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We present a self-consistent light-front quark model (LFQM) analysis of the pion’s gravitational form
factors (GFFs), incorporating the Bakamjian-Thomas (BT) construction consistently throughout the
framework. By uniformly applying the BT formalism to both hadronic matrix elements and their associated
Lorentz structures, we achieve a current-component-independent extraction of the pion GFFs A, (f) and
D, (1), thereby eliminating the light-front zero-mode ambiguities that typically hinder conventional LFQM
approaches. By tuning the model parameters, we identify an optimal set that successfully reproduces the
decay constant and electromagnetic form factor of the pion, while yielding a D-term value D, (0) ~ —1,
consistent with predictions from chiral perturbation theory. The D-term emerges as a sensitive probe of the
pion’s internal dynamics, governing its mechanical radius—the largest among the charge, mass, and
mechanical radii. We further examine the pion’s spatial structure via its associated two-dimensional light-
front densities, including the momentum density, transverse pressure, and shear stress, all of which satisfy
the required normalization and von Laue stability conditions. Our results reveal a detailed mechanical
landscape: a centrally peaked momentum density that decreases monotonically; a repulsive pressure near
the center (up to x; = 0.33 fm) that transitions to attraction in the outer region; and a shear stress profile
peaking at an intermediate distance (x; ~ 0.2 fm).

DOI: 10.1103/h7gf-f7p4

I. INTRODUCTION

Hadronic matrix elements of the quantum chromody-
namics (QCD) energy-momentum tensor (EMT) provide
fundamental insights into the intrinsic properties of
hadrons, including their mass, spin [1,2], and internal
structure. These properties emerge from the quark and
gluon degrees of freedom and are characterized by gravi-
tational form factors (GFFs). In particular, EMT matrix
elements offer a unique perspective on the mechanical
structure of hadrons through the D-term form factor, which
governs the pressure and shear distributions of quarks and
gluons inside hadrons [3]. These distributions, constrained
by global and local stability conditions [4-6], determine
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how internal forces counteract one another to prevent a
hadron from collapsing or expanding. Comprehensive
discussions of these aspects can be found in [7,8].

Despite their fundamental importance, direct measure-
ments of GFFs remain elusive. Instead, several indirect
approaches have been developed to access information
about the energy-momentum structure of hadrons. One
widely studied method involves the second Mellin
moments of twist-2 vector generalized parton distributions
(GPDs) [9], which encode both the transverse spatial
structure and longitudinal momentum distributions of
quarks and gluons inside hadrons. The Mellin moments
of GPDs yield fundamental form factors: the first moment
corresponds to the electromagnetic (EM) form factor,
which describes the charge distribution, while the second
moment gives the GFFs.

In the deeply virtual limit, the leading-order QCD
factorization relates the amplitudes of deeply virtual
Compton scattering (DVCS) and deeply virtual meson
production (DVMP) to GPDs, providing a valuable avenue
for accessing GFFs. Recent experimental efforts have also
explored alternative approaches to probe the proton’s
mechanical structure, including the use of dispersion
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relation techniques applied to the measured Compton form
factor in DVCS [10], and the extraction of gluonic EMT
form factors from near-threshold photoproduction of the
J/w meson [11-13].

The pion, as a (pseudo) Nambu-Goldstone boson arising
from spontaneously broken chiral symmetry, plays a
fundamental role in low-energy QCD. Understanding its
internal mechanical structure—particularly in relation to
the D-term—is of great interest. Although experimental
investigations into the pion’s structure—especially its
GPDs and GFFs—remain significantly more limited than
those for the proton, there have been notable theoretical
efforts to study the pion’s GFFs. The study in [14]
examined the connection between the pion’s mechanical
stability and patterns of chiral symmetry breaking. Progress
has also been made [15] in extracting pion GFFs from
generalized distribution amplitudes (GDAs), using data
from the Belle experiment [16]. A recent theoretical
proposal [17] suggests probing the pion’s structure via
virtual pion exchange in future electron-ion collider (EIC)
experiments [18,19]. In parallel, lattice QCD [20-24],
chiral perturbation theory (ChPT) [25], and various effec-
tive models [26-34] have provided valuable theoretical
insights into the pion’s gravitational structure.

In the light-front (LF) formalism, GFFs are naturally
expressed as overlap integrals of light-front wave functions
(LFWF?s), offering a direct microscopic interpretation of the
hadronic EMT [35]. This formulation enables a frame-
independent evaluation of GFFs, which is a key advantage
of the LF approach. However, extracting the D-term in
light-front dynamics (LFD) presents a significant chal-
lenge, as it inevitably involves the so-called “bad” current
components—such as the minus component, as well as
certain combinations of perpendicular components in the
EMT matrix elements—which are highly sensitive to LF
zero modes. Addressing this issue is crucial for achieving a
consistent and reliable formulation of the hadronic
mechanical structure within the LFD framework.

A self-consistent light-front quark model (LFQM)
has been developed [36—43], ensuring that physical observ-
ables can be extracted in a current-component independent
manner. This approach is rooted in the Bakamjian-Thomas
(BT) construction [44-46], which systematically incorpo-
rates interactions while preserving relativistic consistency.
In this framework, meson states are constructed from
noninteracting, on-mass-shell quark and antiquark states,
with interactions introduced via the total mass operator
M := M, + V ;. The on-mass shell condition ensures four-
momentum conservation at the meson-quark vertex, p =
pq + pg> where p and p, ;) denote the meson and consti-
tuent quark (antiquark) momenta, respectively. In particu-
lar, conservation of LF energy at the meson-quark vertex,
expressed as p~ = p, + p7, underscores the need to iden-
tify the meson mass with the invariant mass M, constructed
from the quark and antiquark momenta. This ensures the
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consistency condition M‘z;tp L m":f L 4
q
in the calculation of the meson-quark vertex. This equiv-
alence justifies the substitution M — M,,, which is key
feature of the BT-based LFQM. This framework has been
extensively applied to the mass spectra of pseudoscalar and
vector mesons, including both ground and radially excited
states [47-50], demonstrating its effectiveness across a
wide range of mesonic systems.

While the BT construction is widely used in relativistic
quark models to ensure Poincaré invariance, its implemen-
tation in LFQM studies has often been incomplete. For
example, when evaluating the hadronic matrix element for
a local current O,

£ is satisfied

2,2
ma+pq
+
7

(p|Op) =T"F, (1)

where F denotes a physical observable (e.g., decay con-
stant, form factor, etc.) and I'* encodes the Lorentz
structure, the conventional LFQM [51-53] evaluate F as

1

F = PO p)er. (2)
Here, the subscript “BT” indicates that the matrix element
is evaluated using the BT construction, i.e., with the
physical meson mass M replaced by the invariant mass
M, in the internal kinematics. Physically, the meson mass
M characterizes the bound state, while the invariant
mass M reflects internal kinematics and enters LF wave
functions and matrix elements. Inconsistent use of M and
My—as seen in conventional LFQM implementations—
can lead to kinematic mismatches and spurious LF zero
mode contributions. These typically arise when the BT
construction is applied only to the matrix element but not to
the full Lorentz structure [51-53], especially when “bad”
current components are used.

To resolve this, we proposed [36—43] a self-consistent
LFQM that applies the BT construction uniformly to both
hadronic matrix elements and Lorentz structures. This
unified treatment ensures that the observable F remains
independent of the current component. Specifically, instead
of computing the observable as in Eq. (2), we implement

7= <p’ p>BT’ ®)

where the Lorentz structure ['# is consistently incorporated
into the integral. This formulation guarantees that the
observable F is independent of the current component
used and free of zero-mode contamination.

As a consequence of this consistent treatment, the most
general Lorentz structures for hadronic matrix elements
must accommodate transitions between states with different
initial and final masses (M # M’)—even in diagonal matrix
elements. This is because, within the BT framework, the
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internal invariant masses differ (M, # M), leading to non-
vanishing contributions from terms involving M'> — M?
even when M = M'.

Our formulation has been systematically tested and
validated across a wide class of observables: (1) decay
constants and distribution amplitudes (DAs), including
higher-twist contributions, for pseudoscalar and vector
mesons [36-40], (2) weak transition form factors between
pseudoscalar mesons [41,42], and (3) the pion’s EM form
factor and transverse momentum-dependent distributions
(TMDs) [43]. Furthermore, our self-consistent LFQM can
be systematically derived from the covariant Bethe-Salpeter
(BS) model [36—42] using a type-II matching condition
(e.g., Eq. (49) in [36]) that ensures full compatibility with
the BT framework.

In this work, we extend our self-consistent LFQM
[36—43] to compute the pion’s GFFs and demonstrate that
they can be extracted in a current-component-independent
manner. Importantly, the extracted pion GFFs, A,(z) and
D, (1), satisfy essential physical constraints—such as
A,(0) =1 and lim,_,tD,(t) = 0—and are expressed in
terms of physical momenta, making them suitable for
extrapolation to physically meaningful quantities such as
pressure and shear distributions.

The paper is organized as follows: Section II introduces
our self-consistent LFQM, fully incorporating the BT
construction. Section III presents the methodology for
computing the pion’s GFFs, A, () and D,(t), including the
transition process z(p) — z(p’), with the physical masses
M and M’ replaced by the invariant masses M, and Mj,.
Both GFFs are shown to be extractable in a current-
component—independent manner. Section IV presents our
numerical results for the pion’s EM form factor and GFFs,
and investigate possible LF zero-mode contributions to
the GFFs that may arise in the conventional LFQM. We
also analyze the spatial structure of the pion through
transverse densities—such as LF momentum density,
pressure, and shear stress—providing a mechanical inter-
pretation. Finally, Sec. V summarizes our findings.

II. LIGHT-FRONT QUARK MODEL

A key feature of the LFQM [47,48,51,52,54,55] for qq
bound-state mesons is the simplified Fock-state expansion,
which considers only the constituent quark and antiquark.
The Fock state is treated within a noninteracting ¢qg
framework, with interactions incorporated into the mass
operator as M := M, + V5, ensuring compatibility with
the relevant symmetry group structures and commutation
relations. These interactions are encapsulated in the LFWF

‘Pﬁz (p1,p>), which serves as an eigenfunction of the mass
operator and describes the internal structure of the hadron.
Here, 4;(;) denotes the helicities of the constituent quark

(anthuark) and (J, J.) represents the total angular momen-
tum of the hadron.

The four-momentum p of a meson in LF coordinates is
expressed as p = (p*, p~,p.), where p™ = p’ + p? rep-
resents the longitudinal LF momentum, p~ = p° — p3
corresponds to the LF energy, and p, = (p', p?) denotes
the transverse momentum components. We adopt the
Minkowski metric convention, in Which the inner product
of two four-vectors is defined as a - b =% (a™b™ +a~b") —
a, -b,. The pion state |z(p,J = 0 J.=0)) can be
expanded in terms of its quark-antiquark Fock state as

12(p)) = / (@p\][dp:]222)60) (0 — p, — )

X Z\P,{ljjz(Plﬁpz)Vl(Plv/11)5](172,/12»- (4)
Ao
Here, p = (p™,p, ) denotes the LF three-momentum and

dp<d§’¢ The

two-particle state |g(p,4;)g(ps,4,)) is understood as
being created by the action of the quark and antiquark
creation operators on the vacuum

the integration measure is given by [d°p] =

|4(P1,240)3(P2: 22)) = @} (p1)b, (P2)|0),  (5)

where a' and b' respectively denote the quark and
antiquark creation operators, which satisfy standard fer-
mionic anticommutation relations

{ay(p).a}(p)} = {bx(P). b}(P)}
=2(2x)89(p' =p)sy.  (6)
The LF relative momentum variables (x, k| ) are defined as
= pi/pt and k;;, =p;; —x;p,, satisfying the momen-
tum conservation conditions Y, x; = 1 and > ;k;; = 0.1In

this work, we define x; =x and k|| =k .
We normalize the pion state as

(z(p")lx(p)) = 2(22)’ p*61) (p'

so that the LFWF satisfies the normalization condition

dsz_ NI
1= 3 ¥ 12

The momentum space LFWF of the pion (/ =J, =0)
expressed in terms of (x,k ), can be written as

- P)5J’151{,_J, ) (7)

(k) (xky). (8)

‘Pg?zz(x’kl) = ¢(x, kJ_)R,I P (x. k), 9)
where R%q denotes the spin-orbit wave function, obtained
via the Melosh transformation [56]. This transformation is
interaction-independent and relates the conventional
instant-form spin-orbit structure (labeled by JF€) to its
LF counterpart.
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In practice, it is convenient to express Rg?b in a
covariant form [51-53]

i, (P1)rsvs,(P2)

RY, = , 10
= (10

or alternatively, in its explicit matrix form

1 —k)
R%———————( m),aw
e 2x(1=x)My \ —-m k)
where k®) = k, =+ ik, and

o +m* K +m?
MZ — L 1 , 12
0 E - (12)

is the invariant mass squared of the quark-antiquark system.

In our model, the pion is treated as an isospin-symmetric
qq bound state, where the constituent quark and antiquark
masses are taken to be equal (m = m; = m,) in accordance
with SU(2) flavor symmetry. We also note that the spin-
orbit wave function R%z satisfies the unitarity condi-
tion: >, R'R = 1.

The expression in Eq. (12) follows directly from the
on-mass-shell condition for the constituent quark and
antiquark, together with the conservation of LF energy
at the meson-quark vertex, i.e., p~ = p7 + p;. The rela-
tion between the longitudinal momentum fraction x and the
z-component k, of the quark’s three-momentum is given
by [51,52] k, = (x — 1/2)M. Thus, the Jacobian for the
variable transformation (x,k,) — (k , k.) is (0k,/ox) =
My/4x(1 — x).

The interaction between the quark and antiquark is
incorporated into the mass operator [44—46], enabling
the computation of the meson’s mass eigenvalue. Within
the LFQM framework, the radial wave function ¢(x,k )
is treated as a variational trial function, optimized for a
QCD-motivated effective Hamiltonian. Further discussion
of meson mass spectrum analyses can be found in
Refs. [47-50,57,58].

For the 1§ pion state, we adopt a Gaussian wave function
as a trial wave function

473* ok k>
P(x.ki) = W a_xzeXP <— ﬁ)

where k° = k2 + k? = M2/4 —m?, and f8 is a variational
parameter determined from meson mass spectrum analyses
[47,48,57]. The state normalization given in Eq. (7),
together with the unitarity of the spin-orbit wave function,
guarantees that the radial wave function satisfies the

(13)

following normalization condition

[) dx/WIqb(x,kL)P— L.

ITII. GRAVITATIONAL FORM FACTORS
OF THE PION

We analyze the transition process in which a pion with
momentum p and physical mass M transitions to a final
state with momentum p’ and mass M’. To describe the
quark EMT operator, we adopt the following form:

(14)

(15)

Sy l_ A
g (x) = 20, () (ir" 0 +ir" 9" )y (x).

<>u —u Su .
where 0 = 0" — 0. The matrix element of the quark
EMT operator between the initial and final pion states,

|z(p)) and |z(p’)), can be decomposed in terms of the
quark GFFs, A (t) and D(¢) as

(i) = (= (p)IT () la(p))
=T"A, (1) + T D, (1) +2mic,(t)g.  (16)
Here, A, (t) describes the quark contribution to the energy
and momentum densities, while D, () characterizes the
quark contribution to the internal pressure and shear stress
distributions. The form factor ¢, () arises due to the
nonconservation of the quark EMT for individual quark
flavors and contributes to the decomposition of the

hadron’s mass and mechanical structure.
Under the assumption of SU(2) flavor symmetry for the
pion (m, = m,), where both valence quarks contribute
equally to total form factors, the pion GFFs are given by

A (1) = 24,(1), D,(t) = 2D,(1).

(17)
Since the total EMT is conserved, the form factor ¢,(¢) =
2¢,(t) vanishes in our constituent quark model.

The Lorentz structures I"}” and I'}) are given by

P-A
Ty = 2|PHPY —— = (A'PY + AP — P~ Ag) .

IW = - (AAY — gvA?), (18)

N =

where P :%”’,A =p —p,P-A= MQ;W, and A% =
t <0. In this work, we adopt AT =0 frame with
pL =0,. In this frame, the four-momenta of the initial

and final pion are given by
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TABLE 1. Matrix elements of U’j " ( p1 — p}), as defined in Eq. (22). Here, p, = p'£ip* and
5{ 5= = §'' £i6”. Since p{ = p|" and 517 = (P1(x) = P ()) hold in this framework, the results are expressed
accordingly.
- .
Matrix elements Helicity 4, — )
- — i
o 12 =3
U++ 2])? 0
v 2 (P +p3)‘ + o7 (M + Py Pl 5)) 6P
ur %(pl +pl %(pl(i)é(;‘:) +l7]( )52 )) 0
Ui (Pi+P) (o +p m(pi+p,)
2 (7 P P1<¢>) P (P18l + Pl ls) 07 P
Ui (pr+p))i +p , 0
]4”1*1 ( ¢> +Pis ) NEpr AT ( Pis)dls) + p’lmé’(i))

M2

p: <p+afvol>v
M"? + A3

p = <p e - Ai)

We note that in the conventional LFQM [51-53], the
Lorentz structure I}’ = 2P#P¥ is typically used, and the
BT construction is applied only to the matrix elements
(T%"), not to the Lorentz structure itself.

In contrast, our BT-based formulation consistently
incorporates the internal dynamics through the invariant
masses M, and M|, of the initial and final states, which
generally differ due to the momentum transfer A, even
when the external physical masses are equal (M = M').
This necessitates employing the full Lorentz structure
given in Eq. (18), including the term proportional to
P-A « (M?—M?), which under our BT construction
consistently translates to P - A « (M'3 — M3) in the matrix
elements and their Lorentz decomposition. This term
plays a crucial role in ensuring the current conservation,
0,(Ty") =0, and we have explicitly verified through
numerical analysis that our matrix elements satisfy this con-
dition, thereby confirming that our normalization and mass
conventions are fully consistent with EMT conservation.

The LF on-shell momenta p,) of the incoming quark
(antiquark) and p’m) of the outgoing quark (antiquark) for

(19)

the transition |p(qq)) = |p'(¢'q’)) are given by
pi =pi" =xip”,

piL=xpy+ki,  py=xp) +ki, (20)
where x; = x and k; | = k. Since the spectator antiquark
satisfies py = p'y and p,, =p,,, it follows that
kﬁ_ :kl+(1 —X)Al.

In the LFQM framework, which adopts a noninteracting
qq representation consistent with the BT construction,

the one-loop contribution to the matrix elements (7%") is

obtained by convoluting the initial and final state -
LFWFs [43]

() = / PR (x K )bk )SE. (21)

where S§%” represents the spin trace for the tensor current,
defined as

(P T1 uy, (P1)
st = Yy, AP [ ] 0P
VI V!
- R/'Vﬂz UTJ—»/V (P1 = PR, (22)

with p; = p; + p/, and the sum over quark helicities is
implicit.

Applying the Dirac matrix elements for helicity spinors
[43,59] to the tensor current, we summarize Uﬁ‘ 2 (p1 —

p') in Table I. Additionally, Table II presents the results for
S, T4, and T for all components except (uv) = (——).'

Notably, for the transverse current components (uv) = (ij)
with i # j, the following relations hold:

THA'A =0, T{AM =2 (M2 +A3R2  (23)
where M? = M'} — M3. This result, together with the

entries in Table II, indicates that the form factor A,(z)
can be independently extracted from three distinct combi-
nations of current components: (uv) = (++), (+i), (ij). In
contrast, the form factor D,(#) can be extracted from three
other combinations: (uv) = (+-), (i), or (ii),” in con-
junction with the form factor A, ().

'While single-minus current components such as (+—) and
(—i) yield well-defined results, the double-minus component
(——) does not, reinforcing the need to avoid its use in the light-
front GFF computation.

“Here, (ii) implies the Einstein summation over i = x, y.
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TABLE II.
kinematics as p; = p'], and define
(1 —x)m>A%, M2 = M2 + M3.

Spin traces for the tensor current S5°, and Lorentz structures I"}” and I'}y. Note that we set the
SC = (mz‘i’kLkl)(ki‘FklAl“sz)“F(] —X)(kl XAL)2+

() st o r
(++) 2pj (m2+k, k)) 2(P)? 0
\/ mz+k2L A /m2+ki,
(+-) Py (pipy)”(m 4y K )42, M? + M% + A2 A%
2pf \/mz+k2L \/szrki,
(+i) @Rk ) Pral(14+45) "
Noer N Al
(=) (2ki+A)Ep ] (pi+p))~ (m*+h K )+S,] AN(A%+M2) (A2 +M%+M2) Al(A%+M2)
2(17?r)21/m2+k2L A /m2+ki, 2A2LP+ 2pP7
(if) (2k1+AT) 2k +AT) (mP+k K ) 1 [ i j( W;> _ M_g} LOAIAT 4 N
20 R\ [ AT e o 1

We define the generic form of the matrix element for the
tensor current, incorporating the Lorentz factors in our
LFQM consistent with the BT construction, as

T SHY
<ﬁ#> = [lHg e k) o 20
FA(D) BT I_‘A(D)

In this expression, all occurrences of the meson masses M)

in FZ’Z p) are consistently replaced with their corresponding

invariant masses Mg). Specifically, My = My(k, — k')
denotes the invariant mass associated with the final-state
pion. Notably, the terms proportional to P - A in I"}” yield
nonvanishing contributions due to the difference between
the invariant masses (i.e., My # Mj).

Using the definition in Eq. (24), we compute the form
factor A,(¢) from three different components, (uv) =
[(4++), (+10), (if)], as follows:

T+t
A0 = (T)
A BT
Ay _ [T
4q ()_ A ’
A BT

AE,"/')(;):<T;].AZ.'N:> .
VAN /gy

(25)

We find that all three expressions yield identical results,
confirming the internal consistency of our LFQM formu-
lation: A, (1) = ALY (1) = AL (1) = Al (1),

As shown in Table II, the form factor D,(f) can be
extracted from the (4+—), (—i) or (ii) components of the
tensor current using the following relations:

(T{7) =T A (1) +T5DY (1),
(T;iATy = T3 AIA (1) + THADY (1),

(Tif) = TiA, (1) + TEDY (1). (26)

Using Eq. (26), the corresponding expressions for D, (¢) are
given by

D(+—)(t) — T;_ _ FX_ T;r+
q - = r-rtt ’
D D A BT

i TiAL ToiAITHT
Dé >(t) _ < 92 1A q > ’
BT

A T AT
piy = (Ta _TaTa” (27)
! T TpTa /er

?:; is used as the input for A (7). Numerically,
we find that D, (1) = DY (1) = DS (1) = D" (1), dem-
onstrating that both A,(¢) and D, () are extracted in a
current-component-independent manner within our self-
consistent LFQM. This conclusion remains unchanged
even when using alternative expressions for A, (¢), such
Ty AT TJAIN

Iy ri{ AN

Our LFQM results satisfy four-momentum conservation,
leading to the following constraints [3]

where

as

limtD, (1) = 0.

lim (28)
The second condition, known as the von Laue condi-
tion [3], reflects the equilibrium of internal forces within
the pion. In addition, it has been proposed that a negative
D-term serves as a signature of mechanical stability. For
the pion, ChPT predicts [25] that in the chiral limit,
D,(0) = —1. In general, the D-term receives meson mass
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corrections, and a value of D,(0) = —0.97 was predicted at
O(E?) in [25].

The mean square radius associated with a generic form
factor F(t) is defined as

(29)

F(0) dr |,_o
Accordingly, the root-mean-square (RMS) radii of the
pion’s charge, mass, and mechanical (D-term) distributions

are denoted as /(r7 ), /(r3 ), and | /(rj, ), correspond-
ing to the pion’s EM form factor F,(¢) and GFFs A,(¢) and
D, (1), respectively.

IV. NUMERICAL RESULTS

In our numerical calculations, we use two sets of model
parameters, (m, #) = (0.22,0.3659) and (0.25, 0.3194) (in
GeV), corresponding to the linear and harmonic oscillator
(HO) potentials, respectively. These parameters were
determined from meson mass spectrum calculations using
the variational principle within our LFQM [47]. While both
parameter sets satisfy the constraints in Eq. (28), neither
reproduces the expected value D,(0) ~ =1 + O(m2).

To address this, we identify an optimized parameter
set, (m,f) = (0.30,0.28) [GeV], which successfully sat-
isfies this condition. The pion decay constants obtained
using the linear, HO, optimized parameter sets are
f= =130, 131, and 130 MeV, respectively. These values
are in excellent agreement with the experimental value

2P = 131 MeV [60].

A. Electromagnetic and gravitational form factors

Although the pion’s EM form factor has been studied
in previous works [43,47], we present it here for com-
pleteness, as we employ a new parameter set, (m,ff) =
(0.30,0.28) [GeV]. In Ref. [43], it was explicitly shown
that the pion EM form factor is independent of the current
components. A more detailed analysis is provided therein.
Figure 1 shows the pion EM form factor, F,(t), for —t up to
10 GeV?, obtained using three different model parameter
sets and compared with experimental data [61-64]. In the
low |z| region, our results exhibit good agreement with
experimental data, with minimal sensitivity to the choice of
parameter set.

In Fig. 2, we present the pion’s GFFs, A,(t) (upper
panel) and D, (¢) (lower panel), obtained using three differ-
ent model parameter sets and compared with lattice QCD
results [24]. As discussed in Sec. III, our results for the
GFFs are also shown to be independent of the choice of
current components. Several observations can be drawn
from Figs. 1 and 2: (1) Normalization: The nomalizations
of F (1) and A,(¢) at t = 0, i.e., F,(0) = A,(0) =1, are
automatically satisfied in a parameter-independent manner.

1.0
0.8 .i“ m = 0.30, 8 = 0.280
2 Volmer et al.
& Frascati
0.6 : Tadevosyan et al.
= ¥ Horn et al
&
0.4
0.2
S |
0.0 ——————————
0 2 4 6 8 10
—t [GeV?]
FIG. 1. Pion’s EM form factor, F,(t), obtained from three

different model parameter sets and compared with experimental
data [61-64].

1.0 [ (all parameters in GeV)
’ 3§ ; —— m =022 3=0.3659
\\f } ==== m=0.250=0.3194
0.8 Q\! i —— m=10.30,8 = 0.280
J ;\\ i } Hackett et al.
S06
3
<
0.4
0.2
0.0

0.00 025 050 075 100 1.25 150 175 2.00
—t [GeV?)

0.00
—0.251
—0.50 14
—0.751

—~

=
« —1.00
Q

—1.251 1

(all parameters in GeV)

)
/. 99 £ 265
/ == m=0.22,0 = 0.3659
—1.501 .
/ ——== m=0.2545=0.3194
—1.7541/ m = 0.30, 3 = 0.280
[ § Hackett et al.
—2.00 T r r " " . .
0.00 025 050 0.75 1.00 125 150 175 2.00

—t [GeV?]

FIG. 2. Pion’s GFFs, A,(¢) (upper panel) and D,(z) (lower
panel), obtained from three different model parameter sets and
compared with lattice QCD results [24].

(2) Model sensitivity of the D-term: Fig. 2 illustrates the
sensitivity of the GFFs to the model parameters # and m,
which govern internal quark dynamics. In particular, the
value of D,(0) shows the strongest dependence, with
predictions of —1.96, —1.48, and —1.00 for the linear,
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TABLE III. Charge, mass, and D-term radii (in fm) of the
pion from theoretical, phenomenological, and experimental
approaches.

Approach \/(’%‘,,) \/<rﬁ”) \/(r%)”>
BT-LFWF 0.669 0.546 0.760
ChPT(E?, u = m,) [25] 0.662  0.413 0.755
MIT-LATTICE (monopole) [24] e 0.41 0.61
GDA from y*y — #°2° [15,16] e 0.39 0.82
EXP. Average (RPP) [60] 0.659

HO, and optimized parameter sets, respectively. Among
these, the optimized set best matches the ChPT prediction
of D,(0) = —1, highlighting the D-term as a crucial con-
straint for refining the pion’s internal structure. The dis-
played curves span the full range of predictions allowed
by parameter variations, with all sets reproducing key
observables such as decay constant, charge radius, and
electromagnetic form factors. The spread among the curves
provides a practical estimate of the systematic uncertainties
within the LFQM framework. (3) Form factor radii order-
ing: For a given parameter set, the RMS radii of the pion’s
charge, mass, and mechanical distributions follow the

V) < /i) < /o).

In Table III, we compare the RMS radii of the pion’s
charge, mass, and mechanical (D-term) distributions, cor-
responding to F,(t), A,(t), and D,(z), respectively,
obtained using the optimized parameter set. Our results
for the charge and mechanical radii show good agreement
with ChPT [25] and the experimental average reported
in [60]. However, the mass radius is notably larger than the
values reported in earlier studies [15,25].

Figure 3 shows the dependence of D,(0) on f for
different quark mass parameters. The red band represents
the range of theoretical and lattice QCD predictions,
D,(0)€(-0.9,-1.0). The green, blue, and red squares

ordering

~
X s N
0.6 SO\
\
N
—0.8 1 N
~
~1.01 S
~ \\\
~
—_ ~
e 1.2 \\\
k ~
A N
—1.41 S
=== m=0.22 GeV N
| ===+ m=025GeV \ AN
L 030 Gev \\ AN
—== m=035GeV N N N
—1.89 - =040 Gev N AN
——— =045 GeV N \\
—2.0 T T T r SR
0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
B [GeV]
FIG. 3. Dependence of the pion’s D-term, D,(0), on the

parameters m and f.

correspond to the linear, HO, and optimized parameter sets,
respectively. Given that ChPT predicts D,(0) = —1, we
observe that in this model, the optimal value of /3 increases
monotonically with m in order to satisfy this condition.

B. LF zero modes from conventional LFQM

In this subsection, we examine potential LF zero-mode
contributions to the pion GFFs that may arise when using
the conventional LFQM. As noted earlier, the conventional
LFQM employs the Lorentz structure I,” = 2P*P¥, apply-
ing the BT construction only to the matrix elements (7%"),
but not to the Lorentz structures F’:\IE D) themselves. In this

case, the Lorentz structures depend only on the external
kinematic variables (P™, A, M) and can be obtained by
setting M = M’ in Table II, which yields M, = 2M?>
and M_ = 0.

Accordingly, the form factor A,(z), extracted from the
(uv) = (++), (+0), (ij) components in the conventional
LFQM, is computed as

<T++>BT
A,(fﬂ(t) = IZ++ )
A
. T+iAi
AS]Jrl) (t) _ < q+. >'BT ,
TLiA
i TYAIA
AE/J) (t) — < q,'j : >,BT ) (30)
T AIA

Similarly, the form factor D,(f), extracted from the
(uv) = (+-), (=i), (ii) components, is given by

D(+_)(t) AT ) _ Lo (Ty ey
q - - r—r++ °
D D 1A
D (1) = (Tg'A)gr T AT )pr
q Fl_)lAIL FBiAiFX+ ’
DU () — <Tf1'>BT FX<T1JIF+>BT 31
q (t) T - i+ ( )
D Dl A

In Fig. 4, we show the pion’s GFFs, A,(¢) (upper panel)
and D,(t) (lower panel), obtained using the conventional
LFQM, compared with the exact result (solid line) obtained
from our BT-based LFQM. For consistency, the same
model parameters (m, /) = (0.30,0.280) GeV are used
in both calculations.

By comparing the results for A,(¢) and D,(¢) in the
conventional LFQM with those obtained from our
BT-based LFQM, we find the following: The form factor
A, () can also be extracted exactly in the conventional
LFQM when using specific current components, such as
(uv) = (++) (dashed line) and (+i) (dotted line). In
contrast, the result from the (ij) component (dot-dashed
line) receives LF zero mode contributions. The deviation
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FIG. 4. Pion’s GFFs A,(t) (top) and D,(¢) (bottom) from
conventional LFQM (with zero-mode contamination) vs exact
results obtained from BT-based LFQM.

from the exact result reflects this effect, which is most
pronounced near ¢t =0 and gradually decreases as —t
increases. For the form factor D,(¢), all three conventional
LFQM results—obtained from the (+—) (dashed line), (—i)
(dotted line), and (ii) (dot-dashed line) components—
diverge at t = 0, indicating that zero-mode contamination
is unavoidable regardless of the current component used.
In particular, the transverse components (ij) for A,(¢) and
(ii) for D,(t) are also shown to receive LF zero mode
contributions. These results demonstrate that exact extrac-
tion of D (1) is not possible within the conventional LFQM
without properly accounting for LF zero modes. In con-
trast, our BT-consistent formulation not only ensures
self-consistency, but also systematically incorporates the
zero-mode contributions that conventional approaches fail
to capture.

C. Local densities

The local two-dimensional (2D) LF densities associated
with the GFFs provide a probabilistic interpretation of the
spatial distribution of LF momentum, transverse pressure,
and shear forces inside the pion. These densities are based
on the formalism developed in [4,65-67], which enables a

spatially resolved analysis of the pion’s internal structure.
The LF EMT densities [3] in the 2D transverse coordinate
space are defined as [66,67]

2A .

(p'|T"(0)|p)

where the 2D densities result from integrating the corre-
sponding 3D densities over x~, effectively projecting them
onto the transverse plane. The relativistic normalization

factor +/2p'T+\/2pT arises from the Lorentz-invariant
completeness relation and simplifies to 2P " in the AT = 0
frame, where p* = p’t = P", ensuring longitudinal
momentum conservation. Assuming localized wave func-
tions, Eq. (32) yields physically meaningful internal EMT
densities [68], allowing the matrix elements in Eq. (16) to
be mapped onto spatial densities in the transverse plane.

In particular, the 7" component corresponds to the LF
momentum density £,. The spatial components 7/ encode
the mechanical structure of the system: the trace part yields
the isotropic pressure density P, while the traceless
part encodes the anisotropic shear stress density S,. This
decomposition allows one to isolate the isotropic and
anisotropic components of the internal force distributions.
Although the Fourier transform in the 2D Breit frame does
not represent true rest-frame spatial densities, it remains
a valuable tool for interpreting GFFs in terms of trans-
verse spatial densities. The corresponding relations are
given by [66,69],

(32)

Enlx1) =P AL(xy),

1 1 d d -
=———(x,—D :
1 d (1 d .
= x,—(———=D .
Sﬂ(xl) 4P+xJ_ dXJ_ <.XJ_ de_ ﬁ(xl)) (33)

where the 2D Fourier transform is defined as

PA,
(zﬂ)lz eTAELF(—AY). (34)

F(XL) =

The LF momentum density is normalized such that its
integral over the transverse plane yields the total longi-
tudinal momentum P* of the pion [66]

/ x,E,(x,) = PTA,(0) = P*. (35)

This condition reflects the correct momentum sum rule and
ensures consistency with EMT normalization at zero
momentum transfer.

The transverse mean-square radius associated with the
LF momentum density can be defined through the second
moment of &,(x ), normalized by P* [66]
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1
<x3_>mom = F/ dlexigﬂ(xl) =4

t=0

This relation provides a spatial interpretation of the slope of
the form factor A,(¢) at zero momentum transfer. Notably,
the RMS mass radius and the RMS LF momentum radius

satisfy the relation <rﬁﬂ> 12 = \/§<x3_>r1n/02m We confirm that

our model satisfies the relation in Eq. (36).

The conservation of the EMT current imposes a local
stability condition that links the pressure and shear stress
densities

dpn(xL)+Sﬂ<xl)+
dXJ_ X1

ld‘szr(xl_>
2 dXJ_

—0. (37

This differential equation ensures local mechanical equi-
librium within the pion.

Additionally, the 2D von Laue conditions impose global
constraints

/ Px, P,(x,) =0,
[T (P -gsi) =0 o)

Equation (38) implies that the pressure density must
contain at least one node (i.e., a sign change), which is
a necessary (though not sufficient) condition for mechani-
cal stability. The number of nodes depends on the spin of
the hadron: spin-0 and spin-1/2 hadrons typically exhibit
one node, while higher-spin hadrons may exhibit more
complex nodal structures.

In Fig. 5, we present the 2D transverse densities
of the pion obtained from (m, ) = (0.30,0.280) GeV:
the momentum density &,(x,) (dot-dashed line), the
pressure density P,(x) (solid line), and the shear stress

3.5 — E(20)/PF /Y

30 PP, (.)(x10) [CGeV2/fm?
==+ P*S.(x,)(x10) [GeV?/fm?|

2.51

2.0 1

1.04

0.5 1

0.0

00 02 04 06 08 10 12 14
z, [fm]

FIG. 5. 2D transverse densities of the pion: £,(x ), P,(x,),
and S,(x,). &, is scaled by 1/P*, and P,, S, by 10P™.

density S,(x, ) (dashed line). For clarity, £,(x, ) is shown
scaled by 1/P*, while P,(x,) and S,(x,) are scaled
by 10P*.

The momentum density attains its maximum at the center
of the pion and monotonically decreases outward without
changing sign, reflecting a uniform contribution to the LF
momentum. The pressure density is positive near the center
(up to x; = 0.33 fm), indicating the presence of internal
repulsive forces, and becomes negative toward the periph-
ery, signifying an attractive and stabilizing pressure. This
pressure profile closely resembles that observed in the
proton [10]. Moreover, the pressure distribution is directly
related to the D-term through the following expression [66]

D,(0) =2P* / d*x X2 P(x)). (39)

This expression provides a quantitative measure of the
internal force balance and mechanical stability of the pion.
The shear stress density vanishes at the center (x; = 0),
reaches a maximum around x; ~0.2 fm, and remains
positive throughout, without changing sign. Together, the
pressure and shear stress densities satisfy the mechanical
stability condition given in Eq. (37).

V. SUMMARY

In this work, we have investigated the GFFs of the pion
within a self-consistent LFQM that fully incorporates the
BT construction. By applying the BT framework uniformly
to both the hadronic matrix elements and the associated
Lorentz structures, we achieved current-component-
independent extractions of the GFFs A, () and D,(1).

This formulation ensures proper implementation of
Lorentz covariance and plays a critical role in resolving
LF zero-mode contributions, which otherwise obstruct
consistent evaluation of form factors—particularly
D, (t)—in conventional LFQMs. In this context, incon-
sistency across current components often signals unad-
dressed zero-mode contamination. In our analysis, while
A, (1) can be extracted from “good” current components,
the evaluation of D, () necessarily involves “bad” compo-
nents susceptible to zero-mode effects. The observed
agreement across multiple current components confirms
that our Lorentz-covariant BT framework systematically
suppresses such spurious contributions, yielding physically
reliable results.

By tuning the model parameters (m, §), we identified an
optimal set, (0.30,0.28) GeV, that successfully reproduces
the pion decay constant f,, the EM form factor F,(t), and
yields a D-term value D,(0)~ —1, in agreement with
predictions from ChPT. The D-term plays a pivotal role
in characterizing the pion’s internal structure, particularly
its mechanical properties. Unlike F,(¢) and A,(t), which
are well-constrained and parameter-independent at ¢ = 0,
the value of D,(0) is highly sensitive to the model
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parameters. This sensitivity makes it a powerful probe for
refining the pion’s wave function and internal dynamics.
Moreover, the D-term governs the mechanical radius of the
pion, which is found to be the largest among the charge,
mass, and mechanical radii, highlighting its significance in
understanding the spatial distribution of internal forces
within the hadron.

We also conducted a detailed analysis of the pion’s
transverse structure through the 2D LF densities associated
with the GFFs: the LF momentum density £,(x, ), trans-
verse pressure density P,(x,), and shear stress density
S,(x,). These densities satisfy the required normalization
conditions and mechanical stability relations, including the
von Laue constraints.

Our results show that the momentum density peaks at the
center of the pion and decreases monotonically without
changing sign, reflecting its uniform contribution to the LF
momentum. The pressure density is positive near the center
(up to x; = 0.33 fm), indicating internal repulsion, and
becomes negative toward the periphery, signifying an
attractive and stabilizing force. The shear stress peaks at
an intermediate distance around x; = 0.2 fm and remains

positive throughout, complementing the pressure profile to
maintain mechanical equilibrium.

Overall, our BT-based LFQM provides a robust, zero-
mode free, and current-component-independent framework
for analyzing both the EM form factors and GFFs of the
pion. Future work may extend this approach to other
hadrons and explore the scale evolution of GFFs and
associated densities within a QCD-consistent framework.
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