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We study the Casimir effect in nonlinear field theories through the effective geometries that govern their
linearized fluctuations. Previous analyses of Lorentz-violating scalar fields showed that a constant kinetic
background modifies the parallel-plate Casimir energy by a rescaling of the plate separation and an overall
determinant factor. We show that this structure is not merely a consequence of diagonalizing the reduced
Green function. It follows from a common Schur-complement structure; after Fourier reduction parallel to
the plates, the same reduced quadratic form controls the spectral denominator of the reduced Green
function and the numerator generated by the energy-density insertion. This observation allows the Lorentz-
violating scalar result to be used as an effective-metric prescription for regular fluctuation sectors arising
from the linearization of nonlinear theories around constant backgrounds. In nonlinear scalar theories, the
effective tensor is the Hessian of the Lagrangian evaluated on a constant-gradient background. In nonlinear
electrodynamics £(F), a constant magnetic background splits the fluctuations into an ordinary Maxwell
branch and an extraordinary optical branch. For this electromagnetic sector, we compute the parallel-plate
Casimir energy both by direct mode summation and by applying the effective-metric formula branch by
branch, finding exact agreement. The resulting energy depends on the orientation of the magnetic
background relative to the plates, providing a concrete anisotropic Casimir response in a regular nonlinear

electromagnetic sector.

DOI: 10.1103/hg8s-pxzc

I. INTRODUCTION

The Casimir effect is one of the most direct manifes-
tations of vacuum fluctuations in quantum field theory. In
the parallel-plate geometry, the boundary conditions restrict
the spectrum of quantum fluctuations and generate a finite
renormalized vacuum energy after subtracting the corre-
sponding unbounded contribution [1-4]. For a single
massless scalar field with Dirichlet boundary conditions,
the energy per unit area is

2
(1) _ %
Ey’(L) =~ a0l (1)

The standard electromagnetic result for two perfectly
conducting plates is twice this value, reflecting the two
physical photon polarizations in the Lorentz-invariant
theory [3-5].
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The Casimir effect is also a useful probe of modified
fluctuation operators. If the kinetic operator is not Lorentz
invariant, the vacuum energy may depend not only on the
plate separation, but also on the orientation of the back-
ground structures relative to the plates. This issue has been
explored in several Lorentz-violating scalar and electro-
magnetic settings [6—16]. A particularly useful nonpertur-
bative result was obtained for a real scalar field governed by
the quadratic Lagrangian,

Ly, = (W"0,p0,¢p — m*$?), (2)

1
2
where #* is a constant, symmetric, nondegenerate tensor of
Lorentzian signature. For two parallel plates normal to a

spatial direction n, the global Casimir energy and pressure
take the form,

h hnn L
B0 =i (3)

PO = mep( ) @
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in the regular sector where 7" < (. Here E, and P, denote
the corresponding Lorentz-invariant scalar expressions.

The derivation of Egs. (3) and (4) in Ref. [11] proceeds
through the Green-function method. One first exploits
translational invariance along the directions parallel to the
plates and Fourier transforms only in those coordinates. The
problem is then reduced to a one-dimensional boundary-
value problem in the normal coordinate. The reduced Green
function contains a phase associated with the normal-parallel
mixing of the tensor A** and a quadratic form in the
frequency and transverse momenta. The vacuum expectation
value of the stress tensor is evaluated by point splitting,
and the physical energy and pressure are obtained after the
standard subtraction of the free or exterior contributions. A
suitable linear transformation of the frequency-momentum
variables, followed by a Wick rotation, brings the relevant
Green-function integrals to the Lorentz-invariant form, at the
price of a determinant factor and a rescaling of the plate
separation.

This procedure gives closed expressions for the energy
and pressure, but it also raises a question that becomes
important once the tensor 4##* is interpreted as an effective
background. The diagonalization of the quadratic form
controlling the spectral part of the reduced Green function
explains the appearance of an effective separation, but it
does not by itself explain why the stress-tensor numerator
transforms compatibly. The first part of this work addresses
this point in a general quadratic setting and shows that the
relevant numerator is fixed by the same Schur complement
that governs the spectral part of the reduced Green function.

This observation allows one to reinterpret Egs. (3)
and (4) as effective-metric formulas. The tensor #** need
not be introduced as an external Lorentz-violating back-
ground from the outset. It may arise as the kinetic tensor
governing linearized fluctuations around a nontrivial
classical background. This is immediate in nonlinear scalar
theories; for a Lagrangian depending on the standard kinetic
invariant, the Hessian with respect to field gradients plays the
role of the effective metric when evaluated on a constant-
gradient background. In this way, the Casimir response
probes the geometry of the fluctuation operator rather than
only the microscopic form of the original nonlinear theory.

Nonlinear electrodynamics provides a more restrictive and
more informative test of this idea. Nonlinear electromagnetic
theories have long been studied as effective descriptions of
quantum-vacuum polarization, Born-Infeld-type dynamics,
and modified light propagation in external fields [17-27].
In this case the quadratic expansion does not generically
produce a single second-rank metric. It first produces an
effective constitutive tensor, and the relevant optical metrics
appear only after solving the polarization problem. We focus
on the regular Lagrangian class,

L=LF). F=ir, =

- 4w (Bz - Ez)’ (5)

N[ =

with metric convention 77, = diag(+, —, —, —) and Maxwell
theory given by £ = —F. Around a constant magnetic
background, the physical electromagnetic spectrum splits
into an ordinary Maxwell branch and an extraordinary
anisotropic branch. The latter is described by an optical
metric whose spatial eigenvalues depend on the nonlinear
response of the theory evaluated on the background.

The electromagnetic sector will be used as a direct
consistency check of the effective-metric prescription. We
compute the parallel-plate Casimir energy in two indepen-
dent ways. First, we quantize the physical ordinary and
extraordinary branches and perform the corresponding mode
summation. Second, we identify the optical metrics asso-
ciated with the two branches and apply Eq. (3) to each
regular branch separately. For magnetic backgrounds either
normal or parallel to the plates, both procedures agree
exactly. The resulting energy depends on the relative
orientation between the magnetic background and the plates,
giving an explicit realization of an anisotropic Casimir
response in a regular nonlinear electromagnetic sector.

The analysis is restricted throughout to regular, non-
degenerate optical sectors. We assume that the background
is constant, that the linearized coefficients are constant,
and that the branch decomposition is compatible with the
perfect-conductor boundary conditions in the two orien-
tations considered. Cases in which the constitutive tensor
loses rank, an optical metric becomes degenerate, or the
number of propagating degrees of freedom changes
require a separate constrained treatment. Such singular
sectors arise naturally in some Plebanski formulations of
nonlinear electrodynamics with Lorentz-breaking mag-
netic vacua, but they are not part of the present L(F)
construction [28-30].

The paper is organized as follows. Section II develops
the general quadratic reduction in a parallel-plate geometry.
Section III derives the energy insertion and the reduced
Ward identity. Section IV obtains the effective-metric
Casimir formula and recovers the Lorentz-violating scalar
result as a special case. Section V applies the construction
to nonlinear scalar theories. Section VI derives the optical
branches of L(F) electrodynamics around a constant
magnetic background. Sections VII and VIII compare
the direct mode-sum calculation with the branchwise
effective-metric computation. Section IX presents a weakly
nonlinear example, and Sec. X summarizes the results and
limitations.

II. GENERAL QUADRATIC REDUCTION IN A
PARALLEL-PLATE GEOMETRY

The result obtained for a Lorentz-violating scalar field
with a prescribed tensor #*¥ is a consequence of a more
general property of quadratic fluctuation operators. We
therefore begin with a generic regular fluctuation sector
described by the quadratic action,
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1
Sl = [ oo -y (6)

where H* is constant, symmetric, nondegenerate, and has
Lorentzian signature. The tensor H*¥ may represent an
externally prescribed Lorentz-violating background, as in
previous scalar analyses, or it may arise as the effective
kinetic tensor of fluctuations around a nontrivial back-
ground. The derivation below depends only on the quad-
ratic structure of the fluctuation operator and not on the
microscopic origin of H*.

We consider two parallel plates located at z = 0 and
z = L. The spatial normal direction is denoted by z, while
the coordinates tangent to the plate world volume are
labeled by indices A, B = 0, 1, 2. Thus, x* = (x4, z), with

= (t,x,y). The spatial directions along the plates are
x and y, whereas the time coordinate is included in x*
because the static plate configuration preserves time-
translation invariance. We assume that the normal direction
is spacelike with respect to the effective kinetic tensor,

B <o. (7)

Following Ref. [11], we define the time-ordered two-
point function of the fluctuation field as

—i(0[Tw (x)y(x) 0). (8)

The corresponding Green-function equation is

V) =89 (x ). ©)

The plates break translational invariance only in the
normal direction. We therefore Fourier transform along
t, x, y only, using

G(x,x') =

(H"9,0, + m*)G(x,

eiKA<.XA—x’A> _ e—iw(t—t’)JrikL-(xL—xl)’ (10)

so that

Ky = (—w, ky, ky), X =

xs by

(tx,y). (1)

With this convention, derivatives along the directions
parallel to the plates act as

0y —> ik (12)

The Green function is then written as

G(X,X/) :/ /Jlkl —iw(t-1") glkL'(XL_xl)

x g(z,7; 0,k ). (13)

Substitution into Eq. (9) gives a one-dimensional prob-
lem in the normal coordinate for the reduced Green

function g(z,7; @,k ). Let us define the reduced normal
operator,

D.(x)

Then the reduced Green equation satisfies

= H»* + 2iH** K40, — H*Bxyxp +m>.  (14)

D,(k)g(z.7"sk) = 8(z = 2'). (15)

This equation is the starting point of the reduction. The
term proportional to d, appears only when the tensor H*¥
mixes the normal direction with the directions parallel to
the plates, namely when H3* # 0. It is not a boundary
interaction; it is a bulk effect of using a kinetic tensor that
is not block diagonal with respect to the decomposi-
tion (x4, z).

To identify the normal wave numbers of the homogeneous
solutions, one may locally set g~ e'9*. Multiplying the
homogeneous equation by an irrelevant overall sign, the
associated quadratic polynomial is

P(g;x) = H¥¢* + 2H* k1 g + H Pk pk5 —m*.  (16)
The polynomial P(g;x) is not an additional dynamical
object. It is the algebraic symbol of the reduced bulk operator
for fixed parallel momentum 4. Its roots determine the
possible normal wave numbers before imposing the boun-
dary conditions. Once the plates are imposed, these homo-
geneous solutions are combined to satisfy the boundary
conditions at z = 0 and z = L. Thus P(q; k) controls the
part of the reduced Green function that determines the
normal mode spectrum between the plates.

The mixed term 2H3**k,q can be reorganized by com-
pleting the square,

H3A 2
P(g;x) = H (q + H3,3<A) + Kk MABkg —m?,  (17)

where

HABHB3

AB _ pJAB
M = B =

(18)

The tensor M“2 is the Schur complement of the normal
block H*} in H*. It is the effective quadratic tensor that
remains in the parallel variables once the normal-parallel
mixing has been accounted for. We denote the remaining
reduced bulk symbol by

Myeq(k) = kaMA Bk — m?. (19)

This object will be central in what follows; it is the
quadratic form that governs the dependence of the reduced
Green function on w, k,, k, after the normal momentum has
been shifted.
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The same reduction can be implemented directly at the
level of the differential equation. It is useful to introduce

3A
H Ka

oK) = T

(20)

which measures the displacement of the normal momentum
induced by the mixed components H3*. The completion of
the square then shows that the original normal momentum
is replaced by g — &). In coordinate space this shift is
implemented by extracting a phase from the reduced Green
function,

9(z.75k) = e7E-g(z, 25 k). (21)

The equivalence is seen by differentiating this expression.
Since the phase depends on z,

0.9 = e7)(9, + i&y)g. (22)

The phase factor therefore realizes, at the level of the
differential equation, the same normal-momentum shift
obtained by completing the square. The normal-parallel
mixing is not lost in this reduction; it is encoded in the
phase of the reduced Green function.

After this phase is extracted, the function g satisfies a
second-order equation without a first derivative in z. The
normal dependence of its homogeneous solutions is con-
trolled by the shifted normal wave number. If § ~ €%, then
the full Green function carries the original normal momen-
tum g = g + &, or equivalently g = g — &,,.

The normal dependence of the reduced Green function,
and hence the normal wave number that enters the
boundary-value problem, is therefore governed by

1 I,eq (k)
&i(x) = e (kaM*Brcp —m?) = — };33 .

(23)

Thus &, is the shifted normal wave number that remains
after the normal-parallel mixing has been absorbed into the
phase. It is this quantity, rather than the original ¢, that
enters the one-dimensional boundary Green function.

For Dirichlet boundary conditions at z =0 and z = L,
the reduced Green function can then be written as

(Z—2) sin(&,z.) sin[€; (z> — L)]
H¥¢ sin(6 L)

9(z.2/5k) = e (24)

where z.. and z. denote the greater and lesser of z and 7'.
The sine functions are the usual standing-wave factors of
the one-dimensional Green function between two Dirichlet
plates. The phase factor contains the normal-parallel mix-
ing, while &; and the denominator are controlled by the
Schur complement MAZ. In the Lorentz-invariant limit

H" — ', one has & — 0 and & — w?—k3 —m?,

recovering the standard reduced Green function.

Finally, the phase should not be treated as a harmless
prefactor. In the coincidence limit 7 — z, it becomes unity
as a multiplicative factor. However, the stress tensor
contains derivatives of the Green function. Derivatives
with respect to the normal coordinate act on the phase
and generate finite terms proportional to &,. These terms
will be essential in the next section, because they ensure
that the energy-density numerator contains the same Schur-
complement structure that controls the spectral part of the
reduced Green function.

The discussion in this section is kinematical. It shows that
any regular constant quadratic sector admits a reduced Green
function whose spectral dependence is governed by the
Schur complement M48. The next step is to show that the
energy insertion is governed by the same reduced quadratic
structure. This is the part of the derivation that cannot be
replaced by diagonalizing the Green function alone.

III. ENERGY INSERTION AND THE REDUCED
WARD IDENTITY

The Casimir energy is obtained from the vacuum expect-
ation value of the energy density, not from the Green
function alone. For the quadratic action (6), the canonical
stress tensor is

T", = H"0pd,y — 8" L, (25)

where £, is the Lagrangian density appearing in Eq. (6).
Since the plates preserve time-translation invariance, the
energy density 7Y is the relevant Noether density for the
global vacuum energy.

For the structural reduction of the global energy, the
relevant derivative part of 79 is

H%0 oy (26)

In the mixed representation this produces the algebraic
numerator,

N(q.x) = ko(H"ky + HYq), (27)

with the Fourier convention fixed above. The important
point is that the numerator contains the normal momentum
g whenever H% # 0. Therefore, it is sensitive to the same
normal-parallel mixing that appears in the reduced Green
function.

The reduced numerator is obtained by applying the
same shift of the normal momentum that led to Eq. (17).
Equivalently, at the level of the Green function, it is obtained
by allowing the normal derivative in the stress tensor to act
on the phase in Eq. (21) before taking the coincidence limit.
In either language, the reduced normal momentum is
replaced by
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g— - 28
Substituting this into Eq. (27) gives
Vel =7 -2 e 29)
Using the definition (18), this becomes
Nyea(x) = koM Bi. (30)

On the other hand, the reduced bulk quadratic symbol that
controls the spectral denominator of the Green function is

,eq(k) = kaMABxg — m?. (31)

Since M48 is symmetric, differentiation with respect to the
frequency variable gives

oIl
—L4 = 2M Bk (32)
0K0
Therefore,
1 Ol eq(x
Niea (k) = EKOT:O()' (33)

Equation (33) is the structural identity behind the
effective-metric Casimir formula. After Fourier reduction
parallel to the plates, it shows that the energy numerator
N,.q 1s obtained from the frequency derivative of the same
Schur-complement quadratic form Iy that fixes &;, and
hence the spectral denominator of the reduced boundary
Green function. In this sense, it is the reduced counterpart
of the Ward identity associated with time translations. The
plates modify the allowed normal modes through the
boundary Green function, but they do not alter this bulk
relation between the quadratic operator and the energy
insertion.

This point is essential because diagonalizing I1..4 alone
only puts the spectral denominator into a standard form; it
does not by itself guarantee that the energy-density inser-
tion transforms into the Lorentz-invariant numerator. The
missing guarantee is precisely Eq. (33). The phase in the
reduced Green function is part of this mechanism; when
derivatives act on it, they supply the H*4-dependent terms
required for the numerator to contain the same Schur
complement M“8. Thus the determinant factor and the
effective plate separation arise from a common reduced
quadratic structure, not merely from diagonalizing the
reduced Green function.

The term proportional to —8, L, in Eq. (25) is required in
the full local stress tensor. In the global energy calculation,
however, its integrated contribution is either zero after the

vacuum subtraction or reduces to an L-independent con-
stant [3,10]. It therefore does not contribute to the plate-
separation-dependent Casimir energy, and it drops out of the
pressure obtained by differentiating with respect to L. For
this reason, the structural reduction of the global energy can
be analyzed from the derivative part of the stress tensor
alone. The Lagrangian-density term may still be relevant for
local quantities, but it does not alter the Schur-complement
identity (33), which relates the energy-density numerator to
the reduced bulk quadratic symbol.

IV. EFFECTIVE-METRIC CASIMIR FORMULA

We now use the preceding identity to obtain the general
effective-metric form of the Casimir energy. The result
applies to any regular quadratic sector of the form (6),
provided that H*¥ is constant, nondegenerate, and has
Lorentzian signature, and provided that the boundary
conditions isolate the sector under consideration.

After Wick rotation, the reduced bulk quadratic symbol
(31) becomes a Euclidean quadratic form in the frequency
and the two momenta parallel to the plates. In what follows
we restrict ourselves to regular and stable sectors, con-
tinuously connected to the Lorentz-invariant case, for
which this Euclidean quadratic form is positive definite.
This assumption is the Euclidean counterpart of requiring a
well-defined fluctuation spectrum and excludes degenerate
or nonhyperbolic sectors. We denote the Wick-rotated
parallel variables collectively by k. Since the quadratic
form is positive definite in the sector under consideration,
there exists a real linear transformation from kg to new
variables r = (ry, ry, r,) such that

Mg p(kg) = r2 + m? (34)

This is the precise sense in which the momentum-depen-
dent part of the reduced Green function is mapped to the
standard Lorentz-invariant Euclidean form.

The transformation also changes the integration measure.
Let S denote the positive Euclidean matrix associated with
the Wick-rotated reduced quadratic form, so that

Myeq £ (kg) = KESpKE 4+ m?. (35)

The linear transformation to the variables » may be chosen
such that

r? = kLSpx, (36)
and therefore the integration measure transforms as

dr
£\ detSE '

The determinant of Sg is the Euclidean counterpart of the
determinant of the reduced Schur-complement matrix M48.

d3KE =

(37)
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Using the block determinant identity
det H = H¥ det M, (38)

the Jacobian can be expressed in terms of H3® and
det H. The signs are fixed by requiring continuity with
the Lorentz-invariant case, H* = y**, for which H* = —1
and det H = —1. With this convention, the determinant
factor entering the energy is the real positive quantity

H33
VdetH (39)

We now show that the same relation also fixes the effective
separation. The boundary Green function depends on the
normal coordinate through the products &,z and &; L. After
Wick rotation and diagonalization of the reduced quadratic
form I,.q £, Eq. (23) shows that the Euclidean normal wave

number is rescaled by 1/v—H3*. Thus, the normal
dependence is identical to the Lorentz-invariant one after
the replacement

Z L

| /_H33’ \ /_H33'

Thus the plate-dependent part of the Green-function
integral has the same functional dependence as in the
Lorentz-invariant problem, but evaluated at the effective
separation L.

It remains to check the numerator. By Eq. (33), the
Euclidean continuation of the energy numerator, N, .q g, is
determined by the same reduced quadratic form that
appears in the spectral denominator, IT.4 r. After the linear
transformation to the variables r = (rg, ry, r,), where rg
denotes the Euclidean frequency component in the dia-
gonalized Lorentz-invariant form, the numerator N .4 g
becomes a quadratic form in r. It is not generally equal
pointwise to the standard Lorentz-invariant numerator r3.
However, the remaining integrand is a radial function of r2.
Therefore, one may use the angular identity

Z:

Z= (40)

/d3rraer(}’2) - %/d3rr2F(r2)' (41)

To see why the coefficient is the Lorentz-invariant one, we
denote the Euclidean reduced numerator by Ny = Ny q .
From Eq. (33), it is given by

Ng(kg) = Nrcd,E(KE)

= KE,O(SEKE)O

— lK‘ aHred,E
2 E0

0KE.0 ’

With r = S}E/ 21<E, this becomes

Ne(r) = (S5 r)o(SE o, (43)
Equivalently,

—1/2 1/2
NE(r) = Aabrarh’ Aab = (SE / )Oa(SE/ )Ub’ (44)
where a, b =0, 1, 2. Since S is symmetric and the
symmetric square root is used, one has

Aabar = (S50 (SE ) opban = 1. (45)

Using Eq. (41), the angular average gives

/d3rNE(r)F(r2) —Aab/d3rraer(r2)

1

:3Aab5ab/d3rr2F(r2)

=3 / PrrF(R). (46)

This is precisely the angular reduction obtained in the
Lorentz-invariant calculation with numerator r3. Therefore
the factor 1/3 is not an additional prefactor in the final
result; it is already part of the standard radial integral
defining E,. The only remaining changes are the Jacobian of
the momentum transformation and the rescaling of the plate
separation.

This step is where the Ward-type identity (33) is essential.
A generic quadratic numerator unrelated to I,y would not
reduce in this way.

Combining the radial form of the reduced bulk quadratic
symbol, the angular reduction of the numerator, the Jacobian
of the momentum transformation, and the rescaling (40), one
obtains the global Casimir energy

H
EM(L) =

H L
E . 47
det H 0(«/_[-133) (47)

Here E|, is the Lorentz-invariant scalar Casimir energy for
the same boundary condition and mass, evaluated at the
rescaled plate separation. For plates normal to a generic
spatial direction n, one replaces H>* by H™.

The corresponding pressure follows either from the
normal-normal component of the stress tensor or by differ-
entiating the energy with respect to L, keeping the back-
ground tensor fixed. It is

Oy i tve

Equations (47) and (48) reproduce the scalar Lorentz-
violating result of Ref. [11] by setting

HY = v, (49)
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With this identification, Eq. (47) coincides with Eq. (3),
while Eq. (48) coincides with Eq. (4). The derivation given
here shows that the result is not tied to the interpretation of
h* as an externally prescribed Lorentz-violating tensor. It
follows from the common quadratic structure of the spectral
part of the reduced Green function and the energy-density
insertion.

In applying these formulas, H** denotes the tensor that
appears in the quadratic fluctuation operator with the
normalization inherited from the underlying linearized
action. Thus, when an effective metric is obtained from
an optical dispersion relation, its representative must be the
one fixed by the corresponding quadratic fluctuation
problem, not an arbitrary conformal representative of the
same cone. For the massless electromagnetic branches
considered below, the final Casimir factors are also checked
independently by direct mode summation, which fixes the
relevant normalization operationally.

This perspective is closely related to other flat-
spacetime uses of effective or affine geometries in
Lorentz-breaking and nonlinear field theories. Effective
metrics have been used to describe perturbations in
nonlinear scalar models [31], while bimetric and multi-
cone formulations provide useful descriptions of Lorentz-
symmetry breaking in quantum field theory [32,33].
Related  discussions in  nonbirefringent modified
Maxwell theory include geometrical-optics descriptions
of photon propagation and flat-spacetime analyses of
microcausality and unitarity [34,35]. In the present
Casimir problem, the effective geometry is fixed before
any change of variables, namely by the quadratic fluc-
tuation operator. The linear transformation used in the
calculation only maps the corresponding constant quad-
ratic form to the standard Lorentz-invariant form inside the
reduced Green-function integral.

In the rest of the paper we use Egs. (47) and (48) as an
effective-metric prescription. Whenever the linearization of
a nonlinear theory around a constant background produces
a regular quadratic branch governed by a constant effective
tensor H*, the corresponding Casimir contribution is
obtained from the formulas above. Nonlinear scalar theo-
ries provide a direct realization of this mechanism.
Nonlinear electrodynamics provides a more restrictive test,
because the linearized electromagnetic sector first decom-
poses into optical branches; only after this branch decom-
position can the effective-metric formula be applied branch
by branch.

V. NONLINEAR SCALAR THEORIES

We first apply the general result of Secs. II-IV to
nonlinear scalar theories. This example is useful for two
reasons. First, it shows explicitly how the tensor H*
entering the effective-metric Casimir formula can arise
dynamically from a nonlinear field theory rather than being
introduced as an external Lorentz-violating background.

Second, it separates two different effects that are sometimes
conflated; nonlinearities in the potential modify the effec-
tive mass of the fluctuation, whereas nonlinearities in the
kinetic sector modify the effective geometry.

Consider a scalar theory of the form,

1
L=PX)-UD), X = En””aﬂéayd), (50)
where 7, = diag(+, —, —, —). We expand the field around
a classical background,

®(x) = @(x) + (%), (51)

and assume that the background has a constant gradient,

.
X=gbb'.  (52)

0,® = b, = constant,
This assumption is essential for the direct use of the
effective-metric formula. It ensures that the coefficients
in the quadratic fluctuation operator are constant. If the
background were spatially dependent, the reduced Green-
function problem would no longer be governed by a
constant quadratic symbol, and the formulas derived above
would not apply without further analysis.

Expanding P(X) to second order in ¢, one finds

- 1
X=X+b'o,p+ 517"” PO, (53)

The term linear in ¢ vanishes once the background satisfies
the classical field equation, or equivalently may be removed
from the quadratic fluctuation problem. The kinetic part of
the quadratic action is then governed by the Hessian of the
Lagrangian with respect to the field gradients,

HYE = Py(X)n" + Pxx(X)b"b. (54)

Thus, the quadratic action for the fluctuation takes the
form,

1 v
Salo) =5 / d*x[H 0,00, — mZz¢?],  (55)
where
mey = U"(®) (56)

whenever the background value of U” is constant. More
generally, possible additional background-dependent terms
must also be constant for the present construction to apply.

Equation (55) has precisely the form of the general
quadratic sector discussed in Sec. II, with

H™ = H™. (57)
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The origin of the effective tensor is now transparent. A
purely nonlinear potential U(®) changes only the mass
term of the fluctuation, through U”(®). It does not
modify the tensor multiplying the derivatives if the kinetic
term is canonical. By contrast, a nonlinear dependence on
X changes the Hessian with respect to field gradients and
therefore generates a nontrivial effective kinetic geometry.
This is the scalar-field analog of the effective backgrounds
considered phenomenologically in Lorentz-violating
Casimir studies.

Provided that H% is nondegenerate, has Lorentzian
signature, and satisfies H' < O for the plate normal n,
the Casimir energy follows directly from Eq. (47):

| Hm L
ESC?(L) = det;] E0<m;meff). (58)

Here Ey(L;mqy) denotes the Lorentz-invariant scalar
Casimir energy for a field of mass m.g, evaluated at the
indicated separation. The corresponding pressure is

1 L
PE(L) = P e ). (59
)=, °<\/—Hgg m“) (59)

with the background held fixed when differentiating with
respect to L.
A simple illustration is obtained by taking

PX)=X+ %X% (60)

Here A is the energy scale suppressing the higher-
derivative effective interaction, while f is a dimensionless
parameter that fixes the sign and strength of the leading
nonlinear kinetic correction. The canonical scalar theory is
recovered in the limit # — O or, equivalently, A — oo at
fixed background gradient. For this choice of P(X), the
effective kinetic tensor becomes

HY = (1 +i?§>,7,w + L (61)
For p =0, the kinetic tensor reduces to the Minkowski
metric and the usual Lorentz-invariant scalar Casimir result
is recovered. For a nonzero constant gradient b*, the
fluctuation sees a preferred direction, and the Casimir
energy depends on the orientation of this direction relative
to the plates through H}' and det H,.. This example shows
explicitly how an effective Lorentz-violating Casimir
geometry can emerge from a Lorentz-invariant nonlinear
scalar theory expanded around a nontrivial background.

The scalar case is therefore a direct realization of the
general construction. Its simplicity comes from the fact that
the quadratic fluctuation operator is already of effective-
metric form. Nonlinear electrodynamics is less immediate:

the linearized electromagnetic theory first produces a
constitutive tensor and an optical branch structure. The
next sections show how, in regular £(F) theories around a
constant magnetic background, the same effective-metric
prescription applies after the physical branches have been
identified.

VI. LINEARIZED L(F) ELECTRODYNAMICS
AND OPTICAL BRANCHES

We now turn to nonlinear electrodynamics in the standard
Lagrangian formulation. The purpose of this section is to
identify the physical fluctuation branches generated by a
constant magnetic background and to determine the effec-
tive optical tensors that will enter the branchwise Casimir
calculation. This step is essential because, unlike the non-
linear scalar example of Sec. V, a nonlinear electromagnetic
theory does not generically produce a single second-rank
effective metric at the level of the full vector field. Rather,
the quadratic expansion defines an effective constitutive
law, and the optical metrics arise only after the physical
polarization problem has been solved. This is the standard
setting in which nonlinear electrodynamics exhibits modi-
fied light cones and, in more general models, birefringence
[20,22,23,25-27,36].

We consider theories of the form,

1 1
L=L(F), j::ZlF””FW :§(B2—E2), (62)
with metric convention #,, = diag(+, —, —, —). Maxwell

electrodynamics corresponds to

We denote derivatives of the Lagrangian evaluated on the
background by

dr d*c

Lr=—, Lrpr=-r
ARy ARy

(64)

The background is taken to be purely magnetic and
constant,

_ _ . -1
E =0, B = Byb, F = EB%. (65)

We write the fluctuating fields as

E=e, B=B+b. (66)
Then
F=F+6FV +5F?, (67)

where
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1
SFO=B-b,  6FO =(b’-¢).  (68)

Keeping terms up to second order in the fluctuations gives
1 2oy L R 2
;CQ :E;C]:(b — € )+§£f].‘(Bb) . (69)

This quadratic Lagrangian describes a linear anisotropic
medium induced by the nonlinear electromagnetic response
around the constant magnetic background.

The corresponding linearized constitutive fields are

D= aa—iz, = _56_[;)2‘ (70)
Thus,
D= —-Lre, (71)
and
H=-Lsb—Lsr(B-b)B. (72)

The electric response is isotropic, whereas the magnetic
response distinguishes the component of b parallel to the
background magnetic field.

The linearized Maxwell equations are

V-b=0, Vxe=-0db, (73)

V-D=0, VxH=24D. (74)

For plane waves proportional to e!K*=®)these imply

k
k-e—=0, b=-2¢ (75)
[0)]

provided Lz # 0. Substitution of Eqs. (71) and (72) into
the Ampere equation gives the polarization equation

(a)z—kz)e—i—ﬁﬁ—f[ﬂ-(k xe)](k xB)=0. (76)

Since k - e = 0, this equation acts on the two-dimensional
space of physical transverse polarizations.
Let

u=kxB. (77)
One physical polarization is orthogonal to u. For this mode
the second term in Eq. (76) vanishes, and one obtains the

ordinary branch

w? = k2. (78)

ord

The complementary physical polarization is parallel to u.
Since |k x B|> = B2k%, where

kj=k-b, K =k>-k

I (79)

this mode satisfies the extraordinary dispersion relation,
Wl = kﬁ + ak?, (80)

with

B%;Cf]: _ »C}‘ + 2.7:;6}‘}‘

=1
a + Ly Lr

(81)

For Maxwell theory, L = —1 and Lz = 0, soa = | and
the two branches coincide, as expected.
The regular sector considered in the rest of the paper is
defined by
Lr#0, Lr+2FLrr#0, a>0. (82)
For the Maxwell-connected stable branch, this is naturally
supplemented by
—,C]: > O, —[,f - 2.7_:5]:‘7: > 0. (83)
These conditions have a precise role in the present analysis.
They ensure a positive electric response and a nondegen-
erate magnetic response in the direction selected by the
background field. Equivalently, in the Maxwell-connected
branch they imply a > 0, and therefore guarantee that the
extraordinary branch is regular and hyperbolic. They should
not, however, be confused with the full causality require-
ments usually imposed in nonlinear electrodynamics. If one
further requires the extraordinary optical cone to lie inside or
on the Minkowski light cone, then the magnetic-background
dispersion relation @y, = kj + ak? implies the additional
condition 0 < a < 1. In the sector with Lz <0, this
subluminality condition is equivalent to Lzz > 0. This
distinction between regular hyperbolic propagation and
the stronger requirement of causal propagation relative to
the background spacetime is consistent with the general
analyses of optical metrics and energy conditions in non-
linear electrodynamics [37,38]. Since the Casimir calcula-
tion below only requires the regular branch structure and a
real mode spectrum, we impose a > 0 throughout, while
noting explicitly when stronger causal assumptions would
be needed.
The ordinary branch is described by

hgrg = 1" (84)

The extraordinary branch can be represented by the optical
tensor
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00 _ 0i _
h’ext - b hext - 07

R = —[asi + (1 — a)b'D]. (85)

Here b = B/B, is the unit vector along the constant
magnetic background. This tensor reproduces Eq. (80)
through Atk k, = 0. The representatives in Eq. (85) are
fixed by the frequency spectra obtained from the linearized
field equations. They are not arbitrary conformal repre-
sentatives of the optical cone.

VII. DIRECT MODE SUMMATION AND
BOUNDARY CONDITIONS

‘We now compute the parallel-plate Casimir energy directly
from the ordinary and extraordinary frequency spectra. This
calculation provides an independent check of the branchwise
effective-metric prescription developed above.

We consider two perfectly conducting plates located at
z=0 and z = L, with normal vector Z. The constant
magnetic background is assumed to be maintained by
external sources and is not varied in the fluctuation
problem. The perfect-conductor boundary conditions are
imposed on the fluctuating radiation fields,

ixe=0  2-b=0 (z=0,L). (86)

We work directly with the physical fields e and b. Thus no

gauge modes are introduced. The two branches derived in

Sec. VI represent the two physical electromagnetic polar-

izations: one ordinary branch and one extraordinary branch.
We denote by

E)(L) = (87)

1440L3°
the renormalized L-dependent Casimir energy per unit area
of a single massless physical branch with normal spectrum
k. = nz/L. This notation includes the standard TE/TM
mode-counting convention for one physical polarization.
The two Maxwell polarizations therefore give

71'2

1
EMaxwell(L) = 2E(() >(L) = _W .

(88)

A. Compatibility with the conducting
boundary conditions

Before performing the mode sums, we verify that the
branch decomposition is compatible with Eq. (86) for the
two orientations considered below.

First, take the magnetic background normal to the plates,

B = Bi. (89)

Then the extraordinary polarization satisfies

ek x 2 = (ky,—k,.0). (90)
It is purely tangential to the plates. A standing wave with
tangential components proportional to sin(nzz/L) there-
fore satisfies Z x e = 0 at z = 0, L. Moreover,

1
b, = - (keey — kye,) (91)

is proportional to the same sine factor and also vanishes at
the plates. Hence, the extraordinary branch is compatible
with the standard normal quantization,
nm
k, =—. 92
== (92)
Second, take the magnetic background parallel to the
plates, for definiteness

The extraordinary polarization is
ek x X = (0,k,, —k,). (94)

A standing wave may be chosen with

e, o sin <nLﬂZ> , e, x cos <nLﬂZ> : (95)

Since e, = 0, the tangential electric field vanishes at the
plates. In addition,

k

] X
b, = - (kyey —kye,) = ge (96)

s
and therefore b, = 0 at z = 0, L. The ordinary branch again
admits the usual complementary standing-wave construc-
tion. Thus, for both orientations considered in this work,
the physical branches can be quantized with k, = nx/L,
and no mixing of the two polarizations is induced by the
perfect-conductor boundary conditions. The ordinary
branch is the polarization orthogonal to k x B. In the
two orientations considered here it can be chosen as the
complementary TE/TM standing wave satisfying Eq. (86),
and it reduces continuously to the second Maxwell polari-
zation when a = 1.

B. Magnetic background normal to the plates

For B = B2, one has
kH =k, K = k{% + kg (97)

The extraordinary frequency is therefore

2
an= () val@rB). o9
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The corresponding renormalized energy is obtained from

Z/"Zki\/( )2+a<kz+k,%>

ren

(99)
The change of variables g, = \/ak,, q, = +/ak, gives
d’k | = d?>q /a, and hence
1
Eg(L) =~ Ey (L) (100)

The ordinary branch contributes E(()1>(L). Therefore,

7 1
1+—]. (101
1440L3< +a> (101)

£w) = (1+0) 60w - -

C. Magnetic background parallel to the plates

For B = B,%, one has

kj=ke kK =K+E. (102)

The extraordinary frequency is
nm\ 2

Woin = K2+ ak? + a(f> . (103)

Thus
dk,dk, nm 2
I
Eext Z/ 0 )2 \/k§+ak§+a<L>
ren
(104)

Setting g, = +/ak,, the measure becomes dk, = dg,//a,
and the normal spectrum is equivalent to that of a branch at
the effective separation L//a. Hence

I L oL
E..(L)=—7E;, | — ). 105
N (105
Since Ej(L) « L3, this gives
Euu(L) = aEy (L), (106)
Adding the ordinary branch,
|| (1 i
E:(L)=(1+a)E;’ (L) = —m(l +a). (107)

Equations (101) and (107) reduce to the standard Maxwell
result (88) when a = 1.

VIII. BRANCHWISE EFFECTIVE-METRIC
COMPUTATION

We now reproduce the results of Sec. VII using the
effective-metric formula of Sec. IV. This calculation is not
applied to the electromagnetic field as a single scalar sector.
Rather, it is applied after the physical electromagnetic
fluctuations have been decomposed into their ordinary and
extraordinary branches. The representatives of the optical
tensors are those fixed by the linearized spectra derived
in Sec. VI, and the direct mode-sum calculation above
provides an independent normalization check.

The ordinary branch is governed by

HYY =, (108)
and therefore contributes
Eoqg(L) = Eg(L). (109)

For a magnetic background normal to the plates,
B = By, the extraordinary dispersion relation is

iy = k2 + a(kZ + k3). (110)
The corresponding effective tensor is
HY, = diag(1, —a, —a, —1). (111)
Thus
HE = -1, det Hy = —a?. (112)
Using Eq. (47), one obtains
EA (D) =W = LB @, ()

in agreement with Eq. (100).
For a magnetic background parallel to the plates,
B = B,%, the extraordinary dispersion relation is

Wiy = k3 + ak; + ak?. (114)
The effective tensor is
HL, = diag(1, -1, —a, —a). (115)
Therefore
HE = —a, det H,, = —a’. (116)

The effective-metric formula gives
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- L 1 L [ _ g
EL (L) = | —SEM (=) =—E" (=), (117) Eeu(L) = aEy (L), (118)
—-a Va va Va
which agrees with Eq. (106).
Using again E(()l) (L) o< L73, this becomes The comparison can be summarized as
Orientation Direct mode sum Branchwise effective metric
Blplates | Ei =a'E))(L) Et =a'EV(L) (119)
B||plates El, =aE) (L) El, =aE) (L)

Thus, for regular £(F) electrodynamics around a con-
stant magnetic background, the direct electromagnetic
mode sum agrees exactly with the effective-metric formula
applied branch by branch.

The corresponding pressures follow by differentiating
with respect to L, keeping the magnetic background fixed:

2
PHL) = -1 <1 +$> (120)
PLL) = =4 (14 a). (121)

Both reduce to the standard electromagnetic pressure,
—n%/(240L*), in the Maxwell limit o = 1.

This branchwise agreement also allows us to compare
the present calculation with the earlier Lorentz-violating
Casimir analysis of Frank and Turan [6]. In that work, the
electromagnetic sector of the minimal Standard-Model
Extension was treated using a scalar-field analogy for
the modified photon modes. In the present calculation,
no scalar reduction of the electromagnetic field is imposed
a priori. The physical polarizations are first obtained from
the linearized constitutive equations, the conducting boun-
dary conditions are imposed on the corresponding radiation
fields, and the effective-metric formula is applied only after
the ordinary and extraordinary branches have been iden-
tified. The agreement with the direct electromagnetic mode
sum shows that the branchwise Casimir factors with scalar
form arise from the regular branch decomposition, rather
than from a scalar analog assumed at the outset.

The equivalence established in this section has a con-
trolled scope. It assumes a constant magnetic background,
the Lagrangian class £(F), regular optical sectors with
a > 0, and the two orientations for which the perfect-
conductor boundary conditions preserve the branch decom-
position. Oblique magnetic backgrounds, general L(F, G)
theories, dispersive material boundaries, and degenerate
sectors in which the effective constitutive tensor loses rank
require separate analyses. In such cases one should not
assume a branchwise scalar reduction without verifying the
full mode structure and the boundary conditions.

IX. WEAKLY NONLINEAR EXAMPLE

The preceding results are independent of a specific
nonlinear model, provided the theory belongs to the regular
L(F) class and the background is constant. It is never-
theless useful to display the size and sign of the effect in a
simple weakly nonlinear example. We consider

L(F) = ~F + 55 72,

(122)
where A is the scale suppressing the nonlinear correction
and y is a dimensionless coefficient. The Maxwell limit is
recovered either by taking y — O or by sending A — oo at
fixed background field.

This example should be viewed as the leading F~*
correction in a low-energy effective expansion. It is not
meant to represent the full Euler-Heisenberg effective action,
which also contains dependence on the second electromag-
netic invariant and therefore lies in the broader L£(F,Q)
class. The purpose of Eq. (122) is instead to illustrate, within
the controlled £(F) sector analyzed above, how a nonlinear
magnetic response modifies the Casimir energy.

For the magnetic background F = B2/2, one has

v F
F7

4

£]: — —1 + £]:f — F (123)

The anisotropy parameter defined in Eq. (81) is therefore

3;/33
s Tes

5.
By

a=
-1+

(124)

The regular Maxwell-connected sector requires Lz < 0
and a > 0. For y > 0, a sufficient weak-field condition is

yB}

F« 1. (125)

In this regime,
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a=1- (126)

yB3 B}
L o(AS
Using Egs. (101) and (107), the Casimir energies for

magnetic backgrounds normal and parallel to the plates
become

el ):_MZW{HH’ (127)
77:2
EL(L) = ~ o1+l (128)

Expanding to leading order in yB3/A*, one obtains

2 1 B2 B4
EL(L)=——" _|1427 , 12
c(L) 720L3[ +2A4+O( >] (129)
2 2 4
gy 7 _17Bg By
EL(L) = T {1 > +(’)<A8 . (130)

Thus the leading nonlinear correction has opposite signs for
the two orientations. For y > 0, a magnetic background
normal to the plates increases the magnitude of the attractive
Casimir energy, while a magnetic background parallel to the
plates decreases it. Equivalently, the orientation contrast is

7> yB} B}
- 04 o =2). 131
720L3 A* + <A8> (131)

The corresponding pressures follow from Egs.
(120)—(121). In the same weak-field regime,

n’ 1yB3 B}
PL(L) = - 1+
c(L) 240L4[ toAr +O< )]

1yBj B}

@ .
T2 A% + <
These expressions make explicit the physical content of
the branchwise calculation. The nonlinear electromagnetic
response to the magnetic background does not simply
rescale the Maxwell result by a universal constant; it induces

an anisotropic Casimir response controlled by the orienta-
tion of the background relative to the plates.

E&(L) = EQ(L) =

(132)

P(L) = - (133)

)
240L4

X. CONCLUSIONS

We have given a structural derivation of the effective-
metric form of the parallel-plate Casimir energy for regular
quadratic fluctuation sectors with constant coefficients. The
determinant prefactor and the rescaling of the plate sepa-
ration were already known in the Lorentz-violating scalar-
field setting, in particular in the result of Ref. [11]. Rather
than deriving the Casimir effect from scratch, our purpose

was to identify why that formula has this structure and
under what conditions it can be used as an effective-metric
prescription. The key point is that diagonalizing the
spectral denominator of the reduced boundary Green
function is not, by itself, sufficient. The energy-density
insertion must transform consistently as well. For a general
constant-coefficient quadratic sector, this consistency fol-
lows from a common Schur-complement structure; the
same reduced quadratic form fixes the shifted normal wave
number entering the boundary Green function and, through
the reduced Ward-type identity associated with time trans-
lations, also fixes the reduced energy numerator.

This analysis clarifies the status of the effective tensor
entering the Casimir formula. The relevant object is not
simply an arbitrary representative of a characteristic cone,
but the tensor that appears in the normalized quadratic
fluctuation operator obtained from the linearized action. This
distinction matters in nonlinear theories, because effective
geometries arise from the background-dependent quadratic
response, whereas optical cones alone are insensitive to
conformal rescalings. In the scalar example, this tensor is the
Hessian of the Lagrangian with respect to the field gradients,
evaluated on a constant-gradient background. A nonlinear
potential by itself changes the fluctuation mass, but it does
not generate an anisotropic kinetic geometry.

For nonlinear electrodynamics of the form L(F), the
effective-metric construction becomes nontrivial because
the electromagnetic fluctuation does not reduce to a single
scalar sector. The constant magnetic background first
induces an anisotropic linear response, and the physical
spectrum splits into an ordinary Maxwell branch and an
extraordinary optical branch. We showed that, in the regular
sector, the ordinary and extraordinary modes provide the
two physical electromagnetic polarizations. For magnetic
backgrounds normal or parallel to perfectly conducting
plates, the boundary conditions preserve this branch decom-
position and lead to the standard normal quantization.

The main electromagnetic result is the exact agreement
between two independent calculations. Direct summation of
the ordinary and extraordinary mode frequencies gives the
same Casimir energies as the branchwise application of the
effective-metric formula to the corresponding optical ten-
sors. This agreement fixes the normalization of the optical
representatives operationally and supports the use of the
effective-metric formula for regular branches, rather than for
the electromagnetic field as an undecomposed whole.

Several extensions are natural but require separate treat-
ment. Oblique magnetic backgrounds can mix the polari-
zation structure at the boundaries and should be analyzed
with the full boundary mode problem. Purely electric
backgrounds also lead, at the level of the linearized bulk
equations, to an analogous ordinary-extraordinary branch
structure, with the anisotropy controlled by the electric
response rather than by the magnetic one. However, their
treatment in the Casimir geometry requires a separate
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analysis. In particular, the compatibility of constant electric
backgrounds with conducting boundary conditions is more
restrictive, and in quantum effective theories electric back-
grounds may introduce additional vacuum-instability issues.
We therefore leave electric backgrounds beyond the scope of
the present work.

General L(F,G) theories may produce a richer birefrin-
gent structure and cannot be reduced to the single-parameter
a description used here. Dispersive or material boundaries
would also modify the mode spectrum and the renormaliza-
tion procedure. Finally, degenerate sectors, where the con-
stitutive tensor loses rank or an optical metric becomes
singular, lie outside the regular quadratic framework

developed in this paper. In such cases the number of
propagating degrees of freedom and the constraint structure
must be analyzed before any effective-metric Casimir for-
mula can be applied.
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