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Strong theoretical arguments suggest that a breakdown of Lorentz Invariance could arise under some
very particular conditions. From an experimental point of view, it is important to test the local Lorentz
invariance with ever greater precision and in all contexts, regardless of the theoretical motivation for the
possible violation. In this paper we discuss some aspects of the gravitational sector. Tests of Lorentz
Invariance in the context of gravity are difficult and rare in the literature. Possible violations could arise
from quantum physics applied to gravity or the presence of vector and tensor fields mediating the
gravitational interaction together with the metric tensor of general relativity. We present our results in the
latter case. We analyzed the orbit of the LAGEOS and LAGEOS II satellites over a period of almost three
decades. The effects of the possible preferred frame represented by the cosmic microwave background
radiation on the mean argument of latitude of the satellites orbit were considered. These effects would
manifest themselves mainly through the post-Newtonian parameter α1, a parameter that has a null value in
general relativity. We constrain this parametrized post-Newtonian parameter down to the level of ∼2 × 10−5,
improving a previous limit obtained through the lunar laser ranging technique.
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I. INTRODUCTION

Local Lorentz invariance (LLI) represents a cornerstone
of Einstein’s theory of general relativity (GR) [1]. LLI
states that the outcome of any local (in space and in time)
nongravitational experiment is independent of the velocity
of the freely falling reference frame in which the experi-
ment is carried out. LLI represents one of the pillars of
Einstein equivalence principle (EEP)—along with the weak
equivalence principle and local position invariance—valid

in GR and in all metric theories of gravity [2]. In GR,
the only field that mediates the long-range gravitational
interaction is the metric tensor gμν. However, in the context
of modern unification theories, other fields—scalar, vector
or tensor in their essence—may come to play a role in
mediating the gravitational interaction in addition to the
metric tensor of Einstein’s theory of gravitation. In these
unification theories, the action of a (four-) vector fieldKμ or
of other tensor fields Bμν, beside gμν, is such that the distri-
bution of matter in the universe typically selects a preferred
rest frame for local gravitational physics and, consequently,
implies a violation of LLI. Conversely, if only one or more
scalar fields are present, beside the metric tensor gμν, as in
the case of tensor-multiscalar theories of gravitation [3], no
violation of Lorentz invariance is expected.
From the phenomenological point of view, and in the

framework of the parametrized post-Newtonian (PPN)
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formalism [4–7], valid in the weak-field and slow-motion
(WFSM) limit of GR, the preferred frame effects (PFE) are
described by the parameters α1, α2 and α3, that are all equal
to zero in GR and in tensor-scalar theories of gravity.
LLI and, consequently, PFE, are well tested in the context
of high-energy physics experiments [8]—see also [9] for
a review of Lorentz invariance tests in effective field
theories—but are much more difficult to test in the context
of gravitation.
Current best limits on LLI obtained in the case of Solar

System tests, i.e., in the WFSM limit of GR, were achieved
[10,11] through lunar laser ranging [12]: α1¼ð−7�9Þ×
10−5 and α2 ¼ ðþ1.8� 2.5Þ × 10−5; and exploiting the
close alignment between the spin of the Sun and the total
angular momentum of the Solar System [13]:
jα2j ≲ 2.4 × 10−7. In the quasistrong-field regime of pulsar
systems, current best limits are [14,15]: α̂1 ¼ ð−0.4� 4Þ ×
10−5 and jα̂2j ≲ 1.6 × 10−9; and [16,17]: jα̂3j≲ 4 × 10−20.
The hat in the last results indicates the quasistrong field
regime, where possible modifications in the post-
Newtonian effects may be present with respect to the
standard PPN formalism [18]. The above limits were
obtained by assuming the existence of PFE with respect
to the cosmic microwave background (CMB). This is the
frame in which the CMB radiation appears nearly isotropic
(after subtracting the dipole moment anisotropy due to the
motion of the Sun and the foreground emission from our
galaxy), with temperature inhomogeneities at the level of a
few parts in 105, and an almost perfect black body
spectrum [21].
In this paper, we provide a new constraint on the PPN

parameter α1 from the analysis of the orbital residuals of the
two geodetic satellites LAGEOS and LAGEOS II over a
time interval of approximately 30 years. LAGEOS satellites
are passive satellites very well tracked through the powerful
satellite laser ranging (SLR) technique [22,23]. In particu-
lar, we consider the possible existence of PFE due to the
motion of the Earth-Sun-satellite system with respect to
the CMB radiation and analyze the effects on the rate of the
observable l0 defined as the sum of the satellite argument
of pericenter, ω, and its mean anomaly, M, i.e.

l0 ¼ ωþM: ð1Þ

In celestial mechanics, this quantity is known as the mean
argument of latitude. This is, to our knowledge, the first
constraint on the PPN parameter α1 obtained in the Earth
field by means of the analysis of the data from the orbit of
artificial satellites.
This work expands what is described in [24] with regard

to the determination of the orbits of the two geodetic
satellites and their consequent analysis, as well as the
estimation of the main systematic errors that impact the
measurement of the parameter α1. This last evaluation is
reported in detail in Appendix B, where the estimation of

the systematic errors in the measurement and their impact
on the knowledge of the parameter α1 is addressed both for
the main gravitational perturbations and for the more subtle
nongravitational ones.
The rest of the paper is organized as follows. In Sec. II,

we present the main effects on the orbital elements of an
artificial satellite due to the possible existence of preferred
reference frames in nature. In Sec. III, we present our
procedure to reconstruct the orbit of the satellites from the
SLR data, the so-called precise orbit determination (POD).
From the rate of the orbital residuals we compute the obser-
vable l̇0, that is the key to constrain the PPN parameter α1.
In Sec. IV, we introduce the measurement concept we used
to constrain the α1 parameter. It is made in two steps. First
we use the values of the observables of LAGEOS and
LAGEOS II (obtained from the two PODs) to separate the
potential contribution of α1 to l0 from that due to the main
systematic error source, related to the imperfect knowledge
of quadrupole coefficient of the Earth’s gravitational field.
The second step is based on a phase-sensitive detection at
the expected frequency and phase. Appendix A is devoted
to validation of this technique using synthetic data. In
Sec. V, we present the results of the measurement and the
constraints obtained on the PPN parameter and, conse-
quently, on the possible violation of LLI. In Secs. VI
and VII, the theoretical context of our measurement is
explored in depth and compared with other results in the
literature. Finally, in Sec. VIII, our conclusions are provided.

II. ORBITAL EFFECTS OF PFE

In 1994, Damour and Esposito-Farese have shown that
the orbits of certain artificial satellites have the potential
to improve the upper limit on the α1 parameter—down to
the ∼10−6 level—due to the appearance of small divisors
which enhance the corresponding PFE [25]. This possibil-
ity of reaching a stringent constraint in the PPN parameter
linked to the existence of possible PFE is mainly due to the
precision of the SLR tracking technique. Indeed, for a few
tracked satellites, SLR allows to reconstruct the orbit at cm
level. This is the case for the two LAGEOS satellites
[26–28]. For these reasons their orbital reconstruction has
been exploited for fundamental physics measurements for
over three decades [29–39]. At the same time, it is necessary
to develop a dynamic model for the orbit of these satellites
that is equally reliable and accurate [34,35,40,41].
Starting from the Lagrangian L for N ideal proof-

masses gravitationally interacting, it can be shown that
the dependency of L on the two PPN parameters α1 and α2
(if different from zero) will provide nonboost invariant
terms depending on the velocities v0a of the proof masses
with respect to special gravitationally preferred rest frame
[25]. Damour and Esposito-Farese applied their results both
to the particular case of satellites in equatorial orbit (i ¼ 0)
and to the more general case of satellites with a nonzero
inclination i with respect to the equatorial plane. If α1 ≠ 0,
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the main effects produced are on the eccentricity vector e of
the satellite’s orbit [42] and on its orbital longitude l0 ¼
ωþM [43]. The former is a secular effect which is
described by the sum of multiple (and independent)
rotations and enhanced by small divisors in the case of
particular values of the satellite’s inclination. The latter is a
periodic effect with annual period.
We refer to [25] for the details of the calculations that

lead to the final expression of the perturbation on the
eccentricity vector. In their analysis, the authors did not
explain the contribution of the α2 parameter in the different
orbital elements because it is better constrained than α1 by
other measurements in the Solar System [13]. In the present
work we focus on the possible effects of the PPN α1
parameter on the longitude of an artificial satellite.
Equation (2) below provides the general expression

for a term Lα1 depending on the α1 parameter [25] in
the Lagrangian of arbitrarily interacting proof masses ma
and mb (GN , c and rab are, respectively, the Newtonian
Gravitational constant, the speed of light and the distances
between the masses)

Lα1 ¼ −
α1
4c2
X
a≠b

GNmamb

rab
ðv0a · v0bÞ; ð2Þ

while Eq. (3) provides the explicit expression for this
Lagrangian when the two interacting masses are the Earth
and the satellite

Lα1 ¼ −
α1
2c2

GNm⊕mS

r⊕S
ðv⊕ þ wÞ · ðvS þ v⊕ þ wÞ: ð3Þ

InEq. (3), r⊕S represents theEarth-satellite distance, v⊕ is
the velocity of the Earth with respect to the Sun, w is the
“absolute” (i.e., with respect to the preferred frame) velocity
of theSun, andvS is the orbital velocity of the satellite around
the Earth. So, v⊕ þ w represents the absolute velocity of the
Earthwith respect to the preferred frame,while vS þ v⊕ þ w
represents the absolute velocity of the satellite.
We shall use the Lagrange perturbation equations to

compute the measurable effects of this Lagrangian on two
Keplerian elements, namely the argument of pericenter ω
and the mean anomaly M

dω
dt

¼ −
cos i

na2ð1 − e2Þ1=2 sin i
∂R
∂i

þ ð1 − e2Þ1=2
na2e

∂R
∂e

; ð4Þ

dM
dt

¼ n −
1 − e2

na2e
∂R
∂e

−
2

na
∂R
∂a

; ð5Þ

where R is the disturbing function obtained from the
Lagrangian of Eq. (3). In general, the disturbing function is
the negative of the perturbing potential in the Lagrangian.
To compute the variation of these orbital elements,

a linear perturbation approach is sufficient in which the

right-hand side of the above perturbing equations are eva-
luated by keeping constant, to their (mean) nominal values,
the semimajor axis a, the eccentricity e, the inclination i
and the mean motion n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GNm⊕=a3

p
of the satellite.

By summing up the two rates to construct the observable
l̇0 ¼ ω̇þ Ṁ, the terms involving ∂R=∂e tend to cancel
out, and this cancellation is more effective the smaller the
eccentricity of the orbit. The advantage of considering the
sum of the two observables of Eqs. (4) and (5), is that most
of the perturbative effects of the main gravitational and
nongravitational perturbations on the final observable l̇0

are reduced. This also applies in the case of certain relati-
vistic effects, such as Schwarzschild precession [44].
Before explicitly calculating the variation over time of the
longitude l0 through the two previous Lagrange perturbing
equations, it is interesting to discuss the contribution of the
different velocities that fall into Eq. (3) and whether this
contribution is significant for our goal. By working out the
dot product of Eq. (3), four main terms are obtained

F ðv⊕; vS;wÞ ¼ 2w · v⊕ þ v⊕ · vS þ w · vS þ ðw2 þ v2⊕Þ:
ð6Þ

The first three scalar products produce, in principle,
observable effects related to the parameter α1. The first term
acts in Eq. (5) through the term ∂R

∂a and produces an effect
with yearly period that will be the object of our inves-
tigation. The second and third scalar products generate
variations of the argument of pericenter (ω̇ ∝ −α1=e) and
of the mean anomaly (Ṁ ∝ þα1=e) that are equal and
opposite for small eccentricities, so they cancel out in the
observable l̇0. Their cancellation arises from the partial
derivative of the disturbing function with respect to the
eccentricity e of the orbit in Eqs. (4) and (5). Finally, the
last term of Eq. (6) produces a constant, i.e. secular, effect
in Ṁ, since this effect is not at the annual frequency, it is not
relevant to our analysis. Moreover, it can be unobservable
in principle since it can be absorbed by appropriately
rescaling the universal gravitational constant GN , we refer
to [2,25,45] for details.
Therefore, focusing on the first term of Eq. (6) the

disturbing function reduces to

hRi2π ¼ −
α1
c2

GNm⊕

a
ðw · v⊕Þ; ð7Þ

where the notation hRi2π implies that we take the average
over the unperturbed 2-body Keplerian orbit of the satellite
around the Earth. Inserting this last expression into Eqs. (4)
and (5), and retaining only the terms that contain ∂R

∂a that are
relevant to the effect we are looking for. By using Kepler
third law we finally obtain

hl̇0i2π ¼ Kþ hl̇0iper2π − 2α1n
ðw · v⊕Þ

c2
þOðeα1Þ; ð8Þ
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where K represents a constant contribution to the rate in
longitude, while the second term takes into account
possible long-term periodic perturbative effects of both
gravitational and nongravitational nature.
The constant term K has been inserted for completeness,

but has no role in the measurement of the α1 parameter
since we shall be looking, in the orbit residuals of l̇0,
for a signal that has the signature of annual periodicity,
see Sec. IV.
As regards periodic perturbations, these are discussed in

Appendix B, when the main systematic errors that can
affect the measurement are introduced.
To compute the term related to the PPN parameter α1 we

introduce, as astronomical reference frame, the plane of the
ecliptic with the Sun at its origin, the unit vector x̂ pointing
toward the vernal equinox♈ and the unit vector ẑ normal to
the ecliptic plane. We can now compute the dot product in
Eq. (8) between the two velocities that, in this frame, take
the form (see Table I)

w ¼ w
�
cos βPF cos λPFx̂þ cos βPF sin λPFŷ þ sin βPFẑ

�
;

ð9Þ

v⊕ ¼ v⊕
�
sinðλ0 þ λ̇⊕tÞx̂ − cosðλ0 þ λ̇⊕tÞŷ

�
: ð10Þ

In Eq. (9), the coordinates ðβPF; λPFÞ represent, respec-
tively, the ecliptic latitude and longitude that identify the
direction of the possible preferred frame represented by the
CMB radiation.
In Eq. (10), λ0 represents the ecliptic longitude of the

Earth around the Sun at a fixed epoch, while λ̇⊕ represents
its angular orbital rate. This angular rate can be approxi-

mated with the Earth’s mean motion n⊕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GNM⊙=a3⊙⊕

q
,

assuming for simplicity a circular Earth orbit (where M⊙
and a⊙⊕ represent, respectively, the mass of the Sun and the
astronomical unit).
Substituting these expressions for the velocities w and

v⊕ into Eq. (8), we finally obtain

hl̇0ðα1Þi2π ¼ −2α1n
wv⊕
c2

cos βPF sinðλ0 þ n⊕t − λPFÞ
þ � � � : ð11Þ

Equation (11) shows that, when PPN effects are con-
sidered, l0 acquires a rate of change proportional, through
well known quantities, to the sought PPN parameter α1, and
modulated with a yearly period. The dots in Eq. (11)
represent minor contributions and we have eliminated the
contribution of the constantK and temporarily removed the
unmodeled or poorly modeled periodic effects. These
effects will be considered separately in the analysis of
the main sources of systematic error.
The result obtained for the longitude rate hl̇0i2π coin-

cides with that obtained in [25] and reported in their
Eq. (56), where the effect is expressed in equatorial co-
ordinates rather than in ecliptic coordinates. It is in fact
sufficient to set the obliquity of the ecliptic equal to zero in
their derivation to obtain the result of Eq. (11).

III. ORBIT DETERMINATION AND RESIDUALS

Precise orbit determination (POD) is the process of
accurately determining the position and velocity of a
satellite (its state-vector) at any given time as it orbits
the Earth. The process involves calculating the satellite’s
orbit with a very high level of precision and accuracy, using
a combination of tracking measurements and modeling
techniques. This analysis focuses on the POD of the two
geodetic satellites LAGEOS and LAGEOS II. Using two
satellites allows for the reduction of the errors in the mea-
surement of α1, particularly those arising from the Earth’s
gravitational field. The analysis for the data reduction of
the satellites normal points was carried on using two
different software packages: GEODYN II, developed at
NASA-GSFC [46], and satellite analysis (SATAN) pack-
age, developed at the Royal Greenwich Observatory in the
UK [47]. This helps to avoid possible biases from the
dynamical model implemented. Both codes are routinely
used by some ILRS analysis centers for the POD of
geodetic satellites and, in particular, of the two LAGEOS.
Laser ranging data are available in two formats: full-rate

and normal points. Full-rate are the observations collected
directly from the ILRS stations, while normal points are
obtained by averaging the original observations collected
over a given time interval, 2 minutes for LAGEOS and
LAGEOS II. In the case of the analysis carried on by
GEODYN II, the POD integration step size is 60 s and the
period of the analysis covers a timespan of about 28.3 years,
starting from October 30, 1992 (i.e., MJD 48925), about
one week after the LAGEOS II launch. Conversely, in the
case of the analysis performed with SATAN, the analysis
covers a time span of about 31.4 years, starting from
February 7, 1993 (i.e., MJD 49025) and with the same step
size of 60 s.
The overall period of the two analyses was divided into

7-day arcs not causally connected to each other, and the
initial state-vector for each arc was adjusted in the POD
procedure to best fit the normal points. Table II shows the
mean orbital elements of LAGEOS and LAGEOS II [48].

TABLE I. Solar-system velocity w with respect to the cosmic
microwave background. Coordinates are in the ecliptic reference
frame. The estimated errors are �2 km=s and �0°.01. Adapted
from [2].

Velocity vector w

Absolute value: w 368 km/s
Latitude: βPF −11°.13
Longitude: λPF 171°.55
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The modeling in GEODYN accounts for: (i) satellites
dynamics, (ii) measurement procedure and (iii) reference
frames transformations. In this context, our models comply,
wherever possible, with the International Astronomical
Union (IAU) 2000 Resolutions [49] and the International
Earth Rotation Service (IERS) Conventions 2010 [50]. In
Table III we have summarized the main models included
in the orbital determinations made with GEODYN II. In
Appendix B, we described the main sources of systematic
errors and the models used to account for key perturbative
effects related to the gravitational field, tides and non-
gravitational forces.
The relativistic effects in GEODYN II can be included

according to the model described in [59]. In particular,
the model takes into account the accelerations linked to
Schwarzschild (or Einstein), Lense-Thirring and de Sitter
precessions [1,76,77]. However, in the orbital analysis,

we did not model GR in order to obtain, a posteriori,
residuals in the orbital parameters carrying information on
all possible relativistic effects: both the “classical” ones
due to GR and those (possibly) due to alternative theories
of gravitation. Subsequently, from these residuals, we
removed the nominal values of the relativistic effects
predicted by GR, see Table IV.
The main effect is due to the Schwarzschild precession,

which affects the two Keplerian elements to nearly the same
extent (but in opposite direction), due to the small eccen-
tricity of the satellite’s orbit. The Lense-Thirring precession

TABLE II. Mean orbital elements of LAGEOS and LAGEOS II
satellite.

Element Unit Symbol LAGEOS LAGEOS II

Semimajor axis [km] a 12 270.01 12 162.07
Eccentricity [–] e 0.0044 0.0138
Inclination [deg] i 109.84 52.66

TABLE III. Models currently used for the POD of GEODYN II and SATANa. The models are grouped in gravitational perturbations,
nongravitational perturbations and reference frames realizations.

Model for GEODYN II SATAN Reference

Geopotential (static) EIGEN-GRACE02S/GGM05S EIGEN-GRGS RL04 [51–54]
Geopotential (time-varying: even zonal harmonics) GRACE/GRACE FO EIGEN-GRGS RL04 [52–55]
Geopotential (time-varying: ocean tides) Ray GOT99.2 FES2014 [56,57]
Geopotential (time-varying: Earth tides) IERS2010 IERS2010 [50]
Geopotential (time-varying: non tidal) IERS Conventions (2010) FES2014 [50,57]
Third–body JPL DE-403 JPL DE-200 [58]
Relativistic corrections Parametrized post-Newtonian Parametrized post-Newtonian [49,59]

Direct solar radiation pressure Cannonball Cannonball [46]
Earth albedo Knocke-Rubincam McCarthy-Martin [60,61]
Earth-Yarkovsky Rubincam � � � [62–64]
Solar-Yarkovsky Farinella-Vokrouhlický � � � [65]
Neutral drag JR-71/MSIS-86 NRLMSISE-00 [66–68]
Spin LASSOS � � � [41]

Stations position ITRF2008/2014 ITRF2020 [69–71]
Centre of mass corrections Rodriguez 2019 Rodriguez 2019 [72]b

Ocean loading Schernek and GOT99.2 tides FES2014 [46,56,57]
Earth rotation parameters IERS EOP C04 IERS EOP C04_05 [73]
Nutation IAU 2000 IAU 2000 [74]
Precession IAU 2000 IAU 2000 [75]

aReproducibility Note: The headline results for the PPN parameter α1 presented in Sec. V were obtained using GEODYN II
(NASA-GSFC [46]) and the SATAN (RGO [47]) packages. The final dynamical configuration for both solvers is defined by the models
summarized in this Table III, employing a 60 s integration step size and 7-day orbital arcs. Specifically, the GEODYN II analysis covers
the MJD 48925–59250 span, while the SATAN analysis covers the MJD 49025–60500 span, both utilizing the IERS Conventions 2010
and IAU 2000 standards as the baseline references.

bhttps://datos-geodesia.ign.es/SLR/centre_of_mass_models/.

TABLE IV. Main relativistic precessions on the argument of
pericenter and on the mean anomaly of LAGEOS and LAGEOS
II. Units are in mas/yr (milli-arc-sec per year).

Rate (mas/yr) LAGEOS LAGEOS II

ω̇Schw þ3278.77 þ3352.58
ω̇LT þ31.23 −57.33
ω̇rel
J2

−3.62 þ3.01

Total ω̇rel þ3306.38 þ3298.26

ṀSchw −3278.74 −3352.26
Ṁrel

J2
−0.92 þ0.15

Total Ṁrel −3279.66 −3352.11
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affects only the argument of pericenter. The de Sitter effect
does not cause any precession in either the argument of the
pericenter or in the mean anomaly of the satellite. For
completeness, we also included the relativistic effect of the
Earth’s quadrupole moment J2 on the two orbital elements.
There are two different contributions: the first is a direct
perturbative effect generated by the static quadrupole
moment (J2=c2) on the satellite orbit, and is derived by
1st-order perturbation theory. The second indirect contribu-
tion represents a mixed term, which derives from the
interaction of the classical Newtonian J2 coefficient with
the Schwarzschild (i.e., post-Newtonian) metric. This term
comes from a 2nd-order perturbation theory, see [78] and
references therein for details.
In the data reduction, we do not estimate parameters that

are not (in general) well known a priori, such as the
radiation coefficient CR [79]—this is a measure of the mean
reflectivity properties of the satellite surface [80]—or
particular coefficients of the Earth’s gravitational field.
In this way we avoid to unintentionally absorb relativistic
effects not included in the dynamic model, as previously
highlighted, and gives us confidence in the presence of the
relativistic effects in the residuals of the different orbital
elements. In particular, empirical accelerations have not
been estimated, as is usually done in the POD. Indeed, to
overcome deficiencies in the dynamic model, especially
concerning nongravitational forces, it is customary in a data
reduction to introduce and adjust empirical accelerations
(constant and once-per-revolution) in the POD to absorb
modeling errors.
After the POD, the residuals are obtained computing the

difference between the satellite state-vector estimated at the
beginning of each arc, within the POD data reduction, and
the estimated state-vector of the previous arc propagated at
the same epoch [81]. Therefore, the residuals represent the
variation of orbital elements along the arc length (7 days)
and contain the impact of unmodeled perturbing effects on
the satellite’s orbit. Figure 1 shows, in the same plot, the
residuals in the rate of both the argument of pericenter ω
and of the mean anomalyM for LAGEOS and LAGEOS II
in the case of the analysis performed with GEODYN.
As can be seen by comparing the residuals versus time

with their sum, the effects tend to almost cancel out, as
highlighted in Sec. II. In this way we achieve a significant
reduction of the residuals for l̇0 ¼ ω̇þ Ṁ, as shown in
Fig. 2. The amplitudes of the oscillations shown in Fig. 1
are in fact significantly reduced: from a factor of 10 to a
factor of 40 in the case of LAGEOS II over the time interval
of the analysis, based on a simple visual inspection, and by
even a greater factor for the older LAGEOS.
These residuals were obtained by adding the residuals of

Fig. 1 after removing, on the basis of the rates reported in
Table IV, the total relativistic precession predicted by GR
on the rate of the argument of pericenter and on the rate of
the mean anomaly.

As highlighted above, to cross-validate our results and
identify possible biases in GEODYN II, we repeated the
POD of the two LAGEOS satellites with SATAN. The
SATAN dynamical model (see Table III) differs from the
one implemented in GEODYN II primarily for the adoption
of the following models [82]: the ITRF-2020 terrestrial
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FIG. 1. GEODYN II analysis: LAGEOS (top) and LAGEOS II
(bottom) 7-day residuals in the rate of the argument of pericenter
(red) and in the rate of the mean anomaly (blue) as a function
of time.
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FIG. 2. GEODYN II analysis: LAGEOS and LAGEOS II resi-
duals in the rate of the longitude l0 ¼ ωþM versus time. Note
the different scale along the vertical axis with respect to Fig. 1.
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reference frame, the EIGEN-GRGS RL04 mean-field
model for the background gravity field [54], and the
FES2014 model for ocean tides and ocean loading [57].
We also note that, unlike the analysis conducted with
GEODYN II, for the POD results obtained with SATAN we
estimated the range biases for each station and satellite.
This is now a common practice at ILRS analysis centers,
which consists of accounting for systematic errors in the
data or their modeling. The disadvantage of this approach is
greater noise in the estimated parameters. The advantage is
that it accounts for the possible presence of systematic
errors, which would result in constant range errors over an
orbital arc. The long-term performance comparison yielded
positive results. For instance, both packages successfully
identified signatures in the residuals arising from unmod-
eled thermal thrust effects in the POD. Furthermore, we
observed consistent agreement in the predicted secular
precession induced by relativistic effects, such as the
Schwarzschild precession of the argument of pericenter
for the LAGEOS satellites.
Figure 3 shows the residuals in the rate of the argument

of pericenter and in the rate of the mean anomaly obtained

with SATAN in the case of LAGEOS and LAGEOS II over
the time interval of the analysis. The trend of the residuals
for the two rates obtained by SATAN is fairly consistent
with the residuals obtained by GEODYN II, see Fig. 1.
Figure 4 shows the mean argument of latitude for

LAGEOS, as determined by GEODYN II (blue line) and
SATAN (red line). The agreement between the two inde-
pendent analyses is good, with in-phase oscillations
observed across the entire time span.
We obtained comparable results for the analogous

observable constructed from LAGEOS II orbital residuals.

IV. MEASUREMENT CONCEPT

The primary effect on the longitude l0 of a satellite that
may depend on the existence of a preferred frame is an
oscillation with annual periodicity and with an amplitude
proportional to the PPN parameter α1, as shown in Eq. (11).
However, numerous periodic and secular effects—both
gravitational and nongravitational—mask this possible
gravitational effect. This was clearly confirmed by the
orbital residuals of Fig. 1, where a number of unmodeled
signals are present over a wide spectrum. These signals
combine in l̇0 in a rather complex oscillation, as is
illustrated in Fig. 2.
We can take advantage of the two independent mea-

surements of the longitudes l0 of the LAGEOS satellites.
Indeed, as briefly highlighted in the previous section, we
can exploit the two independent measurements of the
longitude l0 of the LAGEOS satellites to reduce the error
in the measurement of the parameter α1. As will be widely
discussed in Appendix B 1, the main systematic error on
these observable is due to the imperfect knowledge of
the Earth’s quadrupole coefficient C̄2;0 used in the POD.
Following Kozai [83], and neglecting the contribution of
the terms ofOðe2Þ, we can relate the error δC̄2;0 with that of
the longitude rate δðl̇0Þ:
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FIG. 3. LAGEOS (top) and LAGEOS II (bottom) 7-day
residuals in the rate of the argument of pericenter (red) and in
the rate of the mean anomaly (blue) as a function of time from the
analysis performed with SATAN.

4.8 5 5.2 5.4 5.6 5.8 6 6.2
Time [MJD] 104

-40

-30

-20

-10

0

10

20

30
 GEODYN II
SATAN
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analysis compared with the same residuals obtained from the
analysis performed with SATAN (red).
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δðl̇0ÞjδC̄2;0
≃
3

2

ffiffiffi
5

p �
R⊕

a

�
2

nð3 − 4 sin2iÞδC̄2;0: ð12Þ

By using Eqs. (12) and (11) together, we can treat the
longitudes l̇LG1

0 and l̇LG2
0 obtained by the PODs of

LAGEOS and LAGEOS II as the two known terms in a
linear system of two equations in two unknowns. The two
unknowns are the variables δC̄2;0 and A1ðtÞ, the latter
containing the possible contribution of α1 at the annual
frequency, but net of its main systematic error δC̄2;0. The
system to solve is

l̇LG1
0 ¼ KLG1

1 · A1ðtÞ þ KLG1
2 · δC̄2;0

l̇LG2
0 ¼ KLG2

1 · A1ðtÞ þ KLG2
2 · δC̄2;0 ð13Þ

with

KLG
1 ¼ −2nLG

wv⊕
c2

cos βPF

KLG
2 ¼ 3

2

ffiffiffi
5

p �
R⊕

aLG

�
2

nLGð3 − 4 sin2 iLGÞ

where nLG, iLG and aLG are respectively the mean motion,
the semimajor axis and the inclination of the satellite LG
(see Table II).
Figure 5 shows the results for the variable A1ðtÞ, while

Fig. 6 shows its fast Fourier transform (FFT). The FFT
reveals several spectral lines, including one with an
annual period and an amplitude of about 3 × 10−5 in the
GEODYN analysis and not greater than 5 × 10−6 in the
case of SATAN.
We are interested in this signal, and therefore we treat all

the other periodic effects in Fig. 6 as a “noise” that masks
the “physical” signal we aim to measure.
To isolate our signal, we adopt a phase-sensitive detec-

tion (PSD) scheme (also called a lock-in scheme [84,85]): a
homodyne demodulation at the target frequency (the annual
one) and phase, followed by a low-pass filter. The PSD is
achieved by multiplying the input data stream by a sine
wave (the reference) with the target frequency fref ¼ f0
and target phase ϕ0. This process shifts all the frequencies
in the input “down” (and also up) by an amount fref . The
demodulated signal is then low-pass filtered to remove
components at f ≠ f0 [86]. In this way we obtain the
amplitude of the target signal as a function of time at zero
frequency.
In conclusion, applying the phase-sensitive detection to

Eq. (11), we obtain:

α1 ¼ 2hsinðλ0 þ n⊕t − λPFÞA1ðtÞi2π: ð14Þ

This DC component represents the possible violation
signal to be extracted from the final data. As for the other
solution of the system reported in Eq. (13), δC̄2;0, this will

be discussed within the analysis of systematic errors in
Appendix B.

V. MEASUREMENT AND CONSTRAINTS

From the previously described analyses of the LAGEOS
and LAGEOS II orbits—a 28.3-year period with GEODYN
II and a 31.4-year period with SATAN—we derived the
time-varying quantity A1ðtÞ, which is sensitive to the
possible annual contribution from the PPN parameter α1.
The PSD technique described in Sec. IV was then

applied to this new observable using a reference signal
with annual frequency f0 ≃ 2.738× 10−3 days−1 and phase
ϕ0 ¼ λ0 − λPF. The initial phase ϕ0 was fixed for each
analysis based on the Earth’s ecliptic longitude, λ0, at the
respective start dates. For the GEODYN II analysis (starting
MJD 48925), λ0 ≃ 223°.83 required ϕ0 ¼ 52°.28, while for
the SATAN analysis (starting MJD 49025), λ0 ≃ 318°.23
required ϕ0 ¼ 146°.68.
We tuned the parameters for our PSD analysis—

specifically the integration time and the order of the
Butterworth low-pass filter—by simulating the expected
signal for a range of hypothetical α1 values. These same
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FIG. 5. GEODYN II (top) and SATAN (bottom). Time behavior
for the variable A1ðtÞ from the solutions of the system shown
in Eq. (13).
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simulations were also used to define a measurement
interval that avoids the filter’s boundary effects, where a
pure sinusoidal input would not yield a constant amplitude
output. Consequently, we restricted our final analysis to the
interval between day 2000 (MJD 50925 for GEODYN II
andMJD 51025 for SATAN) and day 9000 (MJD 57925 for
GEODYN II and MJD 58025 for SATAN) of the full orbital
dataset.
Figures 7 and 8 show the results for A1ðtÞ—respectively

for the analyses performed with GEODYN II and
SATAN—at the output of the detection chain. The DC
component estimated from this plot represents the value
of α1 and, therefore, of a possible violation of the LLI:
α1 ¼ hA1ðtÞPSDi, see Eq. (14). We used a 3-order low-pass
filter, corresponding to an attenuation of about 60 dB per
decade of the amplitude of the signal above the cutoff
frequency. The low-pass filter removes the higher frequen-
cies and leaves the long-term trend we are looking for. A
value of 3000 days was assumed for the integration time of
the low-pass filter.
From the PSD output in the time interval between day

2000 and day 9000, within which we do not expect that the
signal is altered by the low-pass filter (ringing effects),

we compute the mean and standard deviation of the
constrained parameter and obtain

α1 ¼ ðþ2� 3Þ × 10−5; ð15Þ

in the case of the analysis performed with GEODYN II and

α1 ¼ ðþ1� 2Þ × 10−5; ð16Þ

in the case of the analysis performed with SATAN. We
verified that the obtained constraints did not depend on the
filter characteristics, by changing its order between 3 and 5
and the integration time between 2000 and 5000 days.
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FIG. 6. GEODYN II (top) and SATAN (bottom). FFT of the
variable A1ðtÞ of Fig. 5.

FIG. 7. GEODYN II analysis. Time behavior of A1ðtÞ after the
PSD for the in-phase component (top plot) and the quadrature
component (bottom plot). The dashed lines give the PSD (or
lock-in) response to a modified signal from which the part of the
signal around the annual periodicity has been significantly
reduced.

FIG. 8. SATAN analysis. Time behavior of A1ðtÞ after the PSD
for the in-phase analysis (top plot) and the quadrature analysis
(bottom plot). The dashed lines give the PSD (or lock-in)
response to a modified signal from which the part of the signal
around the annual periodicity has been significantly reduced.
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These figures also shows the lock-in response (dashed line)
to a modified signal obtained by reducing by a factor of
1000 the amplitude of the component at the annual fre-
quency f0, through a notch filter with a width of�0.25 d−1,
thus eliminating from our output every component oscil-
lating at the sought signal frequency.
We must highlight the source of the standard deviation

we derived from the PSD, i.e., the origin of the statistical
error in our measurements. The main contribution to the
standard deviation does not come from amplitude varia-
tions of the target signal, but rather from broadband noise,
specifically the signal components around the annual peak.
This is evident by observing the PSD response to the
notched signal. As can be seen, the modified signal (dashed
lines) maintains, after the PSD, the same time behavior of
the original signal (continuous lines). This suggests that the
amplitude variation at the PSD output is not mainly due to
the annual component. We further verified this conclusion
using several synthetic random signals with a Gaussian
amplitude distribution and a power spectral density equiv-
alent to that of the physical signal after the annual peak has
been removed. These simulations also confirmed that the
signal’s standard deviation depends primarily on spectral
components outside the annual peak. See Appendix A for
details.
The same time evolution, without and with the annual

notch, is shown in Figs. 7 and 8 for the quadrature compo-
nent of the PSD (where a phase π=2 is added to the phase of
the reference signal). This component does not contain any
signal at the sought frequency and phase. We observe a
behavior quite similar to that of the in-phase component,
and this suggests again that the time dependence of the PSD
output does not depend on a physical signal.
In the case of the analysis performed with GEODYN II,

Fig. 9 provides a synoptic view of the result obtainable for
the constraint on the PPN parameter α1 by varying the
PSD frequency around the annual frequency (the period
of the reference sinusoid is indicated in the plot) and the
phase over a complete cycle. The black circle indicates the
result obtained for the constraint on the parameter α1 at
the expected frequency and phase for the possible violation.
The figure shows the expected correlation existing between
the period and the phase of the reference sinusoid. A
similar figure was obtained with the analysis conducted
with SATAN.
Figure 10 represents the estimate obtained for the

parameter α1 by further varying the phase of the (ideal)
demodulation sinusoid: with ϕ ¼ ½0; 2π� while keeping the
reference period at 365.25 days. The results of the analyses
obtained with GEODYN II and SATAN, respectively,
are shown in blue and red. The solid line shows how
the estimate of the PPN parameter (mean value over the
analyzed interval) varies while the dashed line shows the
variation of the standard deviation. The blue solid line
corresponds to the black dashed line shown in Fig. 9.

The value of α1 at the phase ϕ ¼ ϕ0 ¼ 0.9125 rad (blue
circle) corresponds to the specific case of Fig. 7 (top). It is
worth emphasizing that the maximum value of α1 is not
obtained at the phase ϕ ¼ ϕ0, but at a higher value equal to
approximately 2.18 rad. This reinforces our conclusion that
what we obtained at the expected frequency and phase
value for the violation, actually represents a null measure-
ment for the PPN parameter.
In Fig. 10, the horizontal green line represents the overall

systematic error ≲8 × 10−6 in the measurement of α1 esti-
mated in Appendix B, which we consider to be independent
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Fig. 7. The horizontal axis shows the period of the reference
sinusoid used for homodyne detection, while the vertical axis
represents its phase variation.

0 1 2 3 4 5 6

Phase  [rad] 

-8

-6

-4

-2

0

2

4

6

8

A
m

pl
itu

de
 

1

10-5

FIG. 10. Behavior of α1 (solid line: blue for GEODYN II and
red for SATAN) as the phase of the demodulation sinusoid varies.
The frequency of the sinusoid is fixed at the annual value. The
blue and red dashed lines represent the standard deviation. The
two circles, blue and red, correspond to the values of α1 obtained
for GEODYN II and SATAN, respectively, see Eqs. (15) and (16).
The green continuous line shows the overall estimated systematic
error to α1 due to both gravitational and nongravitational
perturbations, about 8 × 10−6. The filter parameters are the
same as those used for Figs. 7 and 8, the measurement interval
is [2000, 7000] days.
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of the phase of the possible violation signal. The indicated
value refers to the resulting error on the joint measurement
provided by the analysis of the two orbits according
to Eq. (B3) in Appendix B, obtained from the solution
of the system (13). This overall error is dominated by the
gravitational field error related to the hexadecapole coef-
ficient C̄4;0.
We also performed a sensitivity analysis using a

Monte Carlo simulation, quantifying how the uncertainties
in the preferred-frame velocity and direction (that of CMB
dipole) propagate into the final uncertainty in α1.
Specifically, in the Monte Carlo we repeated the entire
analysis pipeline leading to the measurement of α1. In each
run, the three parameters defining the CMB reference frame
(absolute velocity w, ecliptic latitude βPF and ecliptic
longitude λPF) were randomly varied within (reasonable)
ranges, but above their estimated uncertainties (see Table I).
We found that the uncertainties in these parameters propa-
gate on the final uncertainty in α1 down to ∼10−7, well
below the quoted statistical errors of 3 × 10−5 and 2 × 10−5.
The analysis that yielded the upper limit on the α1 value

in Eqs. (15) and (16) was aimed at reducing noise at the
annual frequency, therefore we used a lock-in integration
time of 3000 days. However, this yielded few independent
samples over the 7000-day period, precluding any consid-
eration about variations in α1 estimate. To address this, we
reduced the low-pass filter time constant to 500 days in the
case of SATAN analysis, see Fig. 11. This produced less
correlated data (blue line). Averaging these points over
500 days yielded 21 nearly uncorrelated α1 estimates (red
points with error bars). The higher cutoff frequency allowed
us to extend the observation time to the 600–11000 day
span. In this case, the estimated value of the PPN parameter
is α1 ¼ ð0.7� 4Þ × 10−5. The noise increased by a factor
of approximately 2 compared to previous measurements

due to wider bandwidth associated with the shorter inte-
gration time. We tested for possible trends in these less
correlated data. A linear regression of the current data
resulted in a slope of 2 × 10−9 d−1, with a standard devia-
tion of 3 × 10−9 d−1 and a p-value of 0.39. Therefore, we
conclude that there is no statistically significant evidence
that the parameter α1 changes over time. The observed
variations are attributable to random noise.

VI. THEORETICAL CONTEXT

It is important to reiterate that Lorentz violation is
considered a possible residual effect of quantum gravity
at low energies, for instance from Hořava-Lifshitz quantum
theory [87]. Therefore, identifying possible evidence of
Lorentz violations will provide insights into the essence of
quantum gravity. Hence, the tiny upper limit we obtained
for α1 (jα1j < 3 × 10−5 and jα1j < 2 × 10−5) has profound
implications for alternative theories of gravity.
Vector-tensor theories are the most natural class of

models that predict a nonzero α1, in particular vector
theories. These theories introduce a fundamental, dynami-
cal vector field, Kμ, in addition to the metric tensor gμν of
GR. In a cosmological context, this vector field can acquire
a nonzero vacuum expectation value (hKμi ¼ uμ, where uμ
is a timelike four-velocity) that is aligned with the cosmic
time direction. This vacuum expectation value singles out
a specific frame of rest—the cosmological rest frame—
which we can identify with the frame in which the CMB
is isotropic. This background vector field uμ acts as a
gravitational “aether.” The motion of matter (Earth, planets,
Sun,…) relative to this aether leads to new physical effects
that are not present in GR. In the weak-field limit, these
effects manifest precisely as a nonzero α1, and the magni-
tude of this parameter is directly determined by the way the
vector field couples to the metric and to itself.
In the following we mainly focus on Einstein-aether

theory of gravity [8]. In Sec. VI A, we introduce the con-
straints that arise on the coupling constants of the theory
from the result obtained on the parameter α1. In Sec. VI B,
we comment on the theoretical implications of a small but
nonzero value of the PPN parameter, in particular the differ-
ences between a possible positive and a negative value.

A. Einstein-aether theory

A nonzero value of α1 (and also of α2) has specific
implications for each particular gravitational theory, in
particular with respect to coupling constants and parameter
space. While a dedicated paper is in preparation, we give
here, as an example, some implications for the Einstein-
aether theory.
Einstein-aether theory was specifically developed to

explore possible violations of Lorentz invariance in gravity
[8,88–91], similarly to what was done in the case of the
Standard Model extension (SME) [92–95]. In this theory

FIG. 11. SATAN analysis. Lock-in output (blue line) if the
integration time of the low-pass filter is reduced to 500 days. The
red points represent the uncorrelated estimates of α1 obtained
averaging the output over the reduced integration time.
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the vector field is constrained to have unit norm
(KμKμ ¼ −1) and the following values are expected for
the PPN parameters: β ¼ γ ¼ 1, ξ ¼ α3 ¼ ζ1 ¼ ζ2 ¼ ζ3 ¼
ζ4 ¼ 0, and

α1 ¼
8ðc23 þ c1c4Þ

ðc21 − 2c1 − c23Þ
; ð17Þ

α2 ¼
α1
2
−
ð2c13 − c14Þðc13 þ c14 þ 3c2Þ

c123ð2 − c14Þ
: ð18Þ

In the last equation c13 ¼ c1 þ c3, c14 ¼ c1 þ c4 and
c123 ¼ c1 þ c2 þ c3. We refer to [2] for a comprehensive
description of the PPN parameters in the framework of
metric theories of gravity. The parameters ci (with i ¼ 1, 2,
3, 4) represent four of the five arbitrary coupling constants
that characterize this vector-tensor theory of gravity. These
parameters enter in the action S of the theory.
Moreover, in Einstein-aether theory, the gravitational

coupling constant can be affected by Lorentz violation

G ¼ GN

�
1 −

c14
2

�
; ð19Þ

whereGN represents the current Newtonian constant, while
G is the coupling constant that enters in the action S. From
Eqs. (17)–(19) we can derive some general considerations
on the coupling constants. The denominators of Eqs. (17)
and (18) provide the three conditions:

c21 − 2c1 − c23 ≠ 0

c123 ¼ c1 þ c2 þ c3 ≠ 0;

c14 ¼ c1 þ c4 ≠ 2 ð20Þ

while Eq. (19) provides the condition c14 < 2 to ensure
gravity is attractive and has the correct Newtonian limit.
Other general considerations, for instance on the positivity
of the energy, implies that c1 > 0, c14 > 0 and c123 > 0. By
imposing α1 ¼ 0, Eq. (17) returns the constraint

c1c4 ¼ −c23; ð21Þ

while imposing α1 ¼ α2 ¼ 0 Eq. (18) returns two con-
straints

c13 ¼ c1 þ c3 ¼ 0 ð22Þ

and

c2 ¼
c13
3c1

ðc3 − 2c1Þ: ð23Þ

These solutions are already well known in the literature.
To strengthen the theoretical context of the result we

obtained, we now discuss the implications of a very small
but nonzero α1 result, particularly for the parameter space
and coupling constants for the Einstein-aether theory; we
assume α1 ¼ 3 × 10−5.
From Eq. (17) we obtain a second degree equation for c1

whose solutions are obtained by solving the equation

c1 ¼
α1 þ 4c4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα1 þ 4c4Þ2 þ α1c23ðα1 þ 8Þ

p
α1

; ð24Þ

To obtain two real solutions, we must require that the
discriminant of this equation be greater than or equal to
zero. This condition provides us with another quadratic
equation to solve for c4, whose solutions are

cþ4 ¼ −
α1
4

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8c23
α1

s !

c−4 ¼ −
α1
4

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8c23
α1

s !
; ð25Þ

with c4 ≤ c−4 and c4 ≥ cþ4 and the constraint c23 ≤ α1=8,
see Fig. 12.
Substituting these two solutions into Eq. (24) we obtain

four solutions for c1. By imposing the previously introduced
energy positivity conditions, c1 > 0 and c1 þ c4 > 0, we
obtain constraints on the sum c1 þ c4 as a function of c23.
The resulting allowed region in the parameter space is shown
in Fig. 13.
The region inside the innermost two curves is forbidden,

and so are the region defined by c1 þ c4 ≥ 2 and the region
c23 > α1=8. We finally note that c3 is confined to very small
values: jc3j ≤

ffiffiffiffiffiffiffiffiffiffi
α1=8

p
≃ 1.94 × 10−3.

FIG. 12. Forbidden (gray) and allowed (white) regions for the
coupling constant c4 when c23 varies from zero to its maximum
value α1=8 (black dashed line).

DAVID LUCCHESI et al. PHYS. REV. D 114, 024072 (2026)

024072-12



B. Nonzero results

To further strengthen the context of our results, we
explored the hypothetical implications of our central
measured values for α1, even though they are statistically
consistent with zero. What we can say if the value were
positive or negative? If we consider a positive central value,
as α1 ¼ þ1 × 10−5, the analysis is qualitatively identical to
the one presented above. The parameter space constraints
shown in Figs. 12 and 13 retain the same structure, with the
constraint on the coupling constant c3 becoming slightly
tighter: jc3j ≤

ffiffiffiffiffiffiffiffiffiffi
α1=8

p
≈ 1.12 × 10−3.

More interestingly, considering a negative central value,
such as α1 ¼ −1 × 10−5, leads to a significant change in
the theoretical constraints. The discriminant in Eq. (24)
becomes always positive, as the term under the square
root in Eq. (25) transforms into 1þ 8c23=jα1j. This has the
profound physical implication that for a negative α1, this
formalism would no longer place any upper bound on
the value of jc3j, allowing for a much larger region of the
theory’s parameter space to be viable.
This highlights that the sign of α1 is not merely a

mathematical curiosity; it carries distinct physical meaning.
A positive versus a negative α1 would correspond to
opposite-in-direction physical effects on the orbits, such
as anomalous argument of pericenter precessions. More
fundamentally, the sign would imply different relationships
between the theory’s coupling constants, thus influencing
other observable phenomena like the effective gravitational
constantG and the Nordtvedt effect (a potential violation of
the strong equivalence principle). Ultimately, measuring
the sign of α1 would provide a crucial clue to the intrinsic
nature of the underlying vector field in theories like
Einstein-aether, distinguishing between different classes
of models and their interaction with matter and metric.
While this remains a hypothetical exercise, it demon-

strates how the sign, not just the magnitude, of a future,

more precise measurement of α1 could be used to power-
fully constrain—or even rule out—specific classes of
alternative gravity models.

VII. COMPARISON WITH OTHER TESTS
OF LORENTZ INVARIANCE

We now place our results in the context of other
experimental tests of Lorentz invariance. A crucial aspect
of our analysis is that it probes the weak-field, quasistatic
limit of gravity. This stands in contrast to many of the most
stringent existing constraints, which are derived from
highly dynamical, strong-field environments such as binary
pulsars and gravitational wave events. In this section, we
compare our findings with results from Solar System tests,
binary pulsar timing, and the gravitational sector of the
Standard-Model extension (SME).

A. Solar System

For the constraints obtained from “experiments” per-
formed in the Solar System, therefore in the WFSM limit of
GR, we begin by recalling the constraints previously cited
in the Introduction

α1 ¼ ð−7� 9Þ × 10−5

α2 ¼ ðþ1.8� 2.5Þ × 10−5; ð26Þ

obtained with the LLR technique [10] and

jα2j≲ 2.4 × 10−7; ð27Þ

obtained by exploiting the close alignment between the
Sun’s spin and the total angular momentum of the Solar
System [13]. This last result is not sufficiently robust, being
based on some approximations and not supported by an
error analysis.
As a further example of constraints obtained for α1 and

α2 in the solar system, we report the results obtained in
2014 by [96]

α1 ¼ ð−1� 6Þ × 10−6

α2 ¼ ð−0.9� 3.5Þ × 10−5: ð28Þ

These results were obtained from the analysis of the
orbits of the planets of the solar system, in particular from
the analysis of the longitude of the perihelia of the
terrestrial planets: Mars, Earth, Venus and Mercury, accord-
ing to the INPOP10a model of the ephemerides of these
planets [97]. The study described in [96], while interesting,
has an issue that prevents us from considering it robust:
it consists of a secondary analysis, meaning that the
work took into account the “anomalous” precessions (the
differences between observations and GR predictions) and
attributed the resulting values entirely to the possible
effects of α1 and α2.
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FIG. 13. Scheme of some allowed values for c1 þ c4 as a
function of c23 when considering the conditions on the positivity
of the energy.
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This approach is susceptible to two main sources of
uncertainty. First, the formal errors from global ephemeris
fits may not fully capture unmodeled systematic effects
(e.g., from asteroid masses). Second, without access to the
full covariance matrix of the original fit, it is challenging to
properly account for strong correlations between model
parameters, such as the solar quadrupole moment J2, the
Lense-Thirring effect, and the PPN parameters themselves.
While the analysis attempted to mitigate some of these
issues by constructing a linear combination of planetary
data, the resulting constraints may be optimistic.

B. Binary systems and GW emission

The orbital motion of a binary pulsar system through
the galaxy provides a varying velocity vector relative to
any cosmic preferred frame. A nonzero α1 would induce
periodic variations in the orbital parameters, particularly
the orbital eccentricity and the longitude of periastron. The
effect is strongest for low-eccentricity binaries. By timing
the pulses over many years and seeing no such anomalous
variations, tight constraints can be placed.
The best constraints are those already presented in the

Introduction [14–17]

α̂1 ¼ ð−0.4� 4Þ × 10−5

jα̂2j≲ 1.6 × 10−9

jα̂3j≲ 4 × 10−20: ð29Þ

We remind that this is a regime of strong or nearly strong
gravitational fields, and that the meaning of the PPN
parameters may differ from that of weak fields.
Conversely, a constraint obtained in a strong-field regime

is the one obtained by [98]. Specifically, this constraint was
obtained exploiting the Fermi GBM (gamma-ray burst
monitor) signal in the delayed emission scenario case,
i.e. assuming that the signal measured by Fermi was a
counterpart to GW150914. This is a constraint on the
coupling constant ĉ13 ¼ ĉ1 þ ĉ3 of Einstein-aether theory
obtained from the joint analysis of GW150914 [19] and
Fermi [99]:

ĉ13 ≤ 10−17: ð30Þ

This represents a severe constraint on the departure of
speed of gravity from that of light and on Lorentz-violating
mechanism.

C. Standard-model extension

Standard Model extension provides a comprehensive
effective field theory framework for studying violations of
Lorentz and CPT symmetry [93,94,100]. SME tests have
the characteristic of being transversal to multiple fields of
physics: from field and particle physics to gravitation, from
weak to strong fields to cosmology.

In its gravitational sector [101], the minimal SME
introduces Lorentz-violating terms into the action. Within
the Riemannian formalism, the leading-order correction to
the Einstein-Hilbert action is given by [102,103]

SLV ¼ 1

16πG

Z
d4xe

�
−uRþ sabRT

ab þ tabcdCabcd

�
; ð31Þ

where u, sab and tabcd are background fields that break
Lorentz invariance by coupling to the scalar curvature R,
the trace-free Ricci tensor RT

ab and the Weyl tensor Cabcd,
respectively, while e represents the determinant of the
vierbein eaμ. This framework links the PPN parameters to
the vacuum expectation values of the SME coefficients. Of
particular relevance to our work is the connection between
α1 and the time-time component of the background tensor
s̄TT . Numerous experiments constrain the components of
the SME coefficients [104,105]. A global analysis of direct
bounds on s̄TT from cosmic-ray Cherenkov radiation,
pulsars, VLBI, and GRBs yielded [104]

s̄TT ¼ ð−4.6� 7.7Þ × 10−5: ð32Þ

Separately, combined spectroscopy of white dwarfs and
radio timing of pulsars provided the limit [106]

js̄TT j < 1.6 × 10−5: ð33Þ

Our constraint on the PPN parameter α1 can be translated
into a bound on this SME coefficient. In the isotropic limit,
the two are related by [102]

s̄TT ¼ −
3

16
α1: ð34Þ

Applying our results, this yields new (more stringent)
constraints

s̄TT ≲ 6 × 10−6 ð35Þ

and

s̄TT ≲ 4 × 10−6; ð36Þ

respectively in the case of the analyses performed with
GEODYN II and SATAN.

VIII. CONCLUSIONS

Local Lorentz invariance (LLI) is a cornerstone of
modern physics, underpinning both the Standard Model
of particle physics and general relativity. Testing this
fundamental principle is crucial, as any observed violation
would provide compelling evidence for new physics. Our
work is motivated by this search, specifically probing for
gravitational theories that extend general relativity with
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additional fields (e.g.,Kμ and/or Bμν) that could mediate the
gravitational interaction and couple to matter in a way that
violates LLI. In this paper, we presented a new test of LLI
in the gravitational sector by searching for preferred-frame
effects, with the cosmic microwave background (CMB)
chosen as the natural candidate for the preferred frame. Our
analysis, based on a long time series of precise orbital data
from the LAGEOS and LAGEOS II geodetic satellites,
provides a new constraint on the parametrized post-
Newtonian parameter (PPN) parameter α1. The satellites
were tracked using the satellite laser ranging (SLR) tech-
nique, and the data were processed using two independent
software packages: GEODYN II (over a time interval of
28.3 years) and SATAN (over a time interval of 31.4 years),
for precise satellite orbit determination. The use of two
distinct data reduction strategies, each employing a
different set of dynamical and measurement models, see
Table III, provides a crucial cross-validation and enhances
the robustness of our final result against potential software-
specific systematic errors. Our final results are (respectively
for GEODYN II and SATAN)

α1 ¼ ðþ2� 3Þ × 10−5; ð37Þ

and

α1 ¼ ðþ1� 2Þ × 10−5: ð38Þ

The measurement relies on the phase-sensitive detection
of an annual signal in a specific linear combination of the
rates (of the residuals) of the argument of perigee ω and the
mean anomaly M for the two satellites: l̇0 ¼ ω̇þ Ṁ. This
technique isolates a signal with a well-defined period,
the annual one in our case, significantly simplifying the
analysis of systematic errors, as only perturbations with the
same period need to be considered. An advantage of using
l̇0 as observable, the rate of the mean argument of latitude
of a satellite, is that some of the perturbative effects (both
gravitational and nongravitational) acting individually in
the rates of the two keplerian elements ω and M are
significantly reduced by their sum (Sec. II). Furthermore,
using this observable in the case of two satellites, as
detailed in Sec. IV, allows us to cancel the error from
the uncertainty in the Earth’s dominant zonal gravitational
coefficient, C̄2;0. This uncertainty represents the leading
source of error in a single-satellite analysis, and its removal
is crucial for achieving high precision. With the dominant
error from C̄2;0 eliminated, our systematic error budget is
dominated by the uncertainty in the Earth’s hexadecapole
coefficient, C̄4;0. As shown in Table IX, the contributions
from tides and nonconservative perturbations are negli-
gible. The total systematic error is estimated to be
7.7 × 10−6, which is smaller than the estimated statistical
uncertainties of 3 × 10−5 and 2 × 10−5. Note that the main
contribution to the standard deviation of the results comes

from the noise that characterizes our precise orbit deter-
mination, in particular broadband noise. A detailed dis-
cussion of the error analysis is provided in Appendix B.
Our results are consistent with zero, in full agreement with
the predictions of general relativity. This represents the first
constraint on the PPN parameter α1 derived from the orbital
dynamics of Earth-orbiting satellites. Furthermore, they
improve by a factor of 3 to 4.5 the previous best bound,
obtained by lunar laser ranging in the gravitational field
of the Sun [10]. This work places new, tighter constraints
on the existence of a gravitational preferred frame and,
consequently, on theories of gravity that extend GR with
additional vector or tensor fields. A prominent example is
Einstein-aether theory [91], which is particularly relevant as
it is considered the low-energy limit of Hořava-Lifshitz
quantum gravity [87]. As detailed in Sec. VI A, our
measurement of α1 constrains a linear combination
(c1 þ c4) of the theory’s coupling constants as a function
of c23. Furthermore, in the context of the SME in the pure-
gravity sector (Sec. VII C), our results implies a limit on the
time-time component of the Lorentz-breaking coefficient:
s̄TT ≲ 6 × 10−6 and s̄TT ≲ 4 × 10−6, respectively for the
analyses performed with GEODYN II and SATAN. These
constraints are significantly more stringent than those
obtained from strong-field regimes. We conclude by high-
lighting that our measurement constitutes a “direct” test of
LLI within the Dicke framework [39], as it directly probes
the imprint of a nonzero α1 on the orbital motion of the
LAGEOS satellites. A natural continuation of this work,
that we plan to pursue, consists of extending this analysis to
other orbital elements. Specifically, analyzing the eccen-
tricity vector holds the potential to simultaneously con-
strain both PPN parameters α1 and α2 in the Earth’s
gravitational field, further refining these fundamental tests
of gravity.
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APPENDIX A: VALIDATION OF THE
PHASE SENSITIVE DETECTION USING

SYNTHETIC DATA

The phase sensitive detection (PSD, or lock-in), is the
final stage and a crucial step of our analysis, enabling the
isolation of a small signal of known frequency and phase
buried in background signals and noise.
To validate its use, it is appropriate to characterize the

PSD, with respect to both its detecting capability and the
noise produced at its output. We recall that the PSD consists
of two modules in cascade: in the first, the input time series
is multiplied by a sine wave of given frequency (in our case
f0, the inverse of a sidereal year) and phase, shifting the
spectral component of interest to DC. Then, a low-pass
filter narrows the band around zero frequency, in order to
further reject signals and noise at f ≠ 0 (f ≠ f0 in the
original signal). We used a third-order Butterworth filter
with a time constant of Δt ¼ 3000 d. The low-pass, like
any filter, produces some ringing, (distortion of the signal
shape) at the edges of the processed time series, visible in
Figs. 7 and 8: that is why we discarded, in our analysis, the
transients at the beginning and end of the time series,
limiting our analysis to 7000 days. The length of the data
stream and the filter parameters were chosen to optimize
the signal-to-noise ratio, and they were kept fixed, both in
the analysis of Sec. V and in the tests described in this
Appendix, unless explicitly varied.
Noise characterization—Characterization of the noise at

the output of the PSD requires a statistical approach, which
is not viable when only one time series is available.
Splitting the data stream into shorter segments, a typical
workaround, is not feasible here due to the limited length of
the dataset. We therefore generated random time series,
each having the same average, standard deviation and
amplitude distribution (Gaussian) as the real data stream.
To remove any potential physical signal at the yearly
frequency f0, the spectral component at that frequency
was replaced by interpolating the amplitudes of neighbor-
ing bins. The power spectral density was further smoothed
using a moving average over 3.5 × 10−4 d−1. The synthetic
noise time series were fed as input to the lock-in filter:
Figure 14 displays the envelope of 30 synthetic noise trials
alongside the physical signal. The time domain behavior of
the physical signal is very similar in shape and amplitude
to the synthetic signals. This suggests that many of its
characteristics can be attributed to wideband noise or, at
least, that wideband noise represents the main contribution,
well over narrowband systematic effects.
Dispersion of response to a signal due to noise—We

evaluated the sensitivity to two periodic signals with annual
frequency and fixed phase, corresponding to α1 ¼ 2 × 10−5

and α1 ¼ 5 × 10−5, respectively. We added to each of this
signals 105 synthetic datasets of noise. These simulations
were then processed in the same configuration used with

real data. Figure 15 illustrates the histogram obtained
for the time average of the lock-in output. The solid lines
in the figure represent the expected distributions. These
remain Gaussian, as with the input, but with a standard
deviation modified by the correlation introduced by the
low-pass filter. From these simulations, we obtained values
of α1 ¼ ð2.0� 1.1Þ × 10−5 and α1 ¼ ð5.0� 1.1Þ × 10−5

respectively. The two averages are identical to the ampli-
tude of the injected signals. The two standard deviations
(σ ¼ 1.1 × 10−5) are both equal, within error, to the
expected value derived from an analytical model of the
low-pass filter.
Response to simulated detuned signals—Using synthetic

signals, we computed the response of our pipeline to signals
not perfectly tuned to our target (i.e., signals deviating from

FIG. 14. Gray: 30 data streams of synthetic noise, at the output
of the lock-in. Red: the physical data stream.

FIG. 15. Histogram of the detection pipeline output for simu-
lated signals with two different amplitudes added to synthetic
noise (2.0 × 10−5 in red and 5 × 10−5 in blue). The solid lines
represent the expected distributions.
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the annual frequency and the expected phase). To test the
pipeline, we added signals with an amplitude equivalent to
an α1 ¼ 2 × 10−5, to different streams of simulated noise.
We varied the phase by �π=4 and the period by �1 d,
around the target. Specifically, we tested a grid of 21 × 11
phase and frequency combinations. For each combination,
we performed 1000 noise trials. Figure 16 reports the results,
showing that the detection pipeline can measure the ampli-
tude of sinusoids deviating by up to 3 hours in period and
40 degrees in phase from the predicted values, remaining
within the measurement error.

APPENDIX B: SYSTEMATIC ERRORS

The sources of error in the measurement of α1 are to be
found in disturbance effects in the motion of the satellites
related to both gravitational and nongravitational perturba-
tions (NGPs). The first group includes imperfect modeling
of the Earth’s gravitational field and tides, both solid and
oceanic; these errors are discussed in Secs. B 1 and B 2. For
NGPs, the main factors to consider are effects related to
solar and terrestrial radiation pressure and thermal forces;
these errors are discussed in Secs. B 3 and B 4. Clearly, we
are primarily interested in detecting a signal related to our
observable that varies with the annual period of the possible
LLI violation. The analyses described in this appendix
follow three different approaches.
In the first approach, we estimated the error induced on

the observable l̇0 by a given annual perturbation effect and
computed its effect on the parameter α1 from the combined
analysis of the orbits of the two LAGEOS, Eq. (13), and
from the application of the filter produced by the PSD
based on Eq. (B3) below. Therefore, in this specific case, in
the analysis of the different errors, we focused on the
perturbation effects characterized by an annual periodicity.
In the second approach Sec. B 5), the error estimate was

performed by applying the entire pipeline used to estimate

α1 to a single perturbation model. In this case, therefore, the
possible annual periodicity effect of the model on our
observable was not considered, but rather the entire model
with all its temporal characteristics. This approach was
particularly relevant for assessing the systematic bias from
NGP. Finally, in the third approach, we performed a
sensitivity analysis of our measurement to some character-
istic parameters, assuming extremely pessimistic maximum
errors (Sec. B 6).
Section B 7 finally summarizes our general considerations

on the error budget in measuring the PPN parameter α1.

1. Gravitational field

The long-term perturbative effects of the Earth’s gravi-
tational field are linked to the deviation from spherical
symmetry in the Earth’s mass distribution. In particular, we
are interested in the long-term effects of the zonal har-
monics Jl [108], whose disturbing function R is

R ¼ −
Gm⊕

r

X∞
l¼2

�
R⊕

r

�
l
JlPlðcos θÞ; ðB1Þ

where l is the degree of the expansion and Plðcos θÞ are
the Legendre polynomials with θ the colatitude on Earth
[109]. If the gravity field were static, these effects would
not be characterized by any periodicity, neither in the rate
of the argument of pericenter, nor in the rate of the mean
anomaly of the satellite. At the same time, it is well known
that the time-dependent solutions for the low-degree
harmonics of the gravitational field are characterized not
only by secular trends, but also by periodic variations with
annual and semiannual periodicities [110]. This is the case
of the quadrupole coefficient C̄2;0, which provides the
largest perturbation due to the Earth’s oblateness, as can
be seen from the measurements provided by the GRACE
and GRACE-FO missions [52,53], as well as from SLR
data [53,111–113].
Figure 17(a) shows the time evolution of the quadrupole

coefficient from the monthly solutions estimated at the
Center for Space Research (CSR—University of Texas at
Austin) exploiting the SLR data of (up to eight) geodetic
satellites with the UTOPIA software [53,114]. This is
known as the historical solution for the terrestrial quadru-
pole coefficient and is a zero-tide solution [115]. The main
periodic component that characterizes the oscillation of the
coefficient is the one with annual period, as clearly shown
in Fig. 17(b). This implies that the secular trends on the
pericenter and on the mean anomaly are also characterized
by an annual oscillation which overlaps with their linear
behavior.
Indeed, in our analysis with GEODYN II, the low-degree

harmonics of the terrestrial geopotential have been modeled
to take into account their long-term drifts. In particular,
we considered the long-term behavior of the even zonal
harmonics (those of order m ¼ 0) of degree l ¼ 2 and

FIG. 16. Surface plot of detected α1, for injected signals with a
fixed amplitude of 2 × 10−5, over synthetic noise, plotted versus
period and phase detuning.
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l ¼ 4 on the basis of the available knowledge for these
coefficients—obtained from SLR data of geodetic satellites
and those from the GRACE and GRACE-FO missions—
provided by different analysis centers [116]. This analysis
was also applied to the octupole coefficient C̄3;0, i.e., the
first odd zonal harmonic coefficient (l ¼ 3), which is a

measure of the North-South asymmetry in the distribution
of mass within our planet.
Figure 18 shows part of the historical solution for the

terrestrial quadrupole coefficient obtained from the CSR
that we have used to fit the two linear trends shown (on
which the annual oscillations are superimposed) to better

FIG. 17. Earth quadrupole coefficient estimated on a monthly basis by CSR using SLR data from up to 8 geodetic satellites.

FIG. 18. Long-term behavior for quadrupole coefficient C̄2;0 of the Earth gravitational field obtained by CSR from SLR data. The
original data of Fig. 17 were converted to a tide-free potential. The two red lines represent the best linear fit, in two successive periods, to
the long-term oscillatory trend of the coefficient. To estimate the phase of the annual frequency component, the C̄2;0 data were fitted with
a linear trend and a sinusoid with annual periodicity. We obtained ϕC̄2;0

¼ 0.7� 0.2 rad.
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capture the long-term behavior of the coefficient over the
time interval of our analysis with GEODYN II.
To achieve this, we converted the zero-tide quadrupole

coefficient of previous Fig. 17 into a tide-free quadrupole
coefficient, as shown in Fig. 18. This is because GEODYN
is based on a tide-free potential and not on a tide-zero
potential like UTOPIA. The difference ΔC̄2;0 between
zero-tide and tide-free is of the order of 4.2 × 10−9. This
value can be tuned to the specific solution obtained for the
gravitational field. We refer to IERS conventions [2010] for
more details [50].
In Table V, are shown the results of our linear fit for the

low degree zonal harmonics previously cited. The intercept
is given at the epoch t0 ¼ 51544 MJD (J2000.0), the first
period covers the time interval 1992–2006, while the
second period covers the time interval 2006–2019. The
transition epoch is August 30, 2006 (MJD 53977) [117].
As regards the values of the rates of the octupole and

hexadecapole coefficients, they coincide with those sug-
gested by current IERS conventions, while the values for
the coefficients set at the epoch J2000.0 differ slightly from
those envisaged by the conventions. These trends have been
modeled in GEODYN II by means of the following
equation:

C̄l;0ðtÞ ¼ C̄l;0ðt0Þ þ ˙̄Cl;0 · ðt − t0Þ: ðB2Þ

The value of the formal error for the amplitude of the
quadrupole coefficient is found in the literature, but care
must be taken in adopting it: the current best value is
provided by the latest releases of the Earth gravitational
model from GRACE and GRACE-FO missions, and is of
the order of few times 10−13. However, it is important to
note that, due to the low altitude, around 500 km, of the
twin satellites of both GRACE and GRACE-FO missions,
the low-degree coefficients are not estimated with the same
precision as the medium and high-degree coefficients, and
their values, in the provided solutions, are usually replaced
with values derived from the SLR. This is especially true
in the case of the quadrupole coefficient C̄2;0, as already

highlighted above (see Fig. 17). We therefore conserva-
tively assume for this error the value δC̄2;0 ¼ 9 × 10−12

obtained through the SLR technique [113]. With this value,
Eq. (12) yields a systematic contribution to the error
of α1 equal to approximately 1.8 × 10−5 for LAGEOS and
1.6 × 10−5 in the case of LAGEOS II.
However, the contribution to the error on α1 from this

coefficient has been removed by using the longitudes (i.e.,
the mean argument of latitude l0 ¼ ωþM) of both
LAGEOS satellites, as explained in Sec. IV. Indeed, from
the system (13), and after the application of the PSD, we
obtained the following solution for the PPN parameter α1
which is free from the error due to the knowledge of the
terrestrial quadrupole

α1 ¼ −3.396× 10−5δl̇0jLG1 − 3.765× 10−5δl̇0jLG2; ðB3Þ

where δl̇0 represents the error, in mas/arc, in the mean
argument of latitude rate of the satellites. Note that this
same equation represents the point values for the quantity
A1ðtÞ plotted in Fig. 5, the other solution of system (13),
when the errors in mas/arc are replaced by the (point)
values of the observables l̇LG1

0 and l̇LG2
0 appearing in the

left-hand side of system (13).
Figure 19(a) shows the solution for the corrections δC̄2;0

to the quadrupole coefficient obtained from the system (13),
while Fig. 19(b) shows its FFT. The correlation between
the two solutions, A1ðtÞ and δC̄2;0, of the system (13) is (as
expected) relatively high, about 0.09. In the FFTof δC̄2;0 it is
interesting to note the presence of a line with annual
periodicity, and whose amplitude ∼8.4 × 10−12 is very close
to the error we estimated for the annual component of the
terrestrial quadrupole, about 9 × 10−12.
Thus, the main contribution to the systematic error in α1

due to the gravitational field is related to the hexadecapole
coefficient C̄4;0 and not to the quadrupole one. Eq. (B4)
provides the error in the mean argument of latitude due to
our lack of knowledge of the second even zonal harmonic

δl̇0jδC̄4;0
≃þ 15

1024

ffiffiffi
9

p �
R⊕

a

�
4

n

�
3e2

ð1− e2Þ7=2 ð9þ 20 cosð2iÞ

þ 35cosð4iÞÞ− 1

ð1− e2Þ4
�
−27ð4þ 5e2Þ

þ 4 cosð2iÞð−52− 63e2Þ

þ 7 cosð4iÞð−28− 27e2Þ
	


δC̄4;0: ðB4Þ

We assumed an error of about 6.8 × 10−12 for this coeffi-
cient, in agreement with the calibrated error provided by the
GGM05S model of the Earth’s gravitational field [118].
Therefore, by calculating separately from Eq. (B4) the
errors on the mean argument of latitude of the two
LAGEOS satellites produced by our knowledge of the

TABLE V. Temporal variation of the gravitational field that we
implemented in our analysis with GEODYN II for the first two
even zonal harmonics and the first odd zonal harmonic. The first
column indicates the degree of the zonal harmonic, the second
column gives the value of the coefficient at epoch J2000.0, finally
the third column indicates the rate of linear variation of the
coefficient over time in yr−1, see Eq. (B2).

Zonal harmonic Intercept J2000.0 Rate [1/yr]

C̄2;0 1st period −4.8416529 × 10−4 þ2.37 × 10−12

C̄2;0 2nd period −4.8416519 × 10−4 −1.295 × 10−11

C̄3;0 entire period þ9.57235 × 10−7 þ0.490 × 10−11

C̄4;0 entire period þ5.40007 × 10−7 þ0.470 × 10−11
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hexadecapole coefficient, using Eq. (B3) we obtain for α1
an estimate of the systematic error due to the gravitational
field equal to ∼6.5 × 10−6.
The error δC̄6;0 of the third even zonal harmonic

coefficient, the hexacontatetrapole, is about 3.2 × 10−12

(in agreement with the calibrated error provided by the
GGM05S model) and gives a systematic error in α1 of
about 6 × 10−7, fully negligible.
Finally, we note that the analysis of the orbits of the

two satellites was repeated by modeling, in addition to the
secular trend of the quadrupole coefficient, also its oscil-
lation with an annual period in a second case and by
modeling, in a third case, both the oscillation with an
annual period and that with a semiannual period. No signi-
ficant differences were found with respect to the analysis
described. In particular, an oscillation with an annual
periodicity and amplitude comparable to that of Fig. 6 is
always present: the amplitude is slightly reduced in the case
of LAGEOS II and remains substantially unchanged in the
case of LAGEOS.
Furthermore, as detailed in Sec. B 6 (sensitivity analysis

and robustness checks), the robustness of our results
against potential mismodeling in key gravitational param-
eters has been further investigated through extreme sensi-
tivity tests.

2. Solid and ocean tides

The effects of solid and ocean tides have been deeply
investigated and computed on the orbit of the two LAGEOS
satellites and on that of LARES in [119]. That analysis was
mainly devoted to the estimation of tidal errors for the mea-
surement of the Lense-Thirring effect [36,38], consequently
the analysis was focused on the right ascension of the
ascending node of the satellites and on the argument of

pericenter of LAGEOS II. In this work, we extended that
analysis to the mean anomaly of LAGEOS and LAGEOS II.
We underline that among the perturbative effects that we are
analyzing on our observable, the tides alone are character-
ized by a periodicity, among the many that distinguish them,
exactly annual, like that of the possible violation of Eq. (11).
Furthermore, as shown in [119], the phase ϕtide of the solid
and ocean tides are also well identifiable.
In Table VI the tide contributions obtained for the

argument of pericenter Δω̇ and for the mean anomaly
ΔṀ of the two LAGEOS satellites are shown. As can be
seen, the amplitudes are very small and the effects on the
two elements tend to partially compensate, as already
mentioned.
To estimate the impact of tides on the measurement of

the parameter α1 we need to add the effects in the two
elements and take into account the typical errors associated
with solid and oceanic tides [119]. Typically, the relative

FIG. 19. Earth quadrupole coefficient corrections estimated in the POD of the two LAGEOS satellites on a time span of 28.3 years.

TABLE VI. Effect of solid and ocean tides on the argument of
pericenter and on the mean anomaly of LAGEOS and LAGEOS
II. The second column provides the Doodson number of the tide
with annual period. The third and fourth columns provide,
respectively, the amplitudes in mas/d (milli-arc-seconds per
day) of the solid and ocean tides on the rate of the argument
of pericenter and on the rate of the mean anomaly of the satellite.
Finally, the last column provides the phase in degrees of the two
tides computed at the start date of the satellites’ orbit analysis.

Satellite Tide 056.554 Δω̇ ΔṀ ϕtide

LAGEOS Solid −0.0169 þ0.0784 þ352°.38
Ocean þ0.0365 −0.1688 þ312°.38

LAGEOS II Solid þ0.0346 −0.0128 þ216°.17
Ocean −0.0745 þ0.0276 þ176°.82
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error δk=k for the amplitude k of solid tidal coefficients is
of the order of 10−4 or less. In contrast, ocean tides are
characterized by larger uncertainties, with a typical relative
error of the order of 10−2.
We take the maximum relative error δk=k as well as the

phase ϕtide of the tides into account to estimate the tides
error by means of the following equation:

δl̇0jtide ≃ ðΔω̇þ ΔṀÞ cosϕtide
δk
k
: ðB5Þ

By computing Eq. (B5) for each satellite—and sepa-
rately for both the solid and the oceanic tides—and
including the results in Eq. (B3) we obtain a contribution
to the error on α1 of the order of 10−9 in the case of solid
tides, and of the order of 10−7 in the case of ocean tides.
These errors are negligible compared to that estimated for
the Earth’s hexadecapole coefficient.

3. Solar and terrestrial radiation pressure

Direct solar radiation pressure (SRP) and the Earth’s
albedo are responsible for several long-term effects on the
argument of perigee and the mean anomaly of spherical
satellites like LAGEOS and LAGEOS II. However, they do
not produce a direct periodic effect with a precise annual
frequency λ̇⊕. The main frequency components are combi-
nations of λ̇⊕, ω̇ and Ω̇ (the right ascension of the ascending
node), in the form (λ̇⊕ � ω̇) and (Ω̇� λ̇⊕ � ω̇) [120]. This
has been explicitly verified by extending the analytical
calculations developed in [120] to the satellite mean
anomaly and analyzing its overall effect on the mean
argument of latitude of a LAGEOS-type satellite.
Using the Gauss equations for the rate of the argument of

perigee and for the rate of the mean anomaly (see for
instance [80]), we finally obtained—at the first order in the
orbital eccentricity e—for the observable

l̇0 ¼ ω̇þ Ṁ ≃
R
na

�
−2þ 3

2
e cos f

�
þ T
na

1

2
e sin f

−
W
na

cot ið1 − e cos fÞ sinðωþ fÞ þOðeÞ; ðB6Þ

where the terms proportional to 1=e that characterize both
rates cancel each other out in their sum. In the last expression
R, T and W represent the components of the SRP accel-
eration in the Gauss comoving frame, respectively along the
radial, transverse and out-of-plane directions.
Averaging Eq. (B6) over the mean anomaly, we obtain

long-term effects characterized by the above-mentioned
frequencies, but we do not obtain a periodic term at the
annual frequency λ̇⊕ (see for instance Eq. (11) in [120]). If
we consider the effect of eclipses (see again [120]), these do
not introduce a periodicity with annual frequency either in
the argument of the perigee or in the mean anomaly of the

satellite. In fact, the elements most sensitive to the effect of
eclipses are the inclination and the node of the satellite.
These last elements will instead be characterized by several
new frequencies in the presence of eclipses, among these,
in addition to the frequency of eclipses 2(Ω̇ − λ̇⊕), by the
annual λ̇⊕ and twice-annual 2λ̇⊕ frequency.
The nondependence on the annual periodicity of the

observable l̇0 is also obtained in the more general case in
which the analytical computation that leads to Eq. (B6) is
not restricted to the first order in eccentricity. The exercise
has been repeated in the general case using the symbolic
calculation of Matlab: indeed, no direct dependence on the
annual frequency alone has been obtained.
The above considerations and results are valid in the

approximation of interacting point bodies or bodies with
spherical mass symmetry. When considering the effects of
direct solar radiation pressure on a satellite around a non-
spherical Earth, new effects emerge of the order of the
direct solar acceleration multiplied by the Earth’s quadru-
pole coefficient J2, i.e., ∼103 times smaller in magnitude.
In the case of the mean argument of latitude, the effects are
further multiplied by the eccentricity of the satellite and still
do not give rise to a purely annual periodicity. This has been
verified in three different cases: (i) in the case of an explicit
first-order analytical calculation in eccentricity, (ii) in the
case of an extended symbolic calculation and (iii) in the
case of a numerical propagation of the orbit over a long
time interval. The latter case is described explicitly in the
next subsection.
Finally, we note that in the unlikely hypothesis that the

different long-term effects arising from Eq. (B6) combine
with each other to give an oscillating component with an
annual period, this would give a contribution to the error in
α1 that is negligible compared to the effect previously
estimated for the gravitational field. An upper bound for the
amplitude of such an effect is

l̇0 ≃
e
na

CR

�
A
m
Φ⊙

c

�
; ðB7Þ

where CR is the radiation pressure coefficient already
introduced, A=m represents the area-to-mass ratio of the
satellite and Φ⊙ the solar irradiance at 1 astronomical unit.
In this equation we have maximized the effect in the
observable by taking as acceleration the absolute value of
the direct SRP, and not a fraction of it as Eq. (B6) would
suggest. Solving this equation for the two satellites, we
obtain a value of about 0.9 mas/arc for LAGEOS II and
about 0.3 mas/arc for LAGEOS. Even if we assume an
annual periodicity for these long-term effects, the impact on
the α1 parameter of a 1% error in the radiation coefficient
would produce an error of the order of 7 × 10−7 and
2 × 10−7, respectively for LAGEOS II and LAGEOS [121].
The overall impact on α1 by means of Eq. (B3) would give
an error ∼4 × 10−7.
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If we now consider the long-term effects in the observ-
able related to the albedo, these have the same periodicities
as the SRP but with a characteristic amplitude given by
that of the previous formulas rescaled by the Earth’s mean
albedo coefficient: A⊕ ≃ 0.3 [60,125,126]. As regards
eclipses and albedo, the previous considerations remain
valid. In this case, however, the shadow function of the
albedo must also be taken into account [127,128]. As
demonstrated in Eq. (36) of [120], this introduces frequen-
cies given by the combinations of Ω̇ and λ̇, but not a long-
term effect with annual periodicity.

a. Numerical propagation

We numerically propagated the orbits of the LAGEOS
and LAGEOS II satellites over a 10-year time interval,
modeling both gravitational perturbations and NGPs due to
solar and terrestrial radiation pressure. The model used also
includes the gravitational field of the Earth up to degree and
order 30, the third body perturbations of the Sun and Moon
and the main GR corrections. The starting epoch was
November 6, 1992.
The propagation was performed under two distinct

scenarios. In the first scenario (hereafter, the nominal CR
scenario), the radiation pressure coefficients, CR, for
LAGEOS and LAGEOS II were held constant at their
nominal values of 1.13 and 1.12, respectively. In the second
scenario (hereafter, the perturbed CR scenario), CR was
intentionally increased by 10% relative to the nominal
values, resulting in CR values of 1.24 for LAGEOS and
1.23 for LAGEOS II. The radiation pressure coefficient
encapsulates the average reflectivity properties of the
satellite’s surface and serves as a scaling parameter in
the dynamical models of NGPs arising from solar and
terrestrial radiation. This parameter is typically estimated
during data reduction procedures when necessary.
To quantify the impact of solar and terrestrial radiation

pressure on the satellite orbits, we calculated the difference
between the Keplerian elements obtained from the per-
turbedCR scenario and those obtained from the nominalCR
scenario. These differences represent the orbital perturba-
tions induced by the considered NGP model. Figure 20
illustrates the temporal evolution of the argument of perigee
(blue), the mean anomaly (red), and their sum—the mean
argument of latitude (black)—for LAGEOS.
Figure 21 presents the spectral analysis of these three

orbital elements. Notably, Fig. 22, which provides a magni-
fied view around the annual periodicity, reveals the absence
of a contribution at the annual component in the evolution
of the argument of perigee and the mean anomaly, and
consequently, in the mean argument of latitude.
The periods of the spectral components appearing in

these last two figures are typical of the perturbative effects
on these elements related to solar radiation and the Earth’s
albedo. For example, the line (Ω̇ − λ̇⊕ þ ω̇) with a period
of 406 d, the line (λ̇⊕ − ω̇) with a period of 304 d, the

FIG. 20. Evolution of the argument of perigee and of the mean
anomaly of LAGEOS over a 10-year period produced by the 10%
variation of the satellite radiation coefficient. The black line
represents the evolution of the mean argument of latitude of the
satellite.

FIG. 21. FFT of the variables shown in Fig. 20.

FIG. 22. Particular of Fig. 21 around the annual period.
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line (Ω̇ − λ̇⊕ − ω̇) with a period of 900 d and the line
(Ω̇þ λ̇⊕ − ω̇) with a period of 243 d.
Similar considerations apply to LAGEOS II. Figure 23

shows the spectral analysis obtained for this satellite in the
simulation time interval.
While these analyses provide valuable insights into the

spectral content of SRP and albedo perturbations and their
lack of a direct annual component, a more rigorous end-to-
end evaluation of their systematic bias on α1 is presented in
Sec. B 5, following the “second approach” outlined in the
introduction of this appendix.

4. Thermal thrust effects

Perturbations arising from thermal thrust—namely the
terrestrial Yarkovsky (Rubincam) effect and the solar
Yarkovsky-Schach effect—were not modeled in our pri-
mary analysis. We adopted this approach because the
models we previously developed for these phenomena
[35,41,120,122,129] are more accurate than those currently
implemented in the GEODYN II software. Consequently,
these effects contribute to our orbital residuals and will be
accounted for a posteriori.
Following our first error analysis approach, we inves-

tigate here whether these thermal effects could produce
a spurious signal with a purely annual periodicity in our
observable, l̇0. Similar to the other NGPs discussed,
neither of these two thermal effects is characterized by a
dominant annual period [129]. For the terrestrial Yarkovsky
effect, the principal periodicities are driven by the pre-
cession rates of the satellite’s node (Ω̇ and 2Ω̇) and of the
pericenter (ω̇ and 2ω̇), and of their combinations (2ω̇� Ω̇,
2ω̇� 2Ω̇, 4ω̇� Ω̇ and 4ω̇� 2Ω̇) [62,63]. For the solar
Yarkovsky-Schach effect, the characteristic frequencies
include those from direct solar radiation pressure, along
with additional terms involving the Sun’s mean longitude

λ̇⊕, such as (Ω̇� 2λ̇⊕ � ω̇, Ω̇� ω̇, 2λ̇⊕ � ω̇ and ω̇)
[122,130,131]. Furthermore, the spectral content of these
thermal perturbations is made more complex by the
satellite’s spin vector. The evolution of the spin axis is
itself primarily governed by the nodal precession rate Ω̇ of
the satellite’s orbit [41,129]. Again, the analytical treatment
of these effects does not provide a periodic component with
a strictly annual period.
Following the same methodology used for solar and

terrestrial radiation pressure, we numerically simulated the
long-term perturbations from thermal thrusts to investigate
their potential contribution to our results. These simulations
span a 28-year period, matching the time interval of our
main analysis. We focused on the effects on the argument of
perigee and the mean anomaly of both LAGEOS satellites.
As previously stated, these nongravitational perturbations
were not explicitly modeled in our primary data analysis
and they are therefore a potential source of unmodeled
signals in the orbital residuals.
The simulations address the solar Yarkovsky-Schach

effect and the terrestrial Yarkovsky (Rubincam) effect, based
on the models described in [35,122,129]. In both scenarios,
the evolution of the satellite’s spin vector was modeled over
the entire time frame according to [40,41]. In the numerical
analysis a sampling step of 1 day was used and the effects
on the orbital elements were calculated using the Gauss
equations. The primary goal of these simulations is to deter-
mine whether thermal thrusts produce a significant signal
with an annual periodicity in our observables. While the
results presented here are for LAGEOS II, our conclusions
are equally applicable to LAGEOS.
Figure 24 shows the long-term effects of the perturbation

on our observable, the mean argument of the latitude, while
Fig. 25 shows its spectral content via FFT. This figure also
shows the FFTs of each rate, that of the argument of
pericenter and that of the mean anomaly. Figure 26 shows

FIG. 24. Time evolution of the LAGEOS II mean argument of
latitude due to the Yarkovsky-Schach effect on a time interval of
28 years.

FIG. 23. FFT of LAGEOS II argument of perigee (blue), mean
anomaly (red) and mean argument of latitude around the annual
period.
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an enlargement of the previous figure around the annual
periodicity. As we can see, there is no oscillating compo-
nent with annual periodicity.
Figures 27–29 show the results of our analysis in the case

of the Earth-Yarkovsky effect. The frequency analysis of the
mean argument of latitude, see Fig. 29, does not show
evidence of an oscillating component with annual periodic-
ity. On the other hand, it seems possible that an oscillating
component with annual period is present in the satellite
argument of pericenter, but not in its mean anomaly.
The amplitude of the effect at the annual period in

the rate of the argument of pericenter is very small.
However, if we pessimistically assumed that the amplitude
(about 4.4 × 10−4 mas=day) of the FFT of the observable
corresponding to the hypothetical annual periodicity was
attributable to a spectral line, we would obtain a value for
the error in α1 equal to ∼2 × 10−7. In fact, a very small

FIG. 26. Close-up of Fig. 25 around the annual periodicity: no
spectral component with annual periodicity is evident.

FIG. 25. Yarkovsky-Schach effect. FFT of the LAGEOS II
argument of pericenter (red) and mean anomaly (blue) over the
28 years period analyzed. The FFT of the argument of latitude
(black) is also shown.

FIG. 27. Time evolution of the LAGEOS II mean argument of
latitude due to the Earth-Yarkovsky effect on a time interval of
28 years.

FIG. 28. Earth-Yarkovsky effect. FFT of the LAGEOS II
argument of pericenter (red) and mean anomaly (blue) over
the 28 years period analyzed. The FFTof the argument of latitude
(black) is also shown.

FIG. 29. Close-up of Fig. 28 around the annual periodicity: no
spectral component with annual periodicity is evident in the mean
argument of latitude.
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value and in any case negligible compared to the systematic
error previously estimated for the Earth’s gravitational
field.
As anticipated, an analysis of the impact of thermal

effects was also conducted on LAGEOS and over a longer
period of time, equal to 34 years from the launch of the
satellite. No contribution of these perturbative effects to the
annual periodicity is evident.
Therefore, based on our current best physical models,

thermal thrust effects do not appear to be a significant
source of systematic error that could mimic the signature of
an LLI violation.

5. End-to-end analysis of nongravitational
perturbations

In our second approach to error estimation, we per-
formed a rigorous end-to-end quantitative analysis to
evaluate the systematic bias originating from the main
NGPs. This method provides a more consistent evaluation
than a purely analytical estimate, as it processes high-
fidelity NGPs models through the exact same measurement
pipeline used for the final α1 estimation.
For each NGP effect considered—Solar Yarkovsky-

Schach (YS), Earth-Yarkovsky (EY), and a conservative
error in the solar radiation pressure (SRP) model—we
followed a consistent procedure:
(1) We generated the time series of the NGP-induced

perturbations on the mean argument of latitude
(l̇0 ¼ ω̇þ Ṁ) for both LAGEOS and LAGEOS
II, based on our best available physical models.

(2) We processed these simulated perturbations through
the two-satellite combination described by Eq. (13)
to derive the corresponding time series for the
observable A1ðtÞ.

(3) Finally, we fed this A1ðtÞ series into our full phase-
sensitive detection (PSD) pipeline. The resulting DC
output of the lock-in amplifier directly represents the
systematic bias, αNGP1 , that the specific NGP would
induce in our measurement.

The results of this analysis are detailed below and
summarized in Table VII.

a. Solar Yarkovsky-Schach (YS) effect

We first analyzed the signature of our YS thermal model.
As anticipated from its known spectral properties, the effect

does not project a significant DC component at the annual
frequency. The output of the in-phase PSD analysis yields a
systematic bias of αYS1 ¼ ðþ0.6� 4Þ × 10−8. This value is
fully compatible with zero and is negligible compared to
our final measurement uncertainty.

b. Earth-Yarkovsky (EY) effect

The same analysis was applied to the perturbations
induced by the EY thermal effect. The magnitude of this
effect is substantially smaller than that of the solar YS
effect. The pipeline yields a systematic bias of αEY1 ¼
ðþ0.8� 1Þ × 10−11, which is entirely negligible.

c. Solar radiation pressure (SRP) model error

To assess the impact of uncertainties in the SRPmodeling,
we simulated the effect of a conservative 0.5% error in the
radiation coefficients (CR) for both LAGEOS satellites. The
end-to-end analysis provides a potential systematic bias of
αSRP1 ¼ ð−0.4� 4Þ × 10−6. While this is the largest of the
NGP contributions, its value is statistically consistent with
zero and remains well below our final statistical error for α1.
Notably, the SRP error model does not introduce a

significant annual periodicity into our analysis. As shown
in Fig. 30 (top), the FFTof the resulting ASRP

1 ðtÞ time series
lacks any peak at the annual periodicity. This conclusion is
further strengthened by the PSD analysis (bottom panel),
where the application to ASRP

1 ðtÞ of a notch filter designed
to remove signals around the annual period produces no
discernible change in the output, confirming the absence of
a relevant systematic signal from this source.
In conclusion, this quantitative end-to-end analysis

confirms our previous assessments: the systematic biases
introduced by the main nongravitational perturbations are
not a limiting factor for our measurement. The potential
contribution from each effect is statistically consistent with
zero and significantly smaller than both the leading
gravitational uncertainties and our final statistical error.
These results have been incorporated into the final error
budget in Table IX.

6. Sensitivity analysis and robustness checks

In our third approach, we address the propagation of
systematic errors through our complex, nonlinear analysis
pipeline. While a full Monte Carlo (MC) simulation is
often considered the gold standard for such tasks, its

TABLE VII. Systematic bias on α1 from the main NGPs, estimated via an end-to-end simulation. Each value
represents the output of the full PSD pipeline when fed with the simulated signature of the corresponding NGP.

Nongravitational perturbation source Systematic bias estimate (αNGP1 )

Solar Yarkovsky-Schach (YS) Effect ðþ0.6� 4.0Þ × 10−8

Earth-Yarkovsky (EY) Effect ðþ0.8� 1.0Þ × 10−11

Solar Radiation Pressure (SRP) Error (0.5%) ð−0.4� 4.0Þ × 10−6
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application to our methodology is computationally pro-
hibitive. A single POD run for one satellite over the 30-year
timespan requires approximately 8 hours with GEODYN II
and 16 hours with SATAN. An MC analysis with a statis-
tically significant number of realizations (e.g., 1000) would
thus demand several years of continuous computation,
rendering it unfeasible.
Given these constraints, we have adopted a robust

extreme sensitivity analysis to rigorously investigate the
stability of our α1 estimate against large, pessimistic varia-
tions in key model parameters. This approach addresses the
core concern about uncaptured correlations and nonlinear
effects by testing the system’s response under maximally
stressed conditions. For each test, we performed a

complete, independent POD and subsequent PSD analysis
using the SATAN software, introducing a significant pertur-
bation to a single component of the dynamical model.
The goal was twofold: to measure the induced shift in the

central value of α1, and, critically, to verify if the estimated
statistical uncertainty (σα1) remained stable. The main
results are summarized below and in Table VIII.
(1) Gravitational field coefficients (C̄2;0 and C̄4;0):

Recognizing the Earth’s gravity field as a primary
source of systematic error, we performed dedicated
POD runs where the values of the quadrupole (C̄2;0)
and hexadecapole (C̄4;0) coefficients were perturbed
by �5 times their calibrated uncertainty. In both
cases, the resulting shift in the central value of α1
was negligible. This result for C̄2;0 empirically
confirms the effectiveness of our two-satellite com-
bination [Eq. (13)] in canceling the error from this
dominant coefficient.

(2) Ocean tides model: To explicitly test for potential
spectral leakage from known periodic signals near
the annual frequency, we performed a POD that
completely excluded the annual (Sa) and semiannual
(Ssa) ocean tidal components from the FES2014
model. The subsequent analysis showed no signifi-
cant alteration in the final α1 estimate.

(3) Atmospheric drag model: As an extreme test of
nongravitational force modeling, we performed a
POD with the neutral atmospheric drag model
(NRMLSISE) entirely removed. Even under this
major simplification, no significant effect was ob-
served on the final α1 result.

The central finding of this sensitivity analysis is the
remarkable robustness of our result. As shown in Table VIII,
the central value of α1 is largely insensitive to even extreme
variations in the dominant model parameters. Crucially, the
estimated statistical uncertainty, σα1 ∼ 2 × 10−5, remained
stable across all tests. This indicates that our final error bar is
not an artifact of a specific model choice but is a robust
feature of the underlying data noise.
In conclusion, these extensive sensitivity analyses, while

not a full MC simulation, provide strong evidence for

TABLE VIII. Results of the extreme sensitivity analysis performed with SATAN. Each row shows the value
estimate for α1, the shift (Δα1) in the final α1 estimate and the change in its statistical uncertainty (Δσα1 ) resulting
from the introduction of a pessimistic perturbation in a key model parameter (first column). The reference value is
the α1 estimate from the analysis performed with SATAN: α1 ¼ ðþ1.2� 1.5Þ × 10−5.

Parameter / Model perturbation α1 value Resulting shift Δα1 Change Δσα1
C̄2;0 offset (þ5σ) ðþ1.1� 1.5Þ × 10−5 −1 × 10−6 0
C̄2;0 offset (−5σ) ðþ1.2� 1.3Þ × 10−5 0 −2 × 10−6

C̄4;0 offset (þ5σ) ðþ1.3� 1.4Þ × 10−5 þ1 × 10−6 −1 × 10−6

C̄4;0 offset (−5σ) ðþ1.1� 1.5Þ × 10−5 −1 × 10−6 0
Sa; Ssa tides removed ðþ1.2� 1.4Þ × 10−5 0 −1 × 10−6

Sa; Ssa tides and atmospheric drag removed ðþ1.0� 1.5Þ × 10−5 −2 × 10−6 0

FIG. 30. FFT (top) of the time behavior for the variable A1ðtÞ
for the SRP model error and its PSD (bottom).
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the reliability of our systematic error assessment. They
demonstrate that potential nonlinearities and correlations
related to these key parameters do not significantly bias our
final α1 estimate or its overall uncertainty.

7. Overall error budget and discussion

A cornerstone of this analysis is a comprehensive and
conservative assessment of the systematic errors that could
affect our measurement of α1. We have quantified the
impact of potential mismodeling in all relevant gravita-
tional and nongravitational forces using three complemen-
tary approaches: spectral analysis of analytical models,
end-to-end simulations, and extreme sensitivity tests.
A key strength of our methodology lies in the simulta-

neous analysis of the LAGEOS and LAGEOS II satellites.
This technique was specifically designed to mitigate
the impact of the largest potential source of systematic
error with an annual signature: the time-varying Earth’s
quadrupole moment, C̄2;0. As demonstrated in Sec. B 1, the
carefully chosen linear combination of the satellites’
observables, Eq. (13), effectively cancels the contribution
of this dominant gravitational perturbation from the final
solution for α1, significantly enhancing the robustness of
our result.
Our complete systematic error budget is summarized in

Table IX. The individual contributions were derived from
the most conservative estimate among our different analysis
approaches. For nongravitational perturbations, we report
the robust results from the end-to-end simulations
described in Sec. B 5, which are consistent with the upper
limits derived from our spectral analyses.
The analysis of the error budget leads to two significant

conclusions. First, the dominant source of systematic un-
certainty is gravitational, stemming from the mismodeling
of the Earth’s hexadecapole coefficient, C̄4;0. All other
contributions, particularly from nongravitational and tidal
forces, are at least an order of magnitude smaller. This
underscores the effectiveness of our NGPs models and the
robustness of the analysis against these challenging per-
turbations. The largest error in these effects is related to the
knowledge of the perturbation produced by direct solar
radiation pressure. However, as shown by the end-to-end
analysis presented in the previous Sec. B 5, this error is not
related to the DC conversion of an annual perturbation

effect, but rather to the DC conversion of a broadband error
in the model.
Second, and most importantly, our measurement is

demonstrably statistically limited, not systematically lim-
ited. The total systematic uncertainty, σsys ≈ 7.7 × 10−6, is
significantly smaller than the statistical errors obtained
from our primary analyses:

(i) For the GEODYN II analysis, the statistical error
(σstat ¼ 3 × 10−5) is approximately 3.9 times larger
than the total systematic uncertainty.

(ii) For the SATAN analysis, the statistical error
(σstat ¼ 2 × 10−5) is approximately 2.6 times larger
than the total systematic uncertainty.

This implies that the precision of our measurement is
currently constrained by the stochastic noise in the data
(likely related to the quantity and geometric distribution of
the tracking data), rather than by deficiencies in our under-
standing of the underlying physics and orbital dynamics.
The robustness of this conclusion was further confirmed
by the sensitivity analyses presented in Sec. B 6, which
showed that even extreme errors in key model parameters
do not significantly alter the final result.
Our final measurements for the PPN parameter are

α1 ¼ ðþ2� 3Þ × 10−5 ðGEODYN IIÞ
α1 ¼ ðþ1� 2Þ × 10−5 ðSATANÞ

The nonzero central values, while larger than the systematic
error budget alone, are statistically insignificant (well
within one standard deviation) and can be confidently
interpreted as random fluctuations around a true value of
zero. Finally, we showed that the reason why the statistical
error is larger than the systematic error can be explained in
terms of broadband noise, rather than by an underestima-
tion of the systematic errors (see Sec. V).
By combining our statistical and systematic errors in

quadrature (σtotal ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2stat þ σ2sys

q
), we obtain the total

uncertainty for each analysis. Based on the results of the
two conservative and independent analyses we performed
with GEODYN II and SATAN, our final constraint on a
potential violation of Lorentz invariance in this context is

jα1j < 6.2 × 10−5 ð95% CLÞ ðB8Þ

TABLE IX. Systematic error budget for the measurement of α1. Each entry represents the most conservative estimate of the potential
bias from different sources. The total systematic error is calculated as the root sum squares (RSS) of the individual contributions.

Gravitational Tidal Nongravitational

Error source C̄4;0 C̄6;0 Ocean Solid SRP YS EY

Systematic error (jΔα1j) 6.5 × 10−6 6.0 × 10−7 1.0 × 10−7 1.0 × 10−9 4.0 × 10−6 4.0 × 10−8 1.0 × 10−11

Total systematic error (RSS) σsys ≈ 7.7 × 10−6
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in the case of GEODYN II, and

jα1j < 4.3 × 10−5 ð95% CLÞ ðB9Þ

in the case of SATAN. These results are consistent with
general relativity and provide the tightest constraints on
this parameter from the analysis of satellite dynamics. To
confirm and potentially improve the bound on the α1

parameter obtained in this work, we intend to extend the
analysis over a longer time horizon, also incorporating
the eccentricity vector of the LAGEOS satellites as an
observable sensitive to the presence of PFEs, i.e., to LLI
violations. Naturally, further refinement of the dynamical
model, an ongoing effort, could help improve the POD and
reduce the error budget, improving the overall quality of
these measurements.
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