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Electric, thermal, and thermoelectric response of a hot pion gas
in a time dependent background magnetic field
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In this work, we investigate the electric, thermal, and thermoelectric response of a hot pion gas in the
presence of a time-dependent background electromagnetic field. Using the relativistic Boltzmann equation
within the relaxation time approximation, we evaluate the Ohmic and Hall conductivities, thermal and Hall-
like thermal conductivities, and the magneto-Seebeck and Nernst coefficients, explicitly incorporating the
effects of the magnetic field’s strength and decay dynamics. Unlike earlier studies restricted to static fields,
our analysis accounts for the temporal evolution of the background magnetic field, capturing the nontrivial
time dependence of transport coefficients and their sensitivity to the field profile. We further examine the
elliptic flow coefficient, v,, linked to the Knudsen number through the thermal conductivity, and
demonstrate its dependence on both the magnitude and decay of the magnetic field. This work provides the
first systematic study of pion transport in a realistic, time-varying electromagnetic background and
underscores the importance of including such effects in modeling the late stages of heavy-ion collisions at

the Relativistic Heavy Ion Collider (RHIC) and LHC.
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I. INTRODUCTION

There is compelling evidence for the formation of a
strongly interacting state of matter, known as the quark
gluon plasma (QGP) in Heavy-Ion Collision (HIC) experi-
ments at the Relativistic Heavy Ion Collider (RHIC) and
Large Hadron Collider (LHC) [1-5]. The QGP produced in
the collision is expected to achieve thermal and chemical
equilibrium before hadronizing into light hadrons. One
such important hadron is the # meson or the pion. Pions not
only govern the bulk thermodynamic properties of the
hadronic phase but also contribute substantially to electro-
magnetic probes such as soft dileptons and thermal photons
[6,7]. Their abundance and mobility make them key
carriers of electric and thermal currents, especially under
the influence of external fields. To study the hydrodynam-
ical evolution and properties of a pionic medium, one
requires the transport coefficients of the medium as input
parameters [8—10]. Understanding the transport properties
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of pion gas, therefore, becomes essential in bridging
theoretical models with experimental data in the postha-
dronization regime.

Investigating the influence of electromagnetic fields on
the properties of strongly interacting matter has become a
central theme in the study of HICs. Noncentral collisions at
RHIC and LHC are known to generate ultrastrong, transient
magnetic fields—of the order of ~10'8~1° gauss [11-15]—
which strongly influence the evolution and observable
signatures of the produced medium. A variety of nontrivial
phenomena arise in strongly interacting QGP medium in
the presence of magnetic fields with strengths comparable
to the QCD scale. These include the chiral magnetic effect
[16-18], chiral magnetic wave [19], modified photon and
dilepton production [20], magnetic catalysis [21,22], and
inverse magnetic catalysis [23], among others. Such effects
significantly modify the properties of the QGP medium and
have consequently motivated extensive theoretical and
phenomenological investigations. Magnetic fields of such
magnitude, as generated in HICs, are rare in the Universe
and exist in the interior of certain compact stars known as
magnetars [24]. Cosmological models also predict that such
fields might have existed in the early Universe during the
electroweak phase transition [25].

Due to the electrical conductivity of the created medium,
the magnetic fields produced in the HICs can persist far
beyond their initial generation, potentially lasting through-
out the QGP phase [14,26-28]. As the pions are formed in
the later stages of the collision, these persistent magnetic

Published by the American Physical Society


https://orcid.org/0009-0004-2988-9269
https://orcid.org/0000-0003-3071-4795
https://ror.org/0036p5w23
https://ror.org/02qyf5152
https://crossmark.crossref.org/dialog/?doi=10.1103/h9kt-bj75&domain=pdf&date_stamp=2025-11-24
https://doi.org/10.1103/h9kt-bj75
https://doi.org/10.1103/h9kt-bj75
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

KUMAR, GOWTHAMA, CHANDRA, and DASH

PHYS. REV. D 112, 096026 (2025)

fields in the presence of a medium may have a significant
impact on the properties of the pion gas. While considerable
attention has been devoted to the early QGP phase [29-32],
the hadronic stage that follows remains equally crucial for
interpreting final-state observables. Among hadronic spe-
cies, pions, being the lightest mesons and the dominant
constituents of the hadron gas, play a particularly significant
role in this late-time dynamics. This sets motivation for the
work presented in the manuscript.

This study investigates the electrical, thermal, and
thermoelectric responses of a hot pion gas in the presence
of a time-dependent magnetic field, a scenario more repre-
sentative of conditions at the RHIC. While previous works
have primarily focused on constant background magnetic
fields [8,9,33-37], recent works have looked at the effects of
time-dependent magnetic fields on a QGP medium [29-31].
We aim to explore how the time-dependent strength of the
magnetic field influences charge diffusion, thermal dif-
fusion, and the thermoelectric behavior of the pionic
medium. Another interesting exploration is to relate the
thermal transport to the elliptic flow parameter through
thermal conductivity. The results on the said transport
coefficients are seen to be sensitive to the time dependence
of the magnetic field in a significant way.

The article is organized as follows. In Sec. II, we derive
the electrical conductivity of the pion gas medium in the
presence of a time-dependent electromagnetic field to study
its electrical response. Section III addresses the thermal
response of the medium through thermal transport coef-
ficients and explores the thermoelectric behavior via the
magneto-Seebeck and normalized Nernst coefficients. In
Sec. IV, we examine the behavior of the Knudsen number
and the elliptic flow coefficient. Section V presents a
discussion of the results, and finally, Sec. VI concludes
the article with a summary of the key findings.

II. ELECTRICAL CONDUCTIVITY OF HOT PION
GAS IN TIME-DEPENDENT ELECTRO-
MAGNETIC FIELDS

Pions are found in three forms, z*, 7°. Among these,

only n* are influenced by the electromagnetic fields
generated in the collision. The effect of these fields on
the pion gas can be characterized by the electrical con-
ductivity of the medium. The fields cause the distribution
function of the pion gas to shift slightly away from the
equilibrium, and hence, this shift can be written in terms of
the electromagnetic fields and their derivatives, encoding
all the information pertaining to the conductivity of the
pion gas. To obtain the electrical conductivity, we need to
first obtain the expression for the electrical current induced
in the medium, which, for a system with nonzero chemical
potential y, is given as

- / dPeviqife,  (k=7%), (1)

where v, =

\/pk—f—mk,de ()g ===, and 6f; = fk—fklstheshlftm

the distribution function due to external time-dependent
electromagnetic fields. df; can be obtained by solving the
Boltzmann equation under the relaxation time approxima-
tion (RTA). In the presence of electromagnetic fields, the
Boltzmann equation takes the following form:

d o
L ﬂ+qk[E+va] O _ _0x,
dp TR

‘:— is the velocity of the particle with €, =

o ox @)

where 7, is the relaxation time. The relaxation time is
evaluated with three species of pions (z(*), z°) fora 2 — 2
process. The momentum averaged relaxation time is depen-
dent on the temperature of the system and is parametrized as,
TR = 23 ga;(#)' 4. where ap = 0.0145 fmGeV?, a; =
—0.0109 fm GeV3, a, = 0.0058 fmGeV?, and a; =
0.0026 fm GeV?, taken from [34].
It can be shown as in Ref. [35] that - oy Ty oy A (A contains
the gradlent of temperature and chemlcal potkentlal etc.) and

gﬁ" =y 0ek Therefore, we adapt the following ansatz for the

Of to solve the Boltzmann equation [34,35,38,39],

ofi

dek ’

5fk = (pi-E) (3)

The ansatz accounts for non-(near)-equilibrium modifica-
tions to the equilibrium momentum distributions of the
system’s degrees of freedom, incorporating up to first-order
time derivatives of the electromagnetic fields (under weak
field approximation) as well as first-order gradients of
temperature and chemical potential, depending on the type
of response under consideration (electrical, thermal, or
thermoelectric as will be seen in this section and the next
one). E carries the information of the electromagnetic fields
and their leading order space and time derivatives, in the
form as follows,

E=oqE+aE +a;E xB) +ay(E xB) +as(E x B)
+ag(VXE) +a;B + agB + ag(V x B). 4)

Here, a; (i =1,2,...,9) denote functions that are to be
determined and correspond to the electric charge transport
coefficients. These functions can be derived from a micro-
scopic description of the pion gas. In this study, we consider
the case where the chiral chemical potential vanishes, which
implies @; = 0 for i = (6,7,8) since parity is conserved
[40]. Using Egs. (3) and (4) in Eq. (2) we get,
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V.|t E +ad E 4+ aE + oo E +a3(E x B) + a3(E x B) 4+ d3(E x B) + a4(E x B) + a4 (E x B) + d,(E x B)

+as(E xB) 4+ as(E x B) 4 ds(E x B) 4+ ag(V x B) + do(V x B)] + ¢, v..E — ;¢ v;..(E X B) —
—a4q;(vi.B)(B.E) + asq(vi.E)(B.B) —

+ o3¢ (v E)(B?)

— 234 (vi-B)(B.E) + a4q (v E) (B?)

azquk.(E X B)
asqr(B.v,)(E.B)

— aqu(B.Vk)(V.B) = —j—k [(Zlvk.E + azvk.E + a3Vk.(E X B) —+ a4Vk.<E X B) + (stk.(E X B) —+ (Zng.(V X B)} (5)
R

Here, we have ignored the terms having derivatives
higher than first order in space or time, assuming that the
fields and the functions a; vary slowly with space and time.
Therefore, the terms with o,, d4, ds, and dgy vanish as they
have a factor with another derivative (like E, B, etc.)
making them second order in derivatives. Using this in
Eq. (5) and comparing the coefficients of the tensorial
structures [like v, - E, vi.E, v..(E x B), etc.] on both
sides, we get the following coupled differential equations:

1 B®> 1xq.BB
Gy = [ a + (% R4k ) 3_’_51k:|

TR €k €k €k
1 9k

(13:——03 +—(ll, (6)
TR €k

along with the coupled equations

[ Qka432]
o) = —Tg |0y + , as = —TRO3,
€k
A gk
- "
€k

Here, B = |B|. The coupled differential equations can be
written in the form of a matrix equation as

dx
— = AX+G, 8
" + (8)

where the matrices X, A, and G are

1 _af? %
a; TR €x €

X = , A= , G= ,
o i _L’ 0

€k TR

with F = \/B(B — 13z B). To solve Eq. (8), we employ the
method of variation of constants. We first diagonalize the

matrix A and solve the homogeneous equatlon = AX.
Then, we consider Eq. (8) with its nonhomogeneous part
and solve it by promoting the constants of integration to
time-dependent functions k;(7) and k, (7). The resulting
particular solution is

a; = kjiFe — kyiFe', a; = kie" + ke, (9)

The functions & (¢) and k,(¢) take the form k; = ;%’;I ; and
ky = —%IZ where 7; and 1}, (j = 1,2) are

i
U.;:—T*Jr ‘Iek Fdt,
R k

e i
- [
’ F

with a; = 1 and a, = —1. Using Eq. (10) in Eq. (9) and
using Eq. (7), we get the expressions for a; as

(10)

Q
ap = _71((116,71 + Le™), (11)
q
ay = 2;( (Iie" — Lye™), (12)
as = —T;—zkkl(llem — L"), (13)
(QkTR + i TR)I e + (% i€ TR)[ e
a, = , (14)
14+ QkTR
(Qjﬁe _ ll]ﬂk)[ el + (Q k'R + ll]ﬂk)] e
ay = ’ (15)
1+ Qi7%
i F

where Q, = ‘“ is the cyclotron frequency and Qk e; .
Now, we solve the a; for the time-dependent electromag-
netic fields. We consider the electric and magnetic field
magnitudes of the form E = Eye™/% and B = Bye /",
where 75 and 7 are the decay parameters of electric and
magnetic fields respectively. Theoretical modeling of the
decay of the magnetic field in a conducting medium like
QGP indicates that the fields may persist beyond the
hadronization of the medium [14,27]. As the pion gas is
formed in the later stages, after hadronization of the
medium, we consider a very slowly decaying magnetic
field and take the large values of 75 and 7 in our analysis.

The induced current can then be decomposed into Ohmic
and Hall currents as j = j,& + jy (& x b), with

:(0)

PR N R N

. (2
ju=Jy iy iy, (16)

where & = ‘]‘é—‘ and b = % are the unit vectors along the

electric field and the magnetic field, respectively. jgo)

is the
Ohmic current, and jg) is the correction to the Ohmic
current due to the time dependence of the electromagnetic
fields. Similarly, jﬁ? is the Hall current and jg) and jg? are

the corrections to it because of the (E x B) and (E x B)
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terms in Eq. (4), respectively. These currents are given as

P (o) () ) w
D)8
A), -0} o
- | (o) () ).
(o), (o)}

where e is the electric charge on the pion. Since the three

(2) EBE
Ju 3

. . 2
species of pions have almost the same mass, we take ”7

outside the curly brackets above. The Ohmic and Hall
) (1)
conduct1v1t1es are given as o, =% ;Jf

E

and oy =

, respectively. We treat 73 as fixed phenomeno-
logical parameter to solve the Boltzmann equation for df.
Only after obtaining the expression for df; (and conse-
quently for the currents and conductivities) is the explicit
temperature dependence of 7 substituted to yield the
final expressions for the conductivities as functions of
temperature.

III. THERMAL AND THERMOELECTRIC
RESPONSE OF PION GAS

A. Thermal response

The energy-momentum tensor 7#* and particle flow N
of the hot pion gas can be defined in terms of their
momentum distribution function as follows,

T (x) = / AP, Pt Fule. po). (22)

and

N#(x) = / AP, P fo(x. p). (23)

respectively. Employing the form of the distribution func-
tion, f; = f%+35fi, in Egs. (22) and (23), the total
macroscopic quantities can be split into the equilibrium
parts, 7% N% and the away from equilibrium parts,
AT*(x), AN#(x). The thermal response of the pion gas
arises due to the nonequilibrium part of the system and can
be studied in terms of dissipative net heat flow. The heat
current utilizing these quantities can be written as,

Ii = ATY — hANY, (24)

. . . . P
where £ is the enthalpy per particle given by h = %,

with P being the pressure, ¢ the energy density, and n the
number density, each defined as in [41]. Employing
Egs. (22) and (23), the microscopic definition of heat flow
takes the form as,

Ik—Z/depk h)3 f. (25)

Solving the relativistic Boltzmann equation with RTA type
collision kernel as in Eq. (2), the shift in the distribution
function, §f}, can be written as

ofy

0€k ’

ofk = (p-E) (26)

As the system is driven away from equilibrium due to the
external time dependent magnetic field and the local
thermal driving force X defined as X; = g—% [42],
the vector E can be written as

=B+ X+ 45(XxB)+4,B+p5(XxB).  (27)

In our analysis, we consider slowly decaying magnetic
fields, and hence higher-order derivative terms are neglected.
We now follow the same steps as in Sec. II to obtain the
coefficients ff; (i = 1to5). The detailed calculation of f; is
given in [43]. The general forms of the coefficients f; are
obtained as follows,

iBX), , i(BX) . i(BX)
F€k 0 2F€k ! 2F€k

pr=- L™, (28)

2
Pa = el =L p(BX), (31)

Ps = —trbs, (32)

where the functions 77; and /; are as defined in Eq. (10) with
ag = 0. They depend on the profile of the magnetic field
evolution through F. In the rest of the analysis, the
coefficients, f; and f, are neglected assuming parity
symmetry and choosing B.X = 0. Further, employing
Eq. (26) with (27) in Eq. (25), the heat current of the pion
gas in the presence of a time-decaying magnetic field takes
the form,

I=—«TX+ (K +&)T(X xb), (33)
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here x, K7, and K, are the thermal transport coefficients and
b is the unit vector of the magnetic field. The first term in
Eq. (33) denotes the heat flow in the direction of the thermal
gradient and is characterized by the thermal conductivity, «,

e foren{(s), ().

= (K)o, (34)

where (x),0 is the contribution of z° to the thermal
conductivity of the pion gas, and is not influenced by
the magnetic field, and is the same as in literature [44]. It is

given as,
1 p? af°
3T/dP ( h)ZTR <E> 0. (35)

The effects of time dependence of the magnetic field enter
Eq. (34) through S,. Equation (34) reduces to the forms in
Ref. [45] and Ref. [9] in the limits of B = 0 and of constant
magnetic field, respectively. The coefficients k; and k,
represent Hall-like thermal conductivities that arise purely
due to the magnetic field and are of the form,

-8 farren{(62) < (5) )

(36)

b faren{(6L) (5.}

(37)

()0 =

The presence of a Lorentz force term in the relativistic
Boltzmann equation due to an external magnetic field
changes the behavior of the charged particles in the
medium. As in the case with charge currents, an additional
current perpendicular to the magnetic field and the thermal
driving force is generated. This phenomenon is character-
ized by the coefficient, k| and &, is the correction to | due
to the time dependent nature of the magnetic field. k, goes
to zero in the case of a constant magnetic field, and & tends
to zero in the case of a vanishing magnetic field. We also
note that z° does not participate in the Hall-like thermal
response of the medium, as they are electrically neutral and
are not affected by the magnetic field.

B. Thermoelectric effect

In the presence of a time-varying magnetic field, there
are different sources of the induced electric field in the
conducting hot pion gas. Most of the analyses consider the
electric field due to the time decay of the magnetic field
by using Faraday’s law. Recently, it has been realized that
the Seebeck effect can act as another source of the induced

electric field, and is due to the local temperature gradient in
the medium [46]. Hence, the electric field induced in the
medium E;,; can be expressed as,

Ei . =Ep+Ep,

where E r is the electric field due to Faraday’s law,
VXE = and E; is the electric field induced due to
the local temperature gradient in the medium.

We follow the same prescription as in Ref. [35] to
explore the thermoelectric effect of the hot pion gas. Here,
we consider the case of an induced electric field from the
temperature gradient, and hence we employ E; = E with

= |E| in the rest of the analysis. The net current density
of the hot pion gas is given by Eq. (1), with the non
equilibrium part of the distribution function éf;, = f; — f 2
taking the form

8fi =P.E+ 7B +73X+7,(X xB)+75B

I}

+76(X X B) +77(E x B) + y5(E x B)]a_e,]: (38)

We now follow the same steps as before, i.e., we substitute
Eq. (38) in the Boltzmann equation (2), obtain the coupled
equations by comparing the tensorial structures on both
sides, and solve them to obtain the y; while considering
B.X = 0. We obtain

V= —7"(1,(;"1 + Lem), (39)
72 =0, (40)

F
h)—1Le"n, (41
)2€ 2€ ( )

F
}’3:(€k—h)2—€k11€"]+(€k— )

1 1
Ya = i(ek—h)z—el(e’“ +i(€k—h)i€”‘7 (42)

rs =0, (43)
Y6 = —TRYa, (44)
qil
r7 = z—zk(llem — L"), (45)
o= =T (e = L) (46)

with Q, = %. Once we obtain the expression for j, we

project it in two directions, along the direction of VT and
VT x B, which we call directions x and y, respectively.
Then, the induced electric field can be obtained by
considering the steady-state solution (j, j, = 0). This

096026-5



KUMAR, GOWTHAMA, CHANDRA, and DASH

PHYS. REV. D 112, 096026 (2025)

gives two coupled equations relating the induced electric
fields (E,, E,) and the temperature gradients (4, dT) along

x and y directions. We can write them in a matrix form as

follows
E, S; NB %
E) AL 47)
) —-NB Sp @
where Sp and NB are the magneto-Seebeck and normalized
Nernst coefficients, respectively. For a medium, Sz and NB
characterize its thermoelectric behavior, and in the presence

of a time-varying magnetic field, they take the following
forms

LyLy+ LyLs + LsLs + LyLg + L3Lg
T(LT+ L3 + L3+ 2L,L5)

Sp=— . (48)
LyLy+ L3L, —L,Ls—L,Lg

NB = ,
T(L?+ L3+ L3 +2L,L;)

(49)

where the integrals L;, i = 1, 2..6 take the following forms,

AR08
) D))
A0 ) )
0 -0 o
w;:> ) -
o) 02}

We discuss the impact of the magnetic field, its time
evolution, on the thermal and thermoelectric behavior of
the hot pion gas in Sec. V.

IV. PHENOMENOLOGICALLY SIGNIFICANT
QUANTITIES

In this Section, we consider the significance of thermal
transport in the presence of a time-evolving magnetic field
in the context of HIC experiments. The thermal conduc-
tivity obtained can be employed to study the Knudsen
number [47]. The impact of thermal conductivity of the
medium on the elliptic flow is explored in Ref. [48] for the
case of a vanishing magnetic field. The current study

focuses on the dependence of magnetic field evolution
on thermal transport and its impact on the elliptic flow
coefficient.

The Knudsen number, Kn, is defined as the ratio of the
mean path (1) of the constituent particle to the size of the
system, [,

If Kn is equal to or greater than one, then the mean free path
is comparable to the system size, and the continuum
assumption of hydrodynamics is no longer applicable.
Hydrodynamical modeling applies when the mean free
path is much smaller than the characteristic system size,
i.e., Kn < 1. The mean free path is related to the thermal

conductivity as 4 = 3% where v is the relative speed, and

C, is the specific heat at constant volume. Hence, the
Knudsen number can be expressed in terms of thermal
conductivity as,

3KO

Kn="%0
",

(57)

For the quantitative estimation, we have chosen v = 0.98,
[ =4 fm [49], and for C, we use the expression from [50]
and solve for the case of pion gas.

The elliptic flow v, can be expressed in terms of the
Knudsen number as [48],

(58)

where 0% is the elliptic flow at the hydrodynamical limit,
Kn — 0, the quantity Kn, is a number obtained to fit the
Monte-Carlo simulations of the relativistic Boltzmann
equation [48]. In our present analysis, we have taken v/ =
0.154 £0.014 [51] and Kng = 0.7 [52]. The effects of a
time-varying magnetic field on the thermal conductivity
and, hence, the elliptic flow are discussed in detail
in Sec. V.

V. RESULTS AND DISCUSSION

We start our discussion with the electrical response of the
pion gas medium in the presence of time-dependent
electromagnetic fields. This is measured using the electrical

conductivity of the medium. The Ohmic and Hall con-

0, () 0) (1) )
ductivities are given as ¢, = £ ”f and oy = %

respectively. Figure 1 shows the behavior of o¢,/T (left
panel) and o /T (right panel) with temperature for differ-
ent amplitudes of the magnetic field, respectively. The
electrical conductivity is seen to decrease with increasing
temperature, as thermal effects become dominant and
collisions take over the system’s behavior. An increase
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FIG. 1.
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Ohmic conductivity (left panel) and Hall conductivity (right panel) as a function of temperature for different amplitudes of

magnetic field at r = 2.5 fm and (p),- = £0.1 GeV. The results have been compared with [34].
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FIG. 2. Ohmic conductivity (left panel) and Hall conductivity (right panel) as a function of time for different amplitudes and decay
parameters of magnetic and electric fields at 7 = 0.14 GeV and (u),- = +0.1 GeV.

in the magnetic field reduces the Ohmic conductivity as the
charged particles are deflected in the direction perpen-
dicular to the electric and magnetic fields, thereby enhanc-
ing the Hall conductivity. The Ohmic conductivity results
show the same behavior and range as that of the results in
Refs. [34,38]. With increasing temperature, the influence of
electromagnetic fields diminishes due to enhanced colli-
sional effects, leading to a decrease in the Hall conductivity.
In contrast, Hall conductivity increases with stronger
magnetic fields, as more charged particles are deflected
by the Lorentz force. The behavior and the range of Hall
conductivity are seen to be consistent with the results of
Refs. [34,38].

Figure 2 shows the time behavior of Ohmic conductivity
(left panel) and the Hall conductivity (right panel) of the
pion gas. The Ohmic current is seen to increase with time
and saturate to a value at large times. This is because the
magnetic field under consideration is an exponentially
decaying one, and hence at large time goes to zero. This
ensures the Ohmic current asymptotically approaches its
maximum value at large time. An increase in the decay
parameter of the fields is shown to delay the time it takes to
reach its maximum value as the fields decay more slowly
and stay relevant for longer. For a fixed decay rate, increas-

ing the amplitude of the magnetic field reduces the Ohmic
conductivity. The Hall conductivity decreases with time
and vanishes at large values of time, as it is directly related
to the magnetic field strength. A slower decay of the mag-
netic field (larger 73) is shown to delay the decay of the Hall
conductivity. An increase in the amplitude of the magnetic
field for a fixed decay rate enhances the Hall conductivity.
Both Ohmic and Hall conductivities show the behavior of
crossover for the different decay rates. This crossover and
the point at which it happens depend crucially on the
temperature and occur due to the interplay between the
decay of the fields and the interactions between the parti-
cles of the medium, controlled by the relaxation time of the
medium. This can be observed through the following
equation,

gl

t
.:——+a._
nj . i e,

Fdt. (59)
Here, F contains the time behavior of the system. If we fix
the temperature and look at the time behavior of the Ohmic
and Hall conductivities, which of the two terms dominates
in Eq. (59) depends on the time under consideration and the
magnetic field. This complex interplay within the system is
captured in Fig. 2.
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thermal conductivity have been compared with [44].

The effect of decay rate and the amplitude of the magnetic
field on the Ohmic and Hall conductivities is seen through
the contour graphs of Fig. 3. Fixing the time and the
temperature of the system, we see that the Ohmic conduc-
tivity increases with the increase in the decay parameter and
is affected minimally by the change in B, at low values of 7.
Hall conductivity, on the other hand, varies equally with both
By and 7p, except in the lower value region of 7z, where it
seems to be unaffected by both.

In Fig. 4 we study the temperature dependence of the
thermal conductivity (left panel) and Hall-like thermal
conductivity (ky = K1 + k,) (right panel), for different
values of B, and 75. The thermal conductivity is observed
to increase with temperature and decrease with the increase
in By. A faster decay rate of the field leads to a reduction
in thermal conductivity. At high temperatures, the results
corresponding to different values of B, converge for a fixed
decay rate. The results are compared with the results of
Ref. [44] and agree on the range and behavior of the
thermal conductivities. The Hall-like thermal conductivity
exhibits a strong dependence on both B, and 7p. Since

Ky arises purely due to the presence of a magnetic field,
it vanishes as the field approaches zero. Consequently, a
more rapidly decaying magnetic field leads to a significant
reduction in xy. A similar decline is observed with
decreasing By.

Figure 5 illustrates the time evolution of « (left panel)
and ky (right panel). It can be noted that the thermal
conductivity of the medium increases with time as the
strength of the magnetic field decreases. Also, for a given
time, x increases as the decay rate of the field decreases. In
contrast, the Hall-like thermal conductivity exhibits the
opposite trend with time. As the magnetic field decays with
time, kg is seen to decrease. A magnetic field that persists
for longer, i.e., has a larger 7, supports kg for longer.

The contour plots for magneto-Seebeck and normalized
Nernst coefficients with the amplitude of the magnetic field
and decay parameter of the field are plotted in the left and
right panels of Fig. 6, respectively. The magnitude of the
magneto-Seebeck coefficient Sp is seen to decrease with an
increase in B, and 7y, showing comparable sensitivity to
both. It responds slightly more to the change in B, and 75 at
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higher values of B, and lower values of 7. The decrease in
Sp with B, suggests that the induced electric field in the
medium decreases with the increasing strength of the
magnetic field. The Nernst coefficient, NB, increases with
an increase in the magnetic field amplitude and a decrease

in the decay rates. Higher decay rates are observed to have a
stronger impact on the Nernst coefficient. The increase in
NB with By is due to the fact that the electric field generated
perpendicular to the temperature gradient and the magnetic
field increases with the strength of the magnetic field.
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In Fig. 7, we plot the phenomenologically significant
quantities, the Knudsen number, Kn, and the elliptic flow,
vy, with temperature on the left and right panels, respec-
tively. The Knudsen number is found to be much smaller
than unity, Kn < 1, indicating that the medium is dilute
enough for hydrodynamics to be applicable. Kn decreases
with an increase in temperature, which is expected because
an increase in temperature causes the mean free path to
decrease. We also note that for a fixed temperature and decay
rate of the magnetic field, Kn decreases with an increase in
By, and for a fixed temperature and B, it again decreases
with an increase in the decay rate of the field. At high
temperatures, the effect of B diminishes, and is evident by
the convergence of the lines representing different values of
By and the same values of 7. The elliptic flow’s behavior
with temperature for different values of B, and 73 is plotted
in the right panel of Fig. 7. As anticipated from their relation
in Eq. (58), v, exhibits a trend opposite to that of Kn with
respect to temperature, B, and zz. This behavior can be
understood from the fact that as the Knudsen number,
Kn decreases, the mean free path of the particles becomes
shorter, leading to an increase in the collision frequency.
Consequently, the system moves closer to local thermal
equilibrium and behaves more like an ideal fluid. This
enhanced collectivity allows the initial spatial anisotropy to
be more efficiently converted into momentum anisotropy,
resulting in an increase in the elliptic flow coefficient, v,.

The modeling indicates that both the amplitude and the
decay rate of the magnetic field have a significant impact on
v,. An increase in B increases the v, while an increase in
7 decreases the elliptic flow. Hence, a highly conducting
medium that decreases the decay rate of the magnetic field
may create a more significant difference in v, as compared
to central HICs with vanishing magnetic fields. A more
precise understanding of this behavior would require a
detailed investigation, which lies beyond the scope of the
present work.

VI. CONCLUSION AND OUTLOOK

In this work, we have investigated the influence of time-
dependent magnetic fields on the electrical, thermal, and
thermoelectric transport properties of a hot pion gas, and
evaluated their impact on phenomenologically relevant
observables in the context of heavy-ion collisions. This
has been achieved by solving the relativistic Boltzmann
equation within the relaxation time approximation, incor-
porating a temperature-dependent parametrization for the
pion relaxation time.

We have found that both Ohmic and Hall conductivi-
ties exhibit explicit dependence on the temperature of the
medium as well as on the amplitude and decay rate of the
magnetic field. The time evolution of the electrical con-
ductivities displays nontrivial behavior and is due to the
complex interplay between temperature and magnetic field
within the pionic system. The results are consistent with

earlier studies in the constant-field limit, while extending
the analysis to more realistic, time-evolving electromag-
netic backgrounds.

The thermal response of the medium has been charac-
terized by both the longitudinal thermal conductivity and
the transverse Hall-like component, defined with respect to
the thermal driving force. Time-dependent magnetic fields
have been shown to influence these transport coefficients
significantly via their decay dynamics. In addition, the
thermoelectric response, quantified through the Seebeck
and Nernst coefficients, demonstrates a strong sensitivity to
the magnetic field profile, with both the field amplitude B,
and the decay parameter, 7, playing crucial roles.

Finally, the impact of these transport coefficients on
phenomenologically significant quantities, such as the
Knudsen number and elliptic flow coefficient, v, is ana-
lyzed. The results underscore that evolving magnetic fields
introduce meaningful corrections to these observables and
are important for characterizing the collective behavior of the
medium. These findings highlight the importance of incor-
porating time-dependent electromagnetic field evolution into
theoretical descriptions of the hadronic phase in heavy-ion
collisions. Such considerations are essential for a more
accurate understanding of the transport dynamics and their
phenomenological implications, particularly in relation to
observables accessible at RHIC and LHC.

Overall, our analysis demonstrates that time dependent
magnetic fields have a substantial and non-negligible influ-
ence on the transport dynamics of the hadronic phase. These
findings highlight the importance of incorporating realistic
electromagnetic field evolution, in conjunction with accurate
hadronic transport modeling, to achieve a comprehensive
understanding of the late-time dynamics in heavy-ion
collisions. The framework developed here offers a more
realistic basis for interpreting experimental data from RHIC
and LHC and paves the way for future studies involving
more complex interactions and evolving medium profiles.

Incorporating a dynamically evolving medium and ac-
counting for spatial gradients in temperature, flow velocity,
and chemical potential would provide additional correc-
tions to the transport coefficients and yield a more complete
picture of the system’s evolution. The current treatment,
based on a parametrized relaxation time within the RTA,
can be refined by considering the magnetic field depend-
ence of the relaxation time [53], as well as adopting more
realistic, number-conserving collision integrals such as
those in the energy-dependent relaxation time approxima-
tion [54,55].

Moreover, incorporating the calculated transport coeffi-
cients into full (3 + 1)D hydrodynamic or hybrid simulations
would enable direct comparisons with experimental data,
thereby offering a way to constrain the evolution and lifetime
of magnetic fields in heavy-ion collisions. Such studies
would be instrumental in bridging microscopic transport
theory with final-state observables and in addressing the open
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questions surrounding electromagnetic field dynamics in the
QCD medium created at RHIC and LHC.
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