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In this work, we systematically treat the ambiguities that generically arise in the gradient expansion of
any hydrodynamic theory. While these ambiguities do not affect the physical content of the equations, they
induce two types of transformations in the space of transport coefficients. The first type is known as the
“frame” transformations, and amounts to field redefinitions. The second type, which we introduce and
formalize here, we term the “on-shell” transformations. This identifies equivalence classes of hydro-
dynamic theories that provide an equally valid low-energy description of the underlying microscopic
theory. We show that in any (classical) theory of hydrodynamics (at arbitrary order in derivatives), the
action of such transformations on the dispersion relations and two-point correlation functions is universal.
We explicitly construct invariants which can then be matched to a microscopic theory. Among them are,
expectedly, the low-momentum expansions of the hydrodynamic modes. The (unphysical) gapped modes
can, however, be added or removed at will. Finally, we show that such transformations assign a nilpotent
Lie group to every hydrodynamic theory, and discuss the related algebraic properties underlying classical

hydrodynamics.
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I. INTRODUCTION

The late-time, large-wavelength dynamics of a suffi-
ciently hot theory with locally conserved currents is
typically described by the theory of hydrodynamics
[1-3]. Its applications range from the theory of gases and
liquids, to the evolution of the quark-gluon plasma [4-8]
and the Universe [9]. Hydrodynamics provides an accurate
description of a system in the regime of Fourier frequencies
and momenta (wave vectors) that are (much) lower than the
characteristic microscopic scale of the theory. The necessary
notion of a local thermal equilibrium, which underlies any
hydrodynamic theory, is reflected in the fact that the grand
canonical ensemble assigns conserved currents and charges
(such as energy, momentum, baryonic or electric charge)
their respective conjugate variables (such as temperature,
velocity, and chemical potentials). A (classical) hydrody-
namic theory is then constructed by promoting the con-
jugate variables into dynamical fields, and using the
conservation equations as the equations of motion. To do
that, one must express the conserved currents in terms of the
conjugate variables—the hydrodynamic variables—in what
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are called the constitutive relations. They take the form of a
gradient expansion, in the sense that the constitutive
relations involving higher powers of derivatives will
describe the physics more accurately. The simplest and
standard formulations of this procedure involve either no
derivatives (ideal or Euler hydrodynamics), or derivatives to
first order (Navier-Stokes hydrodynamics). Theories
beyond the first order may be explicitly constructed
[10-16]. For discussions of the convergence of the infinite
order gradient expansion, see Refs. [17-19] and [20-22].
In the conventional sense, hydrodynamics is treated as a
set of partial differential equations (PDEs), together with
the associated initial value problem. While overwhelm-
ingly useful and accurate in predicting a breadth of
physical phenomena, such formulations of hydrodynamics
are plagued with theoretical difficulties, particularly in the
context of relativity. For example, even the most elemen-
tary example of simple diffusion suffers from faster-than-
light transport. Moreover, the textbook formulations of
relativistic hydrodynamics are famously acausal, and are
therefore inappropriate for solving an initial value problem
[23-28]. Physically, this is simply a consequence of the
fact that hydrodynamics is valid in the regime of late times
and large distances, whereas causality depends on the
high-momentum, high-frequency behavior of the theory
(see Refs. [29-34] for recent discussions). In practice, such
problems need to be regulated in some manner so that, for
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example, numerical hydrodynamic codes can run reliably
for a sufficient number of steps without crashing.

Beyond the conventional formulations of hydrodynam-
ics at the level of equations of motion, in a more modern
sense, hydrodynamics can be thought of as an effective
(Schwinger-Keldysh) field theory [35-42]. As such, it
provides a framework for the computation of response
functions (correlators), which, in the low-energy regime,
approximate the response functions of the full, underlying
theory. The derivative expansion provides a systematic
approximation scheme, yielding a series of increasingly
accurate hydrodynamic response functions. The free
parameters of the hydrodynamic theory—the transport
coefficients, such as viscosity—are then computed by
matching the hydrodynamic response function either to
the experiment or the response function of the underlying
microscopic theory.

The hydrodynamic gradient expansion associated with a
specific microscopic theory is not unique. Ambiguities
universally arise when treating hydrodynamics as a gra-
dient expansion that terminates at a certain (nonzero) order
in derivatives. Ultimately, every reliable, physical predic-
tion of hydrodynamics must be invariant with respect to
these ambiguities. To formalize these problems and place
them within a rigorous framework, in this paper, we
provide a robust and systematic mathematical formulation
of the ambiguities that arise in any hydrodynamic theory.
The first such ambiguity is known as the choice of a frame,
where the transformations between different “frames” are
known as frame transformations. This amounts to the
freedom of redefining hydrodynamic variables, which is
a consequence of those variables not having any micro-
scopic definition (meaning an expectation value of some
observable, be it in classical or quantum physics). For
example, the Landau convention [43] for relativistic hydro-
dynamics identifies the direction of fluid velocity with the
direction of energy current, while the Eckart convention
[44,45] identifies it with the direction of the particle
current. Various frame choices have since been explored,
especially with regards to stability and causality [46-51]
(see also Refs. [52-58]). Another, less known ambiguity
arises from the fact that the solutions of equations of motion
at some order in the derivative expansion are expected to
approximate the solutions at higher orders. This gives rise
to a freedom that in practice amounts to “plugging the
equations of motion at lower orders into the higher-order
hydrodynamic equations” (see e.g., Refs. [12,18,57] for
discussions). In this work, we present a systematic treat-
ment of this procedure, and refer to the respective trans-
formations as the on-shell transformations. If we consider
the hydrodynamic equations of motion as a differential
operator acting on the hydrodynamic variables, then the
frame and on-shell transformations correspond to certain
differential operators acting on it from right and left,
respectively, followed by a truncation in the order of

derivatives. Crucially, both sets of transformations can
be understood as maps in the space of transport coeffi-
cients, relating theories that may have different time
evolutions, but contain the same late-time, low-momentum
physics.

A better understanding of frame and on-shell trans-
formations is desirable for several reasons. Firstly, only
quantities that are invariant with respect to these trans-
formations may be matched either to experiment or the
microscopic theory. While the Kubo formulas make this a
simple and clear matter in theories expanded to low orders,
these issues become significantly more complicated at
arbitrary orders. Secondly, different frame and on-shell
choices give different time evolutions of initial data. It is
therefore crucial to understand what quantities are reliably
predicted by hydrodynamics, and what quantities are
artefact of the truncated gradient expansion. Lastly, in
analogy with gauge theories, the algebraic structure of
the transformations may tell us nontrivial information about
the full nonlinear dynamics. In this work, we only fully
answer the first of these questions, leaving the remaining
two problems that pertain to nonlinear extensions of our
formalism to future works.

This paper is structured as follows: in Sec. II, we describe
the general form of the constitutive relations in linearized
hydrodynamics. In Sec. III, we describe how the gradient
expansion acts at the level of response functions and
hydrodynamic modes. In Sec. IV, we define and describe
frame and on-shell transformations, and then explain how
they act on response functions in Sec. V. In Sec. VI, we
construct functions of transport coefficients that are invari-
ant under the transformations. In Sec. VII, we present some
algebraic properties of these transformations, and conclude
that they generically form a nilpotent group. Finally, in
Sec. VIII we show the formalism at work on an example of
all-order diffusion. Several appendixes are provided at the
end, which show, in detail, all of the necessary mathematical
details underpinning our construction.

II. THE CONSTITUTIVE RELATIONS

We consider a theory with a set of N independent
conserved charges (such as energy, charge, or the compo-
nents of the momentum), and their associated currents,
denoted by (J;))". The currents may be locally sourced in
the action by some “external” gauge fields A;),, collec-
tively called .A. The currents are assumed to be (locally)
conserved, which is reflected in N-independent conserva-
tion equations,

(T @) +9;(T ) = Su)- (1)

Here, S(;) are potential source terms that are assumed to
depend on first derivatives of the sources A. While we will
be working with the language that is naturally adapted to
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relativistic theories, the present analysis is not restricted to
relativistic systems. Consequently, (J (i) )# are not assumed
to necessarily be Lorentzian vectors.

In the grand canonical ensemble, all conserved charges
are ascribed their respective conjugate variable y ;) (such as
temperature, components of the velocity, or chemical
potential). There are N such variables, which we collec-
tively denote as u. Assuming a static, translationally
invariant background thermal state in the absence of
sources, both the currents and the conjugate variables are
constant in space and time. The paradigm of classical
hydrodynamics entails promoting the conjugate variables
to slowly varying functions of space and time. We will refer
to them as hydrodynamic variables. It will be convenient to
denote all the independent components of all conserved
currents as ¢ and all the respective components of
external sources as A,. Furthermore, we denote the
N-dimensional tuple of all the independent hydrodynamic
variables as u,. The tuples ¢ and u, obey transformation
rules which reflect the symmetries and transformation rules
of the currents J ;) and ug;, respectively.]

In this work, we limit ourselves to small (linearized)
perturbations around the equilibrium state. We decompose
them into Fourier modes

’u(l) N /'l(()z) + 6ﬂ(l~)€_iwt+ik'x, (2&)

‘A(l) - 5"4(1) e_in_ik'x. (2b)

"To illustrate this discussion with a concrete example, we
consider a four-dimensional relativistic theory with a conserved
energy-momentum tensor 7 and a conserved U(1) current J*.
They are sourced by the metric g,, and the external gauge field
A,, respectively. The conservation equations are V, 7" = F' v,
and V,, J# = 0, where F* is the field strength tensor associated
with A, and V, the covariant derivative compatible with g,,. In
this case, we have (J 1)) = T, (T o)) = T*, (T 3)) = T™,
(T @) =T, and (J (5))* = J*. The associated sources A are
the respective components of the metric and the external gauge
field. The source terms on the right-hand side of the conservation
equations are Sy =S, Sp =8, Sg =85, Sy =S5,
and S(s5) = —F}’j/l J4, where §¥ = FYJ* =Ty T* - T, T+,
with T, being the Christoffel symbols associated with the
metric g,,. As discussed above, the source terms depend
only on the first derivative of the sources. We can organize
all components of the conserved currents into a tuple
J4=(T", T, T, ....,J",J%, ...). Note that T" is symmetric,
and that both 7#¥ and J# transform as Lorentz tensors, which
endows J¢ with certain specific transformation rules. They must
also obey the symmetries of the thermal state, which breaks the
relativistic boost invariance, but enjoys translational and rota-
tional invariance. Conventionally, the hydrodynamic variables in
such a theory are 4 = (T, uy, uy, u,, u), where T is the temper-
ature, u; the velocity, and y the chemical potential. 7 and g must
transform as SO(3) scalars, and u; as an SO(3) vector, which then
endows the tuple u, with a certain set of transformation rules.
Additional structures would arise, e.g., in the presence of a
conformal symmetry.

We assume spatial isotropy, which means that all real scalar
functions are real functions of iw and k*> = k - k. To write
down a hydrodynamic theory, we write

ja (w’ k) = fdeal + 5jgiss(w’ k) (3)
The ideal part, which is independent of @ and &, is inherited
from static thermodynamics, and is expressed in terms of the
hydrodynamic variables via the local equation of state. The
dissipative part, for which we demand that §7§,,(0,0) = 0,
is expressed in terms of the gradient expansion through the
constitutive relations. This means summing over all the
possible terms that are at least first and at most nth order in
derivatives of p and A, and are compatible with all the
symmetries and transformation rules of the conserved
currents. Since we are working with a linearized theory,
the number of linearly independent terms does not grow
indefinitely with the order of the gradient expansion n, as
various tensors can be related to one another linearly
through functions of w and k [18,59-61]. In general, we
can write the constitutive relations as

8T 4@, ks0) =D cilw. k) T¢ (0. k; 6. 6A).  (4)

for a finite set of linearly independent 7. The functions
ci(w, k) are polynomials in @ and k, the coefficients of
which are referred to as the transport coefficients. We
collectively denote them by c¢. Note that the transport
coefficients are subject to physical constraints. While there
is a large body of literature on such constraints, see
Refs. [2,37,62-67], we keep the transport coefficients
completely free in our discussion. Note also that a number
of different nonlinear tensors may project onto the same
linearized tensor, or may even disappear in the linearized
analysis. This means that the associated transport coeffi-
cients cannot be computed from linear response functions.
Technical details regarding the constitutive relations can be
found in Appendix B.

To systematically track the order of the gradient expan-
sion, it is convenient to introduce the truncation operation,
which truncates the order of derivatives (i.e., the degree in
o and k) of a given expression. Specifically, for any
function f(w, k), which is analytic around w = k =0,
we define

The truncation operation thus only keeps powers of @ and k
which, when counted together, are lower than or equal to n.
Some properties of the truncation operation are described in
Appendix A. The nth order hydrodynamics is then defined
by taking
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T, k;e) = [T (@, k; )], (6)

i.e., by keeping only derivatives of nth order or lower in the
constitutive relations. The N conservation laws (1) con-
stitute a closed set of equations for the N hydrodynamic
variables, and thus provide us with the hydrodynamic
equations of motion.

Note that the nth order derivative expansion may or may
not be an accurate description of a system in the hydro-
dynamic regime when one takes into account quantum and
statistical fluctuations. For example, in four spacetime
dimensions, fluctuations (the so-called long time tails)
are known to dominate over the contribution of second-
order derivatives [68-70], whereas in three spacetime
dimensions, fluctuations are dominant even in the first-
order regime [71] (see also Refs. [2,72]). Nevertheless, such
fluctuations may be suppressed in (semiclassical) limits
such as in the mean field theory or in theories with a large
number of local degrees of freedom (e.g., in holographic
large-N or large central charge conformal theories). In such
cases, the constitutive relations (4) provide a good descrip-
tion at any order of the truncation with the analyticity
around @ = k=0 a central feature of the ‘“classical”
hydrodynamic theory. In fact, in a rotationally invariant
theory, the expressions are analytic in @ and k?, which leads
to the dispersion relations being convergent Puiseux series.
This was explained in Refs. [17,18].

III. RESPONSE FUNCTIONS

The equations of motion reduce to a matrix equation of
the form

FAB(w, k; ¢)dug = Q" (w, k;¢)5A,. (7)

Both F and Q are of degree (n + 1) in derivatives, i.e.,
F =[F|,., and Q = [Q],,,. The equations of motion in
the presence of sources are solved by y = F~'Q8A. This
enables us to compute the hydrodynamic response func-
tions, which describe the low-frequency, large-wavelength
response of a conserved current to an external source, i.e.,
the gauge field. In this work, we treat the response
functions variationally (see Refs. [2,73]). This is in contrast
with the canonical formalism of Ref. [74]. The retarded
response function G¢%, is then defined as

5T (6u = F7' Q8 A) = G2 (. k)5 Ay, (8)

In classical hydrodynamics, it is always a rational function
in w and k of the form

Béb (w, k)

Gab ,k _ _“full\" . 9
full(w ) det F(a), k) ( )
Here, B& (w, k) is a polynomial, the explicit, general form
of which is given in Appendix B. Since Eq. (8) needs to be

invariant with respect to gauge transformations of A, the
components of B¢ are related with one another through
various Ward identities (see Appendix B and Ref. [73]).
Generically, we have (see Appendix E)

[Bin(@. k)ly_1 =0,

[Beh (0. k)]y #0,  (10a)

[det F(w,k)|y_; =0, [det F(w,0)]y #0. (10b)

When treating the theory from the perspective of an
initial value problem, the response function of Eq. (9) is the
one that reflects the basic properties of the respective
system of PDEs, such as causality and stability. However,
when taking the perspective of a systematic derivative
expansion, it is desirable for the response function of nth
order hydrodynamics to remain unaffected by the higher-
order corrections one might add to the constitutive relation.
In other words, we want the response function in (n — 1)th
order hydrodynamics to be recoverable from nth order
hydrodynamics. To address this issue, we define the
truncated response function as

. _ B%w, k)
G"(w,k):—P(w’k) : (11)
where
Bab(a)’ k) = [Bglﬁl<w’ k)]Ner (128)
P(w, k) = [det F(w,k)]y.,- (12b)

A response function defined this way is now independent of
any higher-order corrections in the constitutive relations,
and thus fits the scheme of a systematic gradient expansion
(see Appendix B). Such a response function encapsulates
all the physical, low-frequency and large-wavelength pre-
dictions of a hydrodynamic theory.”

IV. FRAME AND ON-SHELL TRANSFORMATIONS

The gradient expansion (4) is riddled with ambiguities.
One set of such ambiguities amounts to the freedom of
choosing a frame. Unlike the conserved currents (which are
expectation values of quantum operators or functions on the

In many cases, the hydrodynamic response functions corre-
sponding to certain degrees of freedom decouple due to symmetry
(e.g., diffusive and the sound modes decouple due to isotropy, and
momentum and charge dynamics decouples in a zero chemical
potential state). Importantly, in such cases, the truncated response
functions of the decoupled systems do not coincide with
the truncated response function of the combined system. We
have det F' = det F, det Fp, while [det F; det Faly v, , #
[det F\]y, ;nldet Faly, ,. Even though the truncated defermi-
nants do not decouple, they contain precisely the same amount of
“reliable information” about the hydrodynamic dispersion rela-
tions as the truncated determinants of the decoupled channels (see
also Sec. VI).

065006-4



ALGEBRAIC STRUCTURE OF THE GRADIENT EXPANSION IN ...

PHYS. REV. D 113, 065006 (2026)

phase space), the hydrodynamical variables u have no
underlying microscopic definition away from the (global)
equilibrium. This means that we are free to perform a field
redefinition, called a frame transformation, as long as the
equilibrium values remain intact. Concretely, this amounts
to modifying the hydrodynamic variables with derivative
terms that are consistent with the appropriate symmetries
and transformation rules. In the linearized sense, we can
write

Su(oH) = oty + S H(0. KKy a (. ko 54). (13)
J

Here, 6/, are the redefined hydrodynamic variables (in a
new frame) and K; 4 form a finite linearly independent set
of terms that are compatible with the transformation
properties and symmetries of u,. Again, because we are
working with a linearized theory, there is only a finite
number of (all) linearly independent tensors. The Taylor
coefficients of ¥;(w, k) around @ = k =0, collectively
denoted as x, are the frame coefficients parametrizing
the frame transformation. (The reasons behind the overhead
arrow will become clear below.) Expressing du in terms of
Sy introduces higher-derivative terms in the constitutive
relations. By assumption, however, when working in a
hydrodynamic theory to a finite order, we can truncate the
higher-order terms and only keep the first n orders of
derivatives.’ Because we were using a complete basis of J¢
in the constitutive relations (4), we can now express the
new constitutive relations in terms of the redefined fields
Sy and some new transport coefficients ¢’. In other words, a
frame transformation induces a map on the space of
transport coefficients through

T (W', 0As¢") = [T (ou(op'). 6As¢)l,.  (14)

Such a transformation can therefore be thought of inde-
pendently not of the concept of a field redefinition, but
rather as a transformation mapping between two hydro-
dynamic theories, i.e., ¢ — ¢/, both of which provide an
equally valid effective description of an underlying micro-
scopic theory. Frame transformations can be understood as
an application of a differential operator to the equations of
motion from the right, followed by truncation. This justifies

the arrow notation. In the linearized sense, this means that a
frame transformation can be expressed as

Fo,k;¢') = [F(o,k;¢)K (0, k%)), (15)

where

For a discussion of frame transformations which are not
followed by truncation, see Refs. [52,53].

K(w,k;0) = K(0,0;%) =1. (16)
This notion translates to full, nonlinear hydrodynamics.
Another set of ambiguities arises from different ways of
organizing the gradient expansion. At the nth level of such
an expansion, one can use the equations of motion of
(n — 1)th order hydrodynamics and plug them back into the
constitutive relations, with errors only appearing at an order
greater than n in derivatives. We refer to such trans-
formations as the on-shell transformations. Similarly to
frame transformations, they induce a map on the space of
transport coefficients. In order to treat such transformations
systematically, we treat the divergences of conserved
currents as new variables:
88y (€) = 0,(T )" +9,(T i) = Sy (17)
with J ;) as expressed in Eqs. (3) and (4). Before imposing
the equations of motion, &(;)(c) are just functions of
derivatives, éu, 6.A, which do not equal to zero. We can
now write new constitutive relations (4), where we include
additional terms H;’(a), k; 65).4 Such terms must be com-

patible with the symmetries and transformation properties
of 79, and obey Hj“(a), k;0) = 0. Because we were using a
complete basis of jf in the constitutive relations (4),
H{(w, k; 6) must be a linear combination of J. Since
using £(¢) as new variables introduces higher-order terms
into the constitutive relations, we must truncate the new
constitutive relations at nth order. The new constitutive
relations are expressed in terms of some new transport
coefficients ¢/, which then amounts to our on-shell trans-
formation. Formally, it is defined through

(18)

n

T = [j"(c) + Z)_c;.(w, k)H;l(GJ, k;&(c))

We refer to the Taylor coefficients of ’_é(i)ﬁ around

J
@ =k =0 as the on-shell coefficients, and denote them
collectively by X. On-shell transformations can be under-
stood as an application of a differential operator to the
equations of motion from the left, followed by a truncation,
which justifies the chosen arrow notation. In the linearized
sense, this means that an on-shell transformation can be
expressed as

F(o,k;¢') = [K(w, k;¥)F(@, k;¢)],. (19)

where

“Note that, in the nonlinear theory, H; would be functions of y,
A, and 6&, as well as their respective derivatives. In the linearized
theory, however, all the terms that depend on du and 54 are
already present in the original constitutive relations. The only
thing that remains are the terms linear in 6&.
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K(w, k;0) = K(0,0;%) =1 (20)

This notion also translates to full, nonlinear

hydrodynamics.

V. ACTION ON RESPONSE FUNCTIONS

Consider a response function (a retarded correlator) of
conserved currents, G*, which accurately describes the
behavior of the theory well beyond the hydrodynamic
regime (see example in Sec. VIII). Assuming a thermal
state and a set of unbroken, continuous symmetries, a
classical hydrodynamic description may then be applicable
in the small-w, small-k regime. If this is indeed the case,
then hydrodynamic response functions—rational functions
of @ and k—are expected to approximate G*° with the
appropriate choice of transport coefficients. The fact that
the theory is assumed to have a hydrodynamic description
is reflected in the fact that we can express

B (w, k)

G = 5o

(21)

where P and B can be approximated with a (truncated)
power series around @ = k = 0. If the hydrodynamic
approximation holds up to nth order, then the (truncated)
hydrodynamic response function G(w, k;¢) is expected to
take the form of (11), with

B (w.kie) = BP0 K]y, (220)

P(w.kie) = [P, )]y . (220)
for a choice of transport coefficients c. Let us now consider
a function p(w, k) which is analytic around @ = k = 0 and
obeys p(0,0) = 1. The exact response function G* is
clearly invariant under

B (w, k) = B*(w, k)p(w, k), (23a)

Plw, k) - Plw, k)p(w, k). (23b)

It is therefore equally valid to write

ab VAN [Bab(a)’ k;c)p(a), k)]N+n
G0 k) = o ko pl@ Ry |

for some alternate set of transport coefficients ¢’.
Hydrodynamic response functions are therefore ambiguous

Note that we could have relaxed the assumption of
p(0,0) = 1, which would amount to trivial rescalings and/or
adding “false” hydrodynamic modes.

up to the function p, which can be understood to be a
polynomial of degree n. As we increase the order n, and
thus improve the approximation, the effect of p becomes
less and less relevant, until it finally disappears in the strict
n — oo limit, where the series may be analytically extended
beyond their radii of convergence [18,20,75].

In the language of hydrodynamics, the ambiguity of
approximating such response functions with rational func-
tions precisely reflects the frame and on-shell ambiguities.
Indeed, the action of both frame and on-shell transforma-
tions on the truncated response functions has exactly the
form of Eq. (24). This is shown in Appendixes C and D. The
polynomial p is a function of frame and on-shell coef-
ficients, expressed as [see Eqgs. (15) and (19)]

plw, k;x,X) = detl?(a), k;x) detf((w, k;x), (25)
and obeys
p(0,0;x,%) = p(w, k;0,0) = 1. (26)

In other words, performing a transformation on the space of
transport coefficients, is, at the level of truncated response
function, equivalent to multiplying the correlator by a
polynomial in both the numerator and denominator, and
then truncating. While perhaps seemingly somewhat trivial,
this discussion implies that frame and on-shell transforma-
tions act on response functions in the same manner. It also
formalizes the roles of different transformations as seen
from the point of view of correlation functions.® As a result,
this gives rise to equivalence classes of response functions,
with the equivalence relation defined by Eq. (24). Generally,
one expects p, as defined through Eq. (25), to have a very
specific, prescribed structure, reflecting the structure of the
matrices K. In actual examples, however, one can use frame
and on-shell transformations to engineer an arbitrary poly-
nomial p. This is also consistent with the discussion around
Eq. (24). We will henceforth assume that p may be any
polynomial compatible with Eq. (26).

VI. INVARIANTS AND MODES

The frame and on-shell ambiguities in formulating a
hydrodynamic theory are reflected in the fact that a micro-
scopic theory does not correspond to a unique nth order
hydrodynamic theory. Rather, it corresponds to an equiv-
alence class of theories related by frame and on-shell
transformations. There are two ways to tackle this. One
may decide to use the frame and the on-shell transforma-
tions exhaustively to eliminate some transport coefficients.
The remaining transport coefficients then unambiguously

®Note that the action on full, untruncated response functions is
not universal.
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encode the physical content, and may be matched to either
an underlying microscopic theory or the experiment. While
this is usually done using various forms of Kubo relations,
this becomes an increasingly formidable task at higher
orders of the gradient expansion [12,76,77]. Although such
a procedure is convenient when treating hydrodynamics as a
set of PDEs with an associated initial value problem, it
obscures the separation between physical content and
artifacts of the truncated gradient expansion. For example,
it may yield a response function which has undesirable
properties (e.g., acausality, instability, or violation of the
hermiticity condition @ Im G > 0). Understanding the
constraints on transport coefficients that arise from physical
principles (such as unitarity, causality, or the Onsager
relations, see, e.g., Refs. [2,37,62-67]) may therefore be
difficult. Alternatively, one can consider functions of trans-
port coefficients that are invariant under frame and on-shell
transformations. The benefit of this approach is in the fact
that one does not have to resort to arbitrary frame choices.
Furthermore, in this approach, the invariants are robust with
respect to “overcounting” of the tensor structures in the
constitutive relations, and do not depend on the details of the
formulation of the theory. Finally, various physical con-
straints on transport coefficients must be reflected, in a
robust sense, on the invariants of the hydrodynamic theory.

To define the invariants in a convenient way, let ¢ denote
the set of all transport coefficients to all orders in the
hydrodynamic expansion. Let f,,(c¢) denote a function of ¢
that depends only on the coefficients that appear in the nth
order constitutive relations, and let ¢/ denote the coeffi-
cients after they had been subjected to (all-order) frame or
on-shell transformations. If f,(c) = f,(c’), then we call
fu(c) an invariant. Furthermore, we define an invariant
polynomial as a polynomial in @ and k with the coefficients
that are also invariants. Defined in this manner, the
invariants are now robust to higher-order corrections of
constitutive relations and thus fit naturally into the deriva-
tive expansion scheme.

In the absence of sources, the equations of motion admit
solutions that correspond to the poles of G4, i.e., when
det F(w, k) = 0. This describes the so-called spectral
curves in the complex (w, k) space discussed in [17,18].
A special set of such solutions is the set of hydrodynamic
(gapless) modes (dispersion relations) @; (k)

det F(@;(k), k) =0, @;(0) =0. (27)
By construction, there are exactly N such modes.”
We will assume that w;(k) are analytic around

"Modes may be degenerate and thus have the same dispersion
relation (e.g., the d — 2 momentum diffusion modes in isotropic
d-dimensional spacetime). In the formalism presented here, they
must be counted as distinct modes. Moreover, trivial modes with
(k) = 0 must also be counted as distinct hydrodynamic modes.

k = 0 and therefore admit a convergent Taylor expansion
in £.°

We may also consider the hydrodynamic modes w;(k)
associated with the truncated determinant P(w, k), defined
through

0;(0) = 0. (28)

Again, there are N such modes, and they coincide with
@;(k) of the untruncated determinant in the small-k
expansion:

&i(k) - w,(k) = O(k™2). (29)

Importantly, there is no analogous equivalence for gapped
modes. It is natural to introduce the expansion coefficients
of the hydrodynamic dispersion relations as

n+1

w;(k) = w(c)kl + O(k™2), (30)

J=1

where the expansion coefficients w;;(c) are functions of the
transport coefficients. The information contained in @;; can
be packed into the hydrodynamic part of P, which we
define as

Py(e) = [ [(@ - w;(k)). (31)

i=1

The complementary gapped part is then defined through

P(C) = Phy(C)Pgap(c)’ (32)

where we have omitted explicit @ and k dependence.

Elementary properties of series expansions (see
Appendix A) give the identity
P(c> = [[Phy(c)]N+n[Pgap(c)]n}N+n‘ (33)

The action of a transformation p(x,x) [see Egs. (24) and
(25)] can be shown to take the form (see Appendix E)

P(¢') = [[Pny(€)]ly n[Peap(€) P(X.5) ]y (34)

This transformation leaves [Py ]y, , invariant, which means
that the expansion coefficients w;;(c) are invariants, i.e.,
w;;(c) = w;;(c’). This allows us to introduce the first

8As mentioned above, in isotropic theories, the low-k ex-
pansion of w;(k) generically takes the form of a convergent
Puiseux series in k%" for integer m [17,18]. In the common
cases, m is at most two. In fact, m = 2 for sound modes, and the
Puiseux expansion of each of the two (or, rather, a pair) of
dispersion relations coincides with the Taylor expansion in k.
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invariant polynomial Z(w, k;c) as follows:
Z(w, k;€) = [Phy(€)ly-+n- (35)

We have Z(w, k;¢') =Z(w, k;c). This is in complete
accordance with physical expectations—the low-k expan-
sion of hydrodynamic modes is a reliable prediction of
hydrodynamics and thus cannot be affected by frame or on-
shell transformations. Furthermore, high orders in momen-
tum are not expected to be reliably described by low-order
hydrodynamics.

Alongside the gapless modes, there may also exist other
solutions that correspond to gapped modes, which are, in a
theory of hydrodynamics, not reflective of the gapped
excitations of the underlying microscopic theory. Such
modes can be added or removed by frame and on-shell
transformations. For any gapped mode w$*(k) of the
truncated response function, which solves P(w$* (k), k) =
0 and obeys w$"(0) # 0, a transformation exists which

removes it. The explicit form of such a transformation is

o
plob) = [ e

By applying that consecutively, all the gapped modes may
be removed by a transformation of the form

Pyyp(0,0) ]

ploni) = | =200 37)

since

ook = [0 J0- 7| . )
i n
Here, f (k) arises generically from the factorization of Py,,.
We are then left with P o« Z (see Refs. [52,53], where such
a choice is referred to as the “hydro frame”). Conversely,
one can add gapped modes at will, which has been
exploited in studies relating to causality of hydrodynamics
(see e.g., Ref. [30]).

On the level of the response functions, the residues
associated with unphysical gapped modes approach zero as
n is increased, and vanish in the strict n — oo limit, where
such modes cancel out completely. The same does not hold
for the residues of the hydrodynamic modes. This gives rise
to another set of invariant polynomials, which correspond
to the physical intuition that the low-k behavior of the
residues of hydrodynamics modes is reliably described by
the hydrodynamic theory. By defining

VP (w, k;e) =[G (€) Pry(€)]n s (39)
one can show that Y% (w, k;¢') = Y*(w, k;¢). Note that

various components of yab (w, k;c) are related to one
another via Ward identities (see Appendix E).

VII. ALGEBRAIC PROPERTIES
AND GROUP STRUCTURE

In this section, we remark on the fact that frame and on-
shell transformations exhibit remarkably interesting and
subtle algebraic structures. While we do not present any
direct applications of this discussion, we entertain the idea
that it might offer some interesting and nontrivial insight
into the nature of hydrodynamics. Specifically, a nonlinear
generalization of the present discussion may offer insight
into what the robust, frame-invariant predictions of hydro-
dynamics are in a systematic sense. Furthermore, history
has taught us that describing a physical system in terms of
its redundancies may also convey a lot of valuable
information. In that spirit, we proceed in a crude analogy
to gauge theories, where studying the algebraic structure
turned out to be immensely powerful. A related discussion
exists in Ref. [78]. The technical details of this section are
presented in Appendix F.

Let the action of a frame transformation x in the space of
transport coefficients be denoted by

P

¢ = fz(c). (40)

Its form is generic,

= o+ (- Yaga)| . @

l’l—l’lj

with ¢;(w, k) defined as in Eq. (4) and X;(w, k) defined as in
Eq. (13). (7;);(@, k) are vectors that are related to the ideal
part of the constitutive relations, while (5;)y(w, k) are
matrices related to the dissipative part. Here, n; corresponds
to the order of derivatives of ;' (see Appendix F for
details). The action of on-shell transformations in the space
of transport coefficients is denoted by

¢ = fx(c) (42)

and has a completely analogous form,

= [Cj+2)?,-((7i)j+;(Ei)jkckﬂ . (43)

n—n;

Here, (7;);j(®, k) is again related to the ideal part of the
constitutive relations, while (6;);(w, k) is related to the
dissipative part. On-shell coefficients X;(w, k) are defined
in Eq. (18).

We now list several interesting properties of these
transformations. Both frame and on-shell transformations

obey the composition rule, i.e.,

3x": feofe=fe (44)
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and have an inverse

Ax": fo=(f)" (45)

Explicit forms are given in Appendix F. The transforma-
tions therefore form a Lie group, the coordinates of which
are the Taylor coefficients of x;(w, k), denoted collectively
as x. This group has several generic properties that hold in
any dissipative hydrodynamic theory described in this
paper, and it is the goal of this section to describe them.

We introduce the group H as a set of all the trans-
formations on the space of transport coefficients, generated
by frame and on-shell transformations. Some frame and on-
shell actions may correspond to the same map on ¢ and
must be identified accordingly.9 The orbits of H can be then
understood as equivalence classes of hydrodynamic theo-
ries, which equally accurately describe the low-energy
behavior of a corresponding microscopic theory. In other
words, the space of invariants is given formally by C/H,
where C denotes the space of transport coefficients, so that
¢ € C. H is noncompact, which can be readily seen from the
actions (41) and (43). Frame and on-shell transformations
both form subgroups of H, which we refer to as the frame

group H and the on-shell group i, respectively. The
coordinates of H are simply the frame coefficients x, while

the coordinates of H are the on-shell coefficients ¥. Frame
and on-shell transformations commute, which is a conse-
quence of the associativity of matrix multiplication [see
Egs. (15) and (19)]. At the level of transport coefficients,
however, this property is nontrivial, and implies'®

[H. H] = {e}. (46)

where {e} is the trivial (identity) group. Note that this does

not imply that H is a direct product of H and H since there
may be some frame transformations that coincide with
some on-shell transformations. It does, however, imply that

both H and H are normal subgroups of H

H<H, H<H. (47)
H admits a natural sequence of subgroups associated with
the order of the derivative expansion at which they act. Let
us introduce the notion of a mth order transformation as a
transformation which is characterized by [J(¢')],-; =
[T (c)],,_1, i.€., a transformation that leaves all orders less
than m in the constitutive relations intact. If we denote by

’Concretely, we may have fg(c) = fz(c) for all ¢ and some
specific x and ¥. Such a transformation corresponds to a single
element in H.

""We use notation by which G < H means that G is a subgroup
of H and G < H means that G is a normal subgroup of H. For
G <H and K <H, the commutator is given by [G,K]|=
{g7 'k 'gklge G, k€ K}, so that [G,K] < H.

H,, the subgroup of H that is generated by all the mth order
transformations, we have

H,=H, Hn+l :{e}’

Hm+l SI{m' (48)
It can be shown that the commutator of an m2;th order and an
msth order transformation is an (m; + m,)th order trans-
formation (see Appendix F). This implies

[H, .H,

mp»

J < Hoom, (49)
which allows us to conclude two important properties of H.
First one is the fact that H,, is Abelian for m > n/2. H
therefore has a large Abelian subgroup. This immediately
implies that H is always Abelian for first-order hydro-
dynamics. Indeed, any commutator of any two transforma-
tions in first order hydrodynamics is necessarily of at least
second order in derivatives, and thus cannot appear in the
constitutive relations. For an arbitrary order, H needs not be
Abelian. It is, however, always nilpotent. This follows from
Eq. (49), which ensures that the lower central series of H
terminates.'’ At the level of the Lie algebra, nilpotency
implies a vanishing Killing form, which means that quad-
ratic Casimir operators cannot be constructed. It is therefore
difficult to explicitly construct invariants in a way that
would be different from the one presented in Sec. VI. Since
all nilpotent algebras are solvable, they have no simple
subalgebras. In stark contrast with semisimple Lie algebras,
no general classification of solvable algebras is available. It
is apparent from the above discussion that nilpotency
emerges from the truncation step in either the frame or
on-shell transformations. It is therefore a universal feature of
the gradient expansion, and is expected to be present in full,
nonlinear hydrodynamics.

Frame and on-shell transformations can be formulated

(not necessarily faithfully) in terms of K and K matrices,
introduced in Egs. (15) and (19). Indeed, we have the
composition rule

K(o. k%) = [K(w, k;¥)K (o, k:X)],.  (50a)
K(w, k;5") = [K(w, k;¥)K (0, k;%)],.  (50b)
as well as the inverse
K(w. k%) = [K™ (0, k%)), (51a)
K(o. k%) = [K (0, k%)), (51b)

""The lower central series H* of a group, defined by H® = H
and H**! = [H, H¥], i said to terminate if H* = {e} for some k.
This defines a nilpotent group. In our case, we have H* < H;;,
which means that H" = {e}.
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Finally, we consider the action of H on the response
functions. It is given by polynomials p [see Eq. (25)], with
the composition corresponding to simple polynomial
multiplication followed by truncation,

P (@, k) = [p(w, k)p'(@, k)],,. (52)

Here p, p/, and p” are all polynomials with p(0,0) =
p'(0,0) = p”(0,0) = 1. This gives rise to an Abelian Lie
group H, with its coordinates being the coefficients of p. Its
definition in terms of frame and on-shell coefficients (25)
provides a homomorphism from A (which may be non-
Abelian) to H (which is Abelian). In other words, the action
of the transformations on linear response functions is

always Abelian.

VIII. EXAMPLE: DIFFUSION AT
ARBITRARY ORDER

We illustrate the discussion of this paper on the example
of simple diffusion to arbitrary order in derivative
expansion. We consider a theory with spatial, parity,
and time-reversal invariance, as well as translational and
time-translational symmetry. Boost symmetry is explicitly
broken by the thermal state. We consider a simple con-
served U(1) current J* in (1 4 1)-dimensional spacetime,
where p = J' can be considered a particle density. Such a
current can be sourced by an ‘external’ U(1) gauge field
A,, so that

_5S

="
SA,

(53)

The conjugate hydrodynamic variable is the chemical
potential u. We assume a background equilibrium state
with J§j = 0 and yy = 0. In the notation of Sec. III, we have

T = (I, k), J¥(@, k). (54a)
Ay = (A, k), A (@, k)), (54b)
Ha = (u(@,k)), (54c)

where k, = (—w, k). The quantities that are available for the
construction of constitutive relations are the chemical
potential u(w, k), the external gauge field A,(w, k), and
derivatives thereof. To ensure gauge invariance of the
conserved current, the latter can only appear through the
field strength tensor ¥, = ik, 6 A, — ik, 5 A,. Furthermore,
we may use the static background metric 77, = diag(—1, 1)
and velocity #* = (1,0), which defines the thermal state. In
the linearized theory, the most general form of the con-
stitutive relations is

JH = yutdu+ 8 J4 (55)

diss”®

where the ideal part is characterized by static susceptibility y

y =W (56)

d/’l pu=0

and the dissipative part by four independent tensor struc-
tures

5T

diss

(91, 64) = [(e1 (@, k) + i @, K)R*)
+ (c3(w, k)u, + icy(w, k)k,)F*™],. (57)
We must demand that ¢;(0,0) = 0 in order to ensure that

the dissipative part is zero in equilibrium. The orders of all
the tensor structures n; are

ny = O, ny, = 1, ny = 1, ny = 2, (58)

so that ¢;(w, k) = [¢j(w, k)],_,,. Furthermore, because the
current is real and the state spatially isotropic, we must have

ci(w, k)" = ci(—w,k) and c;(w, k) = ci(w,—k). (59)
The equations of motion [see Eq. (54c)]
k,J# =0 (60)

can be used to solve for ou in terms of 6A,:

[(kSA, + wSA )3 (0, k)],
[i(x + ci(@. K)o + co(@. k) (K = )],
(61)

ou(6A) = —

Since we have only one conservation equation, we have
only one hydrodynamic mode—the diffusive mode.
Therefore, N = 1. Note that the tensor structure associated
with ¢y is transverse with respect to k, and therefore does
not enter into the equations of motion. Nevertheless, we
may leave it in the constitutive relations as the formalism
presented here is robust with respect to redundant tensor
structures in the constitutive relations. The full retarded
response functions, defined as

JH(6u(6A),6A) = G*" 6 A,, (62)

are related to one another by the Ward identities:
@*G" = wkG"* = wkG*' = k*G**. (63)
It is therefore enough to consider only G", which is given by

x_ B"(w,k)
=Pk oY

where
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B"(w, k) = [—k2(03()( + ¢y +ic0) = ¢4P)l, 1, (65a)

P(w. k) = [=i(x + c1)o + cr(@® = )], (65b)
We note that in this simple example, there is no difference
between the full and the truncated response functions.

We now consider frame transformations by redefining
the out-of-equilibrium chemical potential. The most gen-
eral redefinition has the form

ou(ou') = [(1+ X1 (w, k)’ + i%y (@, k)k,u, F*],.  (66)
where we demand that x,(0,0) = 0. Plugging the defini-

tion into the constitutive relations (55), this induces a map
in the space of transport coefficients through

'), = [ (pw), €)l,- (67)

The explicit map is

¢y =ler + O+ cn)xl,, (68a)
ch =[x + aXi],y,s (68b)
¢y =les = (ilx + c1)o = cr(0® = k)%, (68¢)
cy=lca+ (x + 1 +icrw)x,],s. (68d)

Turning to the on-shell transformations, we define [see
Eq. (17)]

&= ik, J" = [P(w, k)ou — c3k(k6A, + wbA )], (69)

We can now add new tensors to the constitutive relations,
using ¢ as an independent scalar together with x4 and A,,.
There are two new tensors that can be added, namely,

Ji(e') = [(e) + (R1(w, k)u + iXs (@, k)k)E],.  (70)

The map on the space of transport coefficient that is
induced is given by

¢ =le—(ilx + o -0 k)3,  (7la)
¢ =ler = (ily + c1)o — e2(@® = k)3, 1, (71b)
s = ez — e3(iXj0 + (0® = K*)Xy) 1 (71c¢)
¢y = [ca + 3(F) + i0%2)],_s. (71d)

In this simple diffusive case, the K matrices from Eqgs. (15)
and (19) are 1 x 1, and their product coincides with the
polynomial p, which is

plo.k.x.5) = [(1+5)(1 - ok, + (o - )5)],.  (72)

Clearly, we have p(0,0) = 1, as expected. We then have
P(w,ki¢') = [P(w.k;c)p(w, k. x,X)],. . (73)
Similarly, the action on the response function is

B, k) p(. K],
) = Fokop@ i, Y

This can be checked explicitly by plugging Egs. (68) and
(71) into Eq. (65).

We now expand the coefficients around @ = k =0 to
study the modes of the system

—id,)/d\ci(w, k) : (75)

C i,jl . (
5J ]
.]! ! w=k=0

For concreteness, we consider the expansion to second
order, i.e., to n = 2, which gives

[P(w, k;¢)]3 = —iyw + @*(cy 10 + 200) = K200
— ikza)(Cl‘oz + C2,10) +iw’ (C1,20 + C2,10)'
(76)

There is a hydrodynamic (diffusive) mode
o (k) = i%kz +O(KY, (77)
which gives [cf. Eq. (35)]
T(w, kie) = [Pyy(, ki €)]; = o — i%/& (78)

Clearly, c; o is an invariant and must be negative to ensure
entropy production. This is sensible, since it sets the
conductivity (and thereby the diffusion constant), which
is a physical and measurable hydrodynamic parameter of a
given system. The gapped part of P is [see Eq. (32)]

[Poap (@, k;€)], = —iy + dyo — idyk* + dsw®,  (79)

where
dy = c110 + €200 (80a)
dy =cip+ a0~ Mv (80b)
dy = ci20 + C2.10- (80c)

Clearly, there are up to two gapped modes that appear
alongside the diffusive mode. It is easily checked that
Eq. (80) are not invariant under the frame (68) or on-shell
(71) transformations, and may be set to a constant or any
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other degree-two polynomial via
Poyp(@, ks ") = [Pyap(@, ki c) p(@, k; %,X)],.  (81)

The second invariant, )" [see Eq. (39)] can be
expressed as

V'@, k;e) = [G" (@, k) Pyy(, k)5 (82)
= —ic300k* + (€310 + C4.00) 0k?, (83)

with Y™, V¥ and Y** containing the same information due
to Ward identities (63). Z(w, k;¢) and Y"(w, k; ¢) contain
all the invariant information about this system at n = 2.
Even though, in this case, the invariants are simply the
transport coefficients ¢, g9 and c3 g, as well as the linear
combination cj3 19 + ¢4,0, the expressions at higher orders
are no longer as simple. Due to their considerable length,
we do not write their explicit forms here.

An important point to stress is that either the on-shell
transformation or the frame transformations can be chosen
to arbitrarily add or remove gapped modes. This means that
one make (at least linearized) diffusive hydrodynamics
stable and causal in any frame by choosing the appropriate
set of on-shell transformations.

Turning to the algebraic structure, it is apparent that the
transformation rules (68) and (71) indeed have the form of
(41) and (43). The algebraic properties cited in Sec. VII
may be checked explicitly, although we do not do that here.
One can verify that the frame and on-shell transformations
indeed commute, and, furthermore, have nonzero overlap.
For orders n < 3, the transformations are Abelian, with the
non-Abelian structure appearing at n = 4. Even for this
simple diffusive example, this would require considering
20 transport coefficients. We defer such analyses to
future works.

We conclude this section by discussing an explicit
example, which is accurately described, to all orders, by
diffusive hydrodynamics described above. This is the
example of the holographic, self-dual linear axion model
[79] (see also Ref. [80]), describing a finite temperature
quantum field theory in three spacetime dimensions, with a
conserved U(1) current. The retarded current-current
correlator can be computed explicitly in the full micro-
scopic theory, and amounts to (up to some normalization,
which rescales the conserved current J#, and thus the
equation of state)

CRTG—i§ -3 AK)CG—i5+5AK)
Y 1

2T(E-i2—-1AK)TE-i2+1AK)

gl‘t

(34)

where A(k) = V1 —4k*>. Here, temperature is set to
T = 1/2x. In these units, the susceptibility of this model
is y = 1. To construct a hydrodynamic approximation to
the exact response function, we can rewrite G as

» B B (w, k)
where
B'(w, k) = —=iY"(w, k) p(w, k), (86a)
Plw, k) = —iZ(w,k)p(w, k). (86b)
Here,
I(a),k):a)—lA(k;_l, (87a)
Yonp) - e G AR 300 o

FE—i2—IAk)IG-i24+1A(k)’

and p(w, k) can be an arbitrary function with p(0,0) = 1,
which is also analytic around @ = k = 0. Performing a
hydrodynamic expansion in the sense of Eq. (22) gives the
truncated hydrodynamic response function

[B" (@, k)],

L TP

(88)

Clearly, the function p(w, k) in Eq. (86) encapsulates the
frame/on-shell ambiguity of Eq. (74). We can now match
the invariant polynomials Z and J" to the exact response
functions. Up to second order in the hydrodynamic
expansion, we have

I(w) = w+ ik*> + ..., (89a)

Vi(w) = ik* + ... (89b)
Matching this with Egs. (78) and (83) amounts to matching
the hydrodynamic effective description to the exact micro-
scopic theory.

IX. DISCUSSION AND FUTURE DIRECTIONS

In this paper, we systematically treated, in the most
general sense, linearized, classical hydrodynamics to
arbitrary order in derivative expansion. This allowed us
to discuss the physical excitations (the modes) of hydro-
dynamic states, as well as the hydrodynamic retarded two-
point correlation or response functions. We explained how
such response functions can be expanded systematically in
a way that is consistent with the gradient expansion.
By building on this formalism, we then treated, in detail,
the frame and on-shell transformations as maps in the
space of transport coefficients. Their action on the hydro-
dynamic response functions was shown to be universal and
independent of the specifics of the theory. From a more
formal point of view, we also constructed (algebraic)
invariants, among which are the small-k expansions of
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the hydrodynamic dispersion relations. Finally, we dis-
cussed several group theoretic properties of the frame and
on-shell transformations, among which is their nilpotent
group structure.

Even though we limited ourselves to the discussion of
linearized hydrodynamics, we expect that a large part of the
present analysis should be applicable to the full, nonlinear
theory. One way to understand this is at the level of
equations of motion, where the frame and on-shell trans-
formations acting on the space of transport coefficients
should again provide equivalence relations between differ-
ent effective theories with a single underlying microscopic
description. While the frame transformations have been
studied extensively in this context, especially with regards
to constructing a stable and causal theory of relativistic
hydrodynamics, the on-shell transformations, which
behave in a similar way, have not been explored in this
manner. Since there exist on-shell transformations that do
not affect the frame choice, but nevertheless induce trans-
formations on transport coefficients, it is possible that a
causal theory of relativistic hydrodynamics may be con-
structed even in the Landau frame. Another way would be
to consider higher-point correlation functions, where the
low-o and k parts of their spectra are again expected to
correspond to certain (algebraic) invariants. Furthermore, it
would be interesting to pursue similar explorations from the
point of view of the full hydrodynamic EFT with stochastic
and quantum fluctuations, which is known to introduce
(infinitely many) branch cuts into correlation functions
[72,81]. Another interesting set of questions pertains to the
discussion of (quasi)hydrodynamic theories with weakly
broken symmetries [82], where the hydrodynamic modes
acquire a parametrically small gap. Lastly, it would be
interesting to consider the possibility of formulating hydro-
dynamics purely in terms of the manifestly invariant
dynamical quantities.

Beyond hydrodynamics, many other interesting EFTs
exist in the literature, which are also derivative expansions.
Examples include the chiral effective theory, the Euler-
Heisenberg Lagrangian, and higher-derivative theories of
gravity (or supergravity) that can be systematically derived
from string theory. The history of discussions on the field
redefinitions (often higher derivative) in such theories is
long (see e.g., Refs. [83—86]). One may wonder if the
methods developed here could be used in systematizing of
the field redefinitions in those theories.
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APPENDIX A: SYSTEMATICS OF SERIES
EXPANSIONS

We begin by stating some useful properties of series
expansions for functions of two variables. They all follow
from the basic properties of multivariate Taylor expansion.
flw, k) and g(w, k) denote nonzero functions that are
analytic around @ = k =0 throughout. We define the
following:

(i) O,(w,k) is any function with O, (1w, k) = O(A").

This means that we have

g(@, k) = f(@,k) + Oy (@, k)

& [9(0. k)], = [f(0.k)],. (A1)

(ii) The degree of a polynomial f(w, k) is the lowest
integer M, for which f(w. k) = [f(w, k)]Mf.

(iii) The lower degree of a polynomial f(w,k) is the
largest integer m, for which [f(w, k)] 0.

(iv) A polynomial f(w, k) is homogeneous of degree N
if My = my = N, which means that

my—1 =

F(aw, 2k) = AN (e, k). (A2)

We will use the following identities throughout:
() If my and m, are the lower degrees of f(w, k) and
g(w, k) respectively, then
(@, K)9(@. 0], = [ (@, )] 90 K)] - ]
(A3)

(i) If f(w, k) is homogeneous of degree N, then

[0, 0)g(w, k)], = [f(@, k)g(@, k)], (A4)

APPENDIX B: CONSTITUTIVE RELATIONS
AND RESPONSE FUNCTIONS

By splitting the conserved currents into their equilibrium
and perturbed parts

(T = (T + 6T @), (B1)
we can write the divergence of a current as
div
BT i) — ik, (8T () )" (B2)

where k, = (-, k). By reorganizing all the independent
components of conserved currents into a M-dimensional
tuple 7¢, the divergence is described by a matrix ¢4, as

065006-13



SASO GROZDANOV and MILE VRBICA

PHYS. REV. D 113, 065006 (2026)

1

57 L g (@, K)5T. (B3)
Here, ¢";(w,k) is homogeneous of degree one, as its
elements must be linear in @ and k. It maps from the
M-dimensional space of the independent components of
conserved currents to the N-dimensional space of inde-
pendent conservation equations. The latter can be rewritten
as [see Eq. (1)]

@y, k)8TP = S (w, k)S.A,. (B4)
The (retarded) linear response of conserved currents to the
perturbation of external sources in encapsulated in the full
microscopic response function

8T = G (w,k)SA,. (B5)

The components of the response function are not indepen-
dent as they obey the Ward identities

¢ o(@.K)G (@.k) = S (@,k).  (B6)
By the hydrodynamic assumption, all conserved currents

are functions of the N hydrodynamic variables du, and M
external sources 5.4,. This means that we can write

8T (@, k;6u,6A;¢) = T8 (@, k;¢)dup + T (w,k;¢)5A,.
(B7)

In full, nonlinear nth order hydrodynamics, constitutive
relations amount to summing over all the tensors which are
functions y and A, are at least first and at most nth order in
derivatives, and are compatible with the symmetries and
transformation rules of conserved currents. By increasing
the order n, the number of such tensors generally increases
indefinitely. When considering linearized hydrodynamics,
however, many such tensors are linearly dependent, and
related to one another via functions of @ and k. The
linearized constitutive relations then take the form [see
Egs. (3) and (4)]

T, ki6) = [ Tiy + Y e 0T 0.1
F Ot (38)
T 00) = | T + BT 0.1
FOp(o.) (89)

Here, J :?B and J tf"’ are induced through J{ =
TEsup +J i“béAb. We pick the basis of J§ so that they
are homogeneous of degree n;. Out of the infinite number
of such choices, we pick the one for which n; are minimal.

To ensure the vanishing of the dissipative part of the
constitutive relations in equilibrium, we must either have
n; > 1, or ¢;(0,0) = 0. In other words, the lower degree of
ci(w, k) T (w, k) must be at least one [see the ¢;(w, k) in
the constitutive relations (57)]. This truncates the coeffi-
cient functions c;(w, k) at [c;(@, k)],_, . Although we are
truncating the derivative expansion at nth order, we are
systematically tracking the influence of higher-order terms
through O, (w, k).

The equations of motion arise from conservation equa-
tions, and take the form

FAB(w, k;¢)dug = Q4 (w, k;¢)5.A,, (B10)
where
FA% (o, k;e) = ¢* (0. k) TP (0. ki) + Opn(@, k),
(Blla)
0" (w,k;¢) =S4 (w, k) — ¢* (0, k) T (w, k; ¢)
+ Oy, k). (B11b)

Motivated by concrete examples, we assume that S4b s
homogeneous of degree one.

To find the response functions, we first express the
solutions of (B10) as

Sup = (F71) 5, Q" 6A,,. (B12)

Plugging it into the constitutive relations (B7), we obtain

8T (@, k; FT'Q6A,5A;¢) = G4\ (w, k; €)5A,, (B13)
with
B (w, k; k
G (. ki) = (@, k;¢) + Oy (@, k) (B14)

~ detF(w.k;e) + Opypsr (@, k)
Here, B?u‘{l is a polynomial in @ and k with explicit form

B = T*(F)pc Q" + J* det F.  (BIS)
F* is the adjugate matrix of F, i.e., the transpose of its
cofactor matrix, for which the following holds:

F* = F~ldetF. (B16)
The virtue of the adjugate matrix is the fact that it is
polynomial in the elements of F. Expression (B14) is the
generic form of a response function in any classical
hydrodynamic theory. Note that, in general, B (w, k;c)
and det F(w, k;c) are polynomials of degree N(n + 1).
However, as indicated in Eq. (B14), higher orders are
sensitive to the O,,, | (w, k) term in the constitutive relations.
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This ambiguity is eliminated by introducing the truncated
response function

_ Bab(w’ k;c) B [B?uﬁl(w’k;c)]N+n+l

G (o, k;e) = - ‘
(@, k;¢) P(w.k;c) [det F(w. k€)1 p

(B17)

Putting the above assumptions and results together, we can
conclude that B (w, k;¢) and P(w, k; ¢) are both of lower
degree N.

APPENDIX C: FRAME TRANSFORMATIONS

The most general redefinition of the hydrodynamic
variables that preserves their equilibrium value is written as

Spa () =0y +> _5(0,k)K; (0,81 5A) 40,1 (0,K).
J

(C1)

We pick the basis of K; 4 so that they are homogenous of
degree ‘71 Out of the infinite number of such choices, we
pick the one for which ‘71 are minimal. To ensure the
consistency of the equilibrium values of the hydrodynamic
variables, we must either have (71 >1 or X;(0,0) =0.
Equation (C1) can be rewritten as

Sus = K (0, k: X)8ply + QuP (0. k: X)5A;, + O, (0, k),
(C2)

where

-

K\ (0.k:%) =85+ 5(0.k)K; 4B (0.k).  (C3a)
J

QP (0. k%) = F(@.k)K;a"(w.k).  (C3b)
J

Here, K;,® and K;,” are induced through K;, =

KC; ABoup + }ijf \0A,. A frame transformation is defined
on ¢ as [see Eq. (14)]

T (. kc') = [T @, k;e) K, (@, ks %), + Oy (0. k),
(C4a)

T (@, k;c') = [T, k;c') + T, k;¢)

X QAb(w7 k’f)]n + On+l (a)7 k) (C4b)

Note that this truncates the frame coefficient functions
Xj(w. k) at [Xj(w,k)],_;. Taking the divergence of the
above, we get

FA (w,k;¢’) = [FA% (@, k:€) Ko™ (@, K:3)]1 + O (@, ),
(C5a)

0% (w, k; ") = [0 (w, k;¢) — FAB(w, k; )

x QP (@ k)], Opia@.K). (C5H)

Using the identities from Appendix A, we get, after some
lines of simple manipulation,

det F(w, k;¢') = det F(w, k;¢) det K (w, k; %)

+ On i1 (@, k), (Céa)

B (w.k;¢') = Bih (0, k;¢) det K (@, k%) + O 41 (o0, k).
(C6b)

This means that the action on the truncated quantities is
simple,

P(w,k;¢') = [P(w, k;¢) det K (0, k;%)]y,,,  (CTa)

B (w, k;¢') = [B(w, k; ) det K (@, k; %)]y,. (CTb)

Finally, we treat the action of frame transformations on
coefficients themselves. Firstly, we note that the basis of ;
is assumed to be, in the appropriate sense, complete. This
means that there exists py (., k) such that

Kia®Kj ¢ = Z;b_jiklck.Acv (C8a)
k

Kia®Kjs® = Z;BjikKk,Ac- (C8b)
k

Furthermore, the basis of 7; is also assumed to be, in the
appropriate sense, complete. This means that there exists
(7i)j(@, k), such that

TieaKin® = Z(fi)jj aC, (C9a)
J

TiaKin® =D (7T} (C9b)
J

and (6;)(w, k), such that
TPKis¢ = Z(Ei)jkj{lcy (C10a)
J
TeKis® =D (G e (C10b)

J

The explicit form of the frame transformation in the space
of transport coefficients is
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. - introduce matrices p; as (p;)y = Pik> We get
cj(w. k) = |:Cj+zxi((7i)j+2(5i)jkck>:| . (C11) (Pi)je = P
i k

n—nj - o - -
PiPj = Zpijkpkv (C13)
The vectors (7;); and the matrices (6;);, are endowed with k
structure. From matrix associativity and Egs. (C8)—(C10), it

which follows from matrix associativity.
follows that

APPENDIX D: ON-SHELL TRANSFORMATIONS

GiG; = Y ik (C12a)
% To treat the on-shell transformations, we introduce
8&;)(c) as in Eq. (17). We also introduce & (w. k; ¢), which
Givy = Zﬁijkfk_ (C12b)  is an N-dimensional tuple of all the &(c) so that
k

w, k;¢) = FA8(w, k; ¢)dug — QY (w, k;¢)6A,.  (DI1)
That is, they form an algebra. Matrices 6; obey the same
algebra for right multiplication as the matrices ; obey for ~ The on-shell transformation is then defined as [see
the left multiplication [see Eq. (C4)]. Furthermore, if we Eq. (18)]

8T w, k;c') = [5]“((1), kie) + Z)?j(w, KHE p(0, k)% (@, kse) | 4 Oppy (@, k). (D2)
j n

Here, H{' p is induced through ;' = H{ 3E8. We pick the basis of Hj p so that they are homogeneous of degree gi— 1,

where the offset of one is introduced because they appear with the divergence matrix ¢*;, multiplying them from the right.
The on-shell transformation truncates the on-shell coefficient functions X;(w, k) at [X;(w, k)],—g,- By introducing

Wep(w. k%) = %@, kyH! o, k), (D3a)
J
R (0. k%) = 54 + ¢ (0, WP 40, ks %), (D3b)
we obtain the transformation rules

TB(w, k;c') = [T (w, k;¢) + Wiy (w, k; X)FAB (w, ks €)],, + Oy (@, k), (D4a)
T (w, k;c") = [T (w, k;¢) — Wig(w, k; X) 088 (w, k; )], + Ot (0, k). (D4b)

Taking the divergence, we then get
FA%(w, ks ') = [K* (0, k) FE (0, k;€)],. 11 + O ia(@, k), (D5a)
0" (@, k:¢') = [K' (. ks F) 0P (. ks €)],iy + a0, ). (D5b)

Using the identities from Appendix A, we finally find
det F(w, k;¢') = det F(w, k:¢) det K (w, k: X) 4+ Oy pir (0. k), (D6a)
B (w. ki¢') = B (w, k) det K (., k: X) + Oy i1 (. k). (D6b)
The action on the truncated quantities is therefore simple:

P(w,k;¢') = [P(w, k;¢) det K (w0, k; X)]y - (D7a)
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B (w, k;¢') = [B*(w, k;¢) det K (w, k; ¥)|y,,. (D7)

Finally, we consider the action of the on-shell trans-
formations in the space of transport coefficients. Because
the basis of H; is assumed to be, in the appropriate sense,
complete, there must exist ﬁ,]k(a) k), such that

HY pg® HS ¢ = > My c- (D8)
J

Note that the coefficients g are defined differently than in
the case of frame transformations (C8). This is because
their natural action is, in contrast with the frame case, as
matrix multiplication from the left. Furthermore, because
basis of 7; is also assumed to be, in the appropriate sense,
complete. This means that there exists (7;);(®, k) such that

Hi 50"y Tl = D0 T3 (D9%)

J
£ 5(4" Tliea = 8%) = Y _(70; T3, (D9b)

J

and (6;) (@, k), such that
HE 3q" TR =D (@I} (D10a)
J

H{ 5q%, TR = Z(ai)jkj;w~ (D10b)

J

The explicit action on transport coefficients is given by

k) [CJ, N Zz ((7,-)j + Zk:(a)jkcjﬂ

Analogously to the frame case, (7;); and (c;); are

endowed with structure. From matrix associativity and
Egs. (D8)—(D10), it follows that

0i0j = E PijkOk >
k

(D11)

n—n;

(D12a)

G =Y Ptk (D12b)
k

i.e., they form an algebra. If we introduce matrices p; as
(Pi)jx = Pjix> We get
Pify = D P (D13)
k

which is completely analogous to the discussion about
frame transformations.

APPENDIX E: INVARIANTS

The goal of this appendix is to show the invariance of the
polynomials Z(w, k;¢) and Y (w, k;c), as defined in
Egs. (35) and (39).

We begin by stating an identity which will prove to be
useful. Let f(w, k) be analytic around @ = k = 0, and of
lower degree N. Let w(k) be a function that is analytic
around k = 0. The following then holds:

flo(k) + O(k"*2). k)

(k"2). @(0) #0,

O(N+1). (0) = 0. (ED)

= f(w(k), k) +{

This is simple to prove through basic properties of series
expansions. We emphasize that we use the identity (A3)
throughout this appendix.

We now apply this statement to the determinant
det F(w, k;c). By construction, F is a N x N matrix that
is acquired by taking N divergences. Its determinant is
therefore necessarily of lower order N, with

[det F(w,0;¢)]y # 0. (E2)

This property gives rise to N hydrodynamic modes @;(k;¢)
[18], obeying

detF(@;(k;c),k;¢)=0, @;(0;¢)=0, i=1,...,N. (E3)

By definition of P(w, k;c), we have
P(w, k;¢) =det F(w, k;¢) + Onopyr (0, k), (E4)

with respective hydrodynamic modes, denoted by w;(k),
obeying
P(w;(k:c).kic) =0,

w;(0;¢)=0, i=1,,....,N. (E5)

Plugging w;(k;c) into Eq. (E4) gives

det F(w;(k;¢), k;¢) = Oy ypir (wi(k;e), k) = QRN+,
(E6)

Note that in the case of a gapped mode, we would have
O(k°) on the right-hand side. By comparing Eq. (E6) with
Eq. (E1), we can conclude

[wi(ks €)= [@i(ks€)l,- (E7)

That is precisely the reliable part of the k-expansion of the
dispersion relations [see Eq. (30)]. We now show that it is
invariant under frame and on-shell transformations. The
most general such transformations act on P(w, k;c) as [see
Egs. (25), (C7a) and (D7a)]
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P(w,k;c') = P(w, k;c)p(w, k;x) + Opypir (@, k). (EB)
Plugging w;(k,c) into Eq. (E8), we get

P(w;(k;c), k;c') = Oy i (wi(ksc), k) = O(KN 1),
(E9)

Again, we note that the right-hand side would be O(k°) for
gapped modes. By comparing Eq. (E9) with Eq. (E1), we
can conclude

[@i(Kk; €)1 = [0;(k;€')] 11 (E10)
It is therefore clear that |w;(k;c)],,, and therefore the
dispersion relation coefficients w;; defined in Eq. (30) are
invariants.

We can now split P(w, k; ¢) into the hydrodynamic and
the gapped parts

P(w,k;c) = Pry(o,k; ) Pyyp(@, k;c),  (El1)
where
N
Pyy(w. kic) = [ [ (0 — wi(k:c)). (E12)

i=1
Since Py, is of lower degree N, we can write [see Eq. (A3)]
P(w’ k;c) = [[Phy(a)’ k;c)]N+n[Pgap(w’k;c)]n]N+11’ (E13)
meaning that
I(w, ki) = [Pry(@. k;€)]y (E14)

is an invariant polynomial, and that the transformation (E8)
acts as

Pop(@. k;¢') = [Pgap(a), kie)p(w, k;x)],. (E15)
It is then straightforward to infer from Eq. (A3) that we can

engineer p(w, k;x,X) to add or remove gapped modes.
Finally, since

B (w, kic') = [B(w, ky¢)p(w, k;x)]y s s (E16)
we can conclude that
Bab k:
V¥ (@, k;c) = {7(60’ ’C)} (E17)
Pgap<w’k;c) N+n

is an invariant polynomial. This is equivalent to the
definition (39). Here, we have used the fact that the
components of B* are all functions of lower degree N,
which can be inferred from the expression (B15). It follows

from Eq. (B6) that the invariants yab obey Ward identities

[CIAb (o, k)ybc(wv k; c)]N+n+1

= [$"(@. k) Pry (0. k:€)]y 11 (E18)

APPENDIX F: GROUP STRUCTURE

As noted, the action of frame and on-shell transforma-
tions in the space of transport coefficients has the same
form [see Egs. (C11) and (D11)], namely,

¢ = fe(e) = ¢j(. K

— |:Cj + Zi:xi<(7i>j + Zk:(ai)jkcf)] . (F1)

n—nj

The vectors y;(w,k) and matrices o;(w,k) obey [see
Egs. (C12) and (D12)]

0i0; = Z/’ijkakv (F2a)
k

Oilj = Zpijkka (F2b)
k

for a set of coefficients py (@, k). By introducing matrices
(pi)jx = pjik» We also get [see Egs. (C13) and (D13)]

PiPj = Zpijkpk- (F3)
k

These transformation obey the composition rule
fx’ Ofx = fx” = x;{/ = [x;c + X+ xngpi]'k]n—qk' (F4)

Here g; is either g; or c7j, depending on whether we are
working with on-shell or frame transformations. To express
the inverse, we first introduce a matrix R(x) as

Rij(x) = &5 + Zxkpjki- (Fs)
3

The inverse transformation x’ is given by

fo = ()7 = x5 = =[(R(x)yxl,y  (F6)

We define the group H through the action of frame and
on-shell transformations on the space of transport coef-
ficients, where we must identify all the transformations
which may result in the same action. From Egs. (C4) and
(D4) it can be concluded that the frame and on-shell
transformations commute, which gives

- « -

G5, = 6, (F)

The properties (46) and (47) then follow trivially.
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We define the subgroup of all mth order transformations
H,, as the set of all transformations for which

fEHm: [ja(f(c>)]m—l - [ja(c)]m—l' <F8)

Our goal is to show that the commutator of an m;th order
and an m,th order transformation is an (m; + m,)th order
transformation. Specifically, we want to show that for
f€H, and g€H,,,

fogof_log_leHermz (Fg)

Perhaps the easiest way to do this is to encode the
transformations (C4) and (D4) into block matrices A and
A as

=
=
|

_ (]1 +W(E)g —W(ic')>’

0 I

AF) = (K (¥) (QF) > ’ (F10)

0 I

with W(¥), ¢, K (¥), and Q(¥) as defined in Eqs. (D3), (B3),
and (C3). These matrices faithfully encode all the infor-
mation about the on-shell and frame transformations, and
obey the transformation rules

feofe=fo ©AF) = [A@)AF),,  (Flla)
fo=(f) ' ©AF)=[A"'@),,  (F11b)
feofe=fo ©A®) =[A®AF)],.  (Fllc)
fo=(fo ' @ AF) =[A"'(®),.  (Fl1d)

Note that the composition rule is with respect to left
multiplication for on-shell transformations, and with
respect to right multiplication for frame transformations.
Note also that Eq. (F11) imply Egs. (50) and (51). Since
frame and on-shell transformations commute, it is sufficient

to consider them separately. On the level of the matrices
introduced above, the mth order on-shell transformations
are simple to write down as

-

}fEHm < [A('i;)]m—l =1 (Flza)

P

fe€H, & A@®),_, =L (F12b)
The properties (48) follow trivially from Eq. (F12). To
continue, it is useful to consider for a moment two matrices,
A=T+2"q and B =1+ 1™ p, with inverses A~! =1 —
Ama and B~' =1 — 2™, where / is an expansion param-
eter. It is simple to show that, for m; >0, m, >0
ABA~'B~! :]I+ﬂm'+’”2(aﬁ—ﬂ&) +O(AmFmrly - (F13)
Let us translate this to on-shell transformations. We can
write

fe€H,, = A(¥) =T+a(x),

[@(x)],,,-1 =0, (Fl4a)

fe€H, =AX)=1+d{¥). [@*)],,_=0. (Fl4b)

The commutator of these transformations is given by

for=feofzo(fo)" o (o) = AF)

= [A@AF)A™ @A (@), (F15)
By taking @ — Aw and k — ik, we can use Eq. (F13) to
conclude that

-

[A(x")] =L (F16)

my+my—1
which, in turn, means that ffw as defined in Eq. (F15) is a
transformation of (m; + m,)th order. A completely analo-
gous computation can be performed also for the frame

transformations, using matrices A_(f) The rest of the
properties of H, described in Sec. VII, then follow.
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