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New horizons in effective field theory?
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We consider the most general parity symmetric effective scalar tensor theory in four dimensions
containing terms up to fourth derivative order in the Lagrangian. It has been shown [H. S. Reall, [Phys. Rev.
D 103, 084027 (2021)]] that this theory has three polarizations generically governed by different (nested)
propagation cones, neither of which, in general, coincides with the light cone as defined by the metric.
Consequently, the notion of a black hole horizon must be defined relative to the widest propagation cone
and not with respect to the metric. We provide two theorems stating that, nevertheless, the horizon of a
stationary black hole is null with respect to the metric and that, in fact, all three propagation cones touch on
the horizon. The conditions in these theorems allow for rotating black holes. Our theorems thereby suggest
that the notion of a Killing horizon, central in most discussions of black hole thermodynamics, retains its
fundamental status and that certain thermodynamic paradoxes associated with multiple propagation cones

are evaded.
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I. INTRODUCTION

In relativistic physics, the propagation of disturbances as
described by, e.g., the scalar wave equation g**V,V,® = 0
is well known to be causal. That means that the retarded
respectively advanced solutions of the corresponding equa-
tion with a delta-function source located at a point x € M in
a causally well-behaved spacetime1 (M, g4p) vanish out-
side the causal future J* (x) respectively past J~(x) of this
point. The causal future respectively past consists of all
events that can be connected to x by a causal (i.e., timelike
or null) past respectively future directed curve. Since a
curve is timelike or null if its tangent vector u“ satisfies”
Japu®u® <0, the notion of causality for the scalar field
propagation is tied to the light cones of the metric, g,p.
An equivalent formulation is that any solution to
g’V ,V,® = 0 is uniquely determined by its initial data
on some subset U/ C X of a Cauchy-surface X within the
domain of dependence, D(Uf), of U. Again, D(U) is
determined by the metric as the set of all points such that
any inextendible future or past directed causal curve must
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'For example, the spacetime should be globally hyperbolic,
see, e.g., [1].
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intersect /. For modern accounts of these well-known
facts, see, e.g., [2].

Up to issues of gauge, i.e., after passing to suitable gauge
equivalence classes or after suitably fixing the gauge, the
same concept of causality applies to solutions A, of the
Maxwell equations or solutions #h,, of the linearized
vacuum FEinstein equations. In fact, stating causality in
terms of the domain of dependence, the same holds true
even at the nonlinear level for the coupled Einstein—
Maxwell-scalar wave equation system, see, e.g., [2].
Given that information is thought of as being transported
by waves, it is thereby justified to define the notion of a
black hole region in such a theory as M\J~(Z*), where
Z™ is future null infinity. The future horizon thus is

HE = oM\J~(TH)). (1)

Since the notion of a causal past, J~, depends on the metric
Gabs SO obviously does the notion of a black hole.

In alternative theories of gravity, there may be several
different metrics, or even if there is only a single metric,
various “polarizations” of the fields of the theory may
propagate according to a different “effective” metric due
to the structure of the highest derivative terms in the
equations of motion. As a simple minded toy model of such
situations, one may consider two scalar fields ®,, ®p
obeying

GV Ny @y =V g, (@, Dp) =0,
9G¥V V@ =V g, (D4, ) = 0, (2)
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ergoregion

FIG. 1. A hypothetical spacetime containing two nested hori-
zons H, and Hp defined with respect to gu., and ggu,
respectively. Since y“ is a “boostlike” Killing field, it does not
vanish on H 4, meaning that this set must be either a future or a
past horizon with respect to g,,;. In particular, this metric cannot
have a “time reflection” symmetry, indicating a fundamental time
asymmetry of the setup.

where g4.,, 9pap are different metrics, and V is a potential
coupling the two fields. In such a theory, the notion of a
causal past and future should obviously be defined with
respect to the curves whose tangent is causal with respect to at
least one—but possibly not the other—metric, i.e., the
“widest” light cone at every point.

For the sake of illustration, envisage a hypothetical black
hole spacetime as in Fig. 1 with nested horizons H, and Hp
defined relative to the A and B metrics. We assume that
there is a vector field y* which Lie derives both metrics and
that both metrics are asymptotically flat, with y timelike
near null infinity (simultaneously for both metrics). We
assume further that the B metric has the widest light cones.

Even though in our hypothetical spacetime the inner
horizon, Hp, is thus of course the true black hole horizon,
the nested structure of H, and Hp may give rise to
interesting effects and even paradoxes, as has been noted
by several authors [3-5], see also [6] for further discussion
and references.

A first observation, which by itself does not raise a
paradox, is that if the (outer) horizon H 4 is a nondegenerate
Killing horizon with respect to y¢, i.e., H, is not rotating
relative to infinity and y“ is tangent and normal to H, with
respect to the A metric, then the horizon Killing field y¢
must be spacelike with respect to the A metric somewhere
between the A and B horizons.” Thus, the region between
the A and B horizons includes a kind of ergoregion for A

3This immediately follows, e.g., from the equation
GV (rpx?) = —2k4x and the fact that k4 > 0, see, e.g., [1]
[sec. 12.5].

B TN

FIG. 2. The collision between two particles with 4-momenta
PAa and PBa-

particles, which enables an analog of the Penrose process
for extracting energy from black holes, see, e.g., [1] for an
explanation of the standard version of this process in the
Kerr black hole ergoregion.

More concretely, in a mechanical version of this process,
consider an A and a B particle with momenta p,, and pp,,
moving along lightlike geodesics in the A respectively B
metrics. They collide inside the region between the A and B
horizons at a point where y“ is spacelike with respect to the
A metric. After the collision, the particles have lightlike
momenta p’, and pj, relative to the respective metrics.
One can arrange that E), = —y“p/,, <0 and that the
outgoing B particle can reexit the A horizon, while the
outgoing A particle necessarily falls into the black hole, see
Fig. 2. Obviously, by energy conservation," E, + Ep =
E, + Ej and E4 > 0 since y“ is timelike near infinity, so
Ey > Ejp. For a closely related setting see, e.g., [4].

It is not inconceivable that there could be a field-theoretic
analog of this setup choosing high-frequency Gaussian
beam solutions ®, and ®5 whose initial support is close to
the trajectories cotangent to p4, and ppg,. Indeed, before
and after the collision, the potential terms in the coupled
wave equations (2) can be neglected, and the solutions are
approximately equal to free Gaussian beams, as described,
e.g., in [7]. Matching these solutions across the collision
might be possible.

While interesting and potentially observable via an
analog of the superradiance effect [8], energy extraction
from a black hole by itself does not raise any physical

“This follows from the fact that x“ Lie derives both the A and B
metrics.
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paradox. However, as argued in [3-5], by exploiting the
hypothetical situation with nested A and B horizons further,
one may enable perpetual motion creating tensions with the
generally accepted laws of thermodynamics.

Furthermore, while it is not totally clear how well
motivated one should consider theories with several met-
rics, different effective metrics frequently arise in effective
field theory (EFT) type generalizations of Einstein-matter
theories with higher derivative terms in the action and/or
theories with unconventional fields such as Einstein-aether
theories, see, e.g., [9]. Although there is only a single
dynamical metric g,, in such theories, different “polar-
izations” of the coupled field theoretic content are governed
by different effective metrics.”

While the notion of propagation cones in EFTs is thus, in
general, different from the standard notion of light cone with
respect to g,;, it may of course happen that for stationary,
regular, asymptotically flat black hole solutions all those notions
precisely coincide at the event horizon. Evidence that this may
be the case has been provided by [11-14]. These authors study
various scalar-tensor theories in the Horndeski class [11,12] or
higher dimensions [13] with second order equations of motion
or various EFTs for just a metric [14]. They demonstrate at
various levels of generality that a Killing horizon relative to g,
is automatically a characteristic surface of a suitably defined
propagation cone of the theory. Since the characteristic direc-
tions determine the propagation of discontinuities [15], hence
the boundary of the domain of dependence of the equation, it
follows that a Killing horizon can be the causal edge just as in
minimally coupled Einstein-scalar theories.

While these results provide an interesting link between
Killing and propagation cone horizons, the fundamental
question is whether, vice versa, any propagation cone horizon
is also a Killing horizon. If true, this would eliminate any of
the concerns [3-5] with perpetual motion. It would also
reinforce the usual laws of black hole mechanics in alternative
or effective gravity theories with higher derivatives and/or
additional unconventional fields, since these laws are usually
formulated with regard to Killing horizons [16-19].

Positive evidence for this scenario has been given by [11]
for spherically symmetric static black hole solutions in the
Horndeski class. In the present paper, we investigate
rotating black holes in the class of scalar-tensor EFTs in
dimension d = 4 described by the Lagrange density,

L=[-V(®)+R+Xle

1 1
+§f2a((p)xze +Ef2ﬂ<q))LGB, (3)

3As has been shown by [10], the effective propagation cones
may not even be defined by a quadratic equation arising from an
effective metric but by higher order, e.g., quartic, polynomials
arising from the principal symbol of the highest order operator in
the Euler—Lagrange equations. We refer to Secs. II B and II C for
a short review of some of his results.

where X = —1¢"’V,®V,® is the kinetic term of a scalar
field @, where Lgg is the Gauss—Bonnet density, and where
a, p, V are, in principle, free real functions. The above
Lagrangian is a generalization of the usual Einstein-scalar
field theory—the first line—containing additional terms
with four derivatives in the second line. The overall size of
the four-derivative couplings is dictated by the constant ¢
which has the dimension of a length. It has been shown [20]
that this theory in the Horndeski class is, up to field
redefinitions, the most general scalar-tensor EFT with up to
four derivative terms in the action under the assumption of
parity symmetry; thus, it represents a quite general class of
models.

The Euler—Lagrange equations of (3) contain terms with
at most two derivatives acting on each occurrence of
(@, gap) [10]. The nature of the propagation cones of these
equations has been analyzed in detail by [10] (we recall
some of these results in Sec. II B). In particular, it has been
shown [10] that the theory has, at least at the linearized
level, three distinct “polarizations” with distinct propaga-
tion cones. The covectors in these cones, which are co-
tangent to the characteristics, are defined as solutions to
either a quadratic or quartic equation, with the inner sheet
of the quartic cone determining the “fastest” polarization,
see fig. 5. Thus, the characteristics of the fastest polariza-
tion determine the physical notion of black hole hori-
zon, H™.

In the present paper, we provide two theorems showing that
this horizon must in fact be a Killing horizon. Both theorems
assume that the black hole solution (®, g, ) is a real analytic,
stationary (possibly rotating), and given to us as areal analytic
family in the EFT parameter £. Furthermore, it is assumed that
the £ = 0 solution of the usual Einstein-scalar theory is a
stationary black hole spacetime with nondegenerate horizon.
Theorem A also assumes that the generators of the character-
istic flow on H™—the propagation cone analog of null
geodesics—are collinear with a Killing vector field, y¢, at
all points of H™, and that #’ does not vanish. On the other
hand, Theorem B assumes that the metric has a “t-¢”
reflection symmetry analogous to Kerr and that V > 0. The
assumptions are discussed in detail in Sec. III (Theorem A)
and Sec. IV (Theorem B).

Both theorems conclude that H* is actually a Killing
horizon with respect to g,, with constant surface gravity for
sufficiently small #. At this horizon, the three-sheet
structure of the various propagation cones degenerates,
as shown in Fig. 3.

Due to the technical assumptions underlying our theo-
rems, these are not totally definite results, but we believe
that they provide evidence of a censorship mechanism
which forces stationary propagation cone horizons to be
actual Killing horizons, thereby saving the laws of black
hole thermodynamics from the paradoxes raised in [3-5].

This paper is organized as follows. In Sec. II, we review
our EFT and its various propagation cones. In Secs. III and
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FIG. 3. The red, orange, and blue cones indicate different
propagation cones of the theory (3) in the tangent space (quartic
and quadratic cones). At the horizon H™, these touch at the
horizon Killing vector field y* pointing along H™. At these
points, ¢ is null with respect to g, and satisfies y?V y" = «y”
with constant k > 0. y“ is also colinear with the tangent x¢ of the
null geodesics ruling . This illustration is exaggerated because
all cones should be close to each other in a weakly coupled (small
|¢]) theory.

IV, we present our theorems. Some lengthy technical
arguments and formulas needed for the proofs are deferred
to various Appendixes. Our notations and conventions are
the same as in [1].

II. SETUP

A. Equations and principal symbols of EFT

We consider configurations (M, @, g,,;,) where (M, g,;,)
is a 4-dimensional spacetime and @ a real-valued scalar
field, which satisfy second order equations of motion
(EoMs) produced by the Lagrangian (3) of our EFT.
Written out more fully, this Lagrangian is

L=(X-V+R)e
1 1
+ <§ 2aX? + 1_6 l’ﬂzﬂéz:Z;Z;ZiRalazb]b2R03a4b3b4) €.
(4)

V(®),a(®),(®) are real analytic functions of .
X = —%gab V,®V,® is shorthand for the kinetic term of
®. 5,7, /4! is the projector onto the totally antisym-
metric part of a rank four tensor. The constant £ governs the
strength of the higher derivative terms in the second line
and has the dimension of a length.

The EoMs obtained from varying (3) with respect to g,
and @ are given by E9” = Eg = 0, where [10]

1
Eg”:G“b—<§+aX>V“CDV”d>
Lo (v x4+ Loax
29 2"

1
_ Zfze‘w‘CZC3€hd'd2d3Rc,czd|d2(vzﬂ)c3d3’ (5)

(G“" is the Einstein tensor, and indices are raised with g*
throughout this paper), and

Ep = =V, Vi®(1 + £*aX) — £2V®DV ,(aX) + V'

I 1
5 XY = 8 R, R, (6)

The coefficient f only appears through its derivatives in
the EoMs, consistent with the fact that the Gauss—Bonnet
density by itself is a topological term. From a phenom-
enological perspective, the most natural choices might be
p = Po® as it is minimalistic and leads to a shift symmetric
theory (® — ® + ¢) for V=0, or f = e™®.

The principal symbol captures the structure of the
highest derivative terms of the EoM of the EFT. It is made
up of the following tensors [10]:

Padeef — aEZb abcd — aEgb
“ 0(0.0/9ca)’ @ 0(0.0,9)°
oE oFE,
Pab — @ , Pabcd — @ . 7
%= 50,00 % T 0.0

In these equations, 0, denotes an arbitrary background
derivative operator such as, e.g., the flat coordinate deriva-
tive associated with some coordinate system.

As shown by [10], the above expressions are expressible
in terms of certain tensors Cebcdef (abed = pab gnd the so
called effective metric C,, via

P;gcdej' _ Ca(c\eb\d)f’ (83)
Cabed — P%cgbd’ (8b)
Pab — P%IZD’ (8C)

1
Ca]a2a3b1b2h3 — —§€a1a2u3a€b'h2h3hcuh, (8(1)

where €, is the volume form of (M, g,;).

Reference [[10], Sec. 4.1] has shown that the effective
metric and the tensors C??¢ and P* of our EFT (4) take
the following form:

Cab = Y9apb — fzvavbﬂ’ (93)

1
Cabcd — _ Z fzﬂleabe‘eZGCdf'sz (9b)

ejerf1f2?

P = —(1 4 2aX)g® + 2aVOVP O, (9¢)

B. Propagation cones of EFT

It has been shown by [21] that the EoMs of the EFT
admit a well-posed initial value formulation in a certain
gauge, assuming that the theory is suitably “weakly
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coupled”. By this, one means that given a codimension one
surface £ C M that is “noncharacteristic” in a suitable
sense described more fully below, and given suitable initial
data comprised of (®, g,;,) and its first derivatives off the
surface Z subject to the constraints of the theory (3), then
one locally (in some open neighborhood of X) has one and
only one solution to the EoMs.

In the case of a quasilinear system of partial differential
equations (PDEs) for some set of fields W/, i.e., the highest
derivative terms in the EoMs can be written as
Pt (¥, 0¥)0,0,P’ + ... = 0, one calls a covector &, at
a point p noncharacteristic if the “principal symbol”,
Pt (W, 0¥)E, &, |, is an invertible matrix. This means

that for a coordinate x° locally defining X by x” = const.
such that &,| p= V10 »» We can solve the equation for
03¥/ and iteratively determine all derivatives of ¥/ at p off
of ¥ in terms of up to one derivative with respect to x” and
the derivatives tangent to X, i.e., with respect to some
coordinates x/, j = 1, 2, 3 parameterizing X. Thus, if the
initial data on X are smooth, then so will be the solution (if
it exists) near p.

On the other hand, if a covector £, at a point p is
characteristic, which means that P/* (¥, 0¥)E,&,|, is not

invertible, then we cannot solve the equation for d3%’/. As a
consequence, the solution may develop discontinuities at
characteristic surfaces, i.e., ones such that their (locally)
defining function x° is such that V,x° = &, is characteristic
at each point of the surface. In particular, it follows from
such a consideration that the edge of the causal shadow of a
point, or the boundary of the domain of dependence, must
be characteristic at each point in the case of a quasilinear
PDE, see, e.g., [15] for details. Even if the fields ¥/ contain
a Lorentz metric g,,, the characteristic surfaces need not
have anything to do with the light cones of this metric;
see Fig. 4.

The EoMs of our EFT (4), viewed as a system for
Y = (@, g,5), are not quasilinear, but one may still define
a principal symbol by linearizing the EoMs, and one may
still define the notion of a characteristic covector. In fact, as
in [10][Sec. 3.2] we say that a covector &, is characteristic
if there exists a nontrivial (i.e., nongauge) T = ([t,,],?)
such that P(£)T = 0, where

causal past w.r.t. Garding cone
causal past w.r.t. other cones

%

FIG. 4. The figure shows the causal pasts of a point p with
respect to various cones terminating on some Cauchy surface Z.
Obviously, the domains of the dependence will be different.

PET = (P A N

Pay’ £\ [ tea
cdef ef < ) ’ (10)
chb 5e§f Pgo eff f
and P(¢) is called the principal symbol of ES" = Eq = 0.
The equivalence class is defined by 7,, ~ 7, if there exists
a covector X, such that 7, =1, + &(aXp), noting that
$aXp) always is in the kernel of P. Such elements
correspond to infinitesimal gauge transformations. A
hypersurface £ C M is said to be a characteristic hyper-
surface if its conormal is characteristic.

Just as for quasilinear equations, the edge of the domain
of dependence of a suitably gauge-fixed [21] version of the
linearized EoMs is characteristic in the above sense. It
seems plausible to us that this will remain true even in the
full nonlinear EFT (4), at least in the weakly coupled case.
(We call the solution of our EFT weakly coupled if the
contributions of the 4-derivative terms to P(£) are small
compared to the 2-derivative contributions, see [[10],
Sec. 4.1].) We leave this as an open problem and use
the above notion of a characteristic covector to define the
propagation cone of the theory, which, at any rate, will be
reasonable for the solutions of the linearized theory,
and which should be a reasonable approximation for
small 7.

Reference [[10], Sec. 4.3] showed that there is an
equivalent condition for £, to be characteristic in the
following way: Let £, be a nonzero real covector. Then,
£, is characteristic if and only if [[10], Sec. 3.2]

p(&) = C71(£)Q() =0, (11)

where C71(&) = (C71)%¢,€, and

1
Q(é) - E Qadeéaébgcéfb (123)

Qabcd — det(cg—1>(c—l)(achd)
+ (2Ca,a2Cb1b2 - Calb] Ca2b2>ca1(ab\azcb]|cd)b2'
(12b)

Note that in the case of a 2-derivative theory [standard
Einstein-scalar having # = 0 in (4)] we have (C')% =
—P% = ¢® and C%<? =0 [[10], Sec. 4.4], so that
the  characteristic  cone at a point x€&€M,
{&,€TiM:p(&)|, =0}, is simply the null cone of the
physical metric g”| in T M. Therefore, a covector £, in a
2-derivative theory is characteristic if and only if &, is null
with respect to ¢*». In the following, we refer to
{£,€TiM:C7'(&)|, = 0} as the quadratic cone and to
{&,€TiM:Q(&)|, = 0} as the quartic cone. As illustrated
in Ref. [5], both cones are subsets of the characteristic cone,
and the quartic cone consists of two sheets between which
the quadratic cone lies [[10], Sec. 4.4].

024084-5
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The characteristic cone provides the following notion of
causality in the cotangent space:

Definition I1.1. [10][Sec. 4.4]: Let x € M. Assume that
the theory is weakly coupled (such that g**| ~ (C~')%|))
and fix a future pointing’ causal covector u, in 75 M with
respect to (C~1)%?| . We call the connected component of
{E&,€TiM:p(&)], # 0} that contains Fu, the Garding
cone I'{ at the point x € M.

The Garding double cone I'} U I'y is the region inside
the innermost sheet of the quartic cone; i.e., in a
2-derivative theory, it is simply the set of covectors
that are timelike with respect to the physical metric at a
point [10][Sec. 4.4]. Starting from the Garding double
cone, one can define a notion of causality in the
tangent space:

Definition I1.2. [10][Sec. 4.6, 4.7]: For x € M define the
causal cone Cf in T M as the dual of I'{, i.e.,

Ct={XeT,M:£X, <0 V &eltl.  (13)

A vector X“ €T M is said to be
(1) future- (past-) directed causal at x if and only if
X*#0 and X* €C} (Cy),
(ii) future- (past-) directed timelike at x if and only if
Xeect (C5).
Here, a circle above a set means its interior.

JE(S) = {x € M thereexists a future- (past-) directed causal curve from S to x},

I£(S) = {x€ M thereexists a future- (past-) directed timelike curve from S to x}.

are called causal future (past) and chronological future
(past).

In order to interpret the various cones, it is helpful to be
aware that an inclusion relation between cones in the
cotangent space is reversed when going to the dual cones,
i.e., the tangent space.

C. Slowness surface of EFT

Taking any cross section of constant &,u® of the
characteristic cone at a point, one obtains the so-called
slowness surfaces [10], consisting of three ellipsoids where
the innermost one corresponds to the “fastest degree of
freedom” (note the similarity with the null cone in
2-derivative theories) [10][Sec. 4.4]. On this surface there
are special points at which two or more sheets of the
slowness surface touch each other as shown in Fig. 5. Such

®We assume a time orientable setting in which a continuous
choice of u, can be made globally.

u*€, =const.

<\
@

FIG. 5. Generic behavior of the characteristic cone in the
cotangent space for a nonvanishing Weyl-like tensor (15) [10].
The red and orange cones illustrate the two sheets of the quartic
cone. The blue cone is the quadratic part of the characteristic
cone, which smoothly touches the quartic cones along two
principal null directions of the Weyl-like tensor. The orange,
innermost cone corresponds to the fastest degree of freedom,
because its dual cone in the tangent space would be the outermost
one. See also Sec. II B below for details.

A vector field X is called future- (past-) directed causal
(timelike) if X“|, is future- (past-) directed causal (timelike)
for all x € M. A smooth curve y on M is said to be future-
(past-) directed causal (timelike) if its tangent vector field is
future- (past-) directed causal (timelike). Furthermore, let S
be some subset of M. The sets

(14a)

(14b)

|
points on the slowness surface then correspond to a special
direction of the characteristic cone by scaling freedom.
They may be classified in the following way:
Definition I1.3. [10][Sec. 4.4]: Suppose that &;, belongs
to the characteristic cone. Then &, is called
(i) a singular direction if dp/d&,| ¢—¢, = 0 or, equiva-
lently, &,, belongs to the quadratic and the
quartic cone,
(i1) a double direction if &y, is a singular direction of the
characteristic cone and 0% p/0&,0&, | e 70,
(iii) a triple direction if &, is a singular direction of the
quartic cone and 0%p/0&,08|s—z, = 0.
Generically, at a triple point all three sheets of the
slowness surface coincide, so the propagation speed is
equal for all three polarizations [10][Sec. 4.4]. At a double
point, only two sheets of the slowness surface—one of the
quadratic- and one of a quartic cone—touch [10][Sec. 4.4],
see Fig. 5.
Within the expression for Q(¢&), one can split off a
part that is determined by a “Weyl-like” tensor Wab<d
given by

024084-6
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Wabed — cabed _ (C—l)a[ch]b

1
+ (C—l)b[ch]u —I—gD(C_l)“["(C_l)d]b, (15)

where D is the “Ricci-like tensor”, and D is the “Ricci-
like scalar” formed from C®*<¢ using the effective metric
C,p [10][Sec. 3.2]. Reference [10][Sec. 4.4] showed that a
singular direction &, must be a principal null direction of
this Weyl-like tensor.

D. Bicharacteristic curves of EFT

We have seen that the innermost sheet o(I'" U ') of the
quartic cone plays the role of the fastest propagation
direction. Thus, in analogy to the null cone in 2-derivative
theories, we define the event horizon H* = o(M\JT(Z%))
just as in (1) but where the notions J= of the causal future
(past) are now defined as above instead of by the physical
metric. Thus, a horizon is a characteristic hypersurface with
normal &, € oI'*.

A notion appearing in the assumptions of Theorem A
below which we have not reviewed yet is that of a
bicharacteristic curve.

Definition I1.4. [10][Sec. 4.5]: A bicharacteristic curve
of Q (12a) is a pair (x(s),&,(s)) satisfying Hamilton’s
equations

00 . 00
08, 5“__axa

i =

(16)

with the initial condition that (x(0),&,(0)) belongs to the
quartic cone. Here, a dot means derivative with respect to s,
and x(s) is called the projection of a bicharacteristic curve.

If we start a bundle of bicharacteristic curves on a
codimension one surface on a noncharacteristic 3-surface
2, then these curves locally generate a characteristic sur-
face. In particular, the future/past horizons H* locally are
ruled by bicharacteristic curves.

Bicharacteristic curves of Q, see (12a), in 4-derivative
theories are in close analogy to null geodesics of g,, in
2-derivative theories which would be obtained from the
Hamiltonian H = ¢**&,&, instead of Q. For example, the
future horizon (usually generated by null geodesics in
standard GR) is generated by bicharacteristic curves of the
innermost quartic sheet oI'* in 4-derivative theories.

A difference between the usual case of null geodesics is
that there is no canonical parametrization of the bichar-
acteristics associated with Q analogous to affine para-
metrization, in general. Furthermore, it may—and actually,
in our situation below, will—happen that the Hamiltonian
flow is trivial in the sense that ¥* = 0 on the characteristic
surface.

E. Killing horizons in EFT

A Killing horizon in a spacetime (M, g,;,) with a Killing
vector field y* is a codimension one null surface A/ such
that y¢ is both tangent and normal (meaning y,v* = 0 for
all v*€TN) to N. Such a Killing vector field y¢
automatically satisfies

1V’ =y’ on N, (17)

where « is called the surface gravity. Equation (17)
immediately gives y*V,x =0 on N. Furthermore, it is
known [1] that if the Einstein tensor G, of g, satisfies the
dominant energy condition, then « is actually constant on
all of NV This property is called the zeroth of law black hole
thermodynamics in the case of black holes with Killing
horizons.

In a theory with scalars, it is natural to expect that the
zeroth law includes a statement that @ is constant on the
horizon. As [10][p.31] showed, the zeroth law holds in this
sense within the setting of our EFT (4) for any weakly
coupled solution (@, g,;) to the EoMs that are Lie derived

by x4,

L

vYab = 'C)((I) =0, (18)

for any V' which is a Killing horizon relative to y¢. As a
corollary’ of the rigidity theorem for general EFTs by [22],
this property holds, in fact, much more generally for the
horizon H defined with respect to g,, of any stationary,
asymptotically flat, real analytic, nondegenerate (x > 0)
black hole with compact horizon cross sections, of any EFT
constructed from a diffeomorphism covariant Lagrangian,
to arbitrary orders in the EFT scale . See also [23] for
model-independent proofs of the zeroth law based on a t-¢
reflection symmetry.

If we have two Killing horizons - N with the same ¢

and surface gravity x > 0, intersecting in a (compact)
2-surface B, one speaks of a nondegenerate (compactly
generated) bifurcate Killing horizon [24], see Fig. 6. (A)
deSitter, Minkowski, the extended subextremal Kerr, and
Schwarzschild spacetimes including their (A)dS counter-
parts all host such structures.
Proposition I1.5. Let N be a nondegenerate (k > 0)
bifurcate Killing horizon with Killing vector field y* which
Lie derives the solution (®, g,,) of the EFT (4). Then NV is
characteristic with respect to the quartic and quadratic cone,
Qbedg g, & E =0 = (C1)E €, for all conormals &, to
N . Furthermore,

"Reference [22] shows more generally that the horizon actually
is a Killing horizon with respect to some Killing vector field y*
that is not necessarily assumed from the beginning.
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FIG. 6. Bifurcate Killing horizon.
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for all characteristic covectors &, at N, all of which are
singular triple directions in the sense of Definition II. 3.
Proof. The proof is quite similar in spirit to arguments by
[11-13]. By the definition of Killing horizon, y, is
conormal to N. Thus, we must show Q®y v, v vy, =
0= (CH%y.x, on N. Since Qupcq> Cap are locally and
covariantly constructed out of (®, g,,), we have

L,0% = L,(C™1)* =0. (20)

Since Ly, = 0, we thereby have £,[0"“Uy x4 = 0.
L,[(C)%y 2] = 0. Thus, the quantities in square brack-
ets are constant along the orbits of x“. However,
Qedy vixexa = 0= (C 1%y v, on B, since y* vanishes
there and since Q%<4 (C~')* are smooth, in particular,
finite, at B.

To show (19), we restrict attention to ®A/*, say, and
introduce a second null vector field N uniquely defined
by [18][Sec. II. B]

Ve = 2kNax), (21)

at points of A/*. By uniqueness, we have L,N*=0.We
complete y“, N* to a null tetrad by introducing two addi-
tional vectors s¢,i=1, 2 such that Llls;‘ =0,
5¢8jq = 6ij, S{N, = s{y, = 0. By [18][Sec. IL.B], the lim-
its of s;,, N 4y, toward B exist, and Q*’““N .y}, .x 4> as well
as Q%<ds. v, v.xa» are Lie derived by y%. Since the limit of
x* at B vanishes, these quantities vanish on *A/*, and by a
similar argument for the other parts of N\, on all of N.
Since we already know that Q®?y .y, 7.xs = 0 on N, the
proof of (19) is complete.

In view of p(&) = C(&)Q(€), the previous results
imply that y, is a triple singular direction.

Note that the proof used neither the detailed structures of
Qupea> Cap nor the fact that (@, g,;,) is a solution to the

EoMs. In this paper, we are interested in the converse of
Proposition II.5; i.e., we want to show that a horizon
defined with respect to the propagation cones of our EFT is
actually a Killing horizon. This will require the detailed
structure of the propagation cone in our EFT and the EoMs
in Secs. III, IV, and Appendix D.

F. Generalized Gaussian null coordinates

Whether or not g, satisfies any EoMs or other special
equations, one can set up a convenient coordinate system in
the neighborhood of any (part of a) Killing horizon referred
to as Gaussian null coordinates (GNCs). We now review
this construction; see, e.g., [25] for details. We assume that
the Killing vector field y* is complete on A, which we
should think of as being either #X A/ in this section. Thus,
its flow can be used to set up a diffeomorphism between N
and N x R such that the flow of y“ is along the R Cartesian
factor. We refer to N as a cut of N; the orbits of y* must be
transversal to this N.

First, we define local coordinates x4, A = 1, 2 covering
some subset of N. Let {F,} be the 1-parameter flow of
isometries associated to y* and define N(v) := F,[N], i.e.,
on N we have y*=(0,). Finally, at each point
of N, define a null vector field [ satisfying [y, = 1
and [“m, =0 for all m*€TN(v). By construction,
1* = (9,)“. Let u be the affine parameter of null geodesics
off of each N(v) with initial velocity /.

Then, in (v,u,x?) coordinates, the metric takes the
form [25]

g = —fdv? + 2dvdu + 2k,dxAdv + hypdxAdx?, (22)

and u is a defining coordinate for A\,
We define the following tensors:

hay, = hAB<dxA)a(de>b’ k, = kA(dxA)a’ (23)

ab

and ¢“”, p“;, are defined by

P = (04)*(dx?),,. g = (h1)AB(0,)%(9p)".  (24)
These tensors are independent of the chosen local coor-
dinates x* on N and thereby globally defined near \/. They
satisfy

Ploka=kp, PP dhac =hpa, Py’ =P, (25a)
P =q“hey. pl» = pUpy® =0, (25b)
'C)(ka = 'C)(f = 'C)(la = 'C)(qab = 'C;(pab =0, (ZSC)

near N, as well as

kiy =Fly =0, Py = 96cq“|y-  (26)
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The surface gravity « is given by

1
K= §£1f|/\f~ (27)

Conversely, if a metric is defined by a set of coordinates
(v,u,x*) as in (22) with metric components that are
independent of v, then u = 0 defines a Killing horizon
N with the Killing vector field ¢ = (9,)%, provided
f.k,=0onN.

The above construction can be repeated in an analogous
manner also in the case that y¢ is tangent to A/ but not
necessarily normal, as would have to be the case if N was
not a null surface. This construction, which we need to
apply to a characteristic surface N of the Garding cone
below—not a priori known to be null—again yields
coordinates (u,v,x4) such that g,, satisfies (22) and
tensors f.k,, hyy. p®p. q°°. If the pull back of g, to N
is a Riemannian metric, as will always be the case for
sufficiently small |£| below, then so is %, as for a Killing
horizon. However, contrary to the case of a Killing horizon,
f., k, will not. in general. vanish on \/. We refer to these
(u,v,x*) as generalized Gaussian null coordinates
(gGNC) in the following.

Below, we consider real analytic 1-parameter families of
spacetimes (M (?), g, (¢, x)), surfaces N/ (£) tangent to a
Killing field y*(¢), cuts N(Z), as above, etc. Then, for each
¢, we can introduce gGNC based on N(Z), which cover an
open neighborhood of each N/ (£). We may then introduce
an identification (diffeomorphism) between these neigh-
borhoods by declaring points for different £ to be equal if
their gGNCs coincide. After such an identification (“gauge
choice”), we are dealing with only one spacetime, in which
the locations of A/ and N, or y“, no longer vary with 7.

It should be noted, however, that if N was, e.g., a
bifurcate Killing horizon (Fig. 6) for the £ = 0 member of
the family of metrics, then the metrics g, (¢, x) will not be
smooth at B if AV is not a Killing horizon (e.g., if it is not
null) for 7 # 0.

Below, it is convenient to use a “purely angular”
derivative operator D, associated with gGNCs acting on
purely angular tensors 7', ., i.., ones which are projected
by p“,. Its definition is

DT, 4 = Pcbpd‘al cop® VT 4. (28)

Then, we have
0=[L,.Dy] = Dyhype = Dog” = Dyp®. = 0. (29)
The components of the Riemann tensor R4, contracted

into p%,,y%, or [* in arbitrary ways, may thereby be
expressed in terms of contractions of k,, f, their D,

covariant derivatives, and p“,, g",y% 1. These expres-
sions are provided in the Appendix A for later use.

III. THEOREM A

A. Assumptions

For Theorem A, we assume the following:

i) (M(Z), (7, x), g4 (¢, x)) is a 1-parameter family
of solutions to the EFT (4) that is jointly real analytic
in (x,£) under some 1-parameter family of diffeo-
morphisms identifying each M(#) with some
fixed M.

(i) For ¢ = 0, the solution has an ordinary, nondegen-
erate (i.e., k > 0) Killing horizon, H™", with Killing
vector field K¢.

(iii) There is a family H*(#) for || < £, ruled by
(projections of) bicharacteristic curves of Q i.e.,
H*(¢) is characteristic (cotangent to the Garding
cone of (®(£), gup(%)).

(iv) H*(?) is analytically diffeomorphic to H x R via a
family of analytic diffeomorphisms depending ana-
lytically on #. H is diffeomorphic to S2.

(v) There are commuting vector fields (7, x), ¢ (Z, x),
jointly analytic in (x,£), which Lie derive (18) the
solution (®(#,x),g.,(¢,x)) for all £. ¢*(£) gen-
erates an isometric action of U(1) and is tangent to
the H Cartesian factor in (iv). (H,h,,) has no
Killing vector fields other than ¢“. 1 (¢) is complete
on H*(¢) and may be chosen to be tangent to the R
Cartesian factor in (iv).

There is a linear combination y(¢) = 1*(¢) +
Q(£)¢*(£) such that ¥ = cy“; i.e., it is tangent to
the bicharacteristics of Q (see Definition II. 4), and
either ¢ = 0 or ¢ # 0 on all of H*(?).

(vi) A has no zeros.

See Sec. II for notions such as quartic cone, Garding cone,
bicharacteristics, etc. referring to the propagation of signals
in our EFT.

Before we state Theorem A, we comment on these
assumptions. Analyticity in (i) is just a technical assumption
which is needed since our proof works order by order in Z. If
we were to assume that the £ = 0 solution describes a
stationary, analytic, asymptotically Minkowskian, nonde-
generate black hole, then the Killing horizon structure would
be a consequence of [25]. Here, we prefer not to make such a
global assumption.

Assumption (iii) corresponds to the fact that, for an
asymptotically Minkowskian or AdS spacetime, the (future)
horizon H* would be the boundary of M\J~(Z"), where
J~ is defined by the Garding cone (14a). In this setting,
(iii) would simply be a consequence of this fact. Again,
because our constructions related to Theorem A are entirely
local, we prefer not to require the existence of Z*, and to
state our assumptions as local conditions on H™.
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Assumption (iv) is required to set up our gGNC system
(A1) in the proof and is of a purely technical nature. As
already described in Sec. I F, we set up the gGNC based on
H(¢)—the image of H under the identification in (iii}—for
each £ based on some choice of Killing vector field K* ()
[compatible with ¢“(£)] with complete orbits for each ¢.
Afterwards, we make an identification of the spacetimes
M(?) based on these gGNCs. In this “gauge”, the space-
times, K9, ¢% H™, etc., will then be independent of .
Analyticity of the identification is required for the same
reason as in (i).

Assumption (v) is the essential and nontrivial
one, in the following sense. We know [22] that for any
stationary, analytic, asymptotically flat, nondegenerate
black hole with the horizon defined relative to g,,, and
in any EFT, there exist K¢, ¢*, @ such that K* = t* + w¢*?
is tangent to the null generators of this horizon (different
a priori from H'), i.e., x* o K for the ordinary character-
istic curves (null geodesics) with tangent i“. We are
effectively claiming that a similar statement remains true
with regard to the characteristics defined by the
propagation cone (quartic cone) in our EFT, for which
K“ need not be equal to y“ and Q need not be equal to w
a priori.

B. Statement

Theorem A is the following statement:

Theorem II1.7. Under the assumptions (i)—(vi), H* is an
ordinary Killing horizon with Killing vector field y* with
respect to the metric g, for sufficiently small |£| < £,.

Remarks. (1) We have already mentioned in Sec. II that
the surface gravity k of a Killing horizon in our EFT must
be constant, as must be ®. By general results about Killing
horizons, y“ is furthermore a repeated principal null
direction of the Weyl tensor® of Jap» S€€, €.2., [1][Sec. 12.5].

(2) In the following, all statements are valid for suffi-
ciently small |£| < ¢, where ¢ is some positive number,
and we no longer repeat this.

We can now apply the results of [10][Sec. 4.7] or
Proposition II. 5 to conclude:

Corollary I11.9. y,, is a triple direction (see Sec. II) of the
characteristic cone on ‘H ', and

LY o« yyP.
aéaaéb E=y

(30)

In particular, the two sheets of the quartic cone and that of
the quadratic cone all touch at points of H* in the cotangent
vector y,. See Fig. 3 for an illustration.

8By the results of [10][Sec. 4.4], it is at the same time a
principal null direction of the Weyl-like tensor (15).

C. Outline of proof

For the proof, we construct gGNCs around H™" just as in
Sec. ITE. In the present case, H™ is not known a priori to
be null with respect to g,,, but the construction can
nevertheless be carried just the same. To show that H™
is a Killing horizon, we must show that f = k, = 0 on H*.

We expand all tensor fields or constants as power series
in 7, as, e.g., in

ko= ki (31a)
j=0

=2 01 (31b)
j=0

Q=> rQ;), (3lc)
j=0

etc. These expansions are absolutely convergent by our
analyticity assumptions. In our proof, we set up our gGNC
system as in (22) at first not with respect to y¢ = 1% + Q¢
but initially instead for

K% = % + Q(0)¢a. (32)

In the course of our inductive proof provided in detail in the
Appendix D, we update the definition of K¢ at each
subsequent order in # taking into account corrections to
Qo). By assumption, K* Lie derives (@, g, ). Furthermore,
by assumption, H " is a Killing horizon for the zeroth order
metric g(g),» With respect to K, and as a consequence, we
get that

f(0)|H+ = k(o)a|H+ =0. (33)

The idea of the proof is to verify the analogous statement
for fi)s k(j)a for increasing j = 1,2, .... For this, we must
use the EoMs of our EFT, as well as our conditions for the
characteristic surface H* in our EFT.

These conditions are best analyzed by decomposing the
metric, and its various expansion orders in Z, as in (22),
with corresponding tensors p<,,q%, 1%, hy,, k* = ¢k,
and functions (coordinates) u, v, all of which are Lie
derived by K“ and by ¢?, see Sec. Il E and Appendix A.
This analysis is rather involved, and the full technical
details are therefore moved to Appendix D.

A series of lemmas first leads to the conclusion that
kfy) 3¢+ = @(1)¢? |3+, Where @(y) is constant on H*, i.e. k()
is an infinitesimal rotation on HT. It is also shown
that

f(1)|H+ = f(2)|H+ =0, (34)
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and that (f 4 &%) 3|5+ = 0. Based on these insights, we
redefine

K¢ - K% — If&)(l)(]ﬁa, (35)

which still Lie derives (®, g,,). Having made this redefi-
nition, we set up our gGNC system as in (22) with respect
to this new K“ The corresponding new k,, f are seen to
satisfy all previous properties, and additionally,

f(3)|H+ = k(l)a|H+ =0. (36)

The remainder of the proof repeats the arguments for
increasing orders in £, assuming inductively that for some
n >0,

fole =0 forall j<n+3, (37a)
K(jalzr =0 forall j<n+1. (37b)
By similar arguments as in the base case, these

are seen to imply that (f—l—kz)(n +4ylnr =0 and that
k’(ln +2)|H+ = @ (y42)¢° |7+, where @, 5 is constant on

HT; i.e., it is proportional to a rotation.
Similarly, as in the base case, we redefine

K¢ - K9 — fn+2(1)(n+2)¢a, (38)

which still Lie derives (®, g,;). Having made this redefi-
nition, we set up our gGNC system as in (22) with respect
to this new K“ The corresponding new k,, f are seen to
satisfy all the previous properties, and additionally,

f(n+4)|H+ = k(n+2)a|H+ =0, (39)

thereby closing the induction loop.

After our inductive readjustments, the final Killing field
K and gGNCs are by construction such that K|+~ =
(du), |4+ at points of H; i.e., it is characteristic, and H™ is
a Killing horizon with respect to K“. Strictly speaking, we
still need to show that the series defining K“ converges.
This follows from analyticity in a fairly straightforward
manner, but we do not go through the somewhat tedious
details here.

IV. THEOREM B

A. Assumptions

For the formulation of Theorem B, we introduce the
domain of outer communication D=1"(Z")nI (Z%)
with respect to the propagation cones of our EFT
(Sec. I B). We then define the future and past horizons
as H* = 0D n I¥(Z¥), as usual, but with respect to the
propagation cones of our EFT.

We assume the following:

i) (M(?2),®(¢,x),gap(¢.x)) is a 1-parameter family
of solutions to the EFT (4) that is jointly real analytic
in (x,) under some l-parameter family of diffeo-
morphisms identifying each M(¢) with some
fixed M.

(i) Each M(?) is asymptotically Minkowskian, and
there is a vector field 7*(¢) that Lie derives
(D(7), gap(£)), that is jointly analytic in (x, £), that
has complete orbits, and that is timelike in the
asymptotic region. We require that M(¢) includes
an open neighborhood of H* (7).

(iii) For # =0, H* forms an nondegenerate (x > 0)
Killing horizon. The pull back of g, (¢) to
H*(¢) has an isometry : fixing some cut H(Z),
such that’ 1,19(¢) = —1*(¢), 12 = id. The complex
structure of the cut H(¢) satisfies

l*Jab = —Jab. (40)
(iv) For the # = 0 solution, we have
V(@) >0 (41)

on H*.

(v) The restriction of ¢* tangent to B in the £ =10
solution is not vanishing identically; i.e., the black
hole is rotating.

As we explain in more detail in the Appendix E, (iii’)
states in a covariant way that 1 is a kind of “#-¢” reflection
isometry on H ", without actually introducing'® coordinates
t or ¢. Note that we only require the symmetry  locally, i.e.,
for the pull back to H™. This geometric feature is present in
Kerr, but the reflection : on H* is different from the global
t-¢ reflection isometry of Kerr which exchanges H*,
assuming such a global symmetry would enable a “purely
kinematical” proof similar to that of Proposition II. 5.

To picture the hypothetical case that H™ might not be a
Killing horizon, we may imagine that H™" as defined by the
Garding cone is a timelike surface with respect to g,
tangent to a boostlike Killing field K¢ similar to Fig. 1. The
future pointing Garding cones must then tilt inwards
relative to those of g,, everywhere along H™, so that
‘H™ = @. We note that there is an evident asymmetry
between past and future, which is already somewhat at odds
with thermodynamic intuition.

Apart from the global assumptions such as the reflection
isometry and asymptotic flatness, or topology of H*, the
main differences between these assumptions for Theorem B
and those formulated for Theorem A in Sec. IIl are as
follows: we do not require, a priori, any rotational vector
field that Lie derives (®, g,;), and we do not require that

% could depend discontinuously on 7.
""Note that we do not know at this stage that there is a Killing
field “¢* = (9,,)*”.
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the bicharacteristics are tangent to a vector field that Lie
derives (@, g,;). On the other hand, we need the stability
requirement V > 0.

If we were to assume instead of (iv’) that the £ = 0 black
hole solution is nonrotating, then the solution would be
static [26]. As shown in the proofs of the uniqueness of
static black hole solutions for a wide class of Einstein-
scalar field theories, see, e.g., [27-29], the £ = 0 solution
(M, D, g,,) would in fact have to be spherically symmet-
ric. An expansion argument in £ would then show that this
remains true for £ #0 [22][Sec. 4]. We do not treat
explicitly this comparatively easier case, but see, e.g.,
[11] for corresponding arguments, leading to the same
conclusion as our Theorem B in the spherically symmet-
ric case.

B. Statement

Theorem B is the following statement:

Theorem IV.10. Under the assumptions (i’)—(v’), H* is
an compactly generated Killing horizon with respect to the
metric gy,

Remark. (1) Again, we also have Corollary III. 2, and the
proof also shows that the symmetry group of (®, g,;) is (at
least) R x U(1).

(2) If we make the assumptions fully symmetric in past
and future, then we analogously get a bifurcate Killing
horizon.

(3) By (iv’), the scalar field stress energy tensor of the
¢ = 0 theory satisfies the dominant energy condition on
H*. By Hawking’s topology theorem [30], there-
fore B~ S2.

C. Proof

We argue in a broadly similar way as in the proof of
Theorem A. First, we get a second continuous symmetry of
(@, ga). For £ =0, t* is tangent to B =0dH"; ie., its
restriction to B must be Q¢“, where ¢* has 2z-periodic
orbits. By the arguments of [22], this ¢* extends in view of
(i)—(v’), to a rotational vector field ¢“(¢#) Lie deriving
(D(?), g.»(£)) on the entire spacetime for |£| < £ and a
sufficiently small but positive fo.”

Next, we introduce gGNCs (A1) around H*(¢), based
on the cut H(£) as in (iii’), initially taking
K* =1+ Qq¢?. (As in the proof of theorem A, this
K is subsequently updated.) Again, we identify points of
M(¢) for different values of # if these gGNCs coincide.
Thereby, we get the corresponding tensor fields
1K, ¢* p®p koo g hyy, see (24) in Sec. IIF and

"Reference [22] considered the horizons defined by the light
cones of the metric g,,, not the Garding cones. Of course, we are
free also in our situation to consider the metric light cones to
make the argument, since the Killing field extends to as a single-
valued object (due to 7z; (D) = 0 [31]) to all of D by analyticity.

Appendix A for details. After our identification,
K, p“,, 1, ¢, H,H" are independent of .

As in the proof of Theorem A, we next make power
series expansions of all quantities as in, e.g., (31a), with the
aim of showing f = k, = 0 on H™—this implies that K¢ is
tangent and normal to H*; i.e., it is a Killing horizon.

Since for # =0, we have an ordinary Einstein-scalar
field theory, the results by [25] show that H™ is a Killing
horizon with respect to K¢ with constant surface gravity
Kk =1L, and constant ®). Thus, we have D,® =
f(o) = k(o)a = K(O)ab =0on H".

Analogously to the proof of Theorem A in the
Appendix D, we can also evaluate the condition
Q<d(du),(du),(du), (du), = 0, expressing that H* is
characteristic, at subsequent orders in #. At order /2,
(D31) first shows that (f + k*);) =0 on H*. Since we
already know that f o) = k(p), = 0 on HT, we get f m =0
on H*.

Consider a change v — v + A(x*); i.e., we change the
cut H of H* by an angle-dependent amount. The gGNC
associated with the new cut is such that

£lk(0)a - le(())a - 2KDaﬂ. (42)

There is a real analytic solution 4 to
DD A = iD“Li kigyaon H (43)
a 2% 1(0)a ’

by standard results about elliptic partial differential
equations, see, e.g., [32]. Here and in the rest of the proof,
D, temporarily denotes the angular covariant derivative
with respect to f(g)4,- In the new real analytic gGNC, we
have

Du[,lk(o)a =0= Elk(())a = GabDbF(]>, (44)

for some F for which £,F ;) = LgF (1) = 0onH*. This
implies that

(Do Likoyp)p* " = 0, (45)

on H*. We also know that k?l) = w(;)¢* for some function
(1) since we have ¢ in (iii’), see Appendix E.

Our aim is to show that @(;) is constant on H*. For this,
we first transvect the EoM (5) of our EFT for the metric into
K?p?.. Bvaluating the result at order # yields

1
Ry KPP = ke (@())- (46)

For the Ricci-tensor component on the left side, we
employ the expressions in the Appendix A at order 7,
which yields
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- 1 1
0= DhD[ak(l)b] — | 2kK g)ap + Eh(o)abv(q)(o)) + 2£lk(0)a[’lk(0)b:| k?l

+ Elk(o)[an]kb

on H*. Here, we use the shorthand k* = ¢“’k,,, disregard-
ing temporarily our usual convention that indices are raised
with ¢?°.

Next, we transvect (47) with ¢ using (45) and
k‘(ll) = w(;)¢“. In terms of the uniformizing angular coor-
dinates (9, ¢) on H = S? [see Eq. (D44)], setting & = cos &
and y = k(;),¢“, we obtain the ordinary differential equa-

tion,
d o d _
{d_f (‘P d_§> + W]y =0, (48)

_ 4o ®b.K o)) + V(@) @lI* + (&. Liko))?

where

w (49)
pII?

Here, we use the compact notations (., .), ||.|| for angular

tensor contractions introduced in (D16) and (D17) (applied

to q(“é’)).

The function W = W(¢&) is regular on [—1, 1] up to and
including the boundary, as is ¥~! = W(&)~! [see (D44)].
y = y(&) is regular and vanishes at the boundary. There can
be at most one such function up to rescaling, and this
function is, in fact, given by y = ||¢||>. To see this, note that
if we were to change K — K — Zw;)¢* for a constant
w1y and then used this new K to construct or gGNCs,
then in these coordinates k‘(ll) would be replaced by
k‘(‘l) —w()¢*, see Lemma D. 10. Thus, w;¢* with con-
stant () solves (47). This must in fact be the only solution.
since any other solution y = k(;),¢“ to (48) would be
nonvanishing at least at one boundary point &= +1,
corresponding to a k‘(ll) that is irregular at the north/south

pole of the sphere H.

As in the proof of Theorem A in the Appendix D, we
next update our initial guess of K to K* — K* — Zw(;)¢*,
where w(y is the constant such that k‘(‘l) = w()¢®. In the
gGNCs based on the new K¢ we then have kf()) = k?l) =
f(()) = f(]) =0on H" .

The next step is to evaluate the condition (D31) at order
¢*, giving that (f + k%)) = 0 on H*. Thus, we addition-
ally get f(;) = 0 on ’H™". Then furthermore (f + kz)(3) =0
by (D37a).

This set of arguments is now repeated in an inductive
manner similar to Appendix D3b for Theorem A. We

1
1~ EDaﬁlf(l) +

)

1
Db‘clk(O)a - EDa‘Clk(O)b] k?])’ (47)

|
assume that, on H™, fiy=0forall j<n+1, k;,=0
for all j <n, and (f + kz)(,Hz) = 0. Again, we transvect
the EoM (5) of our EFT for the metric into K¢ p?. and now
evaluate the result at O(¢"!'). This yields (46) with
k(1)a = k(n41)a- The reason for this is the following: the
terms with explicit powers of # in (5) all vanish at this order
by the induction hypothesis, as a consequence of the fact'?
that a contraction p?, K“T,. of a local covariant tensor T,
built from (®,g,,) vanishes on a Killing horizon with
respect to K¢.

Proceeding next along the same lines as before gives
kflnH) = w(u11)¢* for a constant w(, ), which we use to

update K¢ — K“ — f”+1w(n+1)¢“. In the new gGNC based
on this new K, we additionally have k, ), = 0 on HT.
When combined with (f + k%), = 0 and the induction
hypothesis, we get f(,., =0 on H*. Finally, (D37a)
which holds at this stage with the replacements k), —
kns1ya and (f + k%) 3y = (f + k%), 43) then tells us that
(f + kz)(n +3) = 0, thus closing the induction loop.

V. OUTLOOK

While our complementary Theorems A and B cover a
fairly general class of EFTs and solutions, it would be
interesting to remove some of their technical assumptions.
Concerning theories, one should try to include, at least at
the derivative order in the Lagrangian considered here,
multiple scalar fields and Abelian vector fields while
staying within the class of theories with second
order EoMs.

Concerning the assumptions in Theorem B, the reflec-
tion symmetry condition at H" makes intuitive sense for
equilibrium solutions in theories as our EFTs that do not
introduce an explicit time direction such as Einstein-aether
theories” [9]. The other assumption, V >0, is also well
motivated as a stability condition and, e.g., required in other
standard theorems in general relativity, such as the positive
mass theorem.

Concerning Theorem A, the most restrictive assumption
is that the Killing orbits line up with the bicharacteristics of
the propagation cone. To remove this, one would evidently

“The proof of this well known result is of the same nature as
the Proof of Proposition II. 5.

“In fact, [9] have found stationary black hole solutions in such
theories which do not have this reflection symmetry and which do
not have Killing horizons.
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have to bring in the global structure of spacetime, which is
not considered in Theorem A as all its assumptions are of a
local nature.
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APPENDIX A: CURVATURE COMPONENTS
IN GGNCS

Below we provide the expressions for the curvature
components of the following metric given by

g = 2dvdu — fdv? + 2ksdx?dv + hypdxtdx®. (A1)
(For equivalent expressions in a different notation, see
[19].) The nonzero components of the inverse metric are

guu:(f_i_kZ)7 guv:l’ guA:_kA’

PE=RE, (A2)
where hA is the inverse of h,p, k* = h*Pky and
k*> = k,sk*. We do not assume in this section that
ks = f = 0 for u = 0, as would be the case for the usually
defined GNCs off of the null surface N defined by u = 0.

We introduce I = (9,)*, K* = (9,)%, p®p, hap, D, as in
(24), (28), (23), and the following variables:

1 _
Kab = E‘Ckhab’ Kab = ['lhab’ (A3)

1
2
and

K= qabKab’K = qahkab' (A4)
In this Appendix, K¢ is not assumed to be a Killing
vector field, though in the main part of the paper, it is,
resulting in simplified expressions obtained by dropping
Liky, Lxf, K, K everywhere.

The nonzero Christoffel symbols are given by

1 1
K“lbva (d”)b = —E,le - z qabkbﬁlka, (ASa)

1

K91P(0,)°, (0x"), = 5 4Lk, (ASH)
1t Vo) = S Lk = KR (ASO)
1pP(04)7V ,(dx*), = K9, (A5d)
KKV, (dv), = %ﬁ, 1, (ASe)

1 1
K*K"V,(du), = _zﬁkf +§(f +k)L.f

_qabkb (ﬁKka _%Daf>v (ASf)

1 1
KK (04)V,(dx?), ==k, Lo f +q°“ (‘CKka +§Daf),

)
(A5g)
a b 1
Kep cva(dv)b = _E‘clkcv (ASh)
a b 1 2 1
K P cva(du)b = _§(f+ k )['lkc _EDcf
- qabka[cka] - qabkaca’ (ASI)

KPP (04)9,(dx), = 34K, Like = g Dighe + 4K
(AS5j)

Pop aVa(dv). = =Ky, (ASk)

Psp°aVa(du), = =(f + k*)Kpq + D(pkgy — Kpg,  (AS])

P ppa(04)°V o (dx?) .= p,pa(04)° Dy (dx?) 4 gk K py.
(ASm)

The components of the Riemann tensor are as follows:

1 - 1 1
I“K"K* deRabcd = _E‘CK‘Clke - EqabKeaﬁlkb + qabKeaﬁKkb - anbka‘clke‘clkb - Eqab‘clka[eka]

2

1 1 _ 1 _
- 7De£lf + 5 qahKebDuf - Eqahkaeaﬁlf’

1 1
I“KPI°KR ypeq = anb‘clka‘clkb + iﬁzﬁzﬂ (A6a)
awbijc,,d 1 ab 1
I'KPIp Rypea = zq Koy Lk, — E‘Cl‘clke’ (A6b)
(A6c)
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lapbcldpefRubde = qubkcbkfa - Elkcfv (A6d)

1 1
1" Kp(Rapae = —LxKep + q"KopK ro + gk K L1k 4 q*PK 1, Dick gy + EDfﬁlkc - Zﬁzkcﬁzkf

1
- 5 chﬁlfv (A6C)

KapthdpefRabde = _[’KK f + q K bea - 26] kb c[f‘c ka] - Zq kaf[ E k (f+ k )£ k ‘Clkf

1
+5LikDpf = "k Lik(Dpyka = 4" K Dokiy) + 4 KageD gk + DipLicke)

+ %Dchf - %I_(chabkaaf =+ %qabkb‘clk(c\Dak\f) =+ qabD[akc]D[bkf] + %chﬁlf
+ % (f + KK Lof + %D(ck‘f)ﬁzf - %kc,fﬁKf, (A6f)
P u0 aKp! (Rucer = =2DpK gy + LikpK g = 24°K o, K ggk e — LikipK gy (f + K2) + Ky Dy f
+ %Elk[de]kg - %ng[bﬁlkd] = D,Dykq + q“cl_(g[mch‘d]ka - q“ckal_(g[b‘Dck‘d], (A6g)
P upal P yRacer = 2D aK )y — 2q° K yip K g ke + L1k K g0 (A6h)

PP aP’ P hRaceg = R[] pasn + 2K qip Ky + 2Ky K 10 + 2(f + K2)K i K 51g = KDk y = K paDy ki,
+ I_(d[th]kb - I_{b[th]kd- (A6i)

The components of the Ricci tensor are given by the following expressions:
_ _ _ 1_

K*K"Ryy = =q“"LxKap + 44" K iy K cq — Kk L1k + 29 4" K cak s L1ky + q“ " K ypke Dy f = Eanhkaaf

b cd b b b cd L 1z

- q"q“ky L1k D kg + q*° Dy Lk, — q*kyD Lo f + q*°q“ky L1k D gk, + Eq" DyD,f - _KL:Kf
— q“°q"'DikpD gk + Kﬁzf +5 (f + )KL f = gk L Lk, — K apk®k" L1 f + 5 qabD kpL1f
1 1
(f +R)LLIf 45 (f + k) g Lk Liky = 5 q* g kak L1k, Lk + zqabﬁzkal)bﬂ (A7a)

_ _ | ) _ 1 1
KPR,y = —q“" LK, + ¢* 4" K . gK 0y — Eanbkb/:'lka + q*q"K gk Liky, — Eﬁlﬁlf - Eqabﬁlkaﬁlkb

1 1_ 1
+ 3 g’ Dy L1k, — 3 KL)f - 3 gk LiLoky, (A7)
IIRap, = q“q"K s K g = 4" L1K o, (A7c)
_ -1 1. - - - _
lapbcRab = qabDcha - DCK + E‘Clﬁlkc =+ EK‘Clkc - qabKCb‘Clka =+ qabkb<2qdeKceKad - KcaK - ‘Ccha>7 (A7d)
a b ab 1 1 ab K ad ,be 1 ab
K p cRab =4q Dach - DL‘K - _EK‘ClkC - _K‘Clkc +4q ch‘CKka + ‘clk cKa]bkdkeq q - — Eq kb‘clkcﬁlka

+ (f + K*)g*"K o, L1k, — Kq*"kypDycky) + P LikieD g ky + 24* g7 K e kgD, k\ | —2q°q" Ky kgD gk,

_ _ 1 _ _
+ zqadqbeKceKabkd - qachaKkb - EDcﬁlf + qabDbD[cka] + qachanf - EKDcf

1 - 1 - _
+ qahkaa[’lkc - Eqahkac‘clka - quhKcakb[’lf - 5 (f + kz)(ﬁlﬁlkc + K‘Clkc) - quhkbEKKcuv (A7C)
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P“pP aRac = Rlhlpg = 2LxKpg = KKpy + 4q“K (K| iya = KpaK + (f + k) (2¢“ K po K 4o — KpaK = LK )
— 4q™q Ky K gckake +2q° Lik (K gyoke — 29 Kk Liky — Kpa£1f = 2¢°k DK o4

_ _ 1 1 - _
= 2q“k:DyaK gp + KD (gky) + ED(dﬁlkb) - Eﬁlkbﬁlkd + Kpaq““Doke — 29K ) D kg

APPENDIX B: BIG-O NOTATION

In the proofs of Theorem A and Theorem B, we have to
analyze whether certain tensor fields vanish on a Killing
horizon, H™, with respect to a Killing vector field K¢.
These tensors will be built from q“” Jhap, [y k,, their Lie
along K¢, [, and their angular covariant derivatives D,
where these quantities refer to gGNCs, see Sec. IIE. On a
Killing horizon H™, we have f,k, = 0, so also their D,
and Ly derivatives vanish as these point along H". On the
other hand, the Lie derivative £; need not vanish. In the
proofs of Theorem A and Theorem B, we do not a priori
know that f, k, = 0, and that their D, and L derivatives
vanish at H™", because we precisely want to prove that H™
actually is a Killing horizon.

In order to retain control of the order (in the gGNC u
defining H through u = 0) at which certain expressions
vanish in various perturbative arguments, we must keep
track of the powers of k,, f and their their D, and Ly
derivatives.

For this, we now introduce a convenient notation: if the
power of f is r and that of k, is s, we write that such an
expression is O(f"k*). More precisely, a tensor T¢ . ,
built from g%, h,,, f, k,, K%, 1%, their Lie derivatives along
K¢, 1%, and their angular covariant derivatives D, is said
to be T = O(f"k*), if it is a linear combination of
simultaneous eigenvectors of eigenvalues (>r, >s) of the
operators

0

Ny=S2hD? fe . (Bl)
! ; K. q) a(‘cf(D((Ial al)f)

(2C4,4,Ch,1, = Cayi, Cayp, ) (dur), (dur),, (due) (d”)fzea]e'g‘gzeezazh‘h2Rglgzhlh2€b‘f‘i‘i2€f2b2j‘j2Ri

(ATf)

[

0
_ P nd
N, = g EKlehi_uq)kC a(ﬁqu i )
Pq K

(ay...a;)™c

(B2)
We also write, e.g., T = O(kf, k?) if it is a sum of terms of
the order O(k*) and O(kf). As examples,
4" LD fDyky = O(fk), (B3)
but
4" LD fDLiky = O(f), (B4)
since terms hit by £; are not counted. At a Killing horizon,

we have T = O(f'k*) = T = O(u""*) where O(u") is a
function such that lim,_, u™"*°0(u") = 0 for any & > 0.

APPENDIX C: CONTRACTIONS OF Q4. C.p

For the analysis of the quartic propagation cone in our
EFT (3), we need the following two contractions (C3),
(C4), where we define

e = NP(0,)0(05)". G
so that
gabed — 6K[alb€Cd], (CZ)

in terms of the 4-dimensional volume element,

102j1j2

= (K“KPCp)*(€“U€“ Rogor)* + 2K K"K C gy Cpo€¥€/IK" Ry 1,67 € Ry jpy + 2K K K C g Cpo/ €K R, g€ €X' R, 1
+ 2K K K C gy CpoV € R, 1€ "e* K'Ry; iy + 2K K K C gy Cppo/ €7 R, 1,1, €K' R,
+ 4K K" (2C4Cppy = CyCap )€V KIK R 1y €€ R 1y + 4K KP (2C 1, Cgpp — CogCop )€€’ 9K Ry, €M e* K' Ry
+ 4KKPC oy C o€’ K "Ry, 1€ €™ K'R; it + 4K KP(2C 4 Cp — CapCra)€ € 9K"R 11,7 €*K' R, iyt
+ 4KKPC oy Cpe €K R, 1, €M e* K'R )it + 4K KP(2C 15 Crq — CoaCia)€ € R e € KXK' Ry
+ 8K (2Cp,Crg — CraCpa)e €IK R, 1, €T K*K'Ryjy; + 8K (2C1,Cry — CpeCaa )€€/ IK Ry, €€ KXK' Ry
+ 8K*(2CpCyy — CpaCoa)€?€’KIK"R 1y, r€T e KRyt + 8K (2C . C oty — CpaCc)€* €T KIKR €M e* K' Ry

+ 16(2Cabccd - Caccbd)€ae€begKhRgehf€Ci€dekKleilj»

(C3)
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and

(2Ca,0,Ciyb, = Cayty Cas,) (A1), (dut), (du)  pF e ieestshb Ry oy ehTiizglbaiiizR,
= —2(K*K"Cp)* "€ IR o 1" €T I Ry

+4KKPKIC,,Cpye €K' R, € € 1™ R jp s + 4K KPK9C ., Cpy€ 9 KR i €7 €' I R 31

+4KKPKIC,, Cpa€9e" R 1 i €T € KM R i + 4K KPKYC . Cpg€ 9N R 1 i €7 € K I R 3,

— 8K“K?(2C4,Copy = CyCop )€ €9K KRy, iy € I R jpy

— 8KKP(2C14Cop — CoCop) € € K' R 1€ € XK' I™ Ry 1

+ 8KK?C 4, Cop €K' Ry 1,7 €K' I R jy 1 + 8K K (2C 34 Copy — CuyC oy )€/ 9™ K'R i1, 7* €K' I R jy 1,

— 8K K C 1y C oy’ 7™ K'R i€V €* K' I R jpi + 8KKP(2C 1 C o — CaCle ) 96" Ry i€ K¥ K IR,

+ 16K*(2C14Coq — CpeCoa )€ €K "K' R), 1€V €* K I R i

— 16K“(2C14Coq = CpeCyy )€ €K "K'R ;€ €K' I™ R jii1

— 16K“(2C1,Cyp = CpaCoe )€™ € KR € e KXK' I" Ry 1

+ 16K9(2C1,Ce = CpaClf ) 9" K'R ;i€ KXK' I™ Ry 1,

+32(CupCae — CuaCre )€ €PIK" KRy, 11,7 € KXK' I" Ry 11

— 2K K" K1°C 1 C 1€ 9" R i€ €' K™ R jpy + 4K KP19(2C 1, Cppg = C oy C )€/ 9€" K'R i1y €7 €' K™ R

—4KKPIC,,Cpye €K' R 1€ € K™ R s — 4K K 19(2C 1, oy — Co Cpa)€/IEM R 1€ €K K K™ R 1

+ 8K1P(2C 4, Copy = CuCop) e €K KRy, 11,7 €' K™ R js

—8K1"(2Cy4,Cop — CoCup)€ € K'R; €T €* K' K™ R i

+ 8K1P(2C 4, Coy = C o Cop) €9 K'R ;i1 €T € K' K™ R 1

+ 161*(CpgCoy — CpeCaa)e™ €K "K' Ry, 1€ € *K' K™ R i

= O(K*, kf, f?). (C4)

102J1J)2

)e
)e

We also need to compute certain contractions with (C~!)?. For this, we make use of the well-known formula for the inverse
in terms of the adjugate of C7!, i.e.,

1
det(cg_] )(C_] )ab = adj(c)ab = geaa1a2a3€bb]b2b3 Ctllbl Cllzbz Ca3b3' (CS)
Contractions that we need are
det(Cg™") (du) , (du), (™1

1
= yeabeleer(:%CefCac de - Cae Cfc de + Cae Cbccfd - Ceccafcbd + Ceccadcbf - CacCedbe - CacheCfd>’ (C6)

and
det(Cg™) p (du), (C1)P*
1 )
= ;eabGCdKerlg(CgeCfcchd = CofCycCrg + CofCpeCpg — CpoCrCoq + CpeCy o Cpg — Cyo Cpe Crg — €y CoCpy

+ CgcCedbe + Ceccgecbd - CecngChf - Ceccbfcgd + Cecchdcfg + Cbccefcgd - CbcCengf - Cbccgecfd
+ Cbccgdcef + Cgc Cbecfd - Cgcchdcef)' (C7)

Both expressions can be simplified by applying the big-O notation introduced earlier and by using the iden-
tity €“,.e? = q?.
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APPENDIX D: PROOF OF THEOREM A

By assumptions (iv), we may construct a gGNC
system (u, v, x4), see (A1), near H*. We must show that
fk, = ka(dx?), vanish on HT. The proof follows the
inductive scheme outlined in Sec. III C. We take our gGNC
system to be such that K¢ = (9,))%, where K = 1* + w¢*?,
with @ a constant. Initially, o = Q) which is sub-
sequently modified. At any stage, K¢ ¢“ Lie derive

((I)’ gab) by (V).

1. Consequences of x*=cy” on H*

First, we investigate the consequences of (iii) and (v).
Lemma D.1. On 'H™ let ¢ = ¢(#, x) be as in (v). Then,

¢ = (du),(du),(du),(dv), Q" (D1)

and L,c|y+ = 0= Lgcly+ and either ¢ =0 or ¢ > 0 on
all of H*. On H™, we have

(du),(du),(du)(du),Q¢ =0, (D2a)

(du),(du),(du), paQ®! = c(Q-w)¢¢.  (D2b)

Proof. By construction, (du), is normal to H*. As H™ is
assumed to be a characteristic hypersurface by (iii), (du),
must be a characteristic covector, ie., Q(du)=0.
Furthermore, by Hamilton’s equations, we have

o 00
X = —
aé:a gzdu

— c){a’

= (du), (du),(du) Q"%
(D3)

using (v) in the last step. Also note that 1* = (d,)* — w¢*,
and therefore,

X' = (av)u + (Q - w)¢u

1 1 1 1
KKPB,p, = — 3 (f+ K Lif L — 3 q“’kyD f L, — 5 g’k L,1f D f — 2 q“’D,fD,p,

1 1 1
PoKPac = — 5 (f + kz)[:lkb - EDbf - ‘]ackaD[bkc]] Lip— [5 koLiky, — D[akb]] q““D.p.

By dotting (D3) into (du),,, (dv),, p”, in turn, we obtain all
statements in the lemma. Note that these tensors, as well as
Q?ecd are Lie derived by ¢ so that we get, e.g.,

0 = Ly[(du),(du),(du), (dv) 0]
Thus, £,¢ =0 on ‘H*. Since K¢ Lie derives the solution,
the same argument works to show that Lgc|yr =0. =

Note that by (v), either ¢(Q —w) =0or ¢(Q—w) #0
everywhere on H ™, so it has the same general property as c.
In the following, we rename ¢(Q — @) — c.

2. Consequences of Q=0 on H*

The aim is now to evaluate the relations (D2a) and (D2b)
in such a way that we can eventually deduce c, f, k, = O on
H* by using the big-O notation introduced above.

Lemma D.2. Define ,, = V,V,p. The contractions

KKB . (D6a)
PbK B (D6b)
KapchdpefRabdev (Déc)
Kapbcpdepngabdfﬂ (D6d)
K"K p? Rapea (D6e)

are all of order O(k, f) on H*.

Proof. First note that since K¢ is Killing on H*,
Lyp(®@) = (®)Lxk® =0, and K, =3Lxhy =0,
meaning that the curvature expressions in the
Appendix C simplify significantly. Thus, the statements
for (D6a)—(A6d) follow immediately from the following

_ _ 1 1
K*p? K9p® (Rapge = =29k K o Liky) = 2q“Pk K g1 Liky) + 1 (f + K2 Ll Lok + iﬁzk(ch)f

(D4) formulas:
|
(D7)
(D8)
ab 1 1z ab 1 ab
— qVkiLik(Dpky + 5 DDyf =5 KepqTkaDof + 59 kaLik( Dykyy)
(D9)

1 - 1
+ q*’ D,k Dk, +§(f + kz)chﬁzf—ED(ckf)ﬁzf’
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_ _ 1 1
KapbcpdepfyRahdf = _Elk[e[(g]c(f + k2) + Kc[eDg]f + E‘clk[qu]kc - EDck[e‘clkq]

- DCD[ekg] + kc[e\qabkaD\g]kb - kakc[e\qabDbk\

(D10)

g

This is not as clear for the last contraction (A6e). We continue by considering the EoMs [by (i)],

‘ 1 _ 1 , 1 1 ‘
0= K‘"G,. — (5 + aX) Lx®q"V D — 5 K" g, <X -V+s L”zaX> -2 2K, 1% q" e SR, o Bty

The Einstein tensor satisfies (recall that p%, K> = 0)

(D11)

KuthGac = laKchthRacdfggh (du)g(du)h + laKchqbeacdfggh (du)g(dv)h + KaKCldthRacdfggh (dv)g(du)h

+ laKdeeqbeacdggeh (du)h + paCKdleqbeadefgCh (du)h + KaquRdaeche'

(D12)

The third term vanishes due to the first Bianchi identity, and the second term is the important one, since all other terms are
O(k, f). Thus, defining > = €*#(0,)“(d5)?, we have using the EoMs for g,

KuchdqbeRacde — _KaqchaC + O(k’ f)

1 .
- Z Z’ﬂz [_4€ac€bdKe lngphaRefghﬂcd + €ac€bdKepfaKgphdRefgh llﬁic

+ (du)a(dv)cpbdpef(eaalaZfedb]bzc + €aalazcedblbe)Ralazblszgﬁeg
- 2€aC€bdKepfdpgapthefghKinﬂij + (d”)a(du)c(dv)dpbeeaalazceeb]bzdRalazblszngﬂfg]

+ O(k, f).

The prefactors arise from the possible permutations within
the second and third index of the epsilon tensor, which do
not give a sign due to the antisymmetry of the Riemann
tensor. From that, we obtain

1 P
K°Kep9 R ypeq <Zf2€ef€ghplfl’jhﬂij + qeg> =O(k. f).
(D14)

and since the term in (...) is close to g’ for a weakly
coupled theory, it is invertible. It follows that
KUK p?Rypeq = O(k, f), (D15)

1.e., (A6a) holds. ]
We now use these results on H™ for the evaluation of the
tensors appearing in the definition of Q in the following

Lemma D. 3. To state this compactly, and for later, it is
|

(D13)

|
convenient to introduce an inner product (-, -), on tensor
fields T, _,, projected by p;. The inner product uses h,;,

and its inverse g* [see (23), (24)] and is given by

<T, S>h = qalb' cee qa’b"S Thl.“h,.' (D16)

We denote by
IT|Iz = (T.T), (D17)

the corresponding norm. By abuse of notation, we also
write

K = ||k

i (D18)

as before to shorten some formulas
Lemma D.3. We have

det(C™) (du), (@), (C) = f 4 24 42|~ {KE,f ~ DF. DB, + S, D% + 3 FLFLS + O KF. /)|, (D19a)

(du),(du), P = =(f + &) + £2[=(f + k*)aX + O(K*.kf. f*)].

on H*, where tr,D* = q*’D,D,p.

(D19b)
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Proof. By performing all contractions (see Appendix C) and using the results of Lemma D. 2, we find

det(Cg™")(du),(du),(C71)

1 1
= Eeabeaj(_f + fzKerﬂef)(hac + fzﬂac)(hhd + 2’ﬂzﬂhd) + agabeuj(_zkakchhd + kakdhbc + kckhhad - 2kdkbhac)

+ 20(k* kf, f?)
= f+ Kk 4+ P[-KK"Buy, + fq°° By, + O(K* kf. f2)] + £*O(k. f)

= 4R 2| (K Lof = Duf)Duf + G DD S FLFLS + OO K )| + £O(K ),

where we have defined e* = ¢4%(0,)(dg)". For the second part of the lemma, we first note that
(du), V@ = (f + k*)I°V,® — ¢k, V , @ = O(k, f),
using that K¢ is Killing. We immediately obtain

(du),(du),P® = —(1 + *aX)(du),,(du),g* + *a(du),Vi®(du), Vo
=—(f+ k)1 +2aX)+ 20k, f)*
=—(f+Kk)+ 2 (—(f + K)aX + O(K* kf. f?)).
which completes the proof.
We do the same for contractions involving p®,:
Lemma D.4. We have
det(Cg~")p“)(du) (C71)" = —q"k;, + £2O(k. f).
py(du) PP = gk, + 2O(k, f),

on HT.

(D20)

(D21)

(D22)

(D23a)

(D23b)

Proof. As before, we use the formulas (D20) and (D21) to compute C~!. From Appendix B, we see that all terms
involving p®,1°C,. do not contribute to the £° part of p*,(du),.adj(C)>. Moreover, each term contains at least one factor of

K°K’C,, or p*,K°C,.. Thus,

1
det(Cg™") p?,(du) (C1)be = yeabec‘i(3k6hbd = 3kghy.) + £2O0(k, f)
= —q®k, + £20(k, ).
For the second part of the lemma, we have already seen that (du),V*® = O(k, f), which yields

pp(du) PP = g%k 4+ *(aXq“Pky, + ap®, V' ®O(k, f))
= qabkb + 520(k,f)

The second term in the definition of Q is evaluated as follows:
Lemma D.5. We have

(du),(du),(du),(du) (2C4 a,Cp,p, = Cayp, Cazbz)ca‘Cdaz Chiefb:

1

= AP @)

1
1 Eﬁkhﬁlf—l-k@Dﬁlf
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(du).(du) ,(du),p’ J(2C4,a,Cb, = Cay, Cayp, ) CH 2 COVDE2 = £2O(K2 K f, 7). (D26b)

on H*, where | - ||, is the tensor norm associated to .
Proof. First note that, from Lemma D. 2,

1 1
Kp? Kp® iR ypae = —Zﬁkhcfﬁzf - Echfﬁlf +O0(k, f) =T+ Ok, f), (D27)

as well as KK"B;,, p®, K Boe = O(k, f), so that
KKC,, — —f + 220(k, f). (D28)

The full expression for the above contraction can be found in the Appendix C, where the last term is the important one. As
all other terms are at least O(K’ kf, f?)+ ¢?O(k* kf,f?), it remains to show that this term equals
16(|T||2 + O(K, kf, f?) + 2O(K*, kf, f*). Note that for this purpose, we only have to consider the #° terms in
Ppap 09 (2C,C,y — CyC,y) since the above expression must be multiplied by 4,

16palclpazczpbldzpbzd2 (2Ca1a2Cb]b2 - Calbl Cazbz)ecleleczeanlpg]e]anpgzezR
X ed'fle‘lZfzK’"'ph'f] szphzsz,,,]h]mzh2

— 16(2h0,0,ha g, = heyg hesa, )€1 €221 €T, Ty o+ O, kS, f2) + £20(K2, kf, f2)

= 1641 g2 T Ty p, + O KFf2) + PO K. f)

n1911292

— 16H —%ﬁkhﬁlf—%k ® D[’lf

’ + O(K kf, 1) + 2 O(K* kf, f2). (D29)
h

The claim follows when multiplying by % £*(p')?. For the second relation, it suffices to check that each term contains at
least two of the following factors:

KaKbCalw pabKCCaw KapchdpefRabde!
Kapbcpdepngabdf’ KalecpdeRabcd' (D3O)
Again, the expression for a specific permutation can be found in the Appendix C, and for the remaining permutations, this
result can be verified analogously. m

We are now in the position to write (D2a) and (D2b) in a useful form:
Lemma D.6. We have

{f + Kk + 2 G (=kL,f + Df,Dp),, + fu,DDp + %fﬁ,fﬁ,ﬁ + O(k?, kf,f2)> + *0(k, f)}
X [f + K +2((f +k)aX + Ok, kf, f2))]

— Loy T A0S L) + A0S S, (D31)

h

1
Eﬁkhﬁlf +kQ®DL,f

on H* and
3|74 2 (Skeur + D1.DR) + F0,DDR 4 SIEAL 4 0TS ) + A0 1)| [k + 00 1)

+ % [f + k2 4+ 2 ((f + K2)aX + O(K2, kf., 2)][q%k,, + 20(k, f)]
= cg? + 2O(K2 kf, f2), (D32)

on H™".
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Proof. (D31) is essentially the relation

(du),,(du),(du).(du) Q<4

= (du),(du),(du),(du) ,(det(Cg)(C~1) P4 + (2C, .. Cp . — Cu p Canp,)COb@ CPICAD) — ()
a b c d 142 102 101 207

(D33)

which clearly implies the first part of the lemma when using the expressions for (du),(du),(C~"), (du),(du),P®, etc.
found in Lemmas D.3 and D. 5 and multiplying by (—1) on both sides, whereas (D32) is

(du),,(du), (du),p?,Qabee

1
_ (du)u(du)h<d”)cpde (Edet(cg—l)[(c—l)eapbc + (C—l)abPec] + (2Ca,azcb1h2 _ Calh] Cazbz)cal(abazcbllce)bz)

= C¢d’

and using Lemma D. 3, D.4, and D. 5.

3. Inductive proof of Theorem A

By (i), we may expand all tensor fields such as
D, gup. hapr q°°. p%p,c as power series in £ as in
Sec. III C. The coefficients in these expansions are analytic
tensor fields on M.

The zeorth order g(g),, and @y are solutions to the
EoMs of ordinary Einstein-scalar theory. In this case, H ™ is
characteristic if and only if it is null. Thus, on H*, f o) =
kya = 0aswellas L;f ) = 2k, D, @) = 0, since H' isa
nondegenerate Killing horizon for £ = 0 by (ii).

Now we go inductively order by order in # through
(D31) and (D32) to successively redefine the Killing vector
field K - K — £Jw(;)¢p in every order £/ such that, with
respect to the gGNCs associated with the new K¢, f(;) =
k(j)u = 0 on H™" in all orders of #Z. To do so, we substitute
all series expansions of all quantities into (D31) and (D32)
and compare the coefficients corresponding to a specific
order in £ of both sides.

To begin, (D32) in order #° and #! trivially implies
c() = ¢(1) = 0 on K", whereas from (D31) in order £* we
obtain (f + k2)<1> =0 = f(;) on H*, which we can use to
infer from (D32) at order £2 that ¢(5; = 0 on H*. At order
£3, (D32) reads

(f+ kz)(z)k’(‘l> = (39", (D35)
where here and in the following, we set
ke = ¢k, (D36)

contrary to our usual convention that indices are always
raised with ¢?”. From (D31) in order #4, we obtain (f +

k2)<2) on H*, and therefore, ¢(3) =0 on H™.

(D34)

a. Induction start: Base case

Having dealt with these relatively straightforward con-
sequences, we can now start the induction proper. As
already outlined in Sec. III B, it is possible to prove the
vanishing of f, k,, ¢ on the horizon inductively. The n = 0
case corresponds to f(; = 0 for all j <3, k(;), = 0 for all
J <1, ¢ =0forall j <5 after a suitable readjustment of
K. As we see, the key equations for the proof of these
statements are given in the following lemma:

Lemma D.7. Define () = (--),, and |[-[*> = (..

0
Then, we have

1
1 (Blo))* €1 Lx o) I
= [(f + &%) 3) + k(kq1y, DBo))](f + k) 3y,  (D37a)

1
(f + kz)(3) + §K<k(1)vDﬂ(0)> k?l) = C(4)¢a, <D37b)

on H*. m
Proof. Consider (D31) in order #° and (D32) in
order #*. Whenever (#')* or || - ||, appear in order >1,

the tensor norm always gives combinations of inner
products  between (3 LihLif +k ® DI, f);, and
(3 LehLyf +k ® DLf) ), where either j; =0, j, =1
or ji =1, j, = 0. But O(k, f)5) = 0, so that such terms
vanish. Therefore, the right side of (D31) reads

1 2

1
Z(/)"z)(()) Eﬁk(l)hm)ﬁzfm) + k() ® DL f (o)

+ Ok kf. f2) ) + Ok kf . ) 0)-

(D38)

Note that £, f ) = 2x on H™ implies D,L;f ) = 0 on H™.
The left side of (D31) yields
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1
(f + K@) +§<k<1)51f<0),D/3(o>> (f +K)@),  (D39)

which implies (D37a). By an analogous argument, the left
side of (D32) gives

1
—kf’]>[(f+k2)(3) + x{k(1y, DB o))]

2
1
ki (F + ). (D40)
proving (D37b).m
Lemma D.S8. The quantity
1
{=(f+K) +§’<<k<1>,Dﬁ(o>> (D41)

vanishes on H™.

Proof. By Lemma D. 1, we either have ¢ = O or ¢ # O on
all of H*, so the same applies to ¢4y since it is the leading
coefficient of ¢ in the expansion in 7.

Case (a) ¢(4) = 0: Either { = 0 or k‘(’1 = 0 by (D37b) on
some open set, hence everywhere on H™ by analyticity and
rotation symmetry. In both cases there is nothing to show as
k?l) = 0 implies f5) = f(3) = 0 via (D37a).

Case (b) c(4) # 0: By analyticity, if ¢ does not vanish
identically on A := H/U(1), it can vanish at most at an
isolated set of H. On an open set where 7 := c(‘41>8_,' does not

vanish, we have

{k(1)» DB0)) = Bloyn™' Ly®(o) = 0. (D42)

and therefore, { = (f + k2)<3) on this open set, hence every-

where on H ™ by analyticity. On any open set where 77 does not
vanish, (D37a) yields, using (k(1), DB)) = 0 = Lyn,

1
5 < o)l | Dnll* = n°. (D43)
By analyticity, this relation thereby extends to all of H™.

For further analysis, it is useful to appeal to the
uniformization theorem for the closed Riemannian mani-
fold (H, h(g)ap). By (iv), H is analytically diffeomorphic to
a 2-sphere, and by (v), ¢ generates a U(1) isometry group.
Hence, locally we can find conformally spherical
coordinates (8,¢) such that ¢* = (d,)?, and in these
coordinates,

h(O)AdeAde = Y[d9? + (sin9)*d¢?], (D44)

such that ¥ = W(9) > 0 is an analytic function on H (see,
e.g., [33] for further details). Since, in these coordinates, ¢
is a coordinate vector field and an isometry of our solution,
1, @9y and c(4) are independent of ¢ and (D43) gives us

1 .
S (Bl PR sin 820 =, (D45)

where ' = d/dd. If # is not identically zero, its zeros are

isolated by analyticity. Consider two consecutive zeros 9,
9, of i [there are at least two such zeros at 0, z by (D45)].
By the mean value theorem, there exists a 9, € (9;,9,)
such that #/(8,) = 0. By (D45), 9, therefore is another zero
strictly between the two zeros 9, 9,, which is a contra-
diction. Thus, 7 is identically zero, as is thereby (. [

Lemma D.9. On H* we have kz’l) = w(;)¢* for some
constant @y, and (f +k*)3) = ¢4y =0

Proof. By the previous lemma, { =0, and therefore,
¢4y =0 on H™ by (D37b). We now substitute this into
(D37a) to obtain'*

(Blo)* 1Lk oI = =(Big))* (L @) (DA6)

N =

Since both sides have different signs, this equation can only
be fulfilled if either ﬁ’(o)(: P (®())) =0, or Ly hoyan =
Ek(])d)(o) =0 on H" or both. The first case is excluded

because we are assuming in (vi) that ' is nowhere zero.
Consequently, k?l) is a Killing vector field of A4, and

(f + kz)@) = 0onH". Since A g),, does not have a second
Killing field by (v), there exists a constant @ ;) such that
k((ll) = w(1)¢” on H™. ]

Consider now the flow F; on H generated by the Killing
field —Zk{,) = —Zw()¢*, ie. x*(1) = F{'(x") solves the
ordinary differential equation,

W) =k B A 0)=xt (D47)

Then, we define the following diffeomorphism y in an
open neighborhood of H* where our gGNCs are well
defined:
w(u, v, x*) = (u,v, F}(xB)). (D48)
This ¢ dependent analytic diffeomorphism maps H™' to
itself by construction. We furthermore define @' = y*®,
Gup =V Jap, K'* = w. K.
Lemma D.10. We have K" = K — w()¢¢°, and ¢,
takes Gaussian null form (A1) with new f’, k},, i, that are

a

analytic functions Lie derived by K¢, ¢ such that f’(j) =0
for all j <3, k’u)a =0forall j<1onH".

Proof. The proof is by an elementary computation for
pull backs, using Lemma D. 9 and the already known facts

foy=fu)=Ffe) =koa=0onH*.

14Here, we have also cancelled k2 on both sides, which is legal
since ¥ > 0 by (ii).
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We now rerun the entire argument with (®’, ¢/, ) and K¢,
or equivalently, with (®, g,;,) and K. Taking the second
viewpoint, we use our new K’ to construct our gGNCs
(A1), and we identify our spacetimes M #) by identifying
points if their new gGNCs are the same. The tensors
associated with the new gGNCs now satisfy f’(j) = (O forall

j <3, k’ma =0forall j<I.
From (D32) in order #°, we obtain additionally cs5 =0

on HT. This concludes the base case. We rename K¢ into
K“ to simplify the notation.

b. Induction step: n — n+1 and proof of Theorem A

Lemma D.11. There exist constants w(j), j>1
such that the following is true: If (u,v,x*) denote the
gGNCs associated to the Killing vector field K¢ —
> o1 @ j)ﬂg[)“ with constants w(;) and corresponding
quantities f, k,, ¢, then f ), k)4, ¢(jy = 0 on ‘H™ for all j.

Proof (of Theorem A). A priori, our construction of the
constants @), j =1 in Lemma D. 11 does not guarantee

that the series for K“ converges. However, by assumption
|

Aj = |f+K+ 2 G (=kL,f + Df,Dp), + ftr,DDp + %f[llfﬁlﬁ + O(k?, kf,f2)) + f“O(k,f)] ,

By = [f + K2+ 2((f + K)aX + O(K2, k. £2))] -

]
()

In the base case n =0 which we have established in
Sec. D 3 a, we obtained (D37a) from (D31) in order #° and
(D37b) from (D32) in order #%, so one might expect to
obtain the desired result for the induction step n - n + 1
by considering (D31) in order #2("+1)+ and (D32) in order
21+ We have

9 |
Ciy = |30 B2 || S LchLof + k@ DLf

(AB)(2u18) = A0)Bants) T A1) Bansr) + -

+ A Buiay + -+ Aguig)Bo).  (D51)

We claim that the important term is A, ,4)B(,14), SO We
need to show that all other terms vanish. Note that these
terms always contain one factor of A or B; for
j<n+4. Let j <n+ 3, then

(F + K = 1) + 2o kia
+"'+2kzl[j/2J)k(U/2W)a’ (D52)
if j is odd (otherwise exchange 2k?[j/2j)k(fj/21)a with

k?.i/z)k(jm)a). Noting that

(iv), K¢, regarded as a formal power series, is by con-
struction a Killing vector field such that K, = g,,K? is
characteristic for ™" in the formal sense (to all orders in £).
Since y* is also such a vector with convergent expansion in
¢, and since there can at most be one such vector, K¢ = y¢
so the series is convergent a posteriori. Since K¢ is
furthermore null, so is ¥%; thus, H* is a Killing horizon.m

Remark. Note that this reasoning also gives w(; =
—Q;) ¥V j =1 a posteriori.

Proof (of Lemma D. 11). Our induction hypothesis is the
following: for n €N, assume that

fihlagr =0 forall j <n+3, (D49a)
ka(jlyr =0 forall j <n+1, (D49b)
¢yl =0 forall j <2n+5, (D49¢)

in gGNCs defined with respect to K¢ — ;’;' @ j)ﬂ ¢°. We
start by defining the following quantities:

(D50a)
()
(D50b)
(D50c)
I 3 it foralln>1 (D53)
20=2=2"2" =
j<n+3, (D54)

and using the induction hypothesis, we can deduce
(f + kz)m =0forall j <n+3,n>1 (recalling the base
case was already shown in sec. D 3 a). O(f) terms with a
prefactor of #? always have order < n + 3 in f; hence, they
do vanish, as well as k*> and kf terms as already seen. In
((KL.f, D)) (j-)» k* always appears in order < n + 1, so
this term gives also zero. The #* term and the terms in B;
for j < n + 3 vanish for the same reason. Hence, we must
have (AB)(2n+8) = A(n+4)B(n+4)' Within A(ﬂ+4)’ the £
terms at least linear in f are zero since they appear in
order <n+2 <n+3. For ((kLif,Df)y)(ns2) assume
L;f, D or h have order >1, then k has order <n+ 2 —
1 = n + 1 and therefore vanishes by assumption. Thus, all
quantities except k must have order O,
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< (n+2) (DSS)

((KLLf, DB) 1) (n2) = L,f 0)- DB(o))-

Moreover, we have already seen that the term (f + k?) (n42)
vanishes, so that B, 4 = (f + K? )(nt4)- For the left side,
assume that the order of ' is >1, then ||...||7 has order
<2n+ 2. Thus, each term in (||...|[7); with j <2n+2
contains at least one factor ([|...|[,) W1th J<n+1,s0f

and k always appear in order < n +1 and those terms
vanish. Hence, the only nonzero term in C(5,,1g) contains g

and, as can be verified similarly, 4,, and f in order O and
thus k, in order n 4 2. The only nontrivial term left is
0(k3)(2n +4), Which contains terms with at least one k factor
of order <fn+3<n+1 for all n>1. Thus,
O(k?) 2,44y = 0 and, using again DL;fg) =0 on the
horizon, we obtain from (D31)

1
1 Bl R, o P

=(f+K) (n+4) [(f+ k* )n+4) + K (K(ny2), DB(0))]-
(D56)

Now consider the left side of (D32) in order #2(**1D+4 and
define E¢ = k% + £*O(k, f). First note that E{;, = Oforall

J<n+1 and A;)=0 for all j<n+3 from before.

Therefore, we have
(AE?) (246)

= A0 EGpe) T T Apes) Ef

n+3)

+Apa E,

wi2) T A E,

n+1)
+ o Apnie) E()

= A Ef

i (D57)

and similarly, (E“B)(y,.6) = Ef,,.,)B(n14)- Also note that

O(K*, kf, f*)(2,12) contains terms where k and f appear in
order < n + 1. By assumption, those terms vanish. Thus,
(D32) yields, using the expressions for A,,4) and B, 4)

from before,

1
(f + kz)(n+4) + _K<k n+2)» Dﬂ > n+2)

) (2n+6) ¢a .

(D58)

(D56) and (D58) have the same form as (D37a) and (D37b),
so we can apply the same procedure as before in Sec. D 3 a
while exchanging (f + k%)) < (f + k), k() <

k(12 and ¢y < cui6) as well as ()2 < O A

within the n = 0 case. From this procedure, we can directly

deduce f(;; =0 for all j<n+4, k;,=0 for al
J<n+2and ¢;;y =0 for all j §2n+7 on the horizon
for gGNCs defined with respect to the Killing vector field
K¢ — n+2 o f]d)a -

APPENDIX E: t-9p REFLECTION SYMMETRY 1:

Here, we elucidate the reflection symmetry ¢ on H*
referred to in assumption (iii’) of Sec. IVA.

We may introduce coordinates (¢,9) on the cut H
as in (iii’) such that (9,)* = ¢“. By assumption (iii’),
we have *¢? = —¢* 1*hy, = hy,, ' p, = p%y, Uk, =
—k,,'f=f on H. In view of "¢?=—¢,
either (@, 9) = (—¢,9), or i(p,9) = (—p,z-39).
The last possibility may be excluded as follows by
considering the condition on the complex structure on H
in (iii’).

The almost complex structure on H=S? is
J% =q“e., where e, =2¥sin9(d9),(dgp), and
q*" =¥"[(sin0)~"(9,)"(9,)" + (99)“(dy)"] in our coor-
dinates, see (D44). From these formulas, we immediately
see that the case 1(@, 9) = (—¢, 7 — 9) is excluded by (40)
in (iii’).

By Lie transporting the coordinates (¢,9) along
K = (0,)%, we get a coordinate system (v, ¢,9) on H™,
and in this coordinate system, i is given by

l(”ﬂ @, 19) = (_

Since v is a coordinate associated with an asymptotically
timelike Killing vector field, we may thus think of  as a
“t-¢ reflection symmetry”. Note that this symmetry only
applies to the pull back of the metric on H ™ and is different
from the symmetry (7, ) — (—t,—¢) in Boyer—Lindquist
coordinates in Kerr, which maps between the future and
past horizons.
By exploiting (E1), one may easily see'

v, —,9). (El)

k= q"k, = F¢", (E2)
on H*, for some F compatible with all symmetries
¢°, K, 1. Indeed, these statements may be demonstrated
in a pedestrian manner using the coordinates (v, @,3):
using that *k, = —k,, we see that k, may not have a §
component, and using *¢* = ¢°, we likewise see that g*
may not have a mixed d¢ component, and no component
may depend on (v, ¢).

"This is the only place where ¢ is used in this part of the proof.
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