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We consider a movable conducting plate of finite mass, between two fixed ones, whose mechanical
degrees of freedom are treated quantum-mechanically and bound to its equilibrium position by a harmonic
potential. The movable wall is thus subjected to quantum fluctuations of its position. This creates a system
of two subcavities separated by the movable fluctuating plate, and two massless one-dimensional scalar
fields, one in each subcavity. This system is described by an appropriate generalization of the Law
Hamiltonian. The presence of the movable wall yields an effective plate-fields interaction, as well as an
effective interaction between the field modes. We obtain, at the second order in perturbation theory, the
ground state of the interacting system and the reduced density operator of the fields in each subcavity by
tracing out the wall’s degrees of freedom. We calculate the entanglement between two field modes, one in
each cavity, by evaluating analytically the negativity; we then also evaluate numerically the total multimode
negativity. Our results show that in both cases the fields in the two subcavities are entangled, in contrast to
the case in which the wall is fixed in space. We discuss the amount of the field entanglement present as a
function of relevant physical parameters of the system such as the mass and oscillation frequency of the

movable wall, its distance from the fixed walls and the frequencies of the field modes considered.

DOI: 10.1103/h81j-hddn

I. INTRODUCTION

The presence of a reflecting or dielectric wall in space
gives boundary conditions on quantum fields, that in general
can modify the allowed field modes and the resulting mode
spectrum. In the common case of a perfectly reflecting
infinite plane boundary with a fixed position, the boundary
separates the space into two completely independent half-
spaces. The situation is different when the boundary is
allowed to move. In such a case, two conceptually different
cases are possible: the boundary has a prescribed motion in
space, and this motion is treated classically, or the boun-
dary’s motion is described quantum mechanically and its
degrees of freedom are associated to quantum operators
included in the total Hamiltonian of the system considered.

These situations, namely a prescribed classical motion
(for instance oscillatory) or a quantum mechanical motion
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of the boundary, including possible dissipative and back-
reaction effects, are typical of quantum optomechanics [1]
and of the dynamical Casimir effect [2,3]; several new
physical phenomena occur in such a case. Optomechanical
systems have received strong interest in the literature also
as systems for exploring possible tests of fundamental
physics and gravity modifications to quantum mechanics
[4]. The generation of entanglement in an optomechanical
system has also been discussed in recent literature [5-7], as
well as modifications of radiative processes of quantum
emitters embedded in dynamical (time-dependent) media
[8,9].

The case of a movable boundary whose motion is
described quantum mechanically, and thus subjected to
quantum position fluctuations, yields additional relevant
phenomena [1] that can be described through appropriate
effective Hamiltonians that include the interaction between
the movable wall and quantum fields; indeed, an effective
field-wall interaction energy is found as well as an effective
interaction among field modes mediated by the movable
wall (Law Hamiltonian) [10,11]. This latter case has been
recently considered in the literature, for example a one-
dimensional cavity consisting of a fixed and a movable wall
bound to its equilibrium position by a harmonic potential;
field energy density inside the cavity in the ground state,
corrections to the Casimir interaction between the two walls
[12,13], as well as dynamical self-dressing of the movable

Published by the American Physical Society
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wall, starting from a nonequilibrium configuration [14],
have been investigated. A similar effective Hamiltonian has
also been used for studying the quantum radiation emitted
by shaking an atom in the vacuum [15]. Quantum friction
effects on the mechanical motion of the mirror due to
dynamical Casimir emission [16] and higher-order effects
in the position fluctuations of the movable mirror on the
radiation pressure [17] have also been considered.
Quantum entanglement between mechanical oscillators
or between populated single-mode electromagnetic fields
mediated by a mechanical oscillator has been investigated
in the literature (for a review, see [18]), as well as multi-
photon entanglement in a single-mode case [19] or opto-
mechanical heat transfer [20]. Recently, ground-state
correlations between field observables (specifically,
between field squared operators) at the two sides of a
movable conducting mirror have been evaluated, using an
appropriate generalization of the Law Hamiltonian [21,22].
These results highlight that even a perfectly conducting
mirror of a finite mass, whenever moving in space (a
fluctuating position, for instance), allows quantum fields at
its two sides to influence each other. This is also concep-
tually similar to recent proposals of fuzzy event horizons of
a black hole in quantum gravity models [23-25].
Furthermore, fluctuating boundaries have also been shown
to be able to smear out divergences of field energy densities
occurring at the position of fixed perfect bounda-
ries [12,26].

In this paper we consider a general setup with a movable
perfect mirror placed in an arbitrary position between two
fixed perfect mirrors, as shown in Fig. 1, bound to its
equilibrium position by a harmonic potential, and two
massless one-dimensional scalar fields defined in the two
subcavities at both sides of the movable mirror. After
generalizing the Law Hamiltonian to this setup, we obtain
by perturbation theory the interacting ground state of the
system at the second order in the field-wall effective
interaction; this state contains terms with up to four virtual

Sub-cavity 1
Mirror

Sub-cavity 2
Mirror

x=0 x=1
Fluctuating wall (harmonic motion)

X=2L0

FIG. 1. Pictorial representation of a cavity divided into two
subcavities by a fluctuating conducting wall with equilibrium
position between the two external walls.

quanta in the fields and up to two excitations in the wall’s
motion. We then obtain the field reduced density operator
and show the presence of entanglement between field
modes at the two opposite sides of the movable mirror
by evaluating the negativity as a measure of the entangle-
ment. An upper cutoff frequency is introduced to cure the
ultraviolet divergences and to take into account that a real
conducting boundary becomes transparent at frequencies
larger than the plasma frequency of its material. Both
analytical and numerical evaluation and physical discussion
of the negativity are performed. Specifically, our results
indicate the presence of intercavity field entanglement even
in the absence of injected photons, hence arising from the
ground-state dressing of the system induced by the inter-
action of the vacuum field with the fluctuating wall.

This paper is organized as follows. In Sec. II we
introduce our model, calculate the interacting ground state
at the second order in the effective wall-fields interaction,
and the field reduced density operator. In Sec. III we
evaluate the negativity between two arbitrary field modes,
one in each subcavity, and discuss the entanglement
between them and its dependence from the relevant
physical parameters of the system. In Sec. IV we evaluate
numerically the multimode negativity between the field in
the two subcavities. Finally, Sec. V is devoted to our
conclusive remarks.

II. THE MODEL AND THE INTERACTING
GROUND STATE

We consider a direct generalization of a previously
introduced one-dimensional model consisting of two quan-
tum one-dimensional (1D) massless scalar fields defined at
the two sides of a perfectly conducting movable wall. The
movable wall, whose degrees of freedom are treated
quantum mechanically and included in the Hamiltonian,
is subjected to quantum fluctuations of its position and it is
bound around its equilibrium position by a harmonic
potential [21,22]. The Hamiltonian used is a direct two-
cavity generalization of the Law model and Hamiltonian
[10,11], that has been widely employed in the literature. A
related optomechanical two-cavity Hamiltonian was
derived in [27] starting from the quantization of the
classical problem; the subsequent analysis was then spe-
cialized to the single-mode case in each subcavity to study
two-photon hopping. In the configuration investigated in
[21,22], the average position of the fluctuating mirror
coincides with the midpoint of a cavity delimited by two
fixed perfectly conducting walls. The physically relevant
limit of the two external walls going to infinity, yielding a
continuum of field modes, was then considered. In that
context, correlations between field modes, mediated by the
mirror position fluctuations, were analyzed together with
their possible observability.

In this paper we consider a more general situation and
address a different physical problem, specifically the
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generation of entanglement between field modes in the two
half-spaces at the opposite sides of the movable wall.

Our system, illustrated in Fig. 1, consists of two fixed
conducting walls at x =0 and x = 2L, and a movable
conducting wall whose equilibrium position /; € (0,2L)
lies between them. The distances between the movable wall
and the two fixed ones are therefore [, and [, = 2L, — [,
respectively. Our setup thus consists of two 1D cavities
corresponding to the regions (0,/;) and (I;,2L,), each
containing a massless scalar field. The (middle) movable
mirror has finite mass M and is bound to its equilibrium
position /; by a harmonic potential of frequency w. Since
its mechanical degrees of freedom are treated quantum
mechanically and included in the Hamiltonian of the
system, it exhibits quantum fluctuations of its position
around the equilibrium position.

As it is known, the presence of the movable middle
mirror generates, for both fields, an effective field-mirror
interaction and an effective interaction between field modes
[10,21]. This Hamiltonian was originally introduced in
[10,11] for a 1D system consisting of one fixed and one
movable wall and a massless scalar field, and later extended
to the case of two cavities composed by a movable wall at
the midpoint between two fixed walls, and two scalar fields
in each cavity [21]. The Law effective Hamiltonian is
obtained at the leading order in a series expansion of the
wall’s displacement from its equilibrium position with
respect to the cavity size ~L. Here, we first extend this
model to the configuration where the movable-wall equi-
librium position can be any point between the two fixed
walls, so that the two 1D cavities can have different lengths.

The effective Hamiltonian for our system is

H=H,+H}+ H7, (1)
where
Hy = haoyb'b + th,(cl)a,((ma,E]) + lea),(cz)a,((z)Ta,iz)
k k

)

is the unperturbed term. Here, wy, = 27y, is the wall’s

oscillation angular frequency, wim = rck/l, and a),(cz) =

nck/(2Ly — 1) (k=1,2,...) are the angular frequencies
of the field modes in the first and in the second cavity,

respectively; a,il) , a,((l)T and a,(f) , a,(f)T are the field annihi-

lation and creation operators pertinent to the first and the
second cavity, respectively, defined for field modes relative
to the equilibrium position of the movable wall [10]; they
satisfy the usual bosonic commutation rules (also, operators
relative to different cavities commute with each other, being
independent degrees of freedom). H} and H? are the two
effective coupling Hamiltonians between the movable
wall and the scalar fields defined in cavities 1 and 2,

respectively. They have the following form:

1 1 1t 1 )t
HY = —(b+6)Y CIN[(@” +a") (@ + a)")].

kj
H} = —(b+5")Y CIN[(@? + aP") (@ + a")].
kj

3)

N being the normal ordering operator, k, j = 1,2, ..., and
the coupling constants are

3 (2) (2
) . h 2 1  : C()k
G = ~(=1)i* (—) =L @)

where M is the mass of the movable mirror. We take this
Hamiltonian as a general effective Hamiltonian model,
describing an interaction linear in the mirror coordinate
and quadratic in the field variables. In principle, this
Hamiltonian is derived under the assumption that both
the movable and the two fixed mirrors are ideal conductors;
thus, the field operators are required to satisfy boundary
conditions that force them to vanish at the mirrors’
locations. This assumption is of course good for field
modes with frequencies below the plasma frequency of the
metal of which the mirrors are actually made, since, above
this threshold, the mirrors become transparent to the
radiation. In particular, the movable wall ceases to separate
the two half-spaces for modes with frequency above the
plasma frequency [21], that thus do not contribute to the
processes under consideration here. Therefore, we include
in our Hamiltonian only a finite number of modes, N .4,
using an appropriate sharp frequency cutoff of the order of
a typical metal plasma frequency wp (for the sake of
simplicity, when there is not possibility of confusion we use
just the word frequency in place of angular frequency); this
number is determined by the relation

wplL
NmodN £ 0- (5)
c

As we shall see later on, however, our main result in
Sec. III does not depend on the cutoff frequency, and
is finite for very large N,,q. We write the eigenstates
of H, as Fock states in the form |ny,;{n},,{n:},) =
|ngan)|{n1}, {n2},), where the first element refers to the
wall’s excitations, while the second and the third ones refer,
respectively, to excitations of field modes in the first and
second subcavity. A similar Hamiltonian, describing the
interaction between a mechanical mode and two optical
modes in a resonant approximation, has recently been used
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for a detection proposal of dark matter using superfluid
helium in an optomechanical cavity [28].

We use the following standard definition and normali-
zation for multiquanta states in the Fock space for each
subcavity [29]:

|k1...kn>:%cﬁ(kl)..

1
ki) =—> o(ki—
P

where the sum is over all permutations P of the set
{ay,...,a,}, and |0) is the (normalized) vacuum state of
the field.

The unperturbed ground state of the system is
lgo) =10;{0},,{0},), with no excitations in the wall
and in both scalar fields. The interacting ground state is
obtained by perturbation theory up to the second order,

.a'(k,)[0),

(K. Kk, ... Sk, —ky,), (6)

19) = (1= A%)lgo) + 1g1) + 192). (7)

where |g,) is the first-order correction in the effective wall-
cavities interactions, |g,) is the second-order one and A2 is
a normalization factor arising from the second-order
|

correction. The first-order correction is

(ﬂ)

lg1) = Z Z (M))al(cﬂﬁ (W)

u=12 jk hwo—i—w +a)j

{0},),
(8)

containing two virtual excitations in one of the two cavities
and one mirror excitation. The second-order normalization
factor is

C(ﬂ))Z
n(w +a) +a)(”>)2’ ®)
0 X

=2

u=12 jk

where an upper frequency cutoff in the sums over j and k is
assumed. The second-order correction, apart from the
normalization factor (9), is given by

(10)

192) = 192)0 + |92)1 + 192)2

where [g2)¢, [92)1,192), are states containing respectively
zero, one and two pairs of total excitations in the two cavity
fields. They are given by

(#)y2
V2 (G
92)0 = 25— {0}2).
’ hszMZZ%:wO+ ()—I—w :
(1) (1)
4 CoCoi i i 1 V2
920 = o5 Pl [— 0: 0}, 0)2) + 2:40h. (0]
h2ﬂ=1zsz +w()+w,(f) 4 ' 200 + o) + &
! < o7 vIC,
192)2 = 2 () () | () () ®) ®) 10+ (n) (1) @) (®) |2>
:121k1ma) to +o o +o; o, +op 2a)0+a) —I—a)k + w, + w,
u)t
af’a al" " |{0}1.{0},). (11)
The density operator for the complete system (pure state), up to the second order in the coupling constants, is
p=19)(gl = (1 =2A%)[go){go| + |g1)(g1] + (90} (91| + |90} (92| + H.c.). (12)
The second-order reduced field density operator is obtained by tracing out the wall’s degrees of freedom,
pr =Tr,{p} = (1 -2A%)[{0},,{0},)({0},, {0},
1 > c'c, ot v )
+72 |: ] - v v ! a'ﬂ |{O}1’{O}2><{0}1’{0}2|a; a’:l/
h uv=1,2 jktm (0)0 + 0)( # + 0)5 ))(0)0 + a)(f) + G)Sn>) !
(1) (1)
Cy; C/; T
+4 \Oy 1031, {032) ({0} {0},
2 W (@0 + o) + o)) (@) + o)
ciy Cn Wi W)t W @)
I ’ af"af" af" a1 {0}, {01:)({0}1. {0}, + Hee. |, (13)

uw=12 jkt'm (wo + wy, 2 + a)(ﬂ))(a};") + w}({ll) + w;u) Lol
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where Tr,, indicates the partial trace operation over the
degrees of freedom of the wall. From Eq. (13), the purity can
be obtained as P(pp) = Tr{pz} = 1 —4A? < 1, showing
that, as expected, py is a mixed state. Also, we must have
1 —4A? > 0, and this sets an upper limit to A?, which
depends also on the cutoff frequency; we will discuss this
important point in the next section, showing that indeed, for
typical experimental values of all parameters involved in our
system, we find A? < 1 and thus our perturbative calcu-
lation is consistent. Also, the von Neumann entropy cannot
be used as a proper measure of the degree of entanglement
between the fields in the two subcavities, since its inter-
pretation as an entanglement quantifier is valid only for
globally pure field states [30]. We therefore adopt a different
entanglement estimator, namely the negativity [31]. To
introduce it, let H, and H,. be two Hilbert spaces, and O
an operator in the tensor-product space H, ® H..If {¢;} is
an orthonormal basis in H,, and {y,, } an orthonormal basis
in H,, we can decompose O as

0= Z ijk” |(pj’ l//m> <(pk7 l/’n'
Jjkmn

= Ot @) (0] @ W) (Wl (14)

Jjkmn

where O, = (@, W |O|@y. y,). The partial transpose of
O with respect to the subspace “c” is defined as

Ol = Zojmkn|(pj><(pk‘ ® (|Wm><l//n|)T

Jjkmn

= zojmkn|(pj> <(pk‘ ® |Wn> <Wm|

Jjkmn

= Ojusnl0) (2] ® lwin) (wal. (15)

Jjkmn

The negativity of a state p is then defined as [31]

(€ (2-5,))

N(p) = TV 't}_l

(16)

=>4,

<0

where the real numbers A are the eigenvalues of p'e.

The reduced density operator derived above, together
with the definition of the negativity, provides the starting
point for our quantitative analysis of the entanglement
generated between field modes in the two subcavities, that
will be addressed in the next section.

III. QUANTIFICATION OF THE ENTANGLEMENT
BETWEEN A PAIR OF MODES IN DIFFERENT
CAVITIES

In order to quantify the entanglement between the scalar
fields in the two subcavities through the negativity, we now
evaluate the negativity associated with the reduced density
operator describing the joint state of two field modes, one
for each cavity, rather than the negativity of the complete
field state p, (which cannot be diagonalized analytically).
This allows us to obtain analytical results for the negativity.
The relevant reduced density operator is obtained by fixing
two field modes, say k in the first cavity and j in the second
one, and then tracing out all the other field modes. The
modes j and k are chosen such that their frequencies are far
less than the relevant cutoff frequency of the theory. Thus,
we define the reduced density operator,

=Tri{pr}

ZZ

2
I/ll ,I’lm ‘pF|nl ,nﬁn)>7 (17)

where Tr); denotes a partial trace over all field modes but
the mode k of subcavity 1 and the mode j of subcavity 2.

After some lengthy but straightforward calculations, we
obtain

N
Pkj = [1 _% <Z Ca) 5“2)2 +zm:(

7 (wo + a)g) + a),({l

a)o—l—a),(,%)—l—w

o 2] 009000,

J

(2)\2
1 { (Cy)? <C ;)
t+25 115, 0;) (14, 05] + 4 0k, 1;) (O, 1]
n? 17 (0o + w,(cl) +w ) 2 / % (wo + a) NIPHCAY / !
()2
+2v3| (20,0, (00.0/1 + 00,0, (24,0,
Zf:a)l((l (CO() +w (1) +w k )
(2)2
Y (100 2)){0,. 0 + |ok,o,~><ok,2,|>] ¢|2k, 0;)(24.0]
m a)J (a)0+0)m +CUj ) ( 0+2wk )
2(C}))? onles
0.2, {0k 2,1 + = (126:0;)(0k 25| + 105, 2;) (2. 05])
(@p + 260(2 )? ! ! wo + 20’1(:))(0)0 + 20)(2 ) ! !
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12(c
+Mq4b 0;){01. 0, + 104 0;) (4. 05) +

( )(CUO +2w ( )
. cct .
a)(l) + w(z) wy + 2(0(1) wy + Za)
k i 0 k 0

(we remind our notation where, both in the ket and bra field
states, the first element refers to subcavity 1 while the
second one refers to subcavity 2). All coefficients in (18)
containing a sum over field modes depend on the
cutoff frequency. Importantly, the normalization factor
A? defined in (9) is also strongly (quadratically) cutoff-
dependent. We can evaluate its value for relevant values of
the system parameters, typical of quantum optomechanics
[32,33] and circuit quantum electrodynamics (cQED) [17]:
for vy = wy/27r = 1010 57, Ly = 1072 m, M = 1078 kg,
wp ~ 10" rad - s~!, we find A2 ~ 1072*; for v, = 10'0 571,
Lyo=1073m, M = 107" kg, wp = 10'3 rad - s7!, we find
A? ~ 1078, The first case is typical of quantum optome-
chanics experiments and the second one is typical of cQED;
they are also the same parameters v, Ly, M used in two of
the plots (blue dots and red dots plots, respectively) of
Fig. 6. All these values show that A2, that can be identified
as our perturbative parameter, is indeed extremely small
(similarly for the other plots in Fig. 6), provided an
appropriate cutoff frequency is introduced, giving a strong
support to the validity of our perturbative expansion and its
convergence.

In order to compute the negativity, we perform the partial
transpose of p;; with respect to the mode j. At zeroth order,

the partially transposed density matrix pZ is simply the

projector onto the two-mode vacuum, pkj |0¢. 0;) (0. 0;].
J
<1k’0j|p;cjj|1k’0j> 0
/j
0 <Ok7 ljlpkj|0k7 1j>
0 0
0 0

We observe that diagonal population terms remain positive
after partial transposition and do not contribute to the
negativity at this order. The only nontrivial block that can
yield a negative eigenvalue is therefore the one spanned by
the state vectors [2;,0;) and |04, 2;). This 2 x 2 block is
generated by the partial transpose of the coherence
12¢,2;)(0¢,0;], which becomes |2;,0;)(0;,2;], and its
Hermitian conjugate, which gives |04, 2;) (2, 0;|. Its entries

(3/2)' ()

) (202 0001+ 1000 20,2 .

(10 4;) {0k, 0, + [0 0;) (O 41)
(2>(w0—|—22)kj ko Hj ko VjI\Vk

(18)

|

All other terms constituting the partial transpose pZ’J are at
least of second order in the coupling constants, that is
Pl = pg}) + 8Ryj, where 5R,; is O(C?), with C a collective

(1)

symbol denoting the couplings C k’; . In other words, 5Ry;

acts as a perturbation of the “unperturbed” partially trans-
posed density operator p,(col.).
nondegenerate eigenvalue corresponding to the vector
|0¢) ® |0;), while every nonvacuum member of the Fock
basis belongs to a degenerate subspace with zero unper-
turbed eigenvalue. At the lowest perturbative order, which in

our case corresponds to O(C?), the eigenvalues of P/ij,' can

The unperturbed part has one

therefore be obtained by restricting the perturbation to this
degenerate subspace, which is equivalent to considering

P(f)p;ij(f), where P(f) =1I- p,(g.)
subspace orthogonal to the two-mode vacuum state, in the
spirit of first-order degenerate perturbation theory. At
O(C?), only the four basis states |1;,0,), |04, 1,), |24, 0,),
and |0;,2;) carry nonvanishing contributing populations;
the populations of [4;,0;), [0.4;), and [2;,2;)
appear at higher order and can be neglected at the order

is the projector onto the

here considered. Therefore, in the ordered basis
0) ; (0
{116.0;), 10k, 1), |2¢.0;), [0, 2;) } PY/)ZJ.PS) can be

expressed, without loss of generality, by a 4 x 4 matrix of
the form,

0 0

0 0
<2k’0j‘p;¢jj|2kv0j> <2k»0j‘p;<jj|0k’2j>
<0k’2j\02}|2k’01> <0k’21\P2j|0k’2j>

(19)

involve only the diagonal couplings ct k) and CE j), with no
sums over field modes; the negativity is therefore
manifestly UV-finite, in contrast to the diagonal popula-
tions of |1;,0;) and |0y, 1;), which do carry a cutoff
dependence but do not enter into the negativity calculation
at this order. Through a simple rotation we diagonalize the
2 x 2 matrix, obtaining two eigenvalues. One is always

positive, while the other can be negative provided that
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(g —|—a),({1) +a)§2)) / (a)g) +w§2)) > 1; this condition is always verified since all frequencies involved are positive
quantities. This clearly shows the presence of entanglement between the pair of field modes considered.

The complete expression of the negativity is

Ny

2 2
L, Wy, [ O

T (g 20,7 L (wg + 260/)2] ’

where from now onwards, we simplify the notation
by setting w;, = a),(cl) and w; = a)ﬁ.z); [y and [,, as defined
at the beginning of Sec. II, are respectively the distances of
the equilibrium position of the movable wall from the left
and right fixed walls. We wish to emphasize that Eq. (20),
one of our main results, is finite and cutoff independent. We
also note that the expression of the negativity obtained
above coincides with the one that would be obtained if,
instead of considering the reduced state of the field on two
modes (one for each cavity), a single-mode approximation
in each cavity would have been used, discarding since the
beginning all other field modes in the subcavities.

We now discuss the physical properties of the entangle-
ment between field modes in our system that can be
obtained from our result (20) for the negativity, with
particular emphasis on their dependence from relevant
parameters of the system.

In Fig. 2 we plot the negativity, in units of the
dimensionless scale factor 7/(64Mw,L3), as a function
of the wall’s equilibrium position /; normalized to half the
distance L, between the two fixed walls, namely
x=1,/Ly€(0,2); x =1 corresponds to the equilibrium
position of the movable wall at the midpoint between the
fixed walls. The figure clearly shows that the negativity is
maximized for a symmetric geometric configuration,

0.200
0.175}

0.00 025 050 075 1.00 1.25 1.50 1.75 2.00
X [L()]

FIG. 2. Negativity (20), expressed in units of the dimensionless
factor 71/(64ML3w,), as a function of x, the wall’s equilibrium
position in units of L, (0 < x < 2).

o [ e h ey
N 8Mlllza)0 ll (CUO + 2Cl)k)2 12 ((1)0 + 260])2

wpw; ( 1 1 )2
3 +
(a)k—i—a)]) 0)0+2wk a)0+2(1)1

(20)

|

x =1, that is [, =1, = Ly. For this reason we now
concentrate on this specific symmetric configuration of
the three walls. We wish to mention that in Figs. 2-4, for
ease of visualization our discrete mode frequencies are
idealized as continuous variables. In Fig. 3 the negativity
(20) is plotted as a function of w; = w;/w, and
w, = w;/®,, and in Fig. 4 as a function of w/w, in the
case of equal-frequency modes in the two subcavities,
o, = w; = . It is evident from these plots that, although
the entanglement between the fields in the two subcavities
is nonzero everywhere, the negativity between pairs of field
modes is maximized (and thus the entanglement is the
strongest) whenever w/wy < 1 and @;/wy < 1. Also, the
maximum is obtained for w; = w; = @,/2. This result is
expected. In fact, under the condition w; = @; = wy/2,
analogous to a resonance, the exchange of virtual excita-
tions between the wall and the field is most effective,
leading to a stronger accumulation of intercavity correla-
tions and consequently to the maximum value of the
negativity (see also Eq. (21) below) [34]. Also, this
condition strongly resembles that occurring in the

3.0

25
08
2.0 1
=
0.6 7=
= |3
215 B
3 =
0.4 b=
o0
1.0 z.
0.2
05
0.0
0.0
0.0

FIG. 3. Negativity (20) as a function of w; = w; = (zck)/I,
and w, = w; = (7cj)/l,, in units of @y, for the symmetric
configuration /; = I, = L. The negativity is expressed in units
of the dimensionless factor 72/(64ML3wy).

065008-7



CAMMARATA, FAZIO, PASSANTE, and RIZZUTO

PHYS. REV. D 114, 065008 (2026)

=
o
T

o]
640 L2wo

[’

o

<
)
:

o
"~
T

Negativity |

o
o
.

o
o
:

0 1 2 3 4 5
w [wo]

FIG. 4. Negativity in Eq. (21) as a function of @ = (zck)/L,
in units of @, for the symmetric configuration /, = [, = L. The
negativity is expressed in units of the dimensionless factor
h/(64ML3wy).

dynamical Casimir effect for the emission of pairs of real
photons, although in our case we deal with virtual quanta;
thus, it is a sort of weak analog to the resonance condition
of real photon pairs generated in the dynamical Casimir
effect [12]. In this last case the negativity (20) reduces to

B hw B ha/wg
© 8MLE(wy + 2w)>  8MLZwy(1 + 2w/ wy)?
(21)

N (o)

Equations (20) and (21) clearly show that the value of the
negativity depends on the parameters w, Ly and M through
the dimensionless factor AM~'w,~'Ly?, which is directly
related to the quantum position fluctuations of the finite-
mass movable wall (of the order of Ax> ~ AM~'w,~"); this
highlights the genuinely quantum origin of the entanglement
between the field modes, mediated by the quantum fluctua-
tions of the movable wall, that we find. It is thus of interest to
investigate the dependence of the negativity from this triad
of parameters, in particular using values reachable in current
or foreseeable optomechanics experimental setups.

Using for example vy =w,/27=10GHz, Ly = 107> m,
M = 1078 kg, that are numerical values of the order of
those obtained in [32] exploiting bulk acoustic phonons in a
quartz crystal inside a macroscopic high-frequency cavity,
and setting w; = w; ~ w,/2 (this condition, as already
shown, maximizes the negativity), from (21) we obtain an
absolute value of the negativity of the order of 10733, that is
a quite small value. A possibility to increase the absolute
value of the negativity is to reach a smaller mass M of the
movable wall or to decrease L, or both. Quite smaller
values of mass and cavity length have been indeed obtained
in optomechanics experiments, see for example [1,35].
Also, in [36] a mass below the picogram scale has been

obtained. For a review of optomechanics systems
with levitated micro and nanoparticles with very low mass
and dissipation, see [37]. In our case, taking reasonable
values such as M~ 10" kg, Ly~10° m and 1, =
wy/2m ~ 10?> GHz, the dimensionless factor 7/(MwyL3)
becomes quite large yielding a much larger
negativity, of the order of 1072'. Hence, a factor of the
order of 10'* is gained with respect to the previous case,
even if such values give a minimum mode frequency
wy = w; =mc/Ly~ 10" s7' > @, and thus do not sat-
isfy at all the “resonance” condition w;, = @; = w,/2 that
maximizes the negativity for given values of (M, @y, Ly).
Furthermore, mass M and frequency @, can be reduced
both, or at least one can be lowered without much affecting
the other, by decoupling the effective mass from the
mechanical oscillator’s stiffness. This can be achieved by
reducing lateral dimensions [38], or reducing mechanical
dissipation [39], or confining mechanical modes to ultra-
small volumes [40] (lowering M and enabling tuning of
@), or combining optical and mechanical confinement to
maximize optomechanical coupling while controlling M
and @, [41-43]. Finally, we wish to mention that circuit-
QED devices as those considered in [16] seem a promising
setup for further increasing the negativity by several orders
of magnitude; we hope to address this and related aspects in
a future publication.

Another way to visualize which field mode pairs are
more entangled is by depicting the negativity associated to
them as a three-dimensional histogram as a function of
k, jeNT, as shown in Fig. 5, where the numerical values
for the parameters in the triad are of the order of those
attained in [35]. This parametric plot shows that the field
modes that become most entangled across the two sub-
cavities are the ones for which k = j = 1.

x 1071

h
640 L3,

Negativity [

100 0

FIG. 5. 3D histogram of the negativity in Eq. (20), quantifying
the entanglement between pairs of modes & and j, in terms of the
dimensionless parameter 7/(64ML3wy).
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IV. NUMERICAL ANALYSIS OF THE
MULTIMODE NEGATIVITY

In the previous section we quantified the entanglement in
our two-cavity system by evaluating the negativity between
two single field modes when the system is in its interacting
ground state, and we found that they are entangled;
however, the negativity, for realistic values of all param-
eters involved, is quite small.

In this section we extend our evaluation of the negativity
to the case of a larger number of modes in the two
subcavities. We numerically evaluate the entanglement
(negativity) between the fields in the two subcavities, each
containing a finite number of modes N,.q. The starting
point is the field density operator (13). In this case,
although from Eq. (21) the contribution of a given mode
decreases after we go beyond the modes for which
® ~ wy/2, many modes can still be taken into account.
The number of modes depends on both L, that determines
their spacing, and the upper frequency limit given by the
cutoff, that is the plasma frequency wp for a metal movable
mirror; this number is given by Eq. (5). The dimension of
the system’s Hilbert space scales as NN where Ny 18
the finite number of excitations in each field mode. In the
present second-order perturbative treatment, N, = 5 (the
ground state and the states with one or two pairs of
excitations in the two subcavities). A direct diagonalization
of the partially transposed density matrix would become
intractable as N4 increases. The structure discussed
around Eq. (19) provides the starting point for identifying
the sectors that, at the order considered, can contribute
negative eigenvalues in the multimode case. In the general
case of N4 field modes per subcavity, at the perturbative
order considered only two blocks of the partially trans-
posed density matrix can contain negative eigenvalues and
are therefore relevant to the negativity calculation. Each of
these blocks is indexed by two pairs of mode indices, (J, k)
and (I, m). Since each pair can take N2, values, each block
is a N2, x N2 , matrix and therefore contains N% |
elements. The numerical calculation can thus be restricted
to the diagonalization of these two blocks, corresponding to
a total of 2Nﬁlod relevant matrix elements, rather than to the
diagonalization of the full partially transposed density
matrix. This is the multimode generalization of the restric-
tion to the nontrivial sector discussed for a single pair of
modes around Eq. (19), and it drastically reduces the
numerical problem with respect to the full density matrix,
which would contain 5*Vm elements within the excitation-
number truncation considered here. For a typical plasma
frequency wp ~ 10'¢ rad-s~! and a small cavity with a
length of the order of micrometers, we can estimate
Nmoa ~ 10, while a larger cavity with L in the centimeter
range would roughly contain 10° relevant modes. We wish
to stress, however, that considering a typical case of cQED,
which is a very promising candidate for implementing our

two-cavity system, @y ~ 10'?=10'3 rad - s~!, or even
less, yielding a much smaller number of modes, in the
range of 10-100.

The quantitative analysis of this multimode case has
been performed numerically due to the complexity of the
reduced density operator (13). We have performed numeri-
cally the analysis only for the first ~70 modes of the fields,
due to the high computational demand of the algorithm
needed for the computation. This is quite a good number of
modes for the case of a micrometer-sized cavity as that
considered in [35,33], even if it is far from the 10’ relevant
modes required for describing the case of a centimeter-
range cavity as the optomechanical cavity used in [32]. On
the other hand, this number of modes is fully adequate for a
typical cQED case, where a number of modes in the range
of 10-100 is expected, as discussed above. The results of
our numerical analysis for the negativity are shown in Fig. 6
for different realistic values of the parameters w, Ly, M as
a function of N 4. In particular: the blue-dots curve is for
vy = 10" 571 Ly = 1072 m, M = 10~® kg (numerical val-
ues of the order of magnitude of those used in [32]); the
green-dots curve is for vy = 10" s7! Ly =10 m, M =
107!2 kg (numerical values of the order of magnitude of
those used in [35]); the yellow-dots curve is for vy =
107 s7', Ly = 107 m, M = 107" kg (numerical values of
the order of magnitude of those used in [33]); the red-dots
curve is for vy =10"s7", Ly =107 m,M = 107" kg
(numerical values of the order of magnitude of possible
values mentioned for the circuit QED analogous system
considered in [16]).

In the cQED case, the relevant cutoff frequency
is the plasma frequency of the SQUID device
simulating the movable wall, which is of the order of
w, ~10"-10" rad - s™!, far less than a typical plasma

1070 F7
10712 | @
10715 |-
o 10*18 L

10—21 L
a0 10724 L

8OO0 -9-0-0 00 000 |

ativit

*--0--0-0-0-0--0--10-0-0--0--0 |

Ne

10—27 L ."—.’—_.-___

10—30 L

1073 g0 0—-0--0--0--0--0--0--0--0--0

-
0 10 20 30 40 50 60 70
Number of modes

FIG. 6. Semilog plot of the negativity calculated numerically
for different parameters: Blue dots refer to: v,=10s"!,
Lo=10"2m,M =10"%kg; Green ones: v,=10"s7!,L;=10"%m,
M=10""2kg; Yellow dots: 1y=10"s"!,L,=10""m,M=10"""kg;
Red dots: vy= 101051 Lo= 10 m,M=10"3 kg.

065008-9



CAMMARATA, FAZIO, PASSANTE, and RIZZUTO

PHYS. REV. D 114, 065008 (2026)

frequency of a metal. Hence, far fewer modes are available,
and, as already shown in Sec. III, the parameter A is far
less than one also in this case. Moreover, in this case the
number of modes is typically less than 100, as already
mentioned.

We observe that the plots in Fig. 6 qualitatively indicate
that the main contribution comes from roughly the first ~30
modes and that the inclusion of the other modes considered
yields an increase in the negativity of about two orders of
magnitude, showing also a plateau when the number of
modes is increased. The remaining modes, when present,
seem to lead only to a small increase in the negativity of
less than one order of magnitude, which suggests the
approach of an asymptote when increasing the total number
of field modes. Even if this is only a qualitative indication,
inferred on the basis of the (small) number of modes
considered, it becomes of particular relevance and value for
the red-dots plot, which has parameter values typical of
cQED and thus contains a much lower number of modes
(less than about 100, as mentioned before).

V. CONCLUSIONS

We have considered a one-dimensional two-cavity sys-
tem consisting of a movable conducting wall placed
between two fixed conducting plane boundaries. Two
massless scalar fields are defined, one in each cavity.
The mechanical degrees of freedom of the movable wall,
assumed to have a very low mass and bound to its
equilibrium position by a harmonic potential, have been
treated quantum-mechanically. As it is known, the motion
of the movable wall induces an effective interaction
between the field modes and an effective fields-wall
interaction, described by the Law Hamiltonian [10,11],
as well as correlations between field observables in the two
cavities [21]. We have calculated the interacting ground
state of the system up to the second order in the interaction

between the two scalar fields and the movable boundary,
and the reduced field density operator. An appropriate
upper cutoff frequency, motivated by the fact that the
metallic mirrors become transparent above their plasma
frequency, has been introduced to eliminate ultraviolet
divergences and obtain convergence of the perturbative
approach. We have analyzed the entanglement between
field modes in the two cavities by evaluating the negativity
using both analytical and numerical approaches, both in the
case of two single modes, one in each of the two
subcavities, and between a larger number of field modes
in each of the two subcavities. Our results show that the
quantum position fluctuations of the movable wall generate
entanglement between the field modes belonging to oppo-
site subcavities. We have also discussed the behavior of the
negativity as a function of all relevant parameters of the
system, such as the frequency of the field modes consid-
ered, the size of the two subcavities, the mass and
oscillation frequency of the movable wall, as well as the
number of field modes considered.
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