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We present a joint analysis of the processes eþe− → J=ψπþπ− and eþe− → J=ψKþK− at center-of-
mass energies from 4.13 to 4.36 GeV. The amplitudes are constructed using the Dalitz-plot decomposition
formalism, with the eþe− energy dependence encoded through the Yð4220Þ and Yð4320Þ resonant
structures together with a nonresonant production mechanism. The scalar ππ=KK̄ final-state interaction is
treated dispersively using a coupled-channel Omnès representation. This allows us to describe the
measured total cross sections and one-dimensional invariant-mass distributions with a single set of energy-
independent parameters. We find that a purely resonant description of the BESIII data is insufficient,
requiring a nonresonant term at the amplitude level which undergoes ππ=KK̄ rescattering. Within the
present isobar model, we extract Breit-Wigner parameters for the Zcð3900Þ, Yð4220Þ, and Yð4320Þ states
and determine the corresponding subprocess cross sections.
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I. INTRODUCTION

Over the past few decades, a large number of states
containing heavy charm or bottom quarks have been
observed that do not fit naturally into the conventional
quark-antiquark meson spectrum [1–7]. The eþe− annihi-
lation process provides a particularly clean environment for
studying such states and has played a central role in many
discoveries by the BABAR, Belle/Belle II, and BESIII
experiments [8–27]. Among the most prominent charged
charmoniumlike candidates are the Zcð3900Þ and Zcð4020Þ
states [11,17,28–31]. They are observed in hidden-charm
final states produced in the energy region of the vector
structures Yð4220Þ and Yð4320Þ [8,9,16,19,21,32–34],
making the combined study of the Y and Zc sectors an
important step toward understanding the dynamics of these
exotic candidates.
Several analyses have addressed individual invariant-

mass distributions in the processes eþe− → J=ψπþπ− and
eþe− → J=ψKK̄ [17,28,29,35,36]. However, a simultane-
ous description of the invariant-mass distributions and the
energy-dependent total cross sections remains challenging,
in particular, connecting the Zc structures seen in the J=ψπ

invariant-mass spectra with the Y structures observed in the
total cross sections. Moreover, the final states are not
produced exclusively through intermediate Y resonances,
as indicated by the measured cross sections [19,32]. The
corresponding nonresonant production mechanism can
therefore play an important role in the one-dimensional
invariant-mass distributions [37].
In this paper, we construct an amplitude framework in

which the eþe− energy dependence is incorporated
explicitly. The amplitudes are based on the Dalitz-plot
decomposition formalism [38] and include the Yð4220Þ
and Yð4320Þ resonant contributions together with a
nonresonant production term. The scalar ππ=KK̄ final-
state interaction is treated dispersively through a coupled-
channel Omnès representation [39]. This allows us to
describe the processes eþe− → J=ψπþπ− and eþe− →
J=ψKþK− over the measured energy range with a single
set of energy-independent parameters. The same frame-
work also provides predictions for invariant-mass distri-
butions at energies where no such measurements are
currently available.
The paper is organized as follows. In Sec. II, we present

the formalism. In Sec. III, we apply the framework to the
BESIII invariant-mass distributions [19,29] and to the
measured total cross sections [19,32]. We then discuss
the resulting resonance parameters, subprocess cross sec-
tions, and predictions for unmeasured invariant-mass dis-
tributions. The summary and conclusions are given
in Sec. IV.
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II. FORMALISM

We consider the processes eþe− → γ� → J=ψhþh−,
with h ¼ π, K, and denote the center-of-mass (c.m.) energy
by

ffiffiffi
s

p
. For the J=ψπþπ− channel, we label the final-state

particles as

1 ¼ π−; 2 ¼ J=ψ ; 3 ¼ πþ: ð1Þ

For the J=ψKþK− channel, we use the analogous con-
vention

1 ¼ K−; 2 ¼ J=ψ ; 3 ¼ Kþ:

The Mandelstam variables are defined as

σk ¼ ðpi þ pjÞ2 ≡m2
ij; ðijÞk∈fð23Þ1; ð31Þ2; ð12Þ3g;

which satisfy

σ1 þ σ2 þ σ3 ¼ sþm2
1 þm2

2 þm2
3: ð2Þ

The QED vertex allows one to write the differential cross
section as

dσ
dϕ1d cos θ1dϕ23dσ1dσ2

¼ e2

64ð2πÞ5s3
X
fλg

�����MΛ¼þ1
fλg

����
2

þ 2m2
e

s

����MΛ¼0
fλg

����
2
�
; ð3Þ

whereme is the electron mass, Λ denotes the virtual-photon
helicity, and fλg collectively denotes the final-state hel-
icities. In the present case, since the two light mesons are
pseudoscalars, this set reduces to the J=ψ helicity. In the
following, we neglect the contribution of the helicity
amplitude associated with the helicity Λ ¼ 0 of the virtual
photon, as it is suppressed by a factor of 2m2

e=s for s ≫ m2
e.

The angles ðϕ1; θ1;ϕ23Þ provide the orientation of the
decay plane in the eþe− c.m. frame.

A. Dalitz-plot decomposition

To define the transition helicity amplitude, we employ
the recently proposed Dalitz-plot decomposition (DPD)
factorization [38]. This formalism conveniently describes
many-body final states and isolates the specific spin and
parity JP contributions (isobars) that arise in the γ� →
J=ψππðKK̄Þ process. Furthermore, the DPD approach has
been shown to have an exact mapping from a Lagrangian
formulation [39]. This construction allows to isolate the
decay plane’s orientation and express the remaining part in
terms of Mandelstam variables

MΛ
fλg ¼

X
ν

DJ�
Λ;νðϕ1; θ1;ϕ23ÞOν

fλgðfσgÞ; ð4Þ

where the virtual photon has spin J and the rotation with
Wigner D-function connects the frame of calculation with
the actual eþe− c.m. frame. The angle ϕ1 is a global
azimuthal angle. Since the initial eþe− state is azimuthally
symmetric, it is redundant for the unpolarized observables
considered here and gives a factor 2π after integration.
Further details on the amplitude construction can also be
found in [39].
The Dalitz-plot function Oν

fλg is given by a product of
individual two-particle decays occurring in between, each
considered in the rest frame of a decaying particle

Oν
fλgðfσgÞ ¼

X
ðijÞk

XðijÞ→i;j

s

X
τ

X
fλ0g

nJnsdJν;τ−λ0k
ðθ̂kð1ÞÞ

×H0→ðijÞ;k
τ;λ0k

XsðσkÞdsτ;λ0i−λ0jðθijÞH
ðijÞ→i;j
λ0i;λ

0
j

× dj1λ0
1
;λ1
ðζ1kð0ÞÞdj2λ0

2
;λ2
ðζ2kð0ÞÞdj3λ0

3
;λ3
ðζ3kð0ÞÞ: ð5Þ

Here, the first sum runs over all possible configurations
ðijÞk∈ fð23Þ1; ð31Þ2; ð12Þ3g, which correspond to three
potential decay chains. The second and third summations
run over the various possible spins s and helicity τ of the
isobar ðijÞ. Individual spins of the final-state particles are
denoted by ji. Rotations by the angles θ̂kð1Þ relate the three
decay chains one to another, which is achieved by choosing
a specific calculation frame, while the angles θij denote the
polar angle of a particle i in the ðijÞ rest frame. Finally, a
boost that induces the rotation of the final-state helicities by
the angles ζ1;2;3kð0Þ connects the individual two-body decays.

Detailed expressions for angles θ̂kð1Þ; θij; ζ
1;2;3
kð0Þ in terms of

Mandelstam variables can be found in Appendix A of [38].
Finally, the functions H denote the helicity couplings,
XsðσÞ specifies the subchannel line shape, and nJ and ns
serve as conventional normalization factors.
The factorization itself is essentially model independent.

However, the helicity couplings are generally unknown and
must be determined by fitting to the available data. For this
purpose, it is convenient to employ the LS-coupling
scheme [40]. For a particle 0 that decays into an isobar
ðijÞ and a final-state particle k, as well as for the decay of
the isobar ðijÞ into particles i and j, the decompositions are
given by

H0→ðijÞ;k
τ;λ0k

¼
X
LS

α0→ðijÞ;k
LS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ 1

2J þ 1

r
hs; τ; jk;−λ0kjS; τ − λ0ki

× hL; 0; S; τ − λ0kjJ; τ − λ0kipLBL;

HðijÞ→i;j
λ0i; λ0j

¼
X
l0s0

αðijÞ→i;j
l0s0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l0 þ 1

2sþ 1

r
hji; λ0i; jj;−λ0jjs0; λ0i − λ0ji

× hl0; 0; s0; λ0i − λ0jjs; λ0i − λ0jip0l0Bl0 : ð6Þ
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Here, α0→ðijÞ;k
LS and αðijÞ→i;j

l0s0 denote the LS couplings of the
corresponding decays, S is the spin of the isobar-spectator
system, s0 is the spin of the i-j system, and L, l0 are the
relative orbital angular momenta between the final-
state particles. The magnitude of momenta p⃗k or p⃗i þ p⃗j

in the rest frame of a particle 0 is denoted by p [41], while
p0 is the magnitude of p⃗i or p⃗j. The quantities BL and Bl0

are the Blatt-Weisskopf barrier factors (normalized to 1 at
the resonance position) [42], which ensure the proper
asymptotic behavior.
Equations (5) and (6) represent the general DPD con-

struction for a three-body decay 0 → 123. We now specify
this construction for the processes γ� → J=ψhþh−, with
h ¼ π,K. In the present case the initial particle is the virtual
photon, J ¼ 1, while the two light mesons are pseudosca-
lars. Therefore the only nonzero final-state helicity is that of
the J=ψ , which is denoted by λ2. With our convention (1),
the three possible DPD chains correspond to

ð23Þ1∶ J=ψπþwith spectatorπ−;

ð12Þ3∶ J=ψπ−with spectatorπþ;

ð31Þ2∶ πþπ−with spectatorJ=ψ : ð7Þ

In the J=ψπ� subsystems, we include the Z�
c ð3900Þ con-

tribution, while in the πþπ− subsystem we include the scalar
f0ð500Þ, f0ð980Þ and tensor f2ð1270Þ contributions. For the
J=ψKþK− channel we retain the scalar-isoscalar KK̄ con-
tribution generated by the coupled-channel ππ=KK̄ final-
state interaction. The two charged Zc chains are related by
crossing or, equivalently, by interchanging the two pion
labels. Within the DPD convention this relation involves the
corresponding helicity-frame phase factors [38,39], which
allow the same LS couplings to be used for the Zþ

c and Z−
c

chains. Table I lists the parity-allowed LS combinations for
the two-body transitions entering the J=ψπþπ− amplitude.
In the nominal fit, only the lowest allowed LS contribution in
each channel is retained.

B. Initial energy dependence

To capture both resonant and nonresonant production
mechanisms, we explicitly factorize the s energy depend-
ence out of the vertices, rendering the underlying couplings
globally constant. As seen from the total cross section of
the eþe− → J=ψππðKK̄Þ processes [19,32], one must
include the Yð4220Þ, Yð4320Þ resonances and, in addition,
the nonresonant background (as shown in Fig. 1). We
denote

Y1 ≡ Yð4220Þ; Y2 ≡ Yð4320Þ:

The resonant part is motivated by vector-meson dominance,
in which the virtual photon couples to intermediate vector
states Yi. We use the Breit-Wigner-type propagator

PRðxÞ ¼
1

x −m2
R þ imRΓR

; ð8Þ

where x ¼ s for the vector states Yi and x ¼ σk for
subchannel resonances such as Zcð3900Þ and f2ð1270Þ.
With this convention, the DPD building blocks for the two
Z�
c ð3900Þ chains are replaced by

TABLE I. Allowed LS ðl0s0Þ combinations in Eq. (6) for each of
the two-body decays involved in the eþe− → J=ψπþπ− process.
In the nominal fit only the lowest-Lðl0Þ entry in each row is
retained.

Decay Corresponding LS ðl0s0Þ combinations

γ� → Z�
c π

∓ (0,1), (2,1)
Z�
c → J=ψπ� (0,1), (2,1)

γ� → f0J=ψ (0,1), (2,1)
f0 → πþπ−=KþK− (0,0)
γ� → f2J=ψ (0,1), (2,1), (2,2), (2,3), (4,3)
f2 → πþπ− (2,0)

FIG. 1. Diagrams illustrating the considered contributions to the eþe− → J=ψππðKK̄Þ process.
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α0→ð23Þ;1
01 X1α

ð23Þ→2;3
01

¼ PZcð3900Þðσ1Þ
�
α1e

iϕZ1PY1
ðsÞ þ α2e

iϕZ2PY2
ðsÞ

�
;

α0→ð12Þ;3
01 X1α

ð12Þ→1;2
01

¼ ð−1Þ1−λ02PZcð3900Þðσ3Þ
�
α1e

iϕZ1PY1
ðsÞ þ α2e

iϕZ2PY2
ðsÞ

�
:

ð9Þ

The factor ð−1Þ1−λ02 follows from the DPD helicity-frame
phase convention when the two pion labels are inter-
changed [39]. The parameters α1;2 represent the couplings
of Y1;2 particle to Z�

c π
∓ channel. The phases ϕZ1;2

fix the
relative phases of the Y1;2 resonances in the Z�

c chain
contributions with respect to the scalar ππ=KK̄ amplitude.
The remaining Y couplings are multiplicatively absorbed in
LS couplings. Furthermore, here we assumed Z�

c produc-
tion undergoing strictly through Y resonances.
The interaction between the two light mesons has been

shown to have a sizable impact on the invariant-mass
distributions in the eþe− → J=ψπþπ− process [35,36].
Therefore, a proper treatment of the ππ=KK̄ final-state
interaction (FSI) is required. Following our previous work
[39], we describe the scalar-isoscalar FSI using the
coupled-channel Omnès matrix. For the nonresonant pro-
duction term we introduce

Πππ
B ¼ ðaB þ bBσ2ÞΩð0Þ

11 ðσ2Þ þ cBΩ
ð0Þ
12 ðσ2Þ;

ΠKK̄
B ¼

ffiffiffi
3

p

2

�
ðaB þ bBσ2ÞΩð0Þ

21 ðσ2Þ þ cBΩ
ð0Þ
22 ðσ2Þ

�
: ð10Þ

Here aB, bB, and cB are real fit parameters. The additional
factor

ffiffiffi
3

p
=2 in the KK̄ channel follows from the isospin

normalization. The coupled-channel isospin I ¼ 0 Omnès
matrix used in this work is based on the data-driven N=D
analysis of [43], constrained by the Roy and Roy-Steiner
analyses of ππ → ππ and ππ → KK̄ scattering, respectively
[44,45]. The scalar amplitudes associated with resonant
production through a vector state Yi are parametrized as

Πππ
Yi

¼ PYi
ðsÞ

�
ðaYi

þ bYi
σ2ÞΩð0Þ

11 ðσ2Þ þ cYi
Ωð0Þ

12 ðσ2Þ
�
;

ΠKK̄
Yi

¼
ffiffiffi
3

p

2
PYi

ðsÞ
�
ðaYi

þ bYi
σ2ÞΩð0Þ

21 ðσ2Þ þ cYi
Ωð0Þ

22 ðσ2Þ
�
:

ð11Þ

The full scalar contribution to the eþe− → J=ψπþπ−
channel is then

Πππ ¼ eiϕBΠππ
B ðσ2Þ þ Πππ

Y1
ðσ2; sÞ þ eiϕ2Πππ

Y2
ðσ2; sÞ; ð12Þ

where ϕB is the phase of the nonresonant background
relative to the Yð4220Þ contribution, and ϕ2 is the relative
phase of the Yð4320Þ contribution. The corresponding
scalar contribution in the eþe− → J=ψKþK− channel is

ΠKK̄ ¼ eiϕBΠKK̄
B ðσ2Þ þ ΠKK̄

Y1
ðσ2; sÞ: ð13Þ

We have explicitly verified that the contribution of the
Yð4320Þ term in the J=ψKþK− channel is negligible.
The Πππ and ΠKK̄ replace

α0→ð31Þ;2
01 X0α

ð31Þ→3;1
00

����
f0ð500Þ

þ α0→ð31Þ;2
01 X0α

ð31Þ→3;1
00

����
f0ð980Þ

in the corresponding DPD expansions for eþe− →
J=ψπþπ− and eþe− → J=ψKþK−, respectively.
Finally, the tensor f2ð1270Þ contribution is parame-

trized as

α0→ð31Þ;2
01 X2α

ð31Þ→3;1
20

¼ Pf2ð1270Þðσ2Þ
�
f1e

iϕf1PY1
ðsÞ þ f2e

iϕf2PY2
ðsÞ

�
; ð14Þ

where f1;2 represent the couplings of the f2ð1270ÞJ=ψ
channel to the Y1;2, and ϕf1 , ϕf2 are the corresponding
relative phases. We have also tested a nonresonant tensor
background term and found it to be negligible within the
present data precision; it is therefore not included in the
nominal fit.
We note that in the present work the s dependence of the

production amplitude is encoded through the explicit
Yð4220Þ and Yð4320Þ propagators with constant widths
ΓR, together with a smooth nonresonant background term.
Possible open-charm loop mechanisms, including triangle
singularities, are not incorporated explicitly. An analysis of
their significance is provided by Ref. [46], which results in
decline of χ2=Nd:o:f: ¼ 1.43–1.57 due to the removal of
triangle diagrams (d.o.f. defines the degrees of freedom).
We therefore do not expect such mechanisms to be the
dominant source of structures in the region 4.13 ≤ffiffiffi
s

p ðGeVÞ ≤ 4.36 and assume their residual effect to be
partly absorbed into the effective production amplitudes
introduced above; we return to this point in Sec. III C. A
dedicated treatment of such mechanisms is left for
future work.
In the next section, we proceed with the application of the

defined model to describe the eþe− → J=ψππðKK̄Þ data.

III. RESULTS AND DISCUSSION

Before comparing the model to the one-dimensional
invariant-mass distributions, the experimental spectra are
converted to differential cross sections. For each center-of-
mass energy

ffiffiffi
s

p
and each invariant-mass variable mij, the
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corresponding histogram is normalized such that its inte-
grated value reproduces the measured Born cross section
σexpð

ffiffiffi
s

p Þ for the full process.

A. Minimal fit

We first consider a restricted dataset with 4.1271 ≤ffiffiffi
s

p ðGeVÞ ≤ 4.2263, corresponding to the energy region

dominated by the first vector structure. In this minimal
fit we retain only the Yð4220Þ resonant production, the
Z�
c ð3900Þ contribution in the J=ψπ� subsystems, and the

scalar-isoscalar ππ=KK̄ S-wave described by the coupled-
channel Omnès representation. The Yð4320Þ and tensor
f2ð1270Þ contributions are omitted. The fit contains nine
parameters, listed in Table II. To account for an under-
estimation of total cross section uncertainties arising from
invariant-mass distributions compared to the uncertainties
of total cross section measurements, hereafter we provide a
2σ error (unless otherwise stated), with this conservative
scaling aligning the parameter uncertainties with the larger
total cross section uncertainties. The comparison of cross
section values at the most statistically significant energy
point is provided in Table III. The masses and widths of the
Yð4220Þ and Zcð3900Þ are fixed to the PDG values. The fit
gives χ2=Nd:o:f: ¼ 1.8. The corresponding total cross sec-
tions are shown in Fig. 2, and the one-dimensional
invariant-mass distributions are compared with the data
in Figs. 3 and 4.
The comparison shows that the nonresonant scalar

production term, followed by ππ=KK̄ rescattering, is
essential for describing the invariant-mass distributions.
This is particularly visible at the lower energies, where the
nonresonant scalar component gives a sizable contribution
to the mππ and mKK̄ spectra. The restricted model also
provides a useful extrapolation up to the data point
corresponding to

ffiffiffi
s

p ¼ 4.2866 GeV, as shown in Fig. 5.
At higher energies, however, the additional Yð4320Þ and
f2ð1270Þ contributions become necessary, motivating the
total fit described in the next subsection.
This restricted fit is similar in spirit to Ref. [47], where

the data in the 4.2–4.35 GeV region are described without

TABLE II. Fit parameters of the minimal fit with 2σ errors
indicating the uncertainties in the experimental data.

Parameter Value Parameter Value

α1 ðGeV2Þ 1.62� 0.05 ϕZ1
(rad) 0.6� 0.4

aB −36.9� 1.3 aY1
9.1� 0.5

bB ðGeV−2Þ 60.6� 3.0 bY1
ðGeV−2Þ −24.3� 0.8

cB 29.8� 1.2 cY1
−10.8� 0.3

ϕB (rad) 3.10� 0.04

χ2=Nd:o:f: ¼ 1.8

TABLE III. Comparison of 1σ cross section uncertainty from
the normalized invariant-mass distributions [19,29] and BESIII
analyses of the total cross sections [19,32] for the energyffiffiffi
s

p ¼ 4.2263 GeV.

Process Source Cross section (pb)

eþe− → J=ψπþπ− BESIII total 89.29� 2.46
mππ 89.29� 1.62
mJ=ψ 89.29� 1.14

eþe− → J=ψKþK− BESIII total 4.33� 0.50
mKK 4.33� 0.32

FIG. 2. Total cross section of the process eþe− → J=ψππðKK̄Þ (solid, black), the Yð4220Þ resonant contribution (red, dashed), and
nonresonant background contribution (purple, long dashed) in the “minimal fit.” The data are taken from [19,32]. The predictions for
each contribution are shown as dotted lines. The shaded bands correspond to 2σ uncertainties.
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FIG. 3. Minimal fit to the invariant-mass distributions of the eþe− → J=ψπþπ−ðKK̄Þ process at the c.m. energiesffiffiffi
s

p ¼ 4.1271–4.1888 GeV. The data are taken from [19,29]. In all panels, the solid black curve is the full result, the long-dashed
purple curve is the nonresonant background, and the dashed red curve is the Yð4220Þ contribution. The shaded bands correspond to 2σ
uncertainties.
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FIG. 4. Minimal fit to the invariant-mass distributions of the eþe− → J=ψπþπ−ðKK̄Þ process at the c.m. energiesffiffiffi
s

p ¼ 4.1989–4.2263 GeV. The data are taken from [19,29]. In all panels, the solid black curve is the full result, the long-dashed
purple curve is the nonresonant background, and the dashed red curve is the Yð4220Þ contribution. The shaded bands correspond to 2σ
uncertainties.
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introducing an additional exotic vector state near 4.32 GeV,
with the approach further developed in Ref. [48]. In our case,
the open-charm meson-loop mechanisms of Refs. [47,48]
are not included explicitly, but are effectively absorbed into
the nonresonant scalar production term. In contrast, these
analyses retaining the open-charm loop mechanisms sim-
plify the light-meson final-state interaction. More details on
the model comparison can be found in Sec. III C.

B. Total fit

We now fit the full dataset in the range 4.1271 ≤ffiffiffi
s

p ðGeVÞ ≤ 4.3583. In addition to the ingredients of
the minimal fit, we include the second vector structure
Yð4320Þ in the J=ψπþπ− channel and the tensor f2ð1270Þ
contribution in the πþπ− subsystem. The fit contains 19
parameters, describing the resonant and nonresonant
production mechanisms, summarized in Table IV. In
addition, the masses and widths of the Zcð3900Þ,
Yð4220Þ, and Yð4320Þ are allowed to vary, giving 25
fit parameters in total. The scalar-isoscalar ππ=KK̄ final-
state interaction is kept fixed by the Omnès input

described in Sec. II. The current data do not allow us
to constrain the Zcð4020Þ contribution reliably; it is
therefore not included in the nominal fit, although the
formalism can accommodate it once more precise high-
energy data become available.
The total fit gives χ2=Nd:o:f: ¼ 1.66. The resulting total

cross sections are shown in Fig. 6. The extracted
subprocess cross sections for eþe− → π�Z∓

c ð3900Þ →
J=ψπþπ− and for the scalar J=ψðπþπ−ÞS-wave channel
are shown in Fig. 7. The invariant mass distributions are
shown in Figs. 8–12. The sizable interference between
the resonant and nonresonant scalar amplitudes demon-
strates that a purely resonant description is not sufficient
for the BESIII data. Compared with the minimal fit, the
nonresonant scalar background is reduced once the
Yð4320Þ and f2ð1270Þ contributions are included.1 If
the model is to be extrapolated beyond the fitted energy
range, a more detailed modeling of the s dependence of
the nonresonant production amplitude will be necessary.
The fitted Z�

c ð3900Þ mass and width are consistent
with the BESIII partial wave analysis (PWA) result [29].
The Yð4220Þ parameters are also compatible with the
BESIII determinations from the subprocess [29] and total
cross section analyses [32]. For the second vector
structure, our fitted mass is closer to the BESIII
J=ψπþπ− total cross section value [32] rather than to
the PDG ψð4360Þ average [49]. This is not unexpected,
since the latter combines information from different final
states. We therefore regard the Yð4320Þ contribution in
the present fit as a phenomenological second vector
structure specific to the J=ψπþπ− channel rather than

FIG. 5. Minimal-fit extrapolation to the invariant-mass distributions of the eþe− → J=ψπþπ−ðKK̄Þ process at the c.m. energyffiffiffi
s

p ¼ 4.2866 GeV. The data are taken from [19,29]. The solid black curve is the full result, the long-dashed purple curve is the
nonresonant background, and the dashed red curve is the Yð4220Þ contribution. The shaded bands correspond to 2σ uncertainties.

TABLE IV. Fit parameters of the “total fit” with 2σ errors
indicating the uncertainties in the experimental data.

Parameter Value Parameter Value

α1 ðGeV2Þ 1.11� 0.13 α2 ðGeV2Þ 2.1� 0.3
aB 24.3� 1.4 aY2

−1.4� 1.4
bB ðGeV−2Þ −21.2� 4.1 bY2

ðGeV−2Þ 11.4� 3.4
cB −11.9� 1.4 cY2

6.2� 1.1
ϕB (rad) 2.56� 0.07 ϕZ2

(rad) 0.8� 0.2
ϕZ1

(rad) 2.6� 0.3 ϕ2 (rad) 2.1� 0.2
aY1

−5.9� 0.4 f2 ðGeV2Þ −25.9� 2.7
bY1

ðGeV−2Þ 16.3� 1.1 ϕf2 (rad) 1.1� 0.3
cY1

7.8� 0.5 ϕf1 (rad) 1.1� 0.3
f1 ðGeV2Þ 9.8� 1.8

χ2=Nd:o:f: ¼ 1.66

1As seen from the eþe− → J=ψππðKK̄Þ cross section, the first
two data points contain only the tails of the resonant Y states,
which results in a small contribution from the exotic Zc state to
the invariant-mass distributions. This indicates additional con-
tributions from conventional charmonium states, the explicit
modeling of which is beyond the scope of this work.
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as a channel-independent determination, and we discuss it
in more detail in the following section.

C. Comparison with related analyses and
limitations of the isobar assumption

The BESIII invariant-mass distributions analyzed here
have recently been described in Ref. [46] with inclusion of
open-charm diagrams accounting for triangle-singularity

effects, which allows for a direct comparison on the same
dataset. The eþe− energy dependence, however, is not
modeled there: the vector source coupling to the virtual
photon is left unspecified. The present analysis is comple-
mentary in this respect, since the s dependence is fixed
globally and a single set of energy-independent parameters
is required to reproduce the invariant-mass distributions
and the measured total cross sections simultaneously.

FIG. 7. Total cross section of the subprocesses of eþe− → J=ψππðKK̄Þ (solid, black), the Yð4220Þ resonant contribution (red,
dashed), the Yð4320Þ resonant contribution (cyan, dot-dashed), and nonresonant background contribution (purple, long dashed) in the
total fit. The predictions for each contribution are shown as dotted lines. The shaded bands correspond to 2σ uncertainties.

FIG. 6. Total cross section of the process eþe− → J=ψππðKK̄Þ (solid, black), the Yð4220Þ resonant contribution (red, dashed), the
Yð4320Þ resonant contribution (cyan, dot-dashed) and nonresonant background contribution (purple, long dashed) in the total fit. The
data are taken from [19,32]. The predictions for each contribution are shown as dotted lines. The shaded bands correspond to 2σ
uncertainties.
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FIG. 8. Total fit to the invariant-mass distributions of the eþe− → J=ψπþπ−ðKK̄Þ process at the c.m. energiesffiffiffi
s

p ¼ 4.1271–4.1888 GeV. The data are taken from [19,29]. In all panels, the solid black curve is the full result, the long-dashed
purple curve is the nonresonant background, the dashed red curve is the Yð4220Þ contribution, and the dot-dashed cyan curve is the
Yð4320Þ contribution when present. The shaded bands correspond to 2σ uncertainties.
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FIG. 9. Total fit to the invariant-mass distributions of the eþe− → J=ψπþπ−ðKK̄Þ process at the c.m. energiesffiffiffi
s

p ¼ 4.1989–4.2263 GeV. The data are taken from [19,29]. In all panels, the solid black curve is the full result, the long-dashed
purple curve is the nonresonant background, the dashed red curve is the Yð4220Þ contribution, and the dot-dashed cyan curve is the
Yð4320Þ contribution when present. The shaded bands correspond to 2σ uncertainties.
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FIG. 10. Total fit to the invariant-mass distributions of the eþe− → J=ψπþπ−ðKK̄Þ process at the c.m. energiesffiffiffi
s

p ¼ 4.2357–4.2667 GeV. The data are taken from [19,29]. In all panels, the solid black curve is the full result, the long-dashed
purple curve is the nonresonant background, the dashed red curve is the Yð4220Þ contribution, and the dot-dashed cyan curve is the
Yð4320Þ contribution when present. The shaded bands correspond to 2σ uncertainties.
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FIG. 11. Total fit to the invariant-mass distributions of the eþe− → J=ψπþπ−ðKK̄Þ process at the c.m. energiesffiffiffi
s

p ¼ 4.2776–4.3370 GeV. The data are taken from [19,29]. In all panels, the solid black curve is the full result, the long-dashed
purple curve is the nonresonant background, the dashed red curve is the Yð4220Þ contribution, and the dot-dashed cyan curve is the
Yð4320Þ contribution when present. The shaded bands correspond to 2σ uncertainties.
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The DPD construction employed here is model indepen-
dent as far as the Dalitz-plot function is saturated by a
coherent sum of three two-body isobar chains, each carrying
a line shape XsðσkÞ that depends on a single Mandelstam
variable. Such an amplitude does not contain the singular-
ities associated with the cross-channel exchanges, which
generate nonfactorizable topologies of the triangle and box
type. As discussed in Sec. II, this appears to be numerically
adequate over the energy range considered. The most direct
interpretational consequence of the employed model con-
cerns the number of vector structures. Apart from the
kinematic factors of the DPD construction, the s depend-
ence of the production amplitude enters exclusively through
the two Breit-Wigner propagators PY1;2

ðsÞ, the nonresonant
term of Eq. (10) being independent of s. The pronounced
asymmetry of the measured J=ψπþπ− line shape must
consequently be generated by the interference of two poles,
and this is what drives the need for the Yð4320Þ term in the
total fit. Analyses that retain the open-charm loops have an
alternative mechanism available: in Ref. [47] the box

contributions enhance the cross section at the D1D̄ thresh-
old and, combined with the interference with the ψð4160Þ,
reproduce the same asymmetry with a single vector pole. To
quantify how strongly the present data require the second
structure within this framework, we have repeated the total
fit with the Yð4320Þ couplings set to zero, retaining the
f2ð1270Þ contribution. The description becomes less opti-
mal, with χ2=Nd:o:f: ¼ 1.66 shifting to 2.55. It is never-
theless notable that the resulting single-Y fit returns
MY1

¼ 4227.0� 0.6 and ΓY1
¼ 48.7� 1.3 MeV, in close

agreement with the pole position ffiffiffiffiffiffiffiffispole
p ¼ ð4227� 4Þ −

i
2
ð50þ8

−2Þ MeV obtained in Ref. [47] within a very different
dynamical framework. The two descriptions therefore agree
on the location of the leading vector structure and differ on
whether the remaining energy dependence is attributed to an
additional pole or to open-charm dynamics.
At the same time, the inclusion of open-charm dynamics

does not remove the second structure universally [37,48]. The
entries in Table Vare to be compared with 4308.1� 2.2 and

FIG. 12. Total fit to the invariant-mass distributions of the eþe− → J=ψπþπ−ðKK̄Þ process at the c.m. energy
ffiffiffi
s

p ¼ 4.3583 GeV. The
data are taken from [19,29]. In all panels, the solid black curve is the full result, the long-dashed purple curve is the nonresonant
background, the dashed red curve is the Yð4220Þ contribution, and the dot-dashed cyan curve is the Yð4320Þ contribution when present.
The shaded bands correspond to 2σ uncertainties.

TABLE V. Masses and widths of the fitted resonant states compared with the BESIII PWA [29], BESIII analysis of
the total cross section σðeþe− → πþπ−J=ψÞ [32], and with the PDG values [49]. For the BESIII results, the first
uncertainty is statistical and the second is systematic. Our fit results include only 2σ uncertainties from the
experimental data.

State Source Mass (MeV) Width (MeV)

Z�
c ð3900Þ This work 3888.7� 1.8 37.0� 2.9

BESIII PWA 3884.6� 0.7� 3.3 37.2� 1.3� 6.6
PDG 3886.7� 2.3 29.5� 2.4

Yð4220Þ This work 4223.6� 0.9 37.7� 1.7
BESIII PWA 4225.7� 4.1� 3.4 57.5� 9.4� 12.1
BESIII total 4221.4� 1.5� 2.0 41.8� 2.9� 2.7
PDG ψð4230Þ 4221.7� 2.5 51� 7

Yð4320Þ This work 4283� 4 102� 8
BESIII total 4298� 12� 26 127� 17� 10
PDG ψð4360Þ 4373� 7 124� 13
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138.2� 4.4 MeV from Ref. [37] and with the pair of
dynamically generated poles at ð4278� 3Þ − ið97� 3Þ
and ð4302� 2Þ − ið69� 2Þ MeV found in Ref. [48] in
the model without bare seed states. What separates these
descriptions is the amount of energy dependence carried by
the production mechanism itself, which cannot be fixed by
the J=ψπþπ− data alone. We accordingly regard the Yð4320Þ
extracted here as an effective, channel-specific pole of the
present parametrization. Resolving the Y line shapes without
deciding in advance whether the additional energy depend-
ence is to be assigned to a pole or to a kinematic effect is left
for a future work.

IV. SUMMARY AND CONCLUSIONS

We have presented a simultaneous analysis of eþe− →
J=ψπþπ− and eþe− → J=ψKþK− in the energy range
4.13 ≤

ffiffiffi
s

p ðGeVÞ ≤ 4.36 using the Dalitz-plot decomposi-
tion formalism. The eþe− energy dependence is incorpo-
rated through the Yð4220Þ and Yð4320Þ vector structures,
together with a nonresonant production term, while the
scalar ππ=KK̄ final-state interaction is treated dispersively
using a coupled-channel Omnès representation.
We find that a purely resonant description is not

sufficient. A nonresonant scalar production term followed
by ππ=KK̄ rescattering is required to describe the total
cross sections and invariant-mass distributions consistently.
In the full fit, the inclusion of the second vector structure
and the f2ð1270Þ contribution improves the description
over the full energy range and reduces the size of the
effective scalar background.

Within the present isobar model, we extract effective
Breit-Wigner parameters for the Zcð3900Þ, Yð4220Þ, and
Yð4320Þ. The Zcð3900Þ and Yð4220Þ parameters are
compatible with the corresponding BESIII determinations,
while the fitted Yð4320Þ mass is closer to the BESIII
J=ψπþπ− result than to the PDG ψð4360Þ average. The
framework also allows us to extract the subprocess cross
sections for π�Z∓

c ð3900Þ production and for the scalar
J=ψðπþπ−ÞS-wave channel, as well as to provide extrapo-
lations for invariant-mass distributions at energies where
such measurements are not yet available.
In a strictly isobar-based construction, the pronounced

asymmetry of the J=ψπþπ− line shape can only be
generated by the interference of two poles. Approaches
that include open-charm loop mechanisms provide an
alternative source of energy dependence in the same
region [37,46–48].
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