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Axion models often face the domain wall problem, which threatens the standard big bang cosmology.
The Lazarides-Shafi mechanism attempts to resolve this by identifying degenerate vacua through a
continuous gauge symmetry. We formulate a topological quantum field theory to isolate the essential
structure of the mechanism and analyze its generalized symmetry structure, including higher-form
symmetries and higher-group. This framework yields a master formula for computing the domain wall
number and clarifies the higher-form symmetry conditions required for complete vacuum identification in a
model-independent way. Moreover, while a domain-wall-number-one scenario eliminates all higher-form
global symmetries, the theory nevertheless exhibits a nontrivial four-group structure and realizes a
symmetry-protected topological phase.
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Introduction. The axion is a hypothetical pseudo-Nambu–
Goldstone boson introduced to solve the strongCP problem
via the Peccei-Quinnmechanism [1–4]. Axionmodels often
suffer from the stable domain wall problem, which can spoil
standard big bang cosmology [5]. The Lazarides-Shafi
mechanism [6] resolves this issue by identifying degenerate
vacua through a continuous gauge symmetry, such that the
domain walls are bounded by strings [7,8].1 Yet, recent
analyses [11] have shown that in some models the vacuum
identification is incomplete due to subtle global-structure
issues, and the domain wall problem persists.
To clarify the conditions under which the mechanism

succeeds, we construct a topological quantum field theory
(TQFT) that isolates its essential structure and analyze the
generalized global symmetries [12,13] in the framework
(see, e.g., [14–23] for reviews). The resulting TQFT belongs
to the class of Dijkgraaf-Witten theories [24]. This approach
yields a master formula to compute the domain wall number
of the axion in a systematic way, and also puts constraints
on higher-form symmetries for successful Lazarides-
Shafi mechanism. In particular, successful models require

breaking of a certain one-form symmetry. These conditions
provide a general criterion for diagnosing the domain wall
problem in axionmodels, particularly those that also address
the axion quality problem [25–31]. We also discuss that the
theory is characterized by a four-group structure [32,33] and
in the symmetry-protected topological (SPT) phase, giving
the physical interpretation of them.2

TQFT describing the vacuum identification in axion
models. In general, axion models possess an anomaly-free
global zero-form discrete ZN symmetry embedded in the
Uð1Þ Peccei-Quinn symmetry. The Lazarides-Shafi mecha-
nism embeds this ZN symmetry into the center of a
continuous gauge symmetry such as SUðNÞ or Uð1Þ.3 In
the infrared, the continuous gauge symmetry does not
manifest due to Higgsing or confinement, but a zero-form
ZN discrete gauge symmetry may remain, under which the
N degenerate axion vacua are identified.
We propose a 4d TQFT action describing a system of N1

degenerate vacua in the low-energy limit, among which a
ZN2

center symmetry identifies certain subsets,

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1Identifying the vacua alone does not suffice to confirm the
domain wall problem is resolved; simulations are also needed to
capture the string-wall dynamics [9,10].

2The higher-group structure in the axion-photon system has
been investigated in [32–36].

3There is another class of the Lazarides-Shafi mechanism,
where a subgroup that is not a center identifies the vacua such as
Uð1Þ subgroup of SUð2Þ [37,38]. In this mechanism, the axionic
domain walls can shrink by producing Alice strings [39].
Condensed-matter analogs have been reported in [40–42].
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S ¼ 1

2π

Z
N1ϕdCþ N2B ∧ dAþ lcmðN1; N2ÞMC ∧ A:

ð1Þ

Here, ϕ is the 2π-periodic zero-form field representing the
axion, A is a one-form Uð1Þ gauge field, B is a two-form
Uð1Þ gauge field, and C is a three-form Uð1Þ gauge field
arising from the QCD topological term N1

8π2
ϕTrðG ∧ GÞ

with the gluon field strength G. The numbers N1, N2,
and M are positive integers unless otherwise noted.
lcmðN1; N2Þ denotes the least common multiple of N1

and N2; it is introduced for convenience, and omitting it
does not affect the generality of the coefficients. We have
neglected the kinetic terms of the dynamical fields, since
we are in the low-energy limit and no propagating degree of
freedom remains apart from the axion. This is a TQFT in
the sense that the action in Eq. (1) is metric-independent.
The first term in Eq. (1) corresponds to the axion–

topological (θ) coupling in QCD, where C effectively
describes the Chern-Simons term [43–45]. This term can
also be derived from the axion potential withN1 degenerate
vacua [46]. The second term represents the ZN2

gauge
sector by restricting the Uð1Þ gauge field A to the ZN2

gauge field.4 The last term links the two sectors by
modifying dϕ ∧ C with a Stueckelberg coupling dϕ →
dϕþ lA with some integer l, realizing the vacuum
identification, as we discuss below. The identification of
vacua may be incomplete depending on the parameters N1,
N2, and M. We will derive the condition under which the
vacua are completely identified by the center symmetry in
the next section.
We remark that this TQFT is model independent in the

sense that the action can be determined by the symmetries
of the axion and the gauge field, rather than the details
of models. Further, this TQFT action represents a 4d
generalization of the 2d Dijkgraaf-Witten theory [24] with
ZN1

× ZN2
symmetries. The system can be analyzed in

parallel with the discussion in Appendix A of [13].
The action is invariant under the gauge transformations,

C → Cþ df2; A → Aþ df0;

ϕ → ϕ −
P
K
N2f0; B → Bþ P

K
N1f2: ð2Þ

and also under

ϕ → ϕþ 2π; B → Bþ df1: ð3Þ

Here, fi denotes an i-form gauge parameter, and we have
defined

P ¼ M
gcdðN1; N2;MÞ ; K ¼ gcdðN1; N2Þ

gcdðN1; N2;MÞ ; ð4Þ

gcdðP;KÞ ¼ 1: ð5Þ

For M ¼ 0, we identify the genuine (i.e., gauge-
invariant) point, line, surface, and volume operators,
respectively,

eiϕ; ei
H

A; ei
H

B; ei
H

C: ð6Þ
These operators serve as the symmetry generators of the
following global symmetries because of the equations of
motion [12],

Zð3Þ
N1

× Zð2Þ
N2

× Zð1Þ
N2

× Zð0Þ
N1
; ð7Þ

with the superscript (i) indicating the i-form symmetry. The
corresponding charged operators are given by

eil1
H

C; eil2
H

B; eil3
H

A; eil4ϕ; ð8Þ
where li are integers.
For M ≠ 0, additional gauge transformations appear in

(2), which reduce the remaining global symmetries. The
topological operators are now

U1ðVÞ ¼ ei
H
V
C; ð9Þ

U2ðγÞ ¼ e
i
H
γ
A
; ð10Þ

W1ðL1Þ ¼ eiϕðxiÞe
i
PN2
K

R
L1

A
e−iϕðxfÞ; ð11Þ

W2ðD3Þ ¼ ei
H

Be
−iPN1

K

R
D3

C
; ð12Þ

where L1 is a open line starting at the point xi and ending at
xf, and D3 is a three-dimensional subspace with a boun-
dary. The symmetries of this system can be analyzed by
identifying genuine point, line, surface, and volume oper-
ators, yielding

Zð0Þ
N1=K

× Zð1Þ
N2=K

× Zð2Þ
N2=K

× Zð3Þ
N1=K

: ð13Þ

See Appendix A for a more detailed discussion. The

reduction of the zero-form symmetry from Zð0Þ
N1

to Zð0Þ
N1=K

indicates that our TQFT action describes the vacuum
identification realized by the Lazarides-Shafi mechanism.
The symmetries can be derived by integrating out certain

fields, reducing the action to simpler forms. Let us first
integrate out B in the original TQFT, yielding locally

A ¼ dχ
N2

; χ ∼ χ þ 2π; ð14Þ
4In the case of SUðNÞ, the Uð1Þ gauge field A is introduced by

extending the theory to UðNÞ ¼ ½SUðNÞ × Uð1Þ�=ZN , and the
second term in Eq. (1) reduces the Uð1Þ gauge symmetry to ZN .
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and the TQFT action becomes

1

2π

Z �
N1ϕ − lcmðN1; N2Þ

M
N2

χ

�
dC: ð15Þ

The gauge-invariant axion is then defined as a linear
combination of ϕ and χ. The N1 degenerate vacua are
reduced to

gcd

�
N1; lcmðN1; N2Þ

M
N2

�
¼ N1

K
; ð16Þ

indicating that the global zero-form symmetry is Zð0Þ
N1=K

.
The three-form global symmetry follows from the
conditions:

N1dC ¼ 0; lcmðN1; N2Þ
M
N2

dC ¼ 0; ð17Þ

which imply a Zð3Þ
N1=K

symmetry.
In a similar way, one can integrate out ϕ instead. The

action then reduces to a BF (B-field/F-field) theory with
C ¼ N1dB̃, where B̃ is a Uð1Þ two-form gauge field:

S ¼ 1

2π

Z �
N2B − lcmðN1; N2Þ

M
N1

B̃

�
∧ dA: ð18Þ

This implies that the theory has the following global
symmetries:

Zð1Þ
N2=K

× Zð2Þ
N2=K

: ð19Þ

When N1=K ¼ N2=K ¼ 1, there exist no global higher-
form symmetries. Nonetheless, we observe nontrivial
correlations between topological operators via defect cross-

ing, i.e., hW1ðlÞW2ðD3Þi ¼ e−i2π
P
K

R
δðlÞ∧δðD3Þ, where δðΣÞ is

a delta function (4 − q)-form on a q-dimensional subspace
Σ, which satisfies

R
Σ ωq ¼

R
ωq ∧ δðΣÞ for a q-form ωq.

Formally, these correlations correspond to the SPT phase5

associated with a four-group structure. See Appendix B for
a more detailed discussion about the four-group.

Domain wall number and higher-form symmetry
conditions. The TQFT action in Eq. (1) provides a unified
framework for computing the domain wall number and for

identifying the higher-form symmetry conditions for com-
plete vacuum identification.

Master formula for the domain wall number: The domain-
wall number of the axion, NDW, is determined by the

remaining global discrete zero-form symmetry Zð0Þ
N1=K

,

NDW ¼ N1

K
¼ N1

gcdðN1; N2;MÞ
gcdðN1; N2Þ

: ð20Þ

In a given model, N1, N2, and M are determined as
follows. N2 denotes the center symmetry of the gauge
groupG that participates in the vacuum identification;N1 is
obtained from the anomaly coefficient of the Peccei-Quinn
(PQ) symmetry with QCD,AðUð1ÞPQ − SUð3Þ2cÞ; andM is
deduced by computing the (gauge-equivalent) shift of θ
under the center symmetry transformation of G. While the
master formula has been derived in previous literature
[11,47], our current version generalizes these earlier results.
Consider a theory containing Weyl fermions ψ j in

irreducible representations of the gauge groups, with
integer PQ charges pj whose greatest common divisor is
1, transforming under the PQ symmetry as

ψ j → ψ jeiαPQpj ; ð21Þ

where αPQ is a real parameter. Under this transformation,
the QCD θ term shifts according to

Z
1

8π2
θtrðG∧GÞ→

Z
1

8π2
ðθþαPQkGÞtrðG∧GÞ: ð22Þ

The maximal anomaly-free subgroup ofUð1ÞPQ is therefore
ZkG , giving

N1 ¼ kG ¼
X
i

pi dimðriÞ2IðsiÞ: ð23Þ

In this expression, dimðriÞ counts the dimension of the
fermion representation under gauge groups other than
SUð3Þc, while IðsiÞ is the Dynkin index for the SUð3Þc
representation, with the fundamental normalized to 1=2.
The parameter M is determined by the action of the

center symmetry of the gauge group G, under which the
fermions transform as

ψ j → ψ j exp

�
i2πcj
N2

�
; ð24Þ

with cj denoting the center charge of ψ j. This trans-
formation induces a gauge-equivalent shift of the θ term,

Z
1

8π2
θtrðG ∧ GÞ →

Z
1

8π2
ðθ þ 2πkcÞtrðG ∧ GÞ; ð25Þ

5In the SPT phase, when the space-time manifold has a
boundary, the bulk topological action is not gauge invariant
under the background gauge field transformations. Its gauge
variation localizes on the boundary and is compensated by the
’t Hooft anomaly of the boundary degrees of freedom. This is
the anomaly-inflow mechanism through which the combined
bulk–boundary system is fully gauge invariant.
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with

kc ¼
X
i

ci
N2

dimðriÞ2IðsiÞ: ð26Þ

This corresponds to the transformation χ → χ þ 2π in
Eq. (15), and hence we find

lcmðN1; N2Þ
M
N2

¼ kc: ð27Þ

Thus, by evaluating the shifts of θ under both the PQ and
center symmetry transformations, one can systematically
determine N1 andM, and thereby compute the domain wall
number with (20).

Higher-form symmetries for NDW ¼ 1: The successful
implementation of the Lazarides-Shafi mechanism, corre-
sponding to NDW ¼ 1, requires N1=K ¼ 1, which is
equivalent to

gcdðN1;MÞ ¼ 1 and gcdðN1; N2Þ ¼ N1: ð28Þ

The remaining global symmetries are then

Zð1Þ
N2=N1

× Zð2Þ
N2=N1

: ð29Þ

In the standard Lazarides-Shafi setup,N1 ¼ N2 is imposed,
thereby eliminating all higher-form symmetries in the IR.
The more general condition above, however, reveals a
broader possibility; a smaller subgroup of the center
symmetry can suffice to achieve vacuum identification.
This observation has a concrete implication for model

building. One can examine the pattern of Higgsing or
confinement from G to a subgroup H and analyze the one-
form center symmetry in the resulting IR theory. If a
residual one-form center symmetry via G remains, it
indicates NDW > 1, implying that the theory suffers from
the domain wall problem. In the next section, we show that
this criterion allows the presence of a domain wall problem
to be identified without explicitly computing the domain
wall number.

Applications to explicit models. We consider two illustra-
tive classes of models.
First, we discuss the case G ¼ SUðNÞ [48], in which an

SUðNÞ gauge sector is added to the SM and the gauge
symmetry is Higgsed by a field in the symmetric repre-
sentation of SUðNÞ. The Higgs field carries a PQ charge
and couples to Weyl fermions transforming under SUðNÞ ×
SUð3Þc as Q∶ðN; 3Þ; Q̃∶ðN; 3̄Þ; L∶ðN̄; 1Þ; L̃∶ðN̄; 1Þ. The
resulting color anomaly gives a naive domain wall number
N1 ¼ N.
Reference [11] points out that vacuum identification is

complete only for oddN. From our perspective, this reflects

the fact that the one-form center symmetry of SUðNÞ is
fully broken by the Higgs only when N is odd. Thus,
without computing the domain wall number, one can
already exclude even N solely based on the representation
of the Higgs (PQ) field. The domain wall number is
computed with N1 ¼ N2 ¼ N and M ¼ 2, leading to
NDW ¼ gcdðN;MÞ. Therefore, we confirm NDW ¼ 1 only
for the odd N.
The second setup is the gauged PQ mechanism [29,49],

which introduces aG ¼ Uð1Þgauge symmetry. Structurally,
the model consists of two KSVZ(-like) [50,51] sectors, with
one linear combination of the “two PQ symmetries” gauged
asUð1ÞgPQ. The PQ fields in the two sectors carry relatively
prime charges. Once these fields acquire vacuum expect-
ation values, Uð1ÞgPQ is completely Higgsed, satisfying the
condition for one-form symmetry breaking. The domain-
wall number can then be computed from themaster formula,
taking into account the possible hierarchy of vacuum
expectation values in the PQ sectors. See [47] for a detailed
computation.

Physical interpretation of the four-group structure.We first
recall the M ¼ 0 limit, where the theory factorizes into a
BF sector and an axion-three-form sector,

S ¼ 1

2π

Z
N2B ∧ dAþ 1

2π

Z
N1ϕdC: ð30Þ

The topological line and surface operators ei
H

A and ei
H

B

create the sources for dB and dA, respectively,

dB ¼ −
2π

N2

δðγÞ; dA ¼ −
2π

N2

δðM2Þ: ð31Þ

This is interpreted that ei
H

A inserts a particle charged under

dB, while ei
H

B inserts a string magnetically charged under
A. Their nontrivial correlation between particle and string
encodes the Aharonov-Bohm phase.

Similarly, the operators ei
H

C and eiϕ act as sources for
dϕ and dC,

dϕ ¼ −
2π

N1

δðM3Þ; dC ¼ −
2π

N1

δðPÞ; ð32Þ

implying that ei
H

C inserts a domain wall, while eiϕ creates
an instanton. Their correlation gives a phase analogous to
the AB effect; a domain wall “sandwiched” by an instan-
ton–anti-instanton pair acquires a quantized phase.

M ≠ 0: four-group correlation: Turning on M couples the
two sectors into a nontrivial four-group structure as dis-
cussed before. The relevant topological operators are a line
operator W1ðlÞ and a three-dimensional operator W2ðD3Þ,
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both of which now have boundaries. From the previous
interpretation, W1ðlÞ corresponds to an instanton-instanton
pair connected by particles of charge PN1=K, while
W2ðD3Þ corresponds to a string attached by domain walls
of number PN2=K. If N1=K ¼ 1 and M ¼ 1, the object

U1ðVÞ can split into two W2 by pair-creating ei
H

B. This is
an interpretation of the Lazarides-Shafi mechanism from
the viewpoint of generalized symmetries.
The mixed correlator hW1W2i characterizes the four-

group extension. Viewed from the instanton sector, the
phase arises from linking between instantons and domain
walls; equivalently, from the perspective of probe particles,
it appears as the linking between the particle worldline and
the string world sheet. This is a physical manifestation of
the nontrivial four-group in our system even without
higher-form global symmetries.

Conclusion.We have presented a TQFTaction that encodes
how the axion vacuum is identified via the center symmetry
of a gauge theory. Our analysis yields a master formula for
systematically computing the domain wall number from the
shift of the θ term and establishes universal conditions on
higher-form global symmetries for a successful mecha-
nism. In particular, some breaking of the global one-form
center symmetry is required to fully identify the axion
vacua. If this condition is not satisfied, the theory suffers
from the domain wall problem. While a standard imple-
mentation of the mechanism requires the absence of higher-
form symmetries, our framework reveals that nontrivial
correlations involving the topological operators persist,
placing the theory in an SPT phase associated with the
four-group structure. We hope that our results will provide
a useful guide for constructing postinflationary axion
models that address both the domain wall problem and
axion quality problem through gauge symmetries.
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Appendix A: Higher-form symmetries for M ≠ 0. Let us
identify genuine (i.e., gauge invariant) point, line,
surface, and volume operators for M∈Z;M ≠ 0. The
genuine line, volume operators are

U1 ¼ ei
H

C; U2 ¼ ei
H

A: ðA1Þ

A point operator necessarily comes with an attached line,

W1ðL1Þ ¼ eiϕðxiÞe
i
PN2
K

R
L1

A
e−iϕðxfÞ: ðA2Þ

and is therefore not genuine. A genuine point operator can
be constructed by taking

WK
1 ; ðA3Þ

because

hW1ðlÞKðW1ðl0ÞKÞ†i ¼ 1; ðA4Þ
where l0 is an open line ending with the same points. This
equality follows from the equation of motion for B. There is
no genuine operator corresponding to Wn

1 for any integer n
with K > n > 0. Concretely, we seek the minimal n
satisfying

P
K
n∈Z: ðA5Þ

Using gcdðP;KÞ ¼ 1,6 the minimal n is

n ¼ gcdðN1; N2Þ
gcdðN1; N2;MÞ ¼ K: ðA6Þ

Similarly, there is a nongenuine surface operator,

W2ðD3Þ ¼ ei
H

Be
−iPN1

K

R
D3

C
; ðA7Þ

and the corresponding genuine surface operator is

W2ðD3ÞK; ðA8Þ
which satisfies

hW2ðD3ÞKðW2ðD0
3ÞKÞ†i ¼ 1: ðA9Þ

Therefore, the genuine point, line, surface, and volume
operators are

WK
1 ∼eiKϕ; U2¼ ei

H
A; WK

2 ∼eiK
H
B; U1 ¼ ei

H
C:

ðA10Þ

The correlators of hei
H

CeiKϕi and hei
H

AeiK
H

Bi indicate

the symmetries Zð0Þ
N1=K

× Zð3Þ
N1=K

and Zð1Þ
N2=K

× Zð2Þ
N2=K

,
respectively.

6The common integer factor among M and gcdðN1; N2Þ is
d ¼ gcdðN1; N2;MÞ. This indicates gcdðP;KÞ ¼ 1 due to
P ¼ M=d and K ¼ gcdðN1; N2Þ=d.
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In summary, the theory has the following global higher-
form symmetries,

Zð0Þ
N1=K

× Zð1Þ
N2=K

× Zð2Þ
N2=K

× Zð3Þ
N1=K

: ðA11Þ

Appendix B: Mathematical structure of four-group.
From Eqs. (9)–(12) we can identify the mathematical
structure of the four-group [52] (see also a recent
formulation [53] and applications in physics [32,33]).
This is a so-called strict four-group given by four of
groups and maps between them,

Gð3Þ !∂3 Gð2Þ !∂2 Gð1Þ !∂1 Gð0Þ; ðB1Þ

where the groups Gð3Þ,..., and Gð0Þ corresponds to the
groups the topological objects W1, U2, W2, and U1,
respectively. The maps ∂1;2;3 specify the correspondences
between the parameters of the objects which have
boundaries. In our case, the four-group structure is
given by

Zð3Þ
N1

!∂3 Zð2Þ
N2

!∂2 Zð1Þ
N2

!∂1 Zð0Þ
N1
; ðB2Þ

with maps

∂3

�
e
2πin3
N1

�
¼ e

N1P
K ·

2πin3
N1 ¼ e

N2P
K ·

2πin3
N2 ∈Zð2Þ

N2
;

∂2

�
e
2πin2
N2

�
¼ 1∈Zð1Þ

N1
;

∂1

�
e
2πin1
N2

�
¼ e−

N2P
K ·

2πin1
N2 ¼ e−

N1P
K ·

2πin1
N1 ∈Zð0Þ

N1
: ðB3Þ

By the maps, we can classify which are genuine
symmetry generators of global symmetries. The
genuine symmetry generators are neither nontrivial
boundaries nor interiors of some other objects. The
genuine 3-form symmetry generators are parametrized
by Ker ∂3 ¼ ZN1=K meaning that the image of Ker ∂3 is
trivial. The genuine 2-form symmetry generators
correspond to Ker ∂2=Im ∂3 ¼ ZN2

=Im ∂3. Similarly, the
1-form symmetry generator are paramterized by
Ker∂1=Im∂2¼ZN2=K, and the 0-form symmetry gene-
rators are given by ZN1

=Im ∂1.
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