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The integration of high-energy degrees of freedom along the renormalization group (RG) flow in
Poincaré-invariant theories is captured by a monotonic c-function. For such theories, holographic c-
functions have been constructed using entanglement entropy. However, in theories with broken Lorentz
invariance, these constructions generally fail, reflecting both the violation of entanglement RG
monotonicity and its limitations in capturing essential features of nonrelativistic RG flows. Since many
quantum many-body systems lack Lorentz invariance, it is important to identify a quantity that captures
the decrease of effective degrees of freedom along such flows. We show that the recently introduced
holographic timelike entanglement entropy naturally gives rise to a new c-function applicable to all such
theories, which moreover obeys a geometric upper bound on its rate of change. We further demonstrate the
existence of this c-function in theories with Lifshitz and hyperscaling-violating fixed points, showing that,
provided the null energy condition and thermodynamic stability are satisfied, it obeys the expected RG

monotonicity.
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I. INTRODUCTION

The renormalization group (RG) flow in quantum field
theories reveals a rich structure and serves as a powerful
tool for their analysis. One of its most well-known features
is the existence of a so-called c-function, which decreases
along RG flows and coincides with the central charge at the
conformal fixed points of the theory. This property was first
proven in two-dimensional quantum field theories [1] and
was later reformulated in terms of entanglement entropy,
a quantity that measures how entangled a given spatial
subregion is with its surroundings.

A generalization to even spacetime dimensions was
conjectured in [2] and proven in [3] for RG flows between
conformal fixed points. For certain conformal field theories
(CFTs) in arbitrary dimensions, generalized c-theorems
have been established within the holographic framework
[4], prompting extensive studies and reformulations using
entanglement entropy [5], particularly in the context of
holography [6—12].

An intuitive understanding of these results comes from
interpreting the central charge as a measure of the number
of degrees of freedom in the theory. Since RG flow involves
integrating out high-energy degrees of freedom [13],
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a decrease in this measure along the flow is expected.
A generalized version of the holographic c-theorem is
anticipated to hold in theories with nonrelativistic fixed
points, which are common in quantum matter and many-
body condensed matter systems. Such generalizations have
been explored holographically [12,14], though a univer-
sally appropriate c-function for these systems remains
elusive. This absence stems from a deeper reason: it is
known that RG flow can violate the monotonicity of
entanglement entropy under RG transformations [15].

This is not unexpected, since entanglement entropy is
defined on a fixed time slice and thus may not capture the
full dynamics of nonrelativistic RG flows. As a result, it is
not surprising that it fails to support the existence of a
proper c-function. This observation raises a fundamental
question: does there exist a quantity that respects RG flow
monotonicity in these broader contexts, and if so, how can
it be applied to the physics of quantum matter?.

In this work, we introduce a novel c-function based on
the recently proposed timelike entanglement entropy in
holography [16,17]. This quantity is defined holographi-
cally as the area of extremal surfaces—spacelike and
timelike—that are anchored to a time subinterval on the
boundary [16,18]. Remarkably, we show that the timelike
c-function constructed from this pseudoentropy is mono-
tonic along holographic RG flows. This monotonicity
arises nontrivially from the geometric properties of the
extremal surfaces involved.

Our proposed c-function maintains the correct mono-
tonic behavior even in physical theories with broken
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Lorentz or scale invariance. Specifically, we show that
the derivative of the timelike c-function along the RG flow
can be expressed in a compact way in terms of the bulk
geometry of the holographic dual. As a general test, we
verify the most general homogeneous spaces with mono-
mial metric elements, namely with Poincaré invariance,
anisotropic Lifshitz scalings, and scale covariant hyper-
scaling violation all admit a monotonic c-function under
RG flow, provided that the null energy conditions (NEC),
thermodynamic stability conditions, and an effective
dimension condition are satisfied. These theories are the
most interesting and physically relevant due to the sym-
metries they possess. Moreover, we emphasize that in the
most general fully arbitrary Lorentz violating backgrounds,
NEC and thermodynamic stability do not always map one
to one onto the conditions required for timelike entangle-
ment entropy monotonicity. This is not unexpected; such
fully arbitrary backgrounds typically cannot arise as sol-
utions from physically motivated bulk actions. In fact the
satisfaction of the timelike c-theorem may suggest that only
specific subclasses of these anisotropic geometries, like
those we analyzed, may arise as well-behaved consistent
holographic theories.

II. HOLOGRAPHIC SETUP

We consider the homogeneous holographic spacetime in
the following coordinate system

dsi,, = —e*P0di? + A0 dx? 4 dr?, (1)

where d — 1 is the number of dimensions of the spatial
plane spanned by X and the boundary of the spacetime is
taken to be at r — oo, without loss of generality. Static
homogeneous spacetimes can always be diagonalized and
brought to the form of (1); therefore, this represents the
most generic case.

For a boundary time interval —Z <7 <Z with x; =0
and the remaining coordinates x; = o;, the bulk surface is
parametrized by #(r). The action corresponding to the
timelike entanglement entropy is given by

§=2 / dr -0\ 2502 ()

with the associated equations of motion

A,,—B
t, =2 ¢ =1 (3)

9
se2Ar) 1 g2,

The positive value s = +1 corresponds to the spacelike
branch of the surface, while s = —1 corresponds to the
timelike branch. Here, A(r):= B(r) + (d —2)A(r) and

A,, == A(r,,), where r,, is the turning point of the sym-
metric timelike surface at which 7_(r) diverges. The turning
point enters the equation of motion via the integration
constant. Substituting (3) into (2), we obtain the area in
terms of the geometry,
o2A-B
S, =2 | dr ————, (4)
e*N 4 se*n

where S, denotes the total timelike entanglement entropy.
As before, the subscript s = +1 corresponds to the space-
like part of the bulk surface described by the solution 7 (r),
contributing the real part of the timelike entanglement
entropy S .. The integration bounds in this case lie between
ry and rj,, where r, denotes the boundary of the theory and
rp, is the deepest point in the bulk reached by the extremal
surface. For example, in Anti-de Sitter (AdS) space in
Poincaré coordinates, with the boundary at r; — oo, we
have r, = 0.

The subscript s = —1 corresponds to the timelike portion
of the surface, described by the solution ¢_(r), and
contributes the imaginary part of the timelike entanglement
entropy S_. The timelike surface extends from the turning
point r,, to r;,. The imaginary and real contributions of the
timelike surface are denoted by Sy, := iS_ and Sg. :== S,
respectively. Similarly, the time integrals describing these
surfaces are denoted by fp. := 7, and #y,, := ¢_, providing a
unified notation.

To describe the common class of solutions studied in
[16,18], the spacelike surface tg. originates from the
boundary at t = T/2 (with r = ry — o), and in theories
without horizons or IR walls, it asymptotes to the deep
infrared as r = r, —» 0, reaching ¢ = Ty./2 — 0. The
right, symmetric branch of the timelike surface t;,, begins
at the mirror-symmetric extremal point of the surface at
t=0 (with r=r,), and similarly, in the absence of
horizons or IR walls, it asymptotes to the deep IR as
r=r,—0, with t =T},/2 > .

III. HOLOGRAPHIC TIMELIKE ¢-FUNCTION

The timelike entropy supports a holographic, monotonic
c-function for any type of homogeneous theory. To con-
struct a suitable function, we consider the derivatives of z,
and S, corresponding to the timelike and spacelike
surfaces, with respect to the turning point r,, of the timelike
surface. We will demonstrate that a unique and naturally
motivated c-function exists.

We begin by analyzing the timelike surface.
Applying the Leibniz integral rule yields the derivative
of the area,

1 aSim €2A—B 2A-B

2 or,, o2 _ 2N

P [ g
+ Al e dr o TR
y (e*m — M)

(5)

T m
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Similarly for the time interval we obtain

eZA—B

(eZA,,, _ eZA)% ’

(6)

A-B
latim . e
20r, 2 _ 2N

Ty
+ A eMn / dr
r’

I'm n

By combining Eqgs. (5) and (6), we obtain the derivative
of the timelike part of the area with respect to its time
interval,

9im _ ,, Om _ 9Sim _ n
or,, Oy Ot

For the spacelike surface, we follow a similar strategy
to compute the desired derivative,

0Sge
ORe _ gt 8
T (8)

Here, the minus sign arises because the boundary of
these integrals is independent of r,,.

We observe that the derivatives of the spacelike and
timelike areas with respect to their corresponding time
intervals are equal in absolute value. Motivated by this
observation and the holographic definition of the c-function
via entanglement entropy [6,11,12,27,28], we propose a
candidate monotonic timelike c-function based on the
timelike entanglement entropy. The appropriate function is,

C = Cre + Cim» (9)
with
aS
d, Im,Re
C(imRe) *= L(Im Re) (i) (10)

O (1m Re)

where d, is a constant with physical significance, which
we will later relate to an effective dimensionality of the
observables in the theory.

We can reexpress the c-function (9) in terms of the
boundary interval 7, by absorbing the usual positive
normalization constants into the definition,

a8
c=T%—, (11)
aT

with § = Sg. + St and T = fy,,, — fre- The expressions of
the c-function of (10) and of (11) have the same monot-
onicity along the RG flow and are equivalent.

To investigate the monotonicity of the c-function along
the RG flow in generic holographic theories, we analyze the
derivatives of its components. It is crucial to note that the
time interval can be rewritten as,

AX—B A/ _dAx+Am
t, = —Z/dred—,-Fs, Fom——ot™ . (12)
A Vet § g2

We treat the timelike and spacelike parts separately and
study each component individually and fix direction of the
integral’s boundaries appropriately.

A. The timelike contribution to the c-function

By performing integration by parts on the time interval
expression (12), we obtain,

A-B / "
Ty rp edx F_ A A
_/ AN <d__W_B/>' (13)

I'm m

A
tlm edx B

2—A,}"_

The monotonicity of cy,, is computed from (10) as,

d _ ot
Cim _ tflé] Lo <dxaﬂ + A'mtlm) (14)

arm 'm

We then express the derivative of 1, with respect to itself,
making use of the fact that the derivative of the F function
can conveniently be rewritten in terms of F. After a lengthy
algebraic manipulation, we arrive at,

aCIm f
— 2€A’" ldx_ld A= Im b
or,, m e | TN

Tim 1 /N A
+Az th,<d—A,—B’>}, (15)

where we have traded the r integral using the differential of
the time-interval length from (3), and we emphasize that the
derivative of the surface, #{, ,, evaluated at the bulk point
rp,, appears explicitly in the expression.

B. The spacelike contribution to the c-function

We now consider the spacelike contribution. Performing
integration by parts on the time interval (12), the resulting
expression involves F,. We proceed in a similar way as
in the previous subsection. Using the properties of the
derivatives of F,, we relate the derivative of g, to the
function itself. After some algebra, the derivative of
the spacelike component of the c-function from (10)
eventually takes the following form:

dege d,—1 4 i
=Mt A N Reb _ ‘Red
ory, Re T INA, A

TRe ! "

= 1 /N A
_ dt_(____yﬂ. (16)
/g N\d, N

Here, T is the time interval at the point where the surface
originates from the boundary of the theory, and Ty, — o
denotes the time interval as r — r;,, where the surfaces
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asymptote to the IR. Notice the crucial detail that the
expression in the first line depends on the derivatives g,
evaluated at r = r;, and r = r,.

C. The c-theorem

The monotonicity of the c-function (9) is determined
by the sum of the derivatives of the spacelike and timelike
contributions. The fact that these two contributions are
intertwined stems from the asymptotic convergence of the
spacelike and timelike surfaces. This becomes evident from
the expression for the gradient of the normal vector along
both surfaces [19], which reads,

Q2A(d-1)

71 = (17)

N 4 se?Mn”

The smooth merging of the surfaces occurs at a radial
position 7. In this limit, e**» — 0, leading to |7|> ~ —s~!,
and the transition from timelike to spacelike surfaces
happens smoothly, preserving the correct signature of the
normal vector field. This, in turn, imposes the following
condition on the derivatives of ¢ at the merging point in the

deep IR:
fRe b = i - (18)

Moreover, in the absence of horizons or IR walls, we have
Ty = Tge ~ Ty, ~ oo, reflecting the fact that both surfaces
asymptotically approach the IR. Using these properties,
and inserting the expressions for the timelike (15) and
spacelike (16) contributions, the derivative of the total c-
function (9) becomes,

dc

1 1
— = 2eMTET AN, [— (the p = thn ) — 11
or,, x5 tm Re b Im b A:; Re 0

A,
T 1 A/ A//
+A2dtﬁ(d__ﬁ_3/>]' (19)

The first two terms cancel due to the condition (18),
while the remaining term on the first line vanishes because
the surface intersects the boundary orthogonally. This can
also be seen from (3), since e?’ — oo. Furthermore, to
obtain (19), we combined the integrals as follows:

Too To T
jOTdt(...)—ngdt(...) = [¢di(...). Eventually, the
derivative of the c-function can be compactly written as,

0 - 3
2 = 2eMTE AN, / dt—

1 A A
or m 0 A/ (

———-—-B|. 20
TowoF) @
This expression is subject to the natural holographic
condition at the boundary,

IRe o
=0 (21)

Equation (20) is one of the main results of this work. It
yields the c-theorem,

Jc

or,,

>0, (22)

for a UV boundary located at infinity in the holographic
spacetime. This inequality translates into a constraint on the
geometric components of the metric, as encoded in (20).
The condition takes an averaged form: the integral in (20),
multiplied by d,A},, determines the nature of the monotonic
behavior of the c-function.

However, a stronger version of this condition can also be
imposed: namely, that the integrand in (20), when multi-
plied by d,A),, maintains a definite sign pointwise along
the radial flow. This stricter requirement leads to a fully
general formulation of a holographic c-theorem. Moreover,
the c-function in (20) exhibits an automatic upper bound on
its rate of change along the RG flow,

0<0, c <eMTET'TA,, (23)

as discussed in Appendix A.2, thereby constraining how
rapidly effective degrees of freedom can be coarse-grained
in consistent holographic theories.

D. NEC and thermodynamic stability conditions

Holographic theories, especially those with broken
Lorentz invariance, may suffer from instabilities. To avoid
such pathologies, we impose two minimal physical require-
ments: the null energy condition and thermodynamic
stability.

The NEC for the metric fields along the holographic RG
flow serves as a minimal consistency condition ensuring
causal propagation, nonrepulsive gravity, avoiding insta-
bilities and superluminal modes [29-32]. We obtain two
independent conditions which can be written as [12,14]

B"—A"+ (B —A")(B +(d-1)A") >0, (24)
—A(r)?> + B'(r)A'(r) = A"(r) > 0. (25)

Thermodynamic stability is analyzed by considering a
black hole solution of the metric (1) with the usual
blackening factor f(r) satisfying f(r,) =0 at the black
hole horizon r = r,. To avoid a conical singularity, the
Euclidean compactified time circle must be identified with
a period set by the Hawking temperature,

T :f/(rh) B (26)
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The thermal entropy density is proportional to the area of
the black hole horizon. By absorbing constants and
positive-definite prefactors, the normalized specific heat,
derived from the thermal entropy S, is proportional to

IS - (d—=1)A'(ry)
o~ ) reE =

The three conditions (24), (25), and (27), taken together,
guarantee the physical stability and naturalness of the
theory.

E. Effective dimensionality

In this subsection, we consider the theory at a fixed radial
scale ry, and therefore at a certain energy scale. The
parameter d, can be thought as an effective spatial
dimension of the c-function in the theory we are looking
at. The integrand of the derivative of the c-function (20)
vanishes at a fixed radial distance r; when

A’(rf)2

d pu—
Xy A//(rf) + B/(rj)Al<rf) ’

(28)

and therefore o, c vanishes. For theories with A”(r;) > 0,
the NEC (24) and (25) constrain d, to remain positive
along the entire RG flow.

The physical meaning of d, can be understood inde-
pendently by analyzing the scaling symmetry of the metric.
Introducing a new radial coordinate 7(r) at a particular

scale ry, the following scaling transformation ¢ — /Iﬁt,

x — Adx, F — A~°F, leaves the transformed metric ()
ds* = =i di* 4+ Pdx} 4+ F0dP, (29)

scale  covariant, provided @&@=d(a—1-5) and
p =56(f—1—6). The timelike entanglement entropy then
scales as

a(d-2)+6+1
S ~ Fd=2)+6+1 ot (30)

To ensure that the c-function is dimensionless we obtain
from (10) and (30) the expression

_ﬁ—i—a(d—Z)
Sy I G1)

For the scale covariant theories, or at fixed points with scale
covariance the result (31) matches with a direct use of the
Eq. (28) making evident the role of d, , or d,. This allows
us to recast the c-function derivative (20) in an even more
compact form as

T
9€ _ pemrdh AL /zdt<1 —j—*), (32)
0

ar,, \,

with d, (r) given by (28).

IV. HOLOGRAPHIC TIMELIKE C-THEOREM

A. Timelike c-theorem in Poincare invariant theories

Let us consider a conformal theory with A(r) = B(r),
with a bulk geometry described by the metric (1). The
evolution of the geometry along the RG flow is encoded in
the conformal factor A(r). Such geometries are typical
solutions of Einstein gravity coupled to a scalar field with
an appropriate nontrivial profile along the RG flow, for
instance, [4,33]. The scalar dilaton is dual to a relevant
operator O, and the RG flow can be thought of as being
triggered by perturbing the theory at its UV critical point by
this operator. In our analysis, the details of the dilaton’s
profile and potential are not essential.

The effective dimension can be obtained using (28),

(d—1)A"
v AT AT (33)
while the NEC (25) gives: A” < 0. The integrand of (20)
becomes up to positive factors,

dc z d
—~A Tdr1--), 34
or,, " A ( dx,) (34)

which implies that, as long as the norm of the effective
dimension d, decreases along the RG flow—or alterna-
tively, as long as a constant d, is equal to or smaller than the
minimum effective dimension, the c-theorem automati-
cally holds.

To prove this statement, note that the NEC implies A’ is a
decreasing function along the RG flow. Since we have
placed the boundary of the theory at r — oo, we have
Apy >0 and Al , = A(y. Therefore, it suffices to show
that the minimum value of A’ at the boundary is positive to
ensure the monotonicity of the c-function (34). Indeed, this
is the case: since Ayy ~ A(r) —» oo at the boundary, we
have A/, > 0, which then implies A’ > 0 along the entire
RG flow.

As an explicit example consider the case where at UV,
d, = d — 1, which is equal to the lower bound of a positive
d, , by the saturation of the NEC. The monotonicity of the

timelike holographic c-function is then always

de T2 (—A")
~Al dt >0, 35
o > 9

which is ensured by the NEC.
Hence, the timelike holographic c-function for a
Poincaré invariant theory is monotonic as long as the
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NEC are satisfied and the effective dimension decreases.
This case also serves as a consistency check, confirming
that the timelike c-function is an appropriate choice for
Poincaré invariant theories.

B. Timelike c-theorem in nonrelativistic theories

1. Lifshitz theories

Consider a Lifshitz theory where A =r and B = zr,
where z is the Lifshitz exponent, a parameter characterizing
Lorentz violation. Applying the analysis of Sec. IIIE we
find that the metric in Poincare coordinates has exponents
a =1, f=zand 6 = —1. The effective dimension here is
given by (28), or equivalently by (31) and becomes

d-2
do=1+""%, (36)
Z

while the NEC reduces to the simple inequality z > 1.
When z = 1 we recover the usual AdS spacetime and dual
to the conformal theory. The NEC constrains d, > 0 and
AN =z 4+ d -2 > 0. For the trivial, scale-invariant Lifshitz
RG flow, the holographic timelike c-function (20), with
d,=d, given by (36), yields a vanishing derivative:
d,,¢ =0, as expected. For a nontrivial Lifshitz RG flow,
the validity of the c-theorem (32) is guaranteed as long as
d, <d,, since already A’ > 0 by the NEC.

Let us elaborate further by considering a theory where
the Lifshitz exponent z,.(r) varies very slowly along the RG
flow with fixed points characterized by zyy and zR. d, is
constant and is determined at a fixed point, while d, _is the
effective dimension at a given radial distance. Then (32)
approximately gives

dc P01
—~ A dt— (z — > 0. 37
I e )

The NEC enforces A’ >0 and z,(r) denotes the slowly
varying Lifshitz exponent at r. Therefore, the c-theorem
reduces to the simple condition: z > z,.

For example, the validity of the c¢-theorem can
be demonstrated in theories with conformal UV fixed
points, zyy = 1, that satisfy the NEC, so that z,,;, = zyv,
and have a slowly decreasing z.(r). Taking d, = d g
and thus 7 := Z1g = Zmax €nsures z > z, and the c-theorem
(37) holds.

In summary, the NEC together with the universal
condition d, < d, automatically ensures the validity of
the c-theorem for Lifshitz RG flows.

2. Hyperscaling violation theories

Next, let us consider a more intricate case: a hyperscaling
violation theory characterized by spatial homogeneity and
scale covariance, as a stringent test for the c-theorem. Here
we have

0
p=i-G—g. a=l-——o. s=a-2. (38)

where z and 6 are the dynamical Lifshitz exponent and
hyperscaling violation exponent, respectively.
The effective dimension (31) of the theory is

d—60-2
R
Z

d,=1 , (39)

which, when compared with (36), clearly reflects the effect
of the hyperscaling violation exponent: the modes propa-
gate effectively in d — @ spatial dimensions rather than in d,
leading to consequences analogous to those seen in the
thermodynamics and thermal entropy of the theory.

The c-function evolves along the RG flow as

oc 3 d
— ~ AN 1—->)dt, 40
6rm m A ( d)(,) ( )

where A, =(d-1)(@—d—-z+2)/(6r,). The NEC
(24), (25) and stability conditions (27) impose d, >0
for any physical hyperscaling violation theory, but now
they do not uniquely fix the sign of A’. We will show that as
long as the natural conditions are satisfied, the c-theorem
holds for d, < d, , as in our previous RG flows.

To establish the existence of the c-theorem, we carefully
study each parameter subregime in our coordinate system.
There are three consistent subregimes to consider: A) For
a> 1, we have the range re[0,00) in the coordinate
system (1), with a boundary 0 at co. Once the NEC and the
thermodynamic stability conditions are satisfied, the func-
tion A/, is automatically positive and therefore, from (40),
the derivative 9, ¢ > 0. The c-theorem holds for the range
of parameters o > 1.

For the range of parameters described by B) a < 0 the
boundary in the coordinate system (1) is again at infinity.
The NEC and the thermodynamic stability then impose
A}, > 0 and therefore d, ¢ > 0. The c-theorem is satisfied
for this case as well.

For subregime C), where 0 < @ < 1 the boundary is at
the minimum radial value, »r = 0. The NEC and the
thermodynamic stability now conveniently impose the
opposite conditions compared to previous cases: A}, <0,
and hence, from (40): d, ¢ <0. The c-theorem is again
satisfied.

This is a particularly elegant derivation: the derivative
of the c-function is naturally constrained by the NEC and
thermodynamic stability conditions to change sign depend-
ing on the location of the UV fixed point along the radial
direction. It takes negative values, as expected, when the
UV fixed point lies at the minimum of the radial coor-
dinate-precisely the condition under which the c-theorem
holds. Everything fits together seamlessly to ensure the
validity of the c-theorem.
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3. Anisotropic hyperscaling-violating theories

In [34], theories in which rotational symmetry in
the spatial plane is further broken were considered. This
breaking of spatial rotational invariance leads to direction-
dependent effective dimensionalities, generalizing (28),
and consequently to a family of directional c-functions.
It was shown in [34] that these anisotropic c-functions
remain monotonic along the RG flow even in such highly
nontrivial backgrounds, with their evolution governed by a
general expression analogous to (20). This provides one of
the most stringent consistency tests of monotonicity.

V. DISCUSSION

We have constructed a c-function based on holographic
timelike entanglement entropy that is applicable to non-
relativistic theories. We demonstrate that renormalization
group flows without Lorentz invariance obey a timelike
entanglement monotonicity, thereby establishing a direct
connection between RG irreversibility and timelike entan-
glement. This constitutes a systematic improvement over
previous attempts to construct c-functions from spacelike
entanglement entropy, whose monotonicity is known to fail
once Lorentz symmetry is broken.

Many quantum many-body systems are inherently non-
Lorentz-invariant, motivating the study of their holographic
RG flows as a powerful framework for probing strongly
coupled dynamics and phase transitions. Our results open
new foundational directions for analyzing such RG flows
holographically and strongly suggest that, in the absence of
Lorentz symmetry, a field-theoretic c-function should be
constructed from timelike entanglement measures rather
than from spacelike entanglement entropy. Our work also
suggests a more general lesson: when space and time scale
differently, RG irreversibility must be probed through
observables sensitive to the temporal direction.

Moreover, we identify an upper bound on the rate of
change of the timelike c-function along the RG flow,
constraining how rapidly effective degrees of freedom
can be coarse grained in consistent holographic theories.
This bound reflects the locality and internal consistency of
the RG process, and provides a quantitative measure of how
fast RG irreversibility can proceed under controlled physi-
cal conditions.
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APPENDIX A: THE DERIVATIVE
OF THE c¢-FUNCTION

In this section, we provide additional technical details on
the derivation of the derivative of the c-function (20). The
timelike interval length, written as in (12), is

A-B
rp X
fin = —2/ & F (A1)

AN T
and can be rewritten in the form (13). After some algebra,
its derivative takes the form
L0t _ 0 Fo pe, 0T s,

20r, A} AL

A_B
nooeh 8o, F_ (N A
[l () W

To further process the expression above, we note that the
derivatives of the F function relate to the function itself as
follows:

0, Fuo A, AT A et
InT BT T ® o0, F_+ = - ¢ .
fm— dx " dx €2Am - €2A
(A3)

In the first expression F,,_ is evaluated before taking the
derivative. Using these relations and referring back to (13),
we observe that the derivative of f,, depends on fy, itself.
Consequently (A2) can be rewritten as,

1 at,-erAﬁ,,t
2\or,,  d. ™

The first line simplifies with the help of the second identity
in (A3). The above expression is essentially proportional to
the derivative of the timelike component ¢y, as can be seen
from (14). From this, we obtain a compact expression,
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—-B,
aCIm =2 dx—lA/ 2Amd _ €

- tlm m€ X
arm A;]\/ eZAm j— eZAb

p e B A AN )
+A dr—A/ e2/\m_e2/\ (d—x—W—B)] (AS)

m

Note that in the first term the derivative #, , (3) of the
timelike surface at the deepest point in the bulk r;, appears,
and in the integral term we encounter the differential of the
time interval

eMn—B
dtyy = — ————dr,

o2 _ 2R

(A6)

which, when substituted into (AS5), yields the final
expression (15).

Next, we analyze the spacelike part of the c-function,
where some differences in the computation arise. The time
interval is given by

A
rp edX B
tRe = — drTF+,
Ta

and can be rewritten as

(A7)

A_p - , A_p
2 N, N \d, A

Taking the derivative of g, yields

1 dtge efAT»b-_B b F ez_j_B ? o F

— A =7 9, b+ 9,0
20r, A A, *

A_B
ry, el NN
- dr——9, F <————B’).
[d A/ mY + dx A/
Using
Al F
0, F,=~— m ot _ZE AL (AS)

———c¢
/2K 1 g2A, d,
we observe that the derivative of fg. can be expressed in

terms of the time-interval itself, and the above expressions
simplify conveniently as

1 atRC+A;nt
2\or,  d %

e

e B

e Bo ]
N,V e Ny e?ha 4 2

. r eMn—B A A )
+AL | dr————(—-—-B).
. N / eZA + eZAm dx A

Nicely, the first two terms are proportional to fy, , and tg, 5
the derivatives of the spacelike surface at the deepest point
in the bulk and at the boundary, respectively. Furthermore,
the integrand’s differential is naturally expressed in terms
of the time differential,

eAm -B

dige = —————dr.

/2R 1 g2A,

Equation (A9) essentially gives 9, cge, since from (10), we
then obtain

acRe _ _tdx—le/\md aZ‘Re + A;ntRe
or Re “\or, d,

(A10)

). (Al1)

A straightforward substitution of (A9) completes the
derivation of (16). We highlight how elegantly all the
geometric properties of the surface combine to yield a
compact and easily accessible final expression.

APPENDIX B: BOUNDS ON THE RATE OF THE
C-FUNCTION ALONG THE RG FLOW

The boundary time interval is given by 7' = #;,, — fg.. We
can compute the derivative

de _ oc or, B1)
or  or, oT

where the first factor on the right-hand side is given by the
expression (20), which encodes the monotonicity condi-
tions we have analyzed so far. To compute the second
factor, we use Egs. (A4), (A6) for the fy,, contribution, and
(A9) and (A10) for the t, contribution. This leads us to the
compact expression,

oc d.o,, c
O (=T, +e™T5™0, ¢)

(B2)

The c-theorem gives 9, ¢ > 0, and drc < 0 since probing
larger intervals corresponds to lower energies, along which
the c-function decreases. Then depending on the sign of d,,
d,, c is bounded from above or below with respect to T'Aj,.
For example, for positive d, the c-theorem implies

0<0, ¢ <eMTET'TA,, (B3)
The c-theorem sets a lower bound and an upper bound, not
necessarily independent of each other, on the derivative of
the c-function for RG flows.

To be more precise we rewrite the expression in terms of
the metric elements as

-1
Jdc d—1 A T

—=Tg e*nd, |1— 7 —
or 2d, fydihy (5% -B')
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and therefore, for instance, for positive d, the c-theorem
imposes

T
I ! " Z 1’ (BS)
2d, fydih (=%~ B)

where the value of the integral is constrained with respect to
the rescaled time interval 7/d,.

One may wonder whether this is a sensible bound and
whether it is consistent with the c-theorem as we have
formulated it so far. In fact, it does. To see this, let us
rewrite (B5) for positive d,, in terms of d, (28),

T > 1. (B6)

2ﬁdt<l_i:,) B

Once the c-theorem condition d, < d, is imposed, the first
inequality in (B3) is satisfied. Moreover, the integral
appearing in the above expression is positive and (B6)

,
can be rewritten as [; dif(r) < L. From the properties of
the Riemann integral, it is easy to see that as long as the
integrand f(¢) < 1, the inequality (B6) is automatically
satisfied. This directly implies that the upper bound is
trivially respected for positive values of d, considered here,
and that no additional constraints arise. In other words, this
serves as an additional nontrivial consistency check: the
conditions we imposed for the c-theorem by studying 9, ¢

are sufficient to ensure the correct monotonicity along the
RG flow when examined through dyc.

APPENDIX C: EQUIVALENCE BETWEEN
THE ¢-FUNCTION EXPRESSIONS

In this section we show that the two expressions of the c-
function (10) and (11) are equivalent. Let us study the
monotonicity of (11) by taking the derivative with respect
to r,, to obtain

d or
T _ardteM | d, T T
ar,, or,,

(C1)

We can compute, using (A4) and (A9), the derivative

oT T I 1 /N N
—:ZA/ _— r— —__—B, . 2
or, ’"{ de/o KUY (dx A ﬂ (€2)

Substituting (C2) into (C1), we obtain

0 z
IE _ getnTd g N, / di—
0

1 A/ A//
rm A/ (

———-B|. C3
T-t).
The right-hand side is equal, up to a trivial positive
constant, to (20), thus establishing the equivalence of the
monotonicity conditions for the two expressions (10)
and (11).

[1] A.B. Zamolodchikov, Irreversibility of the flux of the
renormalization group in a 2D field theory, JETP Lett.
43, 730 (1986).

[2] John L. Cardy, Is there a ¢ theorem in four-dimensions?,
Phys. Lett. B 215, 749 (1988).

[3] Zohar Komargodski and Adam Schwimmer, On renormal-
ization group flows in four dimensions, J. High Energy
Phys. 12 (2011) 099.

[4] D.Z. Freedman, S.S. Gubser, K. Pilch, and N. P. Warner,
Renormalization group flows from holography supersym-
metry and a ¢ theorem, Adv. Theor. Math. Phys. 3, 363
(1999).

[5] Shinsei Ryu and Tadashi Takayanagi, Holographic deriva-
tion of entanglement entropy from AdS/CFT, Phys. Rev.
Lett. 96, 181602 (2006).

[6] Shinsei Ryu and Tadashi Takayanagi, Aspects of holo-
graphic entanglement entropy, J. High Energy Phys. 08
(2006) 045.

[7] Robert C. Myers and Aninda Sinha, Seeing a
c-theorem with holography, Phys. Rev. D 82, 046006
(2010).

[8] Robert C. Myers and Aninda Sinha, Holographic
c-theorems in arbitrary dimensions, J. High Energy Phys.
01 (2011) 125.

[9] Horacio Casini, Marina Huerta, and Robert C. Myers,
Towards a derivation of holographic entanglement entropy,
J. High Energy Phys. 05 (2011) 036.

[10] Ling-Yan Hung, Robert C. Myers, and Michael Smolkin,
Some calculable contributions to holographic entanglement
entropy, J. High Energy Phys. 08 (2011) 039.

[11] Hong Liu and Mark Mezei, A Refinement of entanglement
entropy and the number of degrees of freedom, J. High
Energy Phys. 04 (2013) 162.

[12] Chong-Sun Chu and Dimitrios Giataganas, c-Theorem for
anisotropic RG flows from holographic entanglement en-
tropy, Phys. Rev. D 101, 046007 (2020).

[13] Kenneth G. Wilson, The renormalization group: Critical
phenomena and the Kondo problem, Rev. Mod. Phys. 47,
773 (1975).

[14] Sera Cremonini and Xi Dong, Constraints on renormaliza-
tion group flows from holographic entanglement entropy,
Phys. Rev. D 89, 065041 (2014).

026027-9


https://doi.org/10.1016/0370-2693(88)90054-8
https://doi.org/10.1007/JHEP12(2011)099
https://doi.org/10.1007/JHEP12(2011)099
https://doi.org/10.4310/ATMP.1999.v3.n2.a7
https://doi.org/10.4310/ATMP.1999.v3.n2.a7
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1088/1126-6708/2006/08/045
https://doi.org/10.1088/1126-6708/2006/08/045
https://doi.org/10.1103/PhysRevD.82.046006
https://doi.org/10.1103/PhysRevD.82.046006
https://doi.org/10.1007/JHEP01(2011)125
https://doi.org/10.1007/JHEP01(2011)125
https://doi.org/10.1007/JHEP05(2011)036
https://doi.org/10.1007/JHEP08(2011)039
https://doi.org/10.1007/JHEP04(2013)162
https://doi.org/10.1007/JHEP04(2013)162
https://doi.org/10.1103/PhysRevD.101.046007
https://doi.org/10.1103/RevModPhys.47.773
https://doi.org/10.1103/RevModPhys.47.773
https://doi.org/10.1103/PhysRevD.89.065041

DIMITRIOS GIATAGANAS

PHYS. REV. D 114, 026027 (2026)

[15] Brian Swingle, Entanglement does not generally decrease
under renormalization, J. Stat. Mech. (2014) P10041.

[16] Kazuki Doi, Jonathan Harper, Ali Mollabashi, Tadashi
Takayanagi, and Yusuke Taki, Timelike entanglement en-
tropy, J. High Energy Phys. 05 (2023) 052.

[17] Timelike entanglement entropy and pseudoentropies have
been shown to contain valuable information about quantum
field theories and their phase transitions, and are the subject
of active recent research [18-26].

[18] Mir Afrasiar, Jaydeep Kumar Basak, and Dimitrios
Giataganas, Timelike entanglement entropy and phase
transitions in non-conformal theories, J. High Energy Phys.
07 (2024) 243.

[19] Mir Afrasiar, Jaydeep Kumar Basak, and Dimitrios
Giataganas, Holographic timelike entanglement entropy
in non-relativistic theories, J. High Energy Phys. 05
(2025) 205.

[20] Hiroki Kanda, Taishi Kawamoto, Yu-ki Suzuki, Tadashi
Takayanagi, Kenya Tasuki, and Zixia Wei, Entanglement
phase transition in holographic pseudo entropy, J. High
Energy Phys. 03 (2024) 060.

[21] Chong-Sun Chu and Himanshu Parihar, Time-like entan-
glement entropy in AdS/BCFT, J. High Energy Phys. 06
(2023) 173.

[22] Pawel Caputa, Bowen Chen, Tadashi Takayanagi, and
Takashi Tsuda, Thermal pseudo-entropy, J. High Energy
Phys. 01 (2025) 003.

[23] K. Narayan, de Sitter space, extremal surfaces, and time
entanglement, Phys. Rev. D 107, 126004 (2023).

[24] Jaydeep Kumar Basak, Adrita Chakraborty, Chong-Sun
Chu, Dimitrios Giataganas, and Himanshu Parihar,

Massless Lifshitz field theory for arbitrary z, J. High Energy
Phys. 05 (2024) 284.

[25] Dibakar Roychowdhury, Field theory aspects of n-deformed
superstring background, J. High Energy Phys. 06 (2025)
161.

[26] Chong-Sun Chu and Himanshu Parihar, Timelike entangle-
ment entropy with gravitational anomalies, J. High Energy
Phys. 08 (2025) 038.

[27] H. Casini and M. Huerta, A c-theorem for the entanglement
entropy, J. Phys. A 40, 7031 (2007).

[28] Robert C. Myers and Ajay Singh, Comments on Holo-
graphic Entanglement Entropy and RG Flows, J. High
Energy Phys. 04 (2012) 122.

[29] Robert M. Wald, General Relativity (Chicago Univ. Pr.,
Chicago, USA, 1984).

[30] Roman V. Buniy, Stephen D. H. Hsu, and Brian M. Murray,
The Null energy condition and instability, Phys. Rev. D 74,
063518 (20006).

[31] S. Dubovsky, T. Gregoire, A. Nicolis, and R. Rattazzi, Null
energy condition and superluminal propagation, J. High
Energy Phys. 03 (2006) 025.

[32] Carlos Hoyos and Peter Koroteev, On the Null energy
condition and causality in Lifshitz holography, Phys. Rev. D
82, 084002 (2010); 82, 109905(E) (2010).

[33] L. Girardello, M. Petrini, M. Porrati, and A. Zaffaroni,
Novel local CFT and exact results on perturbations of N = 4
superYang Mills from AdS dynamics, J. High Energy Phys.
12 (1998) 022.

[34] Dimitrios Giataganas, Timelike entanglement entropy
and renormalization group flow irreversibility, arXiv:
2512.16499.

026027-10


https://doi.org/10.1088/1742-5468/2014/10/P10041
https://doi.org/10.1007/JHEP05(2023)052
https://doi.org/10.1007/JHEP07(2024)243
https://doi.org/10.1007/JHEP07(2024)243
https://doi.org/10.1007/JHEP05(2025)205
https://doi.org/10.1007/JHEP05(2025)205
https://doi.org/10.1007/JHEP03(2024)060
https://doi.org/10.1007/JHEP03(2024)060
https://doi.org/10.1007/JHEP06(2023)173
https://doi.org/10.1007/JHEP06(2023)173
https://doi.org/10.1007/JHEP01(2025)003
https://doi.org/10.1007/JHEP01(2025)003
https://doi.org/10.1103/PhysRevD.107.126004
https://doi.org/10.1007/JHEP05(2024)284
https://doi.org/10.1007/JHEP05(2024)284
https://doi.org/10.1007/JHEP06(2025)161
https://doi.org/10.1007/JHEP06(2025)161
https://doi.org/10.1007/JHEP08(2025)038
https://doi.org/10.1007/JHEP08(2025)038
https://doi.org/10.1088/1751-8113/40/25/S57
https://doi.org/10.1007/JHEP04(2012)122
https://doi.org/10.1007/JHEP04(2012)122
https://doi.org/10.1103/PhysRevD.74.063518
https://doi.org/10.1103/PhysRevD.74.063518
https://doi.org/10.1088/1126-6708/2006/03/025
https://doi.org/10.1088/1126-6708/2006/03/025
https://doi.org/10.1103/PhysRevD.82.084002
https://doi.org/10.1103/PhysRevD.82.084002
https://doi.org/10.1103/PhysRevD.82.109905
https://doi.org/10.1088/1126-6708/1998/12/022
https://doi.org/10.1088/1126-6708/1998/12/022
https://arXiv.org/abs/2512.16499
https://arXiv.org/abs/2512.16499

	Holographic timelike c-function
	I. INTRODUCTION
	II. HOLOGRAPHIC SETUP
	III. HOLOGRAPHIC TIMELIKE c-FUNCTION
	A. The timelike contribution to the c-function
	B. The spacelike contribution to the c-function
	C. The c-theorem
	D. NEC and thermodynamic stability conditions
	E. Effective dimensionality

	IV. HOLOGRAPHIC TIMELIKE C-THEOREM
	A. Timelike c-theorem in Poincare invariant theories
	B. Timelike c-theorem in nonrelativistic theories
	1. Lifshitz theories
	2. Hyperscaling violation theories
	3. Anisotropic hyperscaling-violating theories


	V. DISCUSSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: THE DERIVATIVE OF THE c-FUNCTION
	APPENDIX B: BOUNDS ON THE RATE OF THE C-FUNCTION ALONG THE RG FLOW
	APPENDIX C: EQUIVALENCE BETWEEN THE c-FUNCTION EXPRESSIONS
	References


