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We consider the most general parity symmetric effective scalar tensor theory in four dimensions
containing terms up to fourth derivative order in the Lagrangian. It has been shown [H. S. Reall, [Phys. Rev.
D 103, 084027 (2021)]] that this theory has three polarizations generically governed by different (nested)
propagation cones, neither of which, in general, coincides with the light cone as defined by the metric.
Consequently, the notion of a black hole horizon must be defined relative to the widest propagation cone
and not with respect to the metric. We provide two theorems stating that, nevertheless, the horizon of a
stationary black hole is null with respect to the metric and that, in fact, all three propagation cones touch on
the horizon. The conditions in these theorems allow for rotating black holes. Our theorems thereby suggest
that the notion of a Killing horizon, central in most discussions of black hole thermodynamics, retains its
fundamental status and that certain thermodynamic paradoxes associated with multiple propagation cones
are evaded.
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I. INTRODUCTION

In relativistic physics, the propagation of disturbances as
described by, e.g., the scalar wave equation gab∇a∇bΦ ¼ 0
is well known to be causal. That means that the retarded
respectively advanced solutions of the corresponding equa-
tion with a delta-function source located at a point x∈M in
a causally well-behaved spacetime1 ðM; gabÞ vanish out-
side the causal future JþðxÞ respectively past J−ðxÞ of this
point. The causal future respectively past consists of all
events that can be connected to x by a causal (i.e., timelike
or null) past respectively future directed curve. Since a
curve is timelike or null if its tangent vector ua satisfies2

gabuaub ≤ 0, the notion of causality for the scalar field
propagation is tied to the light cones of the metric, gab.
An equivalent formulation is that any solution to
gab∇a∇bΦ ¼ 0 is uniquely determined by its initial data
on some subset U ⊂ Σ of a Cauchy-surface Σ within the
domain of dependence, DðUÞ, of U. Again, DðUÞ is
determined by the metric as the set of all points such that
any inextendible future or past directed causal curve must

intersect U. For modern accounts of these well-known
facts, see, e.g., [2].
Up to issues of gauge, i.e., after passing to suitable gauge

equivalence classes or after suitably fixing the gauge, the
same concept of causality applies to solutions Aa of the
Maxwell equations or solutions hab of the linearized
vacuum Einstein equations. In fact, stating causality in
terms of the domain of dependence, the same holds true
even at the nonlinear level for the coupled Einstein–
Maxwell-scalar wave equation system, see, e.g., [2].
Given that information is thought of as being transported
by waves, it is thereby justified to define the notion of a
black hole region in such a theory as MnJ−ðIþÞ, where
Iþ is future null infinity. The future horizon thus is

Hþ ¼ ∂½MnJ−ðIþÞ�: ð1Þ

Since the notion of a causal past, J−, depends on the metric
gab, so obviously does the notion of a black hole.
In alternative theories of gravity, there may be several

different metrics, or even if there is only a single metric,
various “polarizations” of the fields of the theory may
propagate according to a different “effective” metric due
to the structure of the highest derivative terms in the
equations of motion. As a simple minded toy model of such
situations, one may consider two scalar fields ΦA, ΦB
obeying

gabA ∇a∇bΦA − V;ΦA
ðΦA;ΦBÞ ¼ 0;

gabB ∇a∇bΦB − V;ΦB
ðΦA;ΦBÞ ¼ 0; ð2Þ
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1For example, the spacetime should be globally hyperbolic,
see, e.g., [1].

2Our signature convention is ð−þþþÞ.
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where gAab; gBab are different metrics, and V is a potential
coupling the two fields. In such a theory, the notion of a
causal past and future should obviously be defined with
respect to the curveswhose tangent is causalwith respect to at
least one—but possibly not the other—metric, i.e., the
“widest” light cone at every point.
For the sake of illustration, envisage a hypothetical black

hole spacetime as in Fig. 1 with nested horizonsHA andHB
defined relative to the A and B metrics. We assume that
there is a vector field χa which Lie derives bothmetrics and
that both metrics are asymptotically flat, with χa timelike
near null infinity (simultaneously for both metrics). We
assume further that the B metric has the widest light cones.
Even though in our hypothetical spacetime the inner

horizon, HB, is thus of course the true black hole horizon,
the nested structure of HA and HB may give rise to
interesting effects and even paradoxes, as has been noted
by several authors [3–5], see also [6] for further discussion
and references.
A first observation, which by itself does not raise a

paradox, is that if the (outer) horizonHA is a nondegenerate
Killing horizon with respect to χa, i.e., HA is not rotating
relative to infinity and χa is tangent and normal to HA with
respect to the A metric, then the horizon Killing field χa

must be spacelike with respect to the A metric somewhere
between the A and B horizons.3 Thus, the region between
the A and B horizons includes a kind of ergoregion for A

particles, which enables an analog of the Penrose process
for extracting energy from black holes, see, e.g., [1] for an
explanation of the standard version of this process in the
Kerr black hole ergoregion.
More concretely, in a mechanical version of this process,

consider an A and a B particle with momenta pAa and pBa,
moving along lightlike geodesics in the A respectively B
metrics. They collide inside the region between the A and B
horizons at a point where χa is spacelike with respect to the
A metric. After the collision, the particles have lightlike
momenta p0

Aa and p0
Ba relative to the respective metrics.

One can arrange that E0
A ¼ −χap0

Aa < 0 and that the
outgoing B particle can reexit the A horizon, while the
outgoing A particle necessarily falls into the black hole, see
Fig. 2. Obviously, by energy conservation,4 EA þ EB ¼
E0
A þ E0

B and EA > 0 since χa is timelike near infinity, so
E0
B > EB. For a closely related setting see, e.g., [4].
It is not inconceivable that there could be a field-theoretic

analog of this setup choosing high-frequency Gaussian
beam solutions ΦA and ΦB whose initial support is close to
the trajectories cotangent to pAa and pBa. Indeed, before
and after the collision, the potential terms in the coupled
wave equations (2) can be neglected, and the solutions are
approximately equal to free Gaussian beams, as described,
e.g., in [7]. Matching these solutions across the collision
might be possible.
While interesting and potentially observable via an

analog of the superradiance effect [8], energy extraction
from a black hole by itself does not raise any physical

FIG. 1. A hypothetical spacetime containing two nested hori-
zons HA and HB defined with respect to gAab and gBab,
respectively. Since χa is a “boostlike” Killing field, it does not
vanish on HA, meaning that this set must be either a future or a
past horizon with respect to gAab. In particular, this metric cannot
have a “time reflection” symmetry, indicating a fundamental time
asymmetry of the setup.

FIG. 2. The collision between two particles with 4-momenta
pAa and pBa.

3This immediately follows, e.g., from the equation
gacA ∇cðχbχbÞ ¼ −2κAχa and the fact that κA > 0, see, e.g., [1]
[sec. 12.5].

4This follows from the fact that χa Lie derives both the A and B
metrics.
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paradox. However, as argued in [3–5], by exploiting the
hypothetical situation with nested A and B horizons further,
one may enable perpetual motion creating tensions with the
generally accepted laws of thermodynamics.
Furthermore, while it is not totally clear how well

motivated one should consider theories with several met-
rics, different effective metrics frequently arise in effective
field theory (EFT) type generalizations of Einstein-matter
theories with higher derivative terms in the action and/or
theories with unconventional fields such as Einstein-aether
theories, see, e.g., [9]. Although there is only a single
dynamical metric gab in such theories, different “polar-
izations” of the coupled field theoretic content are governed
by different effective metrics.5

While the notion of propagation cones in EFTs is thus, in
general, different from the standard notion of light cone with
respect to gab, it may of course happen that for stationary,
regular, asymptotically flat blackhole solutions all thosenotions
precisely coincide at the event horizon. Evidence that this may
be the case has been provided by [11–14]. These authors study
various scalar-tensor theories in the Horndeski class [11,12] or
higher dimensions [13] with second order equations of motion
or various EFTs for just a metric [14]. They demonstrate at
various levels of generality that a Killing horizon relative to gab
is automatically a characteristic surface of a suitably defined
propagation cone of the theory. Since the characteristic direc-
tions determine the propagation of discontinuities [15], hence
the boundary of the domain of dependence of the equation, it
follows that a Killing horizon can be the causal edge just as in
minimally coupled Einstein-scalar theories.
While these results provide an interesting link between

Killing and propagation cone horizons, the fundamental
question is whether, vice versa, any propagation cone horizon
is also a Killing horizon. If true, this would eliminate any of
the concerns [3–5] with perpetual motion. It would also
reinforce the usual laws of black holemechanics in alternative
or effective gravity theories with higher derivatives and/or
additional unconventional fields, since these laws are usually
formulated with regard to Killing horizons [16–19].
Positive evidence for this scenario has been given by [11]

for spherically symmetric static black hole solutions in the
Horndeski class. In the present paper, we investigate
rotating black holes in the class of scalar-tensor EFTs in
dimension d ¼ 4 described by the Lagrange density,

L ¼ ½−VðΦÞ þ Rþ X�ϵ

þ 1

2
l2αðΦÞX2ϵþ 1

16
l2βðΦÞLGB; ð3Þ

where X ¼ − 1
2
gab∇aΦ∇bΦ is the kinetic term of a scalar

fieldΦ, where LGB is the Gauss–Bonnet density, and where
α, β, V are, in principle, free real functions. The above
Lagrangian is a generalization of the usual Einstein-scalar
field theory—the first line—containing additional terms
with four derivatives in the second line. The overall size of
the four-derivative couplings is dictated by the constant l
which has the dimension of a length. It has been shown [20]
that this theory in the Horndeski class is, up to field
redefinitions, the most general scalar-tensor EFTwith up to
four derivative terms in the action under the assumption of
parity symmetry; thus, it represents a quite general class of
models.
The Euler–Lagrange equations of (3) contain terms with

at most two derivatives acting on each occurrence of
ðΦ; gabÞ [10]. The nature of the propagation cones of these
equations has been analyzed in detail by [10] (we recall
some of these results in Sec. II B). In particular, it has been
shown [10] that the theory has, at least at the linearized
level, three distinct “polarizations” with distinct propaga-
tion cones. The covectors in these cones, which are co-
tangent to the characteristics, are defined as solutions to
either a quadratic or quartic equation, with the inner sheet
of the quartic cone determining the “fastest” polarization,
see fig. 5. Thus, the characteristics of the fastest polariza-
tion determine the physical notion of black hole hori-
zon, Hþ.
In thepresent paper,weprovide two theorems showing that

this horizon must in fact be a Killing horizon. Both theorems
assume that the black hole solution ðΦ; gabÞ is a real analytic,
stationary (possibly rotating), andgiven to us as a real analytic
family in theEFTparameterl. Furthermore, it is assumed that
the l ¼ 0 solution of the usual Einstein-scalar theory is a
stationary black hole spacetime with nondegenerate horizon.
Theorem A also assumes that the generators of the character-
istic flow on Hþ—the propagation cone analog of null
geodesics—are collinear with a Killing vector field, χa, at
all points of Hþ, and that β0 does not vanish. On the other
hand, Theorem B assumes that the metric has a “t-ϕ”
reflection symmetry analogous to Kerr and that V ≥ 0. The
assumptions are discussed in detail in Sec. III (Theorem A)
and Sec. IV (Theorem B).
Both theorems conclude that Hþ is actually a Killing

horizon with respect to gab with constant surface gravity for
sufficiently small l. At this horizon, the three-sheet
structure of the various propagation cones degenerates,
as shown in Fig. 3.
Due to the technical assumptions underlying our theo-

rems, these are not totally definite results, but we believe
that they provide evidence of a censorship mechanism
which forces stationary propagation cone horizons to be
actual Killing horizons, thereby saving the laws of black
hole thermodynamics from the paradoxes raised in [3–5].
This paper is organized as follows. In Sec. II, we review

our EFT and its various propagation cones. In Secs. III and

5As has been shown by [10], the effective propagation cones
may not even be defined by a quadratic equation arising from an
effective metric but by higher order, e.g., quartic, polynomials
arising from the principal symbol of the highest order operator in
the Euler–Lagrange equations. We refer to Secs. II B and II C for
a short review of some of his results.
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IV, we present our theorems. Some lengthy technical
arguments and formulas needed for the proofs are deferred
to various Appendixes. Our notations and conventions are
the same as in [1].

II. SETUP

A. Equations and principal symbols of EFT

We consider configurations ðM;Φ; gabÞwhere ðM; gabÞ
is a 4-dimensional spacetime and Φ a real-valued scalar
field, which satisfy second order equations of motion
(EoMs) produced by the Lagrangian (3) of our EFT.
Written out more fully, this Lagrangian is

L ¼ ðX − V þ RÞϵ

þ
�
1

2
l2αX2 þ 1

16
l2βδa1a2a3a4b1b2b3b4

Ra1a2
b1b2Ra3a4

b3b4

�
ϵ:

ð4Þ

VðΦÞ; αðΦÞ; βðΦÞ are real analytic functions of Φ.
X ¼ − 1

2
gab∇aΦ∇bΦ is shorthand for the kinetic term of

Φ. δa1a2a3a4b1b2b3b4
=4! is the projector onto the totally antisym-

metric part of a rank four tensor. The constant l governs the
strength of the higher derivative terms in the second line
and has the dimension of a length.
The EoMs obtained from varying (3) with respect to gab

and Φ are given by Eab
g ¼ EΦ ¼ 0, where [10]

Eab
g ¼ Gab −

�
1

2
þ αX

�
∇aΦ∇bΦ

−
1

2
gab
�
V − X þ 1

2
l2αX

�

−
1

4
l2ϵac1c2c3ϵbd1d2d3Rc1c2d1d2ð∇2βÞc3d3 ; ð5Þ

(Gab is the Einstein tensor, and indices are raised with gab

throughout this paper), and

EΦ ¼ −∇a∇aΦð1þ l2αXÞ − l2∇aΦ∇aðαXÞ þ V 0

−
1

2
l2α0X2 −

1

16
l2β0δa1a2a3a4b1b2b3b4

Ra1a2
b1b2Ra3a4

b3b4 : ð6Þ

The coefficient β only appears through its derivatives in
the EoMs, consistent with the fact that the Gauss–Bonnet
density by itself is a topological term. From a phenom-
enological perspective, the most natural choices might be
β ¼ β0Φ as it is minimalistic and leads to a shift symmetric
theory (Φ → Φþ c) for V ≡ 0, or β ¼ eb0Φ.
The principal symbol captures the structure of the

highest derivative terms of the EoM of the EFT. It is made
up of the following tensors [10]:

Pabcdef
gg ¼ ∂Eab

g

∂ð∂e∂fgcdÞ
; Pabcd

gΦ ¼ ∂Eab
g

∂ð∂c∂dΦÞ ;

Pab
ΦΦ ¼ ∂EΦ

∂ð∂a∂bΦÞ ; Pabcd
Φg ¼ ∂EΦ

∂ð∂c∂dgabÞ
: ð7Þ

In these equations, ∂a denotes an arbitrary background
derivative operator such as, e.g., the flat coordinate deriva-
tive associated with some coordinate system.
As shown by [10], the above expressions are expressible

in terms of certain tensors Cabcdef, Cabcd, Pab and the so
called effective metric Cab via

Pabcdef
gg ¼ CaðcjebjdÞf; ð8aÞ

Cabcd ¼ Pacbd
Φg ; ð8bÞ

Pab ¼ Pab
ΦΦ; ð8cÞ

Ca1a2a3b1b2b3 ¼ −
1

2
ϵa1a2a3aϵb1b2b3bCab; ð8dÞ

where ϵabcd is the volume form of ðM; gabÞ.
Reference [[10], Sec. 4.1] has shown that the effective

metric and the tensors Cabcd and Pab of our EFT (4) take
the following form:

Cab ¼ gab − l2∇a∇bβ; ð9aÞ

Cabcd ¼ −
1

4
l2β0ϵabe1e2ϵcdf1f2Re1e2f1f2 ; ð9bÞ

Pab ¼ −ð1þ l2αXÞgab þ l2α∇aΦ∇bΦ: ð9cÞ

B. Propagation cones of EFT

It has been shown by [21] that the EoMs of the EFT
admit a well-posed initial value formulation in a certain
gauge, assuming that the theory is suitably “weakly

FIG. 3. The red, orange, and blue cones indicate different
propagation cones of the theory (3) in the tangent space (quartic
and quadratic cones). At the horizon Hþ, these touch at the
horizon Killing vector field χa pointing along Hþ. At these
points, χa is null with respect to gab and satisfies χa∇aχ

b ¼ κχb

with constant κ > 0. χa is also colinear with the tangent ẋa of the
null geodesics rulingHþ. This illustration is exaggerated because
all cones should be close to each other in a weakly coupled (small
jlj) theory.
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coupled”. By this, one means that given a codimension one
surface Σ ⊂ M that is “noncharacteristic” in a suitable
sense described more fully below, and given suitable initial
data comprised of ðΦ; gabÞ and its first derivatives off the
surface Σ subject to the constraints of the theory (3), then
one locally (in some open neighborhood of Σ) has one and
only one solution to the EoMs.
In the case of a quasilinear system of partial differential

equations (PDEs) for some set of fields ΨI , i.e., the highest
derivative terms in the EoMs can be written as
PIab
J ðΨ; ∂ΨÞ∂a∂bΨJ þ… ¼ 0, one calls a covector ξa at

a point p noncharacteristic if the “principal symbol”,
PIab
J ðΨ; ∂ΨÞξaξbjp, is an invertible matrix. This means

that for a coordinate x0 locally defining Σ by x0 ¼ const.
such that ξajp ¼ ∇ax0jp, we can solve the equation for
∂
2
0ΨJ and iteratively determine all derivatives of ΨJ at p off
of Σ in terms of up to one derivative with respect to x0 and
the derivatives tangent to Σ, i.e., with respect to some
coordinates xj; j ¼ 1, 2, 3 parameterizing Σ. Thus, if the
initial data on Σ are smooth, then so will be the solution (if
it exists) near p.
On the other hand, if a covector ξa at a point p is

characteristic, which means that PIab
J ðΨ; ∂ΨÞξaξbjp is not

invertible, then we cannot solve the equation for ∂20ΨJ. As a
consequence, the solution may develop discontinuities at
characteristic surfaces, i.e., ones such that their (locally)
defining function x0 is such that∇ax0 ¼ ξa is characteristic
at each point of the surface. In particular, it follows from
such a consideration that the edge of the causal shadow of a
point, or the boundary of the domain of dependence, must
be characteristic at each point in the case of a quasilinear
PDE, see, e.g., [15] for details. Even if the fieldsΨI contain
a Lorentz metric gab, the characteristic surfaces need not
have anything to do with the light cones of this metric;
see Fig. 4.
The EoMs of our EFT (4), viewed as a system for

ΨI ¼ ðΦ; gabÞ, are not quasilinear, but one may still define
a principal symbol by linearizing the EoMs, and one may
still define the notion of a characteristic covector. In fact, as
in [10][Sec. 3.2] we say that a covector ξa is characteristic
if there exists a nontrivial (i.e., nongauge) T ¼ ð½tab�; tÞ
such that PðξÞT ¼ 0, where

PðξÞT ¼
 
Pabcdef
gg ξeξf Pabef

Φg ξeξf

Pcdef
gΦ ξeξf Pef

ΦΦξeξf

!�
tcd
t

�
; ð10Þ

and PðξÞ is called the principal symbol of Eab
g ¼ EΦ ¼ 0.

The equivalence class is defined by tab ∼ t0ab if there exists
a covector Xa such that t0ab ¼ tab þ ξðaXbÞ, noting that
ξðaXbÞ always is in the kernel of P. Such elements
correspond to infinitesimal gauge transformations. A
hypersurface Σ ⊂ M is said to be a characteristic hyper-
surface if its conormal is characteristic.
Just as for quasilinear equations, the edge of the domain

of dependence of a suitably gauge-fixed [21] version of the
linearized EoMs is characteristic in the above sense. It
seems plausible to us that this will remain true even in the
full nonlinear EFT (4), at least in the weakly coupled case.
(We call the solution of our EFT weakly coupled if the
contributions of the 4-derivative terms to PðξÞ are small
compared to the 2-derivative contributions, see [[10],
Sec. 4.1].) We leave this as an open problem and use
the above notion of a characteristic covector to define the
propagation cone of the theory, which, at any rate, will be
reasonable for the solutions of the linearized theory,
and which should be a reasonable approximation for
small l.
Reference [[10], Sec. 4.3] showed that there is an

equivalent condition for ξa to be characteristic in the
following way: Let ξa be a nonzero real covector. Then,
ξa is characteristic if and only if [[10], Sec. 3.2]

pðξÞ ¼ C−1ðξÞQðξÞ ¼ 0; ð11Þ

where C−1ðξÞ ¼ ðC−1Þabξaξb and

QðξÞ ¼ 1

4!
Qabcdξaξbξcξd; ð12aÞ

Qabcd ¼ detðCg−1ÞðC−1ÞðabPcdÞ

þ ð2Ca1a2Cb1b2 − Ca1b1Ca2b2ÞCa1ðabja2Cb1jcdÞb2 :

ð12bÞ

Note that in the case of a 2-derivative theory [standard
Einstein-scalar having l ¼ 0 in (4)] we have ðC−1Þab ¼
−Pab ¼ gab and Cabcd ¼ 0 [[10], Sec. 4.4], so that
the characteristic cone at a point x∈M,
fξa ∈T�

xM∶pðξÞjx ¼ 0g, is simply the null cone of the
physical metric gabjx in T�

xM. Therefore, a covector ξa in a
2-derivative theory is characteristic if and only if ξa is null
with respect to gab. In the following, we refer to
fξa ∈T�

xM∶C−1ðξÞjx ¼ 0g as the quadratic cone and to
fξa ∈T�

xM∶QðξÞjx ¼ 0g as the quartic cone. As illustrated
in Ref. [5], both cones are subsets of the characteristic cone,
and the quartic cone consists of two sheets between which
the quadratic cone lies [[10], Sec. 4.4].

FIG. 4. The figure shows the causal pasts of a point p with
respect to various cones terminating on some Cauchy surface Σ.
Obviously, the domains of the dependence will be different.
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The characteristic cone provides the following notion of
causality in the cotangent space:
Definition II.1. [10][Sec. 4.4]: Let x∈M. Assume that

the theory is weakly coupled (such that gabjx ≈ ðC−1Þabjx)
and fix a future pointing6 causal covector ua in T�

xM with
respect to ðC−1Þabjx. We call the connected component of
fξa ∈T�

xM∶pðξÞjx ≠ 0g that contains ∓ua the Garding
cone Γ�

x at the point x∈M.
The Garding double cone Γþ

x ∪ Γ−
x is the region inside

the innermost sheet of the quartic cone; i.e., in a
2-derivative theory, it is simply the set of covectors
that are timelike with respect to the physical metric at a
point [10][Sec. 4.4]. Starting from the Garding double
cone, one can define a notion of causality in the
tangent space:
Definition II.2. [10][Sec. 4.6, 4.7]: For x∈M define the

causal cone C�x in TxM as the dual of Γ�
x , i.e.,

C�x ¼ fXa ∈TxM∶ξaXajx ≤ 0 ∀ ξa ∈Γ�
x g: ð13Þ

A vector Xa ∈TxM is said to be
(i) future- (past-) directed causal at x if and only if

Xa ≠ 0 and Xa ∈ Cþx (C−x ),
(ii) future- (past-) directed timelike at x if and only if

Xa ∈ C̊þx (C̊−x ) .
Here, a circle above a set means its interior.

A vector field Xa is called future- (past-) directed causal
(timelike) if Xajx is future- (past-) directed causal (timelike)
for all x∈M. A smooth curve γ onM is said to be future-
(past-) directed causal (timelike) if its tangent vector field is
future- (past-) directed causal (timelike). Furthermore, let S
be some subset of M. The sets

J�ðSÞ ¼ fx∈M∶ there exists a future- ðpast-Þ directed causal curve from S to xg; ð14aÞ

I�ðSÞ ¼ fx∈M∶ there exists a future- ðpast-Þ directed timelike curve from S to xg: ð14bÞ

are called causal future (past) and chronological future
(past).
In order to interpret the various cones, it is helpful to be

aware that an inclusion relation between cones in the
cotangent space is reversed when going to the dual cones,
i.e., the tangent space.

C. Slowness surface of EFT

Taking any cross section of constant ξaua of the
characteristic cone at a point, one obtains the so-called
slowness surfaces [10], consisting of three ellipsoids where
the innermost one corresponds to the “fastest degree of
freedom” (note the similarity with the null cone in
2-derivative theories) [10][Sec. 4.4]. On this surface there
are special points at which two or more sheets of the
slowness surface touch each other as shown in Fig. 5. Such

points on the slowness surface then correspond to a special
direction of the characteristic cone by scaling freedom.
They may be classified in the following way:
Definition II.3. [10][Sec. 4.4]: Suppose that ξ0a belongs

to the characteristic cone. Then ξ0a is called
(i) a singular direction if ∂p=∂ξajξ¼ξ0

¼ 0 or, equiva-
lently, ξ0a belongs to the quadratic and the
quartic cone,

(ii) a double direction if ξ0a is a singular direction of the
characteristic cone and ∂

2p=∂ξa∂ξbjξ¼ξ0
≠ 0,

(iii) a triple direction if ξ0a is a singular direction of the
quartic cone and ∂

2p=∂ξa∂ξbjξ¼ξ0
¼ 0.

Generically, at a triple point all three sheets of the
slowness surface coincide, so the propagation speed is
equal for all three polarizations [10][Sec. 4.4]. At a double
point, only two sheets of the slowness surface—one of the
quadratic- and one of a quartic cone—touch [10][Sec. 4.4],
see Fig. 5.
Within the expression for QðξÞ, one can split off a

part that is determined by a “Weyl-like” tensor Wabcd

given by

FIG. 5. Generic behavior of the characteristic cone in the
cotangent space for a nonvanishing Weyl-like tensor (15) [10].
The red and orange cones illustrate the two sheets of the quartic
cone. The blue cone is the quadratic part of the characteristic
cone, which smoothly touches the quartic cones along two
principal null directions of the Weyl-like tensor. The orange,
innermost cone corresponds to the fastest degree of freedom,
because its dual cone in the tangent space would be the outermost
one. See also Sec. II B below for details.

6We assume a time orientable setting in which a continuous
choice of ua can be made globally.
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Wabcd ¼ Cabcd − ðC−1Þa½cDd�b

þ ðC−1Þb½cDd�a þ 1

3
DðC−1Þa½cðC−1Þd�b; ð15Þ

where Dab is the “Ricci-like tensor”, and D is the “Ricci-
like scalar” formed from Cabcd using the effective metric
Cab [10][Sec. 3.2]. Reference [10][Sec. 4.4] showed that a
singular direction ξ0a must be a principal null direction of
this Weyl-like tensor.

D. Bicharacteristic curves of EFT

We have seen that the innermost sheet ∂ðΓþ ∪ Γ−Þ of the
quartic cone plays the role of the fastest propagation
direction. Thus, in analogy to the null cone in 2-derivative
theories, we define the event horizonH� ¼ ∂ðMnJ∓ðI�ÞÞ
just as in (1) but where the notions J� of the causal future
(past) are now defined as above instead of by the physical
metric. Thus, a horizon is a characteristic hypersurface with
normal ξa ∈ ∂Γ�.
A notion appearing in the assumptions of Theorem A

below which we have not reviewed yet is that of a
bicharacteristic curve.
Definition II.4. [10][Sec. 4.5]: A bicharacteristic curve

of Q (12a) is a pair ðxðsÞ; ξaðsÞÞ satisfying Hamilton’s
equations

ẋa ¼ ∂Q
∂ξa

; ξ̇a ¼ −
∂Q
∂xa

ð16Þ

with the initial condition that ðxð0Þ; ξað0ÞÞ belongs to the
quartic cone. Here, a dot means derivative with respect to s,
and xðsÞ is called the projection of a bicharacteristic curve.
If we start a bundle of bicharacteristic curves on a

codimension one surface on a noncharacteristic 3-surface
Σ, then these curves locally generate a characteristic sur-
face. In particular, the future/past horizons H� locally are
ruled by bicharacteristic curves.
Bicharacteristic curves of Q, see (12a), in 4-derivative

theories are in close analogy to null geodesics of gab in
2-derivative theories which would be obtained from the
Hamiltonian H ¼ gabξaξb instead of Q. For example, the
future horizon (usually generated by null geodesics in
standard GR) is generated by bicharacteristic curves of the
innermost quartic sheet ∂Γ� in 4-derivative theories.
A difference between the usual case of null geodesics is

that there is no canonical parametrization of the bichar-
acteristics associated with Q analogous to affine para-
metrization, in general. Furthermore, it may—and actually,
in our situation below, will—happen that the Hamiltonian
flow is trivial in the sense that ẋa ¼ 0 on the characteristic
surface.

E. Killing horizons in EFT

A Killing horizon in a spacetime ðM; gabÞwith a Killing
vector field χa is a codimension one null surface N such
that χa is both tangent and normal (meaning χava ¼ 0 for
all va ∈TN ) to N . Such a Killing vector field χa

automatically satisfies

χa∇aχ
b ¼ κχb onN ; ð17Þ

where κ is called the surface gravity. Equation (17)
immediately gives χa∇aκ ¼ 0 on N . Furthermore, it is
known [1] that if the Einstein tensor Gab of gab satisfies the
dominant energy condition, then κ is actually constant on
all ofN . This property is called the zeroth of law black hole
thermodynamics in the case of black holes with Killing
horizons.
In a theory with scalars, it is natural to expect that the

zeroth law includes a statement that Φ is constant on the
horizon. As [10][p.31] showed, the zeroth law holds in this
sense within the setting of our EFT (4) for any weakly
coupled solution ðΦ; gabÞ to the EoMs that are Lie derived
by χa,

Lχgab ¼ LχΦ ¼ 0; ð18Þ

for any N which is a Killing horizon relative to χa. As a
corollary7 of the rigidity theorem for general EFTs by [22],
this property holds, in fact, much more generally for the
horizon H defined with respect to gab of any stationary,
asymptotically flat, real analytic, nondegenerate (κ > 0)
black hole with compact horizon cross sections, of any EFT
constructed from a diffeomorphism covariant Lagrangian,
to arbitrary orders in the EFT scale l. See also [23] for
model-independent proofs of the zeroth law based on a t-φ
reflection symmetry.
If we have two Killing horizons L;RN with the same χa

and surface gravity κ > 0, intersecting in a (compact)
2-surface B, one speaks of a nondegenerate (compactly
generated) bifurcate Killing horizon [24], see Fig. 6. (A)
deSitter, Minkowski, the extended subextremal Kerr, and
Schwarzschild spacetimes including their (A)dS counter-
parts all host such structures.
Proposition II.5. Let N be a nondegenerate (κ > 0)
bifurcate Killing horizon with Killing vector field χa which
Lie derives the solution ðΦ; gabÞ of the EFT (4). ThenN is
characteristic with respect to the quartic and quadratic cone,
Qabcdξaξbξcξd ¼ 0 ¼ ðC−1Þabξaξb for all conormals ξa to
N . Furthermore,

7Reference [22] shows more generally that the horizon actually
is a Killing horizon with respect to some Killing vector field χa

that is not necessarily assumed from the beginning.
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∂Q
∂ξa

����
N

¼ 0; ð19Þ

for all characteristic covectors ξa at N , all of which are
singular triple directions in the sense of Definition II. 3.
Proof. The proof is quite similar in spirit to arguments by
[11–13]. By the definition of Killing horizon, χa is
conormal to N . Thus, we must show Qabcdχaχbχcχd ¼
0 ¼ ðC−1Þabχaχb on N . Since Qabcd; Cab are locally and
covariantly constructed out of ðΦ; gabÞ, we have

LχQabcd ¼ LχðC−1Þab ¼ 0: ð20Þ

Since Lχχa ¼ 0, we thereby have Lχ ½Qabcdχaχbχcχd� ¼ 0;
Lχ ½ðC−1Þabχaχb� ¼ 0. Thus, the quantities in square brack-
ets are constant along the orbits of χa. However,
Qabcdχaχbχcχd ¼ 0 ¼ ðC−1Þabχaχb on B, since χa vanishes
there and since Qabcd; ðC−1Þab are smooth, in particular,
finite, at B.
To show (19), we restrict attention to RN þ, say, and

introduce a second null vector field Na uniquely defined
by [18][Sec. II. B]

∇aχb ¼ 2κN½aχb�; ð21Þ

at points of RN þ. By uniqueness, we have LχNa ¼ 0. We
complete χa, Na to a null tetrad by introducing two addi-
tional vectors sai ; i ¼ 1, 2 such that Lχsai ¼ 0;
sai sja ¼ δij; sai Na ¼ sai χa ¼ 0. By [18][Sec. II.B], the lim-
its of sia; Naχb toward B exist, andQabcdNaχbχcχd, as well
as Qabcdsiaχbχcχd, are Lie derived by χa. Since the limit of
χa at B vanishes, these quantities vanish on RN þ, and by a
similar argument for the other parts of N , on all of N .
Since we already know that Qabcdχaχbχcχd ¼ 0 on N , the
proof of (19) is complete.
In view of pðξÞ ¼ C−1ðξÞQðξÞ, the previous results

imply that χa is a triple singular direction.
Note that the proof used neither the detailed structures of

Qabcd; Cab nor the fact that ðΦ; gabÞ is a solution to the

EoMs. In this paper, we are interested in the converse of
Proposition II. 5; i.e., we want to show that a horizon
defined with respect to the propagation cones of our EFT is
actually a Killing horizon. This will require the detailed
structure of the propagation cone in our EFT and the EoMs
in Secs. III, IV, and Appendix D.

F. Generalized Gaussian null coordinates

Whether or not gab satisfies any EoMs or other special
equations, one can set up a convenient coordinate system in
the neighborhood of any (part of a) Killing horizon referred
to as Gaussian null coordinates (GNCs). We now review
this construction; see, e.g., [25] for details. We assume that
the Killing vector field χa is complete on N , which we
should think of as being either R;LN þ in this section. Thus,
its flow can be used to set up a diffeomorphism betweenN
and N ×R such that the flow of χa is along the R Cartesian
factor. We refer to N as a cut ofN ; the orbits of χa must be
transversal to this N.
First, we define local coordinates xA; A ¼ 1, 2 covering

some subset of N. Let fFvg be the 1-parameter flow of
isometries associated to χa and define NðvÞ ≔ Fv½N�, i.e.,
on N we have χa ¼ ð∂vÞa. Finally, at each point
of N , define a null vector field la satisfying laχa ¼ 1
and lama ¼ 0 for all ma ∈TNðvÞ. By construction,
la ¼ ð∂uÞa. Let u be the affine parameter of null geodesics
off of each NðvÞ with initial velocity la.
Then, in ðv; u; xAÞ coordinates, the metric takes the

form [25]

g ¼ −fdv2 þ 2dvduþ 2kAdxAdvþ hABdxAdxB; ð22Þ

and u is a defining coordinate for N .
We define the following tensors:

hab ¼ hABðdxAÞaðdxBÞb; ka ¼ kAðdxAÞa; ð23Þ

and qab; pa
b are defined by

pa
b ¼ ð∂AÞaðdxAÞb; qab ¼ ðh−1ÞABð∂AÞað∂BÞb; ð24Þ

These tensors are independent of the chosen local coor-
dinates xA on N and thereby globally defined nearN . They
satisfy

pa
bka¼kb; pa

bpc
dhac¼hbd; pa

bpb
c¼pa

c; ð25aÞ

pa
b ¼ qachcb; pa

blb ¼ pa
bχ

b ¼ 0; ð25bÞ

Lχka ¼ Lχf ¼ Lχla ¼ Lχqab ¼ Lχpa
b ¼ 0; ð25cÞ

near N , as well as

kajN ¼ fjN ¼ 0; pa
bjN ¼ gbcqcajN : ð26Þ

FIG. 6. Bifurcate Killing horizon.
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The surface gravity κ is given by

κ ¼ 1

2
LlfjN : ð27Þ

Conversely, if a metric is defined by a set of coordinates
ðv; u; xAÞ as in (22) with metric components that are
independent of v, then u ¼ 0 defines a Killing horizon
N with the Killing vector field χa ¼ ð∂vÞa, provided
f; ka ¼ 0 on N .
The above construction can be repeated in an analogous

manner also in the case that χa is tangent to N but not
necessarily normal, as would have to be the case if N was
not a null surface. This construction, which we need to
apply to a characteristic surface N of the Garding cone
below—not a priori known to be null—again yields
coordinates ðu; v; xAÞ such that gab satisfies (22) and
tensors f; ka; hab; pa

b; qab. If the pull back of gab to N
is a Riemannian metric, as will always be the case for
sufficiently small jlj below, then so is hab, as for a Killing
horizon. However, contrary to the case of a Killing horizon,
f; ka will not. in general. vanish on N . We refer to these
ðu; v; xAÞ as generalized Gaussian null coordinates
(gGNC) in the following.
Below, we consider real analytic 1-parameter families of

spacetimes ðMðlÞ; gabðl; xÞÞ, surfaces N ðlÞ tangent to a
Killing field χaðlÞ, cuts NðlÞ, as above, etc. Then, for each
l, we can introduce gGNC based on NðlÞ, which cover an
open neighborhood of each N ðlÞ. We may then introduce
an identification (diffeomorphism) between these neigh-
borhoods by declaring points for different l to be equal if
their gGNCs coincide. After such an identification (“gauge
choice”), we are dealing with only one spacetime, in which
the locations of N and N, or χa, no longer vary with l.
It should be noted, however, that if N was, e.g., a

bifurcate Killing horizon (Fig. 6) for the l ¼ 0 member of
the family of metrics, then the metrics gabðl; xÞ will not be
smooth at B if N is not a Killing horizon (e.g., if it is not
null) for l ≠ 0.
Below, it is convenient to use a “purely angular”

derivative operator Da associated with gGNCs acting on
purely angular tensors Tab…c, i.e., ones which are projected
by pa

b. Its definition is

DbTa1…ar ¼ pc
bp

d1
a1
� � �pdr

ar∇cTd1…dr : ð28Þ

Then, we have

0 ¼ ½Lχ ; Da� ¼ Dahbc ¼ Daqbc ¼ Dapb
c ¼ 0: ð29Þ

The components of the Riemann tensor Rabcd, contracted
into pa

b; χa, or la in arbitrary ways, may thereby be
expressed in terms of contractions of ka; f, their Da

covariant derivatives, and pa
b; qab; χa; la. These expres-

sions are provided in the Appendix A for later use.

III. THEOREM A

A. Assumptions

For Theorem A, we assume the following:
(i) ðMðlÞ;Φðl; xÞ; gabðl; xÞÞ is a 1-parameter family

of solutions to the EFT (4) that is jointly real analytic
in ðx;lÞ under some 1-parameter family of diffeo-
morphisms identifying each MðlÞ with some
fixed M.

(ii) For l ¼ 0, the solution has an ordinary, nondegen-
erate (i.e., κ > 0) Killing horizon, Hþ, with Killing
vector field Ka.

(iii) There is a family HþðlÞ for jlj < l0 ruled by
(projections of) bicharacteristic curves of Q i.e.,
HþðlÞ is characteristic (cotangent to the Garding
cone of ðΦðlÞ; gabðlÞ).

(iv) HþðlÞ is analytically diffeomorphic to H × R via a
family of analytic diffeomorphisms depending ana-
lytically on l: H is diffeomorphic to S2.

(v) There are commuting vector fields taðl; xÞ;ϕaðl; xÞ,
jointly analytic in ðx;lÞ, which Lie derive (18) the
solution ðΦðl; xÞ; gabðl; xÞÞ for all l. ϕaðlÞ gen-
erates an isometric action of Uð1Þ and is tangent to
the H Cartesian factor in (iv). ðH; habÞ has no
Killing vector fields other than ϕa. taðlÞ is complete
onHþðlÞ and may be chosen to be tangent to the R
Cartesian factor in (iv).

There is a linear combination χaðlÞ ¼ taðlÞ þ
ΩðlÞϕaðlÞ such that ẋa ¼ cχa; i.e., it is tangent to
the bicharacteristics of Q (see Definition II. 4), and
either c ¼ 0 or c ≠ 0 on all of HþðlÞ.

(vi) β0 has no zeros.
See Sec. II for notions such as quartic cone, Garding cone,
bicharacteristics, etc. referring to the propagation of signals
in our EFT.
Before we state Theorem A, we comment on these

assumptions. Analyticity in (i) is just a technical assumption
which is needed since our proof works order by order in l. If
we were to assume that the l ¼ 0 solution describes a
stationary, analytic, asymptotically Minkowskian, nonde-
generate black hole, then the Killing horizon structure would
be a consequence of [25]. Here, we prefer not to make such a
global assumption.
Assumption (iii) corresponds to the fact that, for an

asymptotically Minkowskian or AdS spacetime, the (future)
horizon Hþ would be the boundary of MnJ−ðIþÞ, where
J− is defined by the Garding cone (14a). In this setting,
(iii) would simply be a consequence of this fact. Again,
because our constructions related to Theorem A are entirely
local, we prefer not to require the existence of Iþ, and to
state our assumptions as local conditions on Hþ.
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Assumption (iv) is required to set up our gGNC system
(A1) in the proof and is of a purely technical nature. As
already described in Sec. II F, we set up the gGNC based on
HðlÞ—the image ofH under the identification in (iii)—for
each l based on some choice of Killing vector field KaðlÞ
[compatible with ϕaðlÞ] with complete orbits for each l.
Afterwards, we make an identification of the spacetimes
MðlÞ based on these gGNCs. In this “gauge”, the space-
times, Ka;ϕa;Hþ, etc., will then be independent of l.
Analyticity of the identification is required for the same
reason as in (i).
Assumption (v) is the essential and nontrivial

one, in the following sense. We know [22] that for any
stationary, analytic, asymptotically flat, nondegenerate
black hole with the horizon defined relative to gab, and
in any EFT, there exist Ka;ϕa;ω such that Ka ¼ ta þ ωϕa

is tangent to the null generators of this horizon (different
a priori fromHþ), i.e., ẋa ∝ Ka for the ordinary character-
istic curves (null geodesics) with tangent ẋa. We are
effectively claiming that a similar statement remains true
with regard to the characteristics defined by the
propagation cone (quartic cone) in our EFT, for which
Ka need not be equal to χa and Ω need not be equal to ω
a priori.

B. Statement

Theorem A is the following statement:
Theorem III.7. Under the assumptions (i)–(vi), Hþ is an

ordinary Killing horizon with Killing vector field χa with
respect to the metric gab for sufficiently small jlj < l0.
Remarks. (1) We have already mentioned in Sec. II that

the surface gravity κ of a Killing horizon in our EFT must
be constant, as must be Φ. By general results about Killing
horizons, χa is furthermore a repeated principal null
direction of theWeyl tensor8 of gab, see, e.g., [1][Sec. 12.5].
(2) In the following, all statements are valid for suffi-

ciently small jlj < l0, where l0 is some positive number,
and we no longer repeat this.
We can now apply the results of [10][Sec. 4.7] or

Proposition II. 5 to conclude:
Corollary III.9. χa is a triple direction (see Sec. II) of the

characteristic cone on Hþ, and

∂
2Q

∂ξa∂ξb

����
ξ¼χ

∝ χaχb: ð30Þ

In particular, the two sheets of the quartic cone and that of
the quadratic cone all touch at points ofHþ in the cotangent
vector χa. See Fig. 3 for an illustration.

C. Outline of proof

For the proof, we construct gGNCs aroundHþ just as in
Sec. II E. In the present case, Hþ is not known a priori to
be null with respect to gab, but the construction can
nevertheless be carried just the same. To show that Hþ

is a Killing horizon, we must show that f ¼ ka ¼ 0 onHþ.
We expand all tensor fields or constants as power series

in l, as, e.g., in

ka ¼
X∞
j¼0

ljkðjÞa; ð31aÞ

f ¼
X∞
j¼0

ljfðjÞ; ð31bÞ

Ω ¼
X∞
j¼0

ljΩðjÞ; ð31cÞ

etc. These expansions are absolutely convergent by our
analyticity assumptions. In our proof, we set up our gGNC
system as in (22) at first not with respect to χa ¼ ta þΩϕa

but initially instead for

Ka ¼ ta þΩð0Þϕa: ð32Þ

In the course of our inductive proof provided in detail in the
Appendix D, we update the definition of Ka at each
subsequent order in l taking into account corrections to
Ωð0Þ. By assumption,Ka Lie derives ðΦ; gabÞ. Furthermore,
by assumption,Hþ is a Killing horizon for the zeroth order
metric gð0Þab with respect to Ka, and as a consequence, we
get that

fð0ÞjHþ ¼ kð0ÞajHþ ¼ 0: ð33Þ

The idea of the proof is to verify the analogous statement
for fðjÞ; kðjÞa for increasing j ¼ 1; 2;…. For this, we must
use the EoMs of our EFT, as well as our conditions for the
characteristic surface Hþ in our EFT.
These conditions are best analyzed by decomposing the

metric, and its various expansion orders in l, as in (22),
with corresponding tensors pa

b; qab; la; hab; ka ¼ qabkb
and functions (coordinates) u, v, all of which are Lie
derived by Ka and by ϕa, see Sec. II E and Appendix A.
This analysis is rather involved, and the full technical
details are therefore moved to Appendix D.
A series of lemmas first leads to the conclusion that

kað1ÞjHþ ¼ ωð1ÞϕajHþ , where ωð1Þ is constant onHþ, i.e. kað1Þ
is an infinitesimal rotation on Hþ. It is also shown
that

fð1ÞjHþ ¼ fð2ÞjHþ ¼ 0; ð34Þ
8By the results of [10][Sec. 4.4], it is at the same time a

principal null direction of the Weyl-like tensor (15).
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and that ðf þ k2Þð3ÞjHþ ¼ 0. Based on these insights, we
redefine

Ka → Ka − lωð1Þϕa; ð35Þ

which still Lie derives ðΦ; gabÞ. Having made this redefi-
nition, we set up our gGNC system as in (22) with respect
to this new Ka. The corresponding new ka; f are seen to
satisfy all previous properties, and additionally,

fð3ÞjHþ ¼ kð1ÞajHþ ¼ 0: ð36Þ

The remainder of the proof repeats the arguments for
increasing orders in l, assuming inductively that for some
n ≥ 0,

fðjÞjHþ ¼ 0 for all j ≤ nþ 3; ð37aÞ

kðjÞajHþ ¼ 0 for all j ≤ nþ 1: ð37bÞ

By similar arguments as in the base case, these
are seen to imply that ðf þ k2Þðnþ4ÞjHþ ¼ 0 and that
kaðnþ2ÞjHþ ¼ ωðnþ2ÞϕajHþ , where ωðnþ2Þ is constant on

Hþ; i.e., it is proportional to a rotation.
Similarly, as in the base case, we redefine

Ka → Ka − lnþ2ωðnþ2Þϕa; ð38Þ

which still Lie derives ðΦ; gabÞ. Having made this redefi-
nition, we set up our gGNC system as in (22) with respect
to this new Ka. The corresponding new ka; f are seen to
satisfy all the previous properties, and additionally,

fðnþ4ÞjHþ ¼ kðnþ2ÞajHþ ¼ 0; ð39Þ

thereby closing the induction loop.
After our inductive readjustments, the final Killing field

Ka and gGNCs are by construction such that KajHþ ¼
ðduÞajHþ at points ofHþ; i.e., it is characteristic, andHþ is
a Killing horizon with respect to Ka. Strictly speaking, we
still need to show that the series defining Ka converges.
This follows from analyticity in a fairly straightforward
manner, but we do not go through the somewhat tedious
details here.

IV. THEOREM B

A. Assumptions

For the formulation of Theorem B, we introduce the
domain of outer communication D ¼ IþðI−Þ ∩ I−ðIþÞ
with respect to the propagation cones of our EFT
(Sec. II B). We then define the future and past horizons
as H� ¼ ∂D ∩ I�ðI∓Þ, as usual, but with respect to the
propagation cones of our EFT.
We assume the following:

(i) ðMðlÞ;Φðl; xÞ; gabðl; xÞÞ is a 1-parameter family
of solutions to the EFT (4) that is jointly real analytic
in ðx;lÞ under some 1-parameter family of diffeo-
morphisms identifying each MðlÞ with some
fixed M.

(ii) Each MðlÞ is asymptotically Minkowskian, and
there is a vector field taðlÞ that Lie derives
ðΦðlÞ; gabðlÞÞ, that is jointly analytic in ðx;lÞ, that
has complete orbits, and that is timelike in the
asymptotic region. We require that MðlÞ includes
an open neighborhood of HþðlÞ.

(iii) For l ¼ 0, Hþ forms an nondegenerate (κ > 0)
Killing horizon. The pull back of gabðlÞ to
HþðlÞ has an isometry ι fixing some cut HðlÞ,
such that9 ι�taðlÞ ¼ −taðlÞ, ι2 ¼ id. The complex
structure of the cut HðlÞ satisfies

ι�Jab ¼ −Jab: ð40Þ

(iv) For the l ¼ 0 solution, we have

VðΦÞ ≥ 0 ð41Þ

on Hþ.
(v) The restriction of ta tangent to B in the l ¼ 0

solution is not vanishing identically; i.e., the black
hole is rotating.

As we explain in more detail in the Appendix E, (iii’)
states in a covariant way that ι is a kind of “t-φ” reflection
isometry onHþ, without actually introducing10 coordinates
t or φ. Note that we only require the symmetry ι locally, i.e.,
for the pull back toHþ. This geometric feature is present in
Kerr, but the reflection ι on Hþ is different from the global
t-φ reflection isometry of Kerr which exchanges H�,
assuming such a global symmetry would enable a “purely
kinematical” proof similar to that of Proposition II. 5.
To picture the hypothetical case that Hþ might not be a

Killing horizon, we may imagine thatHþ as defined by the
Garding cone is a timelike surface with respect to gab
tangent to a boostlike Killing field Ka similar to Fig. 1. The
future pointing Garding cones must then tilt inwards
relative to those of gab everywhere along Hþ, so that
H− ¼ ∅. We note that there is an evident asymmetry
between past and future, which is already somewhat at odds
with thermodynamic intuition.
Apart from the global assumptions such as the reflection

isometry and asymptotic flatness, or topology of Hþ, the
main differences between these assumptions for Theorem B
and those formulated for Theorem A in Sec. III are as
follows: we do not require, a priori, any rotational vector
field that Lie derives ðΦ; gabÞ, and we do not require that

9ι could depend discontinuously on l.
10Note that we do not know at this stage that there is a Killing

field “ϕa ¼ ð∂φÞa”.
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the bicharacteristics are tangent to a vector field that Lie
derives ðΦ; gabÞ. On the other hand, we need the stability
requirement V ≥ 0.
If we were to assume instead of (iv’) that the l ¼ 0 black

hole solution is nonrotating, then the solution would be
static [26]. As shown in the proofs of the uniqueness of
static black hole solutions for a wide class of Einstein-
scalar field theories, see, e.g., [27–29], the l ¼ 0 solution
ðM;Φ; gabÞ would in fact have to be spherically symmet-
ric. An expansion argument in l would then show that this
remains true for l ≠ 0 [22][Sec. 4]. We do not treat
explicitly this comparatively easier case, but see, e.g.,
[11] for corresponding arguments, leading to the same
conclusion as our Theorem B in the spherically symmet-
ric case.

B. Statement

Theorem B is the following statement:
Theorem IV.10. Under the assumptions (i’)–(v’), Hþ is

an compactly generated Killing horizon with respect to the
metric gab.
Remark. (1) Again, we also have Corollary III. 2, and the

proof also shows that the symmetry group of ðΦ; gabÞ is (at
least) R ×Uð1Þ.
(2) If we make the assumptions fully symmetric in past

and future, then we analogously get a bifurcate Killing
horizon.
(3) By (iv’), the scalar field stress energy tensor of the

l ¼ 0 theory satisfies the dominant energy condition on
Hþ. By Hawking’s topology theorem [30], there-
fore B ≅ S2.

C. Proof

We argue in a broadly similar way as in the proof of
Theorem A. First, we get a second continuous symmetry of
ðΦ; gabÞ. For l ¼ 0, ta is tangent to B ¼ ∂Hþ; i.e., its
restriction to B must be Ωϕa, where ϕa has 2π-periodic
orbits. By the arguments of [22], this ϕa extends in view of
(i’)–(v’), to a rotational vector field ϕaðlÞ Lie deriving
ðΦðlÞ; gabðlÞÞ on the entire spacetime for jlj < l0 and a
sufficiently small but positive l0.

11

Next, we introduce gGNCs (A1) around HþðlÞ, based
on the cut HðlÞ as in (iii’), initially taking
Ka ¼ ta þ Ωð0Þϕa. (As in the proof of theorem A, this
Ka is subsequently updated.) Again, we identify points of
MðlÞ for different values of l if these gGNCs coincide.
Thereby, we get the corresponding tensor fields
la; Ka;ϕa; pa

b; ka; qab; hab, see (24) in Sec. II F and

Appendix A for details. After our identification,
Ka; pa

b; ta;ϕa; H;Hþ are independent of l.
As in the proof of Theorem A, we next make power

series expansions of all quantities as in, e.g., (31a), with the
aim of showing f ¼ ka ¼ 0 onHþ—this implies that Ka is
tangent and normal to Hþ; i.e., it is a Killing horizon.
Since for l ¼ 0, we have an ordinary Einstein-scalar

field theory, the results by [25] show that Hþ is a Killing
horizon with respect to Ka with constant surface gravity
κ ¼ 1

2
Llfð0Þ and constant Φð0Þ. Thus, we have DaΦð0Þ ¼

fð0Þ ¼ kð0Þa ¼ Kð0Þab ¼ 0 on Hþ.
Analogously to the proof of Theorem A in the

Appendix D, we can also evaluate the condition
QabcdðduÞaðduÞbðduÞcðduÞd ¼ 0, expressing that Hþ is
characteristic, at subsequent orders in l. At order l2,
(D31) first shows that ðf þ k2Þð1Þ ¼ 0 on Hþ. Since we
already know that fð0Þ ¼ kð0Þa ¼ 0 onHþ, we get fð1Þ ¼ 0

on Hþ.
Consider a change v → vþ λðxAÞ; i.e., we change the

cut H of Hþ by an angle-dependent amount. The gGNC
associated with the new cut is such that

Llkð0Þa → Llkð0Þa − 2κDaλ: ð42Þ

There is a real analytic solution λ to

DaDaλ ¼
1

2κ
DaLlkð0Þa onH; ð43Þ

by standard results about elliptic partial differential
equations, see, e.g., [32]. Here and in the rest of the proof,
Da temporarily denotes the angular covariant derivative
with respect to hð0Þab. In the new real analytic gGNC, we
have

DaLlkð0Þa ¼ 0 ⇒ Llkð0Þa ¼ ϵabDbFð1Þ; ð44Þ

for some Fð1Þ for whichLϕFð1Þ ¼ LKFð1Þ ¼ 0 onHþ. This
implies that

ðDaLlkð0ÞbÞϕaϕb ¼ 0; ð45Þ

onHþ. We also know that kað1Þ ¼ ωð1Þϕa for some function
ωð1Þ since we have ι in (iii’), see Appendix E.
Our aim is to show that ωð1Þ is constant on Hþ. For this,

we first transvect the EoM (5) of our EFT for the metric into
Kapb

c. Evaluating the result at order l yields

Rð1ÞabKapb
c ¼

1

2
kð1ÞcVðΦð0ÞÞ: ð46Þ

For the Ricci-tensor component on the left side, we
employ the expressions in the Appendix A at order l,
which yields

11Reference [22] considered the horizons defined by the light
cones of the metric gab, not the Garding cones. Of course, we are
free also in our situation to consider the metric light cones to
make the argument, since the Killing field extends to as a single-
valued object (due to π1ðDÞ ¼ 0 [31]) to all of D by analyticity.
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0 ¼ DbD½akð1Þb� −
�
2κK̄ð0Þab þ

1

2
hð0ÞabVðΦð0ÞÞ þ

1

2
Llkð0ÞaLlkð0Þb

�
kbð1Þ

þ Llkð0Þ½aDb�kbð1Þ −
1

2
DaLlfð1Þ þ

�
DbLlkð0Þa −

1

2
DaLlkð0Þb

�
kbð1Þ; ð47Þ

on Hþ. Here, we use the shorthand ka ¼ qabkb, disregard-
ing temporarily our usual convention that indices are raised
with gab.
Next, we transvect (47) with ϕa using (45) and

kað1Þ ¼ ωð1Þϕa. In terms of the uniformizing angular coor-

dinates ðϑ;φÞ onH ≅ S2 [see Eq. (D44)], setting ξ ¼ cosϑ
and y ¼ kð1Þaϕa, we obtain the ordinary differential equa-
tion, �

d
dξ

�
Ψ−1 d

dξ

�
þW

�
y ¼ 0; ð48Þ

where

W¼4κhϕ⊗ϕ;K̄ð0ÞiþVðΦð0ÞÞkϕk2þhϕ;Llkð0Þi2
kϕk2 : ð49Þ

Here, we use the compact notations h:; :i; k:k for angular
tensor contractions introduced in (D16) and (D17) (applied
to qabð0Þ).
The function W ¼ WðξÞ is regular on ½−1; 1� up to and

including the boundary, as is Ψ−1 ¼ ΨðξÞ−1 [see (D44)].
y ¼ yðξÞ is regular and vanishes at the boundary. There can
be at most one such function up to rescaling, and this
function is, in fact, given by y ¼ kϕk2. To see this, note that
if we were to change Ka → Ka − lωð1Þϕa for a constant
ωð1Þ and then used this new Ka to construct or gGNCs,
then in these coordinates kað1Þ would be replaced by

kað1Þ − ωð1Þϕa, see Lemma D. 10. Thus, ωð1Þϕa with con-

stantωð1Þ solves (47). This must in fact be the only solution.
since any other solution y ¼ kð1Þaϕa to (48) would be
nonvanishing at least at one boundary point ξ ¼ �1,
corresponding to a kað1Þ that is irregular at the north/south

pole of the sphere H.
As in the proof of Theorem A in the Appendix D, we

next update our initial guess of Ka to Ka → Ka − lωð1Þϕa,
where ωð1Þ is the constant such that kað1Þ ¼ ωð1Þϕa. In the

gGNCs based on the new Ka, we then have kað0Þ ¼ kað1Þ ¼
fð0Þ ¼ fð1Þ ¼ 0 on Hþ.
The next step is to evaluate the condition (D31) at order

l4, giving that ðf þ k2Þð2Þ ¼ 0 on Hþ. Thus, we addition-
ally get fð2Þ ¼ 0 onHþ. Then furthermore ðf þ k2Þð3Þ ¼ 0

by (D37a).
This set of arguments is now repeated in an inductive

manner similar to Appendix D 3 b for Theorem A. We

assume that, on Hþ, fðjÞ ¼ 0 for all j ≤ nþ 1, kðjÞa ¼ 0

for all j ≤ n, and ðf þ k2Þðnþ2Þ ¼ 0. Again, we transvect
the EoM (5) of our EFT for the metric into Kapb

c and now
evaluate the result at Oðlnþ1Þ. This yields (46) with
kð1Þa → kðnþ1Þa. The reason for this is the following: the
terms with explicit powers of l in (5) all vanish at this order
by the induction hypothesis, as a consequence of the fact12

that a contraction pa
bKcTac of a local covariant tensor Tab

built from ðΦ; gabÞ vanishes on a Killing horizon with
respect to Ka.
Proceeding next along the same lines as before gives

kaðnþ1Þ ¼ ωðnþ1Þϕa for a constant ωðnþ1Þ, which we use to

update Ka → Ka − lnþ1ωðnþ1Þϕa. In the new gGNC based
on this new Ka, we additionally have kðnþ1Þa ¼ 0 on Hþ.
When combined with ðf þ k2Þðnþ2Þ ¼ 0 and the induction
hypothesis, we get fðnþ2Þ ¼ 0 on Hþ. Finally, (D37a)
which holds at this stage with the replacements kð1Þa →
kðnþ1Þa and ðf þ k2Þð3Þ → ðf þ k2Þðnþ3Þ then tells us that
ðf þ k2Þðnþ3Þ ¼ 0, thus closing the induction loop.

V. OUTLOOK

While our complementary Theorems A and B cover a
fairly general class of EFTs and solutions, it would be
interesting to remove some of their technical assumptions.
Concerning theories, one should try to include, at least at
the derivative order in the Lagrangian considered here,
multiple scalar fields and Abelian vector fields while
staying within the class of theories with second
order EoMs.
Concerning the assumptions in Theorem B, the reflec-

tion symmetry condition at Hþ makes intuitive sense for
equilibrium solutions in theories as our EFTs that do not
introduce an explicit time direction such as Einstein-aether
theories13 [9]. The other assumption, V ≥ 0, is also well
motivated as a stability condition and, e.g., required in other
standard theorems in general relativity, such as the positive
mass theorem.
Concerning Theorem A, the most restrictive assumption

is that the Killing orbits line up with the bicharacteristics of
the propagation cone. To remove this, one would evidently

12The proof of this well known result is of the same nature as
the proof of Proposition II. 5.

13In fact, [9] have found stationary black hole solutions in such
theories which do not have this reflection symmetry and which do
not have Killing horizons.
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have to bring in the global structure of spacetime, which is
not considered in Theorem A as all its assumptions are of a
local nature.
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APPENDIX A: CURVATURE COMPONENTS
IN GGNCS

Below we provide the expressions for the curvature
components of the following metric given by

g ¼ 2dvdu − fdv2 þ 2kAdxAdvþ hABdxAdxB: ðA1Þ

(For equivalent expressions in a different notation, see
[19].) The nonzero components of the inverse metric are

guu¼ðfþk2Þ; guv¼1; guA¼−kA; gAB¼hAB; ðA2Þ

where hAB is the inverse of hAB, kA ≡ hABkB and
k2 ≡ kAkA. We do not assume in this section that
kA ¼ f ¼ 0 for u ¼ 0, as would be the case for the usually
defined GNCs off of the null surface N defined by u ¼ 0.
We introduce la ¼ ð∂uÞa, Ka ¼ ð∂vÞa, pa

b; hab; Da as in
(24), (28), (23), and the following variables:

Kab ≡ 1

2
LKhab; K̄ab ≡ 1

2
Llhab; ðA3Þ

and

K ¼ qabKab; K̄ ¼ qabK̄ab: ðA4Þ

In this Appendix, Ka is not assumed to be a Killing
vector field, though in the main part of the paper, it is,
resulting in simplified expressions obtained by dropping
LKka;LKf; Kab; K everywhere.
The nonzero Christoffel symbols are given by

Kalb∇aðduÞb ¼ −
1

2
Llf −

1

2
qabkbLlka; ðA5aÞ

Kalbð∂AÞc∇aðdxAÞb ¼
1

2
qcaLlka; ðA5bÞ

lapb
c∇aðduÞb ¼

1

2
Llkc − qabkbK̄ca; ðA5cÞ

lapb
cð∂AÞd∇aðdxAÞb ¼ K̄d

c; ðA5dÞ

KaKb∇aðdvÞb ¼
1

2
Llf; ðA5eÞ

KaKb∇aðduÞb ¼ −
1

2
LKf þ 1

2
ðf þ k2ÞLlf

− qabkb

�
LKka −

1

2
Daf

�
; ðA5fÞ

KaKbð∂AÞc∇aðdxAÞb¼
1

2
qcakaLlfþqca

�
LKkaþ

1

2
Daf

�
;

ðA5gÞ

Kapb
c∇aðdvÞb ¼ −

1

2
Llkc; ðA5hÞ

Kapb
c∇aðduÞb ¼ −

1

2
ðf þ k2ÞLlkc −

1

2
Dcf

− qabkbD½cka� − qabkbKca; ðA5iÞ

Kapb
cð∂AÞd∇aðdxAÞb¼

1

2
qdakaLlkc−qdaD½akc� þqdaKac;

ðA5jÞ

pa
bpc

d∇aðdvÞc ¼ −K̄bd; ðA5kÞ

pa
bpc

d∇aðduÞc ¼ −ðf þ k2ÞK̄bd þDðbkdÞ − Kbd; ðA5lÞ

pa
bpc

dð∂AÞe∇aðdxAÞc¼pa
bpc

dð∂AÞeDaðdxAÞcþqeakaK̄bd:

ðA5mÞ

The components of the Riemann tensor are as follows:

laKblcKdRabcd ¼
1

4
qabLlkaLlkb þ

1

2
LlLlf; ðA6aÞ

laKblcpd
eRabcd ¼

1

2
qabK̄ebLlka −

1

2
LlLlke; ðA6bÞ

laKbKcpd
eRabcd ¼ −

1

2
LKLlke −

1

2
qabKeaLlkb þ qabK̄eaLKkb −

1

4
qabkaLlkeLlkb −

1

2
qabLlkbD½eka�

−
1

2
DeLlf þ 1

2
qabK̄ebDaf −

1

2
qabkbK̄eaLlf; ðA6cÞ
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lapb
cldpe

fRabde ¼ qabK̄cbK̄fa − LlK̄cf; ðA6dÞ

lapb
cKdpe

fRabde ¼ −LKK̄cf þ qabKcbK̄fa þ qabkbK̄f½aLlkc� þ qabK̄fbD½cka� þ
1

2
DfLlkc −

1

4
LlkcLlkf

−
1

2
K̄cfLlf; ðA6eÞ

Kapb
cKdpe

fRabde ¼ −LKKcf þ qabKcbKfa − 2qabkbK̄c½fLlka� − 2qabkbK̄f½cLlka� þ
1

4
ðf þ k2ÞLlkcLlkf

þ 1

2
LlkðcDfÞf − qabkbLlkðcDfÞka − qabKaðcjDbkjfÞ þ qabKaðcDfÞkb þDðfLKkcÞ

þ 1

2
DfDcf −

1

2
K̄cfqabkbDaf þ 1

2
qabkbLlkðcjDakjfÞ þ qabD½akc�D½bkf� þ

1

2
KcfLlf

þ 1

2
ðf þ k2ÞK̄cfLlf þ 1

2
DðckfÞLlf −

1

2
K̄cfLKf; ðA6fÞ

pa
bpc

dKepf
gRacef ¼ −2D½bKd�g þ Llk½bKd�g − 2qacKa½bK̄d�gkc − Llk½bK̄d�gðf þ k2Þ þ K̄g½bDd�f

þ 1

2
Llk½bDd�kg −

1

2
Dgk½bLlkd� −DgD½bkd� þ qacK̄g½bjkcDjd�ka − qackaK̄g½bjDckjd�; ðA6gÞ

pa
bpc

dlepf
gRacef ¼ 2D½dK̄b�g − 2qacK̄a½bK̄d�gkc þ Llk½bK̄d�g; ðA6hÞ

pa
bpc

dpe
fpg

hRaceg ¼ R½h�bdfh þ 2Kd½fK̄h�b þ 2Kb½hK̄f�d þ 2ðf þ k2ÞK̄b½hK̄f�d − K̄h½dDb�kf − K̄f½dDb�kh

þ K̄d½hDf�kb − K̄b½hDf�kd: ðA6iÞ

The components of the Ricci tensor are given by the following expressions:

KaKbRab ¼ −qabLKKab þ qacqbdKabKcd − K̄qabkbLlka þ 2qacqbdK̄cdkaLlkb þ qacqbdK̄abkcDdf −
1

2
K̄qabkbDaf

− qabqcdkbLlkcDakd þ qabDbLKka − qabkbDaLlf þ qabqcdkbLlkcDdka þ
1

2
qabDbDaf −

1

2
K̄LKf

− qacqbdD½akb�Ddkc þ
1

2
KLlf þ 1

2
ðf þ k2ÞK̄Llf − qabkbLKLlka − K̄abkakbLlf þ 1

2
qabDakbLlf

þ 1

2
ðf þ k2ÞLlLlf þ 1

2
ðf þ k2ÞqabLlkaLlkb −

1

2
qabqcdkakcLlkbLlkd þ

1

2
qabLlkaDbf; ðA7aÞ

laKbRab ¼ −qabLKK̄ab þ qacqbdKcdK̄ab −
1

2
K̄qabkbLlka þ qacqbdK̄cdkaLlkb −

1

2
LlLlf −

1

2
qabLlkaLlkb

þ 1

2
qabDbLlka −

1

2
K̄Llf −

1

2
qabkbLlLlka; ðA7bÞ

lalbRab ¼ qacqbdK̄abK̄cd − qabLlK̄ab; ðA7cÞ

lapb
cRab ¼ qabDbK̄ca −DcK̄ þ 1

2
LlLlkc þ

1

2
K̄Llkc − qabK̄cbLlka þ qabkbð2qdeK̄ceK̄ad − K̄caK̄ − LlK̄caÞ; ðA7dÞ

Kapb
cRab ¼ qabDaKcb −DcK −

1

2
LKLlkc −

1

2
KLlkc þ qabK̄cbLKka þ Llk½cK̄a�bkdkeqadqbe −

1

2
qabkbLlkcLlka

þ ðf þ k2ÞqabK̄cbLlka − K̄qabkbD½cka� þ qabLlk½cDa�kb þ 2qadqbeK̄b½cjkdDekja� − 2qadqbeK̄b½ckdDa�ke

þ 2qadqbeKceK̄abkd − qabKcaK̄kb −
1

2
DcLlf þ qabDbD½cka� þ qabK̄caDbf −

1

2
K̄Dcf

þ qabkbDaLlkc −
1

2
qabkbDcLlka − qabK̄cakbLlf −

1

2
ðf þ k2ÞðLlLlkc þ K̄LlkcÞ − qabkbLKK̄ca; ðA7eÞ

NEW HORIZONS IN EFFECTIVE FIELD THEORY? PHYS. REV. D 114, 024084 (2026)

024084-15



pa
bpc

dRac ¼ R½h�bd − 2LKK̄bd − KK̄bd þ 4qacKðbjcK̄jdÞa − KbdK̄ þ ðf þ k2Þð2qacK̄bcK̄da − K̄bdK̄ − LlK̄bdÞ
− 4qadqceK̄b½aK̄d�ckdke þ 2qacLlkðbK̄dÞakc − 2qacK̄bdkcLlka − K̄bdLlf − 2qackcD½bK̄a�d

− 2qackcD½dK̄a�b þ K̄DðdkbÞ þ
1

2
DðdLlkbÞ −

1

2
LlkbLlkd þ K̄bdqacDakc − 2qacK̄aðbjDckjdÞ: ðA7fÞ

APPENDIX B: BIG-O NOTATION

In the proofs of Theorem A and Theorem B, we have to
analyze whether certain tensor fields vanish on a Killing
horizon, Hþ, with respect to a Killing vector field Ka.
These tensors will be built from qab; hab; f; ka, their Lie
along Ka, la, and their angular covariant derivatives Da,
where these quantities refer to gGNCs, see Sec. II E. On a
Killing horizon Hþ, we have f; ka ¼ 0, so also their Da
and LK derivatives vanish as these point along Hþ. On the
other hand, the Lie derivative Ll need not vanish. In the
proofs of Theorem A and Theorem B, we do not a priori
know that f; ka ¼ 0, and that their Da and LK derivatives
vanish at Hþ, because we precisely want to prove that Hþ
actually is a Killing horizon.
In order to retain control of the order (in the gGNC u

defining H through u ¼ 0) at which certain expressions
vanish in various perturbative arguments, we must keep
track of the powers of ka; f and their their Da and LK
derivatives.
For this, we now introduce a convenient notation: if the

power of f is r and that of ka is s, we write that such an
expression is OðfrksÞ. More precisely, a tensor Ta…b

c…d

built from qab; hab; f; ka; Ka; la, their Lie derivatives along
Ka, la, and their angular covariant derivatives Da, is said
to be T ¼ OðfrksÞ, if it is a linear combination of
simultaneous eigenvectors of eigenvalues ð≥r;≥sÞ of the
operators

Nf ¼
X
p;q

Lp
KD

q
ða1…aqÞf

∂

∂ðLp
KD

q
ða1…aqÞfÞ

; ðB1Þ

Nk ¼
X
p;q

Lp
KD

q
ða1…aqÞkc

∂

∂ðLp
KD

q
ða1…aqÞkcÞ

: ðB2Þ

We also write, e.g., T ¼ Oðkf; k2Þ if it is a sum of terms of
the order Oðk2Þ and OðkfÞ. As examples,

qcbLKDcfDakb ¼ OðfkÞ; ðB3Þ

but

qcbLKDcfDaLlkb ¼ OðfÞ; ðB4Þ

since terms hit by Ll are not counted. At a Killing horizon,
we have T ¼ OðfrksÞ ⇒ T ¼ OðurþsÞ where OðunÞ is a
function such that limu→0 u−nþδOðunÞ ¼ 0 for any δ > 0.

APPENDIX C: CONTRACTIONS OF Qabcd;Cab

For the analysis of the quartic propagation cone in our
EFT (3), we need the following two contractions (C3),
(C4), where we define

ϵab ¼ ϵABð∂AÞað∂BÞb; ðC1Þ

so that

ϵabcd ¼ 6K½albϵcd�; ðC2Þ

in terms of the 4-dimensional volume element,

ð2Ca1a2Cb1b2 − Ca1b1Ca2b2ÞðduÞe1ðduÞe2ðduÞf1ðduÞf2ϵa1e1g1g2ϵe2a2h1h2Rg1g2h1h2ϵ
b1f1i1i2ϵf2b2j1j2Ri1i2j1j2

¼ ðKaKbCabÞ2ðϵcdϵefRcdefÞ2 þ 2KaKbKcCdaCbcϵ
deϵfgKhRhefgϵ

ijϵklRijkl þ 2KaKbKcCdaCbcϵ
efϵdgKhRefhgϵ

ijϵklRijkl

þ 2KaKbKcCdaCbcϵ
efϵghRefghϵ

diϵjkKlRlijk þ 2KaKbKcCdaCbcϵ
efϵghRefghϵ

ijϵdkKlRijlk

þ 4KaKbð2CcdCab − CcaCdbÞϵceϵdfKgKhRgehfϵ
ijϵklRijkl þ 4KaKbð2CcaCdb − CcdCabÞϵceϵfgKhRhefgϵ

diϵjkKlRlijk

þ 4KaKbCcaCdbϵ
ceϵfgKhRhefgϵ

ijϵdkKlRijlk þ 4KaKbð2CcaCdb − CabCcdÞϵefϵcgKhRefhgϵ
ijϵdkKlRijlk

þ 4KaKbCcaCdbϵ
efϵcgKhRefhgϵ

diϵjkKlRlijk þ 4KaKbð2CabCcd − CcaCbdÞϵefϵghRefghϵ
ciϵdjKkKlRkilj

þ 8Kað2CbaCcd − CcaCbdÞϵefϵbgKhRefhgϵ
ciϵdjKkKlRkilj þ 8Kað2CbaCcd − CbcCdaÞϵbeϵfgKhRhefgϵ

ciϵdjKkKlRkilj

þ 8Kað2CbcCda − CbaCcdÞϵbeϵcfKgKhRgehfϵ
ijϵdkKlRijlk þ 8Kað2CbcCda − CbdCacÞϵbeϵcfKgKhRgehfϵ

diϵjkKlRlijk

þ 16ð2CabCcd − CacCbdÞϵaeϵbfKgKhRgehfϵ
ciϵdjKkKlRkilj; ðC3Þ
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and

ð2Ca1a2Cb1b2 − Ca1b1Ca2b2ÞðduÞe1ðduÞe2ðduÞf1pc
f2ϵ

a1e1g1g2ϵe2a2h1h2Rg1g2h1h2ϵ
b1f1i1i2ϵf2b2j1j2Ri1i2j1j2

¼ −2ðKaKbCabÞ2ϵdeϵfgRdefgϵ
hiϵcjlkRhikj

þ 4KaKbKdCeaCbdϵ
efϵghKiRifghϵ

jkϵcllmRjkml þ 4KaKbKdCeaCbdϵ
fgϵehKiRfgihϵ

jkϵcllmRjkml

þ 4KaKbKdCeaCbdϵ
fgϵhiRfghiϵ

ejϵckKllmRljmk þ 4KaKbKdCeaCbdϵ
fgϵhiRfghiϵ

jkϵceKllmRjklm

− 8KaKbð2CdeCab − CdaCebÞϵdfϵegKhKiRhfigϵ
jkϵcllmRjkml

− 8KaKbð2CdaCeb − CdeCabÞϵdfϵghKiRifghϵ
ejϵckKllmRljmk

þ 8KaKbCdaCebϵ
dfϵghKiRifghϵ

jkϵceKllmRjklm þ 8KaKbð2CdaCeb − CabCdbÞϵfgϵdhKiRfgihϵ
jkϵceKllmRjklm

− 8KaKbCdaCebϵ
fgϵdhKiRfgihϵ

ejϵckKllmRljmk þ 8KaKbð2CabCde − CadCbeÞϵfgϵhiRfghiϵ
djϵceKkKllmRkjlm

þ 16Kað2CbdCea − CbeCdaÞϵbfϵdgKhKiRhfigϵ
ejϵckKllmRljmk

− 16Kað2CbdCea − CbeCdaÞϵbfϵdgKhKiRjfigϵ
jkϵceKllmRjklm

− 16Kað2CbaCde − CbdCaeÞϵbfϵghKiRifghϵ
djϵceKkKllmRkjlm

þ 16Kað2CbaCde − CbdCaeÞϵfgϵbhKiRfgihϵ
djϵceKkKllmRkjlm

þ 32ðCabCde − CadCbeÞϵafϵbgKhKiRhfigϵ
djϵceKkKllmRkjlm

− 2KaKbKdleCabCdeϵ
fgϵhiRfghiϵ

jkϵclKmRjkml þ 4KaKbldð2CeaCbd − CebCadÞϵfgϵehKiRfgihϵ
jkϵclKmRjkml

− 4KaKbldCeaCbdϵ
efϵghKiRifghϵ

jkϵclKmRjkml − 4KaKbldð2CabCed − CaeCbdÞϵfgϵhiRfghiϵ
ejϵckKlKmRljmk

þ 8Kalbð2CdeCab − CdaCebÞϵdfϵegKhKiRhfigϵ
jkϵclKmRjkml

− 8Kalbð2CdaCeb − CdeCabÞϵdfϵghKiRifghϵ
ejϵckKlKmRljmk

þ 8Kalbð2CdaCeb − CdeCabÞϵfgϵdhKiRfgihϵ
ejϵckKlKmRljmk

þ 16laðCbdCea − CbeCdaÞϵbfϵdgKhKiRhfigϵ
ejϵckKlKmRljmk

¼ Oðk2; kf; f2Þ: ðC4Þ

We also need to compute certain contractions with ðC−1Þab. For this, we make use of the well-known formula for the inverse
in terms of the adjugate of C−1, i.e.,

detðCg−1ÞðC−1Þab ¼ adjðCÞab ¼ 1

3!
ϵaa1a2a3ϵbb1b2b3Ca1b1Ca2b2Ca3b3 : ðC5Þ

Contractions that we need are

detðCg−1ÞðduÞaðduÞbðC−1Þab

¼ 1

3!
ϵabϵcdKeKfð3CefCacCbd−CaeCfcCbdþCaeCbcCfd−CecCafCbdþCecCadCbf−CacCedCbf−CacCbeCfdÞ; ðC6Þ

and

detðCg−1Þpa
bðduÞcðC−1Þbc

¼ 1

3!
ϵabϵcdKeKflgðCgeCfcCbd − CefCgcCbd þ CefCbcCgd − CbeCfcCgd þ CbeCgcCfd − CgeCbcCfd − CgcCefCbd

þ CgcCedCbf þ CecCgeCbd − CecCgdCbf − CecCbfCgd þ CecCbdCfg þ CbcCefCgd − CbcCedCgf − CbcCgeCfd

þ CbcCgdCef þ CgcCbeCfd − CgcCbdCefÞ: ðC7Þ

Both expressions can be simplified by applying the big-O notation introduced earlier and by using the iden-
tity ϵacϵ

cb ¼ qab.
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APPENDIX D: PROOF OF THEOREM A

By assumptions (iv), we may construct a gGNC
system ðu; v; xAÞ, see (A1), near Hþ. We must show that
f; ka ¼ kAðdxAÞa vanish on Hþ. The proof follows the
inductive scheme outlined in Sec. III C. We take our gGNC
system to be such that Ka ¼ ð∂vÞa, where Ka ¼ ta þ ωϕa,
with ω a constant. Initially, ω ¼ Ωð0Þ, which is sub-
sequently modified. At any stage, Ka;ϕa Lie derive
ðΦ; gabÞ by (v).

1. Consequences of ẋa = cχ a on H+

First, we investigate the consequences of (iii) and (v).
Lemma D.1. On Hþ let c ¼ cðl; xÞ be as in (v). Then,

c ¼ ðduÞaðduÞbðduÞcðdvÞdQabcd ðD1Þ

and LϕcjHþ ¼ 0 ¼ LKcjHþ and either c ¼ 0 or c > 0 on
all of Hþ. On Hþ, we have

ðduÞaðduÞbðduÞcðduÞdQabcd ¼ 0; ðD2aÞ

ðduÞaðduÞbðduÞcpe
dQabcd ¼ cðΩ − ωÞϕe: ðD2bÞ

Proof. By construction, ðduÞa is normal toHþ. AsHþ is
assumed to be a characteristic hypersurface by (iii), ðduÞa
must be a characteristic covector, i.e., QðduÞ ¼ 0.
Furthermore, by Hamilton’s equations, we have

ẋa ¼ ∂Q
∂ξa

����
ξ¼du

¼ ðduÞbðduÞcðduÞdQbcda

¼ cχa; ðD3Þ

using (v) in the last step. Also note that ta ¼ ð∂vÞa − ωϕa,
and therefore,

χa ¼ ð∂vÞa þ ðΩ − ωÞϕa: ðD4Þ

By dotting (D3) into ðduÞa; ðdvÞa; pb
a in turn, we obtain all

statements in the lemma. Note that these tensors, as well as
Qabcd, are Lie derived by ϕa, so that we get, e.g.,

0 ¼ Lϕ½ðduÞaðduÞbðduÞcðdvÞdQabcd�
¼ Lϕc: ðD5Þ

Thus, Lϕc ¼ 0 on Hþ. Since Ka Lie derives the solution,
the same argument works to show that LKcjHþ ¼ 0. ▪
Note that by (v), either cðΩ − ωÞ ¼ 0 or cðΩ − ωÞ ≠ 0

everywhere onHþ, so it has the same general property as c.
In the following, we rename cðΩ − ωÞ → c.

2. Consequences of Q= 0 on H+

The aim is now to evaluate the relations (D2a) and (D2b)
in such a way that we can eventually deduce c; f; ka ¼ 0 on
Hþ by using the big-O notation introduced above.
Lemma D.2. Define βab ¼ ∇a∇bβ. The contractions

KaKbβab; ðD6aÞ

pa
bKcβac; ðD6bÞ

Kapb
cKdpe

fRabde; ðD6cÞ

Kapb
cpd

epf
gRabdf; ðD6dÞ

KalbKcpd
eRabcd ðD6eÞ

are all of order Oðk; fÞ on Hþ.
Proof. First note that since Ka is Killing on Hþ,

LKβðΦÞ ¼ β0ðΦÞLKΦ ¼ 0, and Kab ¼ 1
2
LKhab ¼ 0,

meaning that the curvature expressions in the
Appendix C simplify significantly. Thus, the statements
for (D6a)–(A6d) follow immediately from the following
formulas:

KaKbβab ¼ −
1

2
ðf þ k2ÞLlfLlβ −

1

2
qabkbDafLlβ −

1

2
qabkbLlfDaβ −

1

2
qabDbfDaβ; ðD7Þ

pa
bKcβac ¼ −

�
−
1

2
ðf þ k2ÞLlkb −

1

2
Dbf − qackaD½bkc�

�
Llβ −

�
1

2
kaLlkb −D½akb�

�
qacDcβ; ðD8Þ

Kapb
cKdpe

fRabde ¼ −2qabkaK̄c½fLlkb� − 2qabkaK̄f½cLlkb� þ
1

4
ðf þ k2ÞLllcLlkf þ

1

2
LlkðcDfÞf

− qabkaLlkðcDfÞkb þ
1

2
DcDff −

1

2
K̄cfqabkaDbf þ 1

2
qabkaLlkðcjDbkjfÞ

þ qabD½akc�D½bkf� þ
1

2
ðf þ k2ÞK̄cfLlf −

1

2
DðckfÞLlf; ðD9Þ
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Kapb
cpd

epf
gRabdf ¼ −Llk½eK̄g�cðf þ k2Þ þ K̄c½eDg�f þ 1

2
Llk½eDg�kc −

1

2
Dck½eLlkg�

−DcD½ekg� þ K̄c½ejqabkaDjg�kb − kaK̄c½ejqabDbkjg�: ðD10Þ

This is not as clear for the last contraction (A6e). We continue by considering the EoMs [by (i)],

0 ¼ KaqbcGac −
�
1

2
þ αX

�
LKΦqbc∇cΦ −

1

2
Kaqbcgac

�
X − V þ 1

2
l2αX

�
−
1

4
l2Kaϵa

e1e2e3qbcϵcf1f2f3Re1e2f1f2βe3f3 :

ðD11Þ

The Einstein tensor satisfies (recall that pa
bKb ¼ 0)

KaqbcGac ¼ laKcKdqbfRacdfgghðduÞgðduÞh þ laKcKdqbfRacdfgghðduÞgðdvÞh þ KaKcldqbfRacdfgghðdvÞgðduÞh
þ laKcpd

eqbfRacdggehðduÞh þ pa
cKdleqbfRadefgchðduÞh þ KaqbcRdaecqde: ðD12Þ

The third term vanishes due to the first Bianchi identity, and the second term is the important one, since all other terms are
Oðk; fÞ. Thus, defining ϵab ¼ ϵABð∂AÞað∂BÞb, we have using the EoMs for gab,

KalcKdqbeRacde ¼ −KaqbcGac þOðk; fÞ

¼ −
1

4
l2½−4ϵacϵbdKelfKgph

aRefghβcd þ ϵacϵbdKepf
aKgph

dRefghliβic

þ ðduÞaðdvÞcpb
dpe

fðϵaa1a2fϵdb1b2c þ ϵaa1a2cϵdb1b2fÞRa1a2b1b2K
gβeg

− 2ϵacϵbdKepf
dpg

aph
cRefghKiKjβij þ ðduÞaðduÞcðdvÞdpb

eϵ
aa1a2cϵeb1b2dRa1a2b1b2K

fKgβfg�
þOðk; fÞ: ðD13Þ

The prefactors arise from the possible permutations within
the second and third index of the epsilon tensor, which do
not give a sign due to the antisymmetry of the Riemann
tensor. From that, we obtain

KalbKcpd
eRabcd

�
1

4
l2ϵefϵghpi

fpj
hβij þ qeg

�
¼ Oðk; fÞ;

ðD14Þ

and since the term in (...) is close to qab for a weakly
coupled theory, it is invertible. It follows that

KalbKcpd
eRabcd ¼ Oðk; fÞ; ðD15Þ

i.e., (A6a) holds. ▪
We now use these results onHþ for the evaluation of the

tensors appearing in the definition of Q in the following
Lemma D. 3. To state this compactly, and for later, it is

convenient to introduce an inner product h·; ·ih on tensor
fields Ta1…ar projected by pa

b. The inner product uses hab
and its inverse qab [see (23), (24)] and is given by

hT; Sih ≔ qa1b1 � � � qarbrSa1…arTb1…br : ðD16Þ

We denote by

kTk2h ¼ hT; Tih ðD17Þ

the corresponding norm. By abuse of notation, we also
write

k2 ¼ kkk2h; ðD18Þ

as before to shorten some formulas
Lemma D.3. We have

detðCg−1ÞðduÞaðduÞbðC−1Þab ¼ f þ k2 þ l2

�
−
1

2
hkLlf −Df;Dβih þ ftrhD2β þ 1

2
fLlfLlβ þOðk2; kf; f2Þ

�
; ðD19aÞ

ðduÞaðduÞbPab ¼ −ðf þ k2Þ þ l2½−ðf þ k2ÞαX þOðk2; kf; f2Þ�; ðD19bÞ
on Hþ, where trhD

2β ¼ qabDaDbβ.
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Proof. By performing all contractions (see Appendix C) and using the results of Lemma D. 2, we find

detðCg−1ÞðduÞaðduÞbðC−1Þab

¼ 1

2
ϵabϵcdð−f þ l2KeKfβefÞðhac þ l2βacÞðhbd þ l2βbdÞ þ

1

3!
ϵabϵcdð−2kakchbd þ kakdhbc þ kckbhad − 2kdkbhacÞ

þ l2Oðk2; kf; f2Þ
¼ f þ k2 þ l2½−KaKbβab þ fqabβab þOðk2; kf; f2Þ� þ l4Oðk; fÞ

¼ f þ k2 þ l2

�
−
1

2
qabðkaLlf −DafÞDbβ þ qabDaDbβþ

1

2
fLlfLlβ þOðk2; kf; f2Þ

�
þ l4Oðk; fÞ; ðD20Þ

where we have defined ϵab ¼ ϵABð∂AÞað∂BÞb. For the second part of the lemma, we first note that

ðduÞa∇aΦ ¼ ðf þ k2Þla∇aΦ − qabkb∇aΦ ¼ Oðk; fÞ; ðD21Þ

using that Ka is Killing. We immediately obtain

ðduÞaðduÞbPab ¼ −ð1þ l2αXÞðduÞaðduÞbgab þ l2αðduÞa∇aΦðduÞb∇bΦ

¼ −ðf þ k2Þð1þ l2αXÞ þ l2Oðk; fÞ2
¼ −ðf þ k2Þ þ l2ð−ðf þ k2ÞαX þOðk2; kf; f2ÞÞ; ðD22Þ

which completes the proof. ▪
We do the same for contractions involving pa

b:
Lemma D.4. We have

detðCg−1Þpa
bðduÞcðC−1Þbc ¼ −qabkb þ l2Oðk; fÞ; ðD23aÞ

pa
bðduÞcPbc ¼ qabkb þ l2Oðk; fÞ; ðD23bÞ

on Hþ.
Proof. As before, we use the formulas (D20) and (D21) to compute C−1. From Appendix B, we see that all terms

involving pa
blcCac do not contribute to the l0 part of pa

bðduÞcadjðCÞbc. Moreover, each term contains at least one factor of
KaKbCab or pa

bKcCac. Thus,

detðCg−1Þpa
bðduÞcðC−1Þbc ¼ 1

3!
ϵabϵcdð3kchbd − 3kdhbcÞ þ l2Oðk; fÞ

¼ −qabkb þ l2Oðk; fÞ: ðD24Þ

For the second part of the lemma, we have already seen that ðduÞa∇aΦ ¼ Oðk; fÞ, which yields

pa
bðduÞcPbc ¼ qabkb þ l2ðαXqabkb þ αpa

b∇bΦOðk; fÞÞ
¼ qabkb þ l2Oðk; fÞ: ðD25Þ

▪
The second term in the definition of Q is evaluated as follows:
Lemma D.5. We have

ðduÞcðduÞdðduÞeðduÞfð2Ca1a2Cb1b2 − Ca1b1Ca2b2ÞCa1cda2Cb1efb2

¼ 1

4
l4ðβ0ðΦÞÞ2

���� 12LkhLlf þ k ⊗ DLlf

����2
h
þ l4Oðk3; kf; f2Þ þ l6Oðk2; kf; f2Þ; ðD26aÞ
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ðduÞcðduÞdðduÞepf
gð2Ca1a2Cb1b2 − Ca1b1Ca2b2ÞCa1ðcdja2Cb1jegÞb2 ¼ l4Oðk2; kf; f2Þ; ðD26bÞ

on Hþ, where k · kh is the tensor norm associated to h.
Proof. First note that, from Lemma D. 2,

Kapb
cKdpe

fRabde ¼ −
1

4
LkhcfLlf −

1

2
kcDfLlf þOðk2; fÞ ¼ Tcf þOðk2; fÞ; ðD27Þ

as well as KaKbβab; pa
bKcβac ¼ Oðk; fÞ, so that

KaKbCab ¼ −f þ l2Oðk; fÞ: ðD28Þ

The full expression for the above contraction can be found in the Appendix C, where the last term is the important one. As
all other terms are at least Oðk3; kf; f2Þ þ l2Oðk2; kf; f2Þ, it remains to show that this term equals
16kTk2h þOðk3; kf; f2Þ þ l2Oðk2; kf; f2Þ. Note that for this purpose, we only have to consider the l0 terms in
pa

bpc
dpe

fpg
hð2CacCeg − CaeCcgÞ since the above expression must be multiplied by l4,

16pa1
c1p

a2
c2p

b1
d2p

b2
d2ð2Ca1a2Cb1b2 − Ca1b1Ca2b2Þϵc1e1ϵc2e2Kn1pg1

e1K
n2pg2

e2Rn1g1n2g2

× ϵd1f1ϵd2f2Km1ph1
f1K

m2ph2
f2Rm1h1m2h2

¼ 16ð2hc1c2hd1d2 − hc1d1hc2d2Þϵc1e1ϵc2e2ϵd1f1ϵd2f2Te1e2Tf1f2 þOðk3; kf; f2Þ þ l2Oðk2; kf; f2Þ
¼ 16qe1f1qe2f2Te1e2Tf1f2 þOðk3; kf; f2Þ þ l2Oðk2; kf; f2Þ

¼ 16

���� − 1

4
LkhLlf −

1

2
k ⊗ DLlf

����2
h
þOðk3; kf; f2Þ þ l2Oðk2; kf; f2Þ: ðD29Þ

The claim follows when multiplying by 1
16
l4ðβ0Þ2. For the second relation, it suffices to check that each term contains at

least two of the following factors:

KaKbCab; pa
bKcCac; Kapb

cKdpe
fRabde;

Kapb
cpd

epf
gRabdf; KalbKcpd

eRabcd: ðD30Þ

Again, the expression for a specific permutation can be found in the Appendix C, and for the remaining permutations, this
result can be verified analogously. ▪
We are now in the position to write (D2a) and (D2b) in a useful form:
Lemma D.6. We have�

f þ k2 þ l2

�
1

2
h−kLlf þDf;Dβih þ ftrhDDβ þ 1

2
fLlfLlβ þOðk2; kf; f2Þ

�
þ l4Oðk; fÞ

�
× ½f þ k2 þ l2ððf þ k2ÞαX þOðk2; kf; f2ÞÞ�

¼ 1

4
l4ðβ0Þ2

���� 12LkhLlf þ k ⊗ DLlf

����2
h
þ l4Oðk3; kf; f2Þ þ l6Oðk2; kf; f2Þ; ðD31Þ

on Hþ and

1

2

�
f þ k2 þ l2

�
1

2
h−kLlf þDf;Dβih þ ftrhDDβ þ 1

2
fLlfLlβ þOðk2; kf; f2Þ

�
þ l4Oðk; fÞ

�
½qabkb þ l2Oðk; fÞ�

þ 1

2
½f þ k2 þ l2ððf þ k2ÞαX þOðk2; kf; f2ÞÞ�½qabkb þ l2Oðk; fÞ�

¼ cϕa þ l4Oðk2; kf; f2Þ; ðD32Þ

on Hþ.
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Proof. (D31) is essentially the relation

ðduÞaðduÞbðduÞcðduÞdQabcd

¼ ðduÞaðduÞbðduÞcðduÞdðdetðCg−1ÞðC−1ÞabPcd þ ð2Ca1a2Cb1b2 − Ca1b1Ca2b2ÞCa1aba2Cb1cdb2Þ ¼ 0; ðD33Þ

which clearly implies the first part of the lemma when using the expressions for ðduÞaðduÞbðC−1Þab, ðduÞaðduÞbPab, etc.
found in Lemmas D. 3 and D. 5 and multiplying by (−1) on both sides, whereas (D32) is

ðduÞaðduÞbðduÞcpd
eQabce

¼ ðduÞaðduÞbðduÞcpd
e

�
1

2
detðCg−1Þ½ðC−1ÞeaPbc þ ðC−1ÞabPec� þ ð2Ca1a2Cb1b2 − Ca1b1Ca2b2ÞCa1ðabja2Cb1jceÞb2

�
¼ cϕd; ðD34Þ

and using Lemma D. 3, D. 4, and D. 5.

3. Inductive proof of Theorem A

By (i), we may expand all tensor fields such as
Φ; gab; hab; qab; pa

b; c as power series in l as in
Sec. III C. The coefficients in these expansions are analytic
tensor fields on M.
The zeorth order gð0Þab and Φð0Þ are solutions to the

EoMs of ordinary Einstein-scalar theory. In this case,Hþ is
characteristic if and only if it is null. Thus, on Hþ, fð0Þ ¼
kð0Þa ¼ 0 as well as Llfð0Þ ¼ 2κ,DaΦð0Þ ¼ 0, sinceHþ is a
nondegenerate Killing horizon for l ¼ 0 by (ii).
Now we go inductively order by order in l through

(D31) and (D32) to successively redefine the Killing vector
field Ka → Ka − ljωðjÞϕa in every order lj such that, with
respect to the gGNCs associated with the new Ka, fðjÞ ¼
kðjÞa ¼ 0 on Hþ in all orders of l. To do so, we substitute
all series expansions of all quantities into (D31) and (D32)
and compare the coefficients corresponding to a specific
order in l of both sides.
To begin, (D32) in order l0 and l1 trivially implies

cð0Þ ¼ cð1Þ ¼ 0 onHþ, whereas from (D31) in order l2 we
obtain ðf þ k2Þð1Þ ¼ 0 ¼ fð1Þ on Hþ, which we can use to
infer from (D32) at order l2 that cð2Þ ¼ 0 on Hþ. At order
l3, (D32) reads

ðf þ k2Þð2Þkað1Þ ¼ cð3Þϕa; ðD35Þ

where here and in the following, we set

ka ≔ qabkb; ðD36Þ

contrary to our usual convention that indices are always
raised with gab. From (D31) in order l4, we obtain ðf þ
k2Þð2Þ on Hþ, and therefore, cð3Þ ¼ 0 on Hþ.

a. Induction start: Base case

Having dealt with these relatively straightforward con-
sequences, we can now start the induction proper. As
already outlined in Sec. III B, it is possible to prove the
vanishing of f; ka; c on the horizon inductively. The n ¼ 0
case corresponds to fðjÞ ¼ 0 for all j ≤ 3, kðjÞa ¼ 0 for all
j ≤ 1, cðjÞ ¼ 0 for all j ≤ 5 after a suitable readjustment of
Ka. As we see, the key equations for the proof of these
statements are given in the following lemma:
Lemma D.7. Define h·; ·i ¼ h·; ·ihð0Þ and k · k2 ¼ h·; ·i.

Then, we have

1

4
ðβ0ð0ÞÞ2κ2kLkð1Þhð0Þk2

¼ ½ðf þ k2Þð3Þ þ κhkð1Þ; Dβð0Þi�ðf þ k2Þð3Þ; ðD37aÞ

�
ðf þ k2Þð3Þ þ

1

2
κhkð1Þ; Dβð0Þi

�
kað1Þ ¼ cð4Þϕa; ðD37bÞ

on Hþ. ▪
Proof. Consider (D31) in order l6 and (D32) in

order l4. Whenever ðβ0Þ2 or k · kh appear in order ≥1,
the tensor norm always gives combinations of inner
products between ð1

2
LkhLlf þ k ⊗ D∂ufÞðj1Þ and

ð1
2
LkhLlf þ k ⊗ DLlfÞðj2Þ, where either j1 ¼ 0, j2 ¼ 1

or j1 ¼ 1, j2 ¼ 0. But Oðk; fÞð0Þ ¼ 0, so that such terms
vanish. Therefore, the right side of (D31) reads

1

4
ðβ02Þð0Þ

���� 12Lkð1Þhð0ÞLlfð0Þ þ kð1Þ ⊗ DLlfð0Þ

����2
þOðk3; kf; f2Þð2Þ þOðk2; kf; f2Þð0Þ: ðD38Þ

Note that Llfð0Þ ¼ 2κ onHþ impliesDaLlfð0Þ ¼ 0 onHþ.
The left side of (D31) yields
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�
ðf þ k2Þð3Þ þ

1

2
hkð1ÞLlfð0Þ; Dβð0Þi

�
ðf þ k2Þð3Þ; ðD39Þ

which implies (D37a). By an analogous argument, the left
side of (D32) gives

1

2
kað1Þ½ðf þ k2Þð3Þ þ κhkð1Þ; Dβð0Þi�

þ 1

2
kað1Þðf þ k2Þð3Þ; ðD40Þ

proving (D37b).▪
Lemma D.8. The quantity

ζ ≔ ðf þ k2Þð3Þ þ
1

2
κhkð1Þ; Dβð0Þi ðD41Þ

vanishes on Hþ.
Proof. By Lemma D. 1, we either have c ¼ 0 or c ≠ 0 on

all of Hþ, so the same applies to cð4Þ since it is the leading
coefficient of c in the expansion in l.
Case (a) cð4Þ ¼ 0: Either ζ ¼ 0 or kað1Þ ¼ 0 by (D37b) on

some open set, hence everywhere onHþ by analyticity and
rotation symmetry. In both cases there is nothing to show as
kað1Þ ¼ 0 implies fð2Þ ¼ fð3Þ ¼ 0 via (D37a).
Case (b) cð4Þ ≠ 0: By analyticity, if ζ does not vanish

identically on Ĥ ≔ H=Uð1Þ, it can vanish at most at an
isolated set of Ĥ. On an open set where η ≔ c−1ð4Þζ does not
vanish, we have

hkð1Þ; Dβð0Þi ¼ β0ð0Þη
−1LϕΦð0Þ ¼ 0; ðD42Þ

and therefore, ζ ¼ ðf þ k2Þð3Þ on this open set, hence every-
where onHþ by analyticity.On any open setwhere η does not
vanish, (D37a) yields, using hkð1Þ; Dβð0Þi ¼ 0 ¼ Lϕη,

1

2
c−2ð4Þðβ0ð0ÞÞ2κ2kϕk2kDηk2 ¼ η6: ðD43Þ

By analyticity, this relation thereby extends to all of Hþ.
For further analysis, it is useful to appeal to the

uniformization theorem for the closed Riemannian mani-
fold ðH; hð0ÞabÞ. By (iv), H is analytically diffeomorphic to
a 2-sphere, and by (v), ϕa generates aUð1Þ isometry group.
Hence, locally we can find conformally spherical
coordinates ðϑ;φÞ such that ϕa ¼ ð∂φÞa, and in these
coordinates,

hð0ÞABdxAdxB ¼ Ψ½dϑ2 þ ðsinϑÞ2dφ2�; ðD44Þ
such that Ψ ¼ ΨðϑÞ > 0 is an analytic function on H (see,
e.g., [33] for further details). Since, in these coordinates, ϕa

is a coordinate vector field and an isometry of our solution,
η;Φð0Þ and cð4Þ are independent of φ and (D43) gives us

1

2
ðβ0ð0ÞÞ2κ2c−2ð4ÞðsinϑÞ2ðη0Þ2 ¼ η6; ðD45Þ

where 0 ¼ d=dϑ. If η is not identically zero, its zeros are
isolated by analyticity. Consider two consecutive zeros ϑ1,
ϑ2 of η [there are at least two such zeros at 0; π by (D45)].
By the mean value theorem, there exists a ϑ2 ∈ ðϑ1;ϑ2Þ
such that η0ðϑ2Þ ¼ 0. By (D45), ϑ2 therefore is another zero
strictly between the two zeros ϑ1, ϑ2, which is a contra-
diction. Thus, η is identically zero, as is thereby ζ. ▪
Lemma D.9. On Hþ we have kað1Þ ¼ ωð1Þϕa for some

constant ωð1Þ, and ðf þ k2Þð3Þ ¼ cð4Þ ¼ 0.
Proof. By the previous lemma, ζ ¼ 0, and therefore,

cð4Þ ¼ 0 on Hþ by (D37b). We now substitute this into
(D37a) to obtain14

1

2
ðβ0ð0ÞÞ2kLkð1Þhð0Þk2 ¼ −ðβ0ð0ÞÞ2ðLkð1ÞΦð0ÞÞ2: ðD46Þ

Since both sides have different signs, this equation can only
be fulfilled if either β0ð0Þð¼ β0ðΦð0ÞÞÞ ¼ 0, or Lkð1Þhð0Þab ¼
Lkð1ÞΦð0Þ ¼ 0 on Hþ or both. The first case is excluded
because we are assuming in (vi) that β0 is nowhere zero.
Consequently, kað1Þ is a Killing vector field of hð0Þab, and
ðf þ k2Þð3Þ ¼ 0 onHþ. Since hð0Þab does not have a second
Killing field by (v), there exists a constant ωð1Þ such that
kað1Þ ¼ ωð1Þϕa on Hþ. ▪
Consider now the flow Ft on H generated by the Killing

field −lkað1Þ ¼ −lωð1Þϕa, i.e. xAðtÞ ¼ FA
t ðxBÞ solves the

ordinary differential equation,

ẋAðtÞ ¼ −lkAð1Þ½xBðtÞ�; xAð0Þ ¼ xA: ðD47Þ

Then, we define the following diffeomorphism ψ in an
open neighborhood of Hþ where our gGNCs are well
defined:

ψðu; v; xAÞ ¼ ðu; v; FA
v ðxBÞÞ: ðD48Þ

This l dependent analytic diffeomorphism maps Hþ to
itself by construction. We furthermore define Φ0 ¼ ψ�Φ;
g0ab ¼ ψ�gab; K0a ¼ ψ�Ka.
Lemma D.10. We have K0a ¼ Ka − ωð1Þlϕa, and g0ab

takes Gaussian null form (A1) with new f0; k0a; h0ab that are
analytic functions Lie derived by Ka;ϕa such that f0ðjÞ ¼ 0

for all j ≤ 3, k0ðjÞa ¼ 0 for all j ≤ 1 on Hþ.
Proof. The proof is by an elementary computation for

pull backs, using Lemma D. 9 and the already known facts
fð0Þ ¼ fð1Þ ¼ fð2Þ ¼ kð0Þa ¼ 0 on Hþ.

14Here, we have also cancelled κ2 on both sides, which is legal
since κ > 0 by (ii).
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We now rerun the entire argument with ðΦ0; g0abÞ and Ka,
or equivalently, with ðΦ; gabÞ and K0a. Taking the second
viewpoint, we use our new K0a to construct our gGNCs
(A1), and we identify our spacetimes MðlÞ by identifying
points if their new gGNCs are the same. The tensors
associated with the new gGNCs now satisfy f0ðjÞ ¼ 0 for all
j ≤ 3, k0ðjÞa ¼ 0 for all j ≤ 1.
From (D32) in order l5, we obtain additionally cð5Þ ¼ 0

on Hþ. This concludes the base case. We rename K0a into
Ka to simplify the notation.

b. Induction step: n → n+ 1 and proof of Theorem A

Lemma D.11. There exist constants ωðjÞ; j ≥ 1

such that the following is true: If ðu; v; xAÞ denote the
gGNCs associated to the Killing vector field Ka −P

j≥1 ωðjÞljϕa with constants ωðjÞ and corresponding
quantities f; ka; c, then fðjÞ; kðjÞa; cðjÞ ¼ 0 on Hþ for all j.
Proof (of Theorem A). A priori, our construction of the

constants ωðjÞ; j ≥ 1 in Lemma D. 11 does not guarantee
that the series for Ka converges. However, by assumption

(iv), Ka, regarded as a formal power series, is by con-
struction a Killing vector field such that Ka ¼ gabKb is
characteristic forHþ in the formal sense (to all orders in l).
Since χa is also such a vector with convergent expansion in
l, and since there can at most be one such vector, Ka ¼ χa

so the series is convergent a posteriori. Since Ka is
furthermore null, so is χa; thus, Hþ is a Killing horizon.▪
Remark. Note that this reasoning also gives ωðjÞ ¼

−ΩðjÞ ∀ j ≥ 1 a posteriori.
Proof (of Lemma D. 11). Our induction hypothesis is the

following: for n∈N0, assume that

fðjÞjHþ ¼ 0 for all j ≤ nþ 3; ðD49aÞ

ka;ðjÞjHþ ¼ 0 for all j ≤ nþ 1; ðD49bÞ

cðjÞjHþ ¼ 0 for all j ≤ 2nþ 5; ðD49cÞ

in gGNCs defined with respect toKa −
Pnþ1

j¼1 ωðjÞljϕa. We
start by defining the following quantities:

AðjÞ ¼
�
f þ k2 þ l2

�
1

2
h−kLlf þDf;Dβih þ ftrhDDβ þ 1

2
fLlfLlβ þOðk2; kf; f2Þ

�
þ l4Oðk; fÞ

�
ðjÞ
; ðD50aÞ

BðjÞ ¼ ½f þ k2 þ l2ððf þ k2ÞαX þOðk2; kf; f2ÞÞ�ðjÞ; ðD50bÞ

CðjÞ ¼
�
1

4
l4ðβ0Þ2

���� 12LkhLlf þ k ⊗ DLlf

����2
h

�
ðjÞ
: ðD50cÞ

In the base case n ¼ 0 which we have established in
Sec. D 3 a, we obtained (D37a) from (D31) in order l6 and
(D37b) from (D32) in order l4, so one might expect to
obtain the desired result for the induction step n → nþ 1

by considering (D31) in order l2ðnþ1Þþ6 and (D32) in order
l2ðnþ1Þþ4. We have

ðABÞð2nþ8Þ ¼ Að0ÞBð2nþ8Þ þ Að1ÞBð2nþ7Þ þ…

þ Aðnþ4ÞBðnþ4Þ þ � � � þ Að2nþ8ÞBð0Þ: ðD51Þ
We claim that the important term is Aðnþ4ÞBðnþ4Þ, so we
need to show that all other terms vanish. Note that these
terms always contain one factor of AðjÞ or BðjÞ for
j < nþ 4. Let j ≤ nþ 3, then

ðf þ k2ÞðjÞ ¼ fðjÞ þ 2kað0ÞkðjÞa

þ � � � þ 2kaðbj=2cÞkð⌈j=2⌉Þa; ðD52Þ

if j is odd (otherwise exchange 2kaðbj=2cÞkð⌈j=2⌉Þa with
kaðj=2Þkðj=2Þa). Noting that

�
j
2

	
≤
j
2
≤
n
2
þ 3

2
≤ nþ 1 for all n ≥ 1; ðD53Þ

j ≤ nþ 3; ðD54Þ

and using the induction hypothesis, we can deduce
ðf þ k2ÞðjÞ ¼ 0 for all j ≤ nþ 3, n ≥ 1 (recalling the base
case was already shown in sec. D 3 a). OðfÞ terms with a
prefactor of l2 always have order ≤ nþ 3 in f; hence, they
do vanish, as well as k2 and kf terms as already seen. In
ðhkLlf; DβihÞðj−2Þ, ka always appears in order ≤ nþ 1, so
this term gives also zero. The l4 term and the terms in BðjÞ
for j ≤ nþ 3 vanish for the same reason. Hence, we must
have ðABÞð2nþ8Þ ¼ Aðnþ4ÞBðnþ4Þ. Within Aðnþ4Þ, the l2

terms at least linear in f are zero since they appear in
order ≤ nþ 2 < nþ 3. For ðhkLlf; DβihÞðnþ2Þ, assume
Llf, Dβ or h have order ≥1, then k has order ≤ nþ 2 −
1 ¼ nþ 1 and therefore vanishes by assumption. Thus, all
quantities except k must have order 0,
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ðhkLlf; DβihÞðnþ2Þ ¼ hkðnþ2ÞLlfð0Þ; Dβð0Þi: ðD55Þ
Moreover, we have already seen that the term ðf þ k2Þðnþ2Þ
vanishes, so that Bðnþ4Þ ¼ ðf þ k2Þðnþ4Þ. For the left side,
assume that the order of β0 is ≥1, then k…k2h has order
≤ 2nþ 2. Thus, each term in ðk…k2hÞðjÞ with j ≤ 2nþ 2

contains at least one factor ðk…khÞðj0Þ with j0 ≤ nþ 1, so f
and k always appear in order ≤ nþ 1 and those terms
vanish. Hence, the only nonzero term in Cð2nþ8Þ contains β0

and, as can be verified similarly, hab and f in order 0 and
thus ka in order nþ 2. The only nontrivial term left is
Oðk3Þð2nþ4Þ, which contains terms with at least one k factor
of order ≤ 2

3
nþ 4

3
≤ nþ 1 for all n ≥ 1. Thus,

Oðk3Þð2nþ4Þ ¼ 0 and, using again DLlfð0Þ ¼ 0 on the
horizon, we obtain from (D31)

1

4
ðβ0ð0ÞÞ2κ2kLkðnþ2Þhð0Þk2

¼ ðf þ k2Þðnþ4Þ½ðf þ k2Þðnþ4Þ þ κhkðnþ2Þ; Dβð0Þi�:
ðD56Þ

Now consider the left side of (D32) in order l2ðnþ1Þþ4 and
define Ea ¼ ka þ l2Oðk; fÞ. First note that Ea

ðjÞ ¼ 0 for all
j ≤ nþ 1 and AðjÞ ¼ 0 for all j ≤ nþ 3 from before.
Therefore, we have

ðAEaÞð2nþ6Þ ¼ Að0ÞEa
ð2nþ6Þ þ � � � þ Aðnþ3ÞEa

ðnþ3Þ

þ Aðnþ4ÞEa
ðnþ2Þ þ Aðnþ5ÞEa

ðnþ1Þ
þ � � � þ Að2nþ6ÞEa

ð0Þ
¼ Aðnþ4ÞEa

ðnþ2Þ; ðD57Þ

and similarly, ðEaBÞð2nþ6Þ ¼ Ea
ðnþ2ÞBðnþ4Þ. Also note that

Oðk2; kf; f2Þð2nþ2Þ contains terms where k and f appear in
order ≤ nþ 1. By assumption, those terms vanish. Thus,
(D32) yields, using the expressions for Aðnþ4Þ and Bðnþ4Þ
from before,�
ðf þ k2Þðnþ4Þ þ

1

2
κhkðnþ2Þ; Dβð0Þi

�
kaðnþ2Þ ¼ cð2nþ6Þϕa:

ðD58Þ

(D56) and (D58) have the same form as (D37a) and (D37b),
so we can apply the same procedure as before in Sec. D 3 a
while exchanging ðf þ k2Þð3Þ ↔ ðf þ k2Þðnþ4Þ, kað1Þ ↔
kaðnþ2Þ and cð4Þ ↔ cð2nþ6Þ as well as ωð1Þl ↔ ωðnþ2Þlnþ2

within the n ¼ 0 case. From this procedure, we can directly

deduce fðjÞ ¼ 0 for all j ≤ nþ 4, kðjÞa ¼ 0 for all
j ≤ nþ 2 and cðjÞ ¼ 0 for all j ≤ 2nþ 7 on the horizon
for gGNCs defined with respect to the Killing vector field
Ka −

Pnþ2
j¼1 ωðjÞljϕa. ▪

APPENDIX E: t-φ REFLECTION SYMMETRY ι

Here, we elucidate the reflection symmetry ι on Hþ
referred to in assumption (iii’) of Sec. IVA.
We may introduce coordinates ðφ; ϑÞ on the cut H

as in (iii’) such that ð∂φÞa ¼ ϕa. By assumption (iii’),
we have ι�ϕa ¼ −ϕa; ι�hab ¼ hab; ι�pa

b ¼ pa
b; ι�ka ¼

−ka; ι�f ¼ f on H. In view of ι�ϕa ¼ −ϕa,
either ιðφ;ϑÞ ¼ ð−φ; ϑÞ, or ιðφ; ϑÞ ¼ ð−φ; π − ϑÞ.
The last possibility may be excluded as follows by
considering the condition on the complex structure on H
in (iii’).
The almost complex structure on H ≅ S2 is

Jab ¼ qacϵcb, where ϵab ¼ 2Ψ sinϑðdϑÞ½aðdφÞb� and
qab ¼ Ψ−1½ðsin θÞ−1ð∂φÞað∂φÞb þ ð∂ϑÞað∂ϑÞb� in our coor-
dinates, see (D44). From these formulas, we immediately
see that the case ιðφ; ϑÞ ¼ ð−φ; π − ϑÞ is excluded by (40)
in (iii’).
By Lie transporting the coordinates ðφ; ϑÞ along

Ka ¼ ð∂vÞa, we get a coordinate system ðv;φ; ϑÞ on Hþ,
and in this coordinate system, ι is given by

ιðv;φ;ϑÞ ¼ ð−v;−φ; ϑÞ: ðE1Þ

Since v is a coordinate associated with an asymptotically
timelike Killing vector field, we may thus think of ι as a
“t-φ reflection symmetry”. Note that this symmetry only
applies to the pull back of the metric onHþ and is different
from the symmetry ðt;φÞ → ð−t;−φÞ in Boyer–Lindquist
coordinates in Kerr, which maps between the future and
past horizons.
By exploiting (E1), one may easily see15

ka ≡ qabkb ¼ Fϕa; ðE2Þ

on Hþ, for some F compatible with all symmetries
ϕa; Ka; ι. Indeed, these statements may be demonstrated
in a pedestrian manner using the coordinates ðv;φ; ϑÞ:
using that ι�ka ¼ −ka, we see that ka may not have a ϑ
component, and using ι�qab ¼ qab, we likewise see that qab

may not have a mixed ϑφ component, and no component
may depend on ðv;φÞ.

15This is the only place where ι is used in this part of the proof.
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