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Superluminal modes in a quantum field simulator for cosmology
from analog trans-Planckian physics
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The quantum-field-theoretic description for the U(1)-Goldstone boson of a scalar Bose-Einstein
condensate with time-dependent contact interactions is developed beyond the acoustic approximation
in accordance with Bogoliubov theory. The resulting effective action is mapped to a relativistic quantum
field theory on a dispersive (or rainbow) cosmological spacetime which has a superluminal Corley-
Jacobson dispersion relation. Time-dependent changes of the s-wave scattering length to quantum-simulate
cosmological particle production are accompanied by a time-dependent healing length that can be
interpreted as an analog Planck length in the comoving frame. Nonadiabatic transitions acquire a dispersive
character, which is thoroughly discussed. The framework is applied to exponentially expanding or power-
law contracting (2 + 1)-dimensional spacetimes which are known to produce scale-invariant cosmological
power spectra. The sensitivity of these scenarios to the time dependence of the Bogoliubov dispersion is
investigated: We find a violation of scale invariance via analytically trackable trans-Planckian damping
effects if the cutoff scale is not well separated from the horizon-crossing scale. In case of the exponential
expansion, these damping effects remarkably settle and converge to another scale-invariant plateau in the
far ultraviolet regime where nonadiabatic transitions are suppressed by the high dispersion. The developed
framework enables quantitative access to more drastic analog cosmological scenarios with improved
predictability in the ultraviolet regime that ultimately may lead to the observation of a scale-invariant

cosmological power spectrum in the laboratory.
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I. INTRODUCTION

Effective field theories (EFTs) for (linearized) perturba-
tions in condensed matter systems exhibit structural analogies
to quantum field theories on curved spacetimes (QFTCS)
that can be utilized to perform analog quantum simulations
of hallmark phenomena such as Hawking radiation [1,2],
cosmological particle production [3], black-hole superra-
diance [4,5], or the dynamical Casimir-effect [6,7] (consider
Refs. [8—11] for recent reviews on this field of research).

What happens when the aforementioned phenomena
exceed the range of validity of the EFT from which they
are derived is a nontrivial question. For instance, the
formalism of QFTCS that underlies both Hawking radia-
tion and inflationary particle production [12—14] (or alter-
native bouncing scenarios [15-17]) is expected to break
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down on scales close to or below the Planck length, the so-
called trans-Planckian scales, where quantum-gravitational
effects need to be taken into account. However, the outcome
of both processes (asymptotic thermal radiation in the black-
hole system or a scale-invariant spectrum in case of primor-
dial cosmology) relies on modes that become strongly
gravitationally blueshifted into the trans-Planckian regime
when traced back to their origin (the event horizon in the
black-hole case or the initial causally connected patch in the
cosmological case) which led to concerns regarding their
viability [18,19]. Nevertheless, recent measurements of the
Cosmological Microwave Background [20] still confirm an
almost scale-invariant spectrum of cosmological perturba-
tions and therefore the cosmological EFT.

A phenomenological approach to analyze these so-
called trans-Planckian problems (reviewed among others
in Ref. [21]) consists of imposing a modified dispersion
relation (MDR) which deviates from linearity above some
cutoff momentum to model Lorentz-invariance violations
(LIVs) which characteristically arise in quantum gravity
models such as Horava-Lifshitz gravity [22-26] or Einstein-
Zether gravity [27,28] (the tight constrains on such LIV are
discussed in Ref. [29]). Inspired by the subluminal dispersion
relation of his condensed-matter analog [30], Unruh carried
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out a pioneering numerical study [31] that was investigated
analytically and generalized in Ref. [32]. These develop-
ments led Corley and Jacobson to analyze the issue via the
lowest-order (quartic) expansion of a subluminal dispersion
relation [33] and later on the corresponding superluminal
form [34] (consider Ref. [35] for a review on these early
developments).

For these models, the trans-Planckian problem of
cosmology was analyzed by Martin and Brandenberger
[36—40] and Niemeyer and Parentani [41,42], who found a
preservation of scale-invariance if the Hubble horizon is
well separated from the cutoff scale [42-44] (or equiv-
alently adiabatic evolution in the ultraviolet [21,36,42,45]).
Similar concepts also showed a robustness of the Hawking
effect for radiation from black holes if the surface gravity is
well separated from the cutoff scale [46—48]. However,
there are also physically plausible constructions that violate
these criteria [40,46,49] such that the MDR-approach
does not seem to entirely resolve the original issues
which arguably only a full theory of quantum gravity with
phenomenological prowess could achieve.

In recent years, the condensed matter systems that
inspired the MDR approach [43] found success as simu-
lators for dynamics in curved spacetime [50-64], such that
the lessons and techniques obtained from dispersive field
theory are still applied to this day [65—78] where consid-
erable interest also stems from their potential as table-
top testing grounds for quantum gravity phenomenology
[23-25,79-82]. As a result of the MDR in the analog
quantum simulators, the emergent spacetime itself is
modified, which leads to a so-called rainbow spacetime
[83—85] whose geometry and symmetries were discussed
in further detail [86]. Recently, a study on analog trans-
Planckian cosmology using MDRs occurring in dipolar
Bose-Einstein condensates has been conducted [78] with an
emphasis on the minimal length principle [87-92].

Motivated by these considerations, we generalize the
theoretical description of the quantum field simulator for
cosmology introduced in Refs. [61,93] from the acoustic
regime [94] to the dispersive regime by accounting for the
full Bogoliubov dispersion relation (which is analog to a
first-order expansion of a generic superluminal MDR). Our
theoretical findings were previously compared to exper-
imental results by the Oberthaler group [62].

The remainder of this paper is organized as follows. In
Sec. II, we derive an effective field theory for the U(1)
Goldstone boson and its conjugate momentum in full
Bogoliubov theory under the assumption of a time-
dependent, homogeneous background. In Sec. III, the
effective field theory is interpreted as a quantum field
theory on a dispersive, cosmological spacetime, and prop-
erties of the quantum mode evolution are discussed in terms
of a dispersive, parametric oscillator. We furthermore
contextualize the time-dependent Bogoliubov dispersion
relation with common modifications of dispersion relations

in the literature including a quantitative perspective on
(non)adiabaticity. In Sec. IV, we theoretically analyze the
implications of the Bogoliubov dispersion relation on the
emergence of scale invariance via an analog exponential
expansion or power-law contraction. In Sec. V, we intro-
duce laboratory boundary conditions and examine out-of-
equilibrium field correlations in context of in situ density
measurements. The impact of these boundary conditions on
scale-invariant power spectra is discussed, and previous
experimental scenarios [62] are analyzed via the concepts
developed in this work. We formulate some conclusions
in Sec. VL

We use the following abbreviation for real-space and
momentum-space integrals:

[ =] e AE/@d:;z [=["%

II. BEYOND THE ACOUSTIC APPROXIMATION

In this section, we extend the field-theory methodology
of Ref. [93] beyond the acoustic approximation. For a
comparison to full Bogoliubov theory in the operator
formalism, which is oftentimes used in the literature,
consider Aappendix A.

A. Condensate background

An effectively two-dimensional Bose-Einstein conden-
sate with repulsive contact interactions can be described in
the dilute regime by the effective action [95]

ro]— / dtdzx{hcl)*(t,x) {i%—Vext(t,x)}CD(t,x)

o ) 2
—%VCD (t,X)VCD(t,x)—T[CI) (1,x)D(1,x)] }

(2)

It is convenient to split the field @ into a background part
¢ and a fluctuating part parametrized by two real fields ¢,
and ¢,, such that

®(1,r) = do(t.7) + —=[¢1 (t.7) +idha (7)) (3)

1
\/z
The background field is specified as a solution to the Gross-
Pitaevskii equation [96],

0 h?
lh&ﬁbo = (—ﬁV2+V+ﬂ|¢O|2>¢O, (4)

and corresponds to a condensate mean field, which is
discussed in further detail in Ref. [93]. In terms of the
Madelung representation [97],
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hol,r) = \/no(,r) exp{iy(z,r)}, (5)

the Gross-Pitaevskii equation (4) is equivalent to a pair of
hydrodynamic equations involving the background particle
number density ny(t,r) = |¢o(t,r)|> and the background
phase y(t,r). More concretely, one finds the continuity
equation

0 = 0,ny + V(nyv) (6)

and the Euler equation
m
0:h0,90+V—|—ﬂn0+5v2+q, (7)

where we introduced the superfluid velocity via

h

and consider the quantum pressure term

_ Vg
 2m mp

in (7), which allow us to be beyond the acoustic approxi-
mation. Note that ¢ in Eq. (9) is of second order in #, as
well as in spatial derivatives, such that it is expected to be
subleading for sufficiently smooth density.

©)

B. Effective theory for fluctuations

Expanding the effective action I'[®] up to second order
in the fluctuating fields, T[®] = Ty[¢pho] + Ta[h1, o] (see
more details in Ref. [93]), one finds

1 h2
Fzz/’x{zd)z(zmvz+4)¢z
! 22 i V2
+§¢1(— "04‘% +61>¢1
1
= [0 + (- ¥+ 5V 0] | (10

upon utilizing the Euler equation (7).

Since we want to calculate the dispersive extension
to the analog cosmological metric calculated in Ref. [93],
we restrict to a stationary background flow, v =0.
Furthermore, we assume a homogeneous background
density, ny(r) = fiy. This substantially simplifies the inclu-
sion of dispersive effects since the quantum pressure still
vanishes at the background level, ¢ = 0. Invoking these
assumptions, the fluctuating fields ¢»; and ¢, are described
by the quadratic action

h2
I, = / {¢2hat¢l +4—¢2V2(/’2
rx m

+1¢ h2V2 20ng | ¢ (11)
= —V°—2Jn
P\ 3, 0 |P1
and evolve according to the linearized equations of motion
h2
2hngy — %Vzﬁbl + ho,py =0, (12)
and
h2
hoby + 5— Vi = 0. (13)
2m

C. Quantization and mode dynamics

The conjugate momentum fields of ¢; and ¢, are
obtained as

) B B
m(t,x) = S (x) —nhg, (1, x), (14)
) B B

Hence, ¢, and ¢, are conjugate field variables. With the
splitting in Eq. (3) and for ¢y €R, they can be interpreted
as density and phase fluctuations (see more details in
Appendix A). Therefore, we can quantize both fields in
terms of a single set of annihilation and creation operators

a; and &Z. To that end, we employ the mode expansions

hi(t.x) = [l (04 + aw (e
(1. x) = /{ v (1)e** + ajvi (1)e~ k] (16)

and demand the operators to obey the bosonic commutation
relations

oy, &) = 6(k — k'),

. ap] = [ay. 4l =0, (17)

which in turn enable the equal-time canonical commutation
relations

[2(1,), 72 (2. y)] = ihS(x —y), (18)

[2(2,%), o (1.y)] = [ma2(1, %), 72(1,9)] = 0, (19)

if the normalization constraint,
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wi(0)vi (1) = v (wi (1) =1, (20)

is fulfilled. This constraint is preserved by the evolution
equations

howi(t) = Exv(t), (21)
()
(1) = H vy o), 22)

k

where we introduced

ex(t) = hay(1), E, = ey (23)

with the Bogoliubov dispersion relation

th 2
wi (1) = 3 ()k* + (ﬁ> , (24)
and the squared speed of sound
(1) =m0 (25)
m

For our further discussion,
Bogoliubov modes

the phase velocity of

wy (1)
k

con(t k) = = c,(1)y/ 1 +%k2§2(t) (26)

and the healing length

__h
V2mey(1)

will play a central role. The latter is a characteristic length
scale below which excitations lose their collective character
and rather represent individual atoms. Throughout all
numerical evaluations of dispersive effects in this work,
we assume the atomic mass in Eq. (27) to be given by °K
(corresponding to the Bose-Einstein condensate (BEC)
used in Ref. [62]).

&(r) = (27)

II1. DISPERSIVE EFFECTS IN
EMERGENT SPACETIMES

The concepts developed so far provide a bona fide
framework to study the evolution and correlations of the
nonrelativistic quantum fields in the BEC. There exists,
however, an alternative geometric formulation that bears a
strong resemblance to relativistic quantum field theory
which shall be laid out in the following.

A. Dispersive metric

In the dynamical system (21) and (22), one can eliminate
the mode wy(7) in favor of the time-derivative i, (7),
resulting in

éph(tv k)

i}k(t) - chh(ty k)

i (1) + ey (1, k)P0, (1) = 0. (28)

This mode elimination can be realized on the level of the
effective action (11) by integrating out ¢; in Fourier space.
One finds

72 1
I Iﬁ/dll{maﬁbz(ﬁ —k)o,¢,(t.k)
Ryt —R)h k)} (29)

as the effective action of phase fluctuations in the BEC,
whose velocity and momentum only depend on the
absolute value k = |k| due to the spatially homogeneous
background.

Introducing the rescaled field ¢ = ¢,/+v/2m and the

operator
~ )
0, = (-fk) : (30)

this effective action assumes a form resembling a relativ-
istic theory,

I, = _%Z/dt/k V/g(t, k)g™(t, k)5ﬂ¢([’ _k)5D¢(t’k)’

(31)
with the dispersive metric
(b " Vot k) =2, (1.k
tk)= , t,k)=c% (1.k).
900= (g oigr, ) VAR=GuleD
(32)

Note that, due to the wave number dependence of the
metric, the effective action (31) describes a nonlocal theory
as one can show explicitly by transforming back to real
space. The wave-number-dependent, geometric structure
can be interpreted by tracing wavefronts of constant phase
that propagate according to the Bogoliubov dispersion
relation w?(r) = ¢, (k, 1)k*, which translates into a null

condition,
gﬂ,,(t, k)k“k* =0, (33)

for the 4-momentum k* = (w, k)T. Note that Eq. (33) is in
general not invariant under (analog) Lorentz transforma-
tions, k* — AJk”, such that the laboratory system defines a
preferred frame of reference. On scales where k&/v/2 < 1,
however, we have ¢, (1, k) = ¢(1) + O(k*&%) such that
Eq. (33) becomes Lorentz invariant on these scales. In that
sense, the healing length & functions as an analog Planck
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Dispersion relation
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FIG. 1. Modified dispersion relation in the quantum field

simulator (dashed line) compared to the nondispersive lightlike
case (solid line).

length [98] below which Lorentz-invariance is broken
and replaced by a nonlocal theory with a superluminal
(or supersonic) dispersion relation (see Fig. 1 for a
visualization). The described analog spacetime structure
is also known as rainbow metric [66] and has been shown
to admit a formulation in terms of a Finsler geometry
[86] (see Ref. [85] for a study on geodesics in such
geometries).

B. Quantization on dispersive, cosmological spacetime

The metric (32) can be brought into a form that is
suitable to describe a cosmological spacetime (i.e., a
dynamic, homogenenous and isotropic space) but with a
wave-number-dependent scale factor

ax(t) = ¢3 (1.K), (34)

with which we will work in the following, bearing in mind
that all statements can be equivalently made from (or
translated to) the perspective of Bogoliubov excitations in a
BEC with time-dependent contact interactions.

The form of Eq. (28) is equivalent to a mode equation of
a massless Klein-Gordon field, which is minimally coupled
to such a spacetime evolving dynamically with scale factor
a; where each mode experiences a different expansion (or
contraction) rate. In accordance with Eq. (34), we can write
the dispersive scale factor as

alr) = ——20 (35)
1+1K2E(n)
where
at) = lim ay (1) = 511 (36)

is the scale factor of the acoustic metric derived
in Ref. [93].

For completeness, let us also mention that the conjugate
momentum of the relativistic field ¢ = ¢,/+/2m is related
to ¢; via

o,

)

nai(1,—k) = —v2mhe, (1, k),
(37)

as one would expect. The quantization of ¢; and ¢, is thus
equivalent to quantizing ¢ and 7 according to the momen-
tum-space equal-time commutation relation

[p(t, k), n(t,k")] = ihs(k + k'), (38)

with the mode v, being subjected to the canonical nor-
malization constraint

ha%(vki)z — ;) =1, (39)

which is equivalent to the normalization condition (20)
upon mode elimination and a generalization of the usual
Wronskian determinant of cosmological scalar fields [93]
to the case of a dispersive spacetime described by the scale
factor a;(t).

C. Dispersive parametric oscillator

The goal of this section is to transform the mode
equation (28) into a parametric oscillator for convenience.
To that end, we rescale

W) =[O T P, (40)
where
7=ty = (13eem)” @

arises as a consequence of the modified canonical volume
form in Eq. (31) and captures the reduction in number of
phase-space degrees of freedom [92].

Furthermore, we introduce conformal time dy = dt/a(¢)
with respect to the bare scale factor a(¢) such that # is still
equivalent to the sound horizon in the BEC [94]. The mode
equation (28) then takes the form

wi(n) + Qg (k.mwi(n) =0, (42)

with the effective Bogoliubov frequency

Q3 (k.n) = K2/ T (n) + m2 (k. n) (43)

and the effective mass
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> _ a1 (la()Ti(m)]"\?
ek ) = = T +4<awxnw>> 44

(see Appendix B for a detailed derivation).

To clarify the notion of an effective mass, consider that
Eq. (43) has the form of an energy-momentum relation,
E? = k* + m?, but with the effective mass being generated
by the time dependence of 7a and one has k* — k?/ 7
because of the dispersion.

The splitting of terms in the effective frequency (43) is
also motivated from the effective mass being responsible
for nonadiabatic transitions [99], whereas the modes can
adiabatically adjust to k*/J;(n). The magnitude of the
former depends on the rate of change in spacetime (or the
laboratory parameters in the simulator) and becomes
adiabatically suppressed in the high-momentum regime
K2/ T () > m2; as we will show with explicit examples
later on.

Moreover, the magnitude of nonadiabatic transition is
wave-number dependent in the first place since the cutoff
scale (or comoving analog Planck length) &(5) is time
dependent. More explicitly, the effective mass has the form

2 _ 13K m)/A -5k — 1 (a'(n))?

k) = = B /P @mﬁ

_11=K&m)/2 (d"(n)
21+H8mvz(mm>’ (45)

where we have used the time dependence of J(n). Put
differently, if £ would be time independent, the effective
mass (B5) would be wave-number-independent such that
the dispersive effects only influence the mode by its
instantaneous eigenenergy in Eq. (42) as is also the case
for the ad hoc modifications studied in Refs. [36-42]. The
physical reason underlying the time dependence of &(#)
[and thus J;(n)] is the time-dependent atomic interactions
in the BEC. This places the BEC automatically in the frame
comoving with the analog cosmos, which is also the
preferred frame in which Eq. (33) holds and where the
Lorentz-invariance-violating physics need to be evaluated.
As a consistency check, consider the infrared and
ultraviolet limit: in the infrared limit where 7, becomes
time-independent, one finds the standard result [94],

L) 1 (@)
(i) =30+ () - 9

In the ultraviolet limit, the mode equation is a harmonic
oscillator with a quadratic, nonrelativistic dispersion where
the effective mass is adiabatically suppressed, as one would
expect (see details in Appendix B).

D. Time-dependent dispersion and nonadiabaticity

In this section, we analyze the significance of the
dispersive effects and contextualize with the literature
[36-42]. Therein, it is common to write the effective
frequency as

Qf(k.n) = a*(n)F*(k/a(n)) + mg:(k = 0.n),  (47)

where the form function F specifies the modification of the
dispersion relation as a function of the physical wave
number k/a (i.e., the one that is subjected to redshift by an
expanding space) and is required to become linear in the
nondispersive regime. In fact, F can be considered as an
effective physical wave number, which is specified as a
function of the bare physical wave number k/a [100]. For
example, F can be a quartic polynomial that is either curved
subluminally or superluminally, as is the case for the
Corley-Jacobson dispersion relation [33,34], or a hyper-
bolic tangent in the case of Unruh [31]. In the context of the
mode equation in this work (42), we would therefore
introduce

2 2
%wwng%)+%f, (48)

such that
Q% (k,n) = a*(n)Fi(k,a) + m2;(k,n). (49)

At this point, we want to highlight two key differences of
the effective frequency (43) relative to form (47) that stem
from the time dependence of &():

(i) The effective mass in Eq. (43) (and thus the
probability for nonadiabatic transitions [99]) is wave
number dependent as we discussed in Sec. III.

(i) The instantaneous mode eigenenergy k* + £ &% (n)k*
is time dependent since &(n) = Eya(n)/ay. As an
immediate consequence, the function Fy defined in
Eq. (48) cannot be written as a function of the (bare)
physical wave number k/a alone.

As a comparison, consider the case where the healing
length would be constant in time, & = &, leading to

F2o(k/a(n)) = (a(kn)>2 +a%2§3 (a(kﬂ)>4, (50)

which agrees with the superluminal Corley-Jacobson
dispersion relation [37,39,42] and can be written as a
polynomial function solely depending on the physical
momentum k/a.

For a quantitative analysis of these effects, let us consider
the nonadiabaticity parameter [21]
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1/2

1Q%(k,n) (s

antion) = (i) = sm

which, when ay < 1, indicates that the mode function
adiabatically adjusts to the effective frequency and remains
in a Wentzel-Kramers-Brillouin (WKB)-form (which is
also known as the adiabatic vacuum; see Appendix C for
details). In contrast, when a; > 1, nonadiabatic transitions
are highly probable, and particle production is strong
(consider Ref. [99] for a link of these concepts to the
adiabatic theorem of quantum mechanics).

As an exemplary case study, let us consider a linearly
expanding scenario (to be discussed in further detail in
Sec. V) and compute the nonadiabaticity parameter (51) for
the time-dependent Bogoliubov dispersion (43). As a
proper reference, let us perform the same task for a
time-independent Bogoliubov dispersion,

lei,o(kv n = az(n)F%qO(k/a) + mesz(k =0,7), (52)

where we impose the standard Friedmann-Lemaitre-
Robertson-Walker (FLRW) effective mass in (2 + 1) dimen-
sions, which is given by m2(k = 0, ) [cf. Eq. (45)] and use
a dispersion relation of the form (50). To have a non-
dispersive reference, we also consider

Qi (k.n) = k2 + m:(k = 0.7). (53)

which is the familiar nondispersive FLRW case.

In Fig. 2, we show the nonadiabaticity parameter for the
time-dependent Bogoliubov case (upper image) and take its
ratio to the time-independent Bogoliubov case (center image)
and acoustic case (lower image). In the Bogoliubov case, we
observe throatlike trajectories of high (low) nonadiabaticity
in blue (red). Relative to the time-independent case, there are
lines of high nonadiabaticity in the ultraviolet which move
toward lower wave numbers due to redshift, which can be
explained via the dynamics of £(#). At the critical (final)
wave number k&; = 1, the Bogoliubov dispersion relation
becomes adiabatic relative to the nondispersive case as
one can conclude from the central throat that appears
atn/ns 2 0.5.

IV. SCALE INVARIANCE

In this section, we analyze the perspectives of approach-
ing the trans-Planckian problem of cosmology in analog
BEC-Cosmology simulators with a time-dependent scatter-
ing length. The following discussion is purely theoretical
and can be understood as a first step, using the straight-
forward scenarios of an exponential expansion and a
power-law contraction, to gain intuition and experience
for future scenarios where one has to stay within current
experimental capabilities which requires innovative solu-
tions. In this section, we set # = 1 in accordance with the
literature.

Bogoliubov

1.0
e
< 0.8 E
= 4 5
Q —_—
E 06/ >
= 2 3
=
E 04 g
o o .8
b= g
S 021 &
-2 Zo

0.0

Bogoliubov / Bogoliubov (time-independent)

1.0 >

1 &

o ~
T 08 &
N 3
Q =
£ 06 g
= 0o 2
E 04 8
o <
= ©
S <
S 02 S
1 &

0.0 >

Bogoliubov / Acoustic

1.0 >

&

Y 1 ~
S o3 &
= =
5 S
£ 06 g
] 0 >
s =
E 04 g
£ ]
o

g 1.8
O 02 ‘g
=

o

0.0 Z

0.0 0.5 1.0 1.5 2.0
Wavenumber k&;

FIG. 2. Nonadiabaticity for time-dependent Bogoliubov
dispersion (absolute values, upper image) compared to the
time-indepedent case (relative values, central image) and the
nondispersive (acoustic) case (relative values, lower image) as a
function of conformal time 7/7; and wave numbers k&; in case of
the linearly expanding scenario discussed in Sec. V. Blue regions
in the upper image show nonadiabaticity to be highly localized in
time along a single throatlike trajectory. As expected, one has an
increasing adiabaticity toward the ultraviolet regime at all times.
Dark regions in the central and lower image indicate similarity
regarding (non)adiabaticity, whereas blue regions demonstrate a
trend toward the Bogoliubov dispersion. To numerically evaluate
a including the singular contributions to the effective mass (to be
discussed in Sec. V), we smoothed the delta distributions via the
Lorentzian profile 8, (x) = (e/x)/(x> + €*) where ¢ = 0.1 mod-
els a relative switching sensitivity of 10%.
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A. Exponential expansion

We first describe how a scale-invariant spectrum of
quantum fluctuations emerges in a nondispersive theory
from an exponentially growing scale factor, a(t) = a;e!”!
which has to be identified with the reciprocal sound speed
in the analog simulator. The passage of time is described by
a growing (sound-)particle horizon (the sound cone) 7,
which is defined as

a0 = [ == =g (54

and asymptotically grows from #; = 0 toward

ne =no(l —e™™), (55)

where we introduced the number of e-foldings
N = In(a;/a;). Quantizing a nondispersive, massless scalar
field that is minimally coupled to a flat (2 + 1)-dimensional
FLRW spacetime leads to the mode equation

W) + (kz _ W) i) =0, (56)

where the scale factor reads
a(n) = a;(1—n/ny)™" (57)

as a function of conformal time. The boundary condition is
chosen as an instantaneous vacuum state at the initial time
ni = 0 [101],

wi(m) = 1/V2k, wi (i) = =ik (i),  (58)

which leads to the canonically normalized mode solution

waln) =2, [T
¢ 4 \/Z_k Mo
x (rdy[k(no —nm)] + sY [k(no —n)]), (59)

where J, Y, are Bessel functions and the choice of the
coefficients

r=2knoYo(kno) — (1 + 2ikny )Y, (kn), (60)

s = =2knoJo(kno) + (1 + 2ikny)J, (kny) — (61)

ensures an instantaneous vacuum at 7 = 0. In the limit of
many e-folds, N — oo, this corresponds to the Bunch-
Davies state.

Of central interest is the dimensionless power spectrum
of field excitations which in two spatial dimensions is
introduced as [102]

Wavenumber k(#, — #;)
10 10* 102 100 102 10*

superhorizon
(initially)

/ — N= 10 e-foldings

-2 10° 102 104 108
Wavenumber k#,

crossed horizon subhorizon

ﬁ
<

—_
o

 initial kny = exp(4)

10! """ vacuum

.t
Y
.

et
e

.
Je
et
.

Power Spectrum P, (k)/ H

107! 10° 10! 10? 103
Wavenumber k#

FIG. 3. Upper image: power spectrum P, /H after an expo-
nential expansion by N = 10 e-foldings compared to the initial
vacuum spectrum. A constant (scale-invariant) value P, /H =
1/27% occurs for modes 1 < ki, < eV, where the boundaries
become more accurate as N increases. In the limit 7, — oo, the
left boundary is shifted to arbitrary large scales, resulting in the
well-known Bunch-Davies spectrum which would furthermore
extend to arbitrary small scales in the limit ; — 74 (or N = o0).
Lower image: time dependence of the power spectrum as para-
metrized by the number of e-foldings N. The scale-invariant
plateau grows with time toward smaller comoving scales.

1k

Py (k.n) = Emh//k(r/”z' (62)

At the final time, n; = 5y(1 —e™), it takes the form

Py(k.ns)  n

Hiang 64 e 2N |rJ (knoe™) 4 sY (knoe™)

2. (63)

which is a function of the dimensionless combination k#,,
only. Now, for modes in the regime 1 < kn, < eV, this
spectrum becomes independent of k (scale invariance) as we
show in Fig. 3. The physical reason is best understood in the
comoving frame: here, one compares the mode wavelength
k~! to the (comoving) Hubble horizon (aH)™! = (, — 1),
which indicates the distance beyond which two spatial
positions recede faster than the speed of light (or
sound in the simulator). From the definition of the
(sound-)particle horizon (54), one finds that the comoving
Hubble horizon exponentially shrinks from its initial value
1o to its final value nye™ as 5 grows from 5; = 0 toward
e = no(1 —e™V). Hence, the comoving wavelength k~! of a
mode transitions from being smaller than the Hubble
horizon (subhorizon),

k(ng —n) = k/aH > 1. (64)
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to being larger than the Hubble horizon (superhorizon),
k(no —n) = k/aH < 1, (65)

where it freezes in because it is now too large for causal
evolution. In terms of the wave number in the physical
(expanding) frame, ks = ka, we can write

k('70 - '7) = phys/Hv (66)

upon using Egs. (54) and (57). Thus, the time evolution
of the mode can be entirely absorbed into the physical
scale kpnys [103]. Put differently, k(ny —#) is large at
early times (or equivalently small scales) and small at
late times (or equivalently large scales), and the time
evolution of a mode merely consists of transitioning
from subhorizon to superhorizon scales around the
turning point k(17g — 1) = kpnysH = 1.

Each mode crosses the Hubble horizon at a different
value of the (sound-)particle horizon #; that fulfills
k(no —ne) = 1; hence, modes which have crossed the
horizon within the time window 7 € [i;, | satisfy k(o —
n;) = kno > 1 and

k(o — ne) = knoe™ < 1. (67)

For modes which fall well into this regime, ke ™ < 1, we
find at leading order [104]

Pl/l(k’ ’/If)
_ H
- 167kn,

[(J1 (kno) — Zkﬂojo(kﬂo))z + (2/"70)2]%(]"70)]-
(68)

If we demand the modes to be significantly subhorizon
initially, kno > 1, we can use the large-argument asymp-
totics of the Bessel functions to find the constant value

P, (k.ng) = H/2z2. (69)

If the modes are only weakly subhorizon initially, k7 = 1,
there will be residual oscillations in &, as can be seen from
Eq. (68), which is shown in Fig. 3. The magnitude of the
described transition process and thus the size of the scale-
invariant regime depend on the number of e-foldings N (as
we show in Fig. 3). In the limiting case n; — 1, (or
N — ), the scale-invariant regime would extend to
arbitrary small scales.

Figure 3 suggests that e-foldings N € {4, 5, 6} suffice to
realize scale invariance within 1 order of magnitude in k.
We can constrain the remaining parameters such that this
magnitude falls within the pm regime where the quantum
field simulation takes place. In terms of an initial sound
speed c,; and an expansion time At, we have

C .
Ny = ﬁ = ¢iAt/N, (70)

such that typical expansion times are required to be

25 N
At =20 ms| -1 hm/ms) (VY gy
10 pm Csi 5

where the reference value of the initial sound speed cj;
represents relatively high initial scattering lengths [61,62].
The reference value of 7, stems from demanding that scale
invariance should occur for k = 0.5 ym~! where an empiri-
cal factor of 5 is read off from Fig. 3 to effectively
realize k> 1/ny = 0.1 ym~".

B. Contraction

It is well known that scale-invariant power spectra can
also be achieved via contracting scenarios [15]. In two
spatial dimensions, we find this to be realized for the
power-law contraction

a(t) = a;(1-t/7)/* (72)

that also been independently analyzed in the context of
dipolar BECs [78]. Here, 7 is a constant that corresponds to
the time where a(z) would reach zero. In the contracting

scenario, the Hubble parameter H(t) = a(r)/a(t)
decreases according to
H) == 73)
A=)’

instead of remaining constant as it was the case for the
exponential expansion. We again define the (sound-)par-
ticle horizon via the integral

n(f)=[£=nou—<1—r/r>l/ﬂ, =" (74)

a(s) a

that asymptotes 7,. As a function of 5, one has

a=a(1-2) #t=-3(1-2)" 03)

Mo

which generates the effective mass 3/4(5, — 1)?, leading to
the same mode equation (56) as an exponential expansion.
Choosing an instantaneous vacuum initially [given through
Eq. (58)], we thus find the mode solution (59). For the
power spectrum (62), we have to consider that, in terms
of the cosmological parameters given in Egs. (75), (73),
and (74), the condition where the modes freeze out,
k(no—mn) =1, only translates into a horizon-crossing
interpretation up to a factor of 3, 3k/aH = 1. Also, the
comoving Hubble horizon (aH)~' does not shrink but
rather grows according to
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la(H(N)]™" = a7 (1 = 1/2)7/%, (76)

Nevertheless, we can compute the power spectrum (62) at
final times 7y = 1y(1 — e/3), leading to

Pt//(k’”f)
7 kn _ _
:a4—:e2N/3|rJ1(k170e NI3) 4 sYy (knoe™3)2, (77)
which is structurally similar to (63). For k, < eV/3, we

find accordingly

Pu/(k’ nf)
_ 1
o 4t 1677,'](770

|rdy (knge™/3) + sY | (knoe ™) 2, (78)

which asymptotes to the constant value P, (k,n;)~
(87%7)~! for kny > 1. In summary, both the exponential
expansion and the power-law contraction (72) lead to a
scale-invariant spectrum,

Pl//(k’ rlf) ~ (zﬂzairlo)_l’ (79)

where 7, is given by Eq. (54) (in case of an exponential
expansion) or Eq. (74) (in case of the power-law contrac-
tion). However, the scale-invariant plateau is narrower than
for an exponential expansion by the same strength, since
the plateau is limited from above by the criterium k7, <
eV/3 (instead of kny < eV in context of the exponential
expansion). Consequently, a scale-invariant spectrum
within 1 order of magnitude requires N ~ 15, which is
significantly larger than in the expanding case. Demanding
the scale-invariant regime to be confined to micrometer
scales requires the contraction timescale to be of the order

s ms< 1o > (1.25 pm/ms>’ (80)

10 pm Csi

which is much shorter than the timescale of the exponential
expansion (71). Note that N does not enter Eq. (80) but
rather enters when computing the contraction duration
At = 7/(1 —e™*N/3) that basically equals 7 for sufficiently
large N. Here, we chose a smaller reference speed of sound
in accordance with relatively low initial scattering lengths
required for an analog contraction.

C. Dispersive effects

Clearly, the presence of superluminal (or supersonic)
modes can critically affect the horizon-crossing conditions
and thus the emergence of scale invariance. In the follow-
ing, we analyze the mode equation (42) for three classes of
effective frequencies:
(i) The time-dependent Bogoliubov dispersion relation
with Q2 defined by Eq. (43).

(i) The time-independent Bogoliubov dispersion rela-
tion with Qf  defined by Eq. (52).

(iii) The nondispersive case Q. defined by Eq. (53).

1. Exponential expansion

InFig. 4, we show how these three cases modify the power
spectrum created by an exponential expansion with refer-
ence values (71) using numerical simulations of the mode
evolution. The time-independent Bogoliubov dispersion
(which is equivalent to the superluminal Corley-Jacobson
case [34]) does respect scale invariance as is well known
[37-39,42]. The time-dependent Bogoliubov case deviates
from the nondispersive case already in the mildly infrared
regime kny < 0.1, which we interpret as a dispersive
reduction of nonadiabatic transitions (i.e., the wave-number
dependency of the effective mass). The steep decline in

—
9

_
<
=

Time-dependent Bogoliubov

—— Time-independent Bogoliubov

*  Non-dispersive

Pow. Spec. P,,(k,n;)/H
3

_
<
s

—==- Transplanckian damping
(analytic model)

Wavenumber k7,

FIG. 4. Sensitivity of scale-invariant power spectra produced by an exponential expansion to the dispersive effects described in cases
(1)—(iii) using the reference values (71) that can be combined into the initial scale-separation parameter o; = 30.68 (more details in the
main text and in the context of Fig. 6). The time-independent dispersion preserves the scale-invariant value P,,/H = 1/ 2% whereas the
time-dependent case violates it on moderate ultraviolet scales due to trans-Planckian damping but converges to another plateau in the far

ultraviolet given by P, /H = eV /27,
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power has been described as trans-Planckian damping in
Ref. [92] (see also Ref. [78] for a discussion in context of
dipolar BECs) and was attributed to a reduced number of
degrees of freedom at high energies that can be traced back to
the canonical volume formin Eq. (31) [and is captured by the
function J defined in Eq. (41)].

As an analytic model for the trans-Planckian damping,
we consult an auxiliary scenario where in the effective
frequency (43) the nondispersive effective mass m2;(k =
0,7) is used [cf. Eq. (46)] while keeping the time
dependence in k?/ 7 (n7). This leads to the mode equation

(k)= 1/4

vt + (1 -5 Y =0, (s1)

which can be solved analytically by Bessel functions that
have the wave-number-dependent order

(k)= 1= (kno)*/o?,  o;="2no/& (82)
where we choose v to have a positive real part throughout
the following. Here, we introduced the initial scale-sepa-
ration parameter o; in terms of the initial healing length &;.
It describes how small the initial (analog) Planck length
&/+/2 is relative to the horizon-crossing scale 7, such that
the dispersive effects are expected to be weak if ;> 1
(more details in the following subsection). The auxiliary
reference case can be classified into two regimes:
(a) Trans-Planckian damping (mild ultraviolet). For
(kno)* < 1/0;, one has v(k) €R and finds the power
spectrum

H ke 1=2v(k)  @=2N(1-v(k))
P, (k) = -T2 (k)) <’7>

X {[(=1+20(k))J 1) (ko)
—2knod y(x)-1 (ko))
+ (2wia10)* T 1 (ko )} (83)

for kny < eV, which converges to the nondispersive
result (68) in the infrared regime, k&; < 1, where v(k)
approaches unity. Here, the trans-Planckian damping
arises from the factor (kny)~>®) in Eq. (83).

(b) Trans-Planckian damping (far ultraviolet): In the far
ultraviolet, (kno)* > 1/0;, the power spectrum asso-
ciated to both time-dependent and time-independent
Bogoliubov dispersion remarkably converge to a
plateau as well. In this regime, nonadiabatic transitions
do not occur anymore, and the nonrelativistic, in-
stantaneous mode eigenenergy dominates the mode
equation. This limit can be computed analytically,
resulting in

—~ e |
§ .” 0oy are v e e
% s x10t
=107 s
& / 2

s . 1
& /
3 ./ 0.1 0.2 0304
) 7 ! .
@ / — = Time-dependent Bogoliubov
% . /. Time-independent Bogoliubov
~ 10 ’ *  Non-dispersive

/
10! 10° 10! 10

Wavenumber k#,

FIG.5. Sensitivity of scale-invariant power spectra produced by
a power-law contraction to the dispersive effects described in
cases (i)—(iii) using the reference values (80). The inset shows the
time-indepedent Bogoliubov case (ii) where the spectrum is
orders of magnitude lower and exhibits an oscillatory pattern.

Ho; _
Pl/l(k’ ’Yf) ~ 4 € 2N’ (84)
T

upon expressing the mode for v(k) €iR in terms of
Dunsters Bessel functions of purely imaginary order
[105,106] and performing a uniform asymptotic ex-
pansion in |v(k)| > 1 and kro > 1 [details to be found
in Appendix D; note that Eq. (83) becomes numeri-
cally unstable for purely imaginary v(k)].

2. Contraction

In Fig. 5, we show the sensitivity of the power-law
contraction with reference values (80) to the dispersive
effects described in cases (i)—(iii). Therein, the situation is
reversed in the sense that the time-dependent dispersion
weakly alters the nondispersive power spectrum by small
oscillations, whereas the time-independent case leads to a
substantially damped signal of completely different form
(as shown in the inset of Fig. 5). This reversal can be
understood as follows: per definition, the analog comoving
Hubble horizon (aH)~' indicates the boundary in space
from which space recedes faster than the speed of sound (in
comoving coordinates). As discussed in Ref. [42], whether
a violation of scale invariance occurs can be efficiently
reduced to whether the dispersion relation is significantly
modified in the regime where the horizon-crossing occurs.
More concretely, this can be be quantified via the so-called
scale-separation parameter [42,91,107], which we define as

. { kc/aH
; 3kc/alH]|

expansion,
: (85)
contraction,

where k¢ is the comoving wave number well below which
the dispersion relation is linear. For instance, for the
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FIG. 6. Scale separation parameters for the time-dependent and
time-independent Bogoliubov dispersion relation in case of the
exponential expansion (N = 5, upper image) and the power-law
contraction (N = 10, lower image) which are associated to Figs. 4
and 5, respectively. The initial scale-separation parameter is o; =
30.68 for the exponential expansion and o; = 15.34 for the
power-law contraction.

effective comoving wave numbers Fg and Fj, we find

opo(n) = ?—?[G(W)H(n)]‘l.

(86)

Specifically for the expanding and contracting scenarios
discussed in this section, one finds

(1=n/ny)*>  expansion
og(n) = Ui{ 5 S, (87
(L—n/no) contraction
and
(1 —n/ny) expansion
opo(n) = Gi{ o, (88)
(1 —n/ny) contraction

where the initial scale-separation parameter o; = /21y /&;
was already used in context of Eq. (82) and is set by the
chosen parameter configurations that are respectively given
by Eq. (71) (expanding case) or Eq. (80) (contracting case).
The evolution in time of both scale-separation parameters is
shown in Fig. 6 for both the expanding (cf. Fig. 4) and the
contracting case (cf. Fig. 5). In the expanding case, the
time-dependent Bogoliubov dispersion violates scale-sep-
aration at later times and therefore small scales, whereas the
time-independent dispersion respects scale separation for
most times. In the contracting case, this behavior is
reversed such that the time-independent dispersion leads
to a violation of scale invariance. In contrast, the

time-dependent Bogoliubov case approaches scale invari-
ance at late times.

V. INFLUENCE OF LABORATORY
BOUNDARY CONDITIONS

In the preceding discussion of scale invariance, we
assumed an initial instantaneous vacuum state and traced
the mode evolution up to some final instant in time where
we evaluated the power spectrum. Therein, we did not
account for boundary conditions that would be present in a
laboratory setting such as an initial switch-on process or a
final readout protocol of experimentally accessible field
correlations. The introduction and analysis of both is the
subject of this section.

A. Nonequilibrium statistical functions

In the quantum field simulator, the nonequilibrium
dynamics are initiated through a specific temporal profile
of A(t) for t € [t;, t;], whereas 4 is static initially ( < #;) and
finally (¢ > t;) (consider Fig. 7 for a schematic visualiza-
tion). This protocol leads to pair production of Bogoliubov
excitations which are associated with well-defined vacuum
states for ¢ < ¢; and ¢ > ¢;. More details on this process can
be found in Refs. [61,62,93,94]. Evaluated in the initial
vacuum state, the equal-time statistical functions of the
fluctuating fields ¢; and ¢, take the form

2

. (89)

N[ =

{1 (1.5). (1)) = / Jo(kL)wi (1)

<{¢z(t,x),¢z(l,x')}>cleo(kL)lvk(f)lz, (90)

N =

where we already carried out the angular integral in Fourier
space, due to the isotropy of the correlations. Because of
homogeneity, the geometric kernel, given in terms of the
cylindrical Bessel function Jy(kL), only depends on the
distance L = |x —x’|. In the Schrodinger picture, the time
dependence of the state is encoded in the mode functions.
In particular, the pair-production process resulting from the
out-of-equilibrium quantum dynamics can be captured by
means of the Bogoliubov transformation

v(t) = aqgui(t) — Prug(t), (o1)

where u; is a positive frequency plane wave in the final

region,
_ mck(lf) —iwy (1)t
uk(t > tf) = —flk (SR (92)

According to Eq. (22) which relates w;, and v;, one
consequently has
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Gj—lf(f) (g (1) + Brug (1)), (93)

where the prefactor in Eq. (92) ensures the canonical
normalization constraint (20) to be fulfilled. Evaluating
the mode functions in the final region, one finds

W) _ Ex (1 2 2ihar (i
_ 1 _R ihawy (te)t 4
k ex(tr) 2+|ﬁk| elagfre" ] ) (94)
V(1 2 et 1 i
| ki)| - "ékf) (§+ Bl +Re[akﬁkemwk(”)t]>1 (95)
with

e V2 [

_——=— 1 _k .

E, k& T2k o)

The phase factor in Egs. (94) and (95) indicates coherent
oscillations in the final region ¢ > t; [58,61,62,108], which
stems from interference effects within a produced particle
pair. In the literature [58,109], the left-hand-side of
Eqgs. (94) and (95) is also known as the structure factor.
Indeed, we may equivalently write

<mmmmuwm=ﬁmmwamx<w

N =

with S, (¢, k) as the structure factor. If the quasiparticles
are in thermal equilibrium, the structure factors becomes
independent of time and take the form

lflw(k) Ek/ek 0
2 kBT>( 0 ek/Ek)’ ©8)

as we show in Appendix F (see also Ref. [110] and
supplementary material of Ref. [53]). Therefore, if the
initial state is thermal, the prefactors of Eqs. (94) and (95)
have to be adjusted according to the thermal structure
factor (98).

1

S (k) = Ecoth<

B. Density correlations

Let us consider the density contrast relative to a
homogeneous background, which is defined as

n(t,x) — ng

5.(t,x) = (99)

ny

Its equal-time two-point correlation function is related to
the statistical function of ¢, via

Gun (1, L) = (5c(1,%)6.(1, %)),

({1 (t.x).¢:1(2.x)}). + OF).  (100)

1
=

In terms of a Fourier-decomposition, one thus has

2
Gunt.) = [JolkL)mP. (101)
no Jk
Employing Eq. (22), we find
Gun(t, L) : /J (kL)—h2 il ()2
L) == a;|v
haf kSk
= kL 102
[ et (102)

1+ e

where we used that |i;|> =~ w?(#;)|v;|* up to a z-phase shift
in the coherent term. Here, we introduced the spectrum

h ok

— o)

Si(1) = me,

(103)

as a generalization to the discussion in Ref. [93] to which
Eq. (102)is consistent for k&; < 1 [111]. Moreover, Eq. (102)
is consistent with Bogoliubov theory [58,108,112], where one
finds a well-known shot noise spectrum in the ultraviolet
regime k&; >> 1 (consider Appendix E for a derivation of the
shot noise).

C. Singular contributions
In the specific case of the nonequilibrium setup shown in
Fig. 7, the analog scale factor is kept static initially and
finally,
(104)

= 4

a(t) = dyg for ¢ > ts, (105)
and switched on (and off) at #; (and #;), leading to singular
contribution to the effective mass, as we previously dis-
cussed in the acoustic approximation in Ref. [94]. To
generalize this discussion to the dispersive case, we insert

the laboratory scale factor into Eq. (45) and transform back

N
’_hx

Coupling

~

—_

Time

FIG. 7. Nonequilibrium quantum dynamics via a temporal
variation of the interatomic coupling constant A(¢). In the Heisen-
berg picture, the process is understood as follows: A vacuum state is
defined initially as the state that is annihilated by a,; the two-point
correlations are read out finally where the state can be described by

the Bogoliubov-transformed operator b, = aja; — fia’,.
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to laboratory time, resulting in

mfzsz(k’ t) eff reg(k t) + meff smg(k’ t)’ (106)

with the regular terms

11— 5k2E2 Ak EH
) ==

1-1K*&®n) .
—Ema(z‘)a@) (107)

and the singular contributions
w2 (r) = — ) LK)
ellsing 1 2 1+%k252(’1)
x [6(t(n) = 1) = 6(e(n) — 1)), (108)

where we introduced the conformal Hubble rate H () =
a'(n)/a(n). The expression (108) is consistent with our
previous result given in Ref. [94] in the acoustic limit. In
the presence of dispersion, however, these distributional
terms differ for each mode and cross through zero

at k = /2/¢&.

D. Boundary conditions

Because of the initial and final stasis of space, the
canonically normalized mode function obeys the boundary
conditions

1 .
<) = ————=cT@uln 109
wi(n <) N0 (109)
L o) i (8)
wi(n>ne) = (e i@l — g eloonlOr) — (110)
2wout(k)

with the Bogoliubov coefficients a;, f; as well as the
incoming and outgoing frequencies,

i (k) = k\/1+1k22 Oou (k) = k1/1+ k2§f, (111)

where &; and &; are the initial and final values of the healing
length, respectively. In general, the choice of the initial
vacuum is ambiguous in dispersive theories, which has
been discussed extensively [37]. However, in the BEC-
cosmology simulator, the mode y(n) for # < n; is asso-
ciated to a unique quantum state that is determined by the
initial stasis. These boundary conditions affect the mode
function via matching conditions that read
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a final switching (lower two panels) on the power spectrum
(upper two panels) or the coherent oscillation amplitude (lower
two panels) produced by either an exponential expansion and
power-law contraction for N =5 according to nondispersive
theory.

limyr () = limy (),

N\ n,/m;
, Hni) 1 - k2§2/2>
lim = | —lw;(k) + lim
timy 1) = (=ioy(6) + 5L A )
(112)
at n = #; and
lim = lim ,
] Mu/k(n) n\mwk(n)
- H(ng) 1 — K2E/2
limy/ = limy/ + m
ri/'mwk(”) n\mwk(ﬂ) 2 1+4+k%&)2 n\ﬂfw n)
(113)
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at n =n;, where the extra terms proportional to the
conformal Hubble rate H stem from the singular contri-
butions to the effective mass. The coherent oscillations
discussed in context of Egs. (94) and (95) manifest
themselves in the relativistic particle spectrum S(k) intro-
duced in Eq. (103) via the form

Su(n) =5+ No + AN cos(an( =) + ). (114
where the particle number
Ny =B, (115)
the oscillation amplitude
AN} = |afil, (116)
and the phase
8 = arg(afe? ) (117)

follow from the matching conditions (112) and (113), as is
extensively discussed, for example, in Refs. [93,94,113].

E. Influence of switching effects on scale invariance

Let us now consider the exponential expansion or power-
law contraction to be embedded as a dynamical region II in
the sense of Fig. 7. To separate these switching effects from
the dispersive effects, we restrict the following analysis to
the acoustic (nondispersive) limit. Accounting for an initial

Linear expansion

switch-on at a conformal Hubble rate H; = H(n;) via
invoking the boundary condition (112) changes the power
spectrum on final superhorizon scales into

Py/(k’ ’7f) _ 1
aino 167Tk7’]0

X [(J1(kng) — 2knodo(kno))?
+ (2kng = Hing)*J3 (kng)).

(118)

where H;7o = 1 (in the expanding case) and H;7n, = —3 (in
the contracting case). The contributions of these finite
values to Eq. (118) leads to oscillations instead of a scale-
invariant plateau as shown in the upper two panels of Fig. 8.
Interestingly, the initial switching reduces power in the
infrared regime for a contracting scenario (or desqueezes
the state [94]) since H;ny < 0 as opposed to the expand-
ing case.

Considering a final switch-off at a conformal Hubble rate
H; = H(n;) and computing the particle number N as well
as the oscillation amplitude AN%, one finds the results
shown in the lower two panels of Fig. 8, where H; = eV,
(in the expanding case) and H; = e"/*H; (in the con-
tracting case). Therein, one sees a desqueezing of the state
after the expanding case because H; enters with a relative
minus sign to H; in Egs. (112) and (113) as opposed to the
contracting case; note that the switch-off effect is orders of
magnitude stronger than the switch-on effect due to the
strong blueshift, H; > H;.

To realize why the particle number N, agrees with the
amplitude AN?, consider that for a strong particle

Bouncing cusps
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x 7 ’ 2.5
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©
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FIG. 9. Effective mass mgff(k, 1) (top) and the purely dispersive factor k*£(57)? (bottom) for the linear expansion (left panels) and the
bouncing cusp scenario (right panels). Open parameters are set in accordance with the experiment [62]: in the former case, space

expands by a ratio of a;/a; = /8, whereas it bounces by a;, /a; =

V/2 in the latter case. The initial healing length is set to & = 0.12cL At

(for the expanding scenario) and to & = 1.6¢./w (for the bouncing scenario), where ciAt and ¢! /w represent characteristic sound (or
particle) horizon scales in terms of the initial sound speed cl, the expansion duration At, and the bouncing frequency . Distributional

contributions are indicated via arrows.
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production process where || > 1 one can use the sym-
plectic property of the Bogoliubov transformation,
lo|? — |Bx|? = 1, to infer that

1
Ny = ANY 1_§|ﬂk|_2+0(|ﬂk|_4) . (119)

F. Deeper dive into experimental realizations

In this final subsection, we utilize the concepts devel-
oped in this work to provide a further detailed theoretical
description of scenarios that were experimentally realized
in Ref. [62].

1. Linear expansion

A linear expansion between initial and final scale-factor
values a;; corresponds to a(t)/a; =1+ Hyt where the
constant Hubble rate is Hy = (a;/a; — 1)/(cLAt) in terms
of the expansion duration At. The resulting effective mass
and the purely dispersive term are shown in the left panel of
Fig. 9, where one sees that the latter dominates in the
dispersive regime whereas the former is approximately
constant in the infrared and switches sign toward the ultra-
violet. Figure 10 shows the particle number N, and the
oscillation amplitude ANY obtained from a numerical inte-
gration of the mode equation (42) under consideration of the
matching procedure described in Sec. V D. In the acoustic
approximation, zero crossings of the amplitude occur for

modes which satisfy \/k* — H3/4 = nz/An where n is a
positive integer and Ay = (ciAt)In(ag/a;)/(as/a; — 1) is
the final particle horizon. This was explained in terms of a
scattering picture in Refs. [62,94]. Taking into account the
Bogoliubov dispersion, these quantum recurrences of the
initial state become minima which are narrower spaced since

Wavenumber & [z /A#]
0.0 0.5 1.0 1.5 2.0
2' ---- Acoustic
§ — Bogoliubov
Z
A

e

Wavenumber ké;

FIG. 10. Particle number (upper image) and oscillation ampli-
tude (lower image) after a linear expansion scenario.

the phase velocity c;, is larger than the speed of sound cq,
which also leads to a weaker signal in total.

2. Bouncing cusps

To increase the magnitude of the particle production
signal, one can consider a cosmological contraction fol-
lowed by an expansion by a ratio a,/a; < 1 via the scale
factor

Acusp(1) = [(ap/a;)* = |eos(wot) ]2, (120)

with a cusp singularity at the turning point. This has the
advantage that the probability of nonadiabatic transitions is
boosted by the cusp. Periodically continuing such bouncing
cusps with intervals of constant sound speed ¢g; = 1/q; in
between (as displayed in Fig. 11) creates a periodic pattern
in the effective mass with periodicity Anyoq = ¢g;A%Ho1
where Atyq is the duration of the holding intervals. The

N

% Amax

-

O

-

Q

<

—

O
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©2 Apyip &

Timet [7/w,

FIG. 11. Temporal profile of a cusp-modulated scale-factor

with ay/a; = v/2 for Atygg = 21

=== Acoustic (One Cyc., scaled up) —-= Acoustic (Two Cyc.)

--- Bogoliubov (One Cyc., scaled up)
0.6

— Bogoliubov (Two Cyc.)

0
k
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Amplitude A
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FIG. 12. Coherent oscillation amplitude after a single (solid
line) and two cycles (dashed line) in both acoustic (green curves)
and Bogoliubov theory (red curves). Note that the signal actually
grows with the amount of cycles, we merely scaled up the single
cycle amplitudes by a factor of 2.5 for better visibility of the
diffractive pattern.
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dynamical evolution of modes is then equivalent to a propa-
gation of waves through a dispersive medium whose elemen-

tary cells have substructure of size An = [ /0 4t/ Aoy (1), as
is shown in the right panel of Fig. 9. Since particle production
can be described as reflection in that medium [62,94], a pattern
of minima and maxima develops as a result of Bragg
diffraction of reflected waves which is visualized in
Fig. 12. Therein, it is clearly visible that the single-cycle
amplitude sets an envelope for the multicycle amplitudes
which is related to the Fourier convolution theorem and a
characteristic feature of Bragg diffraction.

VI. CONCLUSION

We have derived an effective field theory for the U(1)-
Goldstone boson of a scalar Bose-Einstein condensate with
time-dependent contact interactions that is consistent with
Bogoliubov theory and mapped it to a superluminal, non-
local quantum field theory on a dispersive, curved spacetime
whose geometry is set by the phase velocity of Bogoliubov
excitations and can be classified as a rainbow geometry.
Assuming a spatially homogeneous background density
profile enabled us to neglect quantum pressure terms,
thereby considerably facilitating the mapping at the expense
of a spatially flat emergent spacetime. Nevertheless, these
developments could also be used as an approximation to the
spatially curved case (with an inhomogeneous background
density) for modes whose wavelength is smaller than the
curvature radius (which is also known as the eikonal
approximation [66] in analogy to the small-wavelength
limit of geometric optics).

In the developed theory, effective Lorentz invariance is
restored on scales larger than the healing length which
serves as an analog of the Planck length, with a modified
dispersion relation assumed for the trans-Planckian regime.
We continued by exploring this framework in a cosmo-
logical setup where the (dispersive) scale factor is identified
with the inverse phase velocity and the comoving frame is
the laboratory frame. The mode equation was transformed
into a parametric oscillator form that features wave-num-
ber-dependent nonadiabatic transitions. The latter originate
from a dynamical, analog Planck length in the comoving
frame or, equivalently, time-dependent interatomic inter-
actions. This scenario is different from ad hoc approaches
to trans-Planckian regimes that only modify the instanta-
neous eigenenergy of a mode.

Subsequently, we discussed aspects of the cosmological
trans-Planckian problem, approached from the perspective
of the BEC-analog simulator. To prepare the discussion, we
compared the time-dependent dispersion (with the dynami-
cal analog Planck length) to the time independent and the
nondispersive case regarding nonadiabaticity. We contin-
ued by describing how a scale-invariant power spectrum of
fluctuations can emerge from an exponential expansion or
power-law contraction in the BEC and estimated the

required parameters to produce such a spectrum within 1
order of magnitude in the micrometer regime, which
resulted in a required number of four to six e-foldings
for an expansion time of about 20 ms (in the expanding
case), whereas the contracting case demands an equivalent
of 15 e-foldings and a contraction time scale on the order of
2 ms; both scenarios clearly lie beyond current experi-
mental capabilities. It followed an investigation of the
sensitivity of scale invariance under the time-dependent
Bogoliubov dispersion with a comparison to the time-
independent case (that has been discussed extensively in
the literature [37-39,42]). The time-dependent case violates
scale invariance in the exponentially expanding scenario
and showcases trans-Planckian damping [92] (see also
Ref. [78] for a discussion in context of a dipolar BEC)
that can be traced back to a reduced density of analog
relativistic states at high energies. The time-independent
case on the other hand preserves scale invariance since the
analog Planck scale and the horizon scale are well separated
[42,91,107] at all times (in contrast to the time-dependent
case). Similar arguments explain the reversed behavior in
the contracting case.

In a final section, we introduced laboratory boundary
conditions in time as typical for a BEC experiment.
Relationships between the nonequilibrium statistical two-
point functions of the canonically normalized, relativistic
field variables and experimentally observable in situ den-
sity correlations were obtained including Bogoliubov
dispersion. We furthermore studied the impact of switching
protocols on the scale-invariant power spectra, where
switch-on processes lead to residual acoustic oscillations
in the power spectrum whose frequency is determined by
the switch-on rate. Depending on a contracting or an
expanding scenario, the switch-off process can lead to
desqueezing and typically is more influential than the
switch-on process due to the strong blueshift.

Finally, we applied the developed concepts to previously
realized experimental scenarios [62], thereby showcasing
the occurrence of Bragg reflection and a suppression of the
particle-production signal relative to the acoustic case,
which surprisingly occurs already at scales well above
the healing length which needs to be taken into account
when, for example, making statements about two-mode
quantum entanglement close to the dispersive regime.

With the present work, we have contributed to the
general discussion of the trans-Planckian problem of
cosmology via an analysis of dispersive effects with a
time-dependent UV cutoff in the comoving frame that is
motivated from the perspective of a BEC-cosmology
simulator with time-dependent contact interactions. This
type of time dependence dynamically disfavors scale
separation between the Hubble horizon and the cutoff
scale in the expanding case but dynamically favors it in
the contracting case, such that the scale invariance of only
the latter is robust to such dispersive effects. We
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furthermore conclude that trans-Planckian damping effects
induced by this time dependence can settle to a another
scale-invariant regime at much lower power in the far UV
spectrum. We also would like to note that trans-Planckian
damping occurred despite the absence of a minimal length
principle (in the context of which it is studied, for example,
in Refs. [78,92]).

The extended framework provides quantitative access to
stronger particle production scenarios whose spectrum can
be measured deeper into the ultraviolet regime which
enables a path toward constructing innovative scenarios
that lie within experimental capabilities and overcome the
described effects that obstruct scale invariance. This may
ultimately lead to an experimental observation of a scale-
invariant power spectrum of an analog relativistic field.
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APPENDIX A: COMPARISON
TO BOGOLIUBOV THEORY

In this Appendix, we compare the field-theory formalism
of Sec. II to the more common Bogoliubov theory in
the operator formalism. First, it will be important to realize
that the fluctuating fields ¢, ¢, are related to density
and phase fluctuations on,d0 which are the variables
commonly used in the literature (a nonexhaustive list is
Refs. [66,81,108,115]) and can be introduced here via

O(t,r) = [no(t,r) + on(t,r)]elr+38en] (A1)

At leading order in both fluctuations, one finds
$1(1.7) = dn(1.1)/ /2o (1.7). (A2)
a(1.7) = 66(1.7)\/ 2ny(1.7). (A3)

after a local gauge transformation ® — e ("),
However, since phase fluctuations become ill defined in
the limit ny — 0, where Eq. (A3) becomes singular, we
work with the fields ¢; and ¢, in the main text. In the
following, we closely follow Ref. [108].

1. Atomic density correlations

At linear order, the total atomic density operator is
expanded into a background and fluctuating part,

P(1.x) = po + \/po (5 + 9). (A4)

The connected equal-time density correlator,

G (t.x: 1. x") = (p(t.x)p(1.x")) — (p(2.x)) (1. x")).

(AS)
can be expanded in Fourier space,
G” (t,k;t k') = /dxdx’e‘i(k”k’x/)Gp/’(t,x; 7, x")
— (opel0)50}, (1), (A6)
where
(1) = /dxe‘i"xéf)(t,x). (A7)
Since p(t,x) is a Hermitian operator, one has
Spi(1) = 3pL (o). (A8)
In terms of perturbative operators, we have
5pu(1) = VN (8 (1) + 691, (1)), (A9)

where /N ensures the fulfillment of the equal-time
commutation relations

(66 (1), 5 (1)] = S (A10)
As aresult of both k and —k excitations appearing in 5p(k),
it is indistinguishable to destroy a phonon of momentum k
or to create one with momentum —k. Furthermore, these

two excitations necessarily interfere when performing
density measurements.

2. Collective excitations

The Hamiltonian of the linear perturbations is diagon-
alized by the Bogoliubov transformation

S = un + v 40, (A11)

where we introduce the quasiparticle operators ¢y, g?),L The
Bogoliubov coefficients can be parametrized as
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u, = cosh yy, vy = sinh yy, (A12)
with
coth(2y,) = —1 — K2&2, (A13)
where
n? 5
e Ang = mcs. (Al4)

In the following, we restrict the analysis to a stationary and
homogeneous system. Additionally, we assume that the
phonon states are statistically homogeneous. As a conse-
quence, the correlations only depend the spatial distance
|x —x'| or absolute values k = |k| in Fourier space.
Moreover, one only has correlations between k and —k.

a. Density fluctuations in the phonon basis

In terms of the quasiparticle operators, the density-
fluctuation operator reads
Sk = VN (ug + ve) (@n + L. (A15)

In the quasiparticle ground state, the density correlations
are
Glac (k) = N (uy + vi)?, (Al6)

whereas in an excited phonon state, one has
Gl (k) = GRU(k)(1 + ni + n_y + 2Re[c,e 1)), (A17)
where

na = (00a). o= {(nda)  (AIB)

represent the occupation numbers of and the coherence
between k and —k excitations.

b. Phase fluctuations in the phonon basis

Phase fluctuations can be introduced in the atomic basis
via the operator

. . .
Sp(t,x) = ——+1y/pd0. (A19)
2y/po ’
In terms of the quasiparticle operators, one has
2 V N A AT
00, = BIPN (ux = v1) (P — Py (A20)
1Po

such that 8¢ is the proper conjugate variable to the density
fluctuation 671;. In the quasiparticle ground state, the phase

correlations are

N
Gf/)gc(k) ) (uk - Uk>27

(A21)
4p}

whereas for an excited state,
G% (k) = G%c(k)(1 + ny 4 n_; — 2Re[c,e™]).  (A22)

This correlator contains no additional information on the
phonon pair state as the coherent term is merely z-shifted.
The vacuum normalization is the respective inverse of the
density normalization factor as it should be for proper
conjugate variables. These considerations follow from the
useful identities

k& 1 E,
+ o)t =% =,
(I/tk Uk) \/§ I+ % (k§)2 E(k)
2 1 k
(= v3)* = \,{—g 1+ 3 (k&)* = %k)» (A23)
where

(A24)

/ 1 n2k?
€<k) :Csk 1+§k2§2, Ek:ﬁ

APPENDIX B: DERIVATION OF DISPERSIVE
EFFECTIVE MASS

The goal of this Appendix is to absorb the influence
of the time-dependent and dispersive cosmological
background into an effective mass, by transforming away
the Hubble friction term in Eq. (28). To that end, we
rescale

(1) = fr(w (1) (B1)
and introduce conformal time di = dr/a(r) with respect to
the bare scale factor a(r) = 1/¢,(f) such that n is still

equivalent to the sound horizon in the BEC [94]. The mode
equation (28) then takes the form

fooa, 1d
w’k’+2<—k+—k——— Vi

r ar 2a
1 1d o f/ a’
+ _k_2<____k>_k:|l// :—kz—l//. (Bz)
|:k 2a a) fi] " a;’

To have a vanishing Hubble friction term, the scaling
function is specified to fulfill

Jin)  ai(n) 1
OMNTOR
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such that the mode equation becomes

1
i) + |14y o) + SE€00 () =0, (B4
with the effective mass
d fi(n) (fi(n))2
2 (k,n) = —=F22 . 5
el =g~ Uil -

The specific form of the function f; can be obtained by
considering Eq. (35). We can then rewrite Eq. (B3) as

fin) _ (1 a'(n)
f = Gro)
which can be integrated to
filn) = la(n) Tx()]™/? (B7)

and is the (2 4+ 1)-dimensional version of the mode
rescaling employed in Ref. [92].

1. Acoustic limit

As a consistency check, we find in the infrared regime,
k < kg, where the dispersion relation (24) is linear and thus

a, =a =+ O((k/ké)z), that

mZy(k.n) = % (a/(n)>2 _Ld'n) | O(%) (BS)

a(n)

which coincides with the analysis [94].

2. Ultraviolet limit

In the ultraviolet limit, k> \/2/&, the elementary
excitations obey a nonrelativistic, quadratic dispersion
relation and represent individual atoms that are resolved
on small scales k' < &/1/2. As it is not possible anymore
to project phonons out of the condensate basis, analog
particle production should cease. Indeed, the phase velocity
becomes

hk

k=5t O(R?K? /4m?cX(t)). (B9)

Then, the mode equation (28) is a time-independent
harmonic oscillator,

2kt
(2m)?

with nonrelativistic dispersion and no time-dependent
frequency, such that quanta can not be excited. The ultra-
violet limit of the effective mass is

. 3 (dn)\?
,}LTomgff(kvﬂ)——Z<@) +

v (1) + v (1) =0, (B10)

1d"(n)
2 a(n)’

(B11)

which is adiabatically suppressed by the purely dispersive
term k*/kZ(n) in the ultraviolet limit (as visible in Fig. 9).

APPENDIX C: ADIABATIC VACUUM VIA
WKB APPROXIMATION

We recall the well-known WKB solution of a parametric
oscillator with frequency Q(k,7) that reads

WKB

) <n>=ﬁvlv_@exp[—i /ﬂi”wkw/)dn'], (1)

where the prefactor ensures canonical normalization and the
quantity W, satisfies the nonlinear differential equation [116]

- - 103 (8)].

This equation can be solved iteratively, resulting in an
adiabatic expansion of the mode function where each
iteration is referred to as an adiabatic order [116].
The vacuum associated to a mode function at a certain
adiabatic order is called the adiabatic vacuum. At zeroth
adiabatic order, one has W2(n) = Q2(k, ), and the mode
adiabatically adjusts to the time-dependent background (an
adjustment local in time). The zeroth-order adiabatic
approximation is valid as long as both the conditions

' Q" (k,n)
’ Q(k,n)

< [Q(k,n)

< Q%(k,n)

‘ Q' (k,n) (©3)

Q(k,n)

are fulfilled [117].

APPENDIX D: ANALYTIC MODEL FOR
TRANS-PLANCKIAN DAMPING

Neglecting the wave number dependence of the effective
mass but keeping the time dependence of the healing
length, the mode equation induced by an exponentially
expanding spacetime reads

(k)2 —1/4

W) + (kz— o )wm) ~0 (D)

with
v(k)? = 1= (kno)*/at. (D2)
whose square root we take to have a positive real part in the

following. We also did introduce the initial scale-separation
parameter
0i = \/Eﬂo/fi (D3)

to conveniently analyze the spectrum as a function of k#.
The general solution to the mode equation can be written as
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()7i71' 1 no —n
ll/k77—4 o o

X (rd k(o —n)] + Y,y lk(no —n)]).  (D4)
The boundary conditions
wi(0) =1/ 2win,  wi(0) = =iy (0),  (D5)

are solved by

r=(1-2u(k) - Ziwiflo)yu(k)(kﬂo) + 2k770Yy(k)—1(k770)
(D6)

and

s = (=14 2v(k) + 2iwing)J k) (kno) — 2knod k-1 (ko).

(D7)
The power spectrum is
Pylkon) _x e 08)
Hkng 64 l—i—%(kfi)z
X |r Ty k(o = )] + Y 3o [k (o —m)]*. (DY)

Let us again evaluate it at final times 77 = 5(1 —e™V) for
modes with 1 < ki, < eV.

1. Mild ultraviolet regime

As long as (kny)* < 1/6, we have v(k) €R and there-
fore can approximate

e_N -v(k)
Faglhne) == (FEZ) T i)

to find

H Ko\ 1-2K) 2N (1-2(K)
Pu/(k,nf)Z—FZ(V(k))< ) .

32n 2 T+ (ko)
X (=14 20(k))J ) (ko ) — 2knod s —1 (ki) >
+ (2wino)* 1) (ko )2} (D11)

which converges to the nondispersive result (68) in the
infrared regime, k& < 1, where v(k) — 1.

2. Far ultraviolet regime

For (kng)* > 1/0;, the order v(k) becomes purely
imaginary, v(k) €iR. This requires us to write the mode
solution in a different basis,

ir 1 Nno—n
X (rF |y [k(no —m)] + sGy )| [k (0 —1)]).

(D12)
with the coefficients

r=—(1+ 2iwing) Gy (kng) = 2kng0. Gy i) (%) L= sop,
(D13)

s = (14 2iwino) Fly (kno) + 2kn00, Fjy ) ()| iy,

(D14)
and the basis-functions
Fu8) = 5oy o) +0(x) (DI)
and
1
G,(x) = 2i sinh(z/2) (Vi (x) = I (x))
~ iy T +Yal) (D16

which are numerically stable alternatives to the unmodified
Bessel-functions of purely imaginary order (see Ref. [105]
for the construction by Dunster). They are real for positive
arguments and have similar small-argument asymptotics

F,(x) = \/%cos (vIn(x/2) —arg(1 +iv)),

(D17)
2 coth 2
G,(x) = \/Msm (vIn(x/2) —arg'(1 4 iv))
v
(D18)
as x — 0" and large-argument asymptotics
)= Zcos(x=n/4), (D19
=4/—cos (x —
vi¥ X XA
2 .
G,(x) = \/—sin(x — 7/4) (D20)
X
as x — +oco. Furthermore, their Wronskian,
ava(x)Gu(x) - ava(x)Fv(x) = 2/nx, (D21)

is identical to the Wronskian of the unmodified Bessel
functions. In the regime k7, < eV, we can use the small-
argument asymptotics given by Eqgs. (D17) and (D18) to
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write the power spectrum as

P,(kne) eV 1
Hkng 1 + (knyo)?

o 64|v(k)|
tanh <%ﬂ'|l/(k> |> rcos(gy)

X

2

+ coth Gn|y(k)|)s sin(p)| . (D22)

where [105]

o = |v(0)] In Ge—Nk%> —arg (1 +ilu(b)]).  (D23)

For modes that are well superhorizon finally, k1, > 1, the
order |v(k)| ~ (kny)?/o; becomes large such that we can
further simplify

(D24)

Haie'zN
64|v(k

Py (k.ng) = ] | cos(g) + s sin(g) .

To approximate the coefficients r and s, we have to take
into account that both the argument k7, and the order |v(k)|
of the remaining Bessel functions becomes large. This kind
of situation can be handled by the uniform asymptotic
expansion that has been derived recently by Dunster [106].
According to Dunster, one has

exp (3 |v]m + O(|v[?))

V2] + 1)

iy ()| ~ (D25)

and
v d
arg Jipjy([plx) ~ [vlp(x) = 7 + O(x7%), (D26)

for || > 1, uniformly in x € (0, o0), where

p(x) =Vx+1-In (Hx£> (D27)

and ~ denotes asymptotic equivalence. We directly infer
that

F,(vx) ~ %(x2 +1)"V*cos (yp(x) - %), (D28)
G,(vx) ~ %(x2 +1)~4sin <1/p(x) - Z) (D29)

according to the definitions (D15) and (D16). Applied to
the present case, this means that we can take

2
F ()2 (ko) ~ \/ E(kﬂo)_l cos(u),  (D30)

2 .
G (k) e (Kito) ~ || — (ko) ™" sin(=pi), ~ (D31)
where

kno)?
Hie = @ln(zkﬂo%

1

(D32)

to approximate the coefficients r and s at leading order in
1/(kng). As a result, we have

/2 [2
~ — 2.k i ) ~ - 2.k )
r 71'01( ikng) sin(py ) S 770'1( ikng) cos(py)

(D33)
and therefore find the constant value
H()'i _

Py (ko) =t e . (D34)

where we averaged over the rapidly oscillating phases p;
and ¢y

APPENDIX E: DENSITY CORRELATIONS:
ACOUSTIC AND ULTRAVIOLET LIMITS

1. Infrared (acoustic) limit

The relation (102) between the density-density correla-
tions G,, and the power spectrum S(k) reduces to

Gu(t.L) =1t [ agkLiksv. (D)

mngy Jk

which coincides with the acoustic result [93].

2. Ultraviolet limit: Shot noise

As a consistency check, let us apply this limit to
Eq. (102) for the density correlation function. As a
consequence of absent quasiparticles, the limit of the
excitation spectrum assumes the value S(k)~1/2 and
becomes static. From the integrand of Eq. (102), we can
read off that

W hay  kS(K)
5. (k)5,(k)) = —- 22
R e e

which in the limit of large momenta k& > 1 and K'&; > 1
can be approximated to

S(k+K). (E2)
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(6. (k)5 (k) = —

Sk + k) (E3)
no

or in terms of connected density fluctuations

(nk)n(K)), = 5 ok + ), (4)

where we set np = N/V, with N as the particle number and
V as the volume of the atomic cloud. Thus, the density
fluctuations obey a shot noise spectrum AN =~ +/N in the
ultraviolet regime, as expected from considering that for
high wave numbers the kinetic energies of the atoms
surpass the interaction energies by far, resulting in an
equivalence to an ideal Bose gas. To realize why one
expects a shot noise spectrum in the ultraviolet limit of the
latter, let us consider a homogeneous, ideal Bose gas
contained in a volume V. The effective bosonic field ¥
is quantized via the mode expansion [118]

X) = helx)ay
k

where one has the well-known commutation relations

i (x) = exp{ik - x}/VV, (E5)

[@(x). @7 (y)] = (x —y).
[@(x). @(y)] = [@7(x). D7 (y)] = 0. (E6)

The two-point density correlations in the atomic gas can be
computed from the expectation values

(n(x)ny))e = (n(x)n(y)) - (n(x)){nly)),
(n(x)n(y)) = (¥ (x)®" (y)2(y)®(x)),
(n(x)) = (@7 (x)@(x)). (E7)

which are taken in the state that is annihilated by a@; from
Eq. (ES). For the connected density two-point function, one
finds [118]

(n(x)n(y)). =Z< ay ey ) By () e (%) () e (),
N (E8)
where one has
Gag =, aa) =i+ 1, (E9)

in terms of the number-density operator ;. Assuming
that the system is in the noncondensed phase enables
us to replace »_, — V [, for a sufficiently large volume V

(the condensed case is, for example, discussed in
Refs. [119,120]). We then find [118]

2

(n(x)n()), = 5,50 —y)+ . (810

/ e ) (7
k

= N/V. Taking a Fourier transform,

where we set (n(x))
we find

(0l = 30k +) [ (i) )0k + ).

(E11)

where the first term represents shot noise and the second
term represents autocorrelations. If the Bose gas is in
thermal equilibrium, (71,.) is the Bose-Einstein distribu-
tion, which decays exponentially as |[k| — oo, such that
only the shot-noise term remains in the ultraviolet limit.

In this section, we focussed on the case of an ideal gas,
which is appropriate in the ultraviolet limit. The nonideal
case can be found, for example, in Refs. [120,121] and
references therein.

APPENDIX F: THERMAL STRUCTURE FACTOR

An introduction to the spectral methods employed in this
section can be found in chapter IV of Ref. [110], where also
the following calculation is carried out in a similar manner.
The connection between the full quantum field of the
condensate @ and the full condensate density » is given by
the relation

n(t,u, @) = |®(t,u, p)|*
= no(u) + /2n0(u), (. u, )

1 1
+2 (6w ) + 43w g).  (F1)

where we considered the background field ¢y = |/ng, ¢,
and ¢, to be real after some local U(1) gauge trans-
formation. When we take the expectation value of the full
condensate density (n(¢, u, ¢)), the second term in Eq. (F1)
drops out, because it is linear in fluctuations.

Let us now determine the spectral density A?, (7w, k) in
the present situation for the fields ¢ and ¢,. In momentum
space, the quadratic action becomes

Llg1, 9] )
et )

with the inverse propagator

h2k2 .
- +2Any —ihw
Gy = (71 U)o
o 52

such that
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Gab(fla), k) =

1 < h;rﬁz ihw >
—he? + oy (k) \ —ihw € 4200, )
(F4)

where we introduced the celebrated Bogoliubov dispersion
relation

h2k? ni?
hog(k) = £ — 424 —_— F5
(k) \/<2m+ w) e

as the pole of the propagator,
det G~ (hwg, k) = 0. (F6)

The spectral function follows from this as

A, (hw, k) = —iG ,(ho + i€, k) + iG, (hw — ie, k).
(F7)
To evaluate this, one needs the identity
L i) + v (X (F8)
X :|: i€ = :Flﬂ' X . V. X

and —(hw = ic)?
spectral function

= —@” F iesign(w), which results in the

Al (hw, k) = 278(W* 0 — WP w})sign(w)
% ihw
X < > (F9)

—iho L 4+ 2)n,

One can now determine the static structure factor as

Sk = [~ 5254 nalh)| & k)

_ g / " dw coth(|fiw]/2)8(R2a? — R2aR (k)
ﬂ
x sign(hw)< e 2lhw ) (F10)
—ihw % + 2An
where we used
1 1 .
5 T ns(hw) = |-+ ny(|hw]) | sign(iw)
1
=3 coth <m7w|> sign(hw). (F11)

One further observes that the off-diagonal terms i7iw do not
contribute to the static structure factor, because they are
odds with respect to Aw — —hw while the rest of the
integral is even. Otherwise, one can perform the frequency
integration using the Dirac deltas with zero crossings are
hw = te€;, which gives

Sa(k) = 50 th<|h2w|>(Eké€k ek?E), (F12)

with

k> (h*k? h’k?
== |=—+2ny ), E, =—.
* 2m <2m + n0> 7 om

In terms of the healing length & = 7//2mAin, and the
speed of sound ¢ = /Any/m, one can introduce the phase

velocity ¢; = c¢y/1 + &|k|*/2, such that the Bogoliubov

energy can be written as

(F13)

er = helk| = hclk|\/1 + Ek|?/2, (F14)
and also
E_& 1 e V21 k2§2 (F15)
€k \/_ 1+ k24:2 Ek kg

The components of the matrix are identical to expressions
obtained from invoking a Bogoliubov transformation
between the atom and the phonon basis as one can see
from Eqs. (A16), (A21), and (A23).

The leading terms in the acoustic approximations as well
as their corrections are now clear to see. In particular, we
find for the Fourier transform of the density correlation
function

Snn (k> = 2nOSII (k)

= \/_no{ - nB(Ek)] _ K (F16)
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