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We compute analytically the low-temperature charge correlators in near-extremal black holes with a planar

horizon and an infrared AdS, x R? extremal geometry, finding excellent agreement with numerical
calculations. By describing consistently the crossover between the hydrodynamic diffusive regime at low
frequencies and wave numbers, and the quantum, zero-temperature regime at high frequencies and wave
numbers, our analytical result thereby extends significantly the usual regime of applicability of such
calculations. We analytically resolve the successive collisions between the diffusive pole and the non-
hydrodynamic poles sourced by the infrared AdS, x R? geometry. We demonstrate that in the T = 0 limit, a

pair of gapless poles survive with a dispersion relation w, = —ik*> +i(2/3)k*(ds F iz + log k*). The
nonanalytic contributions arise from the interplay with the branch cut formed by the condensation of the
nonhydrodynamic poles. The real part is caused by the “snatching” of one of the nonhydrodynamic poles by

the hydrodynamic diffusive pole.

DOI: 10.1103/hbf8-wc92

I. INTRODUCTION

Holographic phases at finite density [1,2] capture
numerous aspects of strongly correlated quantum matter,
such as superfluids [3-5], Fermi surfaces [6—9] or metallic
phases [10]. In the strong-coupling regime and in the
absence of long-lived particles, the basic observables of
interest are the many-body retarded Green’s functions of
conserved operators, and their calculation using hologra-
phy has been the focus of many works over the years.

The many-body retarded Green’s functions give access
to the spectrum of collective excitations, which character-
izes the relaxation to equilibrium at various timescales. The
spectrum can be computed numerically at any desired
scale. However, analytical computations often yield more
detailed insight into the underlying dynamics, emergent
symmetries, etc. Analytical calculations of the spectrum
usually rely on a small parameter expansion, such as in the
hydrodynamic regime w, k < T. Barring special circum-
stances (self-duality [11], pole skipping points [12,13],
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special limits [14-16]), the spectrum at w ~ T is out of
analytical reach, as well as the crossover between the
hydrodynamic regime and the “quantum” regime, T < o,
k, and numerics must be employed.

In a recent series of works, poles of holographic retarded
Green’s functions have been determined through an
approximate solution of the connection coefficient problem
for the Heun equation, [17-20], to which the holographic
equations governing them reduce in five bulk spacetime
dimensions. Near extremality, [20] observed that this
approximation becomes exact in the zero-temperature limit,
which allowed them to derive a formula for the correlator of
a complex scalar operator and to access its pole structure.
For a conserved current with integer scaling dimension,
divergences arise. Reference [18] argued that the correlator
can still be extracted from the regular part of the expression
obtained through this procedure.

In this work, we are specifically interested in the retarded
Green’s functions dual to perturbations around black hole
spacetimes with a planar horizon, which in the extremal
limit have an AdS, x R? near-horizon geometry. In addi-
tion to playing an essential role in applications to holo-
graphic quantum matter, AdS, spacetimes have been
established to be dual to Sachdev-Ye-Kitaev models of
randomly interacting fermions [21-28] in the limit of low
temperature and strong coupling. They are also prevalent in
top-down string theory constructions [29].

On the conceptual side, the key result of this work is the
elucidation of the interplay between the hydrodynamic
collective excitation and the quantum critical spectrum

Published by the American Physical Society
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FIG. 1. Top: imaginary part and bottom: real part of the of the
quasinormal modes for 7/m = 1073. The poles of (1) are
displayed as solid lines while the numerical result for the
quasinormal modes are represented as dots. The gapless mode
is colored in brown when in the hydrodynamic regime, while in
green when out of it (after the collision with the first gapped
mode). We have added the zero temperature analytical dispersion
relation (4) as a dashed blue line.

arising from the emergent SL(2,R) associated to the
AdS, x R? infrared geometry. Systems where slow modes
interact with a quantum critical sector are of interest beyond
AdS/CFT. In condensed matter, a popular way to model
strange metals and other non-Fermi liquids is through a
Fermi surface interacting with the fluctuations of an order
parameter [30,31].

On the technical side, we obtain an analytical expression
for the current-current retarded Green’s function GX, (@, k)
near extremality, in the regime o ~ k> ~ T < 1/r., where
re is the extremal horizon radius and marks the limit of
validity of the infrared effective theory:

1,2 g
Gk = e o U-s) (Y
iw+ k(2L 40 G 4 k2 log /3 - 1)

i® i® 9
g—n’cot(ﬁ) +y+l//(2”—T> —log<4ﬂ—T), (2)

with y the digamma function, y the Euler’s constant and
where bold quantities are dimensionless in units of ., for

example @ = wr, or & = {/r.. For w, k < T, the spectrum
features a diffusive mode

o _ (| 20T\ K 124301\ -
K 3 6 %116 \ 27T

where dots stand for higher 7" and k corrections. Moving
beyond the hydrodynamic regime, (1) resolves the cross-
over to the quantum regime, and more specifically the
collisions between the diffusive mode and a series of
purely imaginary gapped poles. At small k < r7!, they

are located at w, = —2izT(A(k = 0) + n), where A(k) =

1/2 + 1/2+/1 + 4k?/3 is the scaling dimension of the least
irrelevant operator in the IR theory dual to AdS, x R?
[9]. They are a consequence of the SL(2,R) emergent
geometry of the AdS, black hole [32,33]. A representative
example is shown in Fig. 1, demonstrating excellent
agreement between the poles of (1) and numerical
calculations.

As k/T increases, the charge diffusion pole undergoes a
series of collisions with the infrared gapped poles, at wave

numbers k,, ~ \/n2xT/r., n € N*. k* (k?) corrections to the
dispersion relation of the quadratic pole (3) (gapped poles
®,,) are small in the near-extremal regime. Hence collisions
occur when the leading terms in the dispersion relations of
these poles are equal. The wave number k; of the first
collision signals the breakdown of hydrodynamics. As in
[13], it is interesting to observe that the hydrodynamic
breakdown scale differs from hot black holes far from
extremality [34-36]: while w.~T, ke~ /T/re>T,
since Tr.> 1 in the near-extremal regime. At each
collision, the two imaginary poles move out from the
imaginary axis into the complex frequency plane, before
recombining on the imaginary axis. This process repeats a
few times until the quantum regime 1is reached,
T < k< rz!, at which point the pair of poles remain
complex. To help visualize this motion, an animation is
included in the Supplemental Material [37].

This is confirmed by taking the 7 = O limit of (1). The
series of infrared poles condenses into a branch cut, while a
pair of gapless poles survives with dispersion relation

2
Wy = —ik® +iZk}dy F ir +2log(k)),  (4)

where d, =y + log 2 —2log 3. Both the real O(k*) and
imaginary O(k*logk) terms can be traced back to the
backreaction of the branch cut (iw)?*®) on the gapless
mode: when expanded for small &, the branch cut ultimately
gives log(iw) terms in the denominator of the retarded
Green’s function. The sign of the real part depends on the
argument of @ compared to the logarithmic branch cut on
the negative imaginary axis.
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The appearance of a pair of gapless poles with a real part
in the regime 7" < k comes together with a downward shift
of the levels of gapped infrared modes, as can be seen on
the top panel of Fig. 1. One of the infrared poles at k < T
gets “snatched” by the charge diffusion pole to form the
poles (4), while maintaining consistency with constraints
on Green’s functions under parity transformations: poles
are either purely imaginary or come with conjugate real
parts [38]. This underlines the nonhydrodynamic nature of
the gapless poles (4).

In the following, we describe the holographic model, the
computation of the retarded Green’s function and close
with a discussion and outlook.

II. HOLOGRAPHIC MODEL

We study the 2 + 1-dimensional decoupled dynamics of
charge using a bulk action for a Maxwell gauge field,

S = —/d“x\/:g'é—lth, (5)

with F,, = 2V[,A}; and indices y,v = 0, ...3 being raised
and lowered with the bulk metric g,,. The metric is not
dynamical, and we choose it to have UV AdS, asymptotics
and an AdS, x R? limit.

While we have obtained similar results hold for other
spacetimes with an AdS, x R? extremal geometry (such as
Reissner-Nordstrom [9] or with a scalar deformation [39]),
we focus for analytical simplicity on a spacetime dual to a
zero-density, momentum-relaxing, strongly coupled met-
allic phase [10,11,40] and defer other cases to upcoming
work [41]. The model in the bulk is specified by adding
d = 2 massless scalar degrees of freedom,

2

Sbackground = / d4x\/—_g [R —2A - % Z (a‘//i)z:| . (6)

i=1

where we have chosen units in which 162Gy = 1. The
solution to the classical equations of motion of this theory
is homogeneous and known in closed form

£ dr?
ds? =5 (—f(r)dt2 5y d)?),
I

70
2.2 2.2 3
0 =1=" - (1-50) 5 i ()

with #2 = —3/A the AdS, radius, m the scale of momen-
tum relaxation in the dual boundary theory. We will further
choose units in which # = 1. The boundary is located at
r = 0, while the outer event horizon is at r = r,, which
verifies f(r,) = 0 and has temperature

f'(r) _6-—m’rj

T=-
47 8y

(8)

It vanishes in the extremal limit when the event horizon
matches the inner horizon, r, = r, = \/6 /m.

The T =0 geometry corresponds to a domain wall
connecting the UV AdS, and the IR AdS, x R?, where
the latter becomes manifest by changing to IR coordinates
that zoom into the near extremal horizon region [9],

2 2
r T,
r:re_ei’ rh:re_€357 t:€_17v (9)
h

with 0 < ¢ < ¢, the radial coordinate of the inner region, in
terms of which the extremal horizon is located at
£, ¢, — o0. To leading order in €, the metric (7) becomes

2 2 22
—(l—g—ﬁ>d12+ L T

_ 4

dSZ—?

corresponding to an AdS, x R? black hole with radius
given by #, = 1/+/3. The boundary is formally located at
¢ =0, but it lies beyond the range of validity of the IR
coordinates {/r, 2 € and a matching with the outer, AdS,
region is required for smaller values of {. The IR temper-
ature is now given by T = ¢/(2x{,) + O(e?). The zero
temperature AdS, x R? geometry can be recovered by
taking the {}, — oo limit, and ¢;,/r. = € provides an upper
bound on the highest temperatures which can be reached
with (10).

The current-current retarded Green’s function is com-
puted by solving for the perturbations of the bulk gauge
field 6A,(x*). Since the background solution is homo-
geneous, we Fourier-decompose the perturbation in time
and space, 64, = e"“~*g (r). Focusing on the longi-
tudinal sector, the Maxwell equations decouple using the
gauge-invariant electric field £, = wa,(r) + ka,(r) [42]

[ FE: E, =0. (11)

@ k2f(r)} G

Once a solution is obtained, we extract the current-current
retarded Green’s function through

> 0,E
G,lr{x(wv k; T) = - —

(12)

Other correlators such as the density-density GR can be
obtained using the charge Ward identity.

We solve this equation by matching a solution valid in
the outer region defined by r’w?/f2, r’k?/f < 1[43],to a
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solution valid in the inner region, ¢/re,&,/re = €.' This
procedure can be streamlined by constructing both
solutions order by order in €, E\’ (r) D om0 e”E,(g,)(r)
and () = 3,0 "V (0):

In fact, upon taking the near-extremal limit € < 1, the
outer region conditions imply that

&2

o, k? < 3 (13)
For the matching to be possible, we combine the conditions
(13) with the inner region, which extends to ¢/& < 1 with
€ < 1. The change to infrared coordinates (9) implies
w~T~e¢? and from (13), k2~ Putting everything
together, we get

est< Ve, (14)

giving rise to a nontrivial matching region & < 1, ¢/¢ fixed.

III. OUTER SOLUTION

Formally, the solution to (11) can be written as

Ex:50+szlw2 (kzr—co / ‘2”)>
E.(ry)

+ [ an <k2 ‘f?i)) LT 09

with integration constants &, and ¢&;.
Eo =50 €0 and € = > us0 "€, together with
o ~ k> ~ €, we obtain the outer solution iteratively order
by order. To consistently obtain the dispersion relation to
O(€?), it is necessary to work out the outer solution to
O(€?) included. Fortunately, temperature corrections only
show up in the outer equations at order O(e?), which
simplifies the analytical expressions.4 To match the sol-
utions, we expand them in the overlap region using (9).
This leads to mixing in the e orders, i.e., the O(e"?)

By scaling

'To our knowledge, there is no unique way to define the outer
region. The choice we make is convenient in order to construct
the outer solutions order by order in O(¢) and we have verified
that these solutions can be matched to the inner solutions, also
order by order.

“Since the IR change of coordinates rescales time by ¢, so must
. As T is interpreted as the periodicity of the Euclidean time
c1rcle the scaling @ ~ T follows.

*While there is no obstruction to taking k ~ @ ~ ¢, this would
push down the order at which k terms appear in the equations and
make it more difficult to capture the effects we are after. It also
generally adds spurious poles to the Green’s function, as can be
seen from Eq. (4.15b) in [42], for instance.

*This fact holds for the planar Reissner-Nordstrom black hole
t0o.

solution generates O("2"2) terms (see e2E' 2 in (A9) for
example, for which there is an O(e®) term). At order O(e?),

EQ () =&) +&r. (16)

Higher-order expressions are more complicated and we
give them in the Appendix.

IV. SOLUTION

We obtain the inner solutions by scaling the Eq. (11) as
@ ~ k* ~ ¢ and changing coordinates to IR coordinates (9).
In what follows, we will work with the bold, dimensionless
variables. Order by order in €, we obtain a set of equations

pED

xn>0 -

x,n—1°

z
Egl (17)
where the homogeneous differential operator

2% oEY w’E\)
G1-/&? " (-6

s A
DEY,) = GEL - (18)

and the inhomogeneous source S© = 0. We give some
explicit expressions in the Appendix.
The solution to the zeroth-order inner equation (17) is

iO) — C$>e:tiwch arctanhf’ (19)
with ci_LO) integration constants and & =¢&/¢,. We now

impose ingoing boundary conditions on this solution
[44]. This is done by changing the radial coordinate to
the tortoise coordinate r*(r) = [5dr;/f(ry), (A4) in the
Appendix, and then to ingoing Eddington-Finkelstein
coordinate > v + r* so that 64, ~ e~ near the hori-
zon. To leading order, this imposes ¢® = 0. This pro-
cedure can be repeated to O(¢), with the additional subtlety
that the tortoise coordinate (A4) must also be expanded
in e

(Z) (7) 6
Ex 1+e— 310 1— -2—
xO{ 636 |: g( ) 1 5

+ 8 log(9¢) — 11 log(1 + cf)] + 0(62)}. (20)

We present the expression for the first-order inner solution
in the End Matter.

V. MATCHING AND GREEN’S FUNCTION

With both the outer and inner solutions in hand, we can
now match them. This is done by consistently expanding

(0)

to the same order in ¢ both E; "’ after changing to infrared

coordinates (9), and E,((I) after expanding in ¢ — 0.
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The outcome of this procedure is that & and &, the
integration constants of the outer solution, become fixed in

terms of the inner integration constant CSS) :

k2 k2
Eé)o) = c(f) (1 _'_>’ 550) - C@r‘;l i®’ 1)
i

iw
)2
c 'k
0 = g, 12 3K I023 + 26,2 + )],
k4
551) _ cﬁ?)iwrgl <1 +3—wg§> (22)

where G is given in (2). The Green’s function (1) is obtained
by inserting the outer solution in (12), taking the near-
boundary limit and using ¢, = ¢/(22T) + O(e?).

VI. DISCUSSION

There are several key aspects of our results worth
highlighting. First, the extension of the matching calcu-
lation performed in [43] to the next order revealed
fundamentally different information than matching calcu-
lations away from extremality. The usual near-horizon
matching calculation, e.g., as in [42], imposes ingoing
boundary conditions on a Killing event horizon: perturba-
tions behave as ~(r, — r)~/(4*T) near the horizon; the
matching calculation is under control only in the hydro-
dynamic regime, @ << T'. This implies that any poles found
at frequencies w ~ T must be discarded, as they would
receive large corrections from subleading terms in the
matching expansion.

In this nonextremal matching scheme, higher-order
terms in the matching expansion only capture subleading
contributions to the hydrodynamic pole, see e.g. [45].

Instead, when matching to a near-extremal horizon as we
have done, going beyond leading order gives rise to both
temperature and wave number corrections to the gapless
pole present both in the hydrodynamic and nonhydrody-
namic regimes, but also captures the full tower of gapped
modes controlled by the SL(2, R) symmetry of the emer-
gent AdS, x R? geometry.

To place this into context, so far hydrodynamic theories
with gapped poles have been worked out when these poles
are caused by the weak breaking of a global symmetry; see,
e.g., [11,46-48]. For instance, if spatial translations are
weakly broken and momentum conservation is approxi-
mate, then one is able to write down an effective theory
perturbative in the strength of the coupling breaking
translations. Accordingly, this theory continuously reduces
to hydrodynamics with conserved momentum when the
coupling is turned off. The gapped pole location is propor-
tional to the coupling, and the pole becomes gapless in the
limit of zero coupling. Here, the situation is different: the
gapped poles are proportional to temperature, and the small
coupling is temperature itself.

A final comment about our result (1) is that it manifestly
reproduces the result expected from electromagnetic dual-
ity in d =2, [49]: upon setting k =0, the Green’s
function GR = —iw.

VII. OUTLOOK

In this work, we have focused on the simple analytical
solution (7). In upcoming work [41], we extend this
analysis to other cases with AdS, x R? near-horizon
extremal geometries, such as the Reissner-Nordstrom
solution or black holes with scalar deformations [39], for
which we have found qualitatively similar results. Our
results can essentially be restated as the fact that, in the
small-temperature limit, we are able to write down an
effective theory which captures both gapless and gapped
modes. Here we have only computed the retarded Green’s
functions of this theory. However, the effective action of the
theory can be computed using the approach of [50,51] (see
also [52]). This would reveal any emergent symmetries and
also clarify the origin of the zero-temperature gapless poles
(4). Extending this computation to the complexified gravi-
tational Schwinger-Keldysh contour constitutes another
step toward fully determining the effective action of these
holographic systems and would pave the way toward
capturing their stochastic properties, [53-59].

Our results can be extended to include backreaction.
There, zero-temperature gapless poles are also known to
arise for the Reissner-Nordstrom black brane [43,60-62], in
the spacetime (7) [13] and in spacetimes with a near-
extremal geometry conformal to AdS, x R? [63,64].
Computing the low-temperature Green’s function and even
the effective action describing these modes would be a
significant step toward elucidating their origin. The fluid/
gravity treatment in [62] suggests that this is within reach.
Interestingly, both in the Reissner-Nordstrom black brane
and in the spacetime (7) [13], the pole collisions only occur
for imaginary wave number and nonanalytic contributions
to the dispersion relation of the gapless poles appear to be
suppressed. This is in contrast to the results presented here
or in the SYK-chain model [65].

We expect that the energy sector in the backreacted case is
controlled by the Schwarzian action, when the near-extremal
geometry has an emergent AdS, factor [24,26-28,66]. Such
gapless modes also appear in other sectors, like the shear
sector in Reissner-Nordstrom [43,60,61]). The role played
by the Schwarzian action and its interplay with higher
energy degrees of freedom remains to be elucidated.

Finally, the question of whether such zero-temperature
gapless modes survive quantum corrections should be
addressed. This can be tackled by coupling their effective
action to the full quantum Schwarzian action, [67,68].
Recently, quantum corrections to the absorption cross
section of gravitons have been computed, [69], as well
as to the two-point function of a probe fermion, [70].
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APPENDIX

1. Outer solution

The outer solution is

r) = ZG”ESS,)(r),

where the solutions at each order are Eg) (r)

a)

2
o 1 1) | @ 40
E9(r) =€) + (55 '+ 2 € >>r =

2 2 2 2
o 2 2) @ @ L0 ) ), ® 0 rdr
E9Q(r) =€ + [eﬁ)+ﬁ<€§)+F5§)>]r—p<£§>+ﬁeﬁ)>

rdry T Ei(?))( 2)
) 7 >/ ETrS

= 580) + 550) r, and

(A1)
dr‘ +k2 / dry / dr2 : (A2)
o f(r1)
r " E(O1)(”2)
—|—k2/0 dr1A dry () (A3)

Some of these integrals are required to match the inner with the outer solution. As we did in the inner region, we will

represent in bold those variables normalized by r.. Setting r, = 1 and m = /6, we arrive to the following expressions:

rdry r 4 3r r ndr, _ r 2(1+72r) 3r
dr _ Z arctanh | = — & =3t —arctnh{S—— As
/) 7 3(1_")+9a1rctan <2+r>,A dr, Y 3+ 9 arctan 15 r) (A4)
/ dr, / dr2 [ 6r —log(2r + 1) — 4rarctanh<%) —8log(1—r)]’ (AS)
r

rdr, [ndr, (Br+4(1 —r)arc:tanh(f—i))2 A6
AT o f 162(1 —r)? ’ (A9

dr1 9 12arctanh(5¥) 3r \?
ry - "~ — 8arctanh | ~—— AT

r dr2 dr3 1 9"( ) 3r 3r
/ / / 162{ - + 4(1 + 2r)arctanh iy 2 arctanh Ty 3| ¢ (A8)
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The expansion of the outer solutions in the matching region is

£O _ 0, 0 5(0) o
x,0 — %0 + 1 re — 3{: + ( )
©) > () (1) | 1) w’ 0. K (0) (0)
E; :_6_1?51 r&+E& + & +—9k2 (6 —2log3)¢&; re+€[2(2log3— D&y + (log3 =2)&,r,]
k2
= (€D + 9 _—25 .| log€& + O(e),
3 Ok
-2 4 2 2
10) € 0 0 [ Lo w 1 (0 (0
ED = -5 (& +& o’ _2{17*5(1 re+ 7 €1re g (4log3 - 3)(265" ~ £r,)
@ 0 o0) 0
+5 (280 =€) logg b + O("). (A9)

Notice here that both E)(Col) and E)(fz) give terms of order O(e™!) and O(€), while E)(g) also contributes a term of
order O(e7?).

2. Inner solution

The inhomogeneous source for the first order inner solution is (defining & = &/&;, and remembering that bold characters
refer to variables normalized with r,

Wip@) _ _ 2 78 3k2> (z)_<4a)2(1+§—7§2/2)_k_2 1 > @
SWIE )] = o <1+ Y01 ok 0E g 118 381-2 Ey,. (A10)

The corresponding first order solution is then

2
(Z) _ (1) .iw¢, arctanh & (1) a—i@¢), arctanh & (0) Liw¢, arctanh & k C _
E7) = cl e Ue e 1
o T O te T 3iw¢ \2iw&?

7 /1 i® —£ 14+¢
*Ts(ch 1+s) (31 gy~ 1l log 5)

K2 (oF (L ioty: 1 + ioky:] I A 1+ &F [1 1+ i08,;2 + ioby; 1+§]
_3 ok, 1-¢ 1+ i, ’

(Al1)

with cgll) being the new integration constants of the homogeneous solution and the remaining terms correspond to the

particular solution with source turned on by E, (. In order to fix the new integration constants, we must carefully take care of
the different terms as the £ — 1 limit is taken.
Let us start by taking a look into the hypergeometric functions. Near the horizon, their combination behaves as

Li@gn; 1 + iy 155 14 &2F)[11 + iy 2 + iy § Hﬂ)

eia){h arctanh & [
la)é‘h 1-— 5 1 + la)é‘h

. ) Diwgy
= i [2n<—i +oot(imogy) + 01 - 9)(1 -0 - (400 -p) 1 -ger]. (A1)
oty
which is given by a combination of both ingoing and outgoing modes. In order to get rid of the latter, we must impose
(0)

) = %ﬂ,’kz(—l. + cot(irwdy)). (A13)

On the other hand, cil) has to be tuned in order to give the precise terms that arise at next to leading order in (20):
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13 (A14)

Once the integration constants have been fixed, we can perform the { — 0 expansion required to perform the matching
between the outer and inner region solutions. The expansions are

2
EC) =¥ <1 + it — “’7@ + 0(53)>,

k> K 2i 1 4 k? 1
ES(II) = cf){;—mé“l + <—+l—m> log¢ — ia)(———log3) +—= <—1 +$+210g3 +Q(Ch,a})>
h

3 9

3 9 9

39
iwk?> 2w’ 1 4
+C[— <za) +a)> log¢ + @? (3—log3> -

3

ik (—3+ 2log3 + Q(Ch,w))] } +O@).  (Al5)

3 2

[1] J. Zaanen, Y. Sun, Y. Liu, and K. Schalm, Holographic
Duality in Condensed Matter Physics (Cambridge
University Press, Cambridge, England, 2015).

[2] S. A. Hartnoll, A. Lucas, and S. Sachdev, Holographic
Quantum Matter (MIT Press, Cambridge, MA, 2018).

[3] S.S. Gubser, Breaking an Abelian gauge symmetry near a
black hole horizon, Phys. Rev. D 78, 065034 (2008).

[4] S. A. Hartnoll, C. P. Herzog, and G. T. Horowitz, Building a
holographic superconductor, Phys. Rev. Lett. 101, 031601
(2008).

[5] S. A. Hartnoll, C.P. Herzog, and G.T. Horowitz, Holo-
graphic superconductors, J. High Energy Phys. 12 (2008)
015.

[6] S.-S. Lee, A non-fermi liquid from a charged black hole: A
critical Fermi ball, Phys. Rev. D 79, 086006 (2009).

[7] H. Liu, J. McGreevy, and D. Vegh, Non-Fermi liquids from
holography, Phys. Rev. D 83, 065029 (2011).

[8] M. Cubrovic, J. Zaanen, and K. Schalm, String theory,
quantum phase transitions and the emergent Fermi-liquid,
Science 325, 439 (2009).

[9] T. Faulkner, H. Liu, J. McGreevy, and D. Vegh, Emergent
quantum criticality, Fermi surfaces, and AdS(2), Phys. Rev.
D 83, 125002 (2011).

[10] T. Andrade and B. Withers, A simple holographic model of
momentum relaxation, J. High Energy Phys. 05 (2014) 101.

[11] R. A. Davison and B. Goutéraux, Momentum dissipation
and effective theories of coherent and incoherent transport,
J. High Energy Phys. 01 (2015) 039.

[12] M. Blake, R. A. Davison, S. Grozdanov, and H. Liu, Many-
body chaos and energy dynamics in holography, J. High
Energy Phys. 10 (2018) 035.

[13] D. Arean, R. A. Davison, B. Goutéraux, and K. Suzuki,
Hydrodynamic diffusion and its breakdown near AdS2
quantum critical points, Phys. Rev. X 11, 031024 (2021).

[14] P. Betzios, U. Giirsoy, M. Jdrvinen, and G. Policastro,
Quasinormal modes of a strongly coupled nonconformal
plasma and approach to criticality, Phys. Rev. D 97, 081901
(2018).

[15] P. Betzios, U. Giirsoy, M. Jdrvinen, and G. Policastro,
Fluctuations in a nonconformal holographic plasma at
criticality, Phys. Rev. D 101, 086026 (2020).

[16] U. Gursoy, M. Jirvinen, G. Policastro, and N. Zinnato,
Analytic long-lived modes in charged critical plasma, J.
High Energy Phys. 06 (2022) 018.

[17] G. Bonelli, C. lossa, D. Panea Lichtig, and A. Tanzini,
Irregular Liouville correlators and connection formulae for
Heun functions, Commun. Math. Phys. 397, 635 (2023).

[18] H.F. Jia and M. Rangamani, Holographic thermal correla-
tors and quasinormal modes from semiclassical Virasoro
blocks, J. High Energy Phys. 12 (2024) 047.

[19] J. Ren and Z. Yu, Holographic thermal correlators from
recursions, J. High Energy Phys. 06 (2025) 183.

[20] P. Arnaudo and B. Withers, Exact low-temperature Green’s
functions in AdS/CFT: From Heun to confluent Heun, Phys.
Rev. D 111, L121903 (2025).

[21] S. Sachdev and J. Ye, Gapless spin-fluid ground state in a
random quantum Heisenberg magnet, Phys. Rev. Lett. 70,
3339 (1993).

[22] A. Georges, O. Parcollet, and S. Sachdev, Mean field theory
of a quantum Heisenberg spin glass, Phys. Rev. Lett. 85, 840
(2000), 9909239.

[23] S. Sachdev, Holographic metals and the fractionalized Fermi
liquid, Phys. Rev. Lett. 105, 151602 (2010).

[24] A. Kitaev, Hidden correlations in the hawking radiation and
thermal noise, in Talk Given at the Fundamental Physics
Prize Symposium, Vol. 10 (2014), p. 33.

[25] S. Sachdev, Bekenstein-Hawking entropy and strange met-
als, Phys. Rev. X 5§, 041025 (2015).

[26] J.Maldacena, D. Stanford, and Z. Yang, Conformal symmetry
and its breaking in two dimensional Nearly Anti-de-Sitter
space, Prog. Theor. Exp. Phys. 2016, 12C104 (2016).

[27] K. Jensen, Chaos in AdS, holography, Phys. Rev. Lett. 117,
111601 (2016).

[28] J. Engelsoy, T. G. Mertens, and H. Verlinde, An investiga-
tion of AdS, backreaction and holography, J. High Energy
Phys. 07 (2016) 139.

086006-8


https://doi.org/10.1103/PhysRevD.78.065034
https://doi.org/10.1103/PhysRevLett.101.031601
https://doi.org/10.1103/PhysRevLett.101.031601
https://doi.org/10.1088/1126-6708/2008/12/015
https://doi.org/10.1088/1126-6708/2008/12/015
https://doi.org/10.1103/PhysRevD.79.086006
https://doi.org/10.1103/PhysRevD.83.065029
https://doi.org/10.1126/science.1174962
https://doi.org/10.1103/PhysRevD.83.125002
https://doi.org/10.1103/PhysRevD.83.125002
https://doi.org/10.1007/JHEP05(2014)101
https://doi.org/10.1007/JHEP01(2015)039
https://doi.org/10.1007/JHEP10(2018)035
https://doi.org/10.1007/JHEP10(2018)035
https://doi.org/10.1103/PhysRevX.11.031024
https://doi.org/10.1103/PhysRevD.97.081901
https://doi.org/10.1103/PhysRevD.97.081901
https://doi.org/10.1103/PhysRevD.101.086026
https://doi.org/10.1007/JHEP06(2022)018
https://doi.org/10.1007/JHEP06(2022)018
https://doi.org/10.1007/s00220-022-04497-5
https://doi.org/10.1007/JHEP12(2024)047
https://doi.org/10.1007/JHEP06(2025)183
https://doi.org/10.1103/8n3f-2d33
https://doi.org/10.1103/8n3f-2d33
https://doi.org/10.1103/PhysRevLett.70.3339
https://doi.org/10.1103/PhysRevLett.70.3339
https://doi.org/10.1103/PhysRevLett.85.840
https://doi.org/10.1103/PhysRevLett.85.840
https://doi.org/10.1103/PhysRevLett.105.151602
https://doi.org/10.1103/PhysRevX.5.041025
https://doi.org/10.1093/ptep/ptw124
https://doi.org/10.1103/PhysRevLett.117.111601
https://doi.org/10.1103/PhysRevLett.117.111601
https://doi.org/10.1007/JHEP07(2016)139
https://doi.org/10.1007/JHEP07(2016)139

NEAR-EXTREMAL HOLOGRAPHIC CHARGE CORRELATORS

PHYS. REV. D 114, 086006 (2026)

[29] S. Ferrara, R. Kallosh, and A. Strominger, N = 2 extremal
black holes, Phys. Rev. D 52, R5412 (1995).

[30] A. A. Patel, H. Guo, I. Esterlis, and S. Sachdev, Universal
theory of strange metals from spatially random interactions,
Science 381, abq6011 (2023).

[31] S.-S. Lee, Recent developments in non-fermi liquid theory,
Annu. Rev. Condens. Matter Phys. 9, 227 (2018).

[32] T. Faulkner, N. Igbal, H. Liu, J. McGreevy, and D. Vegh,
Holographic non-Fermi liquid fixed points, Phil. Trans. R.
Soc. A 369, 1640 (2011).

[33] D. Anninos, S. A. Hartnoll, and D. M. Hofman, Static patch
solipsism: Conformal symmetry of the de Sitter worldline,
Classical Quantum Gravity 29, 075002 (2012).

[34] B. Withers, Short-lived modes from hydrodynamic
dispersion relations, J. High Energy Phys. 06 (2018) 059.

[35] S. Grozdanov, P. K. Kovtun, A. O. Starinets, and P. Tadi¢,
Convergence of the gradient expansion in hydrodynamics,
Phys. Rev. Lett. 122, 251601 (2019).

[36] S. Grozdanov, P. K. Kovtun, A. O. Starinets, and P. Tadi¢,
The complex life of hydrodynamic modes, J. High Energy
Phys. 11 (2019) 097.

[37] See Supplemental Material at http:/link.aps.org/suppleme
ntal/10.1103/hbf8-wc92 for motion of poles of the current-
current Green’s function in the complex frequency plane, as
the wavenumber is varied.

[38] M. Kaminski, K. Landsteiner, J. Mas, J. P. Shock, and J.
Tarrio, Holographic operator mixing and quasinormal
modes on the brane, J. High Energy Phys. 02 (2010)
021.

[39] M. Blake and A. Donos, Diffusion and Chaos from near
AdS, horizons, J. High Energy Phys. 02 (2017) 013.

[40] Y. Bardoux, M. M. Caldarelli, and C. Charmousis, Shaping
black holes with free fields, J. High Energy Phys. 05 (2012)
054.

[41] B. Goutéraux, D. M. Ramirez, M. Sanchez-Garitaonandia,
and C. Supiot (to be published).

[42] P. K. Kovtun and A. O. Starinets, Quasinormal modes and
holography, Phys. Rev. D 72, 086009 (2005).

[43] R. A. Davison and A. Parnachev, Hydrodynamics of cold
holographic matter, J. High Energy Phys. 06 (2013) 100.

[44] D.T. Son and A. O. Starinets, Minkowski space correlators
in AdS/CFT correspondence: Recipe and applications, J.
High Energy Phys. 09 (2002) 042.

[45] R. Baier, P. Romatschke, D.T. Son, A.O. Starinets, and
M. A. Stephanov, Relativistic viscous hydrodynamics, con-
formal invariance, and holography, J. High Energy Phys. 04
(2008) 100.

[46] S. Grozdanov, A. Lucas, and N. Poovuttikul, Holography
and hydrodynamics with weakly broken symmetries, Phys.
Rev. D 99, 086012 (2019).

[47] M. Baggioli and B. Goutéraux, Colloquium: Hydrodynam-
ics and holography of charge density wave phases, Rev.
Mod. Phys. 95, 011001 (2023).

[48] B. Goutéraux and E. Mefford, Linear dynamical stability
and the laws of thermodynamics, arXiv:2407.07939.

[49] C.P. Herzog, P. Kovtun, S. Sachdev, and D.T. Son,
Quantum critical transport, duality, and M-theory, Phys.
Rev. D 75, 085020 (2007).

[50] D. Nickel and D.T. Son, Deconstructing holographic
liquids, New J. Phys. 13, 075010 (2011).

[51] R. A. Davison, B. Goutéraux, and E. Mefford, Zero sound
and higher-form symmetries in compressible holographic
phases, J. High Energy Phys. 12 (2023) 040.

[52] Y. Liu, Y.-W. Sun, and X.-M. Wu, Holographic Schwinger—
Keldysh effective field theories including a non-hydrodynamic
mode, Physica C 632, 1354701 (2025).

[53] P. Glorioso, M. Crossley, and H. Liu, A prescription for
holographic Schwinger-Keldysh contour in non-equilibrium
systems, arXiv:1812.08785.

[54] C. Jana, R. Loganayagam, and M. Rangamani, Open
quantum systems and Schwinger-Keldysh holograms, J.
High Energy Phys. 07 (2020) 242.

[55] J.K. Ghosh, R. Loganayagam, S.G. Prabhu, M.
Rangamani, A. Sivakumar, and V. Vishal, Effective field
theory of stochastic diffusion from gravity, J. High Energy
Phys. 05 (2021) 130.

[56] T. He, R. Loganayagam, M. Rangamani, and J. Virrueta, An
effective description of momentum diffusion in a charged
plasma from holography, J. High Energy Phys. 01 (2022)
145.

[57] T. He, R. Loganayagam, M. Rangamani, and J. Virrueta, An
effective description of charge diffusion and energy trans-
port in a charged plasma from holography, J. High Energy
Phys. 03 (2023) 161.

[58] T. He, R. Loganayagam, M. Rangamani, A. Sivakumar, and
J. Virrueta, The timbre of Hawking gravitons: An effective
description of energy transport from holography, J. High
Energy Phys. 09 (2022) 092.

[59] R. Loganayagam, M. Rangamani, and J. Virrueta, Holo-
graphic open quantum systems: Toy models and analytic
properties of thermal correlators, J. High Energy Phys. 03
(2023) 153.

[60] M. Edalati, J.I. Jottar, and R.G. Leigh, Shear modes,
criticality and extremal black holes, J. High Energy Phys.
04 (2010) 075.

[61] M. Edalati, J. I. Jottar, and R. G. Leigh, Holography and the
sound of criticality, J. High Energy Phys. 10 (2010) 058.

[62] U. Moitra, S. K. Sake, and S. P. Trivedi, Near-extremal fluid
mechanics, J. High Energy Phys. 02 (2021) 021.

[63] R. A. Davison, M. Goykhman, and A. Parnachev, AdS/CFT
and Landau Fermi liquids, J. High Energy Phys. 07 (2014)
109.

[64] Y. Liu and X.-M. Wu, Breakdown of hydrodynamics from
holographic pole collision, J. High Energy Phys. 01 (2022)
155.

[65] C. Choi, M. Mezei, and G. Sérosi, Pole skipping away from
maximal chaos, J. High Energy Phys. 02 (2021) 207.

[66] J. Maldacena and D. Stanford, Remarks on the Sachdev-
Ye-Kitaev model, Phys. Rev. D 94, 106002 (2016).

[67] L. V. Iliesiu and G.J. Turiaci, The statistical mechanics of
near-extremal black holes, J. High Energy Phys. 05 (2021)
145.

[68] L. V. Iliesiu, S. Murthy, and G.J. Turiaci, Revisiting the
logarithmic corrections to the black hole entropy, J. High
Energy Phys. 07 (2025) 058.

[69] R. Emparan, Quantum cross-section of near-extremal black
holes, J. High Energy Phys. 04 (2025) 122.

[70] X.-L. Liu, J. Nian, and L.A. Pando Zayas, Quantum
corrections to holographic strange metal at low temperature
(2024).

086006-9


https://doi.org/10.1103/PhysRevD.52.R5412
https://doi.org/10.1126/science.abq6011
https://doi.org/10.1146/annurev-conmatphys-031016-025531
https://doi.org/10.1098/rsta.2010.0354
https://doi.org/10.1098/rsta.2010.0354
https://doi.org/10.1088/0264-9381/29/7/075002
https://doi.org/10.1007/JHEP06(2018)059
https://doi.org/10.1103/PhysRevLett.122.251601
https://doi.org/10.1007/JHEP11(2019)097
https://doi.org/10.1007/JHEP11(2019)097
http://link.aps.org/supplemental/10.1103/hbf8-wc92
http://link.aps.org/supplemental/10.1103/hbf8-wc92
http://link.aps.org/supplemental/10.1103/hbf8-wc92
http://link.aps.org/supplemental/10.1103/hbf8-wc92
http://link.aps.org/supplemental/10.1103/hbf8-wc92
https://doi.org/10.1007/JHEP02(2010)021
https://doi.org/10.1007/JHEP02(2010)021
https://doi.org/10.1007/JHEP02(2017)013
https://doi.org/10.1007/JHEP05(2012)054
https://doi.org/10.1007/JHEP05(2012)054
https://doi.org/10.1103/PhysRevD.72.086009
https://doi.org/10.1007/JHEP06(2013)100
https://doi.org/10.1088/1126-6708/2002/09/042
https://doi.org/10.1088/1126-6708/2002/09/042
https://doi.org/10.1088/1126-6708/2008/04/100
https://doi.org/10.1088/1126-6708/2008/04/100
https://doi.org/10.1103/PhysRevD.99.086012
https://doi.org/10.1103/PhysRevD.99.086012
https://doi.org/10.1103/RevModPhys.95.011001
https://doi.org/10.1103/RevModPhys.95.011001
https://arXiv.org/abs/2407.07939
https://doi.org/10.1103/PhysRevD.75.085020
https://doi.org/10.1103/PhysRevD.75.085020
https://doi.org/10.1088/1367-2630/13/7/075010
https://doi.org/10.1007/JHEP12(2023)040
https://doi.org/10.1016/j.physc.2025.1354701
https://arXiv.org/abs/1812.08785
https://doi.org/10.1007/JHEP07(2020)242
https://doi.org/10.1007/JHEP07(2020)242
https://doi.org/10.1007/JHEP05(2021)130
https://doi.org/10.1007/JHEP05(2021)130
https://doi.org/10.1007/JHEP01(2022)145
https://doi.org/10.1007/JHEP01(2022)145
https://doi.org/10.1007/JHEP03(2023)161
https://doi.org/10.1007/JHEP03(2023)161
https://doi.org/10.1007/JHEP09(2022)092
https://doi.org/10.1007/JHEP09(2022)092
https://doi.org/10.1007/JHEP03(2023)153
https://doi.org/10.1007/JHEP03(2023)153
https://doi.org/10.1007/JHEP04(2010)075
https://doi.org/10.1007/JHEP04(2010)075
https://doi.org/10.1007/JHEP10(2010)058
https://doi.org/10.1007/JHEP02(2021)021
https://doi.org/10.1007/JHEP07(2014)109
https://doi.org/10.1007/JHEP07(2014)109
https://doi.org/10.1007/JHEP01(2022)155
https://doi.org/10.1007/JHEP01(2022)155
https://doi.org/10.1007/JHEP02(2021)207
https://doi.org/10.1103/PhysRevD.94.106002
https://doi.org/10.1007/JHEP05(2021)145
https://doi.org/10.1007/JHEP05(2021)145
https://doi.org/10.1007/JHEP07(2025)058
https://doi.org/10.1007/JHEP07(2025)058
https://doi.org/10.1007/JHEP04(2025)122

	Near-extremal holographic charge correlators
	I. INTRODUCTION
	II. HOLOGRAPHIC MODEL
	III. OUTER SOLUTION
	IV. SOLUTION
	V. MATCHING AND GREEN'S FUNCTION
	VI. DISCUSSION
	VII. OUTLOOK
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX
	1. Outer solution
	2. Inner solution

	References


