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Formulating stable numerical methods for hyperbolic systems in curvilinear coordinates with singular-
ities, e.g., spherical coordinates, is complicated by the presence of these singularities. We present a method
for constructing high-order accurate, energy-stable finite difference operators satisfying the summation by
parts (SBP) property on spherical domains, extending ideas presented by Gundlach, Martín-García, and
Garfinkle [1]. We define discrete gradient and divergence operators that mirror the continuous integration-
by-parts principle, even though there is a 1=rp coordinate singularity present at the origin. We explicitly
construct such operators up to order six. Our operators place a grid point directly on the origin. We also
review how to construct stable SBP operators that straddle the origin. We analyze the accuracy and spectral
radii of these operators, and we show example evolutions of the scalar wave equation to demonstrate the
advantages of such operators.
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I. INTRODUCTION

One often-used method to prove well posedness for a
hyperbolic partial differential equation (PDE) is by con-
structing a conserved energy (or a nonincreasing energy
that is bounded from below). The analog of the well
posedness in the continuum is numerical stability for a
discretized PDE. Kreiss and Scherer [2,3] proposed a
powerful way of constructing linearly stable schemes for
solving evolution partial differential equations which admit
an energy estimate at the continuum level, through the use
of difference operators satisfying summation by parts
(SBP). These operators allow deriving estimates analogous
to the continuum ones, up to boundary terms.

While the former guarantees well posedness, the discrete
counterparts guarantee numerical stability. Numerical sta-
bility prevents unbounded growth, i.e., prevents exponen-
tial growth with a resolution-dependent growth rate where
higher resolutions have faster growing modes.
Summation by parts is the discrete equivalent of inte-

gration by parts. A set of finite differencing operators may
or may not satisfy the SBP property; if they do, they allow
certain kinds of proofs and estimate to “go through” for the
discretized equations in the same way as for the continuum
equations. For example, if a hyperbolic PDE has a con-
served energy, then discretizing this system using SBP
operators often leads to a discrete system where the discrete
energy is also conserved. This then holds independent of
the resolution, i.e., no matter how large the discretization
error—energy conservation is then not a property obtained
in the limit of infinite resolution, but it can be tested at any
resolution, up to floating-point error.
There is a large body of literature for SBP operators that

we briefly review further below. In this paper wewill follow
ideas first presented by Gundlach, Martín-García, and
Garfinkle [1] and construct SBP finite differencing oper-
ators (stencils) for curvilinear coordinate systems with
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singularities, for example for polar or spherical coordinates.
We introduce a set of accuracy conditions that our operators
need to satisfy near the origin, and then explicitly construct
such operators for fourth- and sixth-order accuracy. Our
operators retain their full accuracy at the origin; in fact, we
are even able to demand a somewhat higher accuracy near
the origin to select from a family of operators.
It goes without saying that spherical symmetry, or

multipole expansion in spherical coordinates, or in general
curvilinear coordinate systems with singularities are
immensely useful in describing many physical systems.
One famous example in general relativity is Choptuik’s
study of gravitational critical collapse [4–6]. Many systems
in general relativity exhibit symmetries that can be well
captured by a curvilinear coordinate system, such as
supernova core collapse simulations [7], evolutions using
hyperboloidal foliations [8], black hole mimickers like
boson stars [9], black strings [10], etc.
Furthermore, similar coordinate singularities appear also

in polar coordinates in two dimensions, and on the z axis in
cylindrical or spherical coordinates.
The method we describe in this paper has the potential to

improve accuracy and guarantee discrete stability in all
cases where high-order finite differences are applicable.
Issues related to coordinate singularities have been

studied outside numerical relativity. Prochnow et al. pro-
posed a high-order SBP treatment for the polar singularity
in axisymmetric wave propagation using staggered SBP
operators; their method avoids evolving the unknown at
r ¼ 0 and uses weighted SBP norms so that the origin
contributes no spurious boundary work [11]. O’Reilly and
Petersson developed energy-conservative SBP discretiza-
tions for acoustic wave propagation in covariant form on
staggered curvilinear grids [12]. Mimetic finite-difference
methods provide another staggered-grid framework with
discrete divergence/gradient operators and compatible
quadratures [13]. Other approaches include geometric
transformations or pole conditions that avoid direct evalu-
ation at the polar point [14], centerline equations obtained
with l’Hôpital’s rule [15], series-expansion treatments of
cylindrical-axis singularities [16], and specialized finite-
element basis modifications at polar grid centers [17].
Since the singularity at the origin is not physical, but a

mere pathology of the coordinate system, it is possible to
construct appropriate SBP operators that treat this pathol-
ogy. This was first shown in [1], where the authors
constructed stable second- and fourth-order SBP operators
for spherical decompositions of the wave equation.
In this paper we extend the work of [1] on spherical/

curvilinear SBP operators and develop a general method to
construct SBP operators of arbitrary order that do not lose
accuracy at coordinate singularities. We formulate our
operator construction by demanding accuracy conditions,
which are linear conditions on the SBP operators, general-
izing the recurrence relations introduced in [1].

We rely on existing Cartesian SBP operators, and then
transform these operators to be applicable in curvilinear
coordinate systems, finding appropriate origin closures for
the norm operators such that the resulting operators are
stable and accurate.
We give a general overview of the summation-by-parts

idea and its relevance to discrete stability in Sec. II. We also
review some basic relevant properties of curvilinear coor-
dinates and tensor multipole moments there. In Sec. III we
describe our construction and show two examples for
fourth- and sixth-order accurate SBP operators for spherical
symmetry. Finally, we show example evolutions of the
scalar wave equation with these operators in Sec. V,
demonstrating the expected convergence and accuracy, in
particular at and near the coordinate singularity at the
origin.

II. SUMMATION BY PARTS

A. Integration by parts

Given a scalar functionΠ and a vector-valued functionΨ
on some domain Ω in a suitable function space, the well-
known integration by parts theorem states that

Z
Ω
ðgradΠÞ ·ΨdV þ

Z
Ω
ΠðdivΨÞdV ¼

I
∂Ω

ΠΨ · ds ð1Þ

Integration by parts often plays a useful role in proving
the well posedness of wave-type hyperbolic PDEs. For
example, the wave equation

∂tΠ ¼ divΨ ð2Þ

∂tΨ ¼ gradΠ ð3Þ

has the conserved energy

E ¼ 1

2

Z
Ω
Π2 þ Ψ2dV: ð4Þ

A sufficient condition for this PDE to be well-posed is
the existence of a conserved (or nonincreasing) energy
[18–20] (which is bounded from below). We show that
this is the case here

∂tE ¼
Z
Ω
Πð∂tΠÞ þΨ · ð∂tΨÞdV ð5Þ

¼
Z
Ω
ΠðdivΨÞ þΨ · ðgradΠÞdV ð6Þ

and use integration by parts to find

E ¼
I
∂Ω

ΠΨ · ds: ð7Þ
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Given suitable boundary conditions, this energy is con-
served (in particular for either Π ¼ 0 or Ψ ¼ 0) or
nonincreasing.
We can also write the integration-by-parts theorem in

operator notation as

hgradΠjHV jΨi þ hΠjHSjdivΨi ¼ hΠjBjΨi; ð8Þ

where we allow for a nontrivial volume element (integration
weight, norm) HS and incorporate the dot product into HV .
bnd is an operator describing the integral over the boundary.
This can also be written concisely as operator equation

gradTHV þHSdiv ¼ bnd: ð9Þ

It is now evident that integration by parts is a condition on
the derivative operators (gradient and divergence), norms
(for scalar and vector-valued functions), and boundary
operator.
We remark that the gradient is always given by a partial

derivative, whereas the divergence as understood in this
paper is the covariant divergence and depends on the metric
of the manifold.

B. Summation by parts

Summation by parts is the discrete equivalent of inte-
gration by parts, i.e., it is applicable to discretized func-
tions, and is similarly useful there. A sufficient condition
for stability of a spatial discretization of a PDE is the
existence of a discrete energy estimate, namely a conserved
or nonincreasing discrete energy. This approach is com-
monly referred to as the energy method [21,22].
We discretize (2) in space but leave time continuous. We

use an asterisk □
� to indicate discrete quantities and

discrete operators.
This system is then

∂tΠ� ¼ div�Ψ� ð10Þ

∂tΨ� ¼ grad�Π�; ð11Þ

with the discrete energy

E� ¼ 1

2
ðΠ�H�

SΠ� þ Ψ�H�
VΨ�Þ: ð12Þ

The expression for the energy corresponds to the integral
above, written in operator notation. The operators H�

S and
H�

V are discrete quadrature rules [23].
If we now demand that our discrete operators satisfy the

summation by parts property

ðgrad�ÞTH�
V þH�

Sdiv
� ¼ bnd�; ð13Þ

then this discrete energy is also conserved up to
boundary terms

∂tE� ¼ Π�bnd�Ψ�: ð14Þ
The proof is exactly equivalent to the continuum proof
above. This is the main feature of summation by parts
operators: They allow translating a continuum proof to a
proof for a discrete system, and this simplifies finding a
stable discretization for a well-posed hyperbolic PDE.

C. Spherical coordinates and tensor rank

In spherical coordinates xi ¼ ðr; θAÞ in d dimensions, the
volume element is dV ¼ rd−1

ffiffiffiffiffiffiffiffiffiffiffi
detΩ

p
drdd−1θ, whereΩAB is

the metric on the unit sphere Sd−1 and dΩ ¼ ffiffiffiffiffiffiffiffiffiffiffi
detΩ

p
dd−1θ is

its associated volume element (the solid-angle measure). For
a physical tensor field Φ, the continuous L2 energy norm is
defined by

kΦk2 ¼
Z
Σ
jΦj2rd−1drdΩ: ð15Þ

When the angular dependence of the field is projected
onto a basis of tensor (hyper)spherical harmonics of degree
l, the radial profile of a rank-s tensor multipole scales with a
leading power rk as r → 0. (This is necessary so that its
Cartesian tensor components remain smooth).
For a generic tensor field, k takes the form

k ¼ lþ δs; ð16Þ
where l is the multipole degree, and the integer shift
δs ∈ f−s;−sþ 1;…; sg is determined by the tensor rank
s and the specific parity of the tensor harmonic component
(e.g., electric vs magnetic parity). For a scalar field (s ¼ 0),
the shift is δ0 ¼ 0, yielding k ¼ l.
To construct a numerical scheme that automatically

enforces this required analyticity, we define a regularized
tensor variable Φ̃ by factoring out the geometric scaling

ΦðrÞ ¼ rkΦ̃ðrÞ: ð17Þ
We substitute the regularized variable back into the

continuous L2 energy norm and find

kΦk2 ¼
Z

jrkΦ̃j2rd−1drdΩ

¼
Z

jΦ̃j2r2kþd−1drdΩ: ð18Þ

Equation (18) implies that factoring out the analytic
regularity condition maps the dynamics of the smooth
variable Φ̃ into a new effective function space with the
modified volume element γ̃:

γ̃dr ¼ r2kþd−1dr ¼ rpdr; ð19Þ

where we define p ¼ 2kþ d − 1.
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In our first-order symmetric hyperbolic system, the
evolution is governed by the gradient and divergence
operators. We define here a new set of operators that act
on the regularized variables. These operators are rescaled
versions of their Cartesian counterparts, and are defined
as follows:

G̃ ¼ grad ð20Þ

S̃ ¼ rpHS ð21Þ

Ṽ ¼ rpHV ð22Þ

B̃ ¼ rpbnd: ð23Þ

We demand that the rescaled operators should satisfy
integration by parts

S̃ D̃þG̃TṼ ¼ B̃ ð24Þ
and the rescaled divergence operator can thus be defined via

D̃ ¼ S̃−1ðB̃ − G̃TṼÞ; ð25Þ

where we used the fact that S̃ is a norm and thus invertible.
Expanded and simplified, this leads to

G̃ ¼ ∂r ð26Þ

D̃ ¼ ∂r þ
p
r
: ð27Þ

The term p
r is the expected Christoffel symbol, which

is singular at the origin. The main point of designing
summation-by-parts operators is to ensure that the formal
singularities in the divergence operator are guaranteed to
cancel not only in the continuum but also in the discrete, so
that a discrete divergence operator can be applied without
worrying about the origin. As the equation above suggests,
this means that our set of discrete operators will contain a
(covariant) divergence operator, and not separate partial
derivatives and Christoffel symbols.
The parameter p combines all of the spatial dimension d,

the multipole degree l, and the tensor rank s into a single
integer. For example, applying this to the 3D scalar wave
equation (d ¼ 3; δ0 ¼ 0) leads to the expected p ¼ 2lþ 2
[1]. In the next section we develop a method to construct
SBP operators that handle the singular p=r term in the
divergence operator and lead to a stable discretization,
applicable to any tensorial hyperbolic system, in any spatial
dimension, for any multipole expansion.

D. Order and degree of derivative operators

For classical finite-difference summation by parts
(FD-SBP) operators, the degree of the operator is defined
as the maximum degree of the monomials that are

differentiated exactly [24], i.e., without any discretization
error. The discrete derivative approximation introduces a
leading truncation error at each node that scales with some
power of the grid spacing h. The order of the operator is
defined by the minimum exponent of h that characterizes
these local truncation errors. For an operator approximating
the mth derivative, the relationship between order and
degree is

order ¼ degree −mþ 1: ð28Þ

Because we are here primarily concerned with first deriv-
atives (m ¼ 1), the order of accuracy and the degree of
exactness are equivalent for classical FD-SBP operators in
Cartesian coordinates.
However, this direct equivalence does not persist when

transforming to curvilinear coordinates. While the gradient
operator retains this property, the exactness degree of the
divergence operator changes. The relationship becomes

degree ¼ order − p; ð29Þ

where p is the geometric parameter introduced above.
Although both the gradient and divergence operators share
the same formal order of accuracy, their polynomial
degrees of exactness differ. This discrepancy arises from
the metric term rp in the continuous (covariant) divergence
operator (e.g., p ¼ 1 for cylindrical coordinates and p ¼ 2
for spherical coordinates)

DfðrÞ ¼ 1

rp
∂

∂r
ðrpfðrÞÞ: ð30Þ

When applying D to a monomial fðrÞ ¼ rk, the derivative
∂r acts on rkþp. Consequently, for the divergence operator
to be exact for a polynomial of degree k, the underlying
first-derivative FDSBP operator must be exact for poly-
nomials up to degree kþ p, thereby lowering the effective
exactness degree of the operator by p. Assuming an FD
stencil of order q, the resulting divergence operator remains
qth order accurate, while its polynomial exactness is
reduced according to Eq. (29).

III. CONSTRUCTING SUMMATION BY PARTS
OPERATORS FOR CURVILINEAR

COORDINATES WITH SINGULARITIES

As described in the previous section, proving the energy
stability of a hyperbolic PDE relies on the fact that the spatial
derivative operators, i.e., the gradient G̃ ¼ ∂r and the
weighted divergence D̃ ¼ ∂r þ p=r satisfy the integration-
by-parts property with respect to the volume element rp.
SBP operators achieve discrete stability by ensuring that

the discrete matrix operators satisfy an algebraic analog.
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For simplicity, we now drop the tilde for rescaled
operators/quantities and the asterisk for discrete opera-
tors/quantities.

A. Discrete norm operators

We use finite differences to construct the discrete
operators. We map the radial domain r∈ ½0; R� onto a grid
with N nodes, ri ¼ ði − 1Þh. This places the first grid point
i ¼ 1 exactly at the origin.
For simplicity and elegance we will present our method

for nonstaggered grids, i.e., for grids which place one grid
point exactly at the origin. Our method can also be applied
to staggered grids.
The origin (r ¼ 0) becomes a boundary point in our

discrete domain. This is not a physical boundary. The
boundary conditions there are given by symmetry con-
ditions. Different variables satisfy different symmetry
conditions there:

(i) Scalar fields: Regularized scalars are even functions
(Πð−rÞ ¼ ΠðrÞ), and their value at the origin is
nonzero in general (Πð0Þ ≠ 0). Their gradient is odd
and vanishes at the origin.

(ii) Vector fields: Regularized vectors are odd functions
(Ψð−rÞ ¼ −ΨðrÞ), and they vanish at the origin.
Their gradient is even and does in general not vanish
at the origin.

Above, we already used a two different norm operators
(mass matrices) HS and HV for the scalar and vector
components in our state vector. Here we also define two
different discrete SPD norm operators for scalar and vector
fields, respectively [1]:

(i) The scalar norm operator (S): Defines the discrete
inner product for the even parity fields.

(ii) The vector norm operator (V): Defines the discrete
inner product for odd parity fields. Because regu-
larized vectors vanish at the origin, their geometric
energy contribution at the origin is zero. This
decouples the weight at the origin V11 from the
standard geometric quadrature rules. In principle one
could remove the value at the origin from the state
vector for odd functions. We do not do that because
this would increase the complexity of our setup for
very little practical gain.

In the one-dimensional Cartesian case there is only a single
norm H because there is no distinction between scalars and
vectors and between gradient and divergence.
Since we include a grid point at r ¼ 0, it is tempting to

choose the value of S at the origin S11 ¼ 0. This would
make S singular; it would violate the positivity condition S
needs to satisfy to be a norm. It is therefore necessary to
regularize the operators. To resolve this while preserving
discrete stability, we construct a modified scalar norm
matrix where the weight at the origin is positive,
S11 ¼ Oðhpþ1Þ > 0. This regularized weight guarantees
that S is invertible (which will be necessary to construct

the divergence operator). It also maintains the formal order
of accuracy of volume integration.

B. Discrete derivative operators

With these parity-specific norms, the continuous deriv-
atives grad and div are approximated by discrete operators
G and D. The generalized SBP property then demands

SDþ GTV ¼ B; ð31Þ

where B ¼ diagð0;…; 0; RpÞ is a diagonal matrix that
projects onto the outer boundary point.
We choose to construct the discrete divergence operatorD

from the other operators using the generalized curvilinear
SBP relation (31)

D ¼ S−1ðB −GTVÞ: ð32Þ

That is, we first choose the gradient G, the norms S and V,
and the boundary operator B, and then construct the
divergence D from these, ensuring that the SBP property
holds. Since S is a norm, it is by definition symmetric and
positive and thus invertible.
To construct the discrete derivative operators, we start by

defining the sth order accurate Cartesian SBP operator G.
Near the origin, where the stencil coefficients would
naively reach “across the origin” into negative radii, we
use the symmetry of scalar functions ΠðrÞ to map the
operator back into the domain. It is important to notice that
we do not treat the origin as a boundary. The behavior of G
near the origin is defined only in terms of the symmetry of
scalar functions. We also note in passing that the gradient is
an operator that maps scalar functions to vector-valued
functions while the divergence maps vector-valued func-
tions back to scalar functions.
We also apply this symmetry condition to the Cartesian

norm H, which in practice means that the matrix element
H11 picks up a factor of 1=2 compared to its Cartesian
value. H11 is not directly applicable to our domain because
it does not take the volume element into account. It is only a
starting point for defining the norm operators S and V.
Finally we define our boundary operator B to be the

Cartesian boundary operator, scaled by Rp.

C. A review: Cartesian SBP operators

We start with existing SBP operators for Cartesian
coordinates to define our SBP operators for curvilinear
coordinates. In this subsection we briefly review how
these Cartesian operators are constructed in practice. We
restrict ourselves to discussing one-dimensional domains.
(Operators for multidimensional domains are usually
constructed as tensor products.) For Cartesian operators,
their order and their degree are the same in the interior.
To construct an order s set of SBP operators, one starts

with a standard finite differencing stencil that is accurate to
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order s. This operator is used as derivative operator in the
interior. The SBP property then demands certain conditions,
and this requires modifying the stencil near the boundary. In
the interior, SBP operators look the same as “straightfor-
ward” finite differencing operators.
For example, for s ¼ 2 this is the well-known centered

stencil

1

h

�
−
1

2
0 þ 1

2

�
: ð33Þ

The integration weight H in the interior is 1=h everywhere.
The boundary operator B is (assuming a domain with

only five points for simplicity)

B ¼

0
BBBBBB@

−1
0

0

0

þ1

1
CCCCCCA
: ð34Þ

We now describe, without justification, a set of SBP operators
for this domain. The norm (i.e., the quadrature rule) is

H ¼ 1

h

0
BBBBBBB@

1
2

1

1

1

1
2

1
CCCCCCCA

ð35Þ

and the derivative operator is

G ¼ 1

h

0
BBBBBB@

−1 1

− 1
2

0 1
2

− 1
2

0 1
2

− 1
2

0 1
2

−1 1

1
CCCCCCA
: ð36Þ

It is easily verified that this set of operators satisfies the SBP
property HGþGTH ¼ B, or—after defining the scalar and
vector norms S ¼ V ¼ H and the divergence D ¼ G, which
are all straightforward in Cartesian coordinates—the prop-
erty SDþ GTV ¼ B.
It is notable that this set of operators, usually called the

2 − 1 operators, is second order accurate in the interior
(s ¼ 2), but only first order accurate at the boundary. This
is the price one pays for the SBP property. When using an
equal grid spacing, it is impossible to define SBP operators
that retain their full accuracy at the boundary [2,22,25].

A large set of such Cartesian operators has been
constructed, with differing properties, for various orders
s, and can be found in the literature.

D. Nondiagonal norm operators

It appears to be impossible to find a consistent set of
higher-order operators G, D, S, V, and B that satisfy
summation-by-parts while keeping the norm operators
diagonal, if one also insists that the operators retain their
degree of exactness and convergence order near the origin.
(We tried and failed—we have not proved that this is
impossible.) Since the origin is “difficult” to handle
anyway, it seems prudent to us to insist that our scheme
should be as accurate as possible there, and we do not
want to loosen this requirement. Instead we thus choose to
allow the vector norm operator to have a few off-diagonal
elements near the origin, leading to nondiagonal norm
operators.
In practice this means that there are cross-terms when

integrating over the domain. For example, a term V2;3
means that the norm ΨVΨ contains not only terms such as
V2Ψ2

2 þ V3Ψ2
3, but that there is also an additional term

Ψ2V2;3Ψ3 contributing to the norm.
These off-diagonal elements have very little effect in

practice. A typical evolution scheme will only use
gradient, divergence, and boundary operators, and these
retain the usual structure. The norm operators are mostly
relevant if one wants to integrate over the domain, e.g., to
calculate the total energy. This is usually not part of the
evolution scheme, but is only used as analysis method,
and the small additional complication posed by a few
nondiagonal terms does not pose a large programming
burden.
Since we compute the divergence from the SBP relation,

which contains the inverse of the scalar norm, we keep the
scalar norm S simple and diagonal.

S ¼ h diagðs1;…; sNÞ: ð37Þ

The values of si will be determined below.
We construct a nondiagonal vector norm V as described

in the following subsections. Given that V is defined for
vector-valued functions, which are odd functions and are
thus zero at the origin, the elements of the first row and
column of V do not matter since they are always applied to
a value of u1 ¼ uð0Þ ¼ 0. We choose to set V1;1 ¼ 1 for
simplicity.
Below, we construct the operators while setting h ¼ 1 for

simplicity. (It is straightforward to rescale them by the
respective factors hp.)
Simple and convenient second order operators were

constructed in [1]. We do not describe second-order
operators here and start by constructing fourth-order
operators.
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1. Fourth order accurate nondiagonal norm operators

For a fourth-order accurate vector norm V we use
the ansatz

ð38Þ

The outlined leading 5 × 5 block contains the non-zero
off-diagonal entries near the origin. Further away from the
origin we set V ¼ S. A similar off-diagonal structure is
used in [1] for the fourth order operators presented there.
Compared to [1], we choose one additional nonzero off-
diagonal element (v4;5).
To determine the values of si and vij, we first formally

calculate the divergence D from the SBP relation, and we
then impose the following accuracy constraints:
(1) Everywhere, except close to the outer boundary, we

demand that the divergence is exact when applied to
the linear function fðrÞ ¼ r, i.e., Dr ¼ pþ 1. We
cannot demand this near the outer boundary because
the underlying Cartesian SBP gradient loses accu-
racy near the outer boundary.

(2) Near the origin we also demand that the divergence
is exact for fðrÞ ¼ r3. We do this to increase the
number of conditions to match the number of
unknowns (see below).

(3) Finally we demand that the volume of the domain is
exact, i.e., that

R
fðrÞrpdr is exact for fðrÞ ¼ 1.

We do so because the first and third conditions are special
cases, and it seems advantageous to handle them exactly.
We find a sufficient number of off-diagonal nonzero

elements by trial and error. The ansatz here leads to a
fourth-order operator with good properties. It is certainly
possible to allow for more off-diagonal elements, and we
do so for defining a sixth-order operator in the next section.
In detail, the accuracy conditions above lead to the

equations

ðDrÞi ¼ pþ 1 i ¼ 1…N − Nc ð39Þ

ðDr3Þi ¼ ðpþ 3Þr2 i ¼ 1…5 ð40Þ

Z
R

0

1rpdr ¼
X
i

si ¼
Rpþ1

pþ 1
; ð41Þ

where Nc is the width of boundary closure (i.e., the number
of “special” points near the boundary) of the underlying
Cartesian operators.
The operator D above is defined as D ¼ S−1ðB − GTVÞ,

where G and B are known from their respective Cartesian
operators. We insert this definition into the conditions
above and then multiply both sides by S, leading to

ðBi
j − Gk

iVk
jÞrj ¼ ðpþ 1ÞSij1j i ¼ 1…N − Nc

ð42Þ

ðBi
j − Gk

iVk
jÞðr3Þj ¼ ðpþ 3ÞSijðr2Þj i ¼ 1…5

ð43Þ

1iSij1j ¼
Rpþ1

pþ 1
; ð44Þ

where 1i, ri, ðr2Þi, ðr3Þi are vectors of grid point values for
the functions fðrÞ ¼ 1, fðrÞ ¼ r, etc.
The only unknowns in these equations are the values si

and vij. This system of equations is linear and can be solved
in a straightforward manner. We solve this system using
rational numbers (not floating-point numbers) to ensure we
find an exact solution.
One needs to be careful when counting the number of

linearly independent equations because ri and ðr3Þi are zero
at the origin, reducing the number of linearly independent
equations. For this fourth-order operator we demand third-
order exactness at five points near the origin to ensure that
the number of linearly independent equations matches the
number of unknowns in S and V. If one wanted to modify
our ansatz, then this number five might need to be modified
accordingly.
Perhaps surprisingly, the solution for the scalar norm S is

si ¼ rpi Hi. These are exactly the values that one obtains by
scaling the Cartesian norm H by the volume element. The
scalar norm has nontrivial entries near the origin (as
expected) and near the outer boundary (where the
Cartesian operators have a reduced accuracy).
As example, we show the resulting operators for a

domain size of R ¼ 30 and with a grid spacing h ¼ 1
(for simplicity), in spherical symmetry (i.e., p ¼ 2), using
the Mattsson et al. operators [26]: The Cartesian norm is

H ¼ diag

�
1

2
; 1;…; 1;

49

48
;
43

48
;
59

48
;
17

48

�
: ð45Þ

Our scalar norm
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S ¼ diag

�
3714185

6311896
;
876978

788987
;
2673132

788987
;
7012892

788987
;
101138679

6311896
; 52; 62;…; 262;

11907

16
;
2107

3
;
49619

48
;
1275

4

�
: ð46Þ

Our vector norm

ð47Þ

Our method builds on and extends the ideas presented by [1]. Perhaps the most crucial practical difference is the
following:

(i) [1] defines the norm coefficients via an infinite fourth-order recurrence relation with an asymptotic mode selection.
This leads to a solution which depends on the number of grid points (i.e., the domain size) and which needs to be
solved from the outside inward. The interior diagonal is rp · ð1þOði−4ÞÞ, i.e., there is a decaying tail on top of the
continuum value rp. The coefficients are irrational.

(ii) We formulate a finite-dimensional rational linear system for only the coefficients near the origin. This system is
independent of the domain size (the number of grid points). The interior coefficients are exactly rp.

We show a numerical comparison between the coefficients of our norms S and V, and the operatorsW and W̃ from [1] in
Tables II and III in the Appendix.

2. Sixth order accurate nondiagonal norm operators

To construct a sixth-order operator, we start with a similar ansatz for the vector norm V, with more nonzero off-diagonal
elements

V ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1 0 0 0 0 0 0 0 0 0 0 � � � 0

0 v2;2 v2;3 v2;4 0 0 0 0 0 0 0 � � � 0

0 v2;3 v3;3 v3;4 v3;5 0 0 0 0 0 0 � � � 0

0 v2;4 v3;4 v4;4 v4;5 0 0 0 0 0 0 � � � 0

0 0 v3;5 v4;5 v5;5 v5;6 0 0 0 0 0 � � � 0

0 0 0 0 v5;6 v6;6 v6;7 0 0 0 0 � � � 0

0 0 0 0 0 v6;7 v7;7 0 0 0 0 � � � 0

0 0 0 0 0 0 0 v8;8 0 0 0 � � � 0

0 0 0 0 0 0 0 0 v9;9 0 0 � � � 0

0 0 0 0 0 0 0 0 0 v10;10 0 � � � 0

0 0 0 0 0 0 0 0 0 0 s11 � � � 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. . .
. ..

.

0 0 0 0 0 0 0 0 0 0 0 � � � sn

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCA

: ð48Þ

We impose an additional set of accuracy conditions, namely that the divergence of fðrÞ ¼ r3 also be exact everywhere
except near the outer boundary.
The detailed accuracy conditions are

ðDrÞi ¼ pþ 1 i ¼ 1…N; ð49Þ
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ðDr3Þi ¼ ðpþ 3Þr2 i ¼ 1…N − Nc; ð50Þ

ðDr5Þi ¼ ðpþ 5Þr4 i ¼ 1…3; ð51Þ
Z

1dx ¼
X
i

si ¼
Rpþ1

pþ 1
; ð52Þ

where Nc is again the boundary closure width. As above,
the number 3 in the third condition is chosen to ensure that

the number of linearly independent equations matches the
number of unknowns. We construct and solve a linear
system for the values si and vij in the same way as in the
previous subsection. We again find that si ¼ rpi hi outside
of the block near the origin.
Using the Cartesian operators from Mattsson et al. [26]

(Note one can use various Cartesian operators to start
from, such as the ones in [27–30]), we start with the
norm H

H ¼ diag

�
1

2
; 1;…; 1;

43801

43200
;
7877

8640
;
5359

4320
;
2711

4320
;
12013

8640
;
13649

43200

�
; ð53Þ

the scalar norm S is

S ¼ diag

�
1430827147971

4664636476456
;
42904697232509

51311001241016
;
1539566352701

424057861496
;
474102956851443

51311001241016
;
37409168459741

2332318238228
;

1279079894309069

51311001241016
;
168033579790977

4664636476456
;
1257018716149729

25655500620508
;
298538403436579

4664636476456
;
4156190224075161

51311001241016
;

102; 112;…; 242;

1095025

1728
;
1331213

2160
;
144693

160
;
132839

270
;
10102933

8640
;
13649

48

�
: ð54Þ

The diagonal entries of the vector norm V (again for p ¼ 2) are then

Vdiag ¼ diag

�
1;
69612410558321

51311001241016
;
3923059854503

1509147095324
;
3014861355653139

359177008687112
;
11554098239601139

718354017374224
;
29105204758165

1166159119114
;

461864744704269

12827750310254
; 72; 82;…; 232; 242;

1095025

1728
;
1331213

2160
;
144693

160
;
132839

270
;
10102933

8640
;
13649

48

�
; ð55Þ

and the off diagonal entries of V are

V2;3 ¼
4996740529431

6413875155127
ð56Þ

V2;4 ¼ −
13306004610507

51311001241016
ð57Þ

V3;4 ¼
949724456067

1166159119114
ð58Þ

V3;5 ¼ −
11638692514107

51311001241016
ð59Þ

V4;5 ¼
11797110150741

359177008687112
ð60Þ

V5;6 ¼
239755863585

4664636476456
ð61Þ

V6;7 ¼ −
70992217935

12827750310254
: ð62Þ

E. Comparison to plain staggered operators

Instead of constructing derivative operators that include a
grid point on the origin, one can also construct staggered
operators. We consider here the “plain” case, i.e., defining
such operators without imposing any additional accuracy
constraints. We show that such operators, if they satisfy the
SBP property, are stable, but have significantly larger errors
than the operators we defined above.
The points of a staggered grid lie at ri ¼ ði − 1

2
Þh.

Assuming a Cartesian norm operator H, we can define
scalar and vectors norms via

S ¼ V ¼ rpi H; ð63Þ

i.e., by scaling the Cartesian norm in a straightforward
manner. Since all ri > 0 this defines a norm.
The divergence is then defined as above via

D ¼ S−1ðB −GTVÞ: ð64Þ

This leads to a set of SBP operators.
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One might be tempted to define the divergence directly
via Dbad ¼ Gþ p=r. While well defined, such operators
will in general not satisfy the SBP property, and they lead in
general to unstable (growing) modes. The problem is that
the identity r−p∂rrp ¼ p=r holds in the continuum, but not
for the discrete derivative operator. This is not a suitable
way to discretize the divergence operator.
However, it is possible to split the divergence into a

partial derivative plus a discrete Christoffel symbol while
retaining the SBP property, leading to a stable setup. For a
Cartesian SBP operator we have

HGþ ðHGÞT ¼ B: ð65Þ

We introduce R ¼ diagðrpi Þ as operator that scales with the
effective volume element. We multiply by R from the right,
and insert RR−1 into the first term. We obtain

HRR−1GRþ ðRHGÞT ¼ BR: ð66Þ

We now define S ≔ HR, V ≔ RH, D ≔ R−1GR, and
rescale B. We thus find a new set of SBP operators that
have been rescaled by R:

SDþ ðVGÞT ¼ B: ð67Þ

That is, D ¼ R−1GR is a consistent rescaling that defines a
divergence that satisfies SBP. We can trivially rewrite this as

D ¼ Gþ Γ ð68Þ

Γ ¼ R−1GR − G: ð69Þ

Of course, this is just a rewritten version (64) with exactly the
same properties, apart from floating-point accuracy. This
ansatz defines the Christoffel symbol Γ in such a way that it
exactly complements the discrete partial derivative G. Γ is a
linear operator that discretizes the operation “multiply by
(p=r),” which is indeed a linear operation.
To compare this plain (without imposing additional accu-

racy conditions) staggered divergence to the operators we
constructed in Eq. (64), we apply these operators to the func-
tions fðrÞ ¼ r3, fðrÞ ¼ r5, and fðrÞ ¼ r7, and compare the
discretization errors. See Figs. 1 and 2. Recall that a discrete
divergence loses, a priori, p degrees of exactness compared
to the discrete gradient since the divergence implicitly
divides by rp, as discussed in Sec. II D. We also compare
the spectral radius of these operators, which affects the
Courant-Friedrichs-Lewy (CFL) factor, in the next section.

IV. SPECTRAL STABILITY

In the section above we discussed the stability of the
semidiscrete system, i.e., we assumed a discretization in
space while keeping the time direction continuous. In this
section we comment on the stability of a fully discrete
system, assuming that one uses an ordinary differential
equation (ODE) integrator for time stepping.

FIG. 1. Discretization error when applying fourth-order discrete divergence operator to fðrÞ ¼ r3 and fðrÞ ¼ r5, for spherical
symmetry (p ¼ 2). We compare a plain staggered (non-SBP) operator to our nondiagonal SBP operator. The figures in the top row show
the exact vs the discrete values, the figures in the bottom row show the error, i.e., the difference. Our operator is exact for r3 near the
origin, and has a much smaller error near the origin for r5. Since we rescale the grid spacing to h ¼ 1 for uniformity, the scale of the error
is given by the differentiated function r3 on the left and r5 on the right. At r ¼ 4 (the right edge of the plots), these functions have the
values 64 and 1024, respectively, and the relative errors for the staggered operators are thus ≈25% and ≈15%, respectively, for h ¼ 1.
The errors scale with h2 near the origin, and increasing the resolution reduces the errors accordingly.
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The stability of a numerical algorithm solving the wave
equation depends on the spectral properties of its spatial
discretization. Its eigenvalues scaled by the time step, λ · Δt,
need to lie within the stability region of the time integrator to
avoid growing modes [31]. This imposes constraints on the
eigenvalues of the spatial operators. (The eigenvalues will in
general be complex numbers.) For example, the eigenvalues
cannot have a positive real part, since this corresponds to a
growing mode. Moreover, eigenvalues with a large magni-
tude need to be scaled by a small enough time step to ensure
they fall into the stability region of the time integrator.
Eigenvalues with a large magnitude make an operator stiff,
i.e., they impose a restriction on the allowed time step size.
The continuous Laplace operator is symmetric and

negative semidefinite, guaranteeing purely real, nonpos-
itive eigenvalues. In the discrete setting, constructing the
Laplacian by multiplying two first-derivative SBP oper-
ators (Llap ¼ D · G) places certain demands on the oper-
ators that we discuss below.
Transforming the second-order wave equation into a

system of first-order equations changes the spatial discre-
tization into a skew-symmetric block structure

Lblock ¼
�
0 G

D 0

�
: ð70Þ

Energy stability relies on the SBP property of the derivative
operators. The eigenvalues of this block matrix are purely

imaginary, representing undamped physical oscillation and
propagation of numerical waves.
Applying boundary conditions modifies the real com-

ponents of the block operator’s spectrum.
(i) Reflective (energy-conserving) boundaries: A prop-

erly formulated reflective boundary condition pre-
serves the discrete skew-symmetry of the block
matrix. The real parts of the eigenvalues remain
bounded at machine zero (jℜðλÞj ≈ 10−14) and
prevent unphysical growth or decay. The imaginary
eigenvalue pairs with the largest magnitude define
the highest resolvable frequencies and lead to the
temporal stability bounds for explicit time inte-
grators.

(ii) Radiative (energy-dissipating) boundaries: To model
an open domain, the radiative boundaries [e.g.,
applied as simultaneous approximation terms
(SAT)] break the global skew-symmetry by intro-
ducing a negative-definite penalty. This shifts the
spectrum to the left half of the complex plane. While
maxℜðλÞ remains zero and guarantees global sta-
bility, minℜðλÞ becomes negative, depending on the
rate of energy dissipation as the wave exits the
computational domain.

To avoid numerical blow-up, the time step size Δt must
be constrained so that the scaled eigenvalues λ · Δt fall
within the stability region of the time integrator. For a
standard explicit scheme such as the classic fourth-order
Runge-Kutta (RK4) method [32,33], the stability region

FIG. 2. Discretization error when applying sixth-order discrete divergence operator to fðrÞ ¼ r5 and fðrÞ ¼ r7, for spherical
symmetry (p ¼ 2). We compare a plain staggered (non-SBP) operator to our nondiagonal SBP operator. The figures in the top row show
the exact vs the discrete values, the figures in the bottom row show the error, i.e., the difference. Our operator is exact for r5 near the
origin, and has a significantly smaller error near the origin for r7. Since we rescale the grid spacing to h ¼ 1 for uniformity, the scale of
the error is given by the differentiated function r5 on the left and r7 on the right. At r ¼ 4 (the right edge of the plots), these functions
have the values 1024 and 16384, respectively, and the relative errors for the staggered operators are thus ≈15% and ≈20%, respectively,
for h ¼ 1. The errors scale with h2 near the origin, and increasing the resolution reduces the errors accordingly.
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extends along the imaginary axis up to approximately
�2.82i. Therefore, the stable time step sizes are restricted to

Δt≲ 2.82
max jλj : ð71Þ

The 8th-order accurate DP8method by Dormand and Prince
[33] that we use in the next section has a larger stability
region with size ∼5.9, allowing either larger time step sizes,
or allowing using operators with a larger spectral radius.
We compare the largest eigenvalues and spectral radii of

several discrete derivative operators in Table I, where we
also examine the staggered operators described in Sec. III E
above. As the table shows, the SBP operators are stable,
and radiative boundaries dissipate energy, as expected. As
described in the previous section, our new SBP operators
have an increased accuracy near the origin, as prescribed in
our accuracy conditions.
The staggered non-SBP operators we introduced in

the previous section are unstable. This is not a CFL

instability—there are one or more growing modes in the
discretization, independent of the time discretization. We
conjecture that this instability arises from modes with a
high spatial frequency, i.e. from grid-scale modes, which
happen to have a high discretization error near the origin
with these operators. We did not investigate whether
addin,g artificial dissipation can stabilize the system.

V. NUMERICAL EVOLUTIONS

We demonstrate the higher-order stencils by solving the
scalar wave equation in spherical symmetry. This corre-
sponds to setting p ¼ 2. We set up a Gaussian wave packet
that starts away from the origin, moves inward, “reflects” at
the origin (or moves through the origin, depending on point
of view), and then expands outward again.
The general solution for this PDE is given by

Φðt; rÞ ¼ gðtþ rÞ − gðt − rÞ
r

ð72Þ

TABLE I. Largest real eigenvalues and spectral radii ρ ¼ max jλj for several derivative operators using the Cartesian operators from
[26], assuming the first-order discretization in (70). As discussed in the main text, a larger spectral radius requires smaller time step sizes.
Eigenvalues with a positive real part indicate a growing mode (an instability), a negative real part indicates damped modes (possibly
from outgoing boundary conditions). All SBP operators are stable, and the non-SBP staggered operators are unstable (they have a
growing mode). The radiative boundaries dissipate energy, as expected. Other Cartesian operators produced the same qualitative results.

reflecting (Dirichlet) boundaries radiative (SAT) boundaries

Order Setup maxℜðλÞ minℜðλÞ max jλj maxℜðλÞ minℜðλÞ max jλj
4th Our operators 0 0 1.94 0 −0.293 1.851

SBP staggered 0 0 2.0 0 −0.291 2.0
non-SBP staggered 0.025 −0.025 1.98 0.024 −0.233 1.4

6th Our operators 0 0 2.47 0 −0.331 1.981
SBP staggered 0 0 2.47 0 −0.329 2.20
Non-SBP staggered 0.028 −0.028 2.44 0.036 −0.260 1.930

FIG. 3. Time evolution for the sixth-order nondiagonal SBP operator in spherical symmetry (p ¼ 2), shown at resolution h ¼ 1=16 for
0 ≤ t ≤ 25. The corresponding time evolutions for the other operators are visually indistinguishable.
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for an arbitrary differentiable function g which depends
only on a single argument. This ansatz satisfies the scalar
wave equation in spherical symmetry, and by inspection it
is clear that Φ does not have any singularities at the origin.
Numerically, l’Hôpital’s rule needs to be used at the origin.
We choose g to be a Gaussian

gðuÞ ¼ A exp

�
−
ðu − rcÞ2

d2

�
; ð73Þ

with amplitude A ¼ 1, width d ¼ 2, and initial position
rc ¼ 10 for a domain [0, 40]. We use reflecting boundary

conditions at the outer boundary r ¼ R (although we are
not interested in the behavior near the outer boundary
here—we want to demonstrate convergence and accuracy
near the origin).
Time integration is performed with Hairer’s 8=5=3

adaption of the Dormand-Prince Runge-Kutta method
(DP8) [33] from OrdinaryDiffEq.jl [34], used with a fixed
time-step Δt and adaptive stepping disabled. The CFL
factor is cfl ¼ 0.5.
We show in Fig. 3 a spacetime plot which gives an

overview of the evolution of this system. The wave packet
starts at rc ¼ 10, and then moves inward as its amplitude

FIG. 4. Error in energy conservation for the nondiagonal-norm SBP wave evolutions. The left and right subfigures show the fourth-
and sixth-order operators using p ¼ 2 and R ¼ 40. Three resolutions are shown: h ¼ ð1=4; 1=8; 1=16Þ over the time interval 0 ≤ t ≤ 25,
using a CFL factor of 1=2. Note the graphs are scaled by 10−14, i.e., they are showing only floating-point round-off errors. The lowest
resolution h ¼ 1=4 shows a slight decrease in the total energy over time. We confirmed (not shown here) that this can also be cured by
reducing the CFL factor. (a) 4th order nondiagonal operator and (b) 6th order nondiagonal operator.

FIG. 5. Error in energy conservation for the staggered SBP wave evolutions. The left and right subfigures show the fourth- and sixth-order
operators using p ¼ 2 and R ¼ 39.5. Three resolutions are shown: h ¼ ð1=4; 1=8; 1=16Þ over the time interval 0 ≤ t ≤ 25, using a CFL
factor of 1=2. Note the graphs are scaled by 10−14, i.e., they are showing only floating-point round-off errors. The lowest resolution h ¼ 1=4
shows a slight decrease in the total energy over time. We confirmed (not shown here) that this can also be cured by reducing the CFL factor.
(a) 4th order staggered operator and (b) 6th order staggered operator.
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increases like 1=r. It interacts with the origin and then
moves outward again, its amplitude falling off as 1=r. The
overall evolution looks clean, although this is not a very
strong statement given the coarse scale of the color map.

A. Energy conservation

The discrete energy of the system is

EðtÞ ¼ 1

2
ðΠSΠþ ΨVΨÞ: ð74Þ

We use reflecting boundary conditions, and thus energy
must be conserved. We show in Fig. 4 the error in energy
conservation EðtÞ − Eð0Þ up to t ¼ 25. At this time the

wave packet has reflected off the origin. The graphs show
that energy is indeed conserved up to floating-point round-
off errors, demonstrating the stability of our discretization.
Figure 5 shows the analogous energy-conservation error for
the staggered SBP wave evolutions.

B. Accuracy and convergence

We investigate the accuracy and convergence of the
operators by showing the scaled differences to the exact
solution for different resolutions at t ¼ 10 and t ¼ 25. At
t ¼ 10, the pulse is interacting with the origin. At t ¼ 25, the
pulse has reflected off the origin and is moving outward.
Figures 6 and 7 show the scaled errors for our non-

staggered nondiagonal SBP operators (see Sec. III D) at

FIG. 6. Convergence diagnostics for the fourth-order and sixth-order nondiagonal-norm SBP operators at t ¼ 10 for the resolutions
h ¼ ð1=4; 1=8; 1=16Þ. Shows scaled errors (not the solution), scaled by h−4. This is the configuration p ¼ 2 on r ¼ ½0; 40�. The noise
amplitude for the highest resolution h ¼ 1=16 is at the level of 10−8 and converges away with increased resolution.
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these times. The errors have been scaled according to the
expected convergence order (4 and 6, respectively), and
good convergence is indicated by scaled errors that lie on
top of each other. At t ¼ 10, near the origin, the con-
vergence is not quite clean, and a small amount of noise is
visible. At late times (t ¼ 25), convergence is clean again,
and there is a small amount of noise visible that propagates
faster than the pulse. Note that these figures show the error,
not the solution, and that the high-resolution errors have
been scaled by 166 ≈ 1.6 × 10−7, i.e., these errors are quite

small. The figures also show that the noise converges away
with increasing resolution.
Figures 8 and 9 show the same diagnostics for the

staggered SBP operators we introduced in Sec. III E. The
overall accuracy of these operators is similar. However,
at t ¼ 10 when the pulse is at the origin, our nondiagonal
operators are somewhat more accurate, e.g., the error at or
near the origin is ≈0.25 instead of ≈2.0 in the fourth-order
case. We attribute this to the explicit accuracy conditions
that we impose near the origin.

FIG. 7. Convergence diagnostics for the fourth-order and sixth-order nondiagonal-norm SBP operator at t ¼ 25 for the resolutions
h ¼ ð1=4; 1=8; 1=16Þ. Shows scaled errors (not the solution), scaled by h−4. This is the configuration p ¼ 2 on r ¼ ½0; 40�. The noise
amplitude for the highest resolution h ¼ 1=16 is at the level of 10−9 and converges away with increased resolution.
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FIG. 8. Convergence diagnostics for the fourth-order and sixth-order staggered SBP operators at t ¼ 10 for the resolutions
h ¼ ð1=4; 1=8; 1=16Þ. Shows scaled errors (not the solution), scaled by h−4. This is the configuration p ¼ 2 on r ¼ ½0; 39.5�. The noise
amplitude for the highest resolution h ¼ 1=16 is at the level of 10−8 and converges away with increased resolution.
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VI. CONCLUSION

We describe a mechanism to construct SBP operators for
finite differences in curvilinear coordinate system with
singularities. Our ansatz generalizes ideas presented in [1]:
We impose additional accuracy conditions which improve the
operators near the origin, the coefficients for our operators are
easier to calculate in practice, and we extend the ansatz to not
just fourth-, but also sixth-order accurate operators.
Starting from existing Cartesian SBP operators, we

distinguish between a scalar and a vector-valued norm,
allow the vector-valued norm to have nondiagonal ele-
ments, and choose a set of accuracy conditions near the

origin that determines the elements of these operators. We
then derive the covariant divergence operator from the SBP
property. We show examples for sets of operators in three-
dimensional spherical symmetry, demonstrating that these
operators lead to excellent (accurate, smooth, higher-order
convergent) solutions at and near the origin, even though
we place a grid point directly onto the origin.
We also describe a simple way to construct diagonal SBP

operators for staggered grids, and compare our nonstag-
gered operators to these staggered these operators.
Our ansatz is applicable to operators for any tensor rank

and any spacetime dimension.

FIG. 9. Convergence diagnostics for the fourth-order and sixth-order staggered SBP operator at t ¼ 25 for the resolutions
h ¼ ð1=4; 1=8; 1=16Þ. Shows scaled errors (not the solution), scaled by h−4. This is the configuration p ¼ 2 on r ¼ ½0; 39.5�. The
noise amplitude for the highest resolution h ¼ 1=16 is at the level of 10−9 and converges away with increased resolution.
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Currently, finite difference calculations using SBP oper-
ators in spherical coordinates in numerical relativity
restrict themselves to using only second-order accuracy.
Unfortunately, possibly because of the nontrivial setup of
the operators, the fourth-order accurate SBP operators
of [1] have not seen widespread use. This is in stark
contrast to calculations using Cartesian finite differencing
operators, where fourth-order accuracy is the standard, and
sixth or eighth order operators are commonly used. We
hope that a ready-to-use set of higher-order SBP operators,
which are provably stable in the presence of a coordinate
singularity, will change this.
We make our operators available in the repository

SphericalSBPOperators.jl [35].
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APPENDIX: COMPARISON TO GUNDLACH,
MARTÍN-GARCÍA, AND GARFINKLE

OPERATORS

We compare the numerical coefficients of our fourth-
order scalar and vectors norms S and V to the operators W
and W̃ of [1].

TABLE II. Scalar norm.

i Wi−1;i−1 Sii Exact value

1 0.773701137117813 0.588442046573644 3714185
6311896

2 1.189180046209139 1.111524017505992 876978
788987

3 3.654169784732531 3.388055823479981 2673132
788987

4 8.874476055509280 8.888475982494008 7012892
788987

5 16.008341789421198 16.023502129946376 101138679
6311896

6 24.977647787214796 25.000000000000000 52

11 99.994998782076451 100.000000000000000 102

TABLE III. Vector norm.

i, j W̃i−1;j−1 Vij Exact value

1,1 (Arbitrary) (Arbitrary) 1

1,2 0.352159530908388 0.172416022063735 8002
46411

2,2 2.178157067452087 3.408916750212614 2689591
788987

2,3 0.299146056423840 0.229260051179550 904416
3944935

3,3 3.941795432925184 3.992940251233544 3706327
928220

3,4 (absent) −0.204978934108818 − 1132080
5522909

4,4 8.924752874198893 9.120465211358724 251857497
27614545

5,5 16.092621149758216 16.153734200581614 89215604
5522909

6,6 25.059941278991079 25.000000000000000 25

11,11 100.015001969187765 100.000000000000000 102
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Reference [1] defines the norm coefficients via an
infinite fourth-order recurrence relation with an asymptotic
mode selection. This leads to a solution which depends on
the number of grid points (i.e., the domain size) and which
needs to be solved from the outside inward. The interior
diagonal is rp · ð1þOði−4ÞÞ, i.e., there is a decaying tail on
top of the continuum value rp. The coefficients are
irrational.

We formulate a finite-dimensional rational linear system
for only the coefficients near the origin. This system is
independent of the domain size (the number of grid points).
The interior coefficients are exactly rp. All our coefficients
are given as rational numbers.
Note that the indexing differs between this paper and [1];

our operator Sij corresponds to theirWi−1;j−1. We count our
indices from 1, they count from 0.
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