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Motivated by the recent observation of the B�
c meson by the ATLAS Collaboration and its promising

discovery potential at future high-luminosity colliders, we investigate the semileptonic decays
B̄�
c → ðP; VÞl−ν̄l (P ¼ D, Bd;s, ηcð1S; 2S; 3SÞ; V ¼ D�, B�

d;s, ψð1S; 2S; 3SÞ) in the Standard Model.
Using the relevant form factors obtained in the self-consistent covariant light-front quark model, we present
theoretical predictions for several physical observables, including the branching fraction, the ratios of
branching fractions RðLÞ, the longitudinal polarization fraction of the daughter vector meson, the τ lepton
spin asymmetry, and the forward-backward asymmetry. It is found that the branching fractions for the
Cabibbo-favored B̄�

c → B̄�
se−ν̄e and B̄�

sμ
−ν̄μ decays reach the order of Oð10−6Þ, which might be firstly

observed at the future high-luminosity Large Hadron Collider.

DOI: 10.1103/hbx2-djvf

I. INTRODUCTION

The semileptonic decays of B mesons induced by
b → ðc; uÞl−ν̄l and b → slþl− transitions provide critical
channels for precision measurements of Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements and serve
as sensitive probes of lepton flavor universality (LFU).
Recent experimental observations about the ratios of the
branching fractions in the semileptonic B meson decays,
RD, RD� , and RJ=ψ deviate from the SM predictions
by 1.9σ [1–14], 2.7σ [2,4,5,7–21], and 1.8σ [22–30],
respectively. These anomalies have motivated extensive
searches for physics beyond the SM in semileptonic heavy-
flavor decays, and various new physics (NP) scenarios have
been proposed to explain them [31–44].
The B�

c meson, with quantum numbers JP ¼ 1−, lies
below the BD pair threshold, meaning that its strong decays
are kinematically forbidden. Its mass difference from the
ground state is predicted by HPQCD to be mB�

c
−mBc

¼
54� 3 MeV [45]. Although the electromagnetic transition
B�
c → Bcγ dominates the total width, which results in a

very short lifetime τB�
c
∼Oð10−18Þ s [46] despite being

phase-space suppressed, its weak decay channels remain
highly important. In particular, the semileptonic decays
offer a complementary test of the LFU anomalies observed
in B meson channels. Recently, the ATLAS Collaboration
reported the first observation of the B�

c meson in the decay
B�þ
c → Bþ

c γ [47], making a detailed theoretical study of its
decay properties timely.
Although no weak decay of the B�

c meson has been
observed so far, the upcoming high-luminosity runs of the
LHC and future facilities, such as the Circular Electron
Positron Collider and the Future Circular Collider, are
expected to produce large samples of B�

c events [48–52],
rendering experimental studies of these decays feasible.
Over the past years, various theoretical approaches have
already been applied to B�

c decays, including the QCD sum
rules [53–55], the QCD factorization approach [56,57],
nonrelativistic QCD factorization approach [58,59], the
perturbative QCD approach [60], the relativistic indepen-
dent quark model [61], the Bauer-Stech-Wirbel model
[62,63], the Bethe-Salpeter (BS) method [64], and the
covariant light-front quark model (CLFQM) [65–67].
While these studies have provided valuable estimates of
form factors and branching fractions for the ground-state
transitions such as B�

c → ηc and B�
c → J=ψ , the radially

excited states have received considerably less attention.
Consequently, the corresponding observables, including the
LFU ratios and angular asymmetries, have not yet been
examined in detail. These observables are of particular
interest, as they are sensitive to possible NP and can provide
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complementary tests of the SM. A systematic investigation
of these quantities is therefore desirable in light of the
growing experimental interest in B�

c decays.
The CLFQM, originally developed by Jaus [68] provides

a simple and clear framework for computing hadronic matrix
elements, with proper treatment of zero-mode contributions.
However, when applied to mesons with higher quantum
numbers, the traditional version suffers from self-consis-
tency issues [69–71]. In this work, we adopt the self-
consistent CLFQM, in which spurious contributions are
explicitly eliminated, ensuring that different but theoretically
equivalent expressions for a given form factor yield con-
sistent results. This approach has been successfully applied
to P → T transitions in our previous work [72] and is
extended here to investigate the B�

c → ðP; VÞ transitions.
This work presents a systematic study of the semi-

leptonic decays B̄�
c → ðP; VÞl−ν̄l, with P ¼ D, Bd;s,

ηcð1S; 2S; 3SÞ, V ¼ D�, B�
d;s, ψð1S; 2S; 3SÞ, and l ¼ e,

μ, τ. Using the self-consistent CLFQM, we calculate the
transition form factors and parametrize them with the
Bourrely-Caprini-Lellouch (BCL) z-expansion approach.
We then extend the phenomenological analysis to include
branching fractions, lepton-universality ratios, polarization
fractions, and angular asymmetries. A complete error
budget is provided by propagating all input parameter
uncertainties, which has not been fully addressed in some
earlier studies. These observables, especially for the radi-
ally excited states, are calculated for the first time, Our
results are expected to be valuable for future experimental
searches at LHCb/HL-LHC and other high-luminosity
colliders.
This paper is organized as follows. Section II is devoted

to the theoretical framework. The helicity amplitudes and
differential decay rates for the B̄�

c → ðP; VÞl−ν̄l decays are
explicitly derived. In Sec. III, we present the numerical
results and discussion for these decays. Finally, we give our
conclusions in Sec. IV. The explicit expressions for the
form factors are given in Appendix.

II. THEORETICAL FRAMEWORK

A. Effective Hamiltonian and amplitude

Within the SM, the semileptonic B̄�
c → ðP;VÞl−ν̄l

(P ¼ D, Bd;s, ηcð1S; 2S; 3SÞ; V ¼ D�, B�
d;s, ψð1S; 2S; 3SÞ

decays are induced by b → q1l−ν̄l (q1 ¼ u, c) or c̄ →
q̄2l−ν̄l (q2 ¼ d, s) transition at quark level via W-exchange.
As an example, the b → ul−ν̄l transition can be described
by the effective low-scale OðmbÞ Hamiltonian as

Heffðb → ul−ν̄lÞ

¼ GFffiffiffi
2

p Vub½ūγμð1 − γ5Þb�½lγμð1 − γ5Þνl�; ð1Þ

where GF is the Fermi coupling constant, and Vub denotes
the CKM matrix element.

Using Eq. (1), the square amplitude for B̄�
c → D̄ð�Þl−ν̄l

decays induced by the b → ul−ν̄l transition can be
expressed as

jMðB̄�
c → D̄ð�Þl−ν̄lÞj2

¼ G2
FjVubj2
2

jhD̄ð�Þjūγμð1 − γ5ÞbjB̄�
cilγμð1 − γ5Þνlj2

≡G2
FjVubj2
2

LμνHμν; ð2Þ

in which the leptonic (Lμν) and hadronic (Hμν) tensors are
built from the respective products of the lepton and hadron
currents.
The contraction of leptonic and hadronic tensor LμνHμν

could be rewritten as

LμνHμν ¼
X

m;m0;n;n0
Lðm; nÞHðm0; n0Þgmm0gnn0 ; ð3Þ

by inserting the completeness relation for the polarization
four-vectors

X
m;n

ϵ̄μðmÞϵ̄�νðnÞgmn ¼ gμν; ð4Þ

in which the quantities Lðm; nÞ≡ Lμνϵ̄
μðmÞϵ̄�νðnÞ and

Hðm; nÞ≡Hμνϵ̄�μðmÞϵ̄νðnÞ in Eq. (3) are Lorentz invariant
and therefore could be evaluated in different reference
frames. For convenience, Hðm; nÞ and Lðm; nÞ will be
evaluated in the B�

c-meson rest frame and the l− − ν̄l
center-of-mass frame, respectively.

B. Kinematics for B̄�
c → D̄ð�Þl− ν̄l decays

In the rest frame of the B�
c-meson with daughter

Dð�Þ-meson moving in the positive z-direction, the
momenta of particles B�

c, Dð�Þ, and virtual W� are

pμ
B�
c
¼ ðmB�

c
; 0; 0; 0Þ; pμ

Dð�Þ ¼ ðEDð�Þ ; 0; 0; jp⃗jÞ;
qμ ¼ ðq0; 0; 0;−jp⃗jÞ; ð5Þ
where q0 ¼ mB�

c
− EDð�Þ ¼ ðm2

B�
c
−m2

Dð�Þ þ q2Þ=2mB�
c
and

jp⃗j ¼ λ1=2ðm2
B�
c
; m2

Dð�Þ ; q2Þ=2mB�
c

where λða; b; cÞ ¼
a2 þ b2 þ c2 − 2ðabþ bcþ caÞ are the energy and
momentum of virtual W�. For the four polarization vectors
of virtual W�, ϵ̄μðλW� ¼ t; 0;�Þ, one can conveniently
choose [73,74]

ϵ̄μðtÞ ¼ 1ffiffiffiffiffi
q2

p ðq0; 0; 0;−jp⃗jÞ;

ϵ̄μð0Þ ¼ 1ffiffiffiffiffi
q2

p ðjp⃗j; 0; 0;−q0Þ;

ϵ̄μð�Þ ¼ 1ffiffiffi
2

p ð0;�1;−i; 0Þ; ð6Þ
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in which λW� ¼ t has to be understood as λW� ¼ 0
with J ¼ 0.
Meanwhile, the polarization vectors of the initial

B�
c-meson and daughter D�-meson, ϵμ1ð0;�Þ and ϵμ2ð0;�Þ,

can be written as

ϵμ1ð0Þ ¼ ð0; 0; 0; 1Þ; ϵμ1ð�Þ ¼ 1ffiffiffi
2

p ð0;∓1;−i; 0Þ; ð7Þ

ϵμ2ð0Þ ¼
1

mD�
ðjp⃗j; 0; 0; ED� Þ;

ϵμ2ð�Þ ¼ 1ffiffiffi
2

p ð0;∓1;−i; 0Þ: ð8Þ

Turning to the l− − ν̄l center-of-mass frame, the four
momenta of lepton and antineutrino are given as

pμ
l ¼ ðEl; jp⃗lj sin θ; 0; jp⃗lj cos θÞ;

pμ
νl ¼ ðjp⃗lj;−jp⃗lj sin θ; 0;−jp⃗lj cos θÞ; ð9Þ

where El ¼ ðq2þm2
lÞ=2

ffiffiffiffiffi
q2

p
and jp⃗lj ¼ ðq2 −m2

lÞ=2
ffiffiffiffiffi
q2

p
are the energy and the magnitude of the three-momentum of
the charged lepton, respectively; and θ is the angle between
the Dð�Þ-meson and l three-momenta. In this reference
frame, the polarization vectors of the virtual W� boson have
the form

ϵ̄μðtÞ ¼ ð1; 0; 0; 0Þ; ϵ̄μð0Þ ¼ ð0; 0; 0; 1Þ;

ϵ̄μð�Þ ¼ 1ffiffiffi
2

p ð0;∓ 1;−i; 0Þ: ð10Þ

C. Hadronic helicity amplitudes HλW�λB�c λDð�Þ

For the B̄�
c → D̄ð�Þl−ν̄l decays, the hadronic helicity

amplitudes HλW� λB�c λDð�Þ are defined by the following

expressions:

HλW� λB�c λDð�Þ ¼ hD̄ð�ÞðpDð�Þ ; λDð�Þ Þjūγμð1 − γ5Þbj
× B̄�

cðpB�
c
; λB�

c
Þiϵ̄�μðλW�Þ; ð11Þ

which describe the decay of three helicity states of B�
c

meson into the daughter pseudoscalar D or vector D�
meson and the four helicity states of virtual W�.
For the B̄�

c → D̄ð�Þ transitions, the hadronic matrix ele-
ments hD̄ð�ÞðpDð�Þ ; λDð�Þ Þjūγμð1 − γ5Þb jB̄�

cðpB�
c
; λB�

c
Þi can be

factorized in terms of fourteen form factors Aiðq2Þ and
Viðq2Þ as

hD̄ðpDÞjūγμbjB̄�
cðϵ1; pB�

c
Þi ¼ −

2iVðq2Þ
mB�

c
þmD

εμναβϵ
ν
1p

α
Dp

β
B�
c
;

ð12Þ

hD̄ðpDÞjūγμγ5bjB̄�
cðϵ1; pB�

c
Þi

¼ 2mB�
c
A0ðq2Þ

ϵ1 · q
q2

qμ

þ ðmB�
c
þmDÞA1ðq2Þ

�
ϵ1μ −

ϵ1 · q
q2

qμ

�

þ A2ðq2Þ
ϵ1 · q

mB�
c
þmD

�
Pμ −

m2
B�
c
−m2

D

q2
qμ

�
; ð13Þ

hD̄�ðϵ2; pD� ÞjūγμbjB̄�
cðϵ1; pB�

c
Þi

¼ ðϵ1 · ϵ�2Þ½−PμV1ðq2Þ þ qμV2ðq2Þ�

þ ðϵ1 · qÞðϵ�2 · qÞ
m2

B�
c
−m2

D�
½PμV3ðq2Þ − qμV4ðq2Þ�

− ðϵ1 · qÞϵ�2μV5ðq2Þ þ ðϵ�2 · qÞϵ1μV6ðq2Þ; ð14Þ

hD̄�ðϵ2; pD� Þjūγ5γμbjB̄�
cðϵ1; pB�

c
Þi

¼ −iεμναβϵα1ϵ
�β
2 ½PνA1ðq2Þ − qνA2ðq2Þ�

−
iϵ�2 · q

m2
B�
c
−m2

D�
εμναβϵ

ν
1P

αqβA3ðq2Þ

þ iϵ1 · q
m2

B�
c
−m2

D�
εμναβϵ

�ν
2 PαqβA4ðq2Þ; ð15Þ

with the sign convention ε0123 ¼ −1 and the momen-
tum Pμ ¼ pμ

B�
c
þ pμ

Dð�Þ .
Then, by contracting above hadronic matrix elements with

the W� polarization vectors in the B�
c-meson rest frame, we

obtain 14 nonvanishing helicity amplitudes HλW�λB�c λDð�Þ ,

Ht0ðq2Þ ¼
2mB�

c
jp⃗jffiffiffiffiffi
q2

p A0ðq2Þ; ð16Þ

H00ðq2Þ ¼
1

2mB�
c

ffiffiffiffiffi
q2

p
�
ðmB�

c
þmDÞðm2

B�
c
−m2

Dþq2ÞA1ðq2Þ

þ 4m2
B�
c
jp⃗j2

mB�
c
þmD

A2ðq2Þ
�
; ð17Þ

H∓�ðq2Þ ¼ −ðmB�
c
þmDÞA1ðq2Þ ∓ 2mB�

c
jp⃗j

mB�
c
þmD

Vðq2Þ;

ð18Þ

H0þþðq2Þ ¼ −
m2

B�
c
−m2

D�ffiffiffiffiffi
q2

p A1ðq2Þ þ
ffiffiffiffiffi
q2

q
A2ðq2Þ

þ 2mB�
c
jp⃗jffiffiffiffiffi
q2

p V1ðq2Þ; ð19Þ
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Htþþðq2Þ ¼ −
2mB�

c
jp⃗jffiffiffiffiffi
q2

p A1ðq2Þ þ
m2

B�
c
−m2

D�ffiffiffiffiffi
q2

p V1ðq2Þ −
ffiffiffiffiffi
q2

q
V2ðq2Þ; ð20Þ

H−þ0ðq2Þ ¼ −
m2

B�
c
þ 3m2

D� − q2

2mD�
A1ðq2Þ þ

m2
B�
c
−m2

D� − q2

2mD�
A2ðq2Þ

−
2m2

B�
c
jp⃗j2

mD�ðm2
B�
c
−m2

D� ÞA3ðq2Þ −
mB�

c
jp⃗j

mD�
V6ðq2Þ; ð21Þ

H0−−ðq2Þ ¼
m2

B�
c
−m2

D�ffiffiffiffiffi
q2

p A1ðq2Þ −
ffiffiffiffiffi
q2

q
A2ðq2Þ þ

2mB�
c
jp⃗jffiffiffiffiffi
q2

p V1ðq2Þ; ð22Þ

Ht−−ðq2Þ ¼
2mB�

c
jp⃗jffiffiffiffiffi
q2

p A1ðq2Þ þ
m2

B�
c
−m2

D�ffiffiffiffiffi
q2

p V1ðq2Þ −
ffiffiffiffiffi
q2

q
V2ðq2Þ; ð23Þ

Hþ−0ðq2Þ ¼
m2

B�
c
þ 3m2

D� − q2

2mD�
A1ðq2Þ −

m2
B�
c
−m2

D� − q2

2mD�
A2ðq2Þ

þ 2m2
B�
c
jp⃗j2

mD�ðm2
B�
c
−m2

D� ÞA3ðq2Þ −
mB�

c
jp⃗j

mD�
V6ðq2Þ; ð24Þ

Hþ0þðq2Þ ¼
3m2

B�
c
þm2

D� − q2

2mB�
c

A1ðq2Þ −
m2

B�
c
−m2

D� þ q2

2mB�
c

A2ðq2Þ þ
2mB�

c
jp⃗j2

m2
B�
c
−m2

D�
A4ðq2Þ − jp⃗jV5ðq2Þ; ð25Þ

H−0−ðq2Þ ¼ −
3m2

B�
c
þm2

D� − q2

2mB�
c

A1ðq2Þ þ
m2

B�
c
−m2

D� þ q2

2mB�
c

A2ðq2Þ −
2mB�

c
jp⃗j2

m2
B�
c
−m2

D�
A4ðq2Þ − jp⃗jV5ðq2Þ; ð26Þ

H000ðq2Þ ¼
jp⃗jðm2

B�
c
þm2

D� − q2Þffiffiffiffiffi
q2

p
mD�

V1ðq2Þ þ
2m2

B�
c
jp⃗j3ffiffiffiffiffi

q2
p

mD�ðm2
B�
c
−m2

D� Þ
V3ðq2Þ

−
jp⃗jðm2

B�
c
−m2

D� − q2Þ
2

ffiffiffiffiffi
q2

p
mD�

V5ðq2Þ þ
jp⃗jðm2

B�
c
−m2

D� þ q2Þ
2

ffiffiffiffiffi
q2

p
mD�

V6ðq2Þ; ð27Þ

Ht00ðq2Þ ¼
ðm2

B�
c
−m2

D� Þðm2
B�
c
þm2

D� − q2Þ
2

ffiffiffiffiffi
q2

p
mB�

c
mD�

V1ðq2Þ −
ffiffiffiffiffi
q2

p
ðm2

B�
c
þm2

D� − q2Þ
2mB�

c
mD�

V2ðq2Þ

þ mB�
c
jp⃗j2ffiffiffiffiffi

q2
p

mD�
V3ðq2Þ −

mB�
c
jp⃗j2

ffiffiffiffiffi
q2

p
mD� ðm2

B�
c
−m2

D� ÞV4ðq2Þ −
mB�

c
jp⃗j2ffiffiffiffiffi

q2
p

mD�
V5ðq2Þ þ

mB�
c
jp⃗j2ffiffiffiffiffi

q2
p

mD�
V6ðq2Þ: ð28Þ

It should be noted thatHt0ðq2Þ,H00ðq2Þ, andH∓�ðq2Þ are the four helicity amplitudesHλW�λB�c λD
for B̄�

c → D̄ transition with

λD ¼ 0 omitted. In addition, it is obvious that only those amplitudes with λB�
c
¼ λDð�Þ − λW� can survive due to helicity

conservation.
In addition, these hadronic helicity amplitudesHλW� λB�c λDð�Þ are also commonly referred to as helicity-basis form factors in

the literature [75–77]. At the kinematic endpoint q2max ¼ ðmB�
c
−mDð�Þ Þ2, where the three-momentum of the final-state

meson vanishes, jp⃗j → 0, the helicity-basis form factors satisfy the following model-independent relations.
For the B̄�

c → D̄ transition, one finds

Ht0ðq2maxÞ ¼ 0; ð29Þ
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H−þðq2maxÞ ¼ Hþ−ðq2maxÞ ¼ −H00ðq2maxÞ: ð30Þ

These relations follow directly from the explicit jp⃗j factor
in Eqs. (16)–(18).
For the B̄�

c → D̄� transition, the endpoint behavior is
more involved. The helicity-basis form factors satisfy

H000ðq2maxÞ ¼ 0; ð31Þ

Htþþðq2maxÞ ¼ Ht−−ðq2maxÞ ¼ Ht00ðq2maxÞ; ð32Þ

H0þþðq2maxÞ ¼ H−þ0ðq2maxÞ ¼ H−0−ðq2maxÞ
¼ −H0−−ðq2maxÞ ¼ −Hþ−0ðq2maxÞ
¼ −Hþ0þðq2maxÞ: ð33Þ

These remaining relations are direct consequences of the
helicity amplitude definitions in Eqs. (19)–(28). These
relations are independent of the specific dynamical model
used for the form factors, and therefore provide useful
consistency checks for the CLFQM numerical results. In
particular, the computed helicity-basis form factors are
expected to approach these kinematic limits regardless of
the detailed q2 dependence of the individual form factors.

D. Leptonic helicity amplitudes and observables

For the leptonic part, the leptonic tensor could be expanded
in terms of a complete set of Wigner’s dJ-functions
[73,78,79]. LμνHμν is rewritten to a very compact form

LμνHμν ¼ 1

8

X
λl;λν̄l ;λW� ;λ0

W� ;J;J0
ð−1ÞJþJ0 jhλl;λν̄l j2δλB�c ;λDð�Þ−λW�

× δλB�c ;λDð�Þ−λ0W�d
J
λW� ;λl−1

2

dJ
0

λ0
W� ;λl−1

2

×HλW� λB�c λDð�ÞHλ0
W� λB�c λDð�Þ ; ð34Þ

where J and J0 run over 1 and 0, λð0ÞW� and λl run over their
components, and massless right-handed antineutrinos
with λν̄l ¼ 1=2.
In the l− − ν̄l center-of-mass frame, hλl;λν̄l in Eq. (34)

are the leptonic helicity amplitudes defined as

hλl;λν̄l ¼ ūlðλlÞγμð1 − γ5Þvν̄
�
1

2

�
ϵ̄μðλW�Þ: ð35Þ

Taking the exact forms of the spinors and W� polariza-
tion vectors, we finally obtain the following nonvanishing
results

jh−1
2
;1
2
j2 ¼ 8ðq2 −m2

lÞ; ð36Þ

jh1
2
;1
2
j2 ¼ 8

m2
l

2q2
ðq2 −m2

lÞ; ð37Þ

with the cases λl ¼ −1=2 and 1=2 are referred to as the
nonflip and flip transitions, respectively.
Taking the derived basic building blocks of the ampli-

tudes, we focus on the explicit forms of the observables.
The double differential decay rate of B̄�

c → D̄ð�Þl−ν̄l decay
is written as

dΓ½B̄�
c → D̄ð�Þl−ν̄l�
dq2d cosθ

¼ G2
FjVubj2
ð2πÞ3

jp⃗j
8m2

B�
c

1

3

�
1−

m2
l

q2

�
LμνHμν; ð38Þ

where the factor 1=3 is caused by averaging over the spins of initial state B�
c. Using the standard convention for

dJ-function [80], we can write the double differential decay rates for different leptonic helicity states as

d2Γ½B̄�
c → D̄l−ν̄l�λl¼−1=2

dq2d cos θ
¼ G2

FjVubj2jp⃗j
256π3m2

B�
c

1

3
q2
�
1 −

m2
l

q2

�
2

½ð1 − cos θÞ2H2þ− þ ð1þ cos θÞ2H2
−þ þ 2 sin2 θH2

00�; ð39Þ

d2Γ½B̄�
c → D̄l−ν̄l�λl¼1=2

dq2d cos θ
¼ G2

FjVubj2jp⃗j
256π3m2

B�
c

1

3
q2
�
1 −

m2
l

q2

�
2m2

l

q2
½sin2 θðH2þ− þH2

−þÞ þ 2ðHt0 − cos θH00Þ2�; ð40Þ

d2Γ½B̄�
c → D̄�l−ν̄l�λl¼−1=2

dq2d cos θ
¼ G2

FjVubj2jp⃗j
256π3m2

B�
c

1

3
q2
�
1 −

m2
l

q2

�
2

½ð1 − cos θÞ2ðH2
þ0þ þH2

þ−0Þ þ ð1þ cos θÞ2ðH2
−0− þH2

−þ0Þ

þ2 sin2 θðH2
0þþ þH2

0−− þH2
000Þ�; ð41Þ
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d2Γ½B̄�
c → D̄�l−ν̄l�λl¼1=2

dq2d cos θ
¼ G2

FjVubj2jp⃗j
256π3m2

B�
c

1

3
q2
�
1 −

m2
l

q2

�
2m2

l

q2
½sin2 θðH2

þ0þ þH2
þ−0 þH2

−0− þH2
−þ0Þ

þ 2ðHtþþ − cos θH0þþÞ2 þ 2ðHt−− − cos θH0−−Þ2þ2ðHt00 − cos θH000Þ2�: ð42Þ

Using Eqs. (39)–(42), one can get the explicit forms of observables of B̄�
c → D̄ð�Þl−ν̄l decays.

Performing the integration over cos θ and summing over the lepton helicity, we obtain the singly differential decay rates

dΓ½B̄�
c → D̄l−ν̄l�
dq2

¼ G2
FjVubj2jp⃗j
96π3m2

B�
c

1

3
q2
�
1 −

m2
l

q2

�
2
��

1þ m2
l

2q2

�
ðH2þ− þH2

−þ þH2
00Þ þ

3m2
l

2q2
H2

t0

�
; ð43Þ

dΓ½B̄�
c → D̄�l−ν̄l�
dq2

¼ G2
FjVubj2jp⃗j
96π3m2

B�
c

1

3
q2
�
1 −

m2
l

q2

�
2
��

1þ m2
l

2q2

�
ðH2

þ0þ þH2
þ−0 þH2

−0− þH2
−þ0

þH2
000 þH2

0−− þH2
0þþÞ þ

3m2
l

2q2
ðH2

tþþ þH2
t−− þH2

t00Þ
�
; ð44Þ

from which the branching fractions can be easily derived. Furthermore, paying attention to the polarization states of
daughter D� meson, one can obtain the longitudinal differential decay width dΓL½B̄�

c → D̄�l−ν̄l�=dq2 by selecting
HλW�λB�c λD� terms with λD� ¼ 0 in Eq. (44).

Besides above differential decay widths, there are several important observables, the ratios of branching fractions, the
longitudinal polarization fraction of the daughter D� meson, the τ lepton spin asymmetry and the forward-backward
asymmetry, which are defined as

RDð�Þ
ðLÞ ðq2Þ ¼

dΓðLÞ½B̄�
c → D̄ð�Þτ−ν̄τ�=dq2

dΓðLÞ½B̄�
c → D̄ð�Þl0−ν̄l0 �=dq2 ; for l0 ¼ e; μ; ð45Þ

FD�
L ðq2Þ ¼ dΓL½B̄�

c → D̄�τ−ν̄τ�=dq2
dΓ=dq2

; ð46Þ

ADð�Þ
λ ðq2Þ ¼ dΓ½B̄�

c → D̄ð�Þτ−ν̄τ�λτ¼−1=2=dq
2 − dΓ½B̄�

c → D̄ð�Þτ−ν̄τ�λτ¼1=2=dq
2

dΓ½B̄�
c → D̄ð�Þτ−ν̄τ�λτ¼−1=2=dq

2 þ dΓ½B̄�
c → D̄ð�Þτ−ν̄τ�λτ¼1=2=dq

2
; ð47Þ

ADð�Þ
θ ðq2Þ ¼

R
0
−1 d cos θðd2Γ=dq2d cos θÞ −

R
1
0 d cos θðd2Γ=dq2d cos θÞ

dΓ=dq2
; ð48Þ

respectively.

These observables probe complementary aspects of the
decay dynamics. The ratios RP;V are sensitive to the relative
strength of the transverse, longitudina, and timelike helicity
contributions. Expanding the differential ratio in powers of
m2

τ=q2, one obtains

RP;Vðq2Þ ≈ 1 −
3

2

m2
τ

q2
þ 3

2

m2
τ

q2
H2

tλB�c λDð�ÞP
iH

2
iλB�c λDð�Þ

þO
�
m4

τ

q4

�
; ð49Þ

where i runs over 0;�. The first correction term reflects the
phase-space suppression of the τ mode, which is gradually
lifted as q2 increases, while the second term arises from the
timelike helicity contribution weighted by m2

τ=q2. Thus,
RP;V generally rises with q2, although the detailed behavior

is channel-dependent since the magnitude of the timelike
amplitude varies among different transitions.
In contrast, the forward-backward asymmetry Aθ probes

the interference between helicity amplitudes. For a pseu-
doscalar final state,

AP
θ ðq2Þ ¼

3

4

H2þ− −H2
−þ þ 2xlHt0H00

ð1þ xl=2ÞðH2þ−þH2
−þ þH2

00Þþ ð3xl=2ÞH2
t0
;

ð50Þ

where xl ≡m2
l=q

2. The numerator contains the interfer-
ence between transverse helicity amplitudes, as seen from
the termH2þ− −H2

−þ ¼ −8MB�
c
jp⃗jA1V [see Eq. (18)]. Thus

Aθ probes the interference structure of the hadronic current,
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complementing RP;V and FL, which are mainly sensitive to
the modulus of the helicity amplitudes. The expression for a
vector final state is analogous.
The longitudinal polarization fraction FD�

L measures the
probability that the daughter vector meson is produced with
zero helicity, i.e., its longitudinal polarization fraction. In
contrast to the total ratios RP;V , FL can be extracted from
the angular distribution of the daughter vector meson decay
products without relying on an overall normalization, and
thus provides complementary information on the polariza-
tion composition of the final state.
Finally, the branching fractions in Eqs. (43) and (44) are

strongly affected by the uncertainties from the CKMmatrix
element and hadronic form factors, but the situation differs
for the observables in Eqs. (45)–(48). Because these
observables are ratios of the branching fractions, their
dependence on the CKM matrix element cancels out
exactly, and the uncertainties arising from form factors
are also largely reduced in these ratios, thus resulting in the
predictions with high accuracy.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Input parameters

Before presenting our numerical results and analyses for
B̄�
c → ðP;VÞl−ν̄l decays, we would like to clarify the

input parameters used in our numerical evaluations. For
the CKM elements, we take jVubj ¼ 36.67þ0.88

−0.73 × 10−4,
jVcbj ¼ 41.45þ0.35

−0.61 × 10−3, jVcsj ¼ 97.35þ0.01
−0.01 × 10−2, and

jVcdj ¼ 22.49þ0.02
−0.02 × 10−2 fitted by CKMFitter Group [81],

the central value of the well-known Fermi coupling
constant and the masses of mesons and leptons given
by PDG [80].
To evaluate the branching fractions of semileptonic

B̄�
c → ðP;VÞl−ν̄l decays, the total decay width (or life-

time) ΓB�
c
is essential. Unfortunately, there is no available

experimental and theoretical information for ΓB�
c
to date.

Due to the fact that the radiative process B�
c → Bcγ

dominates the decays of B�
c meson, we take the approxi-

mation ΓtotðB�
cÞ ≃ ΓðB�

c → BcγÞ in our following evalu-
ation of branching fractions. Since the photon from the
B�
c → Bcγ process is too soft to be easily identified

experimentally, the information on ΓðB�
c → BcγÞ is derived

primarily from theoretical estimations. The predictions for
ΓðB�

c → BcγÞ have been obtained in various theoretical
models [82–91]. In this paper, the CLFQM is employed to
evaluate ΓðB�

c → BcγÞ. The relevant theoretical formulas
have been obtained in Ref. [92]. Using the constituent
quark masses and the Gaussian parameters β given in
Appendix B [93], which are determined by fitting to the
decay constants of pseudoscalar and vector mesons follow-
ing the procedure of Ref. [71], we obtain

ΓtotðB�
cÞ ≃ ΓðB�

c → BcγÞ ¼ ð39þ23
−17Þ eV: ð51Þ

The corresponding decay constant of the B�
c meson is

obtained within the same CLFQM framework, defined via

h0jb̄γμcjB�
cðpÞi ¼ fB�

c
MB�

c
ϵμ: ð52Þ

The numerical result is fB�
c
¼ 422� 25 MeV, where the

uncertainty is propagated from the Gaussian parameters β
and the constituent quark masses. Since the Gaussian
parameter βB�

c
is determined with reference to this decay

constant, this value is a model output rather than an
independent prediction. For reference, other theoretical
determinations include fB�

c
¼ 437.9� 4.3 MeV from

LQCD [94], 453� 20 MeV from NRQCD [95], and
415þ22

−39 MeV from QCD SR [96].
Besides the input parameters given above, the form

factors of B̄�
c → ðP;VÞ transitions serve as the fundamental

and critical inputs for evaluating observables. Regrettably,
there is no experimental data and readily available theo-
retical results for use at present. In our previous works,
we calculate the vector and axial-vector form factors of
V 0 → V 00 [97] and P → V [98] transitions within the
standard LFQM (SLFQM) and CLFQM, investigate the
self-consistency and Lorentz covariance of the CLFQM
with two types of correspondence schemes, and analyze
the zero-mode and valence contributions to the form factors
of the relevant transitions in the CLFQM and their relation
to the SLFQM results. The explicit theoretical formulas are
given in Appendix.
In this work, we adopt the strictly covariant and self-

consistent CLFQM to evaluate the form factors of
B̄�
c → ðP;VÞ transitions, and take the Gaussian type wave

functions for the initial B�
c-meson and daughter ground and

excited mesons as [99]

ψ1Sðx;k⊥Þ ¼ 4

�
π

β2

�
3=4

ffiffiffiffiffiffiffi
∂kz
∂x

r
exp

�
−
k2z þ k2⊥
2β2

�
; ð53Þ

ψ2Sðx;k⊥Þ ¼ 4

�
π

β2

�
3=4

ffiffiffiffiffiffiffi
∂kz
∂x

r
exp

�
−
2δ

2

k2z þ k2⊥
β2

�

×

�
a2 − b2

k2z þ k2⊥
β2

�
; ð54Þ

TABLE I. The summary of the resonance masses (in units of
GeV) with different quantum numbers entering the parametriza-
tion of the B�

c → ðP; VÞ form factors [45,80].

F ðq2Þ
B�
c → P B�

c → V JP c → d c → s b → u b → c

A0ðq2Þ A1ðq2Þ 0− 1.870 1.968 5.279 6.274

Vðq2Þ V1−6ðq2Þ 1− 2.010 2.112 5.325 6.332

A1;2ðq2Þ A2−4ðq2Þ 1þ 2.422 2.460 5.726 6.742
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ψ3Sðx;k⊥Þ ¼ 4

�
π

β2

�
3=4

ffiffiffiffiffiffiffi
∂kz
∂x

r
exp

�
−
3δ

2

k2z þ k2⊥
β2

�

×

�
a3 − b3

k2z þ k2⊥
β2

þ c3
ðk2z þ k2⊥Þ2

β4

�
;

ð55Þ

with δ ¼ 1=1.82, a2 ¼ 1.89, b2 ¼ 1.55, a3 ¼ 2.54,
b3 ¼ 5.67, and c3 ¼ 1.86 are taken from Ref. [99], where
they were obtained by fitting the decay constants of heavy
quarkonium states while preserving orthogonality among
the wave functions. It should be noted that the transitions
form factors for semileptonic B�

c decays are derived in the
qþ ¼ 0 frame within the CLFQM, and they are known only

TABLE II. Parameters of the z-series expansion for B̄�
c → ðP; VÞ transitions form factors within CLFQM. The uncertainties are from

the Gaussian parameters β and the constituent quark masses, respectively.

F Fð0Þ b1 F Fð0Þ b1 F Fð0Þ b1

VB̄�
c→B̄ 3.09þ0.05þ0.32

−0.06−0.27 −10.06þ0.40þ1.09
−0.40−0.79 VB̄�

c→B̄s 3.40þ0.04þ0.32
−0.05−0.25 −13.36þ0.59þ0.99

−0.58−1.27 VB̄�
c→D̄ 0.23þ0.02þ0.02

−0.02−0.02 −1.28þ0.06þ0.14
−0.06−0.13

AB̄�
c→B̄

0
0.60þ0.01þ0.06

−0.01−0.06 −1.99þ0.07þ0.17
−0.07−0.17 AB̄�

c→B̄s
0

0.69þ0.01þ0.05
−0.01−0.06 −2.74þ0.12þ0.23

−0.12−0.21 AB̄�
c→D̄

0
0.18þ0.01þ0.01

−0.01−0.02 −0.13þ0.02þ0.02
−0.02−0.02

AB̄�
c→B̄

1
0.65þ0.01þ0.06

−0.01−0.06 −2.56þ0.06þ0.25
−0.06−0.27 AB̄�

c→B̄s
1

0.75þ0.01þ0.08
−0.01−0.07 −3.54þ0.11þ0.40

−0.11−0.42 AB̄�
c→D̄

1
0.19þ0.01þ0.02

−0.01−0.02 −0.67þ0.01þ0.06
−0.01−0.06

AB̄�
c→B̄

2
0.91þ0.07þ0.05

−0.07−0.08 −4.70þ0.35þ0.49
−0.37−0.53 AB̄�

c→B̄s
2

0.96þ0.08þ0.06
−0.08−0.09 −5.61þ0.48þ0.68

−0.50−0.71 AB̄�
c→D̄

2
0.12þ0.01þ0.01

−0.01−0.01 −0.68þ0.05þ0.07
−0.05−0.07

VB̄�
c→ηcð1SÞ 0.91þ0.01þ0.11

−0.01−0.12 −5.36þ0.10þ0.62
−0.09−0.47 VB̄�

c→ηcð2SÞ 0.41þ0.01þ0.04
−0.01−0.04 2.32þ0.21þ0.31

−0.25−0.31 VB̄�
c→ηcð3SÞ 0.21þ0.02þ0.02

−0.02−0.02 2.19þ0.20þ0.19
−0.19−0.18

AB̄�
c→ηcð1SÞ

0
0.66þ0.01þ0.08

−0.01−0.08 2.08þ0.20þ0.27
−0.20−0.24 AB̄�

c→ηcð2SÞ
0

0.27þ0.01þ0.03
−0.01−0.04 5.33þ0.17þ0.48

−0.17−0.45 AB̄�
c→ηcð3SÞ

0
0.11þ0.01þ0.01

−0.01−0.01 3.02þ0.07þ0.24
−0.07−0.15

AB̄�
c→ηcð1SÞ

1
0.70þ0.01þ0.08

−0.01−0.09 −1.26þ0.14þ0.15
−0.14−0.13 AB̄�

c→ηcð2SÞ
1

0.21þ0.01þ0.02
−0.01−0.03 4.37þ0.19þ0.43

−0.20−0.56 AB̄�
c→ηcð3SÞ

1
0.09þ0.01þ0.01

−0.01−0.01 2.34þ0.07þ0.24
−0.07−0.12

AB̄�
c→ηcð1SÞ

2
0.59þ0.01þ0.07

−0.01−0.07 −3.35þ0.11þ0.28
−0.11−0.27 AB̄�

c→ηcð2SÞ
2

0.49þ0.00þ0.02
−0.00−0.02 −1.00þ0.13þ0.13

−0.13−0.13 AB̄�
c→ηcð3SÞ

2
0.25þ0.01þ0.02

−0.01−0.02 1.50þ0.22þ0.12
−0.15−0.17

AB̄�
c→B̄�

1
0.43þ0.01þ0.04

−0.01−0.04 −1.45þ0.07þ0.14
−0.07−0.11 AB̄�

c→B̄�
s

1
0.53þ0.01þ0.05

−0.01−0.05 −2.15þ0.10þ0.17
−0.10−0.18 AB̄�

c→D̄�
1

0.09þ0.01þ0.01
−0.01−0.01 −0.59þ0.04þ0.06

−0.04−0.05

AB̄�
c→B̄�

2
1.17þ0.09þ0.10

−0.09−0.11 −7.72þ0.55þ0.80
−0.55−0.90 AB̄�

c→B̄�
s

2
1.05þ0.08þ0.09

−0.08−0.14 −8.79þ0.70þ0.96
−0.71−1.25 AB̄�

c→D̄�
2

0.10þ0.01þ0.01
−0.01−0.01 −0.66þ0.05þ0.07

−0.05−0.05

AB̄�
c→B̄�

3
0.81þ0.02þ0.07

−0.02−0.09 −4.85þ0.19þ0.51
−0.18−0.54 AB̄�

c→B̄�
s

3
0.73þ0.01þ0.05

−0.02−0.08 −5.42þ0.27þ0.66
−0.26−0.69 AB̄�

c→D̄�
3

0.06þ0.01þ0.01
−0.01−0.00 −0.39þ0.03þ0.03

−0.03−0.03

AB̄�
c→B̄�

4
0.89þ0.02þ0.10

−0.02−0.07 −5.12þ0.13þ0.57
−0.12−0.50 AB̄�

c→B̄�
s

4
0.85þ0.01þ0.09

−0.01−0.08 −6.11þ0.19þ0.70
−0.18−0.70 AB̄�

c→D̄�
4

0.06þ0.00þ0.00
−0.00−0.00 −0.38þ0.02þ0.03

−0.02−0.03

VB̄�
c→B̄�

1
0.53þ0.02þ0.05

−0.02−0.05 −2.04þ0.07þ0.21
−0.07−0.23 VB̄�

c→B̄�
s

1
0.64þ0.01þ0.05

−0.01−0.05 −2.99þ0.10þ0.28
−0.10−0.29 VB̄�

c→D̄�
1

0.10þ0.01þ0.01
−0.01−0.01 −0.62þ0.04þ0.06

−0.04−0.07

VB̄�
c→B̄�

2
1.18þ0.09þ0.11

−0.09−0.11 −6.75þ0.48þ0.82
−0.47−0.73 VB̄�

c→B̄�
s

2
1.06þ0.08þ0.08

−0.08−0.13 −7.79þ0.62þ1.14
−0.63−0.96 VB̄�

c→D̄�
2

0.10þ0.01þ0.01
−0.01−0.01 −0.65þ0.05þ0.05

−0.05−0.06

VB̄�
c→B̄�

3
0.41þ0.01þ0.02

−0.01−0.04 −1.56þ0.08þ0.12
−0.08−0.13 VB̄�

c→B̄�
s

3
0.40þ0.00þ0.01

−0.00−0.03 −2.01þ0.10þ0.22
−0.10−0.21 VB̄�

c→D̄�
3

0.07þ0.01þ0.01
−0.01−0.01 −0.48þ0.03þ0.04

−0.03−0.05

VB̄�
c→B̄�

4
0.02þ0.00þ0.00

−0.00−0.00 0.02þ0.00þ0.00
−0.00−0.00 VB̄�

c→B̄�
s

4
0.09þ0.01þ0.01

−0.01−0.01 −0.52þ0.06þ0.06
−0.06−0.07 VB̄�

c→D̄�
4

−0.01þ0.00þ0.00
−0.00−0.00 0.10þ0.01þ0.01

−0.01−0.01

VB̄�
c→B̄�

5
3.16þ0.09þ0.26

−0.10−0.34 −11.68þ0.48þ1.02
−0.47−1.25 VB̄�

c→B̄�
s

5
3.53þ0.05þ0.34

−0.05−0.27 −15.83þ0.63þ1.38
−0.64−1.47 VB̄�

c→D̄�
5

0.26þ0.03þ0.02
−0.02−0.02 −1.60þ0.11þ0.13

−0.11−0.17

VB̄�
c→B̄�

6
2.68þ0.08þ0.19

−0.09−0.23 −9.82þ0.40þ0.91
−0.38−0.96 VB̄�

c→B̄�
s

6
3.04þ0.04þ0.23

−0.05−0.32 −13.40þ0.52þ1.44
−0.51−1.41 VB̄�

c→D̄�
6

0.10þ0.01þ0.01
−0.01−0.01 −0.63þ0.05þ0.06

−0.05−0.05

AB̄�
c→ψð1SÞ

1
0.54þ0.00þ0.07

−0.01−0.07 −3.67þ0.05þ0.52
−0.05−0.37 AB̄�

c→ψð2SÞ
1

0.26þ0.00þ0.02
−0.00−0.03 0.97þ0.10þ0.12

−0.10−0.13 AB̄�
c→ψð3SÞ

1
0.14þ0.01þ0.01

−0.01−0.01 1.12þ0.11þ0.13
−0.10−0.10

AB̄�
c→ψð1SÞ

2
0.32þ0.01þ0.02

−0.01−0.03 −2.43þ0.09þ0.28
−0.09−0.29 AB̄�

c→ψð2SÞ
2

0.32þ0.00þ0.03
−0.00−0.02 −1.71þ0.02þ0.12

−0.02−0.15 AB̄�
c→ψð3SÞ

2
0.22þ0.00þ0.02

−0.00−0.01 −0.39þ0.04þ0.05
−0.04−0.05

AB̄�
c→ψð1SÞ

3
0.13þ0.00þ0.01

−0.00−0.01 −1.14þ0.03þ0.13
−0.03−0.16 AB̄�

c→ψð2SÞ
3

0.12þ0.00þ0.01
−0.00−0.01 −0.74þ0.02þ0.10

−0.01−0.09 AB̄�
c→ψð3SÞ

3
0.06þ0.00þ0.01

−0.00−0.01 −0.09þ0.01þ0.01
−0.01−0.01

AB̄�
c→ψð1SÞ

4
0.14þ0.00þ0.01

−0.00−0.01 −1.23þ0.02þ0.15
−0.01−0.13 AB̄�

c→ψð2SÞ
4

0.02þ0.00þ0.00
−0.00−0.00 0.47þ0.05þ0.04

−0.05−0.05 AB̄�
c→ψð3SÞ

4
0.00þ0.00þ0.00

−0.00−0.00 0.26þ0.03þ0.03
−0.03−0.02

VB̄�
c→ψð1SÞ

1
0.56þ0.01þ0.08

−0.01−0.07 −3.83þ0.05þ0.47
−0.05−0.48 VB̄�

c→ψð2SÞ
1

0.28þ0.00þ0.02
−0.00−0.03 0.86þ0.10þ0.10

−0.10−0.09 VB̄�
c→ψð3SÞ

1
0.15þ0.01þ0.01

−0.01−0.01 1.11þ0.11þ0.14
−0.11−0.08

VB̄�
c→ψð1SÞ

2
0.33þ0.01þ0.02

−0.01−0.03 −2.35þ0.09þ0.27
−0.09−0.28 VB̄�

c→ψð2SÞ
2

0.32þ0.00þ0.03
−0.00−0.02 −1.58þ0.03þ0.15

−0.03−0.16 VB̄�
c→ψð3SÞ

2
0.22þ0.00þ0.02

−0.00−0.01 −0.27þ0.04þ0.03
−0.03−0.03

VB̄�
c→ψð1SÞ

3
0.20þ0.00þ0.01

−0.00−0.02 −1.55þ0.02þ0.19
−0.02−0.16 VB̄�

c→ψð2SÞ
3

0.08þ0.00þ0.01
−0.00−0.01 0.18þ0.02þ0.02

−0.02−0.02 VB̄�
c→ψð3SÞ

3
0.04þ0.00þ0.01

−0.00−0.00 0.11þ0.01þ0.01
−0.01−0.01

VB̄�
c→ψð1SÞ

4
−0.01þ0.00þ0.00

−0.00−0.00 0.12þ0.01þ0.01
−0.02−0.01 VB̄�

c→ψð2SÞ
4

−0.11þ0.00þ0.01
−0.00−0.01 1.34þ0.03þ0.13

−0.03−0.18 VB̄�
c→ψð3SÞ

4
−0.07þ0.00þ0.01

−0.00−0.01 0.41þ0.03þ0.05
−0.03−0.03

VB̄�
c→ψð1SÞ

5
1.16þ0.01þ0.15

−0.01−0.15 −7.73þ0.12þ0.71
−0.11−0.81 VB̄�

c→ψð2SÞ
5

0.56þ0.00þ0.05
−0.00−0.05 1.82þ0.20þ0.22

−0.20−0.23 VB̄�
c→ψð3SÞ

5
0.31þ0.01þ0.02

−0.01−0.03 2.01þ0.22þ0.23
−0.20−0.19

VB̄�
c→ψð1SÞ

6
0.64þ0.01þ0.08

−0.01−0.08 −4.08þ0.08þ0.51
−0.05−0.54 VB̄�

c→ψð2SÞ
6

0.38þ0.00þ0.02
−0.00−0.03 0.86þ0.12þ0.11

−0.10−0.11 VB̄�
c→ψð3SÞ

6
0.23þ0.01þ0.01

−0.01−0.01 1.50þ0.15þ0.21
−0.14−0.16

CHANG, QIAN, WANG, WANG, XU, and ZHU PHYS. REV. D 114, 073001 (2026)

073001-8



FIG. 1. The q2 dependences of form factors of B̄�
c → ðP; VÞ transitions. The error bands reflect the uncertainties from the Gaussian

parameters β and the constituent quark masses.
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for spacelike momentum transfer, as q2 ¼ −q2⊥ ≤ 0.
Consequently, the form factors in the physical timelike
region require an additional q2 extrapolation. For the
phenomenological applications, we adopt the BCL version
of z-series expansion [100] in the form adopted in
Refs. [101–103],

Fðq2Þ ¼ 1

1 − q2=M2
pole

XN
k¼0

bk½zðq2; t0Þ − zð0; t0Þ�k; ð56Þ

with zðq2; t0Þ ¼
ffiffiffiffiffiffiffiffiffi
tþ−q2

p
−

ffiffiffiffiffiffiffiffi
tþ−t0

pffiffiffiffiffiffiffiffiffi
tþ−q2

p
þ ffiffiffiffiffiffiffiffi

tþ−t0
p , t− ¼ ðmB�

c
−mP=VÞ2, t0 ≡

tþð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − t−=tþ

p Þ, and tþ is the squared invariant mass
of the lightest multihadron state that can be excited from the
vacuum by the mediating weak transition current. In
Eq. (56), Mpole denotes the mass of the excited resonance
state of the quarks involved in the weak current of the form
factor and shares the quantum numbers of the transition for
a particular form factor, with the corresponding masses
listed in Table I. For our subsequent numerical calculations,
we truncate the expansion at N ¼ 1 in practice, with the
parameter bk determined by fitting to the results computed
directly by CLFQM.
Using the values of constituent quark masses and

Gaussian parameters fitted by fP;V in our previous
studies [93,97], we present our theoretical predictions for

the form factors of c → ðd; sÞ induced B̄�
c → B̄ð�Þ

d , B̄ð�Þ
s

transitions, and b → ðu; cÞ induced B̄�
c → D̄ð�Þ,

ηcð1S; 2S; 3SÞ, ψð1S; 2S; 3SÞ transitions in Table II. The
q2 dependences of form factors in the whole region,
−ðmB�

c
−mfÞ2 ≤ q2 ≤ ðmB�

c
−mfÞ2, are shown in Fig. 1.

Besides the invariant form factors listed in Table III and
shown in Fig. 1, the helicity-basis form factors are also
useful for analyzing the helicity structure of these semi-
leptonic decays. Using the relations given in Eqs. (16)–(28),
we obtain them from the BCL-parametrized invariant form
factors. For conciseness, we present only the results for the
Cabibbo-favored B̄�

c → B̄sl0−ν̄l0 and B̄�
c → B̄�

sl0−ν̄l0

modes, which have relatively large branching fractions
among the channels considered in this work (see below).
The q2 dependences of the helicity-basis form factorsffiffiffiffiffi
q2

p
HλW� λB�c λBð�Þs

are shown in Figs. 2 and 3, with the error

bars corresponding to the numerical values in Tables III
and IV, respectively. The factor

ffiffiffiffiffi
q2

p
is introduced to

remove the kinematic singularities at q2 ¼ 0. The uncer-
tainties are obtained by propagating the uncertainties in the
Gaussian parameters β and the constituent quark masses.
A closer inspection of these helicity-basis form factors

reveals the following features. For the B̄�
c → B̄s transition,

H00 and Ht0 dominate at low q2, while H∓� become
significant only near the endpoint, where Ht0 vanishes as

FIG. 2. The q2 dependences of the helicity-basis form factors
ffiffiffiffiffi
q2

p
HλW� λB�c λBð�Þs

for B̄�
c → B̄s decays. The multiplicative factor

ffiffiffiffiffi
q2

p
removes the kinematic singularities near q2 ¼ 0. The data points with black error bars correspond to the numerical values listed in
Table III, and the error bands reflect the uncertainties from the Gaussian parameters β and the constituent quark masses.
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FIG. 3. The q2 dependences of the helicity-basis form factors
ffiffiffiffiffi
q2

p
HλW� λB�c λBð�Þs

for B̄�
c → B̄�

s decays. The multiplicative factor
ffiffiffiffiffi
q2

p
removes the kinematic singularities near q2 ¼ 0. The data points with black error bars correspond to the numerical values listed in
Table IV, and the error bands reflect the uncertainties from the Gaussian parameters β and the constituent quark masses.
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TABLE III. The multiplicative helicity-basis form factors
ffiffiffiffiffi
q2

p
HλW� λB�c

(in units of GeV2) for the B̄�
c → B̄s

transition at ten equally spaced interior points of the physical q2 region. The uncertainties are from the Gaussian
parameters β and the constituent quark masses.

q2 (GeV2)
ffiffiffiffiffi
q2

p
Ht0ðq2Þ

ffiffiffiffiffi
q2

p
H00ðq2Þ

ffiffiffiffiffi
q2

p
H−þðq2Þ

ffiffiffiffiffi
q2

p
Hþ−ðq2Þ

0.08 7.68þ0.59
−0.65 8.94þ0.82

−0.77 −1.71þ0.17
−0.20 −3.59þ0.31

−0.37

0.17 7.55þ0.58
−0.64 9.20þ0.87

−0.80 −2.56þ0.26
−0.30 −5.16þ0.45

−0.54

0.25 7.39þ0.57
−0.62 9.47þ0.91

−0.83 −3.32þ0.34
−0.39 −6.43þ0.56

−0.67

0.34 7.17þ0.55
−0.60 9.76þ0.95

−0.87 −4.07þ0.41
−0.48 −7.54þ0.66

−0.79

0.42 6.89þ0.53
−0.58 10.05þ1.00

−0.90 −4.83þ0.49
−0.56 −8.55þ0.75

−0.90

0.51 6.54þ0.50
−0.55 10.35þ1.05

−0.93 −5.64þ0.56
−0.65 −9.49þ0.84

−1.00

0.59 6.08þ0.47
−0.51 10.66þ1.10

−0.97 −6.51þ0.65
−0.75 −10.36þ0.93

−1.10

0.68 5.48þ0.42
−0.46 10.98þ1.15

−1.01 −7.46þ0.74
−0.85 −11.15þ1.00

−1.19

0.76 4.66þ0.36
−0.39 11.31þ1.20

−1.05 −8.53þ0.84
−0.97 −11.85þ1.08

−1.27

0.84 3.43þ0.26
−0.29 11.66þ1.26

−1.09 −9.81þ0.95
−1.10 −12.38þ1.14

−1.33

TABLE IV. The multiplicative helicity-basis form factors
ffiffiffiffiffi
q2

p
HλW� λB�c λB�s

(in units of GeV2) for the B̄�
c → B̄�

s transition at ten equally
spaced interior points of the physical q2 region. The uncertainties are from the Gaussian parameters β and the constituent quark masses.

q2 (GeV2)
ffiffiffiffiffi
q2

p
H000ðq2Þ

ffiffiffiffiffi
q2

p
Htþþðq2Þ

ffiffiffiffiffi
q2

p
Ht−−ðq2Þ

ffiffiffiffiffi
q2

p
Ht00ðq2Þ

ffiffiffiffiffi
q2

p
H0þþðq2Þ

0.08 6.73þ0.46
−0.63 1.36þ0.07

−0.05 12.59þ1.07
−1.15 6.98þ0.50

−0.65 0.92þ0.05
−0.05

0.15 6.60þ0.46
−0.62 1.61þ0.11

−0.07 12.61þ1.09
−1.15 7.12þ0.53

−0.66 0.68þ0.07
−0.07

0.23 6.42þ0.45
−0.61 1.89þ0.15

−0.10 12.62þ1.11
−1.15 7.26þ0.57

−0.68 0.39þ0.10
−0.10

0.30 6.21þ0.44
−0.59 2.21þ0.19

−0.14 12.59þ1.12
−1.15 7.40þ0.60

−0.69 0.07þ0.13
−0.15

0.38 5.94þ0.43
−0.56 2.58þ0.25

−0.18 12.52þ1.13
−1.15 7.55þ0.64

−0.70 −0.32þ0.17
−0.19

0.46 5.61þ0.41
−0.53 3.00þ0.30

−0.23 12.40þ1.14
−1.14 7.70þ0.68

−0.71 −0.77þ0.22
−0.25

0.53 5.19þ0.38
−0.49 3.50þ0.37

−0.28 12.20þ1.14
−1.12 7.85þ0.72

−0.73 −1.31þ0.27
−0.31

0.61 4.65þ0.34
−0.44 4.10þ0.45

−0.35 11.91þ1.14
−1.10 8.01þ0.77

−0.74 −1.98þ0.33
−0.39

0.69 3.93þ0.29
−0.38 4.86þ0.54

−0.43 11.47þ1.12
−1.06 8.17þ0.81

−0.76 −2.83þ0.42
−0.48

0.76 2.87þ0.22
−0.28 5.90þ0.65

−0.54 10.75þ1.08
−1.00 8.33þ0.86

−0.77 −4.02þ0.52
−0.59

q2 (GeV2)
ffiffiffiffiffi
q2

p
H−þ0ðq2Þ

ffiffiffiffiffi
q2

p
H−0−ðq2Þ

ffiffiffiffiffi
q2

p
H0−−ðq2Þ

ffiffiffiffiffi
q2

p
Hþ−0ðq2Þ

ffiffiffiffiffi
q2

p
Hþ0þðq2Þ

0.08 −2.50þ0.26
−0.25 −2.53þ0.24

−0.28 12.53þ1.07
−1.15 0.86þ0.13

−0.10 0.90þ0.13
−0.13

0.15 −3.55þ0.37
−0.37 −3.60þ0.35

−0.40 12.50þ1.09
−1.15 1.29þ0.20

−0.15 1.34þ0.20
−0.19

0.23 −4.38þ0.46
−0.45 −4.43þ0.43

−0.49 12.44þ1.11
−1.15 1.68þ0.26

−0.20 1.74þ0.25
−0.24

0.30 −5.09þ0.54
−0.53 −5.14þ0.50

−0.57 12.34þ1.12
−1.15 2.07þ0.31

−0.24 2.14þ0.31
−0.29

0.38 −5.70þ0.60
−0.60 −5.76þ0.57

−0.64 12.18þ1.13
−1.15 2.48þ0.37

−0.29 2.55þ0.36
−0.34

0.46 −6.25þ0.66
−0.67 −6.30þ0.63

−0.71 11.97þ1.13
−1.14 2.93þ0.42

−0.34 2.99þ0.42
−0.39

0.53 −6.74þ0.72
−0.73 −6.78þ0.68

−0.77 11.67þ1.13
−1.12 3.42þ0.48

−0.40 3.47þ0.48
−0.45

0.61 −7.15þ0.76
−0.79 −7.18þ0.73

−0.82 11.26þ1.12
−1.10 3.97þ0.55

−0.46 4.02þ0.54
−0.51

0.69 −7.46þ0.80
−0.84 −7.49þ0.77

−0.86 10.67þ1.10
−1.06 4.62þ0.62

−0.53 4.66þ0.62
−0.57

0.76 −7.63þ0.83
−0.87 −7.64þ0.80

−0.89 9.76þ1.05
−1.00 5.44þ0.71

−0.62 5.46þ0.70
−0.65
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required by kinematics. For the B̄�
c → B̄�

s transition,
the V − A structure creates a clear hierarchy, H0−− and
Ht−− are strongly favored over H0þþ and Htþþ, reflecting
the chiral selectivity of the charged current, with Ht00 also
sizable. Moreover,H000 in the vector case exhibits a similar
q2 dependence as Ht0 in the pseudoscalar case, as both
amplitudes are large at low q2 and decrease toward the
endpoint; this similarity is largely kinematic, since both
amplitudes are subject to the same phase-space suppression
as q2 approaches q2max. These observations are consistent
with the endpoint relations derived in Sec. II C [see
Eqs. (29)–(33)] and provide a consistency check of our
numerical calculation. The observed hierarchy also indi-
cates which angular contributions are expected to be most
accessible in future experimental analyses.
In addition, the uncertainties vary among helicity ampli-

tudes. The largest relative errors occur in amplitudes that
become zero at the endpoint, such as Ht0 and H000, where

small values amplify the absolute errors. In contrast, H00

and Ht00 have larger uncertainties over the entire q2 region
due to multiple form-factor combinations.

B. Theoretical prediction and discussion

Using the theoretical formulas given in the last section
and inputs given above, we then present our numerical
results for the branching fractions of B̄�

c → ðP;VÞl−ν̄l
decays in Table V, in which the four errors are caused by the
Gaussian parameters β, the constituent quark masses, CKM
factors, and ΓB�

c
, respectively. For the other q2-integrated

observables listed in Table VI, the theoretical uncertainties
are caused only by the Gaussian parameters β and the
constituent quark masses. Besides, the q2 dependences of
differential decay rates dΓðLÞ=dq2, RðLÞ, FV

L , and Aλ;θ are
shown in Figs. 4 and 5, with the corresponding error bands.
The following are some explanations and discussions:

TABLE V. The theoretical predictions for the branching fractions of the semileptonic B̄�
c → ðP; VÞl−ν̄l decays. The theoretical errors

are caused by uncertainties of the Gaussian parameters β, the constituent quark masses, CKM factors and total decay width, respectively.

Decay mode This work BS method [64] CLFQM [67]

B̄�
c → B̄e−ν̄e 6.61þ0.12þ1.20þ0.01þ5.03

−0.12−1.11−0.01−2.50 × 10−8 5.78þ0.81
−0.71 × 10−8 4.37þ1.11þ0.14þ0.27

−0.74−0.12−0.27 × 10−8

B̄�
c → B̄μ−ν̄μ 6.33þ0.11þ1.15þ0.01þ4.82

−0.12−1.06−0.01−2.39 × 10−8 5.57þ0.78
−0.68 × 10−8 4.15þ1.06þ0.11þ0.24

−0.70−0.10−0.24 × 10−8

B̄�
c → B̄se−ν̄e 9.80þ0.12þ2.12þ0.00þ7.46

−0.13−1.70−0.00−3.71 × 10−7 9.43þ1.25
−1.11 × 10−7 7.51þ1.92þ0.17þ0.10

−1.27−0.08−0.37 × 10−7

B̄�
c → B̄sμ

−ν̄μ 9.28þ0.11þ2.01þ0.00þ7.07
−0.12−1.61−0.00−3.51 × 10−7 8.96þ1.19

−1.05 × 10−7 7.06þ1.80þ0.14þ0.06
−0.19−0.10−0.32 × 10−7

B̄�
c → D̄l0−ν̄l0 2.27þ0.22þ0.39þ0.11þ1.73

−0.21−0.40−0.09−0.86 × 10−9 1.60þ0.31
−0.26 × 10−9 1.36þ0.35þ0.13þ0.20

−0.23−0.13−0.15 × 10−9

B̄�
c → D̄τ−ν̄τ 1.41þ0.13þ0.24þ0.07þ1.08

−0.13−0.25−0.06−0.53 × 10−9 1.08þ0.20
−0.17 × 10−9 0.65þ0.17þ0.07þ0.08

−0.11−0.06−0.07 × 10−9

B̄�
c → ηcð1SÞl0−ν̄l0 3.80þ0.04þ0.89þ0.06þ2.89

−0.05−0.92−0.11−1.44 × 10−7 4.19þ0.41
−0.37 × 10−7 4.45þ1.14þ0.27þ0.39

−0.75−0.10−0.49 × 10−7

B̄�
c → ηcð1SÞτ−ν̄τ 1.06þ0.01þ0.25þ0.02þ0.81

−0.01−0.26−0.03−0.40 × 10−7 1.26þ0.13
−0.11 × 10−7 1.03þ0.26þ0.07þ0.07

−0.17−0.04−0.10 × 10−7

B̄�
c → ηcð2SÞl0−ν̄l0 7.79þ1.01þ2.62þ0.13þ5.94

−0.97−2.37−0.23−2.95 × 10−9 − 5.60þ1.43þ0.02þ0.60
−0.95−0.03−0.29 × 10−8

B̄�
c → ηcð2SÞτ−ν̄τ 3.12þ0.87þ2.44þ0.05þ2.38

−0.77−1.85−0.09−1.18 × 10−10 − 4.92þ1.26þ0.11þ0.12
−0.83−0.11−0.23 × 10−9

B̄�
c → ηcð3SÞl0−ν̄l0 8.04þ2.52þ2.18þ0.14þ6.12

−2.24−1.73−0.23−3.04 × 10−10 − −

B̄�
c → ηcð3SÞτ−ν̄τ 9.52þ6.42þ6.29þ0.16þ7.25

−5.07−4.60−0.28−3.60 × 10−12 − −

B̄�
c → B̄�e−ν̄e 6.73þ0.30þ1.25þ0.01þ5.13

−0.31−1.30−0.01−2.55 × 10−8 1.59þ0.21
−0.21 × 10−7 −

B̄�
c → B̄�μ−ν̄μ 6.44þ0.28þ1.20þ0.01þ4.91

−0.30−1.25−0.01−2.44 × 10−8 1.53þ0.22
−0.19 × 10−7 −

B̄�
c → B̄�

se−ν̄e 1.12þ0.02þ0.22þ0.00þ0.85
−0.02−0.21−0.00−0.42 × 10−6 2.47þ0.33

−0.29 × 10−6 −

B̄�
c → B̄�

sμ
−ν̄μ 1.06þ0.02þ0.21þ0.00þ0.81

−0.02−0.20−0.00−0.40 × 10−6 2.34þ0.31
−0.28 × 10−6 −

B̄�
c → D̄�l0−ν̄l0 1.35þ0.24þ0.30þ0.07þ1.03

−0.22−0.25−0.05−0.51 × 10−9 4.61þ0.92
−0.76 × 10−9 −

B̄�
c → D̄�τ−ν̄τ 8.17þ1.41þ1.84þ0.40þ6.23

−1.33−1.52−0.32−3.09 × 10−10 3.22þ0.61
−0.51 × 10−9 −

B̄�
c → ψð1SÞl0−ν̄l0 6.42þ0.09þ1.95þ0.11þ4.89

−0.10−1.79−0.19−2.43 × 10−7 1.13þ0.11
−0.10 × 10−6 −

B̄�
c → ψð1SÞτ−ν̄τ 1.69þ0.02þ0.54þ0.03þ1.29

−0.02−0.50−0.05−0.64 × 10−7 3.13þ0.32
−0.28 × 10−7 −

B̄�
c → ψð2SÞl0−ν̄l0 3.63þ0.12þ0.82þ0.06þ2.76

−0.12−0.86−0.11−1.37 × 10−8 − −

B̄�
c → ψð2SÞτ−ν̄τ 2.24þ0.13þ0.69þ0.04þ1.70

−0.13−0.72−0.07−0.85 × 10−9 − −

B̄�
c → ψð3SÞl0−ν̄l0 4.96þ0.60þ0.85þ0.08þ3.78

−0.60−0.92−0.14−1.88 × 10−9 − −

B̄�
c → ψð3SÞτ−ν̄τ 7.09þ1.44þ2.11þ0.12þ5.40

−1.39−2.23−0.21−2.68 × 10−11 − −
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TABLE VI. Predictions for q2-integrated observables within the SM, The theoretical errors are caused by uncertainties of the Gaussian
parameters β and the constituent quark masses, respectively.

Obs. Prediction Obs. Prediction Obs. Prediction Obs. Prediction

RD�
0.606þ0.001þ0.003

−0.003−0.003 RD�
L 0.592þ0.001þ0.003

−0.003−0.004 AD�
λ 0.514þ0.001þ0.003

−0.001−0.003 AD�
θ −0.126þ0.001þ0.004

−0.000−0.004

Rψð1SÞ 0.263þ0.001þ0.004
−0.001−0.005 Rψð1SÞ

L
0.278þ0.001þ0.005

−0.001−0.006 Aψð1SÞ
λ

0.221þ0.000þ0.000
−0.000−0.011 Aψð1SÞ

θ
0.074þ0.000þ0.004

−0.000−0.000

Rψð2SÞ 0.062þ0.002þ0.005
−0.002−0.007 Rψð2SÞ

L
0.068þ0.002þ0.006

−0.002−0.008 Aψð2SÞ
λ

0.024þ0.003þ0.015
−0.003−0.022 Aψð2SÞ

θ
0.169þ0.003þ0.016

−0.003−0.009

Rψð3SÞ 0.014þ0.001þ0.002
−0.001−0.002 Rψð3SÞ

L
0.017þ0.001þ0.002

−0.001−0.003 Aψð3SÞ
λ

−0.077þ0.005þ0.021
−0.006−0.025 Aψð3SÞ

θ
0.188þ0.007þ0.019

−0.006−0.012

RD 0.621þ0.002þ0.001
−0.002−0.000 FD�

L 0.353þ0.002þ0.002
−0.001−0.002 AD

λ 0.757þ0.001þ0.000
−0.001−0.000 AD

θ −0.224þ0.003þ0.001
−0.003−0.002

Rηcð1SÞ 0.279þ0.001þ0.001
−0.001−0.001 Fψð1SÞ

L
0.306þ0.000þ0.002

−0.000−0.002 Aηcð1SÞ
λ

0.591þ0.001þ0.003
−0.001−0.004 Aηcð1SÞ

θ
−0.086þ0.001þ0.004

−0.001−0.001

Rηcð2SÞ 0.040þ0.005þ0.014
−0.005−0.015 Fψð2SÞ

L
0.303þ0.001þ0.005

−0.001−0.004 Aηcð2SÞ
λ

0.381þ0.016þ0.024
−0.019−0.019 Aηcð2SÞ

θ
−0.049þ0.002þ0.016

−0.002−0.023

Rηcð3SÞ 0.012þ0.004þ0.004
−0.004−0.004 Fψð3SÞ

L
0.304þ0.001þ0.001

−0.001−0.001 Aηcð3SÞ
λ

0.373þ0.012þ0.018
−0.017−0.040 Aηcð3SÞ

θ
−0.074þ0.020þ0.020

−0.026−0.028

FIG. 4. The q2 dependences of differential decay rates dΓ=dq2 (solid lines) and dΓL=dq2 (dashed lines) for semileptonic
B̄�
c → ðP; VÞl−ν̄l decays. The error bands represent the uncertainties propagated from the Gaussian parameters β and the constituent

quark masses.
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(1) For branching fractions, it could be found from
Table V that our results are consistent with the
theoretical predictions of B̄�

c → ðP; VÞl−ν̄l (P ¼ B,
Bs, D, ηcð1SÞ; V ¼ B�, B�

s , D�, ψð1SÞ) decays
within the BS method [64] and B̄�

c → Pl−ν̄l
(P ¼ B, Bs, D, ηcð1S; 2SÞ) decays within the
CLFQM [67]. It is important to highlight that the
CLFQM adopted in this paper yields the self-con-
sistent and covariant results for the form factors of
V → P and V 0 → V 00 transitions, as discussed in
Refs. [97,98]. The input parameters adopted in our
calculation for form factors differ from those used in
the CLFQM analysis of Ref. [67], which leads to
slight discrepancies between our predictions and the
results reported therein.
In Table V, our theoretical predictions for branch-

ing fractions have larger uncertainties than some
previous estimates [64,67]. This is because we
propagate the full uncertainties from all input
parameters (quark masses, Gaussian parameters β,
CKM elements, and the total width ΓB�

c
), whereas

earlier works often considered only partial errors.
The largest uncertainty from ΓB�

c
, which is induced

by the input parameters used in the calculation

of ΓðB�
c → BcγÞ. Our value ΓðB�

c → BcγÞ ¼
ð39þ23

−17Þ eV differs from the result ð59� 12Þ eV
in Ref. [67], and this uncertainty will be reduced
by the precise measurement of ΓB�

c
in future high-

luminosity experiments. The smallest uncertainty
arises from CKM factors, particularly for the

B̄�
c → B̄ð�Þ

s l0−ν̄l0 decays induced by c̄ → s̄l0−ν̄l0

transition at quark level, which is attributed to the
current precise experimental measurements of
CKM matrix elements. In addition, the results of
B̄�
c → ηcð3SÞl−ν̄l, ψð2S; 3SÞl−ν̄l decays in this

paper are first presented.
Owing to the hierarchical relations between

the CKM matrix elements jVubj < jVcbj <
jVcdj < jVcsj, there are some clear hierarchical
relationships among branching ratios for the B�

c
decays induced either by the bottom quark decay
or by the charm quark decay, i.e.,

BðB̄�
c → D̄l−ν̄lÞ < BðB̄�

c → B̄l0−ν̄l0 Þ
< BðB̄�

c → ηcð1SÞl−ν̄lÞ
< BðB̄�

c → B̄sl0−ν̄l0 Þ; ð57Þ

FIG. 5. The q2 dependences of RðLÞðq2Þ, FLðq2Þ, Aλðq2Þ, and Aθðq2Þ. The error bands represent the uncertainties propagated from the
Gaussian parameters β and the constituent quark masses.
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BðB̄�
c → D̄�l−ν̄lÞ < BðB̄�

c → B̄�l0−ν̄l0 Þ
< BðB̄�

c → ψð1SÞl−ν̄lÞ
< BðB̄�

c → B̄�
sl0−ν̄l0 Þ: ð58Þ

It should be pointed out that the phase spaces in
b → c induced B̄�

c → ηcð1SÞ, ψð1SÞ transitions are
much larger than c → d induced B̄�

c → B̄ð�Þ transi-
tions and thus can compensate for the small CKM
matrix element in B̄�

c → ηcð1SÞl−ν̄l, ψð1SÞl−ν̄l
decays.
Due to the hierarchical relations between masses

mηcð1SÞ < mηcð2SÞ < mηcð3SÞ and mψð1SÞ < mψð2SÞ <
mψð3SÞ, the phase spaces of final states decrease
with the increase in the radial quantum number n.
There are some clear hierarchical relations, i.e.,

BðB̄�
c → ηcð3SÞl−ν̄lÞ < BðB̄�

c → ηcð2SÞl−ν̄lÞ
< BðB̄�

c → ηcð1SÞl−ν̄lÞ;
ð59Þ

BðB̄�
c → ψð3SÞl−ν̄lÞ < BðB̄�

c → ψð2SÞl−ν̄lÞ
< BðB̄�

c → ψð1SÞl−ν̄lÞ:
ð60Þ

In addition, from the numerical results in Table V,
the branching fractions of B̄�

c → Vl−ν̄l decays are
generally larger than those of the corresponding P
modes, except for the D̄ð�Þ case where the larger
phase space of the D̄ mode compensates for the
fewer helicity amplitudes. This leads to the follow-
ing hierarchical relations, i.e.,

BðB̄�
c → ηcðnSÞl−ν̄lÞ < BðB̄�

c → ψðnSÞl−ν̄lÞ;
ð61Þ

BðB̄�
c → B̄ðsÞl0−ν̄l0 Þ < BðB̄�

c → B̄�
ðsÞl

0−ν̄l0 Þ: ð62Þ

As for the hierarchical relations between the
branching ratios of B̄�

c → D̄ð�Þl−ν̄l decays,

BðB̄�
c → D̄l−ν̄lÞ > BðB̄�

c → D̄�l−ν̄lÞ; ð63Þ

which differ from the above predictions in Eqs. (61)
and (62). This can be attributed to two factors. One
is the larger phase space available in the B̄�

c → D̄
mode; the other is that the form factors at q2 ¼ 0

are also larger for the D̄ mode than for the D̄�
mode, as listed in Table II.
In Table V, one may find that the CKM-favored

B̄�
c → B̄ð�Þ

s l0−ν̄l0 , B̄ð�Þl0−ν̄l0 , ψð1SÞl−ν̄l,

ψð2SÞl0−ν̄l0 , and ηcð1SÞl−ν̄l decays have the large
branching fractions, ≳Oð10−8Þ. In particular, the
branching fractions of the B̄�

c → B̄�
se−ν̄e and B̄�

sμ
−ν̄μ

decays can reach up to Oð10−6Þ and therefore should
be prioritized for searches and are expected to be
first observed in future LHCb experiments. Owing to
the relatively small CKM factors and form factors,
the B̄�

c → D̄ð�Þl−ν̄l and other excited charmonium
modes possess much smaller branching fractions of
Oð10−12Þ ∼Oð10−9Þ, which implies that these de-
cays are hardly observable for a long time.

(2) At present, no direct evidence of NP has been reported;
there still exists some discrepancies with the SM
predictions in semileptonic B decays. As mentioned
above, the BABAR, Belle, Belle II, and LHCb collab-
orations reported a combined 3.8σ deviation of their
measured ratios RDð�Þ from the SM predictions. Be-
sides, the ratio RJ=ψ in semileptonic Bc decays
measured by the LHCb collaboration lies 1.8σ above
the SM prediction. The above-mentioned large devia-
tions in RDð�Þ and possible anomaly in Bc decay
channels imply possible hints of NP. Therefore, it
would be interesting to investigate whether such
similar anomalies also exist independently in semi-
leptonic B�

c decay modes.
Our numerical results for the ratios RPðVÞ defined in

B̄�
c → ðP;VÞl−ν̄l decays are summarized in TableVI,

and the q2 dependences of these observables are
shown in Fig. 5. Using the results collected in Table V,
we obtain the predictions within the CLFQM [67] and
BS method [64],

RD ¼ 0.478; Rηcð1SÞ ¼ 0.229;

Rηcð2SÞ ¼ 0.087; CLFQM; ð64Þ

RD ¼ 0.675; Rηcð1SÞ ¼ 0.300;

RD� ¼ 0.698; Rψð1SÞ ¼ 0.277: BS method:

ð65Þ
One can see that these results are slightly smaller
(larger) than ours, due to the adoption of distinct
models and parametrizations in form factor evaluation.
Notably, these ratios are less model dependent and can
be used to verify the consistency between theoretical
predictions and experimental observations in future
experiments.
From Table VI, it could be found that

Rψð3SÞ
ðLÞ < Rψð2SÞ

ðLÞ < Rψð1SÞ
ðLÞ ; ð66Þ

Rηcð3SÞ < Rηcð2SÞ < Rηcð1SÞ: ð67Þ
This hierarchy is mainly correlated with the available
phase space, which is more restricted for the excited
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states, and also reflects the differences in the helicity
compositions among these states.
In contrast toRV

L ,F
V
L has identical decay modes and

the ranges of q2 integration in both its numerator and

denominator. one can find that Fψð1SÞ
L ≃ Fψð2SÞ

L ≃
Fψð3SÞ
L ≃ 30% and FD�

u
L ≃ 35%, which implies that

B̄�
c → Vτ−ν̄τ decay dominated by the transverse

polarization.
Moreover, we also consider the ratios

RBs=B
e ¼ BðB̄�

c → B̄se−ν̄eÞ
BðB̄�

c → B̄e−ν̄eÞ
¼ 14.8þ0.1þ0.5

−0.1−0.4 ; ð68Þ

RBs=B
μ ¼ BðB̄�

c → B̄sμ
−ν̄μÞ

BðB̄�
c → B̄μ−ν̄μÞ

¼ 14.7þ0.1þ0.5
−0.1−0.4 ; ð69Þ

RB�
s=B�

e ¼ BðB̄�
c → B̄�

se−ν̄eÞ
BðB̄�

c → B̄�e−ν̄eÞ
¼ 16.6þ0.5þ0.6

−0.4−0.5 ; ð70Þ

RB�
s=B�

μ ¼ BðB̄�
c → B̄�

sμ
−ν̄μÞ

BðB̄�
c → B̄�μ−ν̄μÞ

¼ 16.5þ0.5þ0.6
−0.4−0.5 ; ð71Þ

where the first uncertainty comes from the Gaussian
parameter β and the second from the constituent quark
masses. The larger β induced uncertainty for RB�

s=B�

arises because vector meson wave functions are more
sensitive to β than pseudoscalar ones, while the quark
mass uncertainties affect both ratios similarly. These
results suggest a relatively large SU(3) symmetry
breaking effects in B̄�

c → B̄ðsÞl0−ν̄l0 decays.
(3) Furthermore, we also take into account another two

physical observables, the lepton spin asymmetry

APðVÞ
λ and the forward-backward asymmetry APðVÞ

θ ,
which are very sensitive to the NP effects and widely
studied in B system within various NP scenarios
[36,104–106]. Our numerical results for q2-

integrated APðVÞ
λ and APðVÞ

θ are collected in Table VI,

and the q2 dependences of APðVÞ
λ and APðVÞ

θ are
shown in Fig. 5.
One can notice that the theoretical uncertainties of

these two observables listed in Table VI are signifi-
cantly small compared with the branching fractions.

Therefore, the precise SM predictions for APðVÞ
λ and

APðVÞ
θ obtained in this work may provide useful

references for future experimental measurements.
A detailed look at the q2-dependent distributions

and the integrated observables reveals several features.
For Aθ in Table VI, the uncertainties are generally
smaller for ground-state channels than for radially
excited states. This reflects the fact that excited-state
form factors are more sensitive to the detailed shape
of the wave functions, which introduces additional

parametric dependence in theCLFQM.Consequently,
ground-state predictions are under better theoretical
control, while excited-state results are more affected
by the model inputs. This channel dependence is also
visible in the error bands at high q2 for ηcð2SÞ and
ηcð3SÞ, as shown in Fig. 5. In addition, the differ-
ential q2 dependences show the following features:

AV
λ crosses zero at q2 ≈ 4.9 GeV2, Aηcð1SÞ;ηcð2SÞ;D

λ

cross zero at q2 ≈ ð3.2; 3.2; 3.7Þ GeV2 respectively,

while Aηcð3SÞ
λ exhibits no zero crossing in the physical

q2 region. These distinct patterns offer complemen-
tary information for testing theoretical predictions.

(4) Interestingly, the LHCb collaboration has measured
the ratio Rπ=μν̄μ relating the nonleptonic and semi-
leptonic branching fractions of Bc meson [107],

Rπ=μν̄μ ¼
BðB−

c → J=ψπ−Þ
BðB−

c → J=ψμ−ν̄μÞ
¼ 0.0469� 0.0028ðstatÞ
� 0.0046ðsystÞ: ð72Þ

This ratio takes the advantage of being independent
of both the Bc production rate and Vcb. Similarly,
using the predictions of nonleptonic B�

c decays given
in our previous work [66] and the results of semi-
leptonic B�

c decays calculated in this paper, we also
consider the theoretical predictions of the following
ratios:

RB
π=μν̄μ

¼ BðB̄�
c → B̄π−Þ

BðB̄�
c → B̄μ−ν̄μÞ

¼ 0.332;

RBs
π=μν̄μ

¼ BðB̄�
c → B̄sπ

−Þ
BðB̄�

c → B̄sμ
−ν̄μÞ

¼ 0.474;

Rηcð1SÞ
π=l0ν̄l0

¼ BðB̄�
c → ηcð1SÞπ−Þ

BðB̄�
c → ηcð1SÞl0−ν̄l0 Þ

¼ 0.039;

Rηcð2SÞ
π=l0ν̄l0

¼ BðB̄�
c → ηcð2SÞπ−Þ

BðB̄�
c → ηcð2SÞl0−ν̄l0 Þ

¼ 0.526;

RB�
π=μν̄μ

¼ BðB̄�
c → B̄�π−Þ

BðB̄�
c → B̄�μ−ν̄μÞ

¼ 0.978;

RB�
s

π=μν̄μ
¼ BðB̄�

c → B̄�
sπ

−Þ
BðB̄�

c → B̄�
sμ

−ν̄μÞ
¼ 1.321;

Rψð1SÞ
π=l0ν̄l0

¼ BðB̄�
c → ψð1SÞπ−Þ

BðB̄�
c → ψð1SÞl0−ν̄l0 Þ

¼ 0.079;

Rψð2SÞ
π=l0ν̄l0

¼ BðB̄�
c → ψð2SÞπ−Þ

BðB̄�
c → ψð2SÞl0−ν̄l0 Þ

¼ 0.441: ð73Þ

Theoretically, these ratios can be predicted more
precisely within the SM and will be more suitable for
probing NP beyond the SM.
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IV. SUMMARY

With the high luminosities of the running LHC and the
future Super Electron Positron Collider, it is expected that
a huge amount of the B�

c data samples would be accu-
mulated, offering a valuable opportunity to investigate the
B�
c weak decays. In this paper, we have studied the tree-

dominated semileptonic B̄�
c → ðP; VÞl−ν̄l (P ¼ D, Bd;s,

ηcð1S; 2S; 3SÞ; V ¼ D�, B�
d;s, ψð1S; 2S; 3SÞ) decays,

induced by the charm quark and bottom quark weak
decay. The form factors for the B̄�

c → ðP; VÞ transitions
are calculated using the CLFQM. The helicity amplitudes
are calculated in detail, and the predictions of observables
including branching fraction (decay rate), the longitudinal
polarization fraction of the daughter vector meson, lepton
spin asymmetry, forward-backward asymmetry, and ratios
RðLÞ are presented in Tables V, VI and Figs. 4 and 5. It is
found that the CKM-favored B̄�

c → B̄�
se−ν̄e and B̄�

sμ
−ν̄μ

decay has large branching fraction of Oð10−6Þ. Therefore,
it is likely to be observed in future LHCb experiments or
can serve as golden channel to search for the B�

c meson in
experiments. In addition, the ratios Rπ=l0ν̄l0 relating the
nonleptonic and semileptonic branching fractions of B�

c
meson are also predicted in discussion. This study
provides a ready and helpful reference for experimental
discovery and investigation of B�

c mesons in the future.
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APPENDIX: DETAILS OF THE CLFQM
CALCULATION

In this appendix, we provide the explicit expressions for
the form factors of V → ðP;VÞ transitions in the CLFQM.
The notation used in this appendix follows the CLFQM
conventions of Ref. [98].
Following Ref. [98], the V → P transition matrix ele-

ments are parameerized in terms of the auxiliary functions
gðq2Þ, fðq2Þ, aþðq2Þ, and a−ðq2Þ as

hPðp00; λÞjq̄001γμq01jVðp0Þi ¼ iϵμναβϵνPαqβgðq2Þ; ðA1Þ

hPðp00; λÞjq̄100γμγ5q01jVðp0Þi
¼ −fðq2Þϵμ − ϵ · P½aþðq2ÞPμ þ a−ðq2Þqμ�; ðA2Þ

where P ¼ p0 þ p00 and q ¼ p0 − p00. These auxiliary
functions are related to the physical form factors Vðq2Þ,
A0ðq2Þ, A1ðq2Þ, and A2ðq2Þ by

Vðq2Þ ¼ −ðM0 þM00Þgðq2Þ; ðA3Þ

A0ðq2Þ ¼ −
1

2M0 ½−ðM02 −M002Þaþðq2Þ
þ fðq2Þ þ q2a−ðq2Þ�; ðA4Þ

A1ðq2Þ ¼ −
fðq2Þ

M0 þM00 ; ðA5Þ

A2ðq2Þ ¼ ðM0 þM00Þaþðq2Þ: ðA6Þ

Their explicit expressions in the CLFQM are given by the
following integrands:

½F ðq2Þ�CLF ¼Nc

Z
dxd2k0⊥
2ð2πÞ3

χ0Mχ
00
M

x̄
F̃CLFðx;k0⊥;q2Þ; ðA7Þ

where F denotes the CLFQM form factor obtained within
the self-consistent scheme. For V → P transition, the
integrands F̃ are given by

g̃V→Pðq2Þ ¼ −2
�
x̄m0

1 þ xm2 þ ðm0
1 −m00

1Þ
k⊥ · q⊥

q2
þ 2

DV;con

�
k02⊥ þ ðk0⊥ · q⊥Þ2

q2

��
; ðA8Þ

ãV→Pþ ðq2Þ ¼ 2m0
1ð1 − Að1Þ

1 − Að1Þ
2 Þ þ 2m00

1ðAð1Þ
1 − Að1Þ

2 − 4Að2Þ
2 þ 4Að2Þ

3 Þ þ 4m2ðAð1Þ
1 þ 2Að2Þ

2 − 2Að2Þ
3 Þ

−
4k00⊥ · q⊥
x̄q2DV;con

½k⊥ · k00⊥ þ ðx̄m00
1 þ xm2Þðxm2 − x̄m0

1Þ�; ðA9Þ
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f̃V→Pðq2Þ ¼ −2
�
m0

1½M002 − ðm00
1 −m2Þ2 − q2 − N̂0

1 − Ẑ2� þm00
1ðM02 −m02

1 −m2
2 − N̂0

1 − Ẑ2 þ 4Að2Þ
1 Þ

þ 2m2ðm02
1 þ N̂0

1 − 2Að2Þ
1 Þ þ 2

DV;con

�
ð2x − 1ÞM02 þM002 − 2ðm0

1 −m00
1Þðm0

1 þm2Þ

þ 2xM02
0 − q2 −

2k⊥ · q⊥
q2

ðM02 −M002 þ q2Þ
��

k2⊥ þ ðk⊥ · q⊥Þ2
q2

��
; ðA10Þ

ãV→P
− ðq2Þ ¼ 2

�
m0

1ðAð1Þ
1 þ Að1Þ

2 þ 1Þ þm00
1ðAð1Þ

2 − Að1Þ
1 þ 4Að2Þ

3 − 4Að2Þ
4 Þ þ 2m2ðAð1Þ

1 − 2Að1Þ
2 − 2Að2Þ

3

þ 2Að2Þ
4 Þ − 1

DV;con

�
−2ðM02 þM002 þ 2ðm0

1 þm2Þðm00
1 −m2Þ − q2ÞðAð2Þ

3 þ Að2Þ
4 − Að1Þ

2 Þ

þ ð2M02 þ ðm0
1 þm00

1Þ2 − 2ðm0
1 þm2Þ2 − q2 − N̂0

1 þ N̂00
1ÞðAð1Þ

1 þ Að1Þ
2 − 1Þ

þ 2Ẑ2ð2Að2Þ
4 − 3Að1Þ

2 þ 1Þ þ 2
M02 −M002

q2
ð4Að1Þ

2 Að2Þ
1 − 3Að2Þ

1 Þ
��

: ðA11Þ

For V → V transition, the integrands F̃ are given by

ṼV→V
1 ðq2Þ ¼ 2

�
xðm0

1 þm00
1Þm2 þ

1

x̄
ðk02⊥ þ x2m2

2Þ − k0⊥ · q⊥ þ x̄m0
1m

00
1 þ 8Að3Þ

1

−
2

D0
V;con

½m0
1ð−Að2Þ

1 þ 4Að3Þ
1 Þ þm0

1A
ð2Þ
1 þ 4m2A

ð3Þ
1 � − 2

D00
V;con

½m0
1A

ð2Þ
1 þm00

1ð−Að2Þ
1 þ 4Að3Þ

1 Þ þ 4m2A
ð3Þ
1 �

−
4

D0
V;conD

00
V;con

Að2Þ
1

�
1

x̄
ðk0⊥2 þ x2m2

2Þ − k0⊥ · q⊥ þ x̄m0
1m

00
1 − xðm0

1 þm00
1Þm2

��
; ðA12Þ

ṼV→V
2 ðq2Þ ¼ 2M02 − 2ðm0

1 −m2Þ2 þ ðm0
1 −m00

1Þ2 − q2 − N̂0
1 þ N̂00

1 − 2Z2 − 16Að3Þ
2

þ 2½2ðm2 −m0
1Þðm2 −m00

1Þ −M02 −M002 þ q2 þ 2Z2�Að1Þ
2 þ 4

�
2þM02 −M002

q2

�
Að2Þ
1

þ 4

D0
V;con

½m0
1ð4Að3Þ

2 − 3Að2Þ
1 Þ þm00

1A
ð2Þ
1 þ 2m2ð2Að3Þ

2 − Að2Þ
1 Þ�

þ 4

D00
V;con

½−m0
1A

ð2Þ
1 þm00

1ð4Að3Þ
2 − Að2Þ

1 Þ þ 2m2ð2Að3Þ
2 − Að2Þ

1 Þ�

þ 4

D0
V;conD

00
V;con

��
−2M02 − ðm0

1 −m00
1Þ2 þ 2ðm0

1 −m2Þ2 þ q2 þ N̂0
1 − N̂00

1 þ 2Z2

−
4ðM02 −M002Þ

3q2
Að2Þ
1

�
Að2Þ
1 þ 2½M02 þM002 − 2ðm0

1 þm2Þðm00
1 þm2Þ − q2 − 2Z2�Að3Þ

2

�
; ðA13Þ

ṼV→V
3 ðq2Þ ¼ 4ðM02 −M002Þ

�
4ðAð2Þ

3 − Að2Þ
2 þ Að3Þ

3 − Að3Þ
5 Þ þ 1

D0
V;con

½ðx − x̄Þm0
1ðAð1Þ

1 − Að1Þ
2 − Að2Þ

2 þ Að2Þ
4 Þ

þm00
1ðAð2Þ

2 − 2Að2Þ
3 þ Að2Þ

4 Þ þ xm2ðAð1Þ
1 − Að1Þ

2 − 2Að2Þ
2 þ 2Að2Þ

4 Þ�

þ 1

D00
V;con

½m0
1ðx̄ − 2Að1Þ

2 þ Að2Þ
2 þ 2Að2Þ

3 þ Að2Þ
4 Þ þ ðx − x̄Þm00

1ðAð1Þ
1 − Að1Þ

2 − Að2Þ
2 þ Að2Þ

4 Þ

þ 2m2ðAð1Þ
1 þ Að2Þ

2 − 3Að2Þ
3 − 2Að3Þ

3 þ 2Að3Þ
5 Þ� þ 2

D0
V;conD

00
V;con

ðAð1Þ
1 − Að1Þ

2 − Að2Þ
2 þ Að2Þ

4 Þ

×

�
1

x̄
ðk0⊥2 þ x2m2

2Þ − k0⊥ · q⊥ þ x̄m0
1m

00
1 − xðm0

1 þm00
1Þm2

��
; ðA14Þ
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ṼV→V
4 ðq2Þ ¼ −4q2

�
2ð−Að1Þ

1 þ Að1Þ
2 þ Að2Þ

2 þ 2Að2Þ
3 − 3Að2Þ

4 − 2Að3Þ
4 þ 2Að3Þ

6 Þ

þ 1

D0
V;con

½m0
1ð3Að1Þ

1 − 3Að1Þ
2 − 3Að2Þ

2 − 4Að2Þ
3 þ 7Að2Þ

4 þ 4Að3Þ
4 − 4Að3Þ

6 Þ

þm00
1ðAð2Þ

2 − 2Að2Þ
3 þ Að2Þ

4 Þ − 2m2ðAð2Þ
2 þ Að2Þ

3 − 2Að2Þ
4 − 2Að3Þ

4 þ 2Að3Þ
6 Þ�

þ 1

D00
V;con

½m0
1ð−x̄þ 2Að1Þ

2 − Að2Þ
2 − 2Að2Þ

3 − Að2Þ
4 Þ þm00

1ðAð1Þ
1 − Að1Þ

2 − Að2Þ
2 − 4Að2Þ

3

þ 5Að2Þ
4 þ 4Að3Þ

4 − 4Að3Þ
6 Þ þ 2m2ðAð1Þ

1 − 2Að1Þ
2 − Að2Þ

2 − Að2Þ
3 þ 4Að2Þ

4 þ 2Að3Þ
4

− 2Að3Þ
6 Þ� þ 1

D0
V;conD

00
V;con

�
2ðM02 þM002 − 2ðm0

1 þm2Þðm00
1 þm2Þ − q2ÞðAð2Þ

4 − Að2Þ
3

þ Að3Þ
4 − Að3Þ

6 Þ þ ð2M02 þ ðm0
1 −m00

1Þ2 − 2ðm0
1 þm2Þ2 − q2 − N̂0

1 þ N̂00
1ÞðAð1Þ

1 − Að1Þ
2

− Að2Þ
2 þ Að2Þ

4 Þ þ 2ðM02 −M002Þ
q2

ðAð2Þ
1 − 6Að1Þ

2 Að2Þ
1 þ 6Að1Þ

2 Að3Þ
2 −

2

q2
ðAð2Þ

1 Þ2Þ

þ Z2ð2Að1Þ
2 − 6Að2Þ

4 þ 4Að3Þ
6 Þ

��
þ ṼCLF

3 ðx;k0⊥; q2Þ; ðA15Þ

ṼV→V
5 ðq2Þ ¼ 2

�
M02 − ðm0

1 −m2Þ2 − N̂0
1 − Z2 − 8ðAð3Þ

1 − Að3Þ
2 Þ

þ ½M02 −M002 þ 2ðm00
1 −m0

1Þðm00
1 −m2Þ − q2 þ 2N̂00

1�ðAð1Þ
1 − Að1Þ

2 Þ

þ 2

D0
V;con

�
m0

1

�
ðM002 −m00

1
2 −m2

2 − N̂1
00ÞðAð1Þ

1 − Að1Þ
2 Þ þ 4ðAð3Þ

1 − Að3Þ
2 Þ þ Z2A

ð1Þ
2

þM02 −M002

q2
Að2Þ
1

�
−m00

1

�
ðM02 −m02

1 −m2
2 − N̂0

1ÞðAð1Þ
1 − Að1Þ

2 Þ þ Z2A
ð1Þ
2

þM02 −M002

q2
Að2Þ
1

�
−m2ð4Að3Þ

2 − 4Að3Þ
1 Þ −m2ððm0

1 −m00
1Þ2 − q2 þ N̂0

1 þ N̂00
1ÞðAð1Þ

1 − Að1Þ
2 Þ

�

−
2

D00
V;con

½2m0
1A

ð2Þ
1 − 4m00

1ðAð3Þ
1 − Að3Þ

2 Þ − 2m2ðAð2Þ
1 þ 2Að3Þ

1 − 2Að3Þ
2 Þ�

þ 4

D0
V;conD

00
V;con

�
ðM02 þM002 − 2ðm0

1 þm2Þðm00
1 þm2Þ − q2ÞðAð3Þ

1 − Að3Þ
2 Þ

þ 2Z2A
ð3Þ
2 þ 2ðM02 −M002Þ

3q2
ðAð2Þ

1 Þ2
��

; ðA16Þ

ṼV→V
6 ðq2Þ ¼ 2

�
M02 − ðm0

1 −m00
1Þ2 − ðm0

1 −m2Þ2 þ q2 − 2N̂0
1 − N̂00

1 − Z2 þ 8ðAð2Þ
1 − Að3Þ

1 − Að3Þ
2 Þ

þ ½M002 −M02 þ 2ðm0
1 −m00

1Þðm0
1 −m2Þ − q2 þ 2N̂0

1�ðAð1Þ
1 þ Að1Þ

2 Þ

þ 2

D0
V;con

½4m0
1ðAð3Þ

1 þ Að3Þ
2 − Að2Þ

1 Þ − 2m00
1A

ð2Þ
1 − 2m2ðAð2Þ

1 − 2Að3Þ
1 − 2Að3Þ

2 Þ�

þ 2

D00
V;con

�
m0

1

�
M002 −m00

1
2 −m2

2 − N̂00
1 − Z2 þ Z2A

ð1Þ
2 þM02 −M002

q2
Að2Þ
1

�

þm0
1ðm00

1
2 þm2

2 −M002 þ N̂00
1ÞðAð1Þ

1 þ Að1Þ
2 Þ þm00

1ðM02 −m02
1 −m2

2 − N̂0
1ÞðAð1Þ

1 þ Að1Þ
2 Þ

þm00
1

�
m02

1 þm2
2 −M02 þ N̂0

1 þ Z2 − 4Að2Þ
1 þ 4Að3Þ

1 þ 4Að3Þ
2 − Z2A

ð1Þ
2 −

ðM02 −M002Þ
q2

Að2Þ
1

�
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þm2ððm0
1 −m00

1Þ2 − q2 þ N̂0
1 þ N̂00

1Þð1 − Að1Þ
1 − Að1Þ

2 Þ þ 4m2ð−Að2Þ
1 þ Að3Þ

1 þ Að3Þ
2 Þ

�

þ 4

D0
V;conD

00
V;con

�
ð−M02 −M002 þ q2 þ 2ðm0

1 þm2Þðm00
1 þm2ÞÞðAð2Þ

1 − Að3Þ
1 − Að3Þ

2 Þ

þ 2Z2ðAð2Þ
1 − Að3Þ

2 Þ − 2ðM02 −M002Þ
3q2

ðAð2Þ
1 Þ2

��
; ðA17Þ

ÃV→V
1 ðq2Þ ¼ −ðm00

1 −m0
1Þ2 þ q2 − N̂0

1 − N̂00
1 þ 8Að2Þ

1 þ 2½M02 þM002 þ 2ðm0
1 −m2Þðm2 −m00

1Þ

− q2�Að1Þ
1 − 4ðm0

1 þm00
1Þ
�

1

D0
V;con

þ 1

D00
V;con

�
Að2Þ
1 ; ðA18Þ

ÃV→V
2 ðq2Þ ¼ −

q2

M02 −M002

�
ðm0

1 −m00
1Þ2 − 2ðm2 −m0

1Þ2 þ 2M02 − q2 − 2Z2 − N̂0
1 þ N̂00

1

þ 4ðM02 −M002Þ
q2

Að2Þ
1 þ 2½2ðm2 −m0

1Þðm2 −m00
1Þ −M02 −M002 þ q2 þ 2Z2�Að1Þ

2

−
4

D0
V;con

ðm0
1 −m00

1 þ 2m2ÞAð2Þ
1 −

4

D00
V;con

ðm0
1 −m00

1 − 2m2ÞAð2Þ
1

�
þ ÃCLF

1 ðx;k0⊥; q2Þ; ðA19Þ

ÃV→V
3 ðq2Þ ¼ −4ðM02 −M002Þ

�
Að1Þ
1 − Að1Þ

2 − Að2Þ
2 þ Að2Þ

4

þ 1

D00
V;con

½m0
1ð−x̄þ 2Að1Þ

2 − Að2Þ
2 − 2Að2Þ

3 − Að2Þ
4 Þ þm00

1ð−Að1Þ
1 þ Að1Þ

2 þ Að2Þ
2 − Að2Þ

4 Þ

þ 2m2ð−Að1Þ
1 þ Að2Þ

2 þ Að2Þ
3 Þ� þ 2

D0
V;conD

00
V;con

ðAð2Þ
1 − Að3Þ

1 − Að3Þ
2 Þ

�
; ðA20Þ

ÃV→V
4 ðq2Þ ¼ −4ðM02 −M002Þ

�
Að1Þ
1 − Að1Þ

2 − Að2Þ
2 þ Að2Þ

4

þ 1

D0
V;con

½m0
1ðAð1Þ

2 − Að1Þ
1 þ Að2Þ

2 − Að2Þ
4 Þ þm00

1ð−Að2Þ
2 þ 2Að2Þ

3 − Að2Þ
4 Þ

þ 2m2ðAð2Þ
2 − Að2Þ

3 Þ� þ 2

D0
V;conD

00
V;con

ð−Að3Þ
1 þ Að3Þ

2 Þ
�
: ðA21Þ

In the above expressions, M0 and M00 are the initial and final meson masses, m0
1, m

00
1 , and m2 are the constituent quark

masses, and D0ð00Þ
V;con ¼ M0ð00Þ þm0ð00Þ

1 þm2 is the denominator function for the vector vertex.
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