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In this work, we systematically treat the ambiguities that generically arise in the gradient expansion of
any hydrodynamic theory. While these ambiguities do not affect the physical content of the equations, they
induce two types of transformations in the space of transport coefficients. The first type is known as the
“frame” transformations, and amounts to field redefinitions. The second type, which we introduce and
formalize here, we term the “on-shell” transformations. This identifies equivalence classes of hydro-
dynamic theories that provide an equally valid low-energy description of the underlying microscopic
theory. We show that in any (classical) theory of hydrodynamics (at arbitrary order in derivatives), the
action of such transformations on the dispersion relations and two-point correlation functions is universal.
We explicitly construct invariants which can then be matched to a microscopic theory. Among them are,
expectedly, the low-momentum expansions of the hydrodynamic modes. The (unphysical) gapped modes
can, however, be added or removed at will. Finally, we show that such transformations assign a nilpotent
Lie group to every hydrodynamic theory, and discuss the related algebraic properties underlying classical
hydrodynamics.
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I. INTRODUCTION

The late-time, large-wavelength dynamics of a suffi-
ciently hot theory with locally conserved currents is
typically described by the theory of hydrodynamics
[1–3]. Its applications range from the theory of gases and
liquids, to the evolution of the quark-gluon plasma [4–8]
and the Universe [9]. Hydrodynamics provides an accurate
description of a system in the regime of Fourier frequencies
and momenta (wave vectors) that are (much) lower than the
characteristic microscopic scale of the theory. The necessary
notion of a local thermal equilibrium, which underlies any
hydrodynamic theory, is reflected in the fact that the grand
canonical ensemble assigns conserved currents and charges
(such as energy, momentum, baryonic or electric charge)
their respective conjugate variables (such as temperature,
velocity, and chemical potentials). A (classical) hydrody-
namic theory is then constructed by promoting the con-
jugate variables into dynamical fields, and using the
conservation equations as the equations of motion. To do
that, one must express the conserved currents in terms of the
conjugate variables—the hydrodynamic variables—in what

are called the constitutive relations. They take the form of a
gradient expansion, in the sense that the constitutive
relations involving higher powers of derivatives will
describe the physics more accurately. The simplest and
standard formulations of this procedure involve either no
derivatives (ideal or Euler hydrodynamics), or derivatives to
first order (Navier-Stokes hydrodynamics). Theories
beyond the first order may be explicitly constructed
[10–16]. For discussions of the convergence of the infinite
order gradient expansion, see Refs. [17–19] and [20–22].
In the conventional sense, hydrodynamics is treated as a

set of partial differential equations (PDEs), together with
the associated initial value problem. While overwhelm-
ingly useful and accurate in predicting a breadth of
physical phenomena, such formulations of hydrodynamics
are plagued with theoretical difficulties, particularly in the
context of relativity. For example, even the most elemen-
tary example of simple diffusion suffers from faster-than-
light transport. Moreover, the textbook formulations of
relativistic hydrodynamics are famously acausal, and are
therefore inappropriate for solving an initial value problem
[23–28]. Physically, this is simply a consequence of the
fact that hydrodynamics is valid in the regime of late times
and large distances, whereas causality depends on the
high-momentum, high-frequency behavior of the theory
(see Refs. [29–34] for recent discussions). In practice, such
problems need to be regulated in some manner so that, for
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example, numerical hydrodynamic codes can run reliably
for a sufficient number of steps without crashing.
Beyond the conventional formulations of hydrodynam-

ics at the level of equations of motion, in a more modern
sense, hydrodynamics can be thought of as an effective
(Schwinger-Keldysh) field theory [35–42]. As such, it
provides a framework for the computation of response
functions (correlators), which, in the low-energy regime,
approximate the response functions of the full, underlying
theory. The derivative expansion provides a systematic
approximation scheme, yielding a series of increasingly
accurate hydrodynamic response functions. The free
parameters of the hydrodynamic theory—the transport
coefficients, such as viscosity—are then computed by
matching the hydrodynamic response function either to
the experiment or the response function of the underlying
microscopic theory.
The hydrodynamic gradient expansion associated with a

specific microscopic theory is not unique. Ambiguities
universally arise when treating hydrodynamics as a gra-
dient expansion that terminates at a certain (nonzero) order
in derivatives. Ultimately, every reliable, physical predic-
tion of hydrodynamics must be invariant with respect to
these ambiguities. To formalize these problems and place
them within a rigorous framework, in this paper, we
provide a robust and systematic mathematical formulation
of the ambiguities that arise in any hydrodynamic theory.
The first such ambiguity is known as the choice of a frame,
where the transformations between different “frames” are
known as frame transformations. This amounts to the
freedom of redefining hydrodynamic variables, which is
a consequence of those variables not having any micro-
scopic definition (meaning an expectation value of some
observable, be it in classical or quantum physics). For
example, the Landau convention [43] for relativistic hydro-
dynamics identifies the direction of fluid velocity with the
direction of energy current, while the Eckart convention
[44,45] identifies it with the direction of the particle
current. Various frame choices have since been explored,
especially with regards to stability and causality [46–51]
(see also Refs. [52–58]). Another, less known ambiguity
arises from the fact that the solutions of equations of motion
at some order in the derivative expansion are expected to
approximate the solutions at higher orders. This gives rise
to a freedom that in practice amounts to “plugging the
equations of motion at lower orders into the higher-order
hydrodynamic equations” (see e.g., Refs. [12,18,57] for
discussions). In this work, we present a systematic treat-
ment of this procedure, and refer to the respective trans-
formations as the on-shell transformations. If we consider
the hydrodynamic equations of motion as a differential
operator acting on the hydrodynamic variables, then the
frame and on-shell transformations correspond to certain
differential operators acting on it from right and left,
respectively, followed by a truncation in the order of

derivatives. Crucially, both sets of transformations can
be understood as maps in the space of transport coeffi-
cients, relating theories that may have different time
evolutions, but contain the same late-time, low-momentum
physics.
A better understanding of frame and on-shell trans-

formations is desirable for several reasons. Firstly, only
quantities that are invariant with respect to these trans-
formations may be matched either to experiment or the
microscopic theory. While the Kubo formulas make this a
simple and clear matter in theories expanded to low orders,
these issues become significantly more complicated at
arbitrary orders. Secondly, different frame and on-shell
choices give different time evolutions of initial data. It is
therefore crucial to understand what quantities are reliably
predicted by hydrodynamics, and what quantities are
artefact of the truncated gradient expansion. Lastly, in
analogy with gauge theories, the algebraic structure of
the transformations may tell us nontrivial information about
the full nonlinear dynamics. In this work, we only fully
answer the first of these questions, leaving the remaining
two problems that pertain to nonlinear extensions of our
formalism to future works.
This paper is structured as follows: in Sec. II, we describe

the general form of the constitutive relations in linearized
hydrodynamics. In Sec. III, we describe how the gradient
expansion acts at the level of response functions and
hydrodynamic modes. In Sec. IV, we define and describe
frame and on-shell transformations, and then explain how
they act on response functions in Sec. V. In Sec. VI, we
construct functions of transport coefficients that are invari-
ant under the transformations. In Sec. VII, we present some
algebraic properties of these transformations, and conclude
that they generically form a nilpotent group. Finally, in
Sec. VIII we show the formalism at work on an example of
all-order diffusion. Several appendixes are provided at the
end, which show, in detail, all of the necessary mathematical
details underpinning our construction.

II. THE CONSTITUTIVE RELATIONS

We consider a theory with a set of N independent
conserved charges (such as energy, charge, or the compo-
nents of the momentum), and their associated currents,
denoted by ðJ ðiÞÞμ. The currents may be locally sourced in
the action by some “external” gauge fields AðiÞ;μ, collec-
tively called A. The currents are assumed to be (locally)
conserved, which is reflected in N-independent conserva-
tion equations,

∂tðJ ðiÞÞt þ ∂jðJ ðiÞÞj ¼ SðiÞ: ð1Þ

Here, SðiÞ are potential source terms that are assumed to
depend on first derivatives of the sources A. While we will
be working with the language that is naturally adapted to
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relativistic theories, the present analysis is not restricted to
relativistic systems. Consequently, ðJ ðiÞÞμ are not assumed
to necessarily be Lorentzian vectors.
In the grand canonical ensemble, all conserved charges

are ascribed their respective conjugate variable μðiÞ (such as
temperature, components of the velocity, or chemical
potential). There are N such variables, which we collec-
tively denote as μ. Assuming a static, translationally
invariant background thermal state in the absence of
sources, both the currents and the conjugate variables are
constant in space and time. The paradigm of classical
hydrodynamics entails promoting the conjugate variables
to slowly varying functions of space and time. We will refer
to them as hydrodynamic variables. It will be convenient to
denote all the independent components of all conserved
currents as J a, and all the respective components of
external sources as Aa. Furthermore, we denote the
N-dimensional tuple of all the independent hydrodynamic
variables as μA. The tuples J a and μA obey transformation
rules which reflect the symmetries and transformation rules
of the currents J ðiÞ and μðiÞ, respectively.

1

In this work, we limit ourselves to small (linearized)
perturbations around the equilibrium state. We decompose
them into Fourier modes

μðiÞ → μ0ðiÞ þ δμðiÞe−iωtþik·x; ð2aÞ

AðiÞ → δAðiÞe−iωtþik·x: ð2bÞ

We assume spatial isotropy, which means that all real scalar
functions are real functions of iω and k2 ≡ k · k. To write
down a hydrodynamic theory, we write

J aðω; kÞ ¼ J a
ideal þ δJ a

dissðω; kÞ: ð3Þ

The ideal part, which is independent of ω and k, is inherited
from static thermodynamics, and is expressed in terms of the
hydrodynamic variables via the local equation of state. The
dissipative part, for which we demand that δJ a

dissð0; 0Þ ¼ 0,
is expressed in terms of the gradient expansion through the
constitutive relations. This means summing over all the
possible terms that are at least first and at most nth order in
derivatives of μ and A, and are compatible with all the
symmetries and transformation rules of the conserved
currents. Since we are working with a linearized theory,
the number of linearly independent terms does not grow
indefinitely with the order of the gradient expansion n, as
various tensors can be related to one another linearly
through functions of ω and k [18,59–61]. In general, we
can write the constitutive relations as

δJ a
dissðω; k; cÞ ¼

X
i

ciðω; kÞJ a
i ðω; k; δμ; δAÞ; ð4Þ

for a finite set of linearly independent J a
i . The functions

ciðω; kÞ are polynomials in ω and k, the coefficients of
which are referred to as the transport coefficients. We
collectively denote them by c. Note that the transport
coefficients are subject to physical constraints. While there
is a large body of literature on such constraints, see
Refs. [2,37,62–67], we keep the transport coefficients
completely free in our discussion. Note also that a number
of different nonlinear tensors may project onto the same
linearized tensor, or may even disappear in the linearized
analysis. This means that the associated transport coeffi-
cients cannot be computed from linear response functions.
Technical details regarding the constitutive relations can be
found in Appendix B.
To systematically track the order of the gradient expan-

sion, it is convenient to introduce the truncation operation,
which truncates the order of derivatives (i.e., the degree in
ω and k) of a given expression. Specifically, for any
function fðω; kÞ, which is analytic around ω ¼ k ¼ 0,
we define

½fðω; kÞ�n ≡
Xn
j¼0

1

j!
dj

dλj
fðλω; λkÞ

����
λ¼0

: ð5Þ

The truncation operation thus only keeps powers of ω and k
which, when counted together, are lower than or equal to n.
Some properties of the truncation operation are described in
Appendix A. The nth order hydrodynamics is then defined
by taking

1To illustrate this discussion with a concrete example, we
consider a four-dimensional relativistic theory with a conserved
energy-momentum tensor Tμν and a conserved U(1) current Jμ.
They are sourced by the metric gμν and the external gauge field
Aμ, respectively. The conservation equations are∇μ Tμν ¼ Fνλ Jλ
and ∇μ Jμ ¼ 0, where Fμν is the field strength tensor associated
with Aμ, and ∇μ the covariant derivative compatible with gμν. In
this case, we have ðJ ð1ÞÞμ ¼ Tμt, ðJ ð2ÞÞμ ¼ Tμx, ðJ ð3ÞÞμ ¼ Tμy,
ðJ ð4ÞÞμ ¼ Tμz, and ðJ ð5ÞÞμ ¼ Jμ. The associated sources A are
the respective components of the metric and the external gauge
field. The source terms on the right-hand side of the conservation
equations are Sð1Þ ¼ St, Sð2Þ ¼ Sx, Sð3Þ ¼ Sy, Sð4Þ ¼ Sz,
and Sð5Þ ¼ −Γμ

μλ J
λ, where Sν ¼ Fν

λJλ − Γμ
μαTαν − Γν

μαTμα,
with Γμ

νλ being the Christoffel symbols associated with the
metric gμν. As discussed above, the source terms depend
only on the first derivative of the sources. We can organize
all components of the conserved currents into a tuple
J a ¼ ðTtt; Ttx; Tty;…; Jt; Jx;…Þ. Note that Tμν is symmetric,
and that both Tμν and Jμ transform as Lorentz tensors, which
endows J a with certain specific transformation rules. They must
also obey the symmetries of the thermal state, which breaks the
relativistic boost invariance, but enjoys translational and rota-
tional invariance. Conventionally, the hydrodynamic variables in
such a theory are μA ¼ ðT; ux; uy; uz; μÞ, where T is the temper-
ature, ui the velocity, and μ the chemical potential. T and μ must
transform as SO(3) scalars, and ui as an SO(3) vector, which then
endows the tuple μA with a certain set of transformation rules.
Additional structures would arise, e.g., in the presence of a
conformal symmetry.
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J aðω; k; cÞ ¼ ½J aðω; k; cÞ�n; ð6Þ

i.e., by keeping only derivatives of nth order or lower in the
constitutive relations. The N conservation laws (1) con-
stitute a closed set of equations for the N hydrodynamic
variables, and thus provide us with the hydrodynamic
equations of motion.
Note that the nth order derivative expansion may or may

not be an accurate description of a system in the hydro-
dynamic regime when one takes into account quantum and
statistical fluctuations. For example, in four spacetime
dimensions, fluctuations (the so-called long time tails)
are known to dominate over the contribution of second-
order derivatives [68–70], whereas in three spacetime
dimensions, fluctuations are dominant even in the first-
order regime [71] (see also Refs. [2,72]). Nevertheless, such
fluctuations may be suppressed in (semiclassical) limits
such as in the mean field theory or in theories with a large
number of local degrees of freedom (e.g., in holographic
large-N or large central charge conformal theories). In such
cases, the constitutive relations (4) provide a good descrip-
tion at any order of the truncation with the analyticity
around ω ¼ k ¼ 0 a central feature of the “classical”
hydrodynamic theory. In fact, in a rotationally invariant
theory, the expressions are analytic in ω and k2, which leads
to the dispersion relations being convergent Puiseux series.
This was explained in Refs. [17,18].

III. RESPONSE FUNCTIONS

The equations of motion reduce to a matrix equation of
the form

FABðω; k; cÞδμB ¼ QAbðω; k; cÞδAb: ð7Þ
Both F and Q are of degree (nþ 1) in derivatives, i.e.,
F ¼ ½F�nþ1 and Q ¼ ½Q�nþ1. The equations of motion in
the presence of sources are solved by δμ ¼ F−1QδA. This
enables us to compute the hydrodynamic response func-
tions, which describe the low-frequency, large-wavelength
response of a conserved current to an external source, i.e.,
the gauge field. In this work, we treat the response
functions variationally (see Refs. [2,73]). This is in contrast
with the canonical formalism of Ref. [74]. The retarded
response function Gab

full is then defined as

δJ aðδμ ¼ F−1QδAÞ ¼ Gab
fullðω; kÞδAb: ð8Þ

In classical hydrodynamics, it is always a rational function
in ω and k of the form

Gab
fullðω; kÞ ¼

Bab
fullðω; kÞ

det Fðω; kÞ : ð9Þ

Here, Bab
fullðω; kÞ is a polynomial, the explicit, general form

of which is given in Appendix B. Since Eq. (8) needs to be

invariant with respect to gauge transformations of A, the
components of Bab

full are related with one another through
various Ward identities (see Appendix B and Ref. [73]).
Generically, we have (see Appendix E)

½Bab
fullðω; kÞ�N−1 ¼ 0; ½Bab

fullðω; kÞ�N ≠ 0; ð10aÞ

½det Fðω; kÞ�N−1 ¼ 0; ½det Fðω; 0Þ�N ≠ 0: ð10bÞ

When treating the theory from the perspective of an
initial value problem, the response function of Eq. (9) is the
one that reflects the basic properties of the respective
system of PDEs, such as causality and stability. However,
when taking the perspective of a systematic derivative
expansion, it is desirable for the response function of nth
order hydrodynamics to remain unaffected by the higher-
order corrections one might add to the constitutive relation.
In other words, we want the response function in (n − 1)th
order hydrodynamics to be recoverable from nth order
hydrodynamics. To address this issue, we define the
truncated response function as

Gabðω; kÞ≡ Babðω; kÞ
Pðω; kÞ ; ð11Þ

where

Babðω; kÞ ¼ ½Bab
fullðω; kÞ�Nþn; ð12aÞ

Pðω; kÞ ¼ ½det Fðω; kÞ�Nþn: ð12bÞ

A response function defined this way is now independent of
any higher-order corrections in the constitutive relations,
and thus fits the scheme of a systematic gradient expansion
(see Appendix B). Such a response function encapsulates
all the physical, low-frequency and large-wavelength pre-
dictions of a hydrodynamic theory.2

IV. FRAMEANDON-SHELL TRANSFORMATIONS

The gradient expansion (4) is riddled with ambiguities.
One set of such ambiguities amounts to the freedom of
choosing a frame. Unlike the conserved currents (which are
expectation values of quantum operators or functions on the

2In many cases, the hydrodynamic response functions corre-
sponding to certain degrees of freedom decouple due to symmetry
(e.g., diffusive and the sound modes decouple due to isotropy, and
momentum and charge dynamics decouples in a zero chemical
potential state). Importantly, in such cases, the truncated response
functions of the decoupled systems do not coincide with
the truncated response function of the combined system. We
have det F ¼ det F1 det F2, while ½det F1 det F2�N1þN2þn ≠½det F1�N1þn½det F2�N2þn. Even though the truncated determi-
nants do not decouple, they contain precisely the same amount of
“reliable information” about the hydrodynamic dispersion rela-
tions as the truncated determinants of the decoupled channels (see
also Sec. VI).
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phase space), the hydrodynamical variables μ have no
underlying microscopic definition away from the (global)
equilibrium. This means that we are free to perform a field
redefinition, called a frame transformation, as long as the
equilibrium values remain intact. Concretely, this amounts
to modifying the hydrodynamic variables with derivative
terms that are consistent with the appropriate symmetries
and transformation rules. In the linearized sense, we can
write

δμAðδμ0Þ ¼ δμ0A þ
X
j

x⃖jðω; kÞKj;Aðω; k; δμ0; δAÞ: ð13Þ

Here, δμ0A are the redefined hydrodynamic variables (in a
new frame) and Kj;A form a finite linearly independent set
of terms that are compatible with the transformation
properties and symmetries of μA. Again, because we are
working with a linearized theory, there is only a finite
number of (all) linearly independent tensors. The Taylor
coefficients of x⃖jðω; kÞ around ω ¼ k ¼ 0, collectively
denoted as x⃖, are the frame coefficients parametrizing
the frame transformation. (The reasons behind the overhead
arrow will become clear below.) Expressing δμ in terms of
δμ0 introduces higher-derivative terms in the constitutive
relations. By assumption, however, when working in a
hydrodynamic theory to a finite order, we can truncate the
higher-order terms and only keep the first n orders of
derivatives.3 Because we were using a complete basis of J a

i
in the constitutive relations (4), we can now express the
new constitutive relations in terms of the redefined fields
δμ0 and some new transport coefficients c0. In other words, a
frame transformation induces a map on the space of
transport coefficients through

J aðδμ0; δA; c0Þ ¼ ½J aðδμðδμ0Þ; δA; cÞ�n: ð14Þ

Such a transformation can therefore be thought of inde-
pendently not of the concept of a field redefinition, but
rather as a transformation mapping between two hydro-
dynamic theories, i.e., c → c0, both of which provide an
equally valid effective description of an underlying micro-
scopic theory. Frame transformations can be understood as
an application of a differential operator to the equations of
motion from the right, followed by truncation. This justifies
the arrow notation. In the linearized sense, this means that a
frame transformation can be expressed as

Fðω; k; c0Þ ¼ ½Fðω; k; cÞK⃖ðω; k; x⃖Þ�nþ1; ð15Þ

where

K⃖ðω; k; 0Þ ¼ K⃖ð0; 0; x⃖Þ ¼ I: ð16Þ

This notion translates to full, nonlinear hydrodynamics.
Another set of ambiguities arises from different ways of

organizing the gradient expansion. At the nth level of such
an expansion, one can use the equations of motion of
(n − 1)th order hydrodynamics and plug them back into the
constitutive relations, with errors only appearing at an order
greater than n in derivatives. We refer to such trans-
formations as the on-shell transformations. Similarly to
frame transformations, they induce a map on the space of
transport coefficients. In order to treat such transformations
systematically, we treat the divergences of conserved
currents as new variables:

δξðiÞðcÞ ¼ ∂tðJ ðiÞÞt þ ∂jðJ ðiÞÞj − SðiÞ; ð17Þ

with J ðiÞ as expressed in Eqs. (3) and (4). Before imposing
the equations of motion, ξðiÞðcÞ are just functions of
derivatives, δμ, δA, which do not equal to zero. We can
now write new constitutive relations (4), where we include
additional terms Ha

j ðω; k; δξÞ.4 Such terms must be com-
patible with the symmetries and transformation properties
of J a, and obeyHa

j ðω; k; 0Þ ¼ 0. Because we were using a
complete basis of J a

j in the constitutive relations (4),
Ha

j ðω; k; δξÞ must be a linear combination of J a
i . Since

using ξðcÞ as new variables introduces higher-order terms
into the constitutive relations, we must truncate the new
constitutive relations at nth order. The new constitutive
relations are expressed in terms of some new transport
coefficients c0, which then amounts to our on-shell trans-
formation. Formally, it is defined through

J aðc0Þ ¼
�
J aðcÞ þ

X
j

x⃗jðω; kÞHa
j ðω; k; ξðcÞÞ

�
n
: ð18Þ

We refer to the Taylor coefficients of x⃗ðiÞ;j around
ω ¼ k ¼ 0 as the on-shell coefficients, and denote them
collectively by x⃗. On-shell transformations can be under-
stood as an application of a differential operator to the
equations of motion from the left, followed by a truncation,
which justifies the chosen arrow notation. In the linearized
sense, this means that an on-shell transformation can be
expressed as

Fðω; k; c0Þ ¼ ½K⃗ðω; k; x⃗ÞFðω; k; cÞ�nþ1; ð19Þ

where

3For a discussion of frame transformations which are not
followed by truncation, see Refs. [52,53].

4Note that, in the nonlinear theory,Hj would be functions of μ,
A, and δξ, as well as their respective derivatives. In the linearized
theory, however, all the terms that depend on δμ and δA are
already present in the original constitutive relations. The only
thing that remains are the terms linear in δξ.
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K⃗ðω; k; 0Þ ¼ K⃗ð0; 0; x⃗Þ ¼ I: ð20Þ

This notion also translates to full, nonlinear
hydrodynamics.

V. ACTION ON RESPONSE FUNCTIONS

Consider a response function (a retarded correlator) of
conserved currents, Gab, which accurately describes the
behavior of the theory well beyond the hydrodynamic
regime (see example in Sec. VIII). Assuming a thermal
state and a set of unbroken, continuous symmetries, a
classical hydrodynamic description may then be applicable
in the small-ω, small-k regime. If this is indeed the case,
then hydrodynamic response functions—rational functions
of ω and k—are expected to approximate Gab with the
appropriate choice of transport coefficients. The fact that
the theory is assumed to have a hydrodynamic description
is reflected in the fact that we can express

Gabðω; kÞ ¼ Babðω; kÞ
Pðω; kÞ ; ð21Þ

where P and Bab can be approximated with a (truncated)
power series around ω ¼ k ¼ 0. If the hydrodynamic
approximation holds up to nth order, then the (truncated)
hydrodynamic response function Gðω; k; cÞ is expected to
take the form of (11), with

Babðω; k; cÞ ¼ ½Babðω; kÞ�Nþn; ð22aÞ

Pðω; k; cÞ ¼ ½Pðω; kÞ�Nþn; ð22bÞ

for a choice of transport coefficients c. Let us now consider
a function pðω; kÞ which is analytic around ω ¼ k ¼ 0 and
obeys pð0; 0Þ ¼ 1. The exact response function Gab is
clearly invariant under5

Babðω; kÞ → Babðω; kÞpðω; kÞ; ð23aÞ

Pðω; kÞ → Pðω; kÞpðω; kÞ: ð23bÞ

It is therefore equally valid to write

Gabðω; k; c0Þ ¼ ½Babðω; k; cÞpðω; kÞ�Nþn

½Pðω; k; cÞpðω; kÞ�Nþn
; ð24Þ

for some alternate set of transport coefficients c0.
Hydrodynamic response functions are therefore ambiguous

up to the function p, which can be understood to be a
polynomial of degree n. As we increase the order n, and
thus improve the approximation, the effect of p becomes
less and less relevant, until it finally disappears in the strict
n → ∞ limit, where the series may be analytically extended
beyond their radii of convergence [18,20,75].
In the language of hydrodynamics, the ambiguity of

approximating such response functions with rational func-
tions precisely reflects the frame and on-shell ambiguities.
Indeed, the action of both frame and on-shell transforma-
tions on the truncated response functions has exactly the
form of Eq. (24). This is shown in Appendixes C and D. The
polynomial p is a function of frame and on-shell coef-
ficients, expressed as [see Eqs. (15) and (19)]

pðω; k; x⃖; x⃗Þ ¼ det K⃖ðω; k; x⃖Þ det K⃗ðω; k; x⃗Þ; ð25Þ

and obeys

pð0; 0; x⃖; x⃗Þ ¼ pðω; k; 0; 0Þ ¼ 1: ð26Þ

In other words, performing a transformation on the space of
transport coefficients, is, at the level of truncated response
function, equivalent to multiplying the correlator by a
polynomial in both the numerator and denominator, and
then truncating. While perhaps seemingly somewhat trivial,
this discussion implies that frame and on-shell transforma-
tions act on response functions in the same manner. It also
formalizes the roles of different transformations as seen
from the point of view of correlation functions.6 As a result,
this gives rise to equivalence classes of response functions,
with the equivalence relation defined by Eq. (24). Generally,
one expects p, as defined through Eq. (25), to have a very
specific, prescribed structure, reflecting the structure of the
matrices K. In actual examples, however, one can use frame
and on-shell transformations to engineer an arbitrary poly-
nomial p. This is also consistent with the discussion around
Eq. (24). We will henceforth assume that p may be any
polynomial compatible with Eq. (26).

VI. INVARIANTS AND MODES

The frame and on-shell ambiguities in formulating a
hydrodynamic theory are reflected in the fact that a micro-
scopic theory does not correspond to a unique nth order
hydrodynamic theory. Rather, it corresponds to an equiv-
alence class of theories related by frame and on-shell
transformations. There are two ways to tackle this. One
may decide to use the frame and the on-shell transforma-
tions exhaustively to eliminate some transport coefficients.
The remaining transport coefficients then unambiguously

5Note that we could have relaxed the assumption of
pð0; 0Þ ¼ 1, which would amount to trivial rescalings and/or
adding “false” hydrodynamic modes.

6Note that the action on full, untruncated response functions is
not universal.
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encode the physical content, and may be matched to either
an underlying microscopic theory or the experiment. While
this is usually done using various forms of Kubo relations,
this becomes an increasingly formidable task at higher
orders of the gradient expansion [12,76,77]. Although such
a procedure is convenient when treating hydrodynamics as a
set of PDEs with an associated initial value problem, it
obscures the separation between physical content and
artifacts of the truncated gradient expansion. For example,
it may yield a response function which has undesirable
properties (e.g., acausality, instability, or violation of the
hermiticity condition ω ImGaa ≥ 0). Understanding the
constraints on transport coefficients that arise from physical
principles (such as unitarity, causality, or the Onsager
relations, see, e.g., Refs. [2,37,62–67]) may therefore be
difficult. Alternatively, one can consider functions of trans-
port coefficients that are invariant under frame and on-shell
transformations. The benefit of this approach is in the fact
that one does not have to resort to arbitrary frame choices.
Furthermore, in this approach, the invariants are robust with
respect to “overcounting” of the tensor structures in the
constitutive relations, and do not depend on the details of the
formulation of the theory. Finally, various physical con-
straints on transport coefficients must be reflected, in a
robust sense, on the invariants of the hydrodynamic theory.
To define the invariants in a convenient way, let c denote

the set of all transport coefficients to all orders in the
hydrodynamic expansion. Let fnðcÞ denote a function of c
that depends only on the coefficients that appear in the nth
order constitutive relations, and let c0 denote the coeffi-
cients after they had been subjected to (all-order) frame or
on-shell transformations. If fnðcÞ ¼ fnðc0Þ, then we call
fnðcÞ an invariant. Furthermore, we define an invariant
polynomial as a polynomial in ω and k with the coefficients
that are also invariants. Defined in this manner, the
invariants are now robust to higher-order corrections of
constitutive relations and thus fit naturally into the deriva-
tive expansion scheme.
In the absence of sources, the equations of motion admit

solutions that correspond to the poles of Gab
full, i.e., when

detFðω; kÞ ¼ 0. This describes the so-called spectral
curves in the complex ðω; kÞ space discussed in [17,18].
A special set of such solutions is the set of hydrodynamic
(gapless) modes (dispersion relations) ω̃iðkÞ

det Fðω̃iðkÞ; kÞ ¼ 0; ω̃ið0Þ ¼ 0: ð27Þ

By construction, there are exactly N such modes.7

We will assume that ωiðkÞ are analytic around

k ¼ 0 and therefore admit a convergent Taylor expansion
in k.8

We may also consider the hydrodynamic modes ωiðkÞ
associated with the truncated determinant Pðω; kÞ, defined
through

PðωiðkÞ; kÞ ¼ 0; ωið0Þ ¼ 0: ð28Þ

Again, there are N such modes, and they coincide with
ω̃iðkÞ of the untruncated determinant in the small-k
expansion:

ω̃iðkÞ − ωiðkÞ ¼ Oðknþ2Þ: ð29Þ

Importantly, there is no analogous equivalence for gapped
modes. It is natural to introduce the expansion coefficients
of the hydrodynamic dispersion relations as

ωiðkÞ ¼
Xnþ1

j¼1

ϖijðcÞkj þOðknþ2Þ; ð30Þ

where the expansion coefficientsϖijðcÞ are functions of the
transport coefficients. The information contained inϖij can
be packed into the hydrodynamic part of P, which we
define as

PhyðcÞ≡
YN
i¼1

ðω − ωiðkÞÞ: ð31Þ

The complementary gapped part is then defined through

PðcÞ ¼ PhyðcÞPgapðcÞ; ð32Þ

where we have omitted explicit ω and k dependence.
Elementary properties of series expansions (see
Appendix A) give the identity

PðcÞ ¼ ½½PhyðcÞ�Nþn½PgapðcÞ�n�Nþn: ð33Þ

The action of a transformation pðx⃖; x⃗Þ [see Eqs. (24) and
(25)] can be shown to take the form (see Appendix E)

Pðc0Þ ¼ ½½PhyðcÞ�Nþn½PgapðcÞpðx⃖; x⃗Þ�n�Nþn: ð34Þ

This transformation leaves ½Phy�Nþn invariant, which means
that the expansion coefficients ϖijðcÞ are invariants, i.e.,
ϖijðcÞ ¼ ϖijðc0Þ. This allows us to introduce the first

7Modes may be degenerate and thus have the same dispersion
relation (e.g., the d − 2 momentum diffusion modes in isotropic
d-dimensional spacetime). In the formalism presented here, they
must be counted as distinct modes. Moreover, trivial modes with
ωðkÞ ¼ 0 must also be counted as distinct hydrodynamic modes.

8As mentioned above, in isotropic theories, the low-k ex-
pansion of ωiðkÞ generically takes the form of a convergent
Puiseux series in k2=m for integer m [17,18]. In the common
cases, m is at most two. In fact, m ¼ 2 for sound modes, and the
Puiseux expansion of each of the two (or, rather, a pair) of
dispersion relations coincides with the Taylor expansion in k.
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invariant polynomial Iðω; k; cÞ as follows:

Iðω; k; cÞ≡ ½PhyðcÞ�Nþn: ð35Þ

We have Iðω; k; c0Þ ¼ Iðω; k; cÞ. This is in complete
accordance with physical expectations—the low-k expan-
sion of hydrodynamic modes is a reliable prediction of
hydrodynamics and thus cannot be affected by frame or on-
shell transformations. Furthermore, high orders in momen-
tum are not expected to be reliably described by low-order
hydrodynamics.
Alongside the gapless modes, there may also exist other

solutions that correspond to gapped modes, which are, in a
theory of hydrodynamics, not reflective of the gapped
excitations of the underlying microscopic theory. Such
modes can be added or removed by frame and on-shell
transformations. For any gapped mode ωgap

i ðkÞ of the
truncated response function, which solves Pðωgap

i ðkÞ; kÞ ¼
0 and obeys ωgap

i ð0Þ ≠ 0, a transformation exists which
removes it. The explicit form of such a transformation is

piðω; kÞ ¼
�

ωgap
i ð0Þ

ωgap
i ðkÞ − ω

�
n
: ð36Þ

By applying that consecutively, all the gapped modes may
be removed by a transformation of the form

pðω; kÞ ¼
�
Pgapð0; 0Þ
Pgapðω; kÞ

�
n
; ð37Þ

since

½Pgap�n ¼
�
fðkÞ

Y
i

½ω − ωgap
i �n

�
n
: ð38Þ

Here, fðkÞ arises generically from the factorization of Pgap.
We are then left with P ∝ I (see Refs. [52,53], where such
a choice is referred to as the “hydro frame”). Conversely,
one can add gapped modes at will, which has been
exploited in studies relating to causality of hydrodynamics
(see e.g., Ref. [30]).
On the level of the response functions, the residues

associated with unphysical gapped modes approach zero as
n is increased, and vanish in the strict n → ∞ limit, where
such modes cancel out completely. The same does not hold
for the residues of the hydrodynamic modes. This gives rise
to another set of invariant polynomials, which correspond
to the physical intuition that the low-k behavior of the
residues of hydrodynamics modes is reliably described by
the hydrodynamic theory. By defining

Yabðω; k; cÞ≡ ½GabðcÞPhyðcÞ�Nþn; ð39Þ

one can show that Yabðω; k; c0Þ ¼ Yabðω; k; cÞ. Note that
various components of Yabðω; k; cÞ are related to one
another via Ward identities (see Appendix E).

VII. ALGEBRAIC PROPERTIES
AND GROUP STRUCTURE

In this section, we remark on the fact that frame and on-
shell transformations exhibit remarkably interesting and
subtle algebraic structures. While we do not present any
direct applications of this discussion, we entertain the idea
that it might offer some interesting and nontrivial insight
into the nature of hydrodynamics. Specifically, a nonlinear
generalization of the present discussion may offer insight
into what the robust, frame-invariant predictions of hydro-
dynamics are in a systematic sense. Furthermore, history
has taught us that describing a physical system in terms of
its redundancies may also convey a lot of valuable
information. In that spirit, we proceed in a crude analogy
to gauge theories, where studying the algebraic structure
turned out to be immensely powerful. A related discussion
exists in Ref. [78]. The technical details of this section are
presented in Appendix F.
Let the action of a frame transformation x⃖ in the space of

transport coefficients be denoted by

c0 ¼ f⃖x⃖ðcÞ: ð40Þ

Its form is generic,

c0j ¼
�
cj þ

X
i

x⃖i

�
ðγ⃖iÞj þ

X
k

ðσ⃖iÞjkck
��

n−nj
; ð41Þ

with ciðω; kÞ defined as in Eq. (4) and x⃖jðω; kÞ defined as in
Eq. (13). ðγ⃖iÞjðω; kÞ are vectors that are related to the ideal
part of the constitutive relations, while ðσ⃖iÞjkðω; kÞ are
matrices related to the dissipative part. Here, nj corresponds
to the order of derivatives of J a

j (see Appendix F for
details). The action of on-shell transformations in the space
of transport coefficients is denoted by

c0 ¼ f⃗x⃗ðcÞ ð42Þ

and has a completely analogous form,

c0j ¼
�
cj þ

X
i

x⃗i

�
ðγ⃗iÞj þ

X
k

ðσ⃗iÞjkck
��

n−nj
: ð43Þ

Here, ðγ⃗iÞjðω; kÞ is again related to the ideal part of the
constitutive relations, while ðσ⃗iÞjkðω; kÞ is related to the
dissipative part. On-shell coefficients x⃗jðω; kÞ are defined
in Eq. (18).
We now list several interesting properties of these

transformations. Both frame and on-shell transformations
obey the composition rule, i.e.,

∃ x00∶ fx0 ∘ fx ¼ fx00 ð44Þ
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and have an inverse

∃ x0∶ fx0 ¼ ðfxÞ−1: ð45Þ

Explicit forms are given in Appendix F. The transforma-
tions therefore form a Lie group, the coordinates of which
are the Taylor coefficients of xjðω; kÞ, denoted collectively
as x. This group has several generic properties that hold in
any dissipative hydrodynamic theory described in this
paper, and it is the goal of this section to describe them.
We introduce the group H as a set of all the trans-

formations on the space of transport coefficients, generated
by frame and on-shell transformations. Some frame and on-
shell actions may correspond to the same map on c and
must be identified accordingly.9 The orbits ofH can be then
understood as equivalence classes of hydrodynamic theo-
ries, which equally accurately describe the low-energy
behavior of a corresponding microscopic theory. In other
words, the space of invariants is given formally by C=H,
where C denotes the space of transport coefficients, so that
c∈C.H is noncompact, which can be readily seen from the
actions (41) and (43). Frame and on-shell transformations
both form subgroups of H, which we refer to as the frame
group H⃖ and the on-shell group H⃗, respectively. The
coordinates of H⃖ are simply the frame coefficients x⃖, while
the coordinates of H⃗ are the on-shell coefficients x⃗. Frame
and on-shell transformations commute, which is a conse-
quence of the associativity of matrix multiplication [see
Eqs. (15) and (19)]. At the level of transport coefficients,
however, this property is nontrivial, and implies10

½H⃗; H⃖� ¼ feg; ð46Þ

where feg is the trivial (identity) group. Note that this does
not imply that H is a direct product of H⃗ and H⃖, since there
may be some frame transformations that coincide with
some on-shell transformations. It does, however, imply that
both H⃗ and H⃖ are normal subgroups of H

H⃗⊴H; H⃖⊴H: ð47Þ

H admits a natural sequence of subgroups associated with
the order of the derivative expansion at which they act. Let
us introduce the notion of a mth order transformation as a
transformation which is characterized by ½J ðc0Þ�m−1 ¼
½J ðcÞ�m−1, i.e., a transformation that leaves all orders less
than m in the constitutive relations intact. If we denote by

Hm the subgroup ofH that is generated by all the mth order
transformations, we have

H1 ¼ H; Hnþ1 ¼ feg; Hmþ1 ≤ Hm: ð48Þ

It can be shown that the commutator of anm1th order and an
m2th order transformation is an ðm1 þm2Þth order trans-
formation (see Appendix F). This implies

½Hm1
; Hm2

� ≤ Hm1þm2
; ð49Þ

which allows us to conclude two important properties of H.
First one is the fact that Hm is Abelian for m > n=2. H
therefore has a large Abelian subgroup. This immediately
implies that H is always Abelian for first-order hydro-
dynamics. Indeed, any commutator of any two transforma-
tions in first order hydrodynamics is necessarily of at least
second order in derivatives, and thus cannot appear in the
constitutive relations. For an arbitrary order,H needs not be
Abelian. It is, however, always nilpotent. This follows from
Eq. (49), which ensures that the lower central series of H
terminates.11 At the level of the Lie algebra, nilpotency
implies a vanishing Killing form, which means that quad-
ratic Casimir operators cannot be constructed. It is therefore
difficult to explicitly construct invariants in a way that
would be different from the one presented in Sec. VI. Since
all nilpotent algebras are solvable, they have no simple
subalgebras. In stark contrast with semisimple Lie algebras,
no general classification of solvable algebras is available. It
is apparent from the above discussion that nilpotency
emerges from the truncation step in either the frame or
on-shell transformations. It is therefore a universal feature of
the gradient expansion, and is expected to be present in full,
nonlinear hydrodynamics.
Frame and on-shell transformations can be formulated

(not necessarily faithfully) in terms of K⃗ and K⃖ matrices,
introduced in Eqs. (15) and (19). Indeed, we have the
composition rule

K⃗ðω; k; x⃗00Þ ¼ ½K⃗ðω; k; x⃗0ÞK⃗ðω; k; x⃗Þ�n; ð50aÞ

K⃖ðω; k; x⃖00Þ ¼ ½K⃖ðω; k; x⃖ÞK⃖ðω; k; x⃖0Þ�n; ð50bÞ

as well as the inverse

K⃗ðω; k; x⃗0Þ ¼ ½K⃗−1ðω; k; x⃗Þ�n; ð51aÞ

K⃖ðω; k; x⃖0Þ ¼ ½K⃖−1ðω; k; x⃖Þ�n: ð51bÞ9Concretely, we may have f⃗x⃖ðcÞ ¼ f⃖x⃗ðcÞ for all c and some
specific x⃖ and x⃗. Such a transformation corresponds to a single
element in H.

10We use notation by whichG ≤ H means thatG is a subgroup
of H and G⊴H means that G is a normal subgroup of H. For
G ≤ H and K ≤ H, the commutator is given by ½G;K� ¼
fg−1k−1gkjg∈G; k∈Kg, so that ½G;K� ≤ H.

11The lower central series Hk of a group, defined by H0 ¼ H
and Hkþ1 ¼ ½H;Hk�, is said to terminate if Hk ¼ feg for some k.
This defines a nilpotent group. In our case, we have Hk ≤ Hkþ1,
which means that Hn ¼ feg.
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Finally, we consider the action of H on the response
functions. It is given by polynomials p [see Eq. (25)], with
the composition corresponding to simple polynomial
multiplication followed by truncation,

p00ðω; kÞ ¼ ½pðω; kÞp0ðω; kÞ�n: ð52Þ

Here p, p0, and p00 are all polynomials with pð0; 0Þ ¼
p0ð0; 0Þ ¼ p00ð0; 0Þ ¼ 1. This gives rise to an Abelian Lie
group H̃, with its coordinates being the coefficients of p. Its
definition in terms of frame and on-shell coefficients (25)
provides a homomorphism from H (which may be non-
Abelian) to H̃ (which is Abelian). In other words, the action
of the transformations on linear response functions is
always Abelian.

VIII. EXAMPLE: DIFFUSION AT
ARBITRARY ORDER

We illustrate the discussion of this paper on the example
of simple diffusion to arbitrary order in derivative
expansion. We consider a theory with spatial, parity,
and time-reversal invariance, as well as translational and
time-translational symmetry. Boost symmetry is explicitly
broken by the thermal state. We consider a simple con-
served U(1) current Jμ in (1þ 1)-dimensional spacetime,
where ρ≡ Jt can be considered a particle density. Such a
current can be sourced by an ‘external’ U(1) gauge field
Aμ, so that

Jμ ¼ δS
δAμ

: ð53Þ

The conjugate hydrodynamic variable is the chemical
potential μ. We assume a background equilibrium state
with Jμ0 ¼ 0 and μ0 ¼ 0. In the notation of Sec. III, we have

J a ¼ ðJtðω; kÞ; Jxðω; kÞÞ; ð54aÞ

Ab ¼ ðAtðω; kÞ; Axðω; kÞÞ; ð54bÞ

μA ¼ ðμðω; kÞÞ; ð54cÞ

where kμ ¼ ð−ω; kÞ. The quantities that are available for the
construction of constitutive relations are the chemical
potential μðω; kÞ, the external gauge field Aμðω; kÞ, and
derivatives thereof. To ensure gauge invariance of the
conserved current, the latter can only appear through the
field strength tensor Fμν ¼ ikμ δAν − ikν δAμ. Furthermore,
we may use the static background metric ημν ¼ diagð−1; 1Þ
and velocity uμ ¼ ð1; 0Þ, which defines the thermal state. In
the linearized theory, the most general form of the con-
stitutive relations is

Jμ ¼ χuμδμþ δ Jμdiss; ð55Þ

where the ideal part is characterized by static susceptibility χ

χ ¼ dρðμÞ
dμ

����
μ¼0

; ð56Þ

and the dissipative part by four independent tensor struc-
tures

δJμdissðδμ; δAÞ ¼ ½ðc1ðω; kÞuμ þ ic2ðω; kÞkμÞδμ
þ ðc3ðω; kÞuν þ ic4ðω; kÞkνÞFμν�n: ð57Þ

We must demand that c1ð0; 0Þ ¼ 0 in order to ensure that
the dissipative part is zero in equilibrium. The orders of all
the tensor structures ni are

n1 ¼ 0; n2 ¼ 1; n3 ¼ 1; n4 ¼ 2; ð58Þ

so that ciðω; kÞ ¼ ½ciðω; kÞ�n−ni . Furthermore, because the
current is real and the state spatially isotropic, we must have

ciðω; kÞ� ¼ cið−ω; kÞ and ciðω; kÞ ¼ ciðω;−kÞ: ð59Þ

The equations of motion [see Eq. (54c)]

kμJμ ¼ 0 ð60Þ

can be used to solve for δμ in terms of δAμ:

δμðδAÞ ¼ −
½ðkδAt þ ωδAxÞc3ðω; kÞk�nþ1

½iðχ þ c1ðω; kÞÞωþ c2ðω; kÞðk2 − ω2Þ�nþ1

:

ð61Þ

Since we have only one conservation equation, we have
only one hydrodynamic mode—the diffusive mode.
Therefore, N ¼ 1. Note that the tensor structure associated
with c4 is transverse with respect to kμ and therefore does
not enter into the equations of motion. Nevertheless, we
may leave it in the constitutive relations as the formalism
presented here is robust with respect to redundant tensor
structures in the constitutive relations. The full retarded
response functions, defined as

JμðδμðδAÞ; δAÞ ¼ Gμν δAν; ð62Þ

are related to one another by the Ward identities:

ω2Gtt ¼ ωkGtx ¼ ωkGxt ¼ k2Gxx: ð63Þ

It is therefore enough to consider onlyGtt, which is given by

Gtt ¼ Bttðω; kÞ
Pðω; kÞ ; ð64Þ

where
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Bttðω; kÞ ¼ ½−k2ðc3ðχ þ c1 þ ic2ωÞ − c4PÞ�nþ1; ð65aÞ

Pðω; kÞ ¼ ½−iðχ þ c1Þωþ c2ðω2 − k2Þ�nþ1: ð65bÞ

We note that in this simple example, there is no difference
between the full and the truncated response functions.
We now consider frame transformations by redefining

the out-of-equilibrium chemical potential. The most gen-
eral redefinition has the form

δμðδμ0Þ ¼ ½ð1þ x⃖1ðω; kÞÞδμ0 þ ix⃖2ðω; kÞkμuνFμν�n; ð66Þ

where we demand that x⃖1ð0; 0Þ ¼ 0. Plugging the defini-
tion into the constitutive relations (55), this induces a map
in the space of transport coefficients through

½Jμðμ0; c0Þ�n ¼ ½Jμðμðμ0Þ; cÞ�n: ð67Þ

The explicit map is

c01 ¼ ½c1 þ ðχ þ c1Þx⃖1�n; ð68aÞ

c02 ¼ ½c2 þ c2x⃖1�n−1; ð68bÞ

c03 ¼ ½c3 − ðiðχ þ c1Þω − c2ðω2 − k2ÞÞx⃖2�n−1; ð68cÞ

c04 ¼ ½c4 þ ðχ þ c1 þ ic2ωÞx⃖2�n−2: ð68dÞ

Turning to the on-shell transformations, we define [see
Eq. (17)]

ξ≡ ikμJμ ¼ ½Pðω; kÞδμ − c3kðkδAt þ ωδAxÞ�nþ1: ð69Þ

We can now add new tensors to the constitutive relations,
using ξ as an independent scalar together with μ and Aμ.
There are two new tensors that can be added, namely,

Jμðc0Þ ¼ ½JμðcÞ þ ðx⃗1ðω; kÞuμ þ ix⃗2ðω; kÞkμÞξ�n: ð70Þ

The map on the space of transport coefficient that is
induced is given by

c01 ¼ ½c1 − ðiðχ þ c1Þω − c2ðω2 − k2ÞÞx⃗1�n; ð71aÞ

c02 ¼ ½c2 − ðiðχ þ c1Þω − c2ðω2 − k2ÞÞx⃗2�n−1; ð71bÞ

c03 ¼ ½c3 − c3ðix⃗1ωþ ðω2 − k2Þx⃗2�n−1; ð71cÞ

c04 ¼ ½c4 þ c3ðx⃗1 þ iωx⃗2Þ�n−2: ð71dÞ

In this simple diffusive case, the K matrices from Eqs. (15)
and (19) are 1 × 1, and their product coincides with the
polynomial p, which is

pðω; k; x⃖; x⃗Þ ¼ ½ð1þ x⃖1Þð1− iωx⃗1 þ ðω2 − k2Þx⃗2Þ�n: ð72Þ

Clearly, we have pð0; 0Þ ¼ 1, as expected. We then have

Pðω; k; c0Þ ¼ ½Pðω; k; cÞpðω; k; x⃖; x⃗Þ�nþ1: ð73Þ

Similarly, the action on the response function is

Gttðc0Þ ¼ ½Bttðω; k; cÞpðω; kÞ�nþ1

½Pðω; k; cÞpðω; kÞ�nþ1

: ð74Þ

This can be checked explicitly by plugging Eqs. (68) and
(71) into Eq. (65).
We now expand the coefficients around ω ¼ k ¼ 0 to

study the modes of the system

ci;jl ¼
1

j!l!
ð−i∂ωÞj∂lkciðω; kÞ

����
ω¼k¼0

: ð75Þ

For concreteness, we consider the expansion to second
order, i.e., to n ¼ 2, which gives

½Pðω; k; cÞ�3 ¼ −iχωþ ω2ðc1;10 þ c2;00Þ − k2c2;00

− ik2ωðc1;02 þ c2;10Þ þ iω3ðc1;20 þ c2;10Þ:
ð76Þ

There is a hydrodynamic (diffusive) mode

ωdifðkÞ ¼ i
c2;00
χ

k2 þOðk4Þ; ð77Þ

which gives [cf. Eq. (35)]

Iðω; k; cÞ ¼ ½Phyðω; k; cÞ�3 ¼ ω − i
c2;00
χ

k2: ð78Þ

Clearly, c2;00 is an invariant and must be negative to ensure
entropy production. This is sensible, since it sets the
conductivity (and thereby the diffusion constant), which
is a physical and measurable hydrodynamic parameter of a
given system. The gapped part of P is [see Eq. (32)]

½Pgapðω; k; cÞ�2 ¼ −iχ þ d1ω − id2k2 þ d3ω2; ð79Þ

where

d1 ¼ c1;10 þ c2;00; ð80aÞ

d2 ¼ c1;02 þ c2;10 −
d1c2;00

χ
; ð80bÞ

d3 ¼ c1;20 þ c2;10: ð80cÞ

Clearly, there are up to two gapped modes that appear
alongside the diffusive mode. It is easily checked that
Eq. (80) are not invariant under the frame (68) or on-shell
(71) transformations, and may be set to a constant or any
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other degree-two polynomial via

Pgapðω; k; c0Þ ¼ ½Pgapðω; k; cÞpðω; k; x⃖; x⃗Þ�2: ð81Þ

The second invariant, Ytt [see Eq. (39)] can be
expressed as

Yttðω; k; cÞ ¼ ½Gttðω; kÞPhyðω; kÞ�3 ð82Þ

¼ −ic3;00k2 þ ðc3;10 þ c4;00Þωk2; ð83Þ

with Ytx, Yxt, and Yxx containing the same information due
to Ward identities (63). Iðω; k; cÞ and Yttðω; k; cÞ contain
all the invariant information about this system at n ¼ 2.
Even though, in this case, the invariants are simply the
transport coefficients c2;00 and c3;00, as well as the linear
combination c3;10 þ c4;00, the expressions at higher orders
are no longer as simple. Due to their considerable length,
we do not write their explicit forms here.
An important point to stress is that either the on-shell

transformation or the frame transformations can be chosen
to arbitrarily add or remove gapped modes. This means that
one make (at least linearized) diffusive hydrodynamics
stable and causal in any frame by choosing the appropriate
set of on-shell transformations.
Turning to the algebraic structure, it is apparent that the

transformation rules (68) and (71) indeed have the form of
(41) and (43). The algebraic properties cited in Sec. VII
may be checked explicitly, although we do not do that here.
One can verify that the frame and on-shell transformations
indeed commute, and, furthermore, have nonzero overlap.
For orders n ≤ 3, the transformations are Abelian, with the
non-Abelian structure appearing at n ¼ 4. Even for this
simple diffusive example, this would require considering
20 transport coefficients. We defer such analyses to
future works.
We conclude this section by discussing an explicit

example, which is accurately described, to all orders, by
diffusive hydrodynamics described above. This is the
example of the holographic, self-dual linear axion model
[79] (see also Ref. [80]), describing a finite temperature
quantum field theory in three spacetime dimensions, with a
conserved U(1) current. The retarded current-current
correlator can be computed explicitly in the full micro-
scopic theory, and amounts to (up to some normalization,
which rescales the conserved current Jμ, and thus the
equation of state)

Gtt ¼ k2

2

Γð1
4
− i ω

2
− 1

4
ΔðkÞÞΓð1

4
− i ω

2
þ 1

4
ΔðkÞÞ

Γð3
4
− i ω

2
− 1

4
ΔðkÞÞΓð3

4
− i ω

2
þ 1

4
ΔðkÞÞ ; ð84Þ

where ΔðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4k2

p
. Here, temperature is set to

T ¼ 1=2π. In these units, the susceptibility of this model
is χ ¼ 1. To construct a hydrodynamic approximation to
the exact response function, we can rewrite Gtt as

Gttðω; kÞ ¼ Bttðω; kÞ
Pðω; kÞ ; ð85Þ

where

Bttðω; kÞ ¼ −iYttðω; kÞpðω; kÞ; ð86aÞ

Pðω; kÞ ¼ −iIðω; kÞpðω; kÞ: ð86bÞ

Here,

Iðω; kÞ ¼ ω − i
ΔðkÞ − 1

2
; ð87aÞ

Yttðω;kÞ¼ ik2
Γð5

4
− iω

2
− 1

4
ΔðkÞÞΓð1

4
− iω

2
þ 1

4
ΔðkÞÞ

Γð3
4
− iω

2
− 1

4
ΔðkÞÞΓð3

4
− iω

2
þ 1

4
ΔðkÞÞ ; ð87bÞ

and pðω; kÞ can be an arbitrary function with pð0; 0Þ ¼ 1,
which is also analytic around ω ¼ k ¼ 0. Performing a
hydrodynamic expansion in the sense of Eq. (22) gives the
truncated hydrodynamic response function

Gttðω; kÞ ¼ ½Bttðω; kÞ�nþ1

½Pðω; kÞ�nþ1

: ð88Þ

Clearly, the function pðω; kÞ in Eq. (86) encapsulates the
frame/on-shell ambiguity of Eq. (74). We can now match
the invariant polynomials I and Ytt to the exact response
functions. Up to second order in the hydrodynamic
expansion, we have

IðωÞ ¼ ωþ ik2 þ…; ð89aÞ

YttðωÞ ¼ ik2 þ…: ð89bÞ

Matching this with Eqs. (78) and (83) amounts to matching
the hydrodynamic effective description to the exact micro-
scopic theory.

IX. DISCUSSION AND FUTURE DIRECTIONS

In this paper, we systematically treated, in the most
general sense, linearized, classical hydrodynamics to
arbitrary order in derivative expansion. This allowed us
to discuss the physical excitations (the modes) of hydro-
dynamic states, as well as the hydrodynamic retarded two-
point correlation or response functions. We explained how
such response functions can be expanded systematically in
a way that is consistent with the gradient expansion.
By building on this formalism, we then treated, in detail,
the frame and on-shell transformations as maps in the
space of transport coefficients. Their action on the hydro-
dynamic response functions was shown to be universal and
independent of the specifics of the theory. From a more
formal point of view, we also constructed (algebraic)
invariants, among which are the small-k expansions of
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the hydrodynamic dispersion relations. Finally, we dis-
cussed several group theoretic properties of the frame and
on-shell transformations, among which is their nilpotent
group structure.
Even though we limited ourselves to the discussion of

linearized hydrodynamics, we expect that a large part of the
present analysis should be applicable to the full, nonlinear
theory. One way to understand this is at the level of
equations of motion, where the frame and on-shell trans-
formations acting on the space of transport coefficients
should again provide equivalence relations between differ-
ent effective theories with a single underlying microscopic
description. While the frame transformations have been
studied extensively in this context, especially with regards
to constructing a stable and causal theory of relativistic
hydrodynamics, the on-shell transformations, which
behave in a similar way, have not been explored in this
manner. Since there exist on-shell transformations that do
not affect the frame choice, but nevertheless induce trans-
formations on transport coefficients, it is possible that a
causal theory of relativistic hydrodynamics may be con-
structed even in the Landau frame. Another way would be
to consider higher-point correlation functions, where the
low-ω and k parts of their spectra are again expected to
correspond to certain (algebraic) invariants. Furthermore, it
would be interesting to pursue similar explorations from the
point of view of the full hydrodynamic EFTwith stochastic
and quantum fluctuations, which is known to introduce
(infinitely many) branch cuts into correlation functions
[72,81]. Another interesting set of questions pertains to the
discussion of (quasi)hydrodynamic theories with weakly
broken symmetries [82], where the hydrodynamic modes
acquire a parametrically small gap. Lastly, it would be
interesting to consider the possibility of formulating hydro-
dynamics purely in terms of the manifestly invariant
dynamical quantities.
Beyond hydrodynamics, many other interesting EFTs

exist in the literature, which are also derivative expansions.
Examples include the chiral effective theory, the Euler-
Heisenberg Lagrangian, and higher-derivative theories of
gravity (or supergravity) that can be systematically derived
from string theory. The history of discussions on the field
redefinitions (often higher derivative) in such theories is
long (see e.g., Refs. [83–86]). One may wonder if the
methods developed here could be used in systematizing of
the field redefinitions in those theories.
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APPENDIX A: SYSTEMATICS OF SERIES
EXPANSIONS

We begin by stating some useful properties of series
expansions for functions of two variables. They all follow
from the basic properties of multivariate Taylor expansion.
fðω; kÞ and gðω; kÞ denote nonzero functions that are
analytic around ω ¼ k ¼ 0 throughout. We define the
following:

(i) Onðω; kÞ is any function with Onðλω; λkÞ ¼ OðλnÞ.
This means that we have

gðω; kÞ ¼ fðω; kÞ þOnþ1ðω; kÞ
⇔ ½gðω; kÞ�n ¼ ½fðω; kÞ�n: ðA1Þ

(ii) The degree of a polynomial fðω; kÞ is the lowest
integer Mf for which fðω; kÞ ¼ ½fðω; kÞ�Mf

.
(iii) The lower degree of a polynomial fðω; kÞ is the

largest integer mf for which ½fðω; kÞ�mf−1 ¼ 0.
(iv) A polynomial fðω; kÞ is homogeneous of degree N

if Mf ¼ mf ¼ N, which means that

fðλω; λkÞ ¼ λNfðω; kÞ: ðA2Þ

We will use the following identities throughout:
(i) If mf and mg are the lower degrees of fðω; kÞ and

gðω; kÞ respectively, then

½fðω; kÞgðω; kÞ�n ¼ ½½fðω; kÞ�n−mg
½gðω; kÞ�n−mf

�n:
ðA3Þ

(ii) If fðω; kÞ is homogeneous of degree N, then

fðω; kÞ½gðω; kÞ�n ¼ ½fðω; kÞgðω; kÞ�Nþn: ðA4Þ

APPENDIX B: CONSTITUTIVE RELATIONS
AND RESPONSE FUNCTIONS

By splitting the conserved currents into their equilibrium
and perturbed parts

ðJ ðiÞÞμ ¼ ðJ 0
ðiÞÞμ þ ðδJ ðiÞÞμ; ðB1Þ

we can write the divergence of a current as

ðδJ ðiÞÞμ ⟶div ikμðδJ ðiÞÞμ; ðB2Þ

where kμ ¼ ð−ω;kÞ. By reorganizing all the independent
components of conserved currents into a M-dimensional
tuple J a, the divergence is described by a matrix qAb as
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δJ a ⟶
div

qAbðω; kÞδJ b: ðB3Þ

Here, qAbðω; kÞ is homogeneous of degree one, as its
elements must be linear in ω and k. It maps from the
M-dimensional space of the independent components of
conserved currents to the N-dimensional space of inde-
pendent conservation equations. The latter can be rewritten
as [see Eq. (1)]

qAbðω; kÞδJ b ¼ SAbðω; kÞδAb: ðB4Þ

The (retarded) linear response of conserved currents to the
perturbation of external sources in encapsulated in the full
microscopic response function

δJ b ¼ Gabðω; kÞδAb: ðB5Þ

The components of the response function are not indepen-
dent as they obey the Ward identities

qAaðω; kÞGabðω; kÞ ¼ SAbðω; kÞ: ðB6Þ

By the hydrodynamic assumption, all conserved currents
are functions of the N hydrodynamic variables δμA and M
external sources δAa. This means that we can write

δJ aðω;k;δμ;δA;cÞ¼J aBðω;k;cÞδμBþJ abðω;k;cÞδAb:

ðB7Þ

In full, nonlinear nth order hydrodynamics, constitutive
relations amount to summing over all the tensors which are
functions μ and A, are at least first and at most nth order in
derivatives, and are compatible with the symmetries and
transformation rules of conserved currents. By increasing
the order n, the number of such tensors generally increases
indefinitely. When considering linearized hydrodynamics,
however, many such tensors are linearly dependent, and
related to one another via functions of ω and k. The
linearized constitutive relations then take the form [see
Eqs. (3) and (4)]

J aBðω; k; cÞ ¼
�
J aB

ideal þ
X
i

ciðω; kÞJ aB
i ðω; kÞ

�
n

þOnþ1ðω; kÞ; ðB8Þ

J abðω; k; cÞ ¼
�
J ab

ideal þ
X
i

ciðω; kÞJ ab
i ðω; kÞ

�
n

þOnþ1ðω; kÞ: ðB9Þ

Here, J aB
i and J ab

i are induced through J a
i ¼

J aB
i δμB þ J ab

i δAb. We pick the basis of J a
i so that they

are homogeneous of degree ni. Out of the infinite number
of such choices, we pick the one for which ni are minimal.

To ensure the vanishing of the dissipative part of the
constitutive relations in equilibrium, we must either have
ni ≥ 1, or cið0; 0Þ ¼ 0. In other words, the lower degree of
ciðω; kÞJ a

i ðω; kÞ must be at least one [see the c1ðω; kÞ in
the constitutive relations (57)]. This truncates the coeffi-
cient functions ciðω; kÞ at ½ciðω; kÞ�n−ni . Although we are
truncating the derivative expansion at nth order, we are
systematically tracking the influence of higher-order terms
through Onþ1ðω; kÞ.
The equations of motion arise from conservation equa-

tions, and take the form

FABðω; k; cÞδμB ¼ QAbðω; k; cÞδAb; ðB10Þ

where

FABðω; k; cÞ ¼ qAcðω; kÞJ cBðω; k; cÞ þOnþ2ðω; kÞ;
ðB11aÞ

QAbðω; k; cÞ ¼ SAbðω; kÞ − qAcðω; kÞJ cbðω; k; cÞ
þOnþ2ðω; kÞ: ðB11bÞ

Motivated by concrete examples, we assume that SAb is
homogeneous of degree one.
To find the response functions, we first express the

solutions of (B10) as

δμB ¼ ðF−1ÞBAQAbδAb: ðB12Þ

Plugging it into the constitutive relations (B7), we obtain

δJ aðω; k;F−1QδA; δA; cÞ ¼ Gab
fullðω; k; cÞδAb; ðB13Þ

with

Gab
fullðω; k; cÞ ¼

Bab
fullðω; k; cÞ þONþnþ1ðω; kÞ

detFðω; k; cÞ þONþnþ1ðω; kÞ
: ðB14Þ

Here, Bad
full is a polynomial in ω and k with explicit form

Bad
full ¼ J aBðF‡ÞBCQCb þ J ab det F: ðB15Þ

F‡ is the adjugate matrix of F, i.e., the transpose of its
cofactor matrix, for which the following holds:

F‡ ¼ F−1 detF: ðB16Þ

The virtue of the adjugate matrix is the fact that it is
polynomial in the elements of F. Expression (B14) is the
generic form of a response function in any classical
hydrodynamic theory. Note that, in general, Bab

fullðω; k; cÞ
and detFðω; k; cÞ are polynomials of degree Nðnþ 1Þ.
However, as indicated in Eq. (B14), higher orders are
sensitive to theOnþ1ðω; kÞ term in the constitutive relations.
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This ambiguity is eliminated by introducing the truncated
response function

Gabðω; k; cÞ ¼ Babðω; k; cÞ
Pðω; k; cÞ ¼ ½Bab

fullðω; k; cÞ�Nþnþ1

½detFðω; k; cÞ�Nþn
: ðB17Þ

Putting the above assumptions and results together, we can
conclude that Babðω; k; cÞ and Pðω; k; cÞ are both of lower
degree N.

APPENDIX C: FRAME TRANSFORMATIONS

The most general redefinition of the hydrodynamic
variables that preserves their equilibrium value is written as

δμAðδμ0Þ¼δμ0Aþ
X
j

x⃖jðω;kÞKj;Aðω;k;δμ0;δAÞþOnþ1ðω;kÞ:

ðC1Þ

We pick the basis of Kj;A so that they are homogenous of
degree q⃖j. Out of the infinite number of such choices, we
pick the one for which q⃖j are minimal. To ensure the
consistency of the equilibrium values of the hydrodynamic
variables, we must either have q⃖j ≥ 1 or x⃖jð0; 0Þ ¼ 0.
Equation (C1) can be rewritten as

δμA ¼ K⃖A
Bðω; k; x⃖Þδμ0B þ ΩA

bðω; k; x⃖ÞδAb þOnþ1ðω; kÞ;
ðC2Þ

where

K⃖A
Bðω; k; x⃖Þ ¼ δBA þ

X
j

x⃖jðω; kÞKj;A
Bðω; kÞ; ðC3aÞ

ΩA
bðω; k; x⃖Þ ¼

X
j

x⃖jðω; kÞKj;A
bðω; kÞ: ðC3bÞ

Here, Kj;A
B and Kj;A

b are induced through Kj;A ¼
Kj;A

BδμB þKb
j;AδAb. A frame transformation is defined

on c as [see Eq. (14)]

J aBðω; k; c0Þ ¼ ½J aAðω; k; cÞK⃖A
Bðω; k; x⃖Þ�n þOnþ1ðω; kÞ;

ðC4aÞ

J abðω; k; c0Þ ¼ ½J abðω; k; c0Þ þ J aAðω; k; cÞ
×ΩA

bðω; k; x⃖Þ�n þOnþ1ðω; kÞ: ðC4bÞ

Note that this truncates the frame coefficient functions
x⃖jðω; kÞ at ½x⃖jðω; kÞ�n−q⃖j . Taking the divergence of the
above, we get

FABðω;k;c0Þ ¼ ½FABðω;k;cÞK⃖A
Bðω;k; x⃖Þ�nþ1þOnþ2ðω;kÞ;

ðC5aÞ

QAbðω; k; c0Þ ¼ ½QAbðω; k; cÞ − FABðω; k; cÞ
×ΩB

bðω; k; x⃖Þ�nþ1Onþ2ðω; kÞ: ðC5bÞ

Using the identities from Appendix A, we get, after some
lines of simple manipulation,

detFðω; k; c0Þ ¼ detFðω; k; cÞ det K⃖ðω; k; x⃖Þ
þONþnþ1ðω; kÞ; ðC6aÞ

Bab
fullðω;k;c0Þ ¼Bab

fullðω;k;cÞdet K⃖ðω; k; x⃖ÞþONþnþ1ðω;kÞ:
ðC6bÞ

This means that the action on the truncated quantities is
simple,

Pðω; k; c0Þ ¼ ½Pðω; k; cÞ det K⃖ðω; k; x⃖Þ�Nþn; ðC7aÞ

Babðω; k; c0Þ ¼ ½Babðω; k; cÞ det K⃖ðω; k; x⃖Þ�Nþn: ðC7bÞ

Finally, we treat the action of frame transformations on
coefficients themselves. Firstly, we note that the basis of Kj

is assumed to be, in the appropriate sense, complete. This
means that there exists ρ⃖ijkðω; kÞ such that

Ki;A
BKj;B

C ¼
X
k

ρ⃖jikKk;A
C; ðC8aÞ

Ki;A
BKj;B

c ¼
X
k

ρ⃖jikKk;A
c: ðC8bÞ

Furthermore, the basis of J i is also assumed to be, in the
appropriate sense, complete. This means that there exists
ðγ⃖iÞjðω; kÞ, such that

J aB
idealKi;B

C ¼
X
j

ðγ⃖iÞjJ aC
j ; ðC9aÞ

J aB
idealKi;B

c ¼
X
j

ðγ⃖iÞjJ ac
j ; ðC9bÞ

and ðσ⃖iÞjkðω; kÞ, such that

J aB
k Ki;B

C ¼
X
j

ðσ⃖iÞjkJ aC
j ; ðC10aÞ

J aB
k Ki;B

c ¼
X
j

ðσ⃖iÞjkJ ac
j : ðC10bÞ

The explicit form of the frame transformation in the space
of transport coefficients is
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c0jðω;kÞ¼
�
cjþ

X
i

x⃖i

�
ðγ⃖iÞjþ

X
k

ðσ⃖iÞjkck
��

n−nj
: ðC11Þ

The vectors ðγ⃖iÞj and the matrices ðσ⃖iÞjk are endowed with
structure. Frommatrix associativity and Eqs. (C8)–(C10), it
follows that

σ⃖iσ⃖j ¼
X
k

ρ⃖ijkσ⃖k; ðC12aÞ

σ⃖iγ⃖j ¼
X
k

ρ⃖ijkγ⃖k: ðC12bÞ

That is, they form an algebra. Matrices σ⃖i obey the same
algebra for right multiplication as the matrices Ki obey for
the left multiplication [see Eq. (C4)]. Furthermore, if we

introduce matrices ρ⃖i as ðρ⃖iÞjk ¼ ρ⃖jik, we get

ρ⃖iρ⃖j ¼
X
k

ρ⃖ijkρ⃖k; ðC13Þ

which follows from matrix associativity.

APPENDIX D: ON-SHELL TRANSFORMATIONS

To treat the on-shell transformations, we introduce
δξðiÞðcÞ as in Eq. (17). We also introduce ξAðω; k; cÞ, which
is an N-dimensional tuple of all the δξðiÞðcÞ so that

ξAðω; k; cÞ ¼ FABðω; k; cÞδμB −QAbðω; k; cÞδAb: ðD1Þ

The on-shell transformation is then defined as [see
Eq. (18)]

δJ aðω; k; c0Þ ¼
�
δJ aðω; k; cÞ þ

X
j

x⃗jðω; kÞHa
j Bðω; kÞξBðω; k; cÞ

�
n
þOnþ1ðω; kÞ: ðD2Þ

Here, Ha
j B is induced through Ha

j ¼ Ha
j Bξ

B. We pick the basis of Ha
j B so that they are homogeneous of degree q⃗j − 1,

where the offset of one is introduced because they appear with the divergence matrix qAb multiplying them from the right.
The on-shell transformation truncates the on-shell coefficient functions x⃗jðω; kÞ at ½x⃗jðω; kÞ�n−q⃗j . By introducing

Wa
Bðω; k; x⃗Þ ¼

X
j

x⃗jðω; kÞHa
j Bðω; kÞ; ðD3aÞ

K⃗A
Bðω; k; x⃗Þ ¼ δAB þ qAbðω; kÞWb

Bðω; k; x⃗Þ; ðD3bÞ

we obtain the transformation rules

J aBðω; k; c0Þ ¼ ½J aBðω; k; cÞ þWa
Aðω; k; x⃗ÞFABðω; k; cÞ�n þOnþ1ðω; kÞ; ðD4aÞ

J abðω; k; c0Þ ¼ ½J abðω; k; cÞ −Wa
Bðω; k; x⃗ÞQBbðω; k; cÞ�n þOnþ1ðω; kÞ: ðD4bÞ

Taking the divergence, we then get

FABðω; k; c0Þ ¼ ½K⃗A
Cðω; k; x⃗ÞFCBðω; k; cÞ�nþ1 þOnþ2ðω; kÞ; ðD5aÞ

QAbðω; k; c0Þ ¼ ½K⃗A
Bðω; k; x⃗ÞQBbðω; k; cÞ�nþ1 þOnþ2ðω; kÞ: ðD5bÞ

Using the identities from Appendix A, we finally find

detFðω; k; c0Þ ¼ detFðω; k; cÞ det K⃗ðω; k; x⃗Þ þONþnþ1ðω; kÞ; ðD6aÞ

Babðω; k; c0Þ ¼ Babðω; k; cÞ det K⃗ðω; k; x⃗Þ þONþnþ1ðω; kÞ: ðD6bÞ

The action on the truncated quantities is therefore simple:

Pðω; k; c0Þ ¼ ½Pðω; k; cÞ det K⃗ðω; k; x⃗Þ�Nþn; ðD7aÞ
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Babðω; k; c0Þ ¼ ½Babðω; k; cÞ det K⃗ðω; k; x⃗Þ�Nþn: ðD7bÞ

Finally, we consider the action of the on-shell trans-
formations in the space of transport coefficients. Because
the basis of Hj is assumed to be, in the appropriate sense,
complete, there must exist ρ⃗ijkðω; kÞ, such that

Ha
i BqBcHc

j C ¼
X
j

ρ⃗ijkHa
k C: ðD8Þ

Note that the coefficients ρ⃗ijk are defined differently than in
the case of frame transformations (C8). This is because
their natural action is, in contrast with the frame case, as
matrix multiplication from the left. Furthermore, because
basis of J i is also assumed to be, in the appropriate sense,
complete. This means that there exists ðγ⃗iÞjðω; kÞ such that

Ha
i Bq

B
bJ bC

ideal ¼
X
j

ðγ⃗iÞjJ aC
j ; ðD9aÞ

Ha
i BðqBbJ bc

ideal − SBcÞ ¼
X
j

ðγ⃗iÞjJ ac
j ; ðD9bÞ

and ðσ⃗iÞjkðω; kÞ, such that

Ha
i Bq

B
bJ bC

k ¼
X
j

ðσ⃗iÞjkJ aC
j ; ðD10aÞ

Ha
i BqBbJ bc

k ¼
X
j

ðσ⃗iÞjkJ ac
j : ðD10bÞ

The explicit action on transport coefficients is given by

c0jðω; kÞ ¼
�
cj þ

X
i

x⃗i

�
ðγ⃗iÞj þ

X
k

ðσ⃗iÞjkcj
��

n−nj
: ðD11Þ

Analogously to the frame case, ðγ⃗iÞj and ðσ⃗iÞjk are
endowed with structure. From matrix associativity and
Eqs. (D8)–(D10), it follows that

σ⃗iσ⃗j ¼
X
k

ρ⃗ijkσ⃗k; ðD12aÞ

σ⃗iγ⃗j ¼
X
k

ρ⃗ijkγ⃗k; ðD12bÞ

i.e., they form an algebra. If we introduce matrices ρ⃗i as
ðρ⃗iÞjk ¼ ρ⃗jik, we get

ρ⃗iρ⃗j ¼
X
k

ρ⃗ijkρ⃗k; ðD13Þ

which is completely analogous to the discussion about
frame transformations.

APPENDIX E: INVARIANTS

The goal of this appendix is to show the invariance of the
polynomials Iðω; k; cÞ and Yabðω; k; cÞ, as defined in
Eqs. (35) and (39).
We begin by stating an identity which will prove to be

useful. Let fðω; kÞ be analytic around ω ¼ k ¼ 0, and of
lower degree N. Let ωðkÞ be a function that is analytic
around k ¼ 0. The following then holds:

fðωðkÞ þOðknþ2Þ; kÞ

¼ fðωðkÞ; kÞ þ
(
Oðknþ2Þ; ωð0Þ ≠ 0;

OðkNþnþ1Þ: ωð0Þ ¼ 0:
ðE1Þ

This is simple to prove through basic properties of series
expansions. We emphasize that we use the identity (A3)
throughout this appendix.
We now apply this statement to the determinant

detFðω; k; cÞ. By construction, F is a N × N matrix that
is acquired by taking N divergences. Its determinant is
therefore necessarily of lower order N, with

½detFðω; 0; cÞ�N ≠ 0: ðE2Þ

This property gives rise to N hydrodynamic modes ω̃iðk; cÞ
[18], obeying

detFðω̃iðk;cÞ;k;cÞ¼0; ω̃ið0;cÞ¼0; i¼1;…;N: ðE3Þ

By definition of Pðω; k; cÞ, we have

Pðω; k; cÞ ¼ detFðω; k; cÞ þONþnþ1ðω; kÞ; ðE4Þ

with respective hydrodynamic modes, denoted by ωiðkÞ,
obeying

Pðωiðk;cÞ;k;cÞ¼ 0; ωið0;cÞ¼ 0; i¼ 1; ;…;N: ðE5Þ

Plugging ωiðk; cÞ into Eq. (E4) gives

detFðωiðk; cÞ; k; cÞ ¼ ONþnþ1ðωiðk; cÞ; kÞ ¼ OðkNþnþ1Þ:
ðE6Þ

Note that in the case of a gapped mode, we would have
Oðk0Þ on the right-hand side. By comparing Eq. (E6) with
Eq. (E1), we can conclude

½ωiðk; cÞ�nþ1 ¼ ½ω̃iðk; cÞ�nþ1: ðE7Þ

That is precisely the reliable part of the k-expansion of the
dispersion relations [see Eq. (30)]. We now show that it is
invariant under frame and on-shell transformations. The
most general such transformations act on Pðω; k; cÞ as [see
Eqs. (25), (C7a) and (D7a)]
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Pðω; k; c0Þ ¼ Pðω; k; cÞpðω; k; xÞ þONþnþ1ðω; kÞ: ðE8Þ

Plugging ωiðk; cÞ into Eq. (E8), we get

Pðωiðk; cÞ; k; c0Þ ¼ ONþnþ1ðωiðk; cÞ; kÞ ¼ OðkNþnþ1Þ:
ðE9Þ

Again, we note that the right-hand side would be Oðk0Þ for
gapped modes. By comparing Eq. (E9) with Eq. (E1), we
can conclude

½ωiðk; cÞ�nþ1 ¼ ½ωiðk; c0Þ�nþ1: ðE10Þ

It is therefore clear that ½ωiðk; cÞ�nþ1, and therefore the
dispersion relation coefficients ϖij defined in Eq. (30) are
invariants.
We can now split Pðω; k; cÞ into the hydrodynamic and

the gapped parts

Pðω; k; cÞ ¼ Phyðω; k; cÞPgapðω; k; cÞ; ðE11Þ

where

Phyðω; k; cÞ≡
YN
i¼1

ðω − ωiðk; cÞÞ: ðE12Þ

Since Phy is of lower degree N, we can write [see Eq. (A3)]

Pðω; k; cÞ ¼ ½½Phyðω; k; cÞ�Nþn½Pgapðω; k; cÞ�n�Nþn; ðE13Þ

meaning that

Iðω; k; cÞ≡ ½Phyðω; k; cÞ�Nþn ðE14Þ

is an invariant polynomial, and that the transformation (E8)
acts as

Pgapðω; k; c0Þ ¼ ½Pgapðω; k; cÞpðω; k; xÞ�n: ðE15Þ

It is then straightforward to infer from Eq. (A3) that we can
engineer pðω; k; x⃖; x⃗Þ to add or remove gapped modes.
Finally, since

Babðω; k; c0Þ ¼ ½Babðω; k; cÞpðω; k; xÞ�Nþn; ðE16Þ

we can conclude that

Yabðω; k; cÞ≡
�
Babðω; k; cÞ
Pgapðω; k; cÞ

�
Nþn

ðE17Þ

is an invariant polynomial. This is equivalent to the
definition (39). Here, we have used the fact that the
components of Bab are all functions of lower degree N,
which can be inferred from the expression (B15). It follows

from Eq. (B6) that the invariants Yab obey Ward identities

½qAbðω; kÞYbcðω; k; cÞ�Nþnþ1

¼ ½SAcðω; kÞPhyðω; k; cÞ�Nþnþ1: ðE18Þ

APPENDIX F: GROUP STRUCTURE

As noted, the action of frame and on-shell transforma-
tions in the space of transport coefficients has the same
form [see Eqs. (C11) and (D11)], namely,

c0 ¼ fxðcÞ ⇒ c0jðω; kÞ

¼
�
cj þ

X
i

xi

�
ðγiÞj þ

X
k

ðσiÞjkcj
��

n−nj
: ðF1Þ

The vectors γiðω; kÞ and matrices σiðω; kÞ obey [see
Eqs. (C12) and (D12)]

σiσj ¼
X
k

ρijkσk; ðF2aÞ

σiγj ¼
X
k

ρijkγk; ðF2bÞ

for a set of coefficients ρijkðω; kÞ. By introducing matrices
ðρiÞjk ¼ ρjik, we also get [see Eqs. (C13) and (D13)]

ρiρj ¼
X
k

ρijkρk: ðF3Þ

These transformation obey the composition rule

fx0 ∘ fx ¼ fx00 ⇒ x00k ¼ ½x0k þ xk þ x0ixjρijk�n−qk : ðF4Þ

Here qj is either q⃗j or q⃖j, depending on whether we are
working with on-shell or frame transformations. To express
the inverse, we first introduce a matrix RðxÞ as

RijðxÞ ¼ δij þ
X
k

xkρjki: ðF5Þ

The inverse transformation x0 is given by

fx0 ¼ ðfxÞ−1 ⇒ x0i ¼ −½ðR−1ðxÞÞijxj�n−qi : ðF6Þ

We define the group H through the action of frame and
on-shell transformations on the space of transport coef-
ficients, where we must identify all the transformations
which may result in the same action. From Eqs. (C4) and
(D4) it can be concluded that the frame and on-shell
transformations commute, which gives

σ⃗iσ⃖j ¼ σ⃖jσ⃗i: ðF7Þ

The properties (46) and (47) then follow trivially.
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We define the subgroup of all mth order transformations
Hm as the set of all transformations for which

f∈Hm∶ ½J aðfðcÞÞ�m−1 ¼ ½J aðcÞ�m−1: ðF8Þ

Our goal is to show that the commutator of an m1th order
and an m2th order transformation is an ðm1 þm2Þth order
transformation. Specifically, we want to show that for
f∈Hm1

and g∈Hm2
,

f ∘ g ∘ f−1 ∘ g−1 ∈Hm1þm2
ðF9Þ

Perhaps the easiest way to do this is to encode the
transformations (C4) and (D4) into block matrices A⃗ and
A⃖ as

A⃗ðx⃗Þ ¼
�
I þWðx⃗Þq −Wðx⃗Þ

0 I

�
;

A⃖ðx⃖Þ ¼
�
K⃖ðx⃖Þ ðΩðx⃖Þ
0 I

�
; ðF10Þ

withWðx⃗Þ, q, K⃖ðx⃖Þ, andΩðx⃖Þ as defined in Eqs. (D3), (B3),
and (C3). These matrices faithfully encode all the infor-
mation about the on-shell and frame transformations, and
obey the transformation rules

f⃗x⃗0 ∘ f⃗x⃗ ¼ f⃗x⃗00 ⇔ A⃗ðx⃗00Þ ¼ ½A⃗ðx⃗0ÞA⃗ðx⃗Þ�n; ðF11aÞ

f⃗x⃗0 ¼ ðf⃗x⃗Þ−1 ⇔ A⃗ðx⃗0Þ ¼ ½A⃗−1ðx⃗Þ�n; ðF11bÞ

f⃖x⃖0 ∘ f⃖x⃖ ¼ f⃖x⃖00 ⇔ A⃖ðx⃖00Þ ¼ ½A⃖ðx⃖ÞA⃖ðx⃖0Þ�n; ðF11cÞ

f⃖x⃖0 ¼ ðf⃖x⃖Þ−1 ⇔ A⃖ðx⃖0Þ ¼ ½A⃖−1ðx⃖Þ�n: ðF11dÞ

Note that the composition rule is with respect to left
multiplication for on-shell transformations, and with
respect to right multiplication for frame transformations.
Note also that Eq. (F11) imply Eqs. (50) and (51). Since
frame and on-shell transformations commute, it is sufficient

to consider them separately. On the level of the matrices
introduced above, the mth order on-shell transformations
are simple to write down as

f⃗x⃗ ∈Hm ⇔ ½A⃗ðx⃗Þ�m−1 ¼ I; ðF12aÞ

f⃖x⃖ ∈Hm ⇔ ½A⃖ðx⃖Þ�m−1 ¼ I: ðF12bÞ

The properties (48) follow trivially from Eq. (F12). To
continue, it is useful to consider for a moment two matrices,
A ¼ I þ λm1α and B ¼ I þ λm2β, with inverses A−1 ¼ I −
λm1 ᾱ and B−1 ¼ I − λm2 β̄, where λ is an expansion param-
eter. It is simple to show that, for m1 ≥ 0, m2 ≥ 0

ABA−1B−1¼ Iþλm1þm2ðαβ̄−βᾱÞþOðλm1þm2þ1Þ: ðF13Þ

Let us translate this to on-shell transformations. We can
write

f⃗x⃗∈Hm1
⇒ A⃗ðx⃗Þ¼ Iþ α⃗ðx⃗Þ; ½α⃗ðx⃗Þ�m1−1¼ 0; ðF14aÞ

f⃗x⃗0 ∈Hm2
⇒ A⃗ðx⃗0Þ ¼ Iþ α⃗ðx⃗0Þ; ½α⃗ðx⃗0Þ�m2−1 ¼ 0: ðF14bÞ

The commutator of these transformations is given by

f⃗x⃗00 ¼ f⃗x⃗ ∘ f⃗x⃗0 ∘ ðf⃗x⃗Þ−1 ∘ ðf⃗x⃗0 Þ−1 ⇒ A⃗ðx⃗00Þ
¼ ½A⃗ðx⃗ÞA⃗ðx⃗; ÞA⃗−1ðx⃗ÞA⃗−1ðx⃗0Þ�n: ðF15Þ

By taking ω → λω and k → λk, we can use Eq. (F13) to
conclude that

½A⃗ðx⃗00Þ�m1þm2−1 ¼ I; ðF16Þ

which, in turn, means that f⃗x⃗00 as defined in Eq. (F15) is a
transformation of ðm1 þm2Þth order. A completely analo-
gous computation can be performed also for the frame
transformations, using matrices A⃖ðx⃖Þ. The rest of the
properties of H, described in Sec. VII, then follow.
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