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The quantum-field-theoretic description for the U(1)-Goldstone boson of a scalar Bose-Einstein
condensate with time-dependent contact interactions is developed beyond the acoustic approximation
in accordance with Bogoliubov theory. The resulting effective action is mapped to a relativistic quantum
field theory on a dispersive (or rainbow) cosmological spacetime which has a superluminal Corley-
Jacobson dispersion relation. Time-dependent changes of the s-wave scattering length to quantum-simulate
cosmological particle production are accompanied by a time-dependent healing length that can be
interpreted as an analog Planck length in the comoving frame. Nonadiabatic transitions acquire a dispersive
character, which is thoroughly discussed. The framework is applied to exponentially expanding or power-
law contracting (2þ 1)-dimensional spacetimes which are known to produce scale-invariant cosmological
power spectra. The sensitivity of these scenarios to the time dependence of the Bogoliubov dispersion is
investigated: We find a violation of scale invariance via analytically trackable trans-Planckian damping
effects if the cutoff scale is not well separated from the horizon-crossing scale. In case of the exponential
expansion, these damping effects remarkably settle and converge to another scale-invariant plateau in the
far ultraviolet regime where nonadiabatic transitions are suppressed by the high dispersion. The developed
framework enables quantitative access to more drastic analog cosmological scenarios with improved
predictability in the ultraviolet regime that ultimately may lead to the observation of a scale-invariant
cosmological power spectrum in the laboratory.
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I. INTRODUCTION

Effective field theories (EFTs) for (linearized) perturba-
tions in condensedmatter systems exhibit structural analogies
to quantum field theories on curved spacetimes (QFTCS)
that can be utilized to perform analog quantum simulations
of hallmark phenomena such as Hawking radiation [1,2],
cosmological particle production [3], black-hole superra-
diance [4,5], or the dynamical Casimir-effect [6,7] (consider
Refs. [8–11] for recent reviews on this field of research).
What happens when the aforementioned phenomena

exceed the range of validity of the EFT from which they
are derived is a nontrivial question. For instance, the
formalism of QFTCS that underlies both Hawking radia-
tion and inflationary particle production [12–14] (or alter-
native bouncing scenarios [15–17]) is expected to break

down on scales close to or below the Planck length, the so-
called trans-Planckian scales, where quantum-gravitational
effects need to be taken into account. However, the outcome
of both processes (asymptotic thermal radiation in the black-
hole system or a scale-invariant spectrum in case of primor-
dial cosmology) relies on modes that become strongly
gravitationally blueshifted into the trans-Planckian regime
when traced back to their origin (the event horizon in the
black-hole case or the initial causally connected patch in the
cosmological case) which led to concerns regarding their
viability [18,19]. Nevertheless, recent measurements of the
Cosmological Microwave Background [20] still confirm an
almost scale-invariant spectrum of cosmological perturba-
tions and therefore the cosmological EFT.
A phenomenological approach to analyze these so-

called trans-Planckian problems (reviewed among others
in Ref. [21]) consists of imposing a modified dispersion
relation (MDR) which deviates from linearity above some
cutoff momentum to model Lorentz-invariance violations
(LIVs) which characteristically arise in quantum gravity
models such as Hořava-Lifshitz gravity [22–26] or Einstein-
Æether gravity [27,28] (the tight constrains on such LIVare
discussed inRef. [29]). Inspiredby the subluminal dispersion
relation of his condensed-matter analog [30], Unruh carried
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out a pioneering numerical study [31] that was investigated
analytically and generalized in Ref. [32]. These develop-
ments led Corley and Jacobson to analyze the issue via the
lowest-order (quartic) expansion of a subluminal dispersion
relation [33] and later on the corresponding superluminal
form [34] (consider Ref. [35] for a review on these early
developments).
For these models, the trans-Planckian problem of

cosmology was analyzed by Martin and Brandenberger
[36–40] and Niemeyer and Parentani [41,42], who found a
preservation of scale-invariance if the Hubble horizon is
well separated from the cutoff scale [42–44] (or equiv-
alently adiabatic evolution in the ultraviolet [21,36,42,45]).
Similar concepts also showed a robustness of the Hawking
effect for radiation from black holes if the surface gravity is
well separated from the cutoff scale [46–48]. However,
there are also physically plausible constructions that violate
these criteria [40,46,49] such that the MDR-approach
does not seem to entirely resolve the original issues
which arguably only a full theory of quantum gravity with
phenomenological prowess could achieve.
In recent years, the condensed matter systems that

inspired the MDR approach [43] found success as simu-
lators for dynamics in curved spacetime [50–64], such that
the lessons and techniques obtained from dispersive field
theory are still applied to this day [65–78] where consid-
erable interest also stems from their potential as table-
top testing grounds for quantum gravity phenomenology
[23–25,79–82]. As a result of the MDR in the analog
quantum simulators, the emergent spacetime itself is
modified, which leads to a so-called rainbow spacetime
[83–85] whose geometry and symmetries were discussed
in further detail [86]. Recently, a study on analog trans-
Planckian cosmology using MDRs occurring in dipolar
Bose-Einstein condensates has been conducted [78] with an
emphasis on the minimal length principle [87–92].
Motivated by these considerations, we generalize the

theoretical description of the quantum field simulator for
cosmology introduced in Refs. [61,93] from the acoustic
regime [94] to the dispersive regime by accounting for the
full Bogoliubov dispersion relation (which is analog to a
first-order expansion of a generic superluminal MDR). Our
theoretical findings were previously compared to exper-
imental results by the Oberthaler group [62].
The remainder of this paper is organized as follows. In

Sec. II, we derive an effective field theory for the U(1)
Goldstone boson and its conjugate momentum in full
Bogoliubov theory under the assumption of a time-
dependent, homogeneous background. In Sec. III, the
effective field theory is interpreted as a quantum field
theory on a dispersive, cosmological spacetime, and prop-
erties of the quantummode evolution are discussed in terms
of a dispersive, parametric oscillator. We furthermore
contextualize the time-dependent Bogoliubov dispersion
relation with common modifications of dispersion relations

in the literature including a quantitative perspective on
(non)adiabaticity. In Sec. IV, we theoretically analyze the
implications of the Bogoliubov dispersion relation on the
emergence of scale invariance via an analog exponential
expansion or power-law contraction. In Sec. V, we intro-
duce laboratory boundary conditions and examine out-of-
equilibrium field correlations in context of in situ density
measurements. The impact of these boundary conditions on
scale-invariant power spectra is discussed, and previous
experimental scenarios [62] are analyzed via the concepts
developed in this work. We formulate some conclusions
in Sec. VI.
We use the following abbreviation for real-space and

momentum-space integrals:Z
t;x
≡
Z

dtd2x;
Z
k
≡
Z

d2k
ð2πÞ2 ;

Z
k
≡
Z

∞

0

dkk
2π

: ð1Þ

II. BEYOND THE ACOUSTIC APPROXIMATION

In this section, we extend the field-theory methodology
of Ref. [93] beyond the acoustic approximation. For a
comparison to full Bogoliubov theory in the operator
formalism, which is oftentimes used in the literature,
consider Aappendix A.

A. Condensate background

An effectively two-dimensional Bose-Einstein conden-
sate with repulsive contact interactions can be described in
the dilute regime by the effective action [95]

Γ½Φ� ¼
Z

dtd2x

�
ℏΦ�ðt;xÞ

�
i
∂

∂t
−Vextðt;xÞ

�
Φðt;xÞ

−
ℏ2

2m
∇Φ�ðt;xÞ∇Φðt;xÞ−λðtÞ

2
½Φ�ðt;xÞΦðt;xÞ�2

�
:

ð2Þ

It is convenient to split the field Φ into a background part
ϕ0 and a fluctuating part parametrized by two real fields ϕ1

and ϕ2, such that

Φðt; rÞ ¼ ϕ0ðt; rÞ þ
1ffiffiffi
2

p ½ϕ1ðt; rÞ þ iϕ2ðt; rÞ�: ð3Þ

The background field is specified as a solution to the Gross-
Pitaevskii equation [96],

iℏ
∂

∂t
ϕ0 ¼

�
−
ℏ2

2m
∇2 þ V þ λjϕ0j2

�
ϕ0; ð4Þ

and corresponds to a condensate mean field, which is
discussed in further detail in Ref. [93]. In terms of the
Madelung representation [97],
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ϕ0ðt; rÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0ðt; rÞ

p
expfiθ0ðt; rÞg; ð5Þ

the Gross-Pitaevskii equation (4) is equivalent to a pair of
hydrodynamic equations involving the background particle
number density n0ðt; rÞ ¼ jϕ0ðt; rÞj2 and the background
phase θ0ðt; rÞ. More concretely, one finds the continuity
equation

0 ¼ ∂tn0 þ ∇ðn0vÞ ð6Þ

and the Euler equation

0 ¼ ℏ∂tθ0 þ V þ λn0 þ
m
2
v2 þ q; ð7Þ

where we introduced the superfluid velocity via

v ¼ ℏ
m
∇θ0 ð8Þ

and consider the quantum pressure term

q ¼ −
ℏ2

2m

∇2 ffiffiffiffiffi
n0

pffiffiffiffiffi
n0

p ð9Þ

in (7), which allow us to be beyond the acoustic approxi-
mation. Note that q in Eq. (9) is of second order in ℏ, as
well as in spatial derivatives, such that it is expected to be
subleading for sufficiently smooth density.

B. Effective theory for fluctuations

Expanding the effective action Γ½Φ� up to second order
in the fluctuating fields, Γ½Φ� ¼ Γ0½ϕ0� þ Γ2½ϕ1;ϕ2� (see
more details in Ref. [93]), one finds

Γ2 ¼
Z
t;x

�
1

2
ϕ2

�
ℏ2

2m
∇2 þ q

�
ϕ2

þ 1

2
ϕ1

�
−2λn0 þ

ℏ2

2m
∇2 þ q

�
ϕ1

− ℏϕ1

�
∂tϕ2 þ ðv · ∇Þϕ2 þ

1

2
ð∇ · vÞϕ2

��
; ð10Þ

upon utilizing the Euler equation (7).
Since we want to calculate the dispersive extension

to the analog cosmological metric calculated in Ref. [93],
we restrict to a stationary background flow, v ¼ 0.
Furthermore, we assume a homogeneous background
density, n0ðrÞ ¼ n̄0. This substantially simplifies the inclu-
sion of dispersive effects since the quantum pressure still
vanishes at the background level, q ¼ 0. Invoking these
assumptions, the fluctuating fields ϕ1 and ϕ2 are described
by the quadratic action

Γ2 ¼
Z
t;x

�
ϕ2ℏ∂tϕ1 þ

ℏ2

4m
ϕ2∇2ϕ2

þ 1

2
ϕ1

�
ℏ2

2m
∇2 − 2λn0

�
ϕ1

�
ð11Þ

and evolve according to the linearized equations of motion

2λn0ϕ1 −
ℏ2

2m
∇2ϕ1 þ ℏ∂tϕ2 ¼ 0; ð12Þ

and

ℏ∂tϕ1 þ
ℏ2

2m
∇2ϕ2 ¼ 0: ð13Þ

C. Quantization and mode dynamics

The conjugate momentum fields of ϕ1 and ϕ2 are
obtained as

π1ðt; xÞ≡ δΓ2

δϕ̇1ðt; xÞ
¼ −ℏϕ2ðt; xÞ; ð14Þ

π2ðt; xÞ≡ δΓ2

δϕ̇2ðt; xÞ
¼ ℏϕ1ðt; xÞ: ð15Þ

Hence, ϕ1 and ϕ2 are conjugate field variables. With the
splitting in Eq. (3) and for ϕ0 ∈R, they can be interpreted
as density and phase fluctuations (see more details in
Appendix A). Therefore, we can quantize both fields in
terms of a single set of annihilation and creation operators
âk and â†k. To that end, we employ the mode expansions

ϕ1ðt; xÞ ¼
Z
k
½âkwkðtÞeik·x þ â†kw

�
kðtÞe−ik·x�;

ϕ2ðt; xÞ ¼
Z
k
½âkvkðtÞeik·x þ â†kv

�
kðtÞe−ik·x� ð16Þ

and demand the operators to obey the bosonic commutation
relations

½âk; â†k� ¼ δðk − k0Þ;
½âk; âk0 � ¼ ½â†k; â†k0 � ¼ 0; ð17Þ

which in turn enable the equal-time canonical commutation
relations

½ϕ2ðt; xÞ; π2ðt; yÞ� ¼ iℏδðx − yÞ; ð18Þ

½ϕ2ðt; xÞ;ϕ2ðt; yÞ� ¼ ½π2ðt; xÞ; π2ðt; yÞ� ¼ 0; ð19Þ

if the normalization constraint,
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wkðtÞv�kðtÞ − vkðtÞw�
kðtÞ ¼ i; ð20Þ

is fulfilled. This constraint is preserved by the evolution
equations

ℏ∂twkðtÞ ¼ EkvkðtÞ; ð21Þ

−ℏ∂tvkðtÞ ¼
ϵ2kðtÞ
Ek

wkðtÞ; ð22Þ

where we introduced

ϵkðtÞ≡ ℏωkðtÞ; Ek ≡ ℏ2k2

2m
; ð23Þ

with the Bogoliubov dispersion relation

ω2
kðtÞ≡ c2s ðtÞk2 þ

�
ℏk2

2m

�
2

; ð24Þ

and the squared speed of sound

c2s ðtÞ≡ λðtÞn0
m

: ð25Þ

For our further discussion, the phase velocity of
Bogoliubov modes

cphðt; kÞ ¼
ωkðtÞ
k

¼ csðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
k2ξ2ðtÞ

r
ð26Þ

and the healing length

ξðtÞ ¼ ℏffiffiffi
2

p
mcsðtÞ

ð27Þ

will play a central role. The latter is a characteristic length
scale below which excitations lose their collective character
and rather represent individual atoms. Throughout all
numerical evaluations of dispersive effects in this work,
we assume the atomic mass in Eq. (27) to be given by 39K
(corresponding to the Bose-Einstein condensate (BEC)
used in Ref. [62]).

III. DISPERSIVE EFFECTS IN
EMERGENT SPACETIMES

The concepts developed so far provide a bona fide
framework to study the evolution and correlations of the
nonrelativistic quantum fields in the BEC. There exists,
however, an alternative geometric formulation that bears a
strong resemblance to relativistic quantum field theory
which shall be laid out in the following.

A. Dispersive metric

In the dynamical system (21) and (22), one can eliminate
the mode wkðtÞ in favor of the time-derivative v̇kðtÞ,
resulting in

v̈kðtÞ − 2
ċphðt; kÞ
cphðt; kÞ

v̇kðtÞ þ c2phðt; kÞk2vkðtÞ ¼ 0: ð28Þ

This mode elimination can be realized on the level of the
effective action (11) by integrating out ϕ1 in Fourier space.
One finds

Γ2 ¼
ℏ2

4m

Z
dt
Z
k

�
1

c2phðt; kÞ
∂tϕ2ðt;−kÞ∂tϕ2ðt; kÞ

− k2ϕ2ðt;−kÞϕ2ðt; kÞ
�

ð29Þ

as the effective action of phase fluctuations in the BEC,
whose velocity and momentum only depend on the
absolute value k ¼ jkj due to the spatially homogeneous
background.
Introducing the rescaled field ϕ ¼ ϕ2=

ffiffiffiffiffiffiffi
2m

p
and the

operator

e∂μ ¼ �
∂t

−ik

�
; ð30Þ

this effective action assumes a form resembling a relativ-
istic theory,

Γ2 ¼ −
ℏ2

2

Z
dt
Z
k

ffiffiffiffiffiffiffiffiffiffiffiffi
gðt; kÞ

p
gμνðt; kÞe∂μϕðt;−kÞe∂νϕðt; kÞ;

ð31Þ

with the dispersive metric

gμνðt;kÞ¼
�−1 0

0 c−2ph ðt;kÞ12

�
;

ffiffiffiffiffiffiffiffiffiffiffiffi
gðt;kÞ

p
¼ c2phðt;kÞ:

ð32Þ
Note that, due to the wave number dependence of the
metric, the effective action (31) describes a nonlocal theory
as one can show explicitly by transforming back to real
space. The wave-number-dependent, geometric structure
can be interpreted by tracing wavefronts of constant phase
that propagate according to the Bogoliubov dispersion
relation ω2ðtÞ ¼ c2phðk; tÞk2, which translates into a null
condition,

gμνðt; kÞkμkν ¼ 0; ð33Þ

for the 4-momentum kμ ≡ ðω; kÞT. Note that Eq. (33) is in
general not invariant under (analog) Lorentz transforma-
tions, kμ → Λμ

νkν, such that the laboratory system defines a
preferred frame of reference. On scales where kξ=

ffiffiffi
2

p
≪ 1,

however, we have cphðt; kÞ ¼ csðtÞ þOðk2ξ2Þ such that
Eq. (33) becomes Lorentz invariant on these scales. In that
sense, the healing length ξ functions as an analog Planck
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length [98] below which Lorentz-invariance is broken
and replaced by a nonlocal theory with a superluminal
(or supersonic) dispersion relation (see Fig. 1 for a
visualization). The described analog spacetime structure
is also known as rainbow metric [66] and has been shown
to admit a formulation in terms of a Finsler geometry
[86] (see Ref. [85] for a study on geodesics in such
geometries).

B. Quantization on dispersive, cosmological spacetime

The metric (32) can be brought into a form that is
suitable to describe a cosmological spacetime (i.e., a
dynamic, homogenenous and isotropic space) but with a
wave-number-dependent scale factor

akðtÞ ¼ c−1ph ðt; kÞ; ð34Þ

with which we will work in the following, bearing in mind
that all statements can be equivalently made from (or
translated to) the perspective of Bogoliubov excitations in a
BEC with time-dependent contact interactions.
The form of Eq. (28) is equivalent to a mode equation of

a massless Klein-Gordon field, which is minimally coupled
to such a spacetime evolving dynamically with scale factor
ak where each mode experiences a different expansion (or
contraction) rate. In accordance with Eq. (34), we can write
the dispersive scale factor as

akðtÞ ¼
aðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1
2
k2ξ2ðηÞ

q ; ð35Þ

where

aðtÞ ¼ lim
k→0

akðtÞ ¼ c−1s ðtÞ ð36Þ

is the scale factor of the acoustic metric derived
in Ref. [93].
For completeness, let us also mention that the conjugate

momentum of the relativistic field ϕ ¼ ϕ2=
ffiffiffiffiffiffiffi
2m

p
is related

to ϕ1 via

πðt; kÞ ¼ δΓ2

δϕ̇ðt; kÞ ¼ ℏ2a2kϕ̇ðt;−kÞ ¼ −
ffiffiffiffiffiffiffi
2m

p
ℏϕ1ðt;−kÞ;

ð37Þ

as one would expect. The quantization of ϕ1 and ϕ2 is thus
equivalent to quantizing ϕ and π according to the momen-
tum-space equal-time commutation relation

½ϕðt; kÞ; πðt; k0Þ� ¼ iℏδðkþ k0Þ; ð38Þ

with the mode vk being subjected to the canonical nor-
malization constraint

ℏa2kðvkv̇�k − v̇kv�kÞ ¼ i; ð39Þ

which is equivalent to the normalization condition (20)
upon mode elimination and a generalization of the usual
Wronskian determinant of cosmological scalar fields [93]
to the case of a dispersive spacetime described by the scale
factor akðtÞ.

C. Dispersive parametric oscillator

The goal of this section is to transform the mode
equation (28) into a parametric oscillator for convenience.
To that end, we rescale

vkðtÞ ¼ ½aðtÞJ kðtÞ�−1=2ψkðtÞ; ð40Þ

where

J kðtÞ≡ c2s ðtÞ
c2phðk; tÞ

¼
�
1þ 1

2
k2ξ2ðtÞ

�
−1

ð41Þ

arises as a consequence of the modified canonical volume
form in Eq. (31) and captures the reduction in number of
phase-space degrees of freedom [92].
Furthermore, we introduce conformal time dη ¼ dt=aðtÞ

with respect to the bare scale factor aðtÞ such that η is still
equivalent to the sound horizon in the BEC [94]. The mode
equation (28) then takes the form

ψ 00
kðηÞ þΩ2

Bðk; ηÞψkðηÞ ¼ 0; ð42Þ

with the effective Bogoliubov frequency

Ω2
Bðk; ηÞ ¼ k2=J kðηÞ þm2

effðk; ηÞ ð43Þ

and the effective mass

FIG. 1. Modified dispersion relation in the quantum field
simulator (dashed line) compared to the nondispersive lightlike
case (solid line).
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m2
effðk; ηÞ ¼ −

1

2

½aðηÞJ kðηÞ�00
aðηÞJ kðηÞ

þ 1

4

�½aðηÞJ kðηÞ�0
aðηÞJ kðηÞ

�
2

ð44Þ

(see Appendix B for a detailed derivation).
To clarify the notion of an effective mass, consider that

Eq. (43) has the form of an energy-momentum relation,
E2 ¼ k2 þm2, but with the effective mass being generated
by the time dependence of J ka and one has k2 → k2=J k
because of the dispersion.
The splitting of terms in the effective frequency (43) is

also motivated from the effective mass being responsible
for nonadiabatic transitions [99], whereas the modes can
adiabatically adjust to k2=J kðηÞ. The magnitude of the
former depends on the rate of change in spacetime (or the
laboratory parameters in the simulator) and becomes
adiabatically suppressed in the high-momentum regime
k2=J kðηÞ ≫ m2

eff as we will show with explicit examples
later on.
Moreover, the magnitude of nonadiabatic transition is

wave-number dependent in the first place since the cutoff
scale (or comoving analog Planck length) ξðηÞ is time
dependent. More explicitly, the effective mass has the form

m2
effðk; ηÞ ¼ −

1

4

3k4ξ4ðηÞ=4 − 5k2ξ2ðηÞ − 1

½1þ k2ξ2ðηÞ=2�2
�
a0ðηÞ
aðηÞ

�
2

−
1

2

1 − k2ξ2ðηÞ=2
1þ k2ξ2ðηÞ=2

�
a00ðηÞ
aðηÞ

�
; ð45Þ

where we have used the time dependence of J kðηÞ. Put
differently, if ξ would be time independent, the effective
mass (B5) would be wave-number-independent such that
the dispersive effects only influence the mode by its
instantaneous eigenenergy in Eq. (42) as is also the case
for the ad hoc modifications studied in Refs. [36–42]. The
physical reason underlying the time dependence of ξðηÞ
[and thus J kðηÞ] is the time-dependent atomic interactions
in the BEC. This places the BEC automatically in the frame
comoving with the analog cosmos, which is also the
preferred frame in which Eq. (33) holds and where the
Lorentz-invariance-violating physics need to be evaluated.
As a consistency check, consider the infrared and

ultraviolet limit: in the infrared limit where J k becomes
time-independent, one finds the standard result [94],

lim
k→0

m2
effðk; ηÞ ¼ −

1

2

a00ðηÞ
aðηÞ þ 1

4

�
a0ðηÞ
aðηÞ

�
2

: ð46Þ

In the ultraviolet limit, the mode equation is a harmonic
oscillator with a quadratic, nonrelativistic dispersion where
the effective mass is adiabatically suppressed, as one would
expect (see details in Appendix B).

D. Time-dependent dispersion and nonadiabaticity

In this section, we analyze the significance of the
dispersive effects and contextualize with the literature
[36–42]. Therein, it is common to write the effective
frequency as

Ω2
Fðk; ηÞ ¼ a2ðηÞF2ðk=aðηÞÞ þm2

effðk ¼ 0; ηÞ; ð47Þ

where the form function F specifies the modification of the
dispersion relation as a function of the physical wave
number k=a (i.e., the one that is subjected to redshift by an
expanding space) and is required to become linear in the
nondispersive regime. In fact, F can be considered as an
effective physical wave number, which is specified as a
function of the bare physical wave number k=a [100]. For
example, F can be a quartic polynomial that is either curved
subluminally or superluminally, as is the case for the
Corley-Jacobson dispersion relation [33,34], or a hyper-
bolic tangent in the case of Unruh [31]. In the context of the
mode equation in this work (42), we would therefore
introduce

F2
Bðk; aðηÞÞ ¼

�
k

aðηÞ
�

2

þ ξ20
2a20

k4; ð48Þ

such that

Ω2
Bðk; ηÞ ¼ a2ðηÞF2

Bðk; aÞ þm2
effðk; ηÞ: ð49Þ

At this point, we want to highlight two key differences of
the effective frequency (43) relative to form (47) that stem
from the time dependence of ξðηÞ:

(i) The effective mass in Eq. (43) (and thus the
probability for nonadiabatic transitions [99]) is wave
number dependent as we discussed in Sec. III.

(ii) The instantaneous mode eigenenergy k2 þ 1
2
ξ2ðηÞk4

is time dependent since ξðηÞ ¼ ξ0aðηÞ=a0. As an
immediate consequence, the function FB defined in
Eq. (48) cannot be written as a function of the (bare)
physical wave number k=a alone.

As a comparison, consider the case where the healing
length would be constant in time, ξ ¼ ξ0, leading to

F2
B;0ðk=aðηÞÞ ¼

�
k

aðηÞ
�

2

þ a20ξ
2
0

2

�
k

aðηÞ
�

4

; ð50Þ

which agrees with the superluminal Corley-Jacobson
dispersion relation [37,39,42] and can be written as a
polynomial function solely depending on the physical
momentum k=a.
For a quantitative analysis of these effects, let us consider

the nonadiabaticity parameter [21]
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αFðk; ηÞ ¼
				 34

�
Ω0

Fðk; ηÞ
Ω2

Fðk; ηÞ
�

2

−
1

2

Ω00
Fðk; ηÞ

Ω3
Fðk; ηÞ

				1=2; ð51Þ

which, when αF ≪ 1, indicates that the mode function
adiabatically adjusts to the effective frequency and remains
in a Wentzel-Kramers-Brillouin (WKB)-form (which is
also known as the adiabatic vacuum; see Appendix C for
details). In contrast, when αF ≫ 1, nonadiabatic transitions
are highly probable, and particle production is strong
(consider Ref. [99] for a link of these concepts to the
adiabatic theorem of quantum mechanics).
As an exemplary case study, let us consider a linearly

expanding scenario (to be discussed in further detail in
Sec. V) and compute the nonadiabaticity parameter (51) for
the time-dependent Bogoliubov dispersion (43). As a
proper reference, let us perform the same task for a
time-independent Bogoliubov dispersion,

Ω2
B;0ðk; ηÞ ¼ a2ðηÞF2

B;0ðk=aÞ þm2
effðk ¼ 0; ηÞ; ð52Þ

where we impose the standard Friedmann-Lemaître-
Robertson-Walker (FLRW) effectivemass in (2þ 1) dimen-
sions, which is given bym2

effðk ¼ 0; ηÞ [cf. Eq. (45)] and use
a dispersion relation of the form (50). To have a non-
dispersive reference, we also consider

Ω2
Acðk; ηÞ ¼ k2 þm2

effðk ¼ 0; ηÞ; ð53Þ

which is the familiar nondispersive FLRW case.
In Fig. 2, we show the nonadiabaticity parameter for the

time-dependent Bogoliubov case (upper image) and take its
ratio to the time-independentBogoliubov case (center image)
and acoustic case (lower image). In the Bogoliubov case, we
observe throatlike trajectories of high (low) nonadiabaticity
in blue (red). Relative to the time-independent case, there are
lines of high nonadiabaticity in the ultraviolet which move
toward lower wave numbers due to redshift, which can be
explained via the dynamics of ξðηÞ. At the critical (final)
wave number kξf ¼ 1, the Bogoliubov dispersion relation
becomes adiabatic relative to the nondispersive case as
one can conclude from the central throat that appears
at η=ηf ≳ 0.5.

IV. SCALE INVARIANCE

In this section, we analyze the perspectives of approach-
ing the trans-Planckian problem of cosmology in analog
BEC-Cosmology simulators with a time-dependent scatter-
ing length. The following discussion is purely theoretical
and can be understood as a first step, using the straight-
forward scenarios of an exponential expansion and a
power-law contraction, to gain intuition and experience
for future scenarios where one has to stay within current
experimental capabilities which requires innovative solu-
tions. In this section, we set ℏ ¼ 1 in accordance with the
literature.

FIG. 2. Nonadiabaticity for time-dependent Bogoliubov
dispersion (absolute values, upper image) compared to the
time-indepedent case (relative values, central image) and the
nondispersive (acoustic) case (relative values, lower image) as a
function of conformal time η=ηf and wave numbers kξf in case of
the linearly expanding scenario discussed in Sec. V. Blue regions
in the upper image show nonadiabaticity to be highly localized in
time along a single throatlike trajectory. As expected, one has an
increasing adiabaticity toward the ultraviolet regime at all times.
Dark regions in the central and lower image indicate similarity
regarding (non)adiabaticity, whereas blue regions demonstrate a
trend toward the Bogoliubov dispersion. To numerically evaluate
α including the singular contributions to the effective mass (to be
discussed in Sec. V), we smoothed the delta distributions via the
Lorentzian profile δϵðxÞ ¼ ðϵ=πÞ=ðx2 þ ϵ2Þ where ϵ ¼ 0.1 mod-
els a relative switching sensitivity of 10%.
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A. Exponential expansion

We first describe how a scale-invariant spectrum of
quantum fluctuations emerges in a nondispersive theory
from an exponentially growing scale factor, aðtÞ ¼ aieHt

which has to be identified with the reciprocal sound speed
in the analog simulator. The passage of time is described by
a growing (sound-)particle horizon (the sound cone) η,
which is defined as

ηðtÞ¼
Z

t

0

dt
aðtÞ¼ η0ð1− e−HtÞ; η0¼

1

aiH
; ð54Þ

and asymptotically grows from ηi ¼ 0 toward

ηf ¼ η0ð1 − e−NÞ; ð55Þ

where we introduced the number of e-foldings
N ¼ lnðaf=aiÞ. Quantizing a nondispersive, massless scalar
field that is minimally coupled to a flat (2þ 1)-dimensional
FLRW spacetime leads to the mode equation

ψ 00
kðηÞ þ

�
k2 −

3

4ðη − η0Þ2
�
ψkðηÞ ¼ 0; ð56Þ

where the scale factor reads

aðηÞ ¼ aið1 − η=η0Þ−1 ð57Þ

as a function of conformal time. The boundary condition is
chosen as an instantaneous vacuum state at the initial time
ηi ¼ 0 [101],

ψkðηiÞ ¼ 1=
ffiffiffiffiffi
2k

p
; ψ 0

kðηiÞ ¼ −ikψkðηiÞ; ð58Þ

which leads to the canonically normalized mode solution

ψkðηÞ ¼
iπ
4

1ffiffiffiffiffi
2k

p
ffiffiffiffiffiffiffiffiffiffiffiffi
η − η0
η0

r
× ðrJ1½kðη0 − ηÞ� þ sY1½kðη0 − ηÞ�Þ; ð59Þ

where J1, Y1 are Bessel functions and the choice of the
coefficients

r ¼ 2kη0Y0ðkη0Þ − ð1þ 2ikη0ÞY1ðkη0Þ; ð60Þ

s ¼ −2kη0J0ðkη0Þ þ ð1þ 2ikη0ÞJ1ðkη0Þ ð61Þ

ensures an instantaneous vacuum at η ¼ 0. In the limit of
many e-folds, N → ∞, this corresponds to the Bunch-
Davies state.
Of central interest is the dimensionless power spectrum

of field excitations which in two spatial dimensions is
introduced as [102]

Pψ ðk; ηÞ ¼
1

2π

k2

aðηÞ jψkðηÞj2: ð62Þ

At the final time, ηf ¼ η0ð1 − e−NÞ, it takes the form

Pψðk; ηfÞ
Hkη0

¼ π

64
e−2N jrJ1ðkη0e−NÞ þ sY1ðkη0e−NÞj2; ð63Þ

which is a function of the dimensionless combination kη0
only. Now, for modes in the regime 1 ≪ kη0 ≪ eN , this
spectrum becomes independent of k (scale invariance) as we
show in Fig. 3. The physical reason is best understood in the
comoving frame: here, one compares the mode wavelength
k−1 to the (comoving) Hubble horizon ðaHÞ−1 ¼ ðη0 − ηÞ,
which indicates the distance beyond which two spatial
positions recede faster than the speed of light (or
sound in the simulator). From the definition of the
(sound-)particle horizon (54), one finds that the comoving
Hubble horizon exponentially shrinks from its initial value
η0 to its final value η0e−N as η grows from ηi ¼ 0 toward
ηf ¼ η0ð1 − e−NÞ. Hence, the comovingwavelength k−1 of a
mode transitions from being smaller than the Hubble
horizon (subhorizon),

kðη0 − ηÞ ¼ k=aH > 1: ð64Þ

FIG. 3. Upper image: power spectrum Pψ=H after an expo-
nential expansion by N ¼ 10 e-foldings compared to the initial
vacuum spectrum. A constant (scale-invariant) value Pψ=H ¼
1=2π2 occurs for modes 1 ≪ kη0 ≪ eN , where the boundaries
become more accurate as N increases. In the limit η0 → ∞, the
left boundary is shifted to arbitrary large scales, resulting in the
well-known Bunch-Davies spectrum which would furthermore
extend to arbitrary small scales in the limit ηf → η0 (or N → ∞).
Lower image: time dependence of the power spectrum as para-
metrized by the number of e-foldings N. The scale-invariant
plateau grows with time toward smaller comoving scales.
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to being larger than the Hubble horizon (superhorizon),

kðη0 − ηÞ ¼ k=aH < 1; ð65Þ

where it freezes in because it is now too large for causal
evolution. In terms of the wave number in the physical
(expanding) frame, kphys ¼ ka, we can write

kðη0 − ηÞ ¼ kphys=H; ð66Þ

upon using Eqs. (54) and (57). Thus, the time evolution
of the mode can be entirely absorbed into the physical
scale kphys [103]. Put differently, kðη0 − ηÞ is large at
early times (or equivalently small scales) and small at
late times (or equivalently large scales), and the time
evolution of a mode merely consists of transitioning
from subhorizon to superhorizon scales around the
turning point kðη0 − ηÞ ¼ kphysH ¼ 1.
Each mode crosses the Hubble horizon at a different

value of the (sound-)particle horizon ηk that fulfills
kðη0 − ηkÞ ¼ 1; hence, modes which have crossed the
horizon within the time window η∈ ½ηi; ηf � satisfy kðη0 −
ηiÞ ¼ kη0 > 1 and

kðη0 − ηfÞ ¼ kη0e−N < 1: ð67Þ

For modes which fall well into this regime, kη0e−N ≪ 1, we
find at leading order [104]

Pψðk;ηfÞ

¼ H
16πkη0

½ðJ1ðkη0Þ−2kη0J0ðkη0ÞÞ2þð2kη0Þ2J21ðkη0Þ�:

ð68Þ

If we demand the modes to be significantly subhorizon
initially, kη0 ≫ 1, we can use the large-argument asymp-
totics of the Bessel functions to find the constant value

Pψ ðk; ηfÞ ¼ H=2π2: ð69Þ

If the modes are only weakly subhorizon initially, kη0 ≳ 1,
there will be residual oscillations in k, as can be seen from
Eq. (68), which is shown in Fig. 3. The magnitude of the
described transition process and thus the size of the scale-
invariant regime depend on the number of e-foldings N (as
we show in Fig. 3). In the limiting case ηf → η0 (or
N → ∞), the scale-invariant regime would extend to
arbitrary small scales.
Figure 3 suggests that e-foldings N ∈ f4; 5; 6g suffice to

realize scale invariance within 1 order of magnitude in k.
We can constrain the remaining parameters such that this
magnitude falls within the μm regime where the quantum
field simulation takes place. In terms of an initial sound
speed cs;i and an expansion time Δt, we have

η0 ¼
cs;i
H

¼ cs;iΔt=N; ð70Þ

such that typical expansion times are required to be

Δt ¼ 20 ms
�

η0
10 μm

��
2.5 μm=ms

cs;i

��
N
5

�
; ð71Þ

where the reference value of the initial sound speed cs;i
represents relatively high initial scattering lengths [61,62].
The reference value of η0 stems from demanding that scale
invariance should occur for k≳ 0.5 μm−1 where an empiri-
cal factor of 5 is read off from Fig. 3 to effectively
realize k ≫ 1=η0 ¼ 0.1 μm−1.

B. Contraction

It is well known that scale-invariant power spectra can
also be achieved via contracting scenarios [15]. In two
spatial dimensions, we find this to be realized for the
power-law contraction

aðtÞ ¼ aið1 − t=τÞ3=4 ð72Þ

that also been independently analyzed in the context of
dipolar BECs [78]. Here, τ is a constant that corresponds to
the time where aðtÞ would reach zero. In the contracting
scenario, the Hubble parameter HðtÞ ¼ ȧðtÞ=aðtÞ
decreases according to

HðtÞ ¼ −
3

4ðτ − tÞ ; ð73Þ

instead of remaining constant as it was the case for the
exponential expansion. We again define the (sound-)par-
ticle horizon via the integral

ηðtÞ¼
Z

t

0

ds
aðsÞ¼ η0½1− ð1− t=τÞ1=4�; η0¼

4τ

ai
; ð74Þ

that asymptotes η0. As a function of η, one has

aðηÞ¼ ai

�
1−

η

η0

�
3

; HðηÞ¼−
3

4τ

�
1−

η

η0

�
−4
; ð75Þ

which generates the effective mass 3=4ðη0 − ηÞ2, leading to
the same mode equation (56) as an exponential expansion.
Choosing an instantaneous vacuum initially [given through
Eq. (58)], we thus find the mode solution (59). For the
power spectrum (62), we have to consider that, in terms
of the cosmological parameters given in Eqs. (75), (73),
and (74), the condition where the modes freeze out,
kðη0 − ηÞ ¼ 1, only translates into a horizon-crossing
interpretation up to a factor of 3, 3k=aH ¼ 1. Also, the
comoving Hubble horizon ðaHÞ−1 does not shrink but
rather grows according to
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½aðtÞHðtÞ�−1 ¼ a−1i ð1 − t=τÞ−3=4: ð76Þ

Nevertheless, we can compute the power spectrum (62) at
final times ηf ¼ η0ð1 − e−N=3Þ, leading to

Pψðk;ηfÞ

¼ π

64

kη0
4τ

e2N=3jrJ1ðkη0e−N=3Þþ sY1ðkη0e−N=3Þj2; ð77Þ

which is structurally similar to (63). For kη0 ≪ eN=3, we
find accordingly

Pψðk; ηfÞ

¼ 1

4τ

1

16πkη0
jrJ1ðkη0e−N=3Þ þ sY1ðkη0e−N=3Þj2; ð78Þ

which asymptotes to the constant value Pψ ðk; ηfÞ ≈
ð8π2τÞ−1 for kη0 ≫ 1. In summary, both the exponential
expansion and the power-law contraction (72) lead to a
scale-invariant spectrum,

Pψðk; ηfÞ ≈ ð2π2aiη0Þ−1; ð79Þ

where η0 is given by Eq. (54) (in case of an exponential
expansion) or Eq. (74) (in case of the power-law contrac-
tion). However, the scale-invariant plateau is narrower than
for an exponential expansion by the same strength, since
the plateau is limited from above by the criterium kη0 ≲
eN=3 (instead of kη0 ≲ eN in context of the exponential
expansion). Consequently, a scale-invariant spectrum
within 1 order of magnitude requires N ≃ 15, which is
significantly larger than in the expanding case. Demanding
the scale-invariant regime to be confined to micrometer
scales requires the contraction timescale to be of the order

τ ¼ 2 ms

�
η0

10 μm

��
1.25 μm=ms

cs;i

�
; ð80Þ

which is much shorter than the timescale of the exponential
expansion (71). Note that N does not enter Eq. (80) but
rather enters when computing the contraction duration
Δt ¼ τ=ð1 − e−4N=3Þ that basically equals τ for sufficiently
large N. Here, we chose a smaller reference speed of sound
in accordance with relatively low initial scattering lengths
required for an analog contraction.

C. Dispersive effects

Clearly, the presence of superluminal (or supersonic)
modes can critically affect the horizon-crossing conditions
and thus the emergence of scale invariance. In the follow-
ing, we analyze the mode equation (42) for three classes of
effective frequencies:

(i) The time-dependent Bogoliubov dispersion relation
with Ω2

B defined by Eq. (43).
(ii) The time-independent Bogoliubov dispersion rela-

tion with Ω2
B;0 defined by Eq. (52).

(iii) The nondispersive case Ω2
Ac defined by Eq. (53).

1. Exponential expansion

In Fig. 4,we showhow these three casesmodify the power
spectrum created by an exponential expansion with refer-
ence values (71) using numerical simulations of the mode
evolution. The time-independent Bogoliubov dispersion
(which is equivalent to the superluminal Corley-Jacobson
case [34]) does respect scale invariance as is well known
[37–39,42]. The time-dependent Bogoliubov case deviates
from the nondispersive case already in the mildly infrared
regime kη0 ≲ 0.1, which we interpret as a dispersive
reduction of nonadiabatic transitions (i.e., the wave-number
dependency of the effective mass). The steep decline in

FIG. 4. Sensitivity of scale-invariant power spectra produced by an exponential expansion to the dispersive effects described in cases
(i)–(iii) using the reference values (71) that can be combined into the initial scale-separation parameter σi ¼ 30.68 (more details in the
main text and in the context of Fig. 6). The time-independent dispersion preserves the scale-invariant value Pψ=H ¼ 1=2π2 whereas the
time-dependent case violates it on moderate ultraviolet scales due to trans-Planckian damping but converges to another plateau in the far
ultraviolet given by Pψ=H ¼ σie−2N=2π2.

CHRISTIAN F. SCHMIDT and STEFAN FLOERCHINGER PHYS. REV. D 113, 105014 (2026)

105014-10



power has been described as trans-Planckian damping in
Ref. [92] (see also Ref. [78] for a discussion in context of
dipolar BECs) and was attributed to a reduced number of
degrees of freedomat high energies that can be traced back to
the canonical volume form inEq. (31) [and is captured by the
function J k defined in Eq. (41)].
As an analytic model for the trans-Planckian damping,

we consult an auxiliary scenario where in the effective
frequency (43) the nondispersive effective mass m2

effðk ¼
0; ηÞ is used [cf. Eq. (46)] while keeping the time
dependence in k2=J kðηÞ. This leads to the mode equation

ψ 00
kðηÞ þ

�
k2 −

ν2ðkÞ − 1=4
ðη − η0Þ2

�
ψkðηÞ ¼ 0; ð81Þ

which can be solved analytically by Bessel functions that
have the wave-number-dependent order

ν2ðkÞ ¼ 1 − ðkη0Þ4=σ2i ; σi ¼
ffiffiffi
2

p
η0=ξi; ð82Þ

where we choose ν to have a positive real part throughout
the following. Here, we introduced the initial scale-sepa-
ration parameter σi in terms of the initial healing length ξi.
It describes how small the initial (analog) Planck length
ξi=

ffiffiffi
2

p
is relative to the horizon-crossing scale η0 such that

the dispersive effects are expected to be weak if σi ≫ 1
(more details in the following subsection). The auxiliary
reference case can be classified into two regimes:
(a) Trans-Planckian damping (mild ultraviolet). For

ðkη0Þ4 ≤ 1=σi, one has νðkÞ∈R and finds the power
spectrum

Pψðk;ηfÞ¼
H
32π

Γ2ðνðkÞÞ
�
kη0
2

�
1−2νðkÞ e−2Nð1−νðkÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðkη0σiÞ2
p

×f½ð−1þ2νðkÞÞJνðkÞðkη0Þ
−2kη0JνðkÞ−1ðkη0Þ�2
þð2ωinη0Þ2JνðkÞðkη0Þ2g; ð83Þ

for kη0 ≪ eN, which converges to the nondispersive
result (68) in the infrared regime, kξi ≪ 1, where νðkÞ
approaches unity. Here, the trans-Planckian damping
arises from the factor ðkη0Þ−2νðkÞ in Eq. (83).

(b) Trans-Planckian damping (far ultraviolet): In the far
ultraviolet, ðkη0Þ4 ≫ 1=σi, the power spectrum asso-
ciated to both time-dependent and time-independent
Bogoliubov dispersion remarkably converge to a
plateau as well. In this regime, nonadiabatic transitions
do not occur anymore, and the nonrelativistic, in-
stantaneous mode eigenenergy dominates the mode
equation. This limit can be computed analytically,
resulting in

Pψ ðk; ηfÞ ≈
Hσi
4π

e−2N; ð84Þ

upon expressing the mode for νðkÞ∈ iR in terms of
Dunsters Bessel functions of purely imaginary order
[105,106] and performing a uniform asymptotic ex-
pansion in jνðkÞj ≫ 1 and kη0 ≫ 1 [details to be found
in Appendix D; note that Eq. (83) becomes numeri-
cally unstable for purely imaginary νðkÞ].

2. Contraction

In Fig. 5, we show the sensitivity of the power-law
contraction with reference values (80) to the dispersive
effects described in cases (i)–(iii). Therein, the situation is
reversed in the sense that the time-dependent dispersion
weakly alters the nondispersive power spectrum by small
oscillations, whereas the time-independent case leads to a
substantially damped signal of completely different form
(as shown in the inset of Fig. 5). This reversal can be
understood as follows: per definition, the analog comoving
Hubble horizon ðaHÞ−1 indicates the boundary in space
from which space recedes faster than the speed of sound (in
comoving coordinates). As discussed in Ref. [42], whether
a violation of scale invariance occurs can be efficiently
reduced to whether the dispersion relation is significantly
modified in the regime where the horizon-crossing occurs.
More concretely, this can be be quantified via the so-called
scale-separation parameter [42,91,107], which we define as

σ ¼
�
kC=aH expansion;

3kC=ajHj contraction;
ð85Þ

where kC is the comoving wave number well below which
the dispersion relation is linear. For instance, for the

FIG. 5. Sensitivity of scale-invariant power spectra produced by
a power-law contraction to the dispersive effects described in
cases (i)–(iii) using the reference values (80). The inset shows the
time-indepedent Bogoliubov case (ii) where the spectrum is
orders of magnitude lower and exhibits an oscillatory pattern.
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effective comoving wave numbers FB and FCJ, we find

σBðηÞ¼
ffiffiffi
2

p

ξðηÞ ½aðηÞHðηÞ�−1; σB;0ðηÞ¼
ffiffiffi
2

p

ξi
½aðηÞHðηÞ�−1:

ð86Þ

Specifically for the expanding and contracting scenarios
discussed in this section, one finds

σBðηÞ ¼ σi

� ð1 − η=η0Þ2 expansion

ð1 − η=η0Þ−2 contraction
; ð87Þ

and

σB;0ðηÞ ¼ σi

� ð1 − η=η0Þ expansion

ð1 − η=η0Þ contraction
; ð88Þ

where the initial scale-separation parameter σi ¼
ffiffiffi
2

p
η0=ξi

was already used in context of Eq. (82) and is set by the
chosen parameter configurations that are respectively given
by Eq. (71) (expanding case) or Eq. (80) (contracting case).
The evolution in time of both scale-separation parameters is
shown in Fig. 6 for both the expanding (cf. Fig. 4) and the
contracting case (cf. Fig. 5). In the expanding case, the
time-dependent Bogoliubov dispersion violates scale-sep-
aration at later times and therefore small scales, whereas the
time-independent dispersion respects scale separation for
most times. In the contracting case, this behavior is
reversed such that the time-independent dispersion leads
to a violation of scale invariance. In contrast, the

time-dependent Bogoliubov case approaches scale invari-
ance at late times.

V. INFLUENCE OF LABORATORY
BOUNDARY CONDITIONS

In the preceding discussion of scale invariance, we
assumed an initial instantaneous vacuum state and traced
the mode evolution up to some final instant in time where
we evaluated the power spectrum. Therein, we did not
account for boundary conditions that would be present in a
laboratory setting such as an initial switch-on process or a
final readout protocol of experimentally accessible field
correlations. The introduction and analysis of both is the
subject of this section.

A. Nonequilibrium statistical functions

In the quantum field simulator, the nonequilibrium
dynamics are initiated through a specific temporal profile
of λðtÞ for t∈ ½ti; tf ], whereas λ is static initially (t < ti) and
finally (t > tf ) (consider Fig. 7 for a schematic visualiza-
tion). This protocol leads to pair production of Bogoliubov
excitations which are associated with well-defined vacuum
states for t < ti and t > tf . More details on this process can
be found in Refs. [61,62,93,94]. Evaluated in the initial
vacuum state, the equal-time statistical functions of the
fluctuating fields ϕ1 and ϕ2 take the form

1

2
hfϕ1ðt; xÞ;ϕ1ðt; x0Þgic ¼

Z
k
J0ðkLÞjwkðtÞj2; ð89Þ

1

2
hfϕ2ðt; xÞ;ϕ2ðt; x0Þgic ¼

Z
k
J0ðkLÞjvkðtÞj2; ð90Þ

where we already carried out the angular integral in Fourier
space, due to the isotropy of the correlations. Because of
homogeneity, the geometric kernel, given in terms of the
cylindrical Bessel function J0ðkLÞ, only depends on the
distance L ¼ jx − x0j. In the Schrödinger picture, the time
dependence of the state is encoded in the mode functions.
In particular, the pair-production process resulting from the
out-of-equilibrium quantum dynamics can be captured by
means of the Bogoliubov transformation

vkðtÞ ¼ α�kukðtÞ − βku�kðtÞ; ð91Þ

where uk is a positive frequency plane wave in the final
region,

ukðt ≥ tfÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mckðtfÞ
ℏk

r
e−iωkðtfÞt: ð92Þ

According to Eq. (22) which relates wk and vk, one
consequently has

FIG. 6. Scale separation parameters for the time-dependent and
time-independent Bogoliubov dispersion relation in case of the
exponential expansion (N ¼ 5, upper image) and the power-law
contraction (N ¼ 10, lower image) which are associated to Figs. 4
and 5, respectively. The initial scale-separation parameter is σi ¼
30.68 for the exponential expansion and σi ¼ 15.34 for the
power-law contraction.
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wkðtÞ ¼ −i
Ek

ϵkðtfÞ
½α�kukðtÞ þ βku�kðtÞ�; ð93Þ

where the prefactor in Eq. (92) ensures the canonical
normalization constraint (20) to be fulfilled. Evaluating
the mode functions in the final region, one finds

jwkðtÞj2
k

¼ Ek

ϵkðtfÞ
�
1

2
þ jβkj2 − Re½αkβke2iℏωkðtfÞt�

�
; ð94Þ

jvkðtÞj2
k

¼ ϵkðtfÞ
Ek

�
1

2
þ jβkj2 þ Re½αkβke2iℏωkðtfÞt�

�
; ð95Þ

with

ϵk
Ek

¼
ffiffiffi
2

p

kξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
k2ξ2

r
: ð96Þ

The phase factor in Eqs. (94) and (95) indicates coherent
oscillations in the final region t ≥ tf [58,61,62,108], which
stems from interference effects within a produced particle
pair. In the literature [58,109], the left-hand-side of
Eqs. (94) and (95) is also known as the structure factor.
Indeed, we may equivalently write

1

2
hfϕaðt; xÞ;ϕbðt; x0Þgic ¼

Z
k
J0ðkLÞSabðt; kÞ; ð97Þ

with Sabðt; kÞ as the structure factor. If the quasiparticles
are in thermal equilibrium, the structure factors becomes
independent of time and take the form

SabðkÞ ¼
1

2
coth

�
1

2

ℏωðkÞ
kBT

��
Ek=ϵk 0

0 ϵk=Ek

�
; ð98Þ

as we show in Appendix F (see also Ref. [110] and
supplementary material of Ref. [53]). Therefore, if the
initial state is thermal, the prefactors of Eqs. (94) and (95)
have to be adjusted according to the thermal structure
factor (98).

B. Density correlations

Let us consider the density contrast relative to a
homogeneous background, which is defined as

δcðt; xÞ ¼
nðt; xÞ − n0

n0
: ð99Þ

Its equal-time two-point correlation function is related to
the statistical function of ϕ1 via

Gnnðt; LÞ≡ hδcðt; xÞδcðt; x0Þi;

¼ 1

n0
hfϕ1ðt; xÞ;ϕ1ðt; x0Þgic þOðϕ3Þ: ð100Þ

In terms of a Fourier-decomposition, one thus has

Gnnðt; LÞ ¼
2

n0

Z
k
J0ðkLÞjwkðtÞj2: ð101Þ

Employing Eq. (22), we find

Gnnðt; LÞ ¼
2

n0

Z
k
J0ðkLÞ

ℏ2

ð2mÞ2 a
4
kjv̇kðtÞj2

¼ ℏaf
mn0

Z
k
J0ðkLÞ

kSkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
k2ξ2f

q ; ð102Þ

where we used that jv̇kj2 ≃ ω2
kðtfÞjvkj2 up to a π-phase shift

in the coherent term. Here, we introduced the spectrum

SkðtÞ ¼
ℏ
2m

k
ck

jvkðtÞj2; ð103Þ

as a generalization to the discussion in Ref. [93] to which
Eq. (102) is consistent forkξf ≪ 1 [111].Moreover, Eq. (102)
is consistentwithBogoliubov theory [58,108,112],where one
finds a well-known shot noise spectrum in the ultraviolet
regime kξf ≫ 1 (consider Appendix E for a derivation of the
shot noise).

C. Singular contributions

In the specific case of the nonequilibrium setup shown in
Fig. 7, the analog scale factor is kept static initially and
finally,

aðtÞ ¼ ai for t ≤ ti; ð104Þ

aðtÞ ¼ af for t ≥ tf ; ð105Þ

and switched on (and off) at ti (and tf ), leading to singular
contribution to the effective mass, as we previously dis-
cussed in the acoustic approximation in Ref. [94]. To
generalize this discussion to the dispersive case, we insert
the laboratory scale factor into Eq. (45) and transform back

FIG. 7. Nonequilibrium quantum dynamics via a temporal
variation of the interatomic coupling constant λðtÞ. In the Heisen-
berg picture, the process is understood as follows:Avacuum state is
defined initially as the state that is annihilated by âk; the two-point
correlations are read out finally where the state can be described by
the Bogoliubov-transformed operator bk ¼ α�kak − β�ka

†
−k.
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to laboratory time, resulting in

m2
effðk; tÞ ¼ m2

eff;regðk; tÞ þm2
eff;singðk; tÞ; ð106Þ

with the regular terms

m2
eff;regðk; tÞ ¼ −

1

4

1 − 5k2ξ2ðηÞ þ 4k4ξ4ðηÞ
½1þ 1

2
k2ξ2ðηÞ�2 ȧ2ðtÞ

−
1

2

1 − 1
2
k2ξ2ðηÞ

1þ 1
2
k2ξ2ðηÞ äðtÞaðtÞ ð107Þ

and the singular contributions

m2
eff;singðk; tÞ ¼ −

HðηÞ
2

1 − 1
2
k2ξ2ðηÞ

1þ 1
2
k2ξ2ðηÞ

× ½δðtðηÞ − tiÞ − δðtðηÞ − tfÞ�; ð108Þ

where we introduced the conformal Hubble rate HðηÞ ¼
a0ðηÞ=aðηÞ. The expression (108) is consistent with our
previous result given in Ref. [94] in the acoustic limit. In
the presence of dispersion, however, these distributional
terms differ for each mode and cross through zero
at k ¼ ffiffiffi

2
p

=ξ.

D. Boundary conditions

Because of the initial and final stasis of space, the
canonically normalized mode function obeys the boundary
conditions

ψkðη ≤ ηiÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ωinðkÞ
p e−iωinðkÞη ð109Þ

ψkðη≥ ηfÞ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ωoutðkÞ
p ðα�ke−iωoutðkÞη−βkeiωoutðkÞηÞ ð110Þ

with the Bogoliubov coefficients αk, βk as well as the
incoming and outgoing frequencies,

ωinðkÞ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ1

2
k2ξ2i

r
; ωoutðkÞ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ1

2
k2ξ2f

r
; ð111Þ

where ξi and ξf are the initial and final values of the healing
length, respectively. In general, the choice of the initial
vacuum is ambiguous in dispersive theories, which has
been discussed extensively [37]. However, in the BEC-
cosmology simulator, the mode ψkðηÞ for η ≤ ηi is asso-
ciated to a unique quantum state that is determined by the
initial stasis. These boundary conditions affect the mode
function via matching conditions that read

lim
η↘ηi

ψkðηÞ ¼ lim
η↗ηi

ψkðηÞ;

lim
η↘ηi

ψ 0
kðηÞ ¼

�
−iωiðkÞ þ

HðηiÞ
2

1 − k2ξ2i =2
1þ k2ξ2i =2

�
lim
η↗ηi

ψkðηÞ

ð112Þ

at η ¼ ηi and

lim
η↗ηf

ψkðηÞ ¼ lim
η↘ηf

ψkðηÞ;

lim
η↗ηf

ψ 0
kðηÞ ¼ lim

η↘ηf
ψ 0
kðηÞ þ

HðηfÞ
2

1 − k2ξ2i =2
1þ k2ξ2i =2

lim
η↘ηf

ψkðηÞ

ð113Þ

FIG. 8. Influence of an initial switching (upper two panels) and
a final switching (lower two panels) on the power spectrum
(upper two panels) or the coherent oscillation amplitude (lower
two panels) produced by either an exponential expansion and
power-law contraction for N ¼ 5 according to nondispersive
theory.
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at η ¼ ηf , where the extra terms proportional to the
conformal Hubble rate H stem from the singular contri-
butions to the effective mass. The coherent oscillations
discussed in context of Eqs. (94) and (95) manifest
themselves in the relativistic particle spectrum SðkÞ intro-
duced in Eq. (103) via the form

SkðηÞ ¼
1

2
þ Nk þ ΔN0

k cosð2ωfðη − ηfÞ þ ϑkÞ; ð114Þ

where the particle number

Nk ¼ jβkj2; ð115Þ

the oscillation amplitude

ΔN0
k ¼ jαkβkj; ð116Þ

and the phase

ϑk ¼ argðαkβke2iωfηf Þ ð117Þ

follow from the matching conditions (112) and (113), as is
extensively discussed, for example, in Refs. [93,94,113].

E. Influence of switching effects on scale invariance

Let us now consider the exponential expansion or power-
law contraction to be embedded as a dynamical region II in
the sense of Fig. 7. To separate these switching effects from
the dispersive effects, we restrict the following analysis to
the acoustic (nondispersive) limit. Accounting for an initial

switch-on at a conformal Hubble rate Hi ≡HðηiÞ via
invoking the boundary condition (112) changes the power
spectrum on final superhorizon scales into

Pψðk; ηfÞ
aiη0

¼ 1

16πkη0
× ½ðJ1ðkη0Þ − 2kη0J0ðkη0ÞÞ2
þ ð2kη0 −Hiη0Þ2J21ðkη0Þ�; ð118Þ

whereHiη0 ¼ 1 (in the expanding case) andHiη0 ¼ −3 (in
the contracting case). The contributions of these finite
values to Eq. (118) leads to oscillations instead of a scale-
invariant plateau as shown in the upper two panels of Fig. 8.
Interestingly, the initial switching reduces power in the
infrared regime for a contracting scenario (or desqueezes
the state [94]) since Hiη0 < 0 as opposed to the expand-
ing case.
Considering a final switch-off at a conformal Hubble rate

Hf ≡HðηfÞ and computing the particle number Nk as well
as the oscillation amplitude ΔN0

k, one finds the results
shown in the lower two panels of Fig. 8, whereHf ≡ eNHi

(in the expanding case) and Hf ¼ eN=3Hi (in the con-
tracting case). Therein, one sees a desqueezing of the state
after the expanding case because Hf enters with a relative
minus sign to Hi in Eqs. (112) and (113) as opposed to the
contracting case; note that the switch-off effect is orders of
magnitude stronger than the switch-on effect due to the
strong blueshift, Hf ≫ Hi.
To realize why the particle number Nk agrees with the

amplitude ΔN0
k, consider that for a strong particle

FIG. 9. Effective mass m2
effðk; ηÞ (top) and the purely dispersive factor k4ξðηÞ2 (bottom) for the linear expansion (left panels) and the

bouncing cusp scenario (right panels). Open parameters are set in accordance with the experiment [62]: in the former case, space
expands by a ratio of af=ai ¼

ffiffiffi
8

p
, whereas it bounces by ab=ai ¼

ffiffiffi
2

p
in the latter case. The initial healing length is set to ξi ¼ 0.12cisΔt

(for the expanding scenario) and to ξi ¼ 1.6cis=ω (for the bouncing scenario), where cisΔt and cis=ω represent characteristic sound (or
particle) horizon scales in terms of the initial sound speed cis, the expansion duration Δt, and the bouncing frequency ω. Distributional
contributions are indicated via arrows.
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production process where jβkj ≫ 1 one can use the sym-
plectic property of the Bogoliubov transformation,
jαkj2 − jβkj2 ¼ 1, to infer that

Nk ¼ ΔN0
k

�
1 −

1

2
jβkj−2 þOðjβkj−4Þ

�
: ð119Þ

F. Deeper dive into experimental realizations

In this final subsection, we utilize the concepts devel-
oped in this work to provide a further detailed theoretical
description of scenarios that were experimentally realized
in Ref. [62].

1. Linear expansion

A linear expansion between initial and final scale-factor
values ai;f corresponds to aðtÞ=ai ¼ 1þH0t where the
constant Hubble rate is H0 ¼ ðaf=ai − 1Þ=ðcisΔtÞ in terms
of the expansion duration Δt. The resulting effective mass
and the purely dispersive term are shown in the left panel of
Fig. 9, where one sees that the latter dominates in the
dispersive regime whereas the former is approximately
constant in the infrared and switches sign toward the ultra-
violet. Figure 10 shows the particle number Nk and the
oscillation amplitude ΔN0

k obtained from a numerical inte-
gration of the mode equation (42) under consideration of the
matching procedure described in Sec. V D. In the acoustic
approximation, zero crossings of the amplitude occur for
modes which satisfy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 −H2

0=4
p

¼ nπ=Δη where n is a
positive integer and Δη ¼ ðcisΔtÞ lnðaf=aiÞ=ðaf=ai − 1Þ is
the final particle horizon. This was explained in terms of a
scattering picture in Refs. [62,94]. Taking into account the
Bogoliubov dispersion, these quantum recurrences of the
initial state becomeminimawhich are narrower spaced since

the phase velocity ck is larger than the speed of sound cs,
which also leads to a weaker signal in total.

2. Bouncing cusps

To increase the magnitude of the particle production
signal, one can consider a cosmological contraction fol-
lowed by an expansion by a ratio ab=ai < 1 via the scale
factor

acuspðtÞ ¼ ½ðab=aiÞ2 − jcosðω0tÞj�−1=2; ð120Þ

with a cusp singularity at the turning point. This has the
advantage that the probability of nonadiabatic transitions is
boosted by the cusp. Periodically continuing such bouncing
cusps with intervals of constant sound speed cs;i ¼ 1=ai in
between (as displayed in Fig. 11) creates a periodic pattern
in the effective mass with periodicity Δηhold ¼ cs;iΔthold
where Δthold is the duration of the holding intervals. The

FIG. 10. Particle number (upper image) and oscillation ampli-
tude (lower image) after a linear expansion scenario.

FIG. 12. Coherent oscillation amplitude after a single (solid
line) and two cycles (dashed line) in both acoustic (green curves)
and Bogoliubov theory (red curves). Note that the signal actually
grows with the amount of cycles, we merely scaled up the single
cycle amplitudes by a factor of 2.5 for better visibility of the
diffractive pattern.

FIG. 11. Temporal profile of a cusp-modulated scale-factor
with ab=ai ¼

ffiffiffi
2

p
for Δthold ¼ 2Δtcusp.
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dynamical evolution of modes is then equivalent to a propa-
gation of waves through a dispersive medium whose elemen-
tary cells have substructure of sizeΔη ¼ R π=ω0

0 dt=acuspðtÞ, as
is shown in the right panel of Fig. 9. Since particle production
can be described as reflection in thatmedium [62,94], a pattern
of minima and maxima develops as a result of Bragg
diffraction of reflected waves which is visualized in
Fig. 12. Therein, it is clearly visible that the single-cycle
amplitude sets an envelope for the multicycle amplitudes
which is related to the Fourier convolution theorem and a
characteristic feature of Bragg diffraction.

VI. CONCLUSION

We have derived an effective field theory for the U(1)-
Goldstone boson of a scalar Bose-Einstein condensate with
time-dependent contact interactions that is consistent with
Bogoliubov theory and mapped it to a superluminal, non-
local quantum field theory on a dispersive, curved spacetime
whose geometry is set by the phase velocity of Bogoliubov
excitations and can be classified as a rainbow geometry.
Assuming a spatially homogeneous background density
profile enabled us to neglect quantum pressure terms,
thereby considerably facilitating the mapping at the expense
of a spatially flat emergent spacetime. Nevertheless, these
developments could also be used as an approximation to the
spatially curved case (with an inhomogeneous background
density) for modes whose wavelength is smaller than the
curvature radius (which is also known as the eikonal
approximation [66] in analogy to the small-wavelength
limit of geometric optics).
In the developed theory, effective Lorentz invariance is

restored on scales larger than the healing length which
serves as an analog of the Planck length, with a modified
dispersion relation assumed for the trans-Planckian regime.
We continued by exploring this framework in a cosmo-
logical setup where the (dispersive) scale factor is identified
with the inverse phase velocity and the comoving frame is
the laboratory frame. The mode equation was transformed
into a parametric oscillator form that features wave-num-
ber-dependent nonadiabatic transitions. The latter originate
from a dynamical, analog Planck length in the comoving
frame or, equivalently, time-dependent interatomic inter-
actions. This scenario is different from ad hoc approaches
to trans-Planckian regimes that only modify the instanta-
neous eigenenergy of a mode.
Subsequently, we discussed aspects of the cosmological

trans-Planckian problem, approached from the perspective
of the BEC-analog simulator. To prepare the discussion, we
compared the time-dependent dispersion (with the dynami-
cal analog Planck length) to the time independent and the
nondispersive case regarding nonadiabaticity. We contin-
ued by describing how a scale-invariant power spectrum of
fluctuations can emerge from an exponential expansion or
power-law contraction in the BEC and estimated the

required parameters to produce such a spectrum within 1
order of magnitude in the micrometer regime, which
resulted in a required number of four to six e-foldings
for an expansion time of about 20 ms (in the expanding
case), whereas the contracting case demands an equivalent
of 15 e-foldings and a contraction time scale on the order of
2 ms; both scenarios clearly lie beyond current experi-
mental capabilities. It followed an investigation of the
sensitivity of scale invariance under the time-dependent
Bogoliubov dispersion with a comparison to the time-
independent case (that has been discussed extensively in
the literature [37–39,42]). The time-dependent case violates
scale invariance in the exponentially expanding scenario
and showcases trans-Planckian damping [92] (see also
Ref. [78] for a discussion in context of a dipolar BEC)
that can be traced back to a reduced density of analog
relativistic states at high energies. The time-independent
case on the other hand preserves scale invariance since the
analog Planck scale and the horizon scale are well separated
[42,91,107] at all times (in contrast to the time-dependent
case). Similar arguments explain the reversed behavior in
the contracting case.
In a final section, we introduced laboratory boundary

conditions in time as typical for a BEC experiment.
Relationships between the nonequilibrium statistical two-
point functions of the canonically normalized, relativistic
field variables and experimentally observable in situ den-
sity correlations were obtained including Bogoliubov
dispersion. We furthermore studied the impact of switching
protocols on the scale-invariant power spectra, where
switch-on processes lead to residual acoustic oscillations
in the power spectrum whose frequency is determined by
the switch-on rate. Depending on a contracting or an
expanding scenario, the switch-off process can lead to
desqueezing and typically is more influential than the
switch-on process due to the strong blueshift.
Finally, we applied the developed concepts to previously

realized experimental scenarios [62], thereby showcasing
the occurrence of Bragg reflection and a suppression of the
particle-production signal relative to the acoustic case,
which surprisingly occurs already at scales well above
the healing length which needs to be taken into account
when, for example, making statements about two-mode
quantum entanglement close to the dispersive regime.
With the present work, we have contributed to the

general discussion of the trans-Planckian problem of
cosmology via an analysis of dispersive effects with a
time-dependent UV cutoff in the comoving frame that is
motivated from the perspective of a BEC-cosmology
simulator with time-dependent contact interactions. This
type of time dependence dynamically disfavors scale
separation between the Hubble horizon and the cutoff
scale in the expanding case but dynamically favors it in
the contracting case, such that the scale invariance of only
the latter is robust to such dispersive effects. We
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furthermore conclude that trans-Planckian damping effects
induced by this time dependence can settle to a another
scale-invariant regime at much lower power in the far UV
spectrum. We also would like to note that trans-Planckian
damping occurred despite the absence of a minimal length
principle (in the context of which it is studied, for example,
in Refs. [78,92]).
The extended framework provides quantitative access to

stronger particle production scenarios whose spectrum can
be measured deeper into the ultraviolet regime which
enables a path toward constructing innovative scenarios
that lie within experimental capabilities and overcome the
described effects that obstruct scale invariance. This may
ultimately lead to an experimental observation of a scale-
invariant power spectrum of an analog relativistic field.
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APPENDIX A: COMPARISON
TO BOGOLIUBOV THEORY

In this Appendix, we compare the field-theory formalism
of Sec. II to the more common Bogoliubov theory in
the operator formalism. First, it will be important to realize
that the fluctuating fields ϕ1;ϕ2 are related to density
and phase fluctuations δn; δθ which are the variables
commonly used in the literature (a nonexhaustive list is
Refs. [66,81,108,115]) and can be introduced here via

Φðt; rÞ ¼ ½n0ðt; rÞ þ δnðt; rÞ�ei½θ0ðt;rÞþδSðt;rÞ�: ðA1Þ

At leading order in both fluctuations, one finds

ϕ1ðt; rÞ ¼ δnðt; rÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0ðt; rÞ

p
; ðA2Þ

ϕ2ðt; rÞ ¼ δθðt; rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0ðt; rÞ

p
; ðA3Þ

after a local gauge transformation Φ → e−iθ0ðt;rÞΦ.
However, since phase fluctuations become ill defined in
the limit n0 → 0, where Eq. (A3) becomes singular, we
work with the fields ϕ1 and ϕ2 in the main text. In the
following, we closely follow Ref. [108].

1. Atomic density correlations

At linear order, the total atomic density operator is
expanded into a background and fluctuating part,

ρ̂ðt; xÞ ¼ ρ0 þ ffiffiffiffiffi
ρ0

p ðδϕ̂þ δϕ̂†Þ: ðA4Þ

The connected equal-time density correlator,

Gρρðt; x; t0; x0Þ ¼ hρ̂ðt; xÞρ̂ðt; x0Þi − hρ̂ðt; xÞihρ̂ðt; x0Þi;
ðA5Þ

can be expanded in Fourier space,

Gρρðt; k; t0; k0Þ ¼
Z

dxdx0e−iðkxþk0x0ÞGρρðt; x; t0; x0Þ

¼ hδρ̂kðtÞδρ̂†k0 ðtÞi; ðA6Þ
where

δρ̂kðtÞ ¼
Z

dxe−ikxδρ̂ðt; xÞ: ðA7Þ

Since ρ̂ðt; xÞ is a Hermitian operator, one has

δρ̂kðtÞ ¼ δρ̂†−kðtÞ: ðA8Þ

In terms of perturbative operators, we have

δρ̂kðtÞ ¼
ffiffiffiffi
N

p
ðδϕ̂kðtÞ þ δϕ̂†

−kðtÞÞ; ðA9Þ

where
ffiffiffiffi
N

p
ensures the fulfillment of the equal-time

commutation relations

½δϕ̂kðtÞ; δϕ̂†
k0 ðtÞ� ¼ δkk0 : ðA10Þ

As a result of both k and −k excitations appearing in δρ̂ðkÞ,
it is indistinguishable to destroy a phonon of momentum k
or to create one with momentum −k. Furthermore, these
two excitations necessarily interfere when performing
density measurements.

2. Collective excitations

The Hamiltonian of the linear perturbations is diagon-
alized by the Bogoliubov transformation

δϕk ¼ ukφ̂k þ v�−kφ̂
†
−k; ðA11Þ

where we introduce the quasiparticle operators φ̂k; φ̂
†
k. The

Bogoliubov coefficients can be parametrized as
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uk ¼ cosh χk; vk ¼ sinh χk; ðA12Þ

with

cothð2χkÞ ¼ −1 − k2ξ2; ðA13Þ

where

ℏ2

2mξ2
¼ λn0 ¼ mc2s : ðA14Þ

In the following, we restrict the analysis to a stationary and
homogeneous system. Additionally, we assume that the
phonon states are statistically homogeneous. As a conse-
quence, the correlations only depend the spatial distance
jx − x0j or absolute values k ¼ jkj in Fourier space.
Moreover, one only has correlations between k and −k.

a. Density fluctuations in the phonon basis

In terms of the quasiparticle operators, the density-
fluctuation operator reads

δρ̂k ¼
ffiffiffiffi
N

p
ðuk þ vkÞðφ̂k þ φ̂†

−kÞ: ðA15Þ

In the quasiparticle ground state, the density correlations
are

Gρρ
vacðkÞ ¼ Nðuk þ vkÞ2; ðA16Þ

whereas in an excited phonon state, one has

Gρρ
excðkÞ ¼ Gð2Þ

vacðkÞð1þ nk þ n−k þ 2Re½cke−iΩkt�Þ; ðA17Þ

where

n�k ¼ hφ̂†
�kφ̂�ki; ck ¼ hφ̂kφ̂−ki ðA18Þ

represent the occupation numbers of and the coherence
between k and −k excitations.

b. Phase fluctuations in the phonon basis

Phase fluctuations can be introduced in the atomic basis
via the operator

δϕ̂ðt; xÞ ¼ δρ̂

2
ffiffiffiffiffi
ρ0

p þ i
ffiffiffiffiffi
ρ0

p
δθ̂: ðA19Þ

In terms of the quasiparticle operators, one has

δθ̂k ¼
ffiffiffiffi
N

p

2iρ0
ðuk − vkÞðφ̂k − φ̂†

−kÞ; ðA20Þ

such that δϕ̂ is the proper conjugate variable to the density
fluctuation δn̂k. In the quasiparticle ground state, the phase

correlations are

Gθθ
vacðkÞ ¼

N
4ρ20

ðuk − vkÞ2; ðA21Þ

whereas for an excited state,

Gθθ
excðkÞ ¼ Gθθ

vacðkÞð1þ nk þ n−k − 2Re½cke−iΩkt�Þ: ðA22Þ

This correlator contains no additional information on the
phonon pair state as the coherent term is merely π-shifted.
The vacuum normalization is the respective inverse of the
density normalization factor as it should be for proper
conjugate variables. These considerations follow from the
useful identities

ðuk þ vkÞ2 ¼
kξffiffiffi
2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
ðkξÞ2

q ¼ Ek

ϵðkÞ ;

ðuk − vkÞ2 ¼
ffiffiffi
2

p

kξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
ðkξÞ2

r
¼ ϵðkÞ

Ek
; ðA23Þ

where

ϵðkÞ ¼ csk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
k2ξ2

r
; Ek ¼

ℏ2k2

2m
: ðA24Þ

APPENDIX B: DERIVATION OF DISPERSIVE
EFFECTIVE MASS

The goal of this Appendix is to absorb the influence
of the time-dependent and dispersive cosmological
background into an effective mass, by transforming away
the Hubble friction term in Eq. (28). To that end, we
rescale

vkðtÞ ¼ fkðtÞψkðtÞ ðB1Þ

and introduce conformal time dη ¼ dt=aðtÞ with respect to
the bare scale factor aðtÞ ¼ 1=csðtÞ such that η is still
equivalent to the sound horizon in the BEC [94]. The mode
equation (28) then takes the form

ψ 00
k þ 2

�
f0k
fk

þ a0k
ak

−
1

2

a0

a

�
ψ 0
k

þ
�
f00k
fk

− 2

�
1

2

a0

a
−
a0k
ak

�
f0k
fk

�
ψk ¼ −k2

a2

a2k
ψk: ðB2Þ

To have a vanishing Hubble friction term, the scaling
function is specified to fulfill

f0kðηÞ
fkðηÞ

þ a0kðηÞ
akðηÞ

¼ 1

2

a0ðηÞ
aðηÞ ; ðB3Þ
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such that the mode equation becomes

ψ 00
kðηÞ þ

�
k2 þm2

effðk; ηÞ þ
1

2
k4ξ2ðηÞ

�
ψkðηÞ ¼ 0; ðB4Þ

with the effective mass

m2
effðk; ηÞ ¼

d
dη

f0kðηÞ
fkðηÞ

−
�
f0kðηÞ
fkðηÞ

�
2

: ðB5Þ

The specific form of the function fk can be obtained by
considering Eq. (35). We can then rewrite Eq. (B3) as

f0kðηÞ
fkðηÞ

¼
�
1

2
− J kðηÞ

�
a0ðηÞ
aðηÞ ; ðB6Þ

which can be integrated to

fkðηÞ ¼ ½aðηÞJ kðηÞ�−1=2 ðB7Þ
and is the (2þ 1)-dimensional version of the mode
rescaling employed in Ref. [92].

1. Acoustic limit

As a consistency check, we find in the infrared regime,
k ≪ kξ, where the dispersion relation (24) is linear and thus
ak ¼ aþOððk=kξÞ2Þ, that

m2
effðk; ηÞ ¼

1

4

�
a0ðηÞ
aðηÞ

�
2

−
1

2

a00ðηÞ
aðηÞ þO

�
k2

k2ξ

�
; ðB8Þ

which coincides with the analysis [94].

2. Ultraviolet limit

In the ultraviolet limit, k ≫
ffiffiffi
2

p
=ξ, the elementary

excitations obey a nonrelativistic, quadratic dispersion
relation and represent individual atoms that are resolved
on small scales k−1 ≪ ξ=

ffiffiffi
2

p
. As it is not possible anymore

to project phonons out of the condensate basis, analog
particle production should cease. Indeed, the phase velocity
becomes

ck ¼
ℏk
2m

þOðℏ2k2=4m2c2s ðtÞÞ: ðB9Þ

Then, the mode equation (28) is a time-independent
harmonic oscillator,

v̈kðtÞ þ
ℏ2k4

ð2mÞ2 vkðtÞ ¼ 0; ðB10Þ

with nonrelativistic dispersion and no time-dependent
frequency, such that quanta can not be excited. The ultra-
violet limit of the effective mass is

lim
k→∞

m2
effðk; ηÞ ¼ −

3

4

�
a0ðηÞ
aðηÞ

�
2

þ 1

2

a00ðηÞ
aðηÞ ; ðB11Þ

which is adiabatically suppressed by the purely dispersive
term k4=k2ξðηÞ in the ultraviolet limit (as visible in Fig. 9).

APPENDIX C: ADIABATIC VACUUM VIA
WKB APPROXIMATION

We recall the well-known WKB solution of a parametric
oscillator with frequency Ωðk; ηÞ that reads

ψWKB
k ðηÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2WkðηÞ
p exp

�
−i

Z
η

ηi

Wkðη0Þdη0
�
; ðC1Þ

where the prefactor ensures canonical normalization and the
quantityWk satisfies thenonlinear differential equation [116]

W2
kðηÞ ¼ Ω2ðk; ηÞ − 1

2

�
W00

kðηÞ
WkðηÞ

−
3

2

�
W0

kðηÞ
WkðηÞ

�
2
�
: ðC2Þ

This equation can be solved iteratively, resulting in an
adiabatic expansion of the mode function where each
iteration is referred to as an adiabatic order [116].
The vacuum associated to a mode function at a certain
adiabatic order is called the adiabatic vacuum. At zeroth
adiabatic order, one has W2

kðηÞ ¼ Ω2ðk; ηÞ, and the mode
adiabatically adjusts to the time-dependent background (an
adjustment local in time). The zeroth-order adiabatic
approximation is valid as long as both the conditions				Ω0ðk; ηÞ
Ωðk; ηÞ

				 ≪ jΩðk; ηÞj;
				Ω00ðk; ηÞ
Ωðk; ηÞ

				 ≪ Ω2ðk; ηÞ ðC3Þ

are fulfilled [117].

APPENDIX D: ANALYTIC MODEL FOR
TRANS-PLANCKIAN DAMPING

Neglecting the wave number dependence of the effective
mass but keeping the time dependence of the healing
length, the mode equation induced by an exponentially
expanding spacetime reads

ψ 00
kðηÞ þ

�
k2 −

νðkÞ2 − 1=4
ðη − η0Þ2

�
ψkðηÞ ¼ 0 ðD1Þ

with

νðkÞ2 ¼ 1 − ðkη0Þ4=σ2i ; ðD2Þ

whose square root we take to have a positive real part in the
following. We also did introduce the initial scale-separation
parameter

σi ¼
ffiffiffi
2

p
η0=ξi ðD3Þ

to conveniently analyze the spectrum as a function of kη0.
The general solution to the mode equation can be written as
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ψkðηÞ ¼
iπ
4

1ffiffiffiffiffiffiffi
2ωi

p
ffiffiffiffiffiffiffiffiffiffiffiffi
η0 − η

η0

r
× ðrJνðkÞ½kðη0 − ηÞ� þ sYνðkÞ½kðη0 − ηÞ�Þ: ðD4Þ

The boundary conditions

ψkð0Þ ¼ 1=
ffiffiffiffiffiffiffiffiffi
2ωin

p
; ψ 0

kð0Þ ¼ −iωinψkð0Þ; ðD5Þ

are solved by

r ¼ ð1 − 2νðkÞ − 2iωiη0ÞYνðkÞðkη0Þ þ 2kη0YνðkÞ−1ðkη0Þ
ðD6Þ

and

s ¼ ð−1þ 2νðkÞ þ 2iωiη0ÞJνðkÞðkη0Þ − 2kη0JνðkÞ−1ðkη0Þ:
ðD7Þ

The power spectrum is

Pψðk; ηÞ
Hkη0

¼ π

64

e−2Nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
ðkξiÞ2

q ðD8Þ

× jrJνðkÞ½kðη0−ηÞ�þ sYνðkÞ½kðη0−ηÞ�j2: ðD9Þ

Let us again evaluate it at final times ηf ¼ η0ð1 − e−NÞ for
modes with 1 ≪ kη0 ≪ eN .

1. Mild ultraviolet regime

As long as ðkη0Þ4 < 1=σ, we have νðkÞ∈R and there-
fore can approximate

YνðkÞðkη0e−NÞ ≈ −
ΓðνðkÞÞ

π

�
kη0e−N

2

�−νðkÞ
ðD10Þ

to find

Pψðk;ηfÞ¼
H
32π

Γ2ðνðkÞÞ
�
kη0
2

�
1−2νðkÞ e−2Nð1−νðkÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðkη0σÞ2
p

×f½ð−1þ2νðkÞÞJνðkÞðkη0Þ−2kη0JνðkÞ−1ðkη0Þ�2
þð2ωiη0Þ2JνðkÞðkη0Þ2g; ðD11Þ

which converges to the nondispersive result (68) in the
infrared regime, kξi ≪ 1, where νðkÞ → 1.

2. Far ultraviolet regime

For ðkη0Þ4 > 1=σi, the order νðkÞ becomes purely
imaginary, νðkÞ∈ iR. This requires us to write the mode
solution in a different basis,

ψkðηÞ¼
iπ
4

1ffiffiffiffiffiffiffi
2ωi

p
ffiffiffiffiffiffiffiffiffiffiffi
η0−η

η0

r
× ðrFjνðkÞj½kðη0−ηÞ�þ sGjνðkÞj½kðη0−ηÞ�Þ; ðD12Þ

with the coefficients

r ¼ −ð1þ 2iωiη0ÞGjνðkÞjðkη0Þ − 2kη0∂xGjνðkÞjðxÞjx¼kη0 ;

ðD13Þ

s ¼ ð1þ 2iωiη0ÞFjνðkÞjðkη0Þ þ 2kη0∂xFjνðkÞjðxÞjx¼kη0

ðD14Þ

and the basis-functions

FνðxÞ ¼
1

2 coshðπν=2Þ ðJiνðxÞ þ J−iνðxÞÞ ðD15Þ

and

GνðxÞ ¼
1

2i sinhðπν=2Þ ðJiνðxÞ − J−iνðxÞÞ

¼ 1

2 coshðπν=2Þ ðY iνðxÞ þ Y−iνðxÞÞ; ðD16Þ

which are numerically stable alternatives to the unmodified
Bessel-functions of purely imaginary order (see Ref. [105]
for the construction by Dunster). They are real for positive
arguments and have similar small-argument asymptotics

FνðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 tanhðπν=2Þ

πν

r
cos ðν lnðx=2Þ − argΓð1þ iνÞÞ;

ðD17Þ

GνðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 cothðπν=2Þ

πν

r
sin ðν lnðx=2Þ − argΓð1þ iνÞÞ

ðD18Þ

as x → 0þ and large-argument asymptotics

FνðxÞ ¼
ffiffiffiffiffi
2

πx

r
cos ðx − π=4Þ; ðD19Þ

GνðxÞ ¼
ffiffiffiffiffi
2

πx

r
sin ðx − π=4Þ ðD20Þ

as x → þ∞. Furthermore, their Wronskian,

∂xFνðxÞGνðxÞ − ∂xGνðxÞFνðxÞ ¼ 2=πx; ðD21Þ

is identical to the Wronskian of the unmodified Bessel
functions. In the regime kη0 ≪ eN , we can use the small-
argument asymptotics given by Eqs. (D17) and (D18) to
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write the power spectrum as

Pψ ðk; ηfÞ
Hkη0

¼ e−2N

64jνðkÞj
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðkη0σÞ2
p

×

				tanh�12 πjνðkÞj
�
r cosðφkÞ

þ coth

�
1

2
πjνðkÞj

�
s sinðφkÞ

				2; ðD22Þ

where [105]

φk ¼ jνðkÞj ln
�
1

2
e−Nkη0

�
− argΓð1þ ijνðkÞjÞ: ðD23Þ

For modes that are well superhorizon finally, kη0 ≫ 1, the
order jνðkÞj ≈ ðkη0Þ2=σi becomes large such that we can
further simplify

Pψðk; ηfÞ ¼
Hσie−2N

64jνðkÞj jr cosðφkÞ þ s sinðφkÞj2: ðD24Þ

To approximate the coefficients r and s, we have to take
into account that both the argument kη0 and the order jνðkÞj
of the remaining Bessel functions becomes large. This kind
of situation can be handled by the uniform asymptotic
expansion that has been derived recently by Dunster [106].
According to Dunster, one has

jJijνjðjνjxÞj ∼
exp ð1

2
jνjπ þOðjνj−2ÞÞffiffiffiffiffiffiffiffiffiffi

2πjνjp ðx2 þ 1Þ1=4 ; ðD25Þ

and

arg JijνjνjðjνjxÞ ∼ jνjρðxÞ − π

4
þOðx−3Þ; ðD26Þ

for jνj ≫ 1, uniformly in x∈ ð0;∞Þ, where

ρðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1

p
− ln

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1

p

x

�
ðD27Þ

and ∼ denotes asymptotic equivalence. We directly infer
that

FνðνxÞ ∼
ffiffiffiffiffi
2

πν

r
ðx2 þ 1Þ−1=4 cos

�
νρðxÞ − π

4

�
; ðD28Þ

GνðνxÞ ∼
ffiffiffiffiffi
2

πν

r
ðx2 þ 1Þ−1=4 sin

�
νρðxÞ − π

4

�
; ðD29Þ

according to the definitions (D15) and (D16). Applied to
the present case, this means that we can take

Fðkη0Þ2=σiðkη0Þ ∼
ffiffiffiffiffiffi
2

πσ

r
ðkη0Þ−1 cosðμkÞ; ðD30Þ

Gðkη0Þ2=σiðkη0Þ ∼
ffiffiffiffiffiffi
2

πσ

r
ðkη0Þ−1 sinð−μkÞ; ðD31Þ

where

μk ¼
ðkη0Þ2
σi

lnð2kη0Þ; ðD32Þ

to approximate the coefficients r and s at leading order in
1=ðkη0Þ. As a result, we have

r∼

ffiffiffiffiffiffiffi
2

πσi

s
ð2ikη0ÞsinðμkÞ; s∼

ffiffiffiffiffiffiffi
2

πσi

s
ð2ikη0ÞcosðμkÞ;

ðD33Þ

and therefore find the constant value

Pψðk; ηfÞ ¼
Hσi
4π

e−2N; ðD34Þ

where we averaged over the rapidly oscillating phases μk
and φk.

APPENDIX E: DENSITY CORRELATIONS:
ACOUSTIC AND ULTRAVIOLET LIMITS

1. Infrared (acoustic) limit

The relation (102) between the density-density correla-
tions Gnn and the power spectrum SðkÞ reduces to

Gnnðt; LÞ ¼
ℏaf
mn0

Z
k
J0ðkLÞkSðkÞ; ðE1Þ

which coincides with the acoustic result [93].

2. Ultraviolet limit: Shot noise

As a consistency check, let us apply this limit to
Eq. (102) for the density correlation function. As a
consequence of absent quasiparticles, the limit of the
excitation spectrum assumes the value SðkÞ ≃ 1=2 and
becomes static. From the integrand of Eq. (102), we can
read off that

hδcðkÞδcðk0Þi ¼
ℏaf
mn0

kSðkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
k2ξ2f

q δðkþ k0Þ; ðE2Þ

which in the limit of large momenta kξf ≫ 1 and k0ξf ≫ 1
can be approximated to
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hδcðkÞδcðk0Þi ≃
1

n0
δðkþ k0Þ ðE3Þ

or in terms of connected density fluctuations

hnðkÞnðk0Þic ¼
N
V
δðkþ k0Þ; ðE4Þ

where we set n0 ¼ N=V, with N as the particle number and
V as the volume of the atomic cloud. Thus, the density
fluctuations obey a shot noise spectrum ΔN ≃

ffiffiffiffi
N

p
in the

ultraviolet regime, as expected from considering that for
high wave numbers the kinetic energies of the atoms
surpass the interaction energies by far, resulting in an
equivalence to an ideal Bose gas. To realize why one
expects a shot noise spectrum in the ultraviolet limit of the
latter, let us consider a homogeneous, ideal Bose gas
contained in a volume V. The effective bosonic field Ψ
is quantized via the mode expansion [118]

ΦðxÞ ¼
X
k

ϕkðxÞâk; ϕkðxÞ ¼ expfik · xg=
ffiffiffiffi
V

p
; ðE5Þ

where one has the well-known commutation relations

½ΦðxÞ;Φ†ðyÞ� ¼ δðx − yÞ;
½ΦðxÞ;ΦðyÞ� ¼ ½Φ†ðxÞ;Φ†ðyÞ� ¼ 0: ðE6Þ

The two-point density correlations in the atomic gas can be
computed from the expectation values

hnðxÞnðyÞic ¼ hnðxÞnðyÞi − hnðxÞihnðyÞi;
hnðxÞnðyÞi ¼ hΦ†ðxÞΦ†ðyÞΦðyÞΦðxÞi;

hnðxÞi ¼ hΦ†ðxÞΦðxÞi; ðE7Þ

which are taken in the state that is annihilated by âk from
Eq. (E5). For the connected density two-point function, one
finds [118]

hnðxÞnðyÞic ¼
X
k;k0

hâ†kâk0 â†k0akiϕ�
kðxÞϕk0 ðxÞϕ�

k0 ðyÞϕkðyÞ;

ðE8Þ

where one has

â†kâk ¼ n̂k; âkâ
†
k ¼ n̂k þ 1; ðE9Þ

in terms of the number-density operator n̂k. Assuming
that the system is in the noncondensed phase enables
us to replace

P
k → V

R
k for a sufficiently large volume V

(the condensed case is, for example, discussed in
Refs. [119,120]). We then find [118]

hnðxÞnðyÞic ¼
N
V
δðx − yÞþ

				 Z
k
eik·ðx−yÞhn̂ki

				2; ðE10Þ

where we set hnðxÞi ¼ N=V. Taking a Fourier transform,
we find

hnðkÞnðk0Þic ¼
N
V
δðkþ k0Þ þ

Z
q
hn̂qihn̂kþqiδðkþ k0Þ;

ðE11Þ

where the first term represents shot noise and the second
term represents autocorrelations. If the Bose gas is in
thermal equilibrium, hn̂qþki is the Bose-Einstein distribu-
tion, which decays exponentially as jkj → ∞, such that
only the shot-noise term remains in the ultraviolet limit.
In this section, we focussed on the case of an ideal gas,

which is appropriate in the ultraviolet limit. The nonideal
case can be found, for example, in Refs. [120,121] and
references therein.

APPENDIX F: THERMAL STRUCTURE FACTOR

An introduction to the spectral methods employed in this
section can be found in chapter IVof Ref. [110], where also
the following calculation is carried out in a similar manner.
The connection between the full quantum field of the
condensate Φ and the full condensate density n is given by
the relation

nðt; u;φÞ ¼ jΦðt; u;φÞj2

¼ n0ðuÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0ðuÞ

p
ϕ1ðt; u;φÞ

þ 1

2
ϕ2
1ðt; u;φÞ þ

1

2
ϕ2
2ðt; u;φÞ; ðF1Þ

where we considered the background field ϕ0 ≡ ffiffiffiffiffi
n0

p
, ϕ1

and ϕ2 to be real after some local Uð1Þ gauge trans-
formation. When we take the expectation value of the full
condensate density hnðt; u;φÞi, the second term in Eq. (F1)
drops out, because it is linear in fluctuations.
Let us now determine the spectral density Δρ

abðℏω; kÞ in
the present situation for the fields ϕ1 and ϕ2. In momentum
space, the quadratic action becomes

Γ½ϕ1;ϕ2�

¼
Z

dω
2π

d2k
ð2πÞ2

�
−
1

2

�
ϕ̃1 ϕ̃2

�
G̃−1ðω;kÞ

�
ϕ̃1

ϕ̃2

��
; ðF2Þ

with the inverse propagator

G̃−1
abðℏω; kÞ ¼

� ℏ2k2
2m þ 2λn0 −iℏω

iℏω ℏ2k2
2m

�
ðF3Þ

such that
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G̃abðℏω; kÞ ¼
1

−ℏ2ω2 þ ℏ2ω2
BðkÞ

� ℏ2k2
2m iℏω

−iℏω ℏ2k2
2m þ 2λn0

�
;

ðF4Þ

where we introduced the celebrated Bogoliubov dispersion
relation

ℏωBðkÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
ℏ2k2

2m
þ 2λn0

�
ℏ2k2

2m

s
ðF5Þ

as the pole of the propagator,

det G̃−1ðℏωB; kÞ ¼ 0: ðF6Þ

The spectral function follows from this as

Δρ
abðℏω; kÞ ¼ −iG̃abðℏωþ iϵ; kÞ þ iG̃abðℏω − iϵ; kÞ:

ðF7Þ

To evaluate this, one needs the identity

1

x� iϵ
¼∓iπδðxÞ þ P:V:

�
1

x

�
ðF8Þ

and −ðℏω� iϵÞ2 ¼ −ω2 ∓ iϵsignðωÞ, which results in the
spectral function

Δρ
abðℏω; kÞ ¼ 2πδðℏ2ω2 − ℏ2ω2

BÞsignðωÞ

×

� ℏ2k2
2m iℏω

−iℏω ℏ2k2
2m þ 2λn0

�
: ðF9Þ

One can now determine the static structure factor as

SabðkÞ ¼ ℏ
Z

∞

−∞

dω
2π

�
1

2
þ nBðℏωÞ

�
Δρ

abðℏω; kÞ

¼ ℏ
2

Z
∞

−∞
dω cothðjℏωj=2Þδðℏ2ω2 − ℏ2ω2

BðkÞÞ

× signðℏωÞ
� ℏ2k2

2m iℏω

−iℏω ℏ2k2
2m þ 2λn0

�
; ðF10Þ

where we used

1

2
þ nBðℏωÞ ¼

�
1

2
þ nBðjℏωjÞ

�
signðℏωÞ

¼ 1

2
coth

�jℏωj
2

�
signðℏωÞ: ðF11Þ

One further observes that the off-diagonal terms iℏω do not
contribute to the static structure factor, because they are
odds with respect to ℏω → −ℏω while the rest of the
integral is even. Otherwise, one can perform the frequency
integration using the Dirac deltas with zero crossings are
ℏω ¼ �ϵk, which gives

SabðkÞ ¼
1

2
coth

�jℏωj
2

��
Ek=ϵk 0

0 ϵk=Ek

�
; ðF12Þ

with

ϵk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ2k2

2m

�
ℏ2k2

2m
þ 2λn0

�s
; Ek ¼

ℏ2k2

2m
: ðF13Þ

In terms of the healing length ξ ¼ ℏ=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2mλn0

p
and the

speed of sound c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
λn0=m

p
, one can introduce the phase

velocity ck ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2jkj2=2

p
, such that the Bogoliubov

energy can be written as

ϵk ¼ ℏckjkj ¼ ℏcjkj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2jkj2=2

q
; ðF14Þ

and also

Ek

ϵk
¼ ξkffiffiffi

2
p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1
2
k2ξ2

q ;
ϵk
Ek

¼
ffiffiffi
2

p

kξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ1

2
k2ξ2

r
: ðF15Þ

The components of the matrix are identical to expressions
obtained from invoking a Bogoliubov transformation
between the atom and the phonon basis as one can see
from Eqs. (A16), (A21), and (A23).
The leading terms in the acoustic approximations as well

as their corrections are now clear to see. In particular, we
find for the Fourier transform of the density correlation
function

SnnðkÞ ¼ 2n0S11ðkÞ

¼
ffiffiffi
2

p
n0

�
1

2
þ nBðEkÞ

�
ξjkjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2jkj2

2

q : ðF16Þ
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