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Minimal superfluid vortices in chiral perturbation theory
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We derive some properties of rotational vortices in the pion condensed phase. Employing leading order
chiral perturbation theory we determine the minimal energy condition for vortex nucleation. Vortices have
quantized angular momentum along the rotation axis, a hallmark of superfluidity, and self-confined pions.
The critical rotation frequency for vortex nucleation is estimated.
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I. INTRODUCTION

The theoretical understanding of the phases of strongly
interacting matter at different temperature, baryonic density,
and isospin asymmetry is one of the major challenges in
particle physics. Many of the most important open problems
in quantum chromodynamics (QCD) are indeed deeply
linked to the possible realization of the different phases of
hadronic matter. For instance, the mechanism underlying
color confinement can be explored studying the high-
temperature transition between standard hadronic matter
and the quark-gluon plasma (QGP) [1-8], or determining
whether a low-temperature high-density transition to quar-
kyonic [9,10] or color superconducting [10-13] matter
occurs. Unfortunately, these phase transitions cannot be
attacked by perturbative methods: at the relevant energy
scales QCD is nonperturbative. Therefore, alternative meth-
ods must be used.

Numerical lattice QCD (LQCD) simulations allow one to
explore a sizable part of the hadronic matter phase diagram
[14,15]. However, the so-called sign problem limits the
region of parameter space where this method can be used
[3,4,16-20]. In particular, investigating hadronic matter as a
function of the baryonic chemical potential is challenging
[21]. This means that the quarkyonic phase as well as the
color superconducting phase remain, so far, inaccessible. On
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the other hand, there is no numerical problem in Monte Carlo
simulations at vanishing baryonic density and nonzero
isospin chemical potential, y; [22]. Such system can be
viewed as made of strongly interacting pions, which are
stable because the weak interaction has been turned off. At
sufficiently low temperature it happens that for isospin
chemical potential exceeding the pion mass, m,, pions form
an homogeneous Bose-Einstein condensate (BEC). This
phase was already proposed in the 1970s [23-27] as the
ground state of extremely high-density nuclear matter.
Although its possible realization is still controversial, see
for instance [28], nevertheless it represents a formidable
portal to inquiry into the properties of hadronic matter. One
of the reasons is that it can be studied by means of several
somehow complementary methods: Chiral perturbation
theory (yPT) [29—46], Nambu Jona-Lasinio (NJL) model
[47-70], linear ¢ and quark-meson models [71-77], random
matrix models [78,79], ladder QCD [80], and holographic
QCD [81-83] allow one to understand many features of
meson condensation. The findings of effective theories align
with LQCD results [84—101] for u; = m,, and this fact
makes our description of the pion condensed phase robust. In
particular, it is well established that there exists a second
order phase transition between the naive vacuum and the
pion condensed phase [32,33]. In the range p; > m,, the
errors in LQCD simulations become large, however they
show qualitative agreement with the outcomes of perturba-
tive methods [102—-104].

One of the benefits of effective theories is that they allow
one to handle the properties of topological objects. These
are of great importance because they encode valuable
information on the nonperturbative sector of a theory
[6-8,105-108]. A prototypical example is the case of
vortices in type II superconductors [105,108]. Supercon-
ducting vortices with quantized magnetic flux present in the
mixed phase characterize the response of these systems to
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an external magnetic field. However, the theoretical descrip-
tion of type II superconductors is challenging as the actual
mechanism underlying superconductivity is poorly under-
stood. The simplest theory, the one elaborated by Bardeen,
Cooper, and Schrieffer, can qualitatively describe various
properties of type I superconductors, but struggles with type
IT superconductors, which are typically realized with com-
plex materials.

A powerful technique to study such topological con-
figurations was provided by Bogomol'nyi, Prasad, and
Sommerfield (BPS), that obtained the minimum energy of
soliton configurations, known as the BPS bound. In this
case, the actual expression of interactions becomes imma-
terial, insofar they allow the realization of the broken phase.
This happens at a particular value of the system parameters,
called the BPS critical point. In case of superconducting
vortices it corresponds to the critical point between Type II
and Type I superconductors. In the Ginzburg—Landau
theory, the penetration lengths of the scalar and vector
gauge fields are equal, the ground state is then determined
by the solution of first order nonlinear differential equa-
tions, instead of the typical second order field equations. A
further advantage to deal with solitons at the BPS critical
point is that this condition allows one to study the low-
energy dynamics using the so-called moduli-space approxi-
mation, see [109,110,111]. Moreover, the analysis of
interaction of solitons with fermions is simplified by
powerful index theorems [105,108]. Thus, the theory of
BPS solitons is not just a mathematical curiosity but rather
a very efficient tool for the analysis of nonperturbative
states. It can be applied to standard superfluids described by
the Gross-Pitaevskii (GP) equation [112-116]. A BPS
bound was indeed derived in two-dimensional GP theory
[117,118] together with the corresponding first order BPS
differential equations. These results suggest that a similar
construction could work in yPT [119,120]. Using yPT
minimally coupled to electromagnetism has been possible
to find the BPS bound in two different systems of pions
[121,122].

In the present paper we employ leading order yPT at the
critical BPS point to show that the pion condensed phase
can host quantized vortices. Vortices arise as topological
solutions of the effective field theory Lagrangian and in this
context it turns out that they become stable above a critical
rotation frequency. Since the vortex solutions that we study
are found combining leading order yPT with the BPS
critical condition, they inherit the same restrictions on the
parameter space needed for the validity of these two
theories. The system should be close to ground state, thus
we assume vanishing temperature, and the isospin chemical
potential should be close to the pion mass, otherwise yPT
breaks down. In addition, the realization of the BPS
condition requires that the isospin chemical potential
should be appropriately tuned. Considering cylindrical
Minkowskian space-time at vanishing temperature, vortex

solutions with minimal free-energy cost are found by
appropriately tuning the isospin chemical potential.
Remarkably, the results we obtain show close analogy
with those long studied in standard superfluids and in dilute
ultracold atoms: the total angular momentum is quantized
and vortex nucleation happens at a critical frequency
depending on the system size. The main—and quite
interesting—different feature is that matter confinement
is not determined by an external vessel or a trap, it is instead
self-induced by the pion interaction.

This paper is organized as follows. In Sec. II we
introduce the yPT theoretical setup and we briefly recap
the main features of the well-known homogeneous pion
condensed phase. In Sec. III we derive the BPS bound in
xPT at nonvanishing isospin chemical potential. In Sec. IV
we construct superfluid single vortex solutions at the BPS
critical point. More general vortex structures are discussed
in Sec. V, while the free energy and the critical rotation
frequency are studied in Sec. VI. We draw our conclusions
in Sec. VIL In the Appendix we provide some details of the
calculation of the angular momentum of noncentral vorti-
ces. We employ natural units ¢ = A = 1.

II. THEORETICAL SETUP

A system of pions at vanishing temperature in
Minkowski spacetime M can be described by the yPT
action

_ 4 (KTl LALT
S—/Md (KTt[LFL]] + V), (1)

which only includes the leading O(p?) terms and is valid
for momenta p < A,, where A, ~1GeV is the yPT
breaking scale, see [123—131]. Here, K = f2/4, with f,
the pion decay constant and V the potential that will be
specified below. The derivative term has been conveniently
written by means of

L,=U"'D,U, (2)

where U(x) € SU(2) is an isospin representation of the
pion fields, while the covariant derivative

D,U = 0,U + i [o3. Ulsjo. (3)
includes the contribution of the isospin chemical potential.
This can be viewed as a timelike external vector field
proportional to the Pauli matrix o3. It explicitly breaks
boost invariance, because it is proportional to 6,9, and the
SU(2) isospin symmetry: the Lagrangian is solely invariant
under transformations of the U(1) subgroup generated by
03; see [28] for more details.

By comparison with LQCD results, one finds that Eq. (1)
allows one to accurately describe the low-energy properties
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of pions for u; < 1.2m,; higher values of the isospin
chemical potential require additional terms in the action,
see for instance [132]. In the representation

U=1cosa+in-ocsina, (4)

where 1 denotes the 2 x 2 identity matrix, 6; fori = 1, 2, 3

are the Pauli matrices and pions are grouped in the unit
vector

n = {sin@® cos ®, sin O sin P, cos O}, (5)

where a = a(x*), ® = O(x*), ® = O(x*) are three real

scalar fields. In order to make contact with the standard
representation of pions, it is useful to compare Eqs. (4)

and (5) with
G- @
, 6
) ©

where @ = (¢, @,, @3) are three scalar fields and pions
correspond to

U =exp <i

@) L ip
o = @3, ”i:#- (7)

Matching the two representations we have that 7o = @3 =
af,cos® and thus a system without the condensation of
neutral pions corresponds to ® = /2. Since neutral pions
are states with /5 = 0, at tree level they are insensitive to the
isospin chemical potential. In the following we will be
interested in the phases that appear as a response to a
nonvanishing isospin chemical potential, thus taking g3 = 0
is a reasonable assumption; as will be shown hereafter, it
corresponds to a minimum of the free energy. For a
vanishing neutral pion component, we have that

ae*® = \/Eﬂ—i, (8)
e
and therefore
2
a:£n+7r_ and tan® = i 7= 9)

b
b4 =7y

meaning that a describes the absolute value of the pion
condensate, while ® is its phase.

Although Eq. (6) is useful to describe pion interactions,
the ground state properties are more easily studied using
Eq. (4). With such parametrization, the Lagrangian density
in Eq. (1) can be written as

£ — ‘Ck+£V7 (10)

with the derivative term given by

L = 2K[0,a0"a + sin*ad,00"©
+ sin*asin’® (9, P @ — 25,00 P)],  (11)

which includes nonlinear couplings between the three
fields. From Eq. (9) it is clear that the expansion of the
term proportional to sin? @ produces an infinite number of
charged pion self-interactions. The second Lagrangian
contribution, Ly, is related to the breaking of chiral
symmetry. At a fundamental level it depends on quark
interactions and masses. While £, is the only independent
O(p?) Lagrangian that respects chiral symmetry, for the
potential term there is no such restriction. In the following
we will employ

Ly = 2Ku3sin’asin’@ + V, (12)

where the first contribution on the rhs comes from the
expansion of the first term in the round bracket of Eq. (1),
while

V = KmiTr(U + U') = 4Km2 cos a, (13)

is the standard yPT term giving masses to pions, an
expression that can be immediately generalized to SU(3)
symmetry. From the above Lagrangian, one can obtain the
free-energy density

F=Fg+Fy, (14)
where
Fyx =2K[(Va)? +sin’a(VO)? + sin?asin’@(V®)?],  (15)
contains the space derivatives, while
Fy = =2Ku3sin*asin’® + 4Km2(1 —cosa),  (16)

is the potential term; here we have appropriately added the
vacuum free energy, 4Km2, so that F\ vanishes in the
unbroken phase.

A. Homogeneous phase

We briefly recall the main properties of the homo-
geneous and static pion condensed phase in yPT. In this
case a, @ and © are treated as variational parameters
determined by minimizing the potential. Actually, Fy is
independent of @, therefore this parameter cannot be fixed,
while ® = z/2 minimizes F for any nonvanishing value
of y; and a. As we have seen, this corresponds to a
vanishing neutral pion component. Any isospin rotation
® = /2 4+ 60 would have a free-energy cost

AFy = 2Ku3sin’asin?60, (17)
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and it is therefore energetically forbidden. The physical
reason is that such rotation would imply that neutral pion
states are populated, with a free-energy cost proportional to
= f2c0s>® = f2sin’ 60 and the squared pion mass
m2 ~ 12
T H I
Upon substituting ® = /2 in Eq. (16) we have that
Fy = —2Ku? sin> @ + 4Km2(1 — cos a) and then the free-
energy minimum corresponds to

0 for |u;| < m,

a = m2 (18)
arccos | for |p;| > m,,

therefore at |u;| = m, the U(1) subgroup generated by o3 is
spontaneously broken and there is a second order phase
transition from the naive vacuum to a BEC of charged
pions. Since in the broken phase the free-energy minimum
is attained for cos @ = m2/u?, it follows that any phase can
be described taking a € [0, z/2). For definiteness, hereafter
we assume that y; > 0.

Pressure and isospin number density in the broken phase
are, respectively, given by

4K

P==5(ui—mz)* and n;=—(uj—mz). (19)

Hi Hi

where the pressure is clearly isotropic. Using the Gibbs-
Duhem relation € = un — P, we obtain the energy density

2K
€ :_2(:“%

—mz)(p7 + 3m3), (20)
Hi

and then the adiabatic speed of sound [42] by means of

21

which is manifestly homogeneous and isotropic.

III. INHOMOGENEOUS PHASES

We now move to inhomogeneous pion systems using
as guidance the information gathered in the previous
analysis. As we have seen, the homogeneous phase
free-energy minimum is always attained when © = z/2,
corresponding to a vanishing neutral pion component. On
the other hand, by changing the “control parameter” y;, the
value of «a that minimizes the free energy changes
according to Eq. (18). Such variation, as a function of
Uy, is continuous. It thus appears natural to fix ® = 7/2
and then look for possible inhomogeneous phases that
could be realized by a space modulation of a. The free
energy of the homogeneous ground state does not depend
on @. The reason is that this field spans the flat direction

of the potential and indeed the associated fluctuation is
the Nambu-Goldstone boson. In general, space gradients
of the phase are associated to a velocity field, for this
reason we will assume that @ is a space dependent field.
This will allow us to consider vortices, characterized by a
swirling velocity field.

To recap, we will assume that ® = z/2 and that both a
and @ are classical space-dependent fields. In this case, the
Lagrangian, see Eqs. (11) and (12), turns into

L = 2K[0,a0"a + sin?ad,®o*® + 2mZ(cosa — 1), (22)

where we found convenient to replace ® — @ + y;t to
have a more compact expression. This effective Lagrangian
represents the starting point of our analysis. In particular,
the vortex solutions we will analyze are derived starting
from this Lagrangian. The free-energy contributions now
read

Fg = 2K[(Va)? + sin?a(V®)?, (23)
Fy = 2K[—p?sin’a + 2m2(1 — cos a)], (24)
and since we are interested in vortices, the natural ansatz is

a=a(xy,x,), D = D(x;,x,), (25)
where the indices 1, 2 indicate the two coordinates in the xy
plane; the vorticity is then expected to be along the z
direction.

We can now rewrite the gradients in Eq. (23) as follows:

(01 @) + (9, @)? + sin’a[(9; ) + (3, ©)?]
= (0,a £ sinad, ®)? + (d,a F sinad; ®)?
+ 2 sin a(9, ®o,a — 0, Do, a), (26)

where the last term on the rhs of the above expression has
the following property:

+2sin(a)[(9,

®)(0ya) — (0, ®)(9,0)]dx,dx; = dw,

with
® = £2cos ad®, (27)

a 1-form. If cosa =1, then @ can be interpreted as the
vorticity describing the spinning of the ® field. Although in
this case dw = 0, the circulation does not vanish if vortices
are present. Similarly to what happens in the case of
superconducting vortices in yPT, see [122], when
cosa # 1, the obvious topological charge, d®, is dressed
by the background modulation. In the following we will
take the positive sign in Eq. (27).
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Upon substituting Egs. (26) and (27) in the free-energy
density in Eq. (23), we have that the total free energy
satisfies the inequality

F:/dxldsz:]:V—i—}"KZZK/ dszK/ ,
M M oM

(28)

and therefore, when the free-energy potential vanishes, that
is when

/ dx[—p3sin’a +2m2(1 —cosa)] =0,  (29)
M

the total free energy equates F . We will refer to this as the
BPS condition. In addition, if the BPS equations

0y + sinad, ® = 0, (30)
O,a F sinad; @ =0, (31)

hold, the inequality in (28) is saturated, meaning that

F=2K / , (32)
oM

therefore the free energy is completely determined by the
behavior of vorticity at the boundary. This suggests, as we
will see in the following, that it only depends on the
boundary of the manifold and on the total winding number.
Since the free energy is positive, vortex nucleation is not
energetically favored. This happens because the system is
not rotating, therefore there is no reason why a vortex
should be nucleated. We will discuss the effect of rotation
in Sec. VI. In numerical simulations with ultracold atoms
adding a vortex to a static superfluid is usually obtained by
the phase imprinting method. This procedure allows to
scrutinize, among the possible vortex configurations, the
one with the lowest free-energy cost.

We will explore such configurations employing the BPS
condition, Eq. (29), which depends on the field «a, the
isospin chemical potential, and the system size. On the
other hand, the BPS equations (30) and (31) involve « and
®. The set of equations (29), (30), and (31) can be solved
using the following procedure. First, we find the solutions
of the differential equations (30) and (31) using appropriate
boundary conditions. Then, we determine the constraint on
u#; and the system manifold to satisfy Eq. (29).

A. Boundary conditions and vorticity quantization

For definiteness we assume that the system is in a
cylinder of radius R and height £,. We consider flat space
time and we employ cylindrical coordinates

ds®> = —dt* + dr* + rPde* + dz?,

with 7 and ¢ the polar coordinates, while z is along the axis
of the cylinder. The chiral field U in Eq. (4) must be single
valued, therefore

U(r,p) =U(r, ¢ + 2x), (33)

and taking into account Eq. (5), with ® = z/2, we have
that for any r,

a(r.p) =a(r,p+2x)+2mz,  mezZ (34)

O(r,p) = O(r, ¢ + 27) + 2nn, nez, (35)

which implies that these fields are periodic functions of ¢
or are linearly dependent on it with integer slope. In
configurations that are cylindrically symmetric only the
latter is possible, indeed a modulation along the tangential
direction would break the rotational invariance around the
Z axis.

In presence of vortices, the condition in Eq. (35) with
n # 0 appears natural taking into account that @ is a phase.
It implies that

1
_ Vo - —
5 ]ﬁ ] de = n, (36)

where I', is the circle at spatial infinity and # is then the
total winding number. If the cylindrical symmetry is
broken, for instance by vortices not passing through the
system center, then ©® becomes a combination of radial
dependent functions and of sinusoidal functions of ¢
describing the winding around each vortex. Regarding
the field «, it does not describe the phase of the condensate,
but the modulation of its absolute value, see Eq. (9). In
cylindrically symmetric configurations we expect that o
describes the radial modulation of the condensate induced
by the vortex. For noncentral vortices a will be as well a
sinusoidal function of ¢.

Regarding the vortex topological stability, given the
translational invariance along the z direction, the system
is effectively in 2 + 1 dimensional spacetime with a S’
space boundary. For nonvanishing isospin chemical poten-
tial the pion system has only U(1) internal symmetry,
therefore the field boundary condition forms as well a circle
S'. Thus, the map S' — S' completely characterizes the
behavior of the vortex at the boundary. Since this map
cannot be smoothly deformed to the trivial map, it follows
that the vortex solution is topologically stable.

B. Stress-energy tensor

The thermodynamic and mechanical properties of the
system are determined by the stress-energy tensor
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oL
T, =—d,a

&)ﬂa

5L
50,®

ayq) - 5/;»6’ (37)

where we have assumed that the ® field is fixed. It allows one to obtain the energy density and pressure components,

respectively, given by

e=2K {(a,a)2

1
P, =2K [(a,o:)2 — 5 (9,0)* + Sin2a<(0,<1))2
r

r

P,=2K [—(a,oz)2

1 1
P, =2K [—(0,{1)2 -2 (0,a)* — sin2a<(0,(1>)2 +=

where a and ® are assumed to be functions of r and ¢.
Then, the isospin density

oP, OP oP
P2 =Tt dRpsinta, (42)
Ou;  Ouy Oy

ny =

depends only on a and it is in general space dependent. The
stress-energy tensor has as well off-diagonal components,
in particular

Ty,

4K .
- TMsmzcraq,(I), (43)
or = 4Ku;sin’ad, ®, (44)

are the momentum densities in the xy plane. The angular
momentum with respect to the cylinder z axis is given by

L. = /d3r(r xT),, (45)
where T = (T,, T,). For completeness,
K . 5
T, = — [0,a0,a + sin“ad,, @0, D], (46)

is the shear stress, which should vanish because the system
is not viscous: we are assuming negligible temperature.

IV. SINGLE VORTEX

We begin with the case of a single vortex imprinted to a
nonrotating pion system. If the vortex is at the center of the
system and it is parallel to the z axis it does not break the
cylindrical symmetry. In this case, the potential can only
depend on the radial coordinate. Since the potential is a
functional of a, it follows that we have to assume that

1
+ = (9,a)* + sin*a ((a,<1>)2
r

+ iz(dﬂa) — sin a((a @)% -

1
+— (6¢d>)2> + p3sin’a — 2m2(cos a — 1)] , (38)

r

1
- (04,@)2) + pisin’a + 2m2(cos a — 1)} , (39)

;

1 2

(6(/]CI>) + w2sina + 2m2(cosa — 1) (40)

. (0¢CI>)2> + pisin’a + 2m2(cosa — 1) ] (41)

|
a=a(r), (47)

and thus the BPS Egs. (30) and (31) read
o1
d,a+sina—9,® =0, (48)
r

sinad, ® = 0, (49)

where the latter equation implies that ® = ®(¢). Given the
periodicity condition in Eq. (52), as we already discussed,
there are two different class of solutions: @ is a sinusoidal
function of ¢ or it is linearly dependent on it. The sinusoidal
angular dependence is incompatible with Eq. (48), because
a does not depend on ¢. For this reason we can only
consider solutions of Eq. (49) of the form

D = ng. (50)

where n € Z is the winding number. In this way we have
that Eq. (48) turns into

d
d—(:—l-gsinazo, (51)

where we restrict to consider the positive sign because n can
be a positive or negative integer. The above equation is
invariant under the scaling » — Ar, with 4 a constant, it is
indeed independent of all the energy scales m, y; and f,. It
has no information on interactions and masses because it is
solely determined by the derivative term.

The solution of the differential equation (51) is

a(r) = 2arctan(C"r™"), (52)

074011-6



MINIMAL SUPERFLUID VORTICES IN CHIRAL ...

PHYS. REV. D 114, 074011 (2026)

3
0.0F, S P P
0 2 4 6 8 10
T
FIG. 1. Modulation of the « function determined by a single

vortex at the center, see Eq. (52), as a function of the distance
from the z axis of the cylinder (in units of 1/m,). The reported
results are obtained with winding number n = 1, solid black line;
n = 5, dashed red line; and n = 20, dotted blue line. All the lines
intersect at r = 1, = /4.

which depends on the integration constant, C, which
determines the typical length scale variation of a. In the
following we will set C = 1/m,, and thus all length scales
will be expressed in units of 1/m,. Although arbitrary, this
is somehow a natural choice, given that in the leading order
xPT Lagrangian f, factorizes and y; ~ m,. In Fig. 1, we
report the behavior obtained with n =1, n =35, and
n = 20. All the lines start from a = = for r = 0, intersect
atr = 1, a = n/2, and tend to O for large r. With increasing
n, the variation of a around r = 1 is more pronounced,
indeed it tends to the Heaviside step function @ (1 — r) for
n — oo. The region r < 1 corresponds to momenta larger
than m, meaning that the used leading order yPT
Lagrangian is not adequate to describe it. This is also
signaled by the fact that in the homogeneous phase we have
seen that a € [0, 7/2), in that case values of « larger than
7/2 correspond to imaginary isospin chemical potentials.

Upon substituting Egs. (50) and (51) in Egs. (38), (39),
(40), and (41), the energy density and pressure components
are, respectively, given by

2

:;) —2mZ(cosa —1)

€ = 2K |sin’a <u% +

, = 2K [u?sin’a + 2m?%(cosa — 1)],

] 2 ]
P.=2K (M% - iz> sin2a + 2m2(cos a — 1) (53)
r

meaning that the pressure is isotropic in the xy plane.
The isospin number density in Eq. (42) takes the
expression

2n

= 4Kpu;sin® a = 16Ky, —————,
n[ ﬂ[ mn- o /’ll(1+r2n)2

(54)

which is invariant under n — —n; in other words, the vortex
and the antivortex solutions are both independent of ¢ and
have the same radial dependence. The isospin number
density vanishes at large distances as r>". This behavior is
determined by the fact that a tends to O for large values of r.
Notice that it is not possible to consider a vortex as a
perturbation of a homogeneous background: the number
density is completely determined by the vortex. A homo-
geneous background corresponds to a constant, thus to
consider a vortex on top of it one should replace
a — a+ A, where A is some constant. However, the only
solution compatible with the BPS Eq. (51) is the one
with A = 0.

Regarding the off-diagonal elements of the stress-energy
tensor, the shear stress in Eq. (46) vanishes, therefore the
system is inviscid. The component Ty, in Eq. (44) vanishes
as well, meaning that there is no radial flow, while from
Eq. (43) we have that

4K n
Top =n—psina=n—, (55)
r r

which corresponds to the momentum density along the
tangential direction. These results imply that the pion gas is
spinning with tangential velocity v, o 1/r as appropriate
for a quantized vortex in a superfluid. From Eq. (55) we can
calculate the angular momentum along the z axis, which is
given by

LZ = /d3xT0wr = nNI, (56)

where

NI :/d3xn1, (57)

is the total isospin number. In other words, the angular
momentum per particle is 7 as in standard superfluids.

A. Global BPS condition

The components of the stress-energy tensor depend on
iy, which cannot take arbitrary values. The reason is that
we are asking that the BPS condition in Eq. (29) be
satisfied. Considering a vortex at the center of the cylinder
and assuming a constant isospin chemical potential, we
obtain that

2= 2t &drr(1 —cosa)
! " R drrsin’a

(58)

which implies that yx; depends on the behavior of the
condensate across the whole system. We shall refer to
equations like (58) as global BPS conditions. It is important
to remark that this means that the system is not at a
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0.8f

0.6

&~ 04

0.2

0.0

R

FIG. 2. Values of y = m2/u? that satisfy the global BPS
condition, see Eq. (58), as a function of the distance from the
z axis of the cylinder (in units of 1/m,). The reported results are
obtained with winding number n = 1, solid black line, n = 2,
dashed red line, n = 3, dotted blue line, and n = 4, dot-dashed
green line.

stationary point of the action, therefore Egs. (50) and (51)
are not in general a solution of the Euler-Lagrange
equations obtained from the Lagrangian in Eq. (22).
Although corresponding to an unstable configuration, we
find instructive this case: as we will see, it has some
interesting features.

Let us consider a central vortex with minimal nontrivial
winding n = 1. Using Eq. (52) we have that

/ " drr sinta = 2 K +log(1 + R?) (59)
rr a=2|{———m-:> ,
0 14+ R? &

while
R
/ drr(1 —cosa) = log(1 + R?), (60)
0

therefore we obtain the analytical expression

m? R? 1
R =—-Z2—=-1- , 61
r(R) =2 T Rogi+ R OV

corresponding to the solid black line in Fig. 2. This function
logarithmically converges to 1 from below. This means that
for any dimension of the system, it exists a value y; > m,
that allows to satisfy the global BPS condition. In the
homogeneous phase we found that values of y; larger than
m,, indicate pion condensation, with a given in Eq. (18).
Here, there is a modulation of a, however in the thermo-
dynamic limit R — oo, such modulation, for r > 1,
smoothens and at the same time we have that yu; — m,.
This suggests that for y; = m,, the global BPS condition
approximates the actual stationary point of the action. The
above reasoning can be extended to arbitrary winding

12

10

r

FIG. 3. Pressure and energy density determined by a central
vortex with winding number n = 1 (in units of 2Km2), as a
function of the distance from the z-axis of the cylinder (in units of
1/m,). The results are obtained using the global BPS condition,
see Egs. (58) and (61) with R = 10. Top panel the pressure in the
xy plane is in black, while the pressure along the z -direction is
the dashed red line. Bottom panel, energy density.

number. In particular, a vortex at the center of the system
with arbitrary winding number, n, satisfies the global BPS
condition if y < 1/n, as shown in Fig. 2. In other words, the
vortex solution with winding number n satisfying the
global BPS condition can only appear for p; > \/nm,.
Once the isospin chemical potential is known, we can
compute the various thermodynamic quantities. We report
in Fig. 3 pressure (top panel) and energy density (bottom
panel) for the case n = 1 and R = 10. Results obtained with
different values of R are similar. Both pressure components
are negative at small distance from the cylinder axis, while
they become positive at sufficiently large distances. The
pressure along z vanishes at r ~ 3.3, while the pressure in
the xy plane vanishes at r~1.9. These values slightly
increase with the system size R. Negative values of the
pressure are typical of vortices: high fluid velocity produces
a local depression. The negative pressure in the xy plane
indicates that the vortex is willing to capture matter, the
system is therefore unstable unless some external force will
prevent matter from falling in the vortex. Such behavior is a
consequence of the fact that the considered solutions of the
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FIG. 4. Radial dependence of the isospin number density for
vortices with winding number n = 1, R = 10 (solid black) and
R = 20 (dashed red) normalized to 16Ky;. Distances are in units
of 1/m,.

BPS equations (58) do not correspond to an action sta-
tionary state. Negative values of the pressure in the
z—direction are instead due to the vortex swirling: as in
standard vortices the pressure along the vortex axis becomes
large and negative close the core.

Negative values of the pressure close to the vortex core
suggest an interpretation in terms of a space dependent bag.
As in the MIT bag model, the negative pressure may serve
to confine matter: pions cannot spread from the vortex. For
each value of r, the pressure is constant that is independent
of ¢ and z. This means that there is a sort of cylindrical
confinement. In the MIT bag model the bag pressure is
about (140-150 MeV)*, here we find that it is of the order
of 16Km2 = 4f2m2 ~ m?, and thus of a similar magnitude.
As in the MIT bag model, this negative pressure comes
with a positive energy density, see the bottom panel in
Fig. 3. Moreover, both pressure and energy density tend to
vanish for large r, meaning that confinement becomes
negligible far from the place where the number density is

large. The number density is indeed peaked at r = 1/+/2,
as can be seen from Fig. 4, where we report n; for two
different values of the radial size. Such behavior of the
number density is somehow similar to that of trapped
ultracold atoms: the vortex core does indeed correspond to
the region where the condensate vanishes, while the
trapping potential induces a vanishing number density at
the edge of the system. Here we observe a similar behavior,
but the decrease of the number density far from the vortex
core is not due to an external potential: it is a consequence
of pion self-interactions. The expression of the number
density comes from the term proportional to sin” & in the
Lagrangian. At sufficiently large distances from the vortex
core @ < 1, see Fig. 1, and we can Taylor expand the sine
function. Taking into account Eq. (9) we can interpret the
sinusoidal terms in «a as a series of pion self-interactions
which become more and more relevant as one approaches a

vortex from large r. As already noticed, this calls for adding
more terms to the yPT Lagrangian to describe the short
distance behavior close to the vortex core. Combining
Eq. (61) with Egs. (42) and (57) we find that the total
isospin number is given by

16Kt R?
N :—z<lo 1+R? ——), 62
I m;zz Y (R) g[ ] 1+ R ( )

where ¢, is the transverse dimension of the system
measured in units of 1/m,. Since Eq. (56) holds, this is
also the total angular momentum.

B. Local BPS condition

In the homogeneous phase, @ and y; are linked by
Eq. (18). In a system in which y; is a smooth function of r,
one expects that a is modulated as well. Conversely, a
space modulation of a should go along with a space
modulation of y;. Considering a space dependent isospin
chemical potential allows us as well to overcome the main
limitation of the global BPS condition: Eq. (58) ensures
that the free-energy contribution of the potential term
vanishes, but it does not correspond to a stationary point of
the action. We can define a local BPS condition such that
the free energy vanishes at every point. This happens if the
isospin chemical potential is space dependent and takes the
expression

2l—cosoc

uy =2m -
! T sin?a

(63)
such that F, = 0 at every point. In this case the solutions
of the BPS equations are as well solutions of the Euler-

Lagrange equations,
sin® ad*9,® + sin(2a)d,ad"® = 0, (64)
0,0"a — sina cos ad, P ® = 0, (65)

the system is indeed at an action stationary point. Although
general, this result can be easily shown for a single vortex
at the center. Regarding Eq. (64), since a = a(r) and ® =
®(¢p) it follows that 9,ad"® = 0. Given Eq. (50), we also
have ¢"9,® = 0, therefore Eq. (64) is satisfied. Regarding
Eq. (65), substituting Eq. (50), we have that

)
Via = —sinacosa, (66)
r
which can be proven to be satisfied by the BPS solution by
repeatedly differentiating Eq. (51); in this way we obtain
that

n2

1. . 1 .
VZa = —-n-0,sina=—n—cosad,a = —sinacosa, (67)
r r r
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FIG. 5. Radial dependence of the energy density, pressure (in
units of 16Km2) and number density (in units of 16Km,). Results
obtained with a central vortex with winding number n = 1 using
the local BPS condition, see the main text for more details.
Distances are in units of 1/m,.

which indeed agrees with (66). Therefore, the BPS
solution in Egs. (50) and (52) are solutions of the
Euler-Lagrange equations.

Taking into account Eq. (72) we have that

1
=143, ). (68)

therefore it diverges at the vortex center. However, as
already noted, the used yPT leading order Lagrangian is
valid for chemical potentials not much larger than the pion
mass. For this reason we assume that the above solution is
valid only for r > 1, corresponding to p; < v/2m,. The
inclusion of higher order terms in the yPT Lagrangian
should regularize the vortex core.
From Eq. (63), we have that

2
a—2arctan< —12—1), (69)
mﬂ.’

which can be seen as a combination of the local BPS
condition with the BPS solution in Eq. (52). Upon sub-
stituting these expressions in Eq. (53), we obtain that

€ = 16Km,2,i,
(1 +7r2)?
P.=P,= 0,
1
P. = —16Km? ,
< m” (1 + r2)2
r
n; = 16Km, A17)" (70)

therefore the pressure in the xy plane is isotropic, homo-
geneous, and equates the vacuum pressure. In Fig. 5 we

R

FIG. 6. Total isospin number in presence of a central vortex as a
function of the cylinder radius, R. The isospin number is in units
of 167£,K /m2, while the radius is in units of 1/m,. The solid
black line is obtained with the global BPS condition, while the
dashed red line uses the local BPS condition.

show the radial dependence of the e (black solid line), n;
(dotted blue line), and P, (dashed red line). Note that n; is
peaked at short distance from the vortex core, therefore the
sort of confinement effect found using the global BPS
condition still holds. Since the pressure in the xy plane
vanishes, the vortex does not tend to accrete pions from the
surrounding medium and it is therefore stable. Although we
are considering a stationary point of the action, P, is
negative. As already observed, this is a typical effect due to
the vortex swirling. In agreement with the results obtained
using the global BPS case, we checked that the viscous
component vanishes, that is 7,, = 0.

The angular momentum takes the same expression
reported in Eq. (56), that is L, = nN,, but now the total
number of particles is given by

32zK¢
le/d3xn,:#<arcsinh(R)—
m

T

R
ﬁ) )

that is a positive and monotone function of R. In Fig. 6, we
compare the total isospin number obtained with the global
(solid black) and local (dashed red) BPS conditions. The
two lines are very similar because in both cases the
dominant contribution comes from the derivative part of
the Lagrangian.

V.MORE GENERAL VORTEX CONFIGURATIONS

The previously obtained results can be extended to more
general vortex configurations. We first consider a non-
central vortex and then the most general case of an arbitrary
number of vortices.
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A. Noncentral vortex

When the vortex is not at the center of the system the
cylindrical symmetry is broken. However, one can general-
ize the central vortex solution by taking

a = 2arctan ([r —r,|™), (72)
and
® = narctan <y—yv> , (73)
X=Xy

where r, = (x,,y,) = r,(cos ¢, sin¢,) is the vortex posi-
tion and n its winding number. Upon substituting these
expressions in Eq. (29), the global BPS condition is
satisfied when

R(R—ri+1+y)

2
—R2+r2—1+y ) trotl

(Ror) —R? — y + yx log(
Y\, ry) = 222
Xlog(%)

, (74)

where

2(R.7) =[RS = 2R = 1) + (R + 1) (75)

This result is independent of the polar position of the
vortex, as expected. In the limit r, — 0, the central vortex
result in Eq. (61) is recovered. Regarding the local BPS
condition, the space dependent isospin chemical potential is
obtained substituting Eq. (72) in Eq. (63). This ensures that
Fy = 0 at every point.

The two BPS conditions give similar results as is evident
in Fig. 7, where we show the dependence of the angular
momentum on the distance of the vortex from the z—axis.
The two lines correspond to the results obtained with the

1.0
0.5¢
00
-0.5¢
10k L L L L L
0.0 0.2 0.4 0.6 0.8 1.0
rv/R
FIG. 7. Angular momentum generated by a single vortex at a

distance r, from the z axis of the cylinder. The solid black line
refers to the results obtained with the global BPS condition, while
the dashed red line is obtained using the local BPS condition.

global (solid black) and local (dashed red) BPS conditions.
Quite remarkable is the fact that the angular momentum
changes sign if the vortex is very close to the boundary. This
effect depends on the peculiar isospin number density
produced by a vortex, which is peaked in a region close
to the vortex and vanishes both at the vortex core and far
from it. When the vortex approaches the boundary, a large
fraction of pions rotates clockwise giving a negative
contribution to the angular momentum. The angular
momentum reduction close to the boundary is observed
also in systems of superfluid ultracold atoms. However, in
that case the angular momentum vanishes without changing
sign when the vortex reaches the boundary.

B. Multivortex configurations

The single noncentral vortex solution in Egs. (72) and
(73) can be extended to multivortex configurations. To this
end, we rewrite the BPS equations (30) and (31) as

P P}
0,o=F 2% g o=+22 (76)
SiInoa SiIn o

deriving the first equation with respect to d;, the second to
0,, and combing them one arrives at the following non-
linear differential equation

V2a — cota(Va)? = 0, (77)
which by means of the change of variable
a = 2 arctan(exp X), (78)
can be rewritten as
sinaV2X = 0. (79)

Since at the BPS point a does not identically vanish,
Eq. (77) is exactly equivalent to the Laplace’s equation

VX =0, (80)
while (76) turns into
azq)::FaIX, 01<D::§:02X, (81)

meaning that X and @ are two conjugated harmonic
functions. At the center of a vortex, a = z, see Fig. 1,
thus from Eq. (78) it follows that X is singular. In two
dimensions, the most general harmonic function with
singularities is the Green function

X:v—zzmhgﬂr—qD (82)

where N is the number of vortices, while r; = (x;,y;)
and n; are, respectively, the position in the xy plane and
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FIG. 8. Dependence of the single vortex free energy
as a function of its radial position. The free energy has
been normalized to its value when the vortex is at the center,
see Eq. (89).

winding number of the jth vortex. From Eq. (78) we then
obtain

N
a = 2 arctan (H Ir— rj|‘"/> , (83)
=1

while from Eq. (81) we find

N
@—Zn-arctan Y7 (84)
B > / x—x;)’

J

which generalize the previously found single vortex sol-
ution Egs. (72) and (73). These equations have several
interesting features: Eq. (84) coincides with the Feynman-
Onsager ansatz for the phase of superfluid multivortex
configurations, see [115,133] and references therein. Even
if there are many vortices with arbitrary winding number,
thus making X large in absolute value, a will always be in
the (0, z] interval. Moreover, despite the highly nonlinear
interactions present in yPT, the BPS point manifests a
linear composition law. The reason is that X satisfies the
Laplace equation (80), thus given an arbitrary number of
solutions, their linear combination is still a solution. In
particular, if

Ny

X, = anlog(|r—rj|), (85)
J
N,

X, = anlog(|"—"k|>’ (86)
k

are two solutions of the Laplace equation, then
a;, = 2arctan(exp X ,) are two solutions of Eq. (77) with
N; and N, vortices, respectively. Then, their nonlinear
combination

a1gp = 2arctan (exp (aX; + bX;))

Ny N,
= 2 arctan (H Ir — rj|-26”1; H Ir — rk|—2bnk>
j=1 k=1
N
= 2 arctan H Ir— rj|‘2”1 . (87)

=1

and

N
Y=
0] = t
@2 gl n; arctan (x — xl), (88)

are still valid solutions with N = N| + N, vortices having
winding numbers n; = an; for [ < N; and n; = bn; for
N; <l £ N,: Imposing the periodic boundary conditions
in Egs. (34) and (35), it turns out that only integer values a
and b are admissible.

VI. FREE ENERGY AND CRITICAL
ROTATION FREQUENCY

At the BPS point the system is not sensitive to the actual
form of the potential, because the contribution of the
potential free energy by definition vanishes. This means
that the free energy can only depend on the geometry and
topology of the system, in other words the system size and
winding number.

The free energy for a configuration of one single vortex
at the center has the analytical expression

8zK¢. R?
m, 1+R*

F=n (89)

which is obtained combining Eqs. (23), (50), and (52). This
result differs significantly from the standard, approximate
expression obtained in superfluids [116]. In that case the
free energy diverges logarithmically with R and scales with
n’. Here the free energy is bounded: at most it takes the
value F . = n8xK¢,/m,. This happens because the
number density vanishes at large distances. More precisely,
the free energy is dominated by the kinetic energy of a
vortex, which can be written as

1 27 R
EkN—I/”Z/ dgo/ rdrpuv?, (90)
2 " Jo 0

where p is the mass density and

, (91)

n
Vg X —

-
is the superfluid velocity. In standard superfluids, far from a
vortex p tends to a constant value, thus the above integral
yields
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E; ~n*log(R), (92)

it is therefore logarithmically divergent and scales with n>.
In the present case the kinetic energy tends to a constant
value at large R because the isospin number density at
large distances scales as 1/r%", see Eq. (54), and then the
integral in Eq. (90) becomes convergent. The linear scaling
with the winding number is instead due to the fact that
p~np~r?/(1+ r*)?, defining x = r", one immediately
finds that

dr_1dx 03)
roonx

and then substituting this expression in Eq. (90) and taking
into account Eq. (91) it follows that the energy cost of a
vortex scales with n. This means that vortices with high
winding number are not energetically unstable. Thinking
of such configurations as made of n overlapping vortices,
each of them with winding number 1, the free-energy cost
linearly scales with the number of vortices, as if they were
not interacting. Upon substituting Eqs. (83) and (84) in
Eq. (15) we have numerically verified this aspect comput-
ing the free energy of many vortices as a function of their
relative distance. We find that configurations of n vortices,
all of them sufficiently close to the center, have the same
free energy of a single vortex with winding number 7. This
is the analogous of the behavior found in superconducting
vortices at the critical point where type II superconductors
turn into type I superconductors [134].

Given the symmetry of the system, the free energy of a
vortex depends only on its radial distance from the center.
We show in Fig. 8 the free energy of a vortex at a distance
r, from the axis of the cylinder, normalized to the value it
takes when the vortex is at the center. When the vortex is
close to the center, its free energy is independent of its
radial position. A vortex feels the boundary only when it is
close to it, then for r, = R its free energy becomes
approximately one half of the value in Eq. (89). In
summary, the free-energy cost of each vortex does not
depend on the presence of other vortices but only on its
proximity to the boundary.

The expression in Eq. (89) allows us to estimate the
critical frequency necessary for vortex nucleation. Suppose
that the system is in a container rotating at an externally
imposed rotation frequency €. If the system is superfluid,
there should exist a critical rotation frequency, Qc, for
vortex nucleation. We estimate it by the balance between
the vortex energetic cost, as evaluated above, and the
kinetic energy gain occurring when the superfluid corotates
with the container. This means that there is an additional
free-energy contribution, not included in the above analy-
sis. Considering the frame rotating at the externally
imposed rotation frequency, the total free energy is

15[,

10}

R

FIG. 9. Estimated critical frequency, in units of m,, for
cylindrical systems of different radii (in units of 1/m,). The
black line is obtained using the global BPS condition, while the
dashed red line with the local BPS condition.

FoF —=QL,, (94)

where F is given in Eq. (89). This is an approximate
expression because we have evaluated the free-energy cost
of a vortex in a nonrotating superfluid and then added the
free-energy gain associated to rotation. In principle, one
should evaluate F starting from the yPT Lagrangian in a
rotating frame; we will discuss this topic in a future
publication. In the present paper we content ourselves with
the approximate expression in Eq. (94). The condition of
vortex nucleation at the trap center is then F,; = 0, which
gives

F_F
Q=== 5
SN, (95)

where the total isospin number is in Eq. (62) for the global
BPS condition and in Eq. (71) for the local BPS condition.
In this approximation the critical frequency is proportional
to m, and scales with R as shown in Fig. 9. The critical
frequency obtained with the global BPS condition almost
matches that obtained with the local BPS condition because
the free energy takes the same value in the two cases and
the total isospin numbers are very similar, see Fig. 6. For a
more realistic estimate of the critical frequency one should
also take into account that vortices are typically generated
at the boundary of the system. Given the radial dependence
of the angular momentum reported in Fig. 7, dynamical
vortex nucleation at the boundary is energetically disfa-
vored because L, is negative, meaning that the contribution
QL. in Eq. (94) is positive: it is a free-energy cost.
Presumably, if a vortex is dynamically nucleated at the
boundary, it will rapidly move toward the center of the
system: in this way L, becomes large and positive, hence
minimizing the total free energy.
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VII. CONCLUSION

We have analyzed the possible existence of quantized
vortices in yPT at nonvanishing isospin chemical potential.
Starting from the effective field Lagrangian in Eq. (22) we
have determined the minimal energy cost for vortex
nucleation at nonvanishing isospin chemical potential.
The obtained vortex configurations should then be under-
stood as solutions of the low-energy effective field theory,
combined with the BPS critical condition. The used method
is expected to be valid for isospin chemical potentials close
to the pion mass. Actually, the BPS critical point is realized
by appropriately tuning the isospin chemical potential and
the system size. For definiteness we have assumed that the
system has cylindrical symmetry, eventually broken by
noncentral vortices. This makes it similar to those realized
in ultracold atom systems. However, in this case, pions are
self-confined by the vortex: the number density peaks in a
region close to the vortex and tends to vanish both at the
vortex core and at the boundary. This suggests that the
actual geometrical realization of the system is immaterial
insofar the vortex is sufficiently far from the boundary.

Single vortex as well as multivortex states with quantized
vorticity have been obtained. We have analyzed the single
BPS vortex in detail. In particular, we have computed
exactly the corresponding energy density and momentum
fluxes as well as the quantized angular momentum. The
existence of quantized vortices, as well as the vanishing of
dissipative terms in the stress-energy tensor, unambigu-
ously imply that the pion condensed phase is superfluid. In
addition, we found that at the BPS point the free energy is
bounded and it linearly scales with the winding number.
Therefore, vortices with large winding number are not
unstable. Such a result is expected to change when
perturbations to the BPS equations are included. This
should allow us to check whether the obtained stationary
solutions correspond to minima of the free energy. Work in
this direction is underway.

The obtained results can in principle be tested by LQCD
simulations in rotating frames [135]. We are not aware of
any such simulation at nonvanishing y;. By appropriately
tuning the isospin chemical potential, vortices should
appear close to the second order phase transition. Vortex
nucleation at the boundary of these systems should happen
as in standard superfluids, then followed by a rapid vortex
drift toward the center of the cylinder. If doable, these
simulations would be of great interest, because they could
indicate the possible generation of vortices of self-confined
pions as well as the existence of other interesting effects
triggered by rotation [136-138].

Whether our results could be relevant in astrophysics is
an open question. Pion stars [42,83,139—143] or neutron
stars with pion condensation in the core [28,144] could be
two types of compact objects produced during the collapse
of massive stars. Such exotic compact stars are expected to
rapidly cool and spin at high frequency, hosting a large

number of superfluid vortices. As we have shown, pion
vortices have large effect on the isospin number density,
therefore they could modify the stellar structure.
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APPENDIX

Here we give more details on the calculation of the single
noncentral vortex angular momentum reported in Fig. 7.
In analogy with Eq. (54), the number density is

(A1)

where r, is the vortex radial position from the axis of the
cylinder. It is convenient to take a reference frame centered
at the vortex core, O,, so that

r2n

= 16Ky —5—.
nl /’ll(l +r2n)2

(A2)

while the axis of the cylinder passes through O, see Fig. 10.
The angular momentum with respect to the axis of the
cylinder is then given by

FIG. 10. Two-dimensional projection of the cylindrical system
useful for the evaluation of the angular momentum of a non-
central vortex. O coincides with the axis of the cylinder while O,
indicates the vortex radial position. Both the cylinder axis and the
vortex are orthogonal to the figure.
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L. - / Prir xT)., (A3)
where ¥/ =r—r, and T = (0,T,), because there is no

momentum flux emanating from the vortex center. We
obtain that

L,=L!+L2 (A4)
where
Ll = n/d3rn,, (AS)
and
L?=— / &EriryxT).. (A6)

Both integrals can be evaluated as follows:

| 3 2 R(p)
Ll=n [ drn;=nt, do drrn;, (A7)
0 0

and
L?=r /d3rT0¢ cos ¢
2 R(g)
=nt.r| / drpcosq)/ drny, (A8)
0 0
where
R(¢) = —rycos @ + 1/ R*> — rsin’p, (A9)

is the distance of the boundary from the vortex center.

From Fig. 10 we have that

R?> =r2 + R(¢)* + 2r,R(p) cos ¢, (A10)

and thus the above equation follows. The integrals can be,

in part, analytically solved using the change of variable

in Eq. (93).
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