. (1.3)
The study of representations of this group and their
applications to the description of local subsystems was
initiated in [28] and continued in [30]. A key observation in
the study of representation theory is that, since states in a
Hilbert space are not directly observable per se, one must
allow for projective representations. In turn, this calls for a
classification of all possible central extensions of the
symmetry group. In these works, it was found that the
group admits a unique central extension in the translational
sector [in addition to the usual lifting to the universal cover

SL(2,R) — SL(2,R)]. The resulting maximally extended
group has been dubbed quantum corner symmetries (QCS)

group:

where H; denotes the three-dimensional Heisenberg group.
The complete classification of unitary irreducible repre-
sentations of the QCS has been recently obtained by one of
the authors [30]. Given the relevance that these represen-
tations play in our understanding of quantum gravity (and
particularly in the corner proposal), we want to provide a
complementary and independent derivation.

In this paper, we therefore take up the work that was
initiated in [26] and set out to recover the unitary irreduc-
ible representations of the QCS via the orbit method. This
derivation not only serves to corroborate the classification
of [30], but it also introduces a complementary, geometric
perspective that we believe will be instrumental for future
developments. In particular, it provides valuable insights
about the particle dynamics interpretation—analogously to
how relativistic particles arise from the coadjoint orbits of
the Poincaré group—which is of great interest for the
physics of the corner proposal. As we will show in
Sec. III B, some coadjoint orbits can serve as the configu-
ration space of quantum wave functions. This is directly
analogous to the interpretation of the coadjoint orbits of the
Poincaré, Galilean, BMS, and anti—de Sitter (AdS) groups
in terms of their corresponding particles [7,10,31-39].

Another advantage of the orbit method is that, apart from
the inherent computational difficulties associated with
more complex groups, the study of coadjoint orbits does
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not have any apparent obstruction in extending to higher
dimensions. This generalization is essential to get a
complete and correct picture. For instance, the appearance
of a central element in the translation sector implies that
translations no longer commute. While far from clear, this
seems to suggest that spacetime itself becomes fuzzy at the
quantum level, making it impossible to localize events with
arbitrary precision. On the other hand, the authors cannot
exclude at this point the possibility that the central
extension is an artifact of the two-dimensional setting.
Therefore, restoring the suppressed dimensions and rein-
troducing diffeomorphisms will be a crucial step.

In the next section, we introduce the corner symmetry
algebra of gravity and review the construction of its
defining representation in terms of spacetime vector fields.
We then discuss the extension of this algebra to the
quantum case and summarize the results obtained so far
in its representation theory. In Sec. III, we briefly present
Kirillov’s orbit method along with the basics of geometric
quantization, which is the quantization technique we will
use to produce Hilbert spaces from the orbits. In Sec. IV, we
first review and generalize the application of the orbit
method to the classical group of corner symmetries that was
performed in [26]. Then, we apply the same method to the
quantum case. We show that a careful analysis of its
coadjoint orbits and their subsequent quantization repro-
duces—modulo known subtleties and complications—the
representations derived in [30]. The explicit correspon-
dence is established in Sec. V.

We adopt the following notational convention. Bold
uppercase letters will denote vectors in the Lie algebra g
of a certain Lie group G, while bold lowercase letters will
denote (co)vectors in the dual algebra g*. Therefore, once a
pair of bases dual to each other has been chosen in these
spaces, we write, for example, X € g as X'm; and m € g* as
m,;X'. This is consistent with the interpretation of X’ as the
linear functional X + X' and m; as the linear functional
m — m;, which is valid for finite-dimensional vector
spaces. Furthermore, when many elements are involved
and there is a proliferation of symbols, we will generally
use Greek letters for Lie algebra components and dual
algebra basis elements, and Latin letters for Lie algebra
basis elements and dual algebra components.

|

[2, %/]Lie =

II. CORNER SYMMETRIES IN GRAVITY

In this section, we review the concept of corner sym-
metries in gravity and some of the recent advances in their
use and realization.

Given a differential manifold M and the embedding
¢:S — M of a codimension-2 surface S in that manifold,
one can consider the maximal subalgebra of diff(M)
associated with ¢(S). Explicitly, given local coordinates
(u?,x') on M close to ¢(S), with a=1,2 and
i=1,...,d—2, one can realize the embedding as

(2.1)
where ¢ = (¢!,...,6972) are local coordinates on S.
Among all possible embeddings, the trivial embedding
¢o(c) = (0,0") plays a special role, as it corresponds to
bulk coordinates adapted to S. In the following, we make a
slight abuse of notations and refer to the trivially embedded
submanifold simply as S instead of ¢(S). In the region
where the (19, x') coordinates are defined, we can write a
vector field in (M) as & = &9, + &'0;. Taking the trivial
embedding, one can expand both components around
points on § as

1
& (u,x) =&y (6) &0y, (D 45805, (Y"1 4,
(22)

i j ; 1.
£(u.x) :é—’ﬂ(o) () +§(1)b1 (x)u” +§§(2)b,b2 (x)ulrub2 4
(2.3)

It is easy to see that a consistent truncation in {u', u>} has
to stop at zeroth order for & and at first order for £%. Indeed,
as soon as we include other terms, the Lie brackets force us
to include the entire infinite sequence. Let us denote these
truncated vector fields as

&= &g ()0 + (&0 (x) + &y, (1)u")dye (24)
The subalgebra they generate is diff(S)a(gl(2, R)&R?)S,
as we can see explicitly from their Lie brackets:

[Qo)»é’(o)]ue + @(0) (5/1(10)) - é’(o)(é”(‘o)))aa + (§(0) (5/((10);,) - g(o)(f?o)b))”baa

biff(S)

Diff(S) actson gl(2,R)

Diff(S) acts on R?
- ﬂé(l)’fl(l)]]ba”baa - (éfnbé'f{)} - flzl)bfé)o))aa-

gl(2,R)

(2.5)

gl(2,R) acton R?

Here, we used [, -[] to distinguish the Lie brackets of gI(2, R)—the usual matrix commutator—from the Lie brackets of
vector fields. The algebra closes because [E & |Lie 1 another consistently truncated vector field. This algebra contains the
diffeomorphisms of the corner (which are one to one with the diffeomorphisms of S), and the set of smooth maps
S — gl(2,R) X R?, that we can think as a copy of the target algebra for each point on the corner.
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Since we did not make any reference to any field theory
content or geometry, the algebra we identified is kinemati-
cal and universal in the following sense: Any theory with
diffeomorphism invariance is trivially invariant under the
subalgebra, but most of the diffeomorphisms correspond to
pure gauge transformations even in the presence of a
corner; what is nontrivial is that this subalgebra contains
the algebra of corner charges of all geometric theories of
gravity. By virtue of this universality, we call uc3(S) =
Diff(S)@&(gl(2, R)&R2)S the UCS algebra.' The construc-
tion we just performed gives its so-called defining repre-
sentation. Classifying all the (irreducible) unitary
representations of the ucd(S) gives us control over the
possible quantum states describing gravity in a subregion
bounded by S.

So far, there are no known examples of theories whose
charges at a specific corner realize the full ucg algebra.
Nevertheless, we can find two important subalgebras. The
first is the ECS algebra

ec8: diff(S)&(81(2. R)&¢R?)S (2.6)

which is realized at finite-distance corners.” The
second, called asymptotic corner symmetry (ACS)
algebra, is

"It was previously referred to as the maximal embedding algebra.

In general relativity, given an isolated corner (in contrast to a
corner that is part of a codimension-2 foliation of spacetime), one
can locally write the metric in the Randers-Papapetrou form
[40,41]

ds? = hgp(u, x)(du® — af (u, x)dx') (du’ — a2 (u, x)dx/)
+ }’,‘j(l/l, x)dxidxj
and expand each metric function in {u', #?} in a similar fashion
to (2.2). The pullback of the diffeomorphism Noether charge

aspect to the corner gives the following generators of the corner
symmetry:

He = &) Ny + & pa + Elg)bj

where
N’y = V=hOlge.,. (2.7)
P =5 VRO, D). (23)
by = V=hOnls e al" . (2.9)

Since H; = H 5 We see that only the vector fields in the ECS

subalgebra have nontrivial charges: The determinant subgroup of
GL(2,R) is inactive, because N9, is traceless.

acd: Diff(S)&(waR2)S, (2.10)

where w >~ R is the subalgebra associated to the
determinant in GL(2,R). This algebra contains the
Bondi-Metzner-Sachs-Weyl algebra, which was shown to
be the most general that is realized in asymptotically flat
geometries [29]. All these algebras share the structure
diff(S) X h° [we repeat that §5 = C(S, )], where the
local algebra § is Yg := gl(2,R)@&R? for the universal
algebra, B := SL(2, R)&R? for the extended, and By, :=
w@R? for the asymptotic one. Notice that both §g and By
are ideals in bg.

In this work, we will focus on the local algebra b,
dropping the diff(S) part of the group. One can then
interpret our results as either stemming from a pointwise
analysis on S, a restriction to the spherically symmetric
sector of phase space, or as a complete analysis in d = 2,
where the corner is just a pair of points. Moreover, we will
consider only the ECS as our classical symmetry group.

In the following, we provide a description of the algebra
hs = 81(2, R)&R? and some of its properties. We define
the 3I(2,R) algebra as the vector space spanned by
{L¢, L.} with the following Lie brackets:

[L_.L] = =2iLy, [Lo. L] =F iL.. (2.11)

This algebra has the well-known quadratic Casimir
element, corresponding to the squared momentum®

; 1
G — 2= gL, = 13 + 5L Lo+ L.L,)
(2.12)

where we introduced indices i, j = —, 0, + and the invari-
ant Killing metric #”/ with signature (1,2). To build §, we
include the generators T € R? (with [T_,T,] = 0) in our
algebra and extend the Lie brackets to them in the following
way:

i .
Lo, T+]=F ETi» L. T.]=0, [LiT+|==iT,.

(2.13)

In this larger algebra, Cil(z’R) is not a Casimir anymore.
Nevertheless, the §g algebra still admits a Casimir, which is
cubic in the generators [26]:

3As a vector space, SL(2,R) = R(?), and the adjoint action of
the algebra on itself corresponds to the set of 2D Lorentz
transformations: one rotation and two boosts.
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3
CH=-L.T2-L.T+ <L0 + §i> T,T_

3
+ <L0 - §i> T_T,.

At this stage, one could simply drop the 3/8 factors
because 7_ and T, commute, but we prefer to keep them
around for later convenience.

(2.14)

A. Quantum extension

When we consider a quantum theory, we are interested in
the construction of a Hilbert space H and the computation
of transition amplitudes (a|b) between any two (normal-
ized) vectors a,b € H\{0}. On the other hand, since we
can ever have access to only transition probabilities
|(alb)|?, we cannot determine the phases of each vector
but only their difference. For this reason, quantum states are
defined as equivalence classes of normalized vectors
la) ~ e®|a) (i.e., they are element of the projective
Hilbert space (#\{0})/C*], and the operators U, that
represent a symmetry transformation g are allowed to
change @: Since this change might depend on the trans-
formation itself, one finds that they generically form a
projective representation of the group. This means that two
operators compose as

Uy Uy, = 0(91,9)U (2.15)

9192°
where (g, ¢,) is a 2-cocycle of the symmetry group. An
important result in representation theory is that the pro-
jective representations of a path-connected group are
equivalent to the ordinary representations of its maximal
central extension [42,43].

In light of these considerations, we expect that the
symmetry group which is going to be represented in the
Hilbert space is not SL(2,R) X R? but rather its maximal
central extension, which we dub QCS group and denote by

Hy = SL(2,R) X H;, (2.16)
where the tilde denotes the universal cover and Hj is
the Heisenberg group of 1D quantum mechanics, that is, a
three-dimensional Lie group. The extension R?> — Hj is
due to the presence of a nontrivial 2-cocycle in the
translation sector of the ECS, whereas the universal
cover is due to the fact that SL(2,R) is not simply
connected. Whereas the latter extension is present
at the classical level—a group and its universal cover
share the same algebra—the former is a purely quantum
effect, analogous to the appearance of a nontrivial
commutator between positions and momenta in quantum
mechanics.

Let us now consider the Lie algebra associated to H ),
which we can also think of as a central algebra extension of

bs. To construct §, we introduce a central element in the
translation sector:
[T_,T.] =—iE, (2.17)

making it non-Abelian R?> — H;. Because of this defor-
mation, the cubic Casimir is deformed as well:

Ce = % +2BC N (2.18)

Clearly, in the limit where the deformation is removed
(E - 0), we recover the Casimir of fg. What is more
surprisingly is that, in the opposite limit E — oo, C?Q
becomes proportional to CiI(Z'R). This apparent coinci-
dence hints at a quite remarkable property of this algebra,
which we are now going to exhibit. Let us consider the
universal enveloping algebra of §, and define the following
elements’:

1
LOZLO_E(T+T—+T—T+)’ (219a)
[ —L. -1 i—r -t (2.19b)
) Sl - T 2T '
which satisfy an 81(2, R) algebra
[L_,L,] = -2iL,, Lo, L] =F iLy (2.20)
and commute with the translations
[Lo.T:]=0. [L..T.]=0, [Ly.T5]=0. (2.21)

This construction implies that we can embed the algebra of
SL(2,R) x Hs in the universal enveloping of the algebra of
SL(2,R) X Hs. In terms of these modified generators, the
cubic Casimir of §, can be written as

P R £ z

reproducing the SL(2, R) invariant product L?. The limit
E — oo is the limit in which the quadratic T contributions
in (2.19) becomes negligible, and the new 3[(2,R) gen-

erators approach the old one L — L. Accordingly, C;’Q
tends to 2EL?. One can also rewrite the cubic §g Casimir in
the intriguing form

C = 2E(L* - I2). (2.23)

“The universal enveloping algebra_does not contain the
reciprocal of E. Strictly speaking, the L generators belong to a
quotient of the universal enveloping algebra of R x f,, where the
basis element E~! € R commutes with everything, by the ideal
generated by E~'E — 1 (or, equivalently, EE~' — 1).
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Let us now give an interpretation of the elements (2.19).

Since both L and L generate a 8[(2, R) algebra, it follows
that

LT2 iT%

1
—(T. T T_-T
(+—+ —+)’ 2E + 2E

E (2.24)

are 8[(2,R) generators as well. These elements are well
known in the mathematical literature as the generators of
the Weil representation, which often arises in the context of
induced representations. Since SL(2,R) is the automor-
phism group of Hj;, representing T, and T'_ in some space
automatically induces an Mp(2, R) representation in the
same space, where Mp(2, R) is the metaplectic group, the
double cover of SL(2,R). In this sense sense, the L
generators parametrize the “distance” of a certain
SL(2, R) representation from the metaplectic one.

Let us take a moment to pause and consider what
happens in d > 2. If we were to look back at the entire
corner, given the common structure of the universal corner
symmetry algebras, one could naively expect the full

quantum group to be something like Diff(S) X Hg, where

Diff(S) is the maximal central extension of Diff(S).
However—in addition to the complication that the maximal
central extension of the diffeomorphisms group is highly
dependent on the dimension and the topology of S—the
central extension of a (semidirect) product is not the
(semidirect) product of the extensions, which means that
finding the correct group requires looking for the exten-
sions of the ECS group Diff(S) )X (SL(2,R) i R?)S itself.
Already at the classical level, we know that reintroducing
diffeomorphisms has dramatic consequences. At the alge-
bra level, diff(S)&hs and diff(S)&Ghyw are no longer ideals
inside diff(S)@hg. Diffeomorphisms can change both the
form and the number of Casimirs. For example, in the
simpler case when we drop the translation sector (what
remains are corner-preserving transformations), we know
that 8[(2,R) has a single independent Casimir, while
biff(S)@8I(2,R)S has an infinite number of invari-
ants [18].

B. Representation theory of the quantum corner
symmetry group

To keep the exposition self-contained, we report here the
complete set of unitary irreducible representations of H
that was found in [30], together with a presentation of the
algebraic method one can use to find them.

Let us consider a semidirect product group H X N. By
this, we mean that elements of H are associated to auto-
morphisms of N (n — hi>n) such that the composition law
has a mixing between the two sectors

(hi.ny) - (ha,ny) = (hy - hyony - (hi>n)). (2.25)

If z is a irreducible representation of N on the target space
V., then h € H acts on it producing a new representation 7z,
in the same space, defined by

(m)(n) = 2(h~'>n). (2.26)
Considering the equivalence class of both sides (two
representations are equivalent if there is an isomorphism
1:V, — V. such that 7yol = Iox;), one extends the
action of H to the set of inequivalent irreducible repre-
sentations of N ([z], = [x}]). This set is foliated by H
orbits.

Some classes of inequivalent representations have non-
trivial stabilizers, which means that there exists some
elements of H that leave the class invariant. These elements
form a subgroup that we call the little group of that class:

Hy = {heHllm] = [#]}. (227)
This definition means that, for each z € [x], there exists an
automorphism 7, € Aut(V ) such that 7, = [, omoZ;".

According to Mackey’s theory of induced representa-
tions [43,44], one can construct the irreducible (unitary)
representations of the group H X N by first constructing
the irreducible (unitary) representations of H; X N
and then inducing a representation of the full group.’ In
the case where H |, coincides with the full group, one does
not need to perform the last step, and the representations
take the form of a tensor product [End(V, W) is the space of
linear maps V — W, here End(V) = End(V, V)]

Pojn: Hy X N - End(H, ® V,),  (2.28)

(h’ n) = pu,[n:](h’ n) = 6<h) ® H(H)Ih, (229)
where ¢: H;) — End(H,,) is a representation of Hp,. The
complication when N is non-Abelian is that the maps & —
I, generally form a projective (unitary) representation of
H|,. Therefore, before combining the representations of
Hp; and N, o needs to a projective representation that
“balances” Z in the sense that h — o(h) ® Z, is an
ordinary, nonprojective, representation.

In the case at hand, the QCS group H, in (2.16) has the
structure of a semidirect product with a non-Abelian
normal subgroup, Hs;. According to the Stone-von
Neumann theorem [45], the Heisenberg group has

>Given a group G and a representation D: H — End(V) of a
subgroup of H C G, one can construct a representation of
the G over the space of V-valued functions of the coset G/H
by g~ U,€End(I'(G/H,V)) with

(Ugyw)lp] = D(h)ylg~'>p]. VY peG/H,

where > denotes here the natural action of G on the coset G/H.
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essentially one, up to equivalence, (strongly continuous)
unitary irreducible representation z, for each choice of
nonzero ie = x,(E) € iR—an element in the center Z(}5)
must be represented by a multiple of the identity in any
irreducible representation. For e = 0, there are infinite
irreducible representations, but they are not interesting
for us. Therefore, [1; = R. One possible representation
space for z, is the Fock space §¥, of a free particle with
ladder operators:
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where we write |n,k) for |[n) ® |k)eH,, ® F.. The
quantum numbers k is the eigenvalue of the Fock space
number operator, while n is defined by (2.31c). The cubic
Casimir is given by a multiple of the identity

n, k) =2eq(1 - q)

* b
Pane(C5°) n k).  (2.32)

The representation in g, is unitary for all e # 0, while the
special linear operators are unitarily realized in H,, , only in
the following cases.

Trivial representation. When g = 0 and the spectrum of
L, contains zero, then the representation is one-
dimensional—it is the only finite-dimensional unitary
representation—because all generators annihilate the
state |0).

Discrete series representation. For q > % and u = +gq,
then L.| & g) = 0 and the spectrum of L, is either
q+Zor —q—Z72.

Continuous series representations. If ¢ :%—I— iR and
lu| <% or |u| < g <l—these two cases are known as
the principal and the complementary series, respec-
tively—the ladder created by L. does not stop and the

The little group of z, is the entire SL(2, R), which means
that the representation theory of H  falls in the simple case
where the representations are a tensor product.

The representations of SL(2,R) depend on two
numbers, associated to the eigenvalue of the Casimir L?
and to the eigenvalue of the central element e?"o [46].
We write the first as g(1 — ¢), with g€R or g -1 €iR,
and the second as e**. When the group that is
represented is the noncovered SL(2, R), the central element
must be in Z,, which means that € Z/2. If we call H o
the carrying space of this representation, we deduce that
representations of the QCS group are p,,, = Po,,ln):
Hy — End(H,, ® §.). At the algebra level, the basis
elements of §, are represented as®

(2.31a)

(2.31b)

(2.31c)

(2.31d)

(2.31e)

spectrum of L, is p+ Z. The representations for
u >0 and u < 0 are equivalent.

III. THE ORBIT METHOD

A. Review of coadjoint orbits

Let G be a Lie group and g its Lie algebra ¢ = T,G. G
has a natural action on itself by conjugation & > ghg™'.
The push forward of this map allows us to construct an
action of G on its algebra

(9.X) > & (geg) (3.1)

Gxg=g. dr
=0

==Ang.

Since the Lie algebra g is a vector space, we can
introduce the dual space g* as the space of linear func-
tionals m:g — R, X — (m,X) €R. In this space, we can
define the coadjoint representations by requiring consis-
tency with the pairing (-, -), that is,

®This for ¢ > 0. The inequivalent representation for e < 0 can
be easily constructed.
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Ad*: G—GL(g"), (Adym.X)=(m,AdX). (3.2)
Given a point m € g*, we introduce its coadjoint orbit as

the set of points that can be obtained acting on it with the
group

O = {Ad;m|ge G}. (3.3)
It is sometimes useful to add a G superscript to distinguish
between coadjoint orbits of different groups. It is easy to
see that coadjoint orbits do not intersect; hence, they foliate
g”. Since the action of G is generically not free, the leaves
of this foliation do not have the same dimensions. To make
this statement precise, we define the stabilizer of m € g* as
the subgroup of G elements that act trivially on it:
Gy = {9€G|Ad;m = m}. (3.4)
An important result in the theory of Lie groups is that the
orbits can be written as homogeneous spaces:
O ~G/G,. (3.5)
The relevance of the coadjoint representation is that the
corresponding orbits are symplectic manifolds. In fact, g*
inherits a Poisson algebra structure from the Lie algebra
structure of g:
{X Y m) = (m,[ X, Vim]), ¥ X, VEC®(g"), (3.6
where the differential X, of any function at m is a linear
map T,g" = TxumR. Since both ¢* and R are linear
spaces, this is also a map g* — R and, hence, an element of
(g*)*, which we can identify (at least for finite-dimensional
vector spaces) with g, thus explaining why we can take a
Lie bracket between two such elements.’
With the Poisson brackets at our disposal, we can
associate to any function X' € C%®(g*) its Hamiltonian
vector field éy € X(g*):

£y = —{X. ). (3.7)

Since

Exs Eyliie = —Erays (3.8)
the distribution of Hamiltonian vector fields is integrable
and, by Frobenius’ theorem, Poisson manifolds are foliated
by their orbits. This foliation is called symplectic because
each leaf is naturally endowed with the closed, nondegen-

erate 2-form w(&y, &y) = {X, V}.

"The converse—that, for every element X € g and m € g*, one
can find a function X" such that X,,, = X—is always true.

We finally come to the result that coadjoint orbits are
symplectic manifolds by showing that the orbit foliation is
equivalent to the symplectic foliation. From (3.6) we show
that, for each ),

()Y = X, V}Hm) = =(m, [X o, Vim])

= —(m ady ,V.n]) = (ady m V.n).  (3.9)

Therefore, given a basis {e;} in g, we can write this vector
field as

0
(Ex)m = (adym., e;) —

aui = (gX)m ’

m

(3.10)

where the coordinates {u;} are, at each point g € O,,, the
components of the same point ¢ in the basis of g* dual to
{e;} and we denoted by X the Lie algebra element
associated to X,,,. This explicit construction shows that
the tangent space of a symplectic leaf is spanned by the
orbit generators at each point, whence it follows (by
integrability) that the symplectic leaf is the orbit itself.
The symplectic structure on each coadjoint orbit is given by
the so-called Kirillov-Kostant-Souriau (KKS) 2-form
Qe Q?(g*), defined, for each g € O,,, by

Qg(fxfl’) = (q, X, Y]). (3.11)

If we denote the infinitesimal generator of the coadjoint
action as &y ~ ady, we can derive the relationship

I§XQEQ(§X’) :djx, (312)

where d is the usual exterior derivative on the exterior
algebra Q(0,,) and Jx =(J(-),X), with J7:0,, — g
is the so-called momentum map,8 given by the inclusion
Om = 6" Ix(Adgg) = (T(Adjg), X) = (Adjg, X).
Indeed, (15,67x), = (év[Tx])y = $(Tx(Ad v q))|—o =
Jx(adyq) = (adyq.X) = (¢.[X.Y]), which is the same
as (g, 1:,Q), for any g€ O,, and any Y €g.

An important consequence of the existence of the
momentum map is that the G action on the orbit is always
symplectic, in the sense that each coadjoint transformation
is a symplectomorphism:

dQ=0

~
£.Q=dl, Q+1.d0 =Ty =0. (3.13)

The momentum map also provide an explicit realization of
a function whose differential equals X at g € O,,, that is,

¥For a general symplectic manifold (M, Q), a momentum map
is a smooth map J: M — g* such that

I.Q=5(J(),X), ¥V Xeg.
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(Jx).q = X. Therefore, the Hamiltonian vector field asso-
ciated with the momentum map is the generator itself:

(gjx)q = (€X>q’ v qeom (314)

As a consequence, the momentum map provides a repre-
sentation of the Lie algebrag

{Tx. Iy} = Txy (3.15)

1. Orbits of the Heisenberg group

The Heisenberg group Hs; can be realized as the set of
3 x 3 upper triangular matrices of the form

1
n(a,b,c)= 1|0 (3.16)
0

S = Q

c
b ’
1

with standard matrix multiplication as the group product.
The Heisenberg algebra 5 is then isomorphic to the algebra
of strictly upper triangular matrices with the standard
matrix commutator. A convenient basis is

010 000 001
A=]1000]|, B=]001], E=]000],
000 000 000
(3.17)
where we introduce A and B by
A £ iB
T, = , 3.18
+ \/i ( )
so that they satisfy
[A,B] =E. (3.19)

We now want to describe the elements of b3 using the
standard bilinear form on matrices

(p,X) = TrpX],

Using the above form, we observe that the orthogonal space
to the algebra b3 is isomorphic to the upper triangular
matrices. The dual algebra is, therefore, isomorphic to
strictly lower triangular matrices

Xeh  peh.  (3.20)

b5 = M;3,3(R) /by (3.21)

and is spanned by

°For a generic phase space which is not a coadjoint orbit, the
algebra is represented up to central extension.

000 000 000
a=|100], =000, e=|000
000 010 100

(3.22)

Equation (3.21) defines an equivalence relation where two
matrices are equivalent if they have the same strictly lower
triangular part. Any matrix p € M3,3(R) can then be
identified to a element of the dual algebra by considering
its equivalence class [p] € h;. The coadjoint action of a
group element is then simply given by the matrix product

Ad;[p] = [npn~']. (3.23)
A simple calculation gives
000 0 0 0
Adjl(a,b,c) AOO]||=|]|A+bE 0 O
EBO E B—aE O
(3.24)

The fact that E is constant under the coadjoint action arises
from the fact that E is a Casimir of the Heisenberg algebra.
At the dual algebra level, a coordinate function associated
with a Casimir element is a Casimir function. Since
the orbits are characterized by a fixed value of E, points
p = (0,0, E) in the coadjoint space with different E belong
to separate orbits, and for every one of them we can take
one such point as a representative. The above equation tells
us that, given a value of E # 0,10 the orbits of the
Heisenberg group are two-dimensional planes:

Op' = Ogor = {(A,B.E)|A, BER}.

(3.25)
As expected, we have a foliation of the dual algebra in
terms of coadjoint orbits:

* A~ — [H]3
R = U O.

Ly (3.26)

Using the coadjoint action, we can compute the funda-
mental vector fields ady in the basis of TO}';]3 associated
with the (A, B) coordinates on the orbit:

£ = —Edy, &g =Ed,  &=0. (327)
The only nonvanishing component of the KKS symplectic
form at a point p = (A, B, E) is given by

Q" (£4.53) = (p.[A.B]) = ((A.B.E).E) = E.  (3.28)

"The E = 0 orbits are simply points and will not be of interest
to us.
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which implies

1
Q' = -dA A dB. (3.29)

Since the orbits are contractible—they are isomorphic to
R?>—the KKS form is not only closed but exact. Indeed, we
can write Q% = —do™ with 6" = L BdA.

2. Orbits of SL(2,R)

The special linear group is the set of 2 x 2 matrices of
unit determinant with matrix multiplication as the group
product. At the algebra level, this condition reflects in the
matrix defining representation being traceless. We choose a
basis to be

L_i(l 0) L_(10> L_<1—i> (3.30)
°2\0-1/) " \io) T \oo/) 7

As in the previous example, we want the pairing between
the algebra and its dual to be given by the bilinear form on
M,,»(R). This implies that 8[(2, R)* are multiples of the
identity and that 8[(2, R)* are traceless matrices as well.
Alternatively, one could infer that 8[(2, R)* = 8[(2,R)
from the existence of the nondegenerate Killing form #:
Taking 6" = 257'/L; as the basis for the dual space explicitly
shows the isomorphism between the two. Given this basis,
the explicit coadjoint action transform these components as
Ad;,(L0") =2L i/ Tr[hL*h~'L;)0' = L;A(h)/ 0",  (3.31)
where A(h)/, is a SO(2,1) Lorentz transformation.
Therefore, the coadjoint orbits of SL(2,R) are in one-to-
one correspondence with the orbits of a vector in R(1:2—
given by the coordinates (Lg, L. ,L_)—under Lorentz
transformations, from which we borrow the nomenclature.
These orbits are characterized by the constant value of
L? = —A, which is the Casimir function associated to L?.
(1) Massive orbits. When A > 0, the orbits are the two
sheets of a two-sheeted hyperboloid, distinguished
by the sign of L. The corresponding tangent spaces

are spanned by''

i
o =F——
LT T ATLLL

0, =+ ! & (3.32)

T2 A+L,L_

S

"The coadjoint orbit generators &, can be written in the
coordinate basis of 8[(2, R)* as

§L0 = iL+(3L‘ - iL_aL_,
ZjL_ = iL_aL() + 21.L06L+.

éL‘ = —iL+(3L“ - 2iL0(3L_,

where the upper (lower) sign corresponds to the
upper (lower) sheet. On these orbits, the KKS
form is

QSL(ZR) _ j:i dL_ A dL+
A 2 /A+LL_

(i) Tachyonic orbits. When A < 0, the orbits are one-
sheeted hyperboloids. To conveniently parametrize
them, we use the angle ¢, defined by L. = (Lj £
is)eTi# with s> = —A, which allows one to span the
tangent space to these orbits with

(3.33)

i L0+is§L+_L0—isch 5 ——¢
L, L, L, L ) " ko

Lo =7
(3.34)

Computing the KKS form gives
QR — 4L, A do. (3.35)

(iii) Trivial orbits. When A =0 because L; =0, the
orbit is a single point.

(iv) Null orbits. When A = 0 but L; # 0, there are only
two orbits, given by the null cones in the L, > 0 and
Ly < 0 half-spaces. One can see the null orbits either
as the A — 0" limit of the punctured massive
orbits (one removes the point L, = L_ = 0) or as
the A — 0~ limit of the sliced tachyonic orbits (one
removes the circle L, = 0) and extend to them the
previous parametrization and results.

We denote a generic orbit as Oi]_“f’R) where, for A > 0, the
additional label o € {—1, 41} distinguishes the two sheets,
while, for A =0, 6€{-1,0,+1} distinguishes the two
cones and the origin. The interested reader can explore in
greater depth the SL(2, R) group and representation theory
by consulting the extensive literature on the subject (see

[47-49] for a selection of relevant references).

B. Geometric quantization of coadjoint orbits

Because they are symplectic, coadjoint orbits are good
candidates to represent physically interesting phase spaces.
Moreover, as they carry a transitive, Hamiltonian action of
a symmetry group (the original group G), they provide
irreducible representations of that group. In some sense,
orbits provide an abstract class of symmetric phase spaces.
Thus, results that we report in this section apply to
coadjoint orbits as well as to general symplectic manifolds.
Similarly, at the quantum level, one expects the quantiza-
tion of coadjoint orbit to provide Hilbert space representa-
tions of the symmetry group. This idea is at the core of
Kirillov’s program to obtain unitary group representations
from the quantization of coadjoint orbits [12]. Because of
the lack of general results, the orbit method is not a proved
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theorem yet (except for some cases [9]), but it is still a
powerful tool in representation theory [13,50-52]. We
review here the basics of geometric quantization, with
the purpose of applying them in the following sections.

The starting point to geometrically quantize a coadjoint
orbit O—in this section, we omit writing the subscript—is to
introduce a complex line bundle £ over it. Sections of this
bundle serve as wave functions representing quantum
states.'> The two missing ingredients to complete prequan-
tization are a connection and a Hermitian structure on £ that
are compatible. A Hermitian structure is a smooth map (*, *)
that, for each point m € O, maps I'(O, L) xT'(O, L) - C
linearly in the second argument and antilinearly in the first.
A connection is a rule that allows us to compare sections at
different fibers in order to take derivatives in the space of
sections I'(O, £). Specifically, given any (complex) vector
field £ € X (O), the connection is a linear map I'(O, L) —
I'(O, L) that satisfies the Leibniz rule

V:(fW)=&(f)¥+ VY, VYel(O,L), feC®(0,C).
(3.36)
|

1
i i

Compatibility between these two structures entails that

S[(P),Wy)] = (Ve W,) + (W), V. P,). (3.37)

If £ is a vector field that makes the lhs vanish, this condition
tells us that iV, is an Hermitian operator.

The basic request we make on a quantization prescrip-
tion is that the Hilbert space must support an operator
algebra that is associated with the Poisson algebra of
classical observables in the sense that [X, )] = i{X, V}.
Because the Hamiltonian vector fields reproduce the
Poisson algebra (3.8), the association

X->X=x-iV,, (3.38)

is a suitable prescription as long as the curvature form of the
connection is proportional to the KKS Ry = i€Q.
Proof. Direct evaluation shows that

PSRN 1
: [X, y] = [X - ivg,r, Y- iV{:y} = _é:)((y) + 531(')() + i[véx’ véy]

- 2{‘)(’ y} + iv[fx;fy]ue + iRV(g)ﬁ fy) = 2{)(7 y} - ivf{my} + iRV(£X7 gy)

The last term in round brackets vanishes if and only if the
curvature of V coincides with (i times) the KKS Poisson
brackets (3.6), which proves the claim. (]

In order to be promoted to the curvature form of a
complex line bundle, the KKS form must satisfy an
integrality condition in terms if its (de Rham) cohomology
class, that is, [Q] € H*(O,2x7).

Once prequantization is completed, the space one is
dealing with is still too big. Since the orbits are symplectic
manifolds, a section over it will generically depend on both
positions and momenta, in contrast with the uncertainty
principle. To fix this problem, one splits the variables in half
and chooses the polarization of wave functions to be in
either position or momentum space. More covariantly,
where there is no global way to make the separation of
positions and momenta, a polarization is an involutive
distribution P € T*(O) that is also Lagrangian, meaning
that Q(&,,&) =0 V &,& € P, and has maximal dimen-
sion (half the orbit dimension).

The choice of polarization is deeply related to the choice
of connection because, after we construct the operators
with the quantization map (5.3), we must retain only those

If 7: £ — O is the projection to the base manifold, a section
w is amap O — L such that 7oy = Idp.

(3.39)

|
operators that preserve the polarization. In other words, the
symplectic potential for Q that one uses to build such a
connection must be compatible with the polarization. We
will see some examples of this in the following.

IV. ORBIT ANALYSIS FOR CORNER
SYMMETRY GROUPS

Before we analyze the coadjoint orbits of the QCS group,
we review their construction for the ECS, and, for the sake
of completeness, we summarize the findings of [26]. In this
section, for compatibility with the literature, we switch
from the vectorial basis {L, L.} we introduced in Sec. I
to a matricial basis given by

J=in'(z;)%L;, a,b=12, ij=0+—- (41)
where the 7 matrices can be taken to be 7y, = —o3 and
7. =F (61 F io,). In this basis, the 8[(2, R) Casimir is
1J%. Consistently, we also write

(T_.T.), ab=12  (42)

V2

In this new basis, the hg commutation relations read
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% I 4] = 03 d“a — 84 .

1
[Je, P, = —5¢P, +§5,‘1Pc, [P,, P, =0, (4.3)

while the cubic Casimir is
1
€Y = 1 (2 PP, + PP+ PP ).

(4.4)

where €% is the inverse of the SL(2, R) invariant tensor:

B 0 1
€ab = 1 0 .

A. Coadjoint orbits of the extended corner
symmetry group

(4.5)

Being five-dimensional, the dual algebra §§ cannot be a
symplectic manifold itself, which means that the maximal
dimension of the Hg orbits is 4. We will see that this
dimensionality reduction is due to the existence of the cubic
Casimir in the algebra.

Given the real basis (4.3) in §g, we write a generic vector
as X = (0,Z) = 0°,J°, + ¢°P,. For any (h,n) € Hg, the
adjoint action on X is

Adg X = (hOh™)*,J%, + (h*yC" = (hOR™")*,n")P,,
(4.6)

where we wrote i € SL(2,R) and n € R? in their defining
representations so that the action in the semidirect product
SL(2,R) X R? reduces to the natural action of matrices on
vectors.

According to our convention, we write an element of the
dual space asm = (j,p) = J*,0°, + P,&%. We can deduce
from (4.6) that a group element acts on it as

Ad?h,n)m = _(hjh_l>ab0ba - Pa(h_l)ab<0bcnc - Cb)
(4.7)

The push forward of this action gives us the following
transformations under the action of &y:

{dXJab: (.61, — PpC* +3P.LC6S, (48)

dXPa - Pbﬁba.

Once we fix a basis in the algebra, we can use CZ’S to
define a function on g¢* that maps m — C?S (m) :=
e’ Je,P P, [notice that, unlike in (4.4), J%, and P, here
are components in a given basis; hence, they commute].
The variation of this function is

dyCY (m) = e (dyJ*,P P, + J*,dyP P, + J*,P.dyP,)
= i(J9 P, —JP,)0 € =0, (4.9)

where the last equality follows because 8 ,.e? is symmet-

ric."® Orbits must, therefore, lie within the level sets of C? s,
The KKS form on these orbits reads

QFS (&x, &x) = =J 0,070 — Pa(6%,C" — 0°,L").
(4.10)

Ideally, one would like to invert the system (4.8) and
express the Lie algebra vector components in terms of the

variations induced in the dual space element. Because Cgs
is constant along the orbit, the system has rank 4 and it is
not invertible, but one can use (4.9) to eliminate one
variation and solve for the rest.

Let us consider again (4.7) and notice that the result
depends on p only through the combination P,(h~")%,; the
ECS orbits—just as the orbits of any semidirect group with
a vectorial normal subgroup [36]—form a fiber bundle over
the SL(2, R) orbits in R?*:

Wit@®) — (p pb £ eSL(2,R)}.  (4.11)

Each fiber is a direct product of the cotangent space to this

orbit with a coadjoint orbit of the stabilizer SL(2,R),—

specifically, the one acting on the restriction of j to the

stabilizer itself. The orbits WSL(ZR) are very simple,

because either p = 0 and the orbit is trivial or p # 0 and
the orbit is the entire plane.

(1) In the first case, the coadjoint action of the ECS

reduces to Adj, p = (h"'Jh)*,0", = Adjj, and

the stabilizer is trivially the entire SL(2,R). The

coadjoint orbits of the ECS reduce to the SL(2, R)

L(2.R)

coadjoint orbits OJ.S ( , which are either two- or

zero-dimensional.

PAny element B of the universal enveloping algebra U(g)
corresponds to a function in g* via the following procedure. If we
expand B=3, b,X; ® ---® X, , we construct the function
B(m) =3, c,m; ...m; with X;(m) = m;. The variation along
the orbit can be computed with the Leibniz rule and considering
that 5ym,; = (adym, X;) = —(m, adyX,):

dyB(m) = —an((m,adXXil>mi2...min +m; (m,adyX;)...m;
n
+ -+ milmiz...<m,adXXin>)
:—Z(m®m® -+ ®@m,b,ady
x(X;, ®X;, ®---®X,;)) =—(m,adyB).

Then, if B is a Casimir, it follows that B is invariant along the
orbit.
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(i) In the second case, we can use a special linear
element to set p = (1,0) € R?*. The stabilizer group
is one-dimensional, generated by the elements

0 0
Lo €38L(2,R)( 9

The restriction of j to the stabilizer is given by the
equivalence class of 8[(2,R)* matrices with the
same upper right entry

G o)l
0 0/
One can easily check that this class is preserved by
the stabilizer coadjoint action. The total orbit di-

mension is the product of the dimensions of the base
manifold and of its cotangent space 2 x 2 = 4.

B. Coadjoint orbits of the quantum corner
symmetry group

After reviewing the coadjoint orbit analysis of the ECS,
we can turn our attention to the quantum case, which for us
means considering the group H, = SL(2,R) X Hj. The
first difference with the previous case is that the normal
subgroup is not Abelian, which generally makes the analysis
more complicated. However, the specific case we deal with
is surprisingly simple, as we will see. Let us recall that, in the
defining representation of the Heisenberg group (3.16), the
action of a SL(2, R) element is'*

lac

u v

< )> 010

Wz
001
1 ua+vb c+%(ua+vb)(wa+zb)—Lab

=10 1 wa+zb

0 0 1

For convenience, we report here the fundamental f, Lie
brackets in the matricial basis:

[Jab’ch] :52Jad_6?[~lcbv

1
P =8P, +560Pe. [PuPy=caE.  (4.12)

We define the dual basis {8, £, 6} of by, by the nontrivial
pairings

“In the orbit analysis, we will consider only SL(2, R) and not
its universal cover because, at the level of their action on the
Heisenberg group, they are the same. Differences will appear
when we realize the group action on some Hilbert space carrying
a representation of the Heisenberg group.

. N S
(0 a) =536, ~ 56455 (&“ps) =0}, (0. E)=1.
(4.13)

Therefore, if we write a generic element of by as X =
0*,J°, + P, +6E and an of h5 as
m=J0", + P, + Eo, their pairing gives

element

(m,X) = J40", + P,l* + Eo. (4.14)

The adjoint action of the group on its algebra is
Adgy X = (hOR= )2, ", + (W, — (hOh~)",nb)P,
+ (0 + ne,,hb L¢ — %n“eah(hﬁh_l)bcn‘)E,
(4.15)

where n? = (n', n?) are the components in the R? sector of
H3, while the last component—n3—does not contribute to
the adjoint action. Dualizing (4.15), we find the coadjoint
action at group level:

AdEK

h,n

)m - _(h‘lh_l)ahaba - Pc(h_l)cbnaaba

a

1
- EEncebcn"aba + (Pb(h_l)b

— En’e,,)¢* + Eo, (4.16)

and, at algebra level,

adym = ([J,0], — P,¢*)0%, + (P,0%, — EC%,,)E".
(4.17)

From the cubic Casimir C?Q, we construct the following
function:

C3° (m) =C% (m) +2EC3" ™ (m) = e J*, P P, + EJ*,J,,
(4.18)

which will be constant along the orbits. The presence of
two Casimir functions (the second function is trivially E)
implies that the H 0 orbits are, at most, four-dimensional.
We now wish to characterize all of them.

The first step would be to take the KKS form on the QCS
coadjoint orbits

QU (&x. &) = —J4 0,017 — Pu(09p5" — 0,C7)

— EC%,,¢" (4.19)
and express it in terms of coordinate differentials on the

orbits by inverting the transformation induced by &y (and
similar for &y):
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dyJy = [1,0]% — Pyl +364PL°,
dXPa = Pbaba - ECbebav
de - 0

(4.20)

The computation appears to be laborious, but, inspired by
the existence of the L generators (2.19), we introduce the
following polynomial functions:
Ja, =Je +ieafP,P (4.21)
b bT5E ) .
and use them instead of /¢, as local coordinates in any open
set with E # 0. It is easy to check the following results:

Sy, = [I7,0]%. (4.22)

T2 (m) = 1, (m) T, (m) = 2. C3(m). (423)

which can be expressed as saying that H acts on the Je,
function only with its SL(2,R) part, preserving the
associated Casimir function J2. Therefore, whenever
E #0, the H, orbits on J%, are diffeomorphic to
SL(2,R) orbits.

We can back up these observations by expressing the
KKS form in the {7 4,,P,, E} coordinates. What we see is
that the symplectic form factorizes into two KKS forms,
one for SL(2,R) and one for Hs:

- 1
QR (Ex.6x) = =T, [0.0], +—dx Pedy Py, (4.24)
————— F

——
Hs

SL(2.R)
implying that the QCS orbits factorize as well into a
SL(2,R) coadjoint orbit on its algebra dual and a b
coadjoint orbit, which is just a cotangent bundle. Therefore,
we label a generic QCS orbits with E # 0 as

QCS __ ASL(2.R) H
Oror =O0x, X OF.

(4.25)

The existence of functions J¢; that factorize the sym-
plectic form can be seen as an application of Darboux’s
theorem. What is nontrivial is that these functions are well
defined in a very large region, which coincide with the
region of interest where the QCS departs from the classical
regime described by the ECS. Because of this decoupling,
the QCS orbits for E # 0 are never zero-dimensional
compatibly with the fact that setting Py =P, =0 is
inconsistent with a nonzero commutator between them—
but they are two- or four-dimensional depending on
whether J¢, vanishes as a matrix or not.

The factorization of the orbit has significant implications
for the physical interpretation of the classical system under

consideration. Equation (4.25) indicates that the QCS
particle can be viewed as a composite object consisting
of an AdS, particle and a nonrelativistic quantum particle in
one dimension. A detailed analysis of the physical impli-
cations of this structure is left for future work.

V. LINK WITH REPRESENTATIONS

As we discovered in the last section, the coadjoint orbits
of the QCS group factorize into independent orbits of the
special linear group and the Heisenberg group when
expressed in suitable coordinates. This structure greatly
simplifies the quantization of QCS orbits, reducing it to the
following three steps. First, one quantizes the orbits of the
Heisenberg group described in Sec. III, thereby obtaining
the Hilbert space operators associated with the momentum
map for the coordinates P,. Second, one quantizes the
orbits of SL(2, R) to obtain the corresponding operators for
the coordinates J¢,. Finally, since the orbits factorize in
these coordinates, one constructs the Hilbert space asso-
ciated with the full QCS orbit as the tensor product of the
two Hilbert spaces obtained in the preceding steps. The
operators for the original SL(2, R) coordinates can then be
obtained by using the inverse of Eq. (2.19).

A. Quantization of the Heisenberg orbits

Let us apply the geometric quantization procedure we
reviewed in Sec. IIIB to the orbits we described in
Sec. III A 1. We consider the trivial line bundle over the
coadjoint orbit with central element value E. Sections of
this bundle are simply complex-valued functions on the
plane

$: OpF =2R? - C. (5.1)
For readability and to match with the usual Schrodinger
representation, we relabel the coordinates (A, B,E) as
(x, p, e). Since the bundle is trivial, we define the trivial
pointwise Hermitian structure

(b1 (x, p)|a(x. p)) = 1 (x. p)pa(x. p).  (5.2)

The quantization map for an observable on the orbit
X € C*(R?) is given by
5 i N
Xi>X=X—ily—1;0%, (5.3)
where we choose 6" = é pdx as the connection. In
particular, we will be interested in the quantization of
the momentum map, since we know that these will furnish
the irreducible representations. The Hamiltonian vector
fields associated to them were calculated earlier:
é,: A — —€ap,

&g = ed,. (5.4)
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It is then straightforward to use Eq. (5.3) to obtain the
quantization of the momentum maps:
Ta= ied, + x, Tp = —ied,, Tg =e. (5.5)
We now need to choose a polarization that is preserved by
the observables defined above. It is easy to see that, for the
simple choice d,¢ = 0, we get

0,(Tad) = 0,(Tp) =0, (5.6)
consistently with the fact that ¢":(9,,) = 0. Polarized wave
functions are, therefore, complex-valued functions of
x € R, on which the observables act as

Tap(x) =x¢(x).  Tpp(x) = —ied,p(x),

Teh(x) = ed(x). (5.7)
which is the well-known action of the Heisenberg group in
quantum mechanics.

To construct the Hilbert space, we need to introduce a
scalar product. Since we chose a real polarization, we need
to use the half-form constructlon [53-55]. On a given orbit,
we denote by Q C (’)E* the submanifold corresponding to
the chosen polarization P = Span(d,,) (an involutive dis-
tribution is integrable by Frobenius’ theorem, Q is the
space of polarization leaves) and construct its complexified
cotangent bundle T*QC. Sections of this bundle are com-
plexified forms on 0@3 that are by construction orthogonal
to the polarization, that is, l:w = 0, V £€eP. More
concretely, in (x,p) coordinates, the choice of P =
Span(d,) leads to T*Q% = {idx|1€ C*(Q,C)}. We then
introduce the square-root bundle 5p—T7*(Q, whose sec-
tions are “half-forms” in the sense that 5%2 ~ T*QC¢. The
wave functions are then defined as products of the form
¢ = ¢v, where ¢ is a complex line bundle section and
veTl(6p). In the simple case where Q is one-dimensional,
a polarlzed wave function ¢ can be written as
$10(x x)v/dx, with a ¢, /> that transforms as a density of
weight 1/2:

dx/

$1)2(x) = <a> 1/2451/2(36/)- (5.8)

The Hermitian structure (5.2) for polarized wave func-
tions now becomes

The covariant derivative on products ¢ = ¢v is given by the
Leibniz rule. Given the covariant derivative on T*Q°,
V:w = I;dw, one defines the covariant derivative on 5p such that

2wV =V:(v®v) =1dv @v).

(1 (x)|h2(x)) = 1 (x)h2 (x)T1 1 (5.9)
and is a volume form on the polarized submanifold Q. It
can, therefore, naturally be integrated to obtain the scalar
product. Modulo possible irrelevant functions that can be
reabsorbed in the definition of the wave functions, we

obtain the standard L?(R) scalar product

B11ds) = / A (Db ). (5.10)

for which it is easy to check that the quantized momentum
map are Hermitian operators.

Finally, we define operators associated with T_ and T',
following Eq. (3.18):

~

1 . .
Jr, (Ja £iTp).

2

Assuming e > 0, we can use these to build creation and
annihilation operators by]6

jT_:\/Ea’ s,\jTJr:\/EaJr

and check that [a,a’] =175 = 1 indeed. We now intro-

duce the Fock basis {|k)}, constructed from the j A
(position) eigenstate basis using Hermite polynomials'’

(5.11)

(5.12)

_A2E %),

(5.13)

1 )
k 27/ dxH,(xE
0 = v |, SHE)

where we denoted (x|¢) = ¢(x). On these states, we obtain
the expected action of a and a':
=Vk+1k+1).

alk) = Vklk=1),  a'ln) (5.14)

B. Quantization of SL(2,R) orbits

In this section, we present in detail the quantization of
SL(2,R) massive orbits and make some comments about
the other type of orbits.

1. Massive orbits

Let us consider first the massive orbits OiLf’R) described

in Sec. IIT A 2. As mentioned there, these are two-sheeted
hyperboloids in 81(2,R)* given by the relation L> = —A
with A > 0. For convenience, we write A = g> with g > 0.

For e < 0, one just switches the roles of j r_ and J T,
""The kth Hermite polynomial is

. df
dx*

—x2

Hy(x) = (—1)e*

104010-15



GIULIO NERI and LUDOVIC VARRIN

PHYS. REV. D 112, 104010 (2025)

In this example, we will describe the quantization of the
upper sheet only, as the quantization of the lower sheet will
be similar. Every such orbit is diffeomorphic to the upper
half complex plane H™ = {re€C|SF(r) > 0}, with an
explicit diffeomorphism given by

SL(2,R)
At

(67) > (Lo, L) = (q

O H" - 0

(r—i)(F—1)
25(0) 1

(z+0)(T+ l))
25 (1) )
(5.15)

We can explicitly compute and check that

1+ |z

Ly = (®(1.7).Ly) = g 23(1)

>0. (5.16)

The advantage of this construction is that the action of
SL(2,R) on H' is naturally realized in terms of real
Mobius transformations

at+ b
_) s
ct+d

T ad—bc =1, a,b,c,deR. (5.17)

As these transformations do not mix 7 and 7, there
exists a polarization in T®H™ that is compatible with the
SL(2,R) action: namely, the holomorphic polarization
P = Span(d;). The antiholomorphic one P would be
preserved as well if we were to choose that. Notice that
the holomorphic polarization does not have a counterpart
on the hyperboloid tangent bundle but only on its complex-
ification. While this choice might appear strange—even
unmotivated in the framework that we have been describing
—it is necessary because there is no real polarization that is
preserved by SL(2,R) on these orbits [48].

The pullback of the KKS symplectic form to H* gives
the unique (up to real constants) SL(2,R) invariant
symplectic potential in Q*(H*, R):

dr A dT
_ @ QSLeR) _ ’
v st T 9550

(5.18)

which can be written as the double derivative of a Kéhler
potential:

2
w=—-i——dr A dT, K =-2¢In(S(7)). (5.19)
The existence of a Kéhler structure naturally fits with the
decomposition of T*H* = P @ P. As we will work in the
holomorphic polarization, we take the symplectic potential

(w = —df) to be

qdr
0= ,
3(7)

(5.20)

which trivially satisfies 8(P) = 0. Given the push forward
of the fundamental vector fields &, via the inverse map

1

o', =5 (1 + 220, + (1 +72)0,), (5.21a)
o7l = % ((r41i)%0, + (T +i)%0:), (5.21b)
o7l = %((r —i)%0, + (t —i)%0;), (5.21c)

we construct the quantum operators acting on holomorphic
sections of the line bundle w € T'p(H™, 8) via the geometric
quantization prescription:

N A+22opy

Ty = =i 55, T AT (5.22a)
N —i)?%0

Tpw =i (z . 2 a—"f’ —ig(z - )y, (5.22b)
N )20
T w=—i (= ‘; £ a—"T’ —ig(t + i)y. (5.22¢)

To turn the space of holomorphic sections into a Hilbert
space, we need to introduce a positive definite scalar
product. On H™, there exists a family of SL(2, R) covariant
measures given by [56]

K _ drdz
(2)?

where K = m In(S(7)) is a metric on the line bundle. If we
want —6 to be the connection compatible with this metric,
we must have K = —K, which means m = 2¢q. The Hilbert
space that we associate to an orbit with Casimir value —g?
is L*(H", du,,) € Tp(H', 8), where the inner product is
given by

du,, = due S()", m>1, (5.23)

A

(wilws) = A} . durg (D) (7). (5.24)

The action of SL(2, R) preserves this product provided that
the wave functions transform as the component of differ-
ential forms of degree ¢, i.e.,

() 1 2 (ar+b
T) — .
v ct+d v ct+d
With respect to this inner product, the operators in (5.22)
satisfy JZOT = ]20 and J; T = J£+, which means that they

(5.25)

provide a unitary representation of SL(2, R). If the trans-
formation (5.25) is single valued (which happens for
q€Z/2), the Hilbert space carries a representation of
the nonextended SL(2,R). This construction holds for
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q > 1/2, whereas there exists an alternative unitary struc-
ture for 0 < g < 1/2 [57].
If we denote by |n) = |n, g) the state such that

(zln) = ¢, C:)(l +2), (5.26)

where ¢, is a suitable normalization constant (|c,| < oo
[47]), we can show that

Tr,n) = n|n). (5.27a)
Ji_ln) =/n(n=1)+q(1 —q)ln=1),  (5.27b)
:7L+\n> =/n(n+1)+q(1=q)n+1). (5.27¢)

This prove that L?(H", du,,) with ¢ > 1/2 coincides with

H,, .. the SL(2,R) positive discrete series representation
space. Unlike for SU(2), the discreteness of these repre-
sentations does not come from the integrality conditions but
from the single-valuedness of (5.25). Finally, one can check
that the Casimir L? is represented by a multiple of the
identity

A 1 ~ 4 Ao
(=% 4500+ 2000 ) = a1 - ),
(5.28)

finding that the Casimir value —g? is corrected to g(1 — q)
at the quantum level.

2. Tachyonic orbits

These orbits are obtained when A < 0. Topologically,
they are a cylinder and can, thus, be seen as the cotangent
bundle of a circle OS“?R) = T*S! [58]. Using the sym-
plectic form given in (3.35), we get the symplectic form on
the cylinder

@ =dLy A do. (5.29)
Cotangent bundles are easy to quantize: The Hilbert space is
just the space of complex functions of the base manifold—
the circle, in this case. As for the Heisenberg orbits
quantization, we need to introduce half-forms here as well,
which means that we actually consider objects y (¢ )v, where
w€L*(S,dp) and v€T(5p). Choosing the polarization
0 = (u— Ly)de, we quantize the functions 7, and get

A Loy

Ty = l@‘i‘/ﬂl/, (5.30a)

» i[OV . i

Jow=ieti—+uy+ils—=)y]. (5.30b)
* dg 2

These operators satisfy

R 1~ . o |
<—j%0 +2(‘7L+‘-7L_+\7L_u7L+)>l//: <s2+4>‘l/7

(5.31)

which shows that the Casimir is shifted from s> to s> + 1/4
at the quantum level. This value of the Casimir corresponds
to a representation in the continuous principal series.
We can show this explicitly introducing the states

In) = |n.5+is) by
1 .
= piln—n) i

n) = e , with neuy+Z. 5.32
@) == przo (532)

These are such that
3L0|n) = nln), (5.33a)
Tuln)=/n(n—1)+ s +1/4ln—1).  (5.33b)
Triny = Jn(n+ 1)+ +1/4n+ 1), (5.33)

proving that their span is the Hilbert space H /5 q -

3. Lightlike orbits

Unlike the others, the quantization of these orbits is
elusive [57]. They lack a (evident, at least) Kihler or
cotangent bundle structure. Moreover, they do not even
have a scale that might work as a coupling constant,
hindering perturbative quantization.

4. Trivial orbit

The orbit is a single point at L; = 0, corresponding to the
trivial representation—the only possible finite-dimensional
unitary representation of a noncompact Lie group. In the
context of the QCS, where the functions that transform
under SL(2,R) are the coordinates J%,, this orbit will
correspond to the metaplectic representation, and the
operators corresponding to J¢, will be constructed as
composite operators from the quantum version of 7',
T_,and E.

C. Quantization of the QCS orbits

We are now ready to perform the last step of the
construction. As mentioned, because of the orbit factori-
zation, we expect the Hilbert space to be given by the tensor
product of the Hilbert spaces we constructed in the last two

sections. If H, , is the Hilbert space we constructed out of
the orbit Oiﬁgz’R) (for the J, coordinates) and , is the

Hilbert (Fock) space we constructed out of the orbit 0@3,
the total Hilbert space is simply the product
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HA,o‘,e =Hp, ® Be- (534)
Indeed, geometric quantization can be performed inde-
pendently on the two orbits, and, after the vector space is
constructed, the correct scalar product is just the one
coming from the tensor product. In the following, we
are going to assume ¢ = E > 0—the case ¢ < 0 is not very
different.

In the previous sections, we constructed operators that
represent the elements of 81(2, R) and §; on the two sides
of the product (5.34) [see Egs. (5.7), (5.27), and (5.33)].
The natural extension to the total Hilbert space is

JE=T, 01, J8=107r,. TE=107

(5.35)

where it is important to notice that we associate the first set
of operators to the L, elements in the universal enveloping
algebra (2.19) rather than the standard generators. In fact,
the possibility to write the operators in this tensor product
form reflects the orbit factorization expressed in J¢,
coordinates, which, in turn, follows from the commutativity
of the modified generators L; with T [see Eq. (2.21)].

In this picture, we can obtain the quantum version of the
original SL(2, R) coordinates (those that do not decouple
from the Heisenberg sector) by combining the operators
that we just constructed. Following Eq. (2.19), we define
them as

N 1,4 A N N
QCS __ 7QCS QCS #QCS QCS #QCS
j jl:o +E(;7T_ "7T+ "";7]'+ jT_)

A 1 1
=T, @1+1 ®§(a-"a+§), (5.36a)

N 1 4 ~ A 1
Tt =7+ Z—ej%csj%‘s =J1. ®1+1®aa.
(5.36b)

N A |
chs _jl(ics"" chszcs — L ®1+1 ®§a‘a*,

(5.36¢)

where we have used the identification (5.12).

The action of the QCS operators on the Hilbert space
(5.34) is naturally expressed in the basis |n, k) = |n) ® |k),
where |n) is the basis of H, , introduced in (5.26) (for the
massive orbits) or in (5.32) (for the tachyonic orbits) and
|k) is the basis of §, that we just defined:

T k) = Vevkln. k- 1), (5.37a)
TSI, k) = Vevk+1|nk+1), (5.37b)

T k) = <n+2k4+1>|n,k), (5.37¢)
T8, k) = =/n(n = 1)+ q(1 = q)|n - 1,k)
43 VARG Dl k—2). (537d)
jQCSnk —/n(n+1)+q(1—q)n+1,k)
+§\/(k+ D(k+2)nk+2),  (537)

QCS

algebra, to the representations of [30] that we reported in
(2.31). One can check that these operators satisfy the
commutation relations given by the QCS algebra.
Moreover, if we define the Casimir operator, = we can
see that

which correspond, up to an automorphism in the j

k) = 2eq(1 - q)

T k) (5.38)

gives the same result as

( ~ g2 (JQCSJQCS+JQCSJQCS))yn,k>,

(5.39)

as expected from (2.22) and (5.28).

VI. CONCLUSION

The orbit method has long been an exceptional tool to
study the representation theory of Lie groups. While the
correspondence between coadjoint orbits and unitary irre-
ducible representations is proven only for unipotent Lie
groups, its application to the Virasoro and Kac-Moody
algebras has proven very useful in the context of lower-
dimensional quantum gravity [57,59-63]. Even if some of
these works cited above do address semidirect products
with non-Abelian normal subgroups, this case remains less

"8The natural definition of the QCS Casimir operator comes
from (2.12), (2.14), and (2.18):

QCS _ _ 7QCS 7QCS 2 77QCS 77QCS 2
j(,Q' _‘—7L+ jT, _jL, jT+
+ (T80 g) g ages
( jQCS > jQCS jQCS

n ~ ~ 1. ~
ey <—j§f$2 T A Ejg?sjng)
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well understood than its Abelian counterpart. The present
work, thus, contributes to the growing understanding of the
non-Abelian case.

In this work, we have discussed the emergence of corner
symmetries in gravitational theories and argued for their
significance within the bottom-up approach of the corner
proposal for quantum gravity. We began reviewing the key
ideas and mathematical framework underlying the orbit
method. The application of this method to corner sym-
metries was initiated in [20] with the study of the orbits of
the local, finite-dimensional part of the extended
corner symmetry algebra. We reviewed those results in
Sec. IVA and then tackled their generalization to the
quantum case.

The main result of this paper is the demonstration that,
starting from the standard Lie algebra basis of the semi-
direct product group SL(2,R) X H; (where H; is the
Heisenberg group in 1D) and the associated coordinates
on its dual algebra, one can construct mixed coordinate
functions that both satisfy an 81(2, R) algebra under the
Poisson bracket and decouple from the Heisenberg sector.
The existence of these coordinates shows that the orbits of
the QCS group decompose into independent SL(2, R) and
Heisenberg orbits. This factorization greatly simplifies the
quantization procedure, as each sector can be quantized
independently provided that we express the SL(2,R)
orbits in terms of the mixed coordinates. Operators
associated with the original SL(2,R) sector of the QCS
group can then be recovered by simply undoing the
mixing.

The resulting representations are in complete correspon-
dence with those found in [30], modulo the complementary
series of 8[(2, R), which cannot be obtained through orbit
quantization—reflecting the fact that they do not contribute
to the Plancherel measure [64]. In that work, one of the
authors derived the representations using Mackey’s theory
of induced representations, relying on the fact that the little
group—the subgroup that preserves the (equivalence class
of) representations of the normal subgroup—is the full

SL(2,R). In this case, the representations can be realized
on the tensor product of the representation spaces of the

Heisenberg group and SL(2, R). The fact that we recovered
the same results suggests that this property can be under-
stood as the algebraic counterpart of the orbit factorization.
The results of this work offers a promising new approach to
studying the coadjoint orbits of semidirect product groups
with non-Abelian normal subgroups that admit a global
little group. While the group-theoretical approach offers a
more direct route by bypassing the need for coadjoint orbit
structures, the orbit method gives a better physical under-
standing of the system, as it describes the classical systems
associated with the symmetry group before quantizing
them. In doing so, it establishes a connection between

the quantum representations and the underlying classical
system, a feature absent in the purely group-theoretical
approach. This is particularly relevant when describing the
semiclassical expansion and its relation to coherent states,
as is done in [65].

Understanding the structure of coadjoint orbits is par-
ticularly significant in the context of determining the
Plancherel measure for the QCS group. This measure is
believed to play a fundamental role when corners are
interpreted as entangling surfaces of local subregions, with
important implications for entanglement entropy [65]. In
the mathematical literature, the QCS group is known as the
Jacobi group. While its representation theory has been
extensively studied [66], a complete determination
of the Plancherel decomposition of square-integrable func-
tions—with respect to the Haar measure—has not
yet been achieved. Our findings suggest that
obtaining the Plancherel measure via the coadjoint orbit
method may be significantly more straightforward than
expected.

The successful application of the orbit method to derive
the unitary irreducible representations of the quantum
corner symmetry group in two dimensions is highly
encouraging and opens the way for its generalization to
higher dimensions. Upon reintroducing diffeomorphisms,
the representation theory is expected to become signifi-
cantly more intricate, potentially limiting the applicability
of algebraic techniques. In this context, the orbit method
may prove to be the only viable approach. It is, therefore,
crucial that the method has been validated in the two-
dimensional case.

Finally, the coadjoint orbits can be utilized to construct
world-line actions associated with the quantum corner
symmetry group [67-70]. This, in turn, allows us to
interpret the representations of the QCS group as actual
quantized particles. Understanding the nature of these
QCS particles and developing an associated scattering
theory is an exciting direction for future research. Several
interesting questions come to mind: Do these particles
correspond to causal diamonds? What genuinely quantum
observables can be defined in this framework? Can
QCS particle scattering be associated with a topology
change? In what sense do these particles constitute
fundamental geometrical degrees of freedom? Is the
entanglement between them related to spacetime con-
nectivity? Answering these and other questions consti-
tutes an important step in advancing the corner proposal
program.
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