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Entanglement in elastic and inelastic two-particle scatterings at high energy
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We study the entanglement produced in transverse momentum by two-particle scattering at high energy.
Employing the S-matrix framework for the derivation of reduced density matrices, we formulate the
entanglement entropy for an inelastic scattering as well as an elastic one. We display the formulas of the
entanglement entropy in terms of two-body cross sections. We also derive the entanglement density as a
function of the transverse momentum. As an application, we then focus on both forward elastic (pn — pn)
and inelastic (pn — np) channels scattering allowing for a fruitful comparison of the two reactions with the
same proton-neutron content. We evaluate the elastic and inelastic entanglement entropy by using known
parametrizations of experimental data for neutron-proton reactions. Comparing those entanglement
entropies, we observe that the inelastic scattering produces more overall entanglement than the elastic

one in the pn sector.
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I. INTRODUCTION

Quantum entanglement is one of the most significant
phenomena in quantum physics, and many scientists in
various fields have been studying it. In order to measure the
strength of entanglement, one can use entanglement
entropy. The density matrix, p, of a two-body state in a
Hilbert space, H, ® Hp, leads to the reduced density
matrix, p4 = trgp. The entanglement entropy of that state is
defined by —tr p, Inp,. We are interested in the entangle-
ment of two-body scattering. Even if the initial state of
incoming particles is not entangled, the final state of
outgoing particles should be entangled by interactions.
So we ask a simple question, how much entanglement is
produced by a two-body scattering process.

We consider the entanglement of the final state after
scattering. In general, one can consider entanglements on
various quantum numbers. For example, an entanglement of
spin is one of the most well-known entanglements. We
would like to reveal the entanglement on a momentum
Hilbert space. The momentum-space entanglement in
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quantum field theory has been considered by Ref. [1]. In
Ref. [2], the entanglement entropy of the final state in an
elastic scattering has been formulated by using an S-matrix
theory. The formula of entanglement entropy in Ref. [2] is
described in terms of physical quantities, i.e., cross sections.
However it includes a divergent factor yielded by the infinite
volume of the momentum Hilbert space. In order to avoid
this divergence, Ref. [3] has suggested the volume regu-
larization, and has concretely evaluated such regularized
entanglement entropy for proton-proton elastic scattering
with parametrizations of the experimental data given by
Tevatron in Fermilab and Large Hadron Collider in CERN.
We can also see many other articles on the entanglement
related to particle scattering, for instance, on scattering in
QED [4-12], fermion-fermion scattering [13,14], deep
inelastic scattering [15—17], and so on [18-29].

In this paper, we consider the entanglement entropy of
final states in inelastic scatterings as well as an elastic
scattering. Although more than two particles can appear,
and many more at high energies, as a final state in actual
scattering processes, we concentrate on the entanglement of
the two-particle final-state channels. We shall formulate the
entanglement entropy of the two-particle final state for
inelastic scatterings by using the S-matrix theory, as
Refs. [2,3] have done for an elastic scattering, keeping
both derivations in parallel.

We shall concretely evaluate the entanglement entropy in
elastic and inelastic channels. Although we can consider
many examples of scattering, we focus on a proton-neutron

Published by the American Physical Society
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scattering, which allows for elastic or inelastic channels,
depending on considering the forward region in pn — pn
or pn — np scattering. There are thus two channels;
pn — pnand pn — np, with same initial and final particle
content. We call the former the elastic channel and the latter
the inelastic one. We distinguish them in our formulation
from the viewpoint of the exchange of #-channel quantum
numbers. We can practically find the appropriate para-
metrizations of experimental data for both channels from
various reactions of neutron projectiles on fixed target
experiments at high energy.

As an interesting byproduct of our analysis, we obtain
the density distribution of the entanglement entropy as a
function of transverse momentum, allowing for obtaining a
hint of the entanglement flow during the scattering process
in both elastic and inelastic cases.

In Sec. II, we review the S-matrix formalism with partial
wave expansions [30,31]. In Sec. III, using this formalism,

|

A1 B,
A,B,(n=2,3,...)
X

AlBl e d

The initial state consists of two particles, A; and B;, and
the final states are A;B;, A,B, (n=2,3,...) and the
multtiparticle states, X. In the two-particle inelastic
channels, the pair of A; and B, is different from the
one of A, and B,, but it is not necessary that both A; and
B, are different from A, and B,, namely, for example,
combinations of A, =A; and B, # B; are allowed.
Furthermore, A;B; may be different from B;A; in our
formulation and classified into the inelastic channels, if
corresponding to a scattering with nonvacuum quantum
number exchange.

We shall formulate the entanglement entropy of two-
particle states in terms of the S-matrix formalism. For sake
of simplicity we will stick to the formalism with only one
inelastic channel, i.e.,

A;B; (elastic channel)
A B, - { A,B, (two-particle inelastic channels) , (2.2)

X (more than two-particle channels)

at high energy [30] but the generalization of the formalism
to a finite set of two-body inelastic channels has also
been done in matrix form [31], which can be easily
applied.

(two-particle inelastic channels)

we define the density matrices and formulate the entangle-
ment entropy for two-particle final states both in elastic and
inelastic channels. We then obtain the distribution density
of the entanglement entropy as a function of momentum
transfer. In Sec. IV, we evaluate the entanglement entropy
and its transverse momentum distribution for proton-
neutron scattering from known parametrizations of the
experimental data, and clarify the difference of entangle-
ment entropy between the elastic and inelastic channels.
Section V is dedicated to discussion, conclusions and
outlook.

II. ENTANGLEMENT ENTROPY
IN THE S-MATRIX FORMULATION

Since we are interested in the entanglement entropy of
general two-particle states at high energy, we are led to
consider three kinds of scattering channels as follows:

(elastic channel)

(2.1)

(more than two-particle channels)

A. S-matrix and unitarity

Following Ref. [30], we shall adjust the S-matrix theory
for the scattering including a two-particle inelastic channel
together with the elastic one.

The Hilbert spaces of two particle states, A; B, and A, B,,
are, respectively,

Hl - HA] ® HBI’ H2 = HAZ ® HBZ' (23)
Each Hilbert space H; (I = A;,B;,A,,B>,) is the Fock
space of the particle /. The state of / with momentum p in
H; is denoted by |p); € H;. The inner products of the states

is defined as

pla); =6y 2E1p2EJq5(3)(P -q), (2.4)

where the energy Ej, = \/m;> + p* (p = |p|). The total
Hilbert space concerning the scattering process (2.2) is

given by Hy,, = H; ® H, ® Hy, where Hy is the Hilbert
space for multiparticle states, i.e., for more than two
particles in the final state. We describe states in H; and
H, as

P. @)1 =P)s, ®la)s, €M1, IP. 4)2=IP)s, ® )5, EHa,

(2.5)
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for the sake of convenience. The complete set given by
orthogonal basis satisfies

d’pd’q
1: _

d d3 /
+ | 557 P q|+ [ dX|X)(X|, (2.6
|2 5 b abal [ axe. o)

where 1 is the unit matrix.

We introduce the well-known S-matrix, S, relating the
set of asymptotic final states to the initial pair of states. The
transition T-matrix, 7, which describes the scattering
amplitudes is such that & =1+ 2i7. The unitarity of
the S-matrix corresponding to the completeness of the final
state basis writes S'S = 1. It is equivalently expressed in
terms of the T-matrix,

1 .

?(T—’TT):T'T. (2.7)
i

In terms of Eq. (2.6), the unitarity condition (2.7) leads to a

relation of the T-matrix elements concerning the two-

particle states, ;(p,q| and |p’,q’);,

2o al T 4~ p.aI T )}

3 " d3q//
B Z / 2'E‘A /" ZEB " i<p’ q|TTlp//’ q//>h/1<p//’ q//|T|p/’ q/>]
nq

T / dX,{p. gl T X)XITIP ), (ij=1.2). (28)

Py = P4g) =89 (p + (-p) -

= 6(3>(0)5((EA,-p +Epp) —

(¢ -+ (=0))) 6 ((Exp + Enp) —
(Eng+ Esg)):

B. Overlap matrix and partial wave expansion

Let us adopt the center-of-mass frame. We describe the
states (2.5) as

pPh1 = lp.—p):. P2 = p. —p)>. (2.9)
and the inner product of states becomes
z«I’|Q>>/ = 5ij2EA,.p2EB,.p5(3>(P - 11)5(3)(0) (i,j=1,2).
(2.10)

In terms of these expressions, the complete set of orthogo-
nal basis (2.6) is rewritten as

_ : d’p
1= ;/2EA;J)2EB,,I;5(3>(0) M nnlpl +/dX|X><X|_
(2.11)

We extract the factors of energy-momentum conserva-
tion from the T-matrix elements,

Ao T1a); = (pltlg) ;89 ( 2y — 2). (pIT|X)
= pItIx)s¥ (2 —c@x), (2.12)
where &2, and Py are the total energy-momenta of the

states |p)); and |X) respectively. For example, the first delta
function in (2.12) stands for

(Eaq + Esyg))
(2.13)

Since some factors of energy-momentum conservation in Eq. (2.8) are canceled in the center-of-mass frame, one can rewrite

the condition (2.8) as

1 S d*q @
33 a1t = et W) =3 [ 2B it o (2 -

where F;;(p.k) is an overlap matrix [30],

Py )(X[tlk);. (2.15)

Fiylp. k)= / 4X (p|t7|X)5) (P —

The delta functions for energy conservation in Eq. (2.14)
imply that the center-of-mass energies of the states are
common, that is,

Za)nlaltik); + Fijp.k),  (2.14)

EAzI’ + EB;P = EA_/-k + EB/-k = EAhq + Eth =./s. (2.16)

s is the usual Mandelstam variable.
We expand a T-matrix element and the overlap matrix in
partial waves,

[Se]

Zf—i—

i(pltlk); = tPs(cosd), (2.17)
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Fij(p.k) Pf(cosé’), (2.18)

277\/“2 (27 +1

where the scattering angle, 6, is defined by p - k = pkcosé.
Then, by using partial wave modes in Eqs. (2.17) and
(2.18), one can express the unitarity condition (2.14) in the
following simple form:

2
Imel; = iy rh] += f (2.19)
h=1
C. Cross sections
The two-body scattering amplitude A;;(s. ) is of the
channel; A;B; — A;B; with the initial state, ;, and the

final state, |p));. It is related with the S-matrix element,
{(plslk);, as follows:

NG

i«I’|S|k>>j = ok

i
. 2(5(1 — COS 9)51] + EAI'J'(S, [)) .

(2.20)

s is defined by s =1+ 2it, while s and ¢ are the
Mandelstam variables, here given by

_ \/mij +R+ \/mgj R

t = 2k*(cos@ —1).
(2.21)

Thus A;; is described in terms of the partial wave modes as
Ay =161 (26 + 1)};Ps(cos0).  (2.22)
£=0

Since the differential cross section is

do;;

dr K

|-Aij |2
2567k*”

Z(Zf—i— 1)7/;P4(cos 9)‘2 = (2.23)

we obtain the cross section of the two-particle final states,
thanks to the orthogonality property of Legendre polyno-
mials,

4 &
o, = EZ(ZK—F DA (2.24)
=0

If i = j, 0;; is the elastic cross section, while if i # j, 6;; is
the two-particle inelastic cross section. One can also obtain
the cross section for multiparticle inelastic channel from the
overlap matrix modes, namely,

X :_’;Z 2041 (2.25)
=0

When we set the initial state to be A;B;, the unitarity
condition (2.19) implies

1
Imr{l = |T{1 |2 + |T§1 |2 + Eflfl' (2.26)

Then the total cross section is given by

7[ (s
72 2{4’ ImT{12011+021+6¥]. (227)
7—0

III. FORMULATION OF ENTANGLEMENT
ENTROPY

A. Density matrices of two-body elastic and inelastic
final states

We consider the scattering processes (2.2). The two
particles, A By, in the initial state |ini) have momenta, k
and [, respectively, i.e., [ini) = |k,[),. Then, in terms of the
S-matrix, the final state is given by S|ini) € H,,. By using
the projection from H,, to H,, we obtain the final state as
A B in the elastic channel,

&p dq
fin), = —|p, , Slk,l
Y e X S

d’p dq .
- ~—~ Vs q 5 q 5 .
[ 5 a4l )

In the same way, the final state as A, B, in the two-particle
inelastic channel is

d’p dq
fin), = / —1p.q ,q)S
fins = ([ 55 5g )

&p dq
= —|p. q2iT |k, 1),.
[ 2 3 b gl aRiTIE D,

(3.1)

k1),

(3.2)

Note the essential difference between Eqs. (3.1) and (3.2):
The unit matrix in S does not contribute to the final state in
the inelastic channel due to ,(p,q|1|k.l); = 0.

By using these final states, we define the total density
matrices of final two-body states as

1 1

= ——|fin i = ——[fin),, (fin|. .
1 ./\/1| ITK P2 /\/2| )2o(fin. (3.3)
N; (i =1, 2) are normalization factors which are deter-
mined by try trg p; = 1.

We then obtain reduced density matrices from the total
density matrices by taking trace on one of the Hilbert
spaces of two particles. In the case of elastic channel, we

105023-4
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calculate the reduced density matrix, p, = trg p;, with extracting the factor of energy-momentum conservation from the

expression (3.1),

p —/ s 1/d3p 8(Eap+Ep, ter1-p) — Eae— Ep,1)8(0)
A 2E, 1I72E31 (k+1-p)

2EBerl (rlp \">B| :/\_/1 2E,,

[1{p. k+1-pls

k. D)1Pp)aa ol (34)

Although there is a divergent factor, §(0), we leave it for the present and shall regularize it later. In the same way, the
reduced density matrix, p,, = trg p,, for the case of two-particle inelastic channel is described as

1

d3p 5(EA2P +EBQ(k+l—p) _EAlk _EBll)é(O)

/ I sl /
= [ ——5 (rlp2|r)p. =—
Pa= | og,, BB TN | ok,

Note again the difference between the matrix elements in
Egs. (3.4) and (3.5).

B. Entanglement entropy

In this subsection, we adopt the center-of-mass frame
again. The momenta of the initial state satisfy I = —k, and
the center-of-mass energy is /s = E4 x + Ep .

We firstly calculate try (p4 )", which is related to the
Rényi entropy, (1 —n)~'Intr, (p4)". Then it gives us the
entanglement entropy through

.0
Sit = —trgpa,Inpy, = —}ZE)T}EUA,.(PA)"- (3.6)

S;1 denotes the entanglement entropy of the final state in the
channel; A;B; — A;B;. This observable serves as a mea-
sure of the entanglement between the two particles in each
final state.

1. Elastic channel

Since the entanglement entropy between two particles in
the elastic scattering has been formulated by Ref. [2], we
here calculate the elastic entanglement entropy in our
current notation allowing for a parallel calculation between
the elastic and inelastic cases.

In the center-of-mass frame, the reduced density matrix
(3.4) becomes

1 / &p 5(p —k)5(0)

N slk), | ,
pA] N] 2EA1p 4p\/E |1«p| | )>1| IP)A]AI <p
(3.7)
where we used
2E, ,2FE
S(Epp + Egp—/s)= 2']‘3’7\/;“”6(;7 —k). (3.8

The normalization factor N is
I =try trg p; = try py,, so that

determined by

2E4,p2Ep, (kt1-p)

olp. K+ E=pltl, 1 P, 1 (35)
[
_ 3 5([7—]() 2
Ny =50)3900) [ L= islin . (.9)

Then we calculate

woa )" = [ ¢0o0) (=0 sl )

(3.10)

Now we use the partial wave expansion (2.17) and
(2.18). The normalization factor (3.9) is written as

N, = 5(0)5<3>(0)§i(2f+ 1)]s%, 2, (3.11)
=0

[

where the partial wave mode sfj is defined as sj; =

8+ 2irifj. Then Eq. (3.10) becomes

w_ [ 50) ’
try, (pa,) —/_1d0059<m> (P11(cos0))",

(3.12)

© (264 1)s4,P 0)2
7311(0059) = | Zf:O(oo + )511 f(?Oi )| ,
238020 + 1)l

(3.13)

after the integration over the spherical coordinates of p with
azimuthal symmetry.

The “volume” V of momentum Hilbert space is infinite.
Indeed it can be formally written as

v=> (27 +1)=250). (3.14)
=0

Note that with this definition, V is dimensionless. The
delta function appears due to the property of Legendre
polynomials, 25(1 —x) =3 2 (2 + 1)P,(x), with
P,(0) =1. The factor in the right-hand side of
Eq. (3.12), 6(0)/(27k*53)(0)), is equal to 2/V [see
Eq. (A2)]. Therefore, Eq. (3.12) may be rewritten as

105023-5
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tra (pa,)" = (%/) " /_1 dcosO(Pyi(cos0))". (3.15)

1

By using the cross sections (2.23), (2.24), and (2.27), we
can rewrite Eq. (3.13) as

011
Pii(cos@) = 6(1 —cosB)s 1 —
n ) ( ){ e —(Utlof—an)}

2k2 dall
. 3.16
+k£2V_(5t101t_511) dt ( )

Note that o' — o1, is equal to the sum of all inelastic cross
sections, 65, + 65,. P;; depends on the infinite volume of
Hilbert space, V. References [2,3] have suggested to
regularize it by “volume regularization,” see the next
subsection.

Finally, we obtain the entanglement entropy of the elastic
channel,

0
tra, (pa,)"

Sy ==l
11 lIna

\%
:1n2—/ dcosOP;(cos0) InPyi(cosO), (3.17)
-1

where we used [!, dcosOP;(cos6) = 1.

2. Inelastic two-particle channel

In the center-of-mass frame, the reduced density matrix
(3.5) becomes

_ 1 [ dp 5(p—Kk)s0)
o= s I P
(3.18)
where
, o (my, + my, =) = Am i,
k\/ - . (3.19)

The details of this calculation are shown in Appendix B.
Note that k' satisfies E, p + Ep,p = +/s. The normaliza-

tion factor \V, is determined by 1 = try,trp,py = try,pa,, SO
that

5(p—K)
N2 =0009(0) [ a2 plein . (3.:20)

From Eq. (3.18), we calculate

wnlon ) = [ @0a0) ("0 50 iy )

(3.21)

Substituting the partial wave expansions (2.17) and (2.18)
into Egs. (3.20) and (3.21), we obtain

50)  \!
) = [ deoso( 2] (Paeoso)
(3.22)

| 3°20(2¢ + 1)75, Pp(cos 0)[*
237220 + 1|75, |2

By using the cross sections (2.23) and (2.24), Eq. (3.23) is
described as

P51 (cosO) =

(3.23)

2](2 d021

P51 (cos ) = oo dl
1

(3.24)

P, satisfies [!, dcos @P,(cos @) = 1 in the same way as
Pi11. Equation (3.24) has simpler expression than
Eq. (3.16), because the unit matrix part of S-matrix, 1,
in s = 1+ 2it does not contribute to P,; in the inelastic
channel, but it does to Py, in the elastic channel. Therefore
P, is finite and does not depend on the infinite volume of
Hilbert space, V.
In terms of Eq. (A2), Eq. (3.22) becomes

tra,(pa,)" = <%>n_l /_1dcos9(7321(c059))".

1

(3.25)
We thus obtain the entanglement entropy,

0
15, T (Pa,)"
V
= lnE - / d cos OP,;(cos 0) In P,y (cosd).  (3.26)
-1

821 = —hm

By using the Mandelstam variable ¢, we can also rewrite
S5 as

0 1 2
=l [* Loy (2o
2 —4k2 071 dt

We note that Sy, for the elastic two-particle final state and
S, for the inelastic two-particle final state have a common
diverging factor, In(V/2).

). (3.27)

0971 dt

C. Regularization of infinite Hilbert space volume

Let us regularize the infinite volume V in the same way
as Ref. [3], which is the volume regularization. In
Eq. (3.16), the first term can be identified as the contri-
bution of noninteracting process. Indeed it is generally
infinite at & = 0 being proportional to the infinite total
volume 28(0) of the Hilbert space [see Eq. (3.14)].
Equation (3.16) gives a finite solution only if the propor-
tional factor,

105023-6
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011

1—— , (3.28)
&V —(of —on)
vanishes with the “regularized volume” V,ie.,
_ 2
V= ;0‘1"1‘. (3.29)

Hence we are led to set the “regularized volume” V
dimensionless again. It is important to note that V depends
only on the total cross section of the incoming particles.
Therefore, in particular, V is identical for elastic and
inelastic two-body scatterings from the same initial
particles.

Then the entanglement entropy for elastic channel (3.17)
is regularized,

5 k2 tot 1 _ _ _ 1 d
S“:ln 2611—/ dcos€77111n7711, P“:— ou

) o11dcosf’
(3.30)

T

while the entanglement entropy for inelastic channel (3.27) is

» k2 tot 1 1 d
Sy = "“—/ dcosOPy NPy, Py =— 221
2r 1 0,1 dcosf
(3.31)

Note that P,, is regularized, while P,, has not to be.
However, it is interesting that 7,, and P, finally have
identical forms in terms of normalized two-body cross
sections.

About the regularization of the elastic channel, one notes
that if we neglect the noninteracting part in the beginning of
our derivation, that is to say, if we replace the S-matrix
element | (p.q|(1+2i7)k,l); in Eq. (3.1) with
{((p.q|(2iT)|k,1),, Py;(cos 8) in Eq. (3.15) becomes same
as Py, in Eq. (3.30). However the factor (2/V)"! in
Eq. (3.15) still remains, because it originates from the
infinite Hilbert space volume, §(0)/(27k>6)(0)), with
azimuthal symmetry [see Eq. (A2)], and thus one is led
to use again the regularized volume V in Eq. (3.29).

We can easily generalize these results to the case of the
scattering including more channels of two-particle final
states, (2.1). The entanglement entropy of the final state,
A;B; (i =2,3,...), without regularization is

\% 1 1 do;
Sil—lni—/ dcosOP; InP;;, P;= on (3.32)

1 6;1dcost’

Then let us focus on the discrepancy between the entan-
glement entropies of final states for a given initial two-body
state, A;B; and Aij,

AS; j=Su—Sp
1
:—/ dcosO(PyInP; =P, InPj;)(i,j=2.3,...).
-1

(3.33)

This quantity is independent of regularization, because V
does not contribute to P;; and P;;.

Even though the regularization is necessary for the
entanglement entropy of elastic channel, it is intriguing
to consider the difference between the volume-regularized
entanglement entropy of the elastic final state (3.30) and the
one of the inelastic final state (3.31),

- ~ - 1 ~ ~
ASz’l ES2] _Sll :—/ldcose(Pmlan] —Plllnpll).

(3.34)

Equations (3.33) and (3.34) have formally same expression,
which consists of cross sections and differential cross
sections, in the form of the density distributions generated

by 7511 and 7)21.

D. Regularized Rényi entropy

It is useful to notice that, within the same scheme, one
can formulate the regularized Rényi entropy in both elastic
and inelastic scattering channels, i.e.,

1—
1% I .
:lni_l_l ln/ dcosO(P;;(cosh))"
- -1
k2ot 1 1 1 do;; \"
=1 L In [ dcosf ——2) (i=1,2).
n< 21 >+1—n n/_, €08 (o-,-ldcos9> (i=12)
(3.35)

About this result, we note a difference with Ref. [26] for
which the elastic Rényi entropy is proportional to the
elastic cross section [see, e.g., Eq. (99) in Ref. [26] ]. This
discrepancy might be caused by the regularization. In our
case, the control of the regularization has been done in
detail in Ref. [2]. We found that we may bound the
regularized volume (3.29) from below and above by
regularizing directly partial waves by physical cutoffs [3].
A more detailed comparison would require a thorough
study of the regularization chosen by Ref. [26]. It is beyond
the scope of our study but may be useful in the future.
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IV. EVALUATION OF ENTANGLEMENT
ENTROPY

A. Elastic and inelastic cross sections in the two-nucleon
sector

We shall evaluate entanglement entropies in a high-
energy proton-neutron scattering, as a prototype for the
comparison of elastic and inelastic two-body cases. Their
quantitative estimates can be performed using the neutron-
proton scattering data. More precisely, the inelastic neu-
tron-proton charge exchange reaction pn — np has been
measured with a high-momentum neutron beam on a
proton target [32]. The quantitative description of the
elastic pn — pn cross sections can be obtained from the
same two-body scattering with a forward neutron. One also
may use data from the high-energy pp — pp scattering in
the same energy range whose cross sections are equivalent,
at least in the low momentum transfer range [33], as well as
total cross sections. We thus are able to make use of the well
documented phenomenology in that elastic case [34].

We thus focus on the following two-particle channels
(see Fig. 1):

(elastic channel),

pn — pn (4.1)

pn — np (inelastic channel), (4.2)
where the first of the final particles is in the near forward
(small #) range. We can recognize pn — np as an inelastic
channel with charge one current exchange. In order to
concretely evaluate the entanglement entropies, (3.30) and
(3.31), the differential elastic and inelastic cross sections as
functions of ¢ and the total pn cross section are necessary.

For our analysis, we take advantage of obtaining the near
forward proton-neutron elastic differential cross section
from a precise phenomenological description of related
amplitudes obtained from data on proton-proton elastic
scattering, in Ref. [35] for differential cross sections in the
forward region and in Refs. [36,37] for total cross sections.
The inelastic differential cross section in the forward region
is provided by Refs. [38,39]. One finds the parametriza-
tions of those observables used for our analysis in
Appendix C.

p p p n
n n n p
(a) (b)

FIG. 1. (a) The elastic channel: pn — pn. (b) The inelastic

channel: pn — np.

B. Evaluation of the entanglement entropies in the two-
nucleon sector

By using those fitting functions shown in the previous
subsection, let us evaluate the elastic and inelastic entan-
glement entropies. Using the change of variable, cos 8 — ¢,
by means of the relation (2.21), one writes the correspond-
ing relation between density distributions,

P(cosB)dcos @ = P(t)dt. (4.3)
One then infers from Egs. (3.30) and (3.31), and the
notations therein, that P (f) [resp. P (f)] defined by
P (1) :#PH(COSQ) [resp. Pine (1) = s“é’"z P (cos0)],
where m is the nucleon mass, are the density distributions
of the elastic (resp. inelastic) collisions in the transfer
variable 7. Naturally, P e(7) satisfy [ dtPene(f) = 1.

We then rewrite the regularized entanglement entropies,
(3.30) and (3.31), as

Su=- [ i (4—” Pd(r)), (4.4)

Otot

0 4
Sinel = - dt Pinel(t) In _Pinel(t) . (45)
—4k? Otot

It is important to note that the lower limit of integration in
these equations is given by pure kinematics. But the
physical limitation to the parametrizations for both elastic
and inelastic cases are concentrated in their respective
forward region, i.e., at the small-momentum transfer
region. For instance, in the pn sector, P (¢) and Pj,.(7)
are governed by very different parametric functions
decreasing fast with momentum transfer.

We numerically compute the elastic entanglement
entropy (4.4) in terms of (C1), (C3), and (C4). S’el has a
local minimum at /s = 41.7 GeV. We then compute the
inelastic entanglement entropy (4.5) in terms of (C1), (C5),
and (C16). Sj, has a local minimum at /s = 12.4 GeV.
Both entropies are depicted in Fig. 2 as functions of the
center-of-mass energy +/s. The inelastic entanglement
entropy is larger than the elastic one as shown in Fig. 2.

We also show in Fig. 3 the discrepancy (3.34) and the
asymmetry between these two entropies, namely,

AS = Sinel - Seh

Sinel - Sel

asymS = (4.6)

el

One can observe that at lower energy the elastic entangle-
ment entropy decreases faster than the inelastic one while it
is the contrary at higher energy as shown in Fig. 3.

The difference observed between the elastic and inelastic
entanglement entropies for identical initial nucleons can be
qualitatively interpreted using a simple exponential
approximation of the dominant cross sections, following
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FIG.2. The elastic entanglement entropy S, (solid line) and the
inelastic one S‘ine] (dashed line).

the treatment in Refs. [2,3]. Let us write

dginel
dt

~ Oinel (S ) eRiz"EIt'

(4.7)

R, and R, are the effective radii. Using formulas (4.4)
and (4.5), one easily finds,

e O-tot
S =In({—— 1, 4.8
el n <477:R§1> + ( )
~ O
Sinet = 1 ol 1, 4.9
el ! <4ﬂRiznel> - ( )
.. - R},
AS = Sinel - Sel =In (R?e 1> . (410)

Hence, the inelastic scattering being smoother in momen-
tum transfer than the elastic one at comparable energies, see
Refs. [32,34], one has RZ, < R% and thus Si,, > S, as
quantitatively confirmed by the full calculations, see Fig. 2.
The smaller the effective radius is, the larger the entangle-
ment between the final couple of particles is.

0.55

wn 050

045

C. Density of entanglement entropy in transverse
momentum

The integral equations for entanglement entropies (4.4)
and (4.5) can be rewritten,

_ 452
5, = A dli|Dy (1),

4
Dal)=-Pulin (ZZPu0). @)
Otot
3 e
Sinel :A d|t|Dinel(t>7
47
Dinel(t) = _Pinel(t) In < Pinel(t)>' (412)
tot

Note again, as for Egs. (4.4) and (4.5), the upper bound of
intgration is given by kinematics, but the physical focus
(together with the parametrizations) is on the different
forward regions of the two reactions.

Thus, we obtain the expressions for the entropy den-
sities, Dy and Dj,, as functions of the transfer momentum

qr = \/m Note that D, as well as P, are also
functions of the energy variable which is implicit.
Indeed, the physical interpretation of these densities are
interesting; they describe the local amount of entanglement
entropy flow as a function of momentum transfer
for a given total energy /s. As depicted in Fig. 4, the
elastic entropy flow D, and the inelastic one D, at
/s =20 GeV are both stronger and similar in the very
forward direction. They both decrease when the momentum
transfer increases but the inelastic one then dominates by
orders of magnitude. This is the cause of the different trend
revealed in Fig. 2 for the overall entanglement entropies.
One thus understands that entanglement is stronger when
the particle trajectories are very near-by as expected but the
exchange of a nonvacuum quantum number, namely the
electric charge in our case, seems to keep on longer
distances the entanglement between the final particles.

0.65

0.45

20 ' ' ' 40 ' ' ' 60 ' ' ' 80 ' ' 100
V5 [CeV]
(@)

FIG. 3.

- 20 40 60 80 100
V5 [CeV]
®)

(a) The difference AS and (b) the asymmetry asym S of entanglement entropies between the elastic and inelastic channels.
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FIG. 4. The elastic density D, (solid line) and the inelastic one
D, (dashed line) as functions of |¢] at /s = 20 GeV.

1

cxl'z— 0.100
>
[}

% 0.010
Q

0.001
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|t [GeV?]
FIG. 5. The elastic density Dy as a function of |¢] at /5 =

20 GeV (solid line), 50 GeV (dashed line), and 100 GeV
(dotted line).

This property obtained in the two nucleon sector would be
interesting to be investigated elsewhere.

Interestingly, the quasi equality between both densities in
the very forward region seen in Fig. 4 seems to indicate that
the selection process for a proton or a neutron in the very

0.100

Dinel [GeV™2]

0.010

" 1 " " " 1 " " " 1 " " " 1 " " " 1 " " " 1 " "-
0001L 02 0.4 06 0.8 1.0 1.2

[t] [GeV?]

FIG. 6. The inelastic density D, as a function of |¢| at
/s =20 GeV (solid line), 50 GeV (dashed line), and 100 GeV
(dotted line).

forward scattering, which has a strong consequence for the
hierarchy of the energy dependence of the differential cross
sections, does not modify the entanglement in this very
forward region. By contrast, both for the elastic or the
inelastic scattering considered as a function of their own
energy dependence, there is a similar trend of the densities
as shown by Figs. 5 and 6 despite the very different energy
dependence of the differential cross sections.

V. CONCLUSION AND OUTLOOK

Let us summarize our results.

We have performed the formalism allowing to derive the
entanglement entropies in parallel for elastic and inelastic
two-body reactions at high energy. Once using the “vol-
ume” regularization characterized by the total cross sec-
tions of the incident particles, the elastic and inelastic
entanglement entropies have a similar expression, and
enable us to study various relations between the entangle-
ment entropy for different final two-body state channels.

As a typical application of the formalism and an example
of the mentioned relations, we have evaluated the entangle-
ment entropy in the two-nucleon sector, namely, pn — pn,
in the forward region for the elastic scattering, and pn — np
in the forward region for the inelastic scattering.

Remarkably, using parametrizations of data in the same
energy range at /s = 20, 50, and 100 GeV for both elastic
and inelastic pn scatterings, we find a marked difference
between their entanglement entropies, the inelastic entan-
glement entropy being significantly stronger than the
elastic one. By contrast, the energy dependence in both
channels is rather mild, with a slight increase at higher
energies. This is contrasted with the cross section depend-
ence which are polynomially decreasing for the inelastic
channels contrary to the elastic one.

As an interesting output of our formulation, we obtain
the density of entanglement entropy as a function of
transverse momentum squared g% = |¢|, which allows for
a detailed description of the entropy flow in the various
reactions. Applied to the two-nucleon sector, we find that
both densities of the elastic and inelastic cases are equal in
the very forward region ||, while the inelastic density more
and more dominates the elastic one, explaining the differ-
ence in the overall entropy.

In outlook, we would like to emphasize some interesting
further studies allowed by our formalism. At first, it will be
interesting to evaluate the elastic-inelastic channel relation
for all cases where data exist. This would help answering
quite fundamental questions:

(1) Is there a common feature that vacuum quantum
number exchange (elastic case) would generate less
entanglement than nonvacuum exchange (inelastic
case)?

(i) The study of the entanglement entropy density as a
function of transverse momentum seems to open a
window on the flow of entanglement in a two-body
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scattering. Is there some regularity of this flow for
different initial particles indicating some universality
properties?
All in all, the goal is to understand the key features of
entanglement in momentum due to the interaction and
understand which are the order parameters to which it
obeys; initial particle quantum numbers, exchange quantum
numbers, eventually some particular energy ranges, etc..

ACKNOWLEDGMENTS

S.S. was supported in part by JSPS Grant-in-Aid for
Scientific Research (C) No. 22K03625, and is grateful to
Institut de Physique Théorique (IPhT), CEA-Saclay for
their hospitality.

DATA AVAILABILITY

The data that support the findings of this article are
openly available [1].

APPENDIX A: DIRAC DELTA FUNCTION AND
LEGENDRE POLYNOMIALS

The three-dimensional Dirac delta function in spherical
coordinates with azimuthal symmetry can be written as

<3>(p—k) =

4 k2 Z (2¢ +1)P,(cosH), (Al)
=0

with cos@ = (p - k)/(pk). Taking the limit p — k, we

obtain

4rk2sC X,

”(7 Z(2f+ P =D (2 +1).  (A2)
=0

APPENDIX B: DIRAC DELTA FUNCTION FOR
ENERGY CONSERVATION

We fix the center-of-mass energy of two incoming
particles as

Vs =Egp+Egy = \/mij + K%+ \/m%gj + k2. (B1)
!

dt

dael ‘ 6. 886 (2.694-0.306 In s—i0. 1537[) (10 3 —i0. 035> 60.89r :
N

Then we compute the delta function for energy conservation,

5((Ea,g + Eg,g) — (Eap + Epp))
= 5(<EA,,q + EB,,q) - \/E)

q\/E 2
=0 —F7—(-4)+0(¢g-¢ >
(F25—ta=a)+0la=aP)
2EAI192EBI1‘I5 / B2
= a5 ), (B2)
qv/'s
q'is given by (E,, o + Ep,y) — /s = 0, that is,
m: +m% — )2 —4m3: m>
6]/ _ \/( Ay By, 4s) Ay Bh. (B3)

APPENDIX C: PARAMETRIZATIONS OF THE
ELASTIC AND INELASTIC prn CROSS SECTIONS

1. Total cross section

The same pn total cross section appears in both the
elastic and inelastic entanglement entropies, (3.30) and
(3.31). We can read it from the parametrization of the total
pp cross sections, arguing from the equivalence with pn
forward scattering. From Refs. [36,37], one reads,

1
O = = Im(M..(s) = M_(5))[GeV=2],  (Cl)
with
ImM_ (s) = —s(163 = 20.41ns + 1.75(In 5)?),
ImM_(s) = —=73.15%48, (C2)

By definition in [36,37], M, imply amplitudes such
that M, =1 (M,, £ M,;).

2. Elastic cross sections

In Ref. [35] one can read the elastic pp differential cross
section (equivalent to pn — pn ones in the forward
region),

[mb - GeV~2]. (C3)

Then the elastic cross section is given, neglecting the exponentially small tail at large transfer, by

0 4
061:/ dt ;:1.
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3. Inelastic cross sections

References [38,39] have shown three models of the
inelastic differential cross section for pn — np with similar
overall results. We adopt the two-component model [38]
using the first component defined in [39], which is based on
the five helicity amplitudes.

The inelastic differential cross section based on the
five helicity amplitudes [38,39] is

do: 2
d';“’] =70389(g1 " + |02 + los* + loal? + los[?).

(C5)

An important notice; since we are interested here in the
entanglement on the momentum Hilbert space only, it is
well-known that one has to make the overall trace over
the spin or helicity degrees of freedom. This results in the
summation in Eq. (C5). Would it be a study of the
entanglement in spin or helicity degrees of freedom joined
or not with the momentum one, one would have to make
partial traces also on these degrees of freedom.

In practice, ¢; is split into an energy-independent part ¢f
and an energy-dependent part @7, i.e., ¢; = ¢§ + ¢;. From
Refs. [38,39] we write down ¢f,

m> \/ t s—4m? 41t
¢c=15 - D2eM, C10
s s—4m?> V  4m? s ¢ (C10)
where the nucleon mass, m = 0.939 GeV, and the

pion mass, m, = 0.139 GeV. One can reads ¢! from
Egs. (2a)—(2c), and (4b), (4c) in [38] as follows:

o} = 03 = Pt} ci)
@5 = = = 1Ttfeg(1)s%r), (C12)
9L = =V =1Ttf(1)s% ), (C13)
where
0.74 +0.67t (J1] <0.175
e (1) = {0.63 i 0.047 E:t: i 0.175; (C14)
Begr = —0.12&>". (C15)

Then the inelastic cross section is calculated through

0 dainel
Oinel — / dt——.

Cl16
A= (Cl6)

4. Uncertainties

The error bars obtained for the total pn cross sections
and for the differential elastic ones are negligible, thanks to
the use of the equivalent pp total [36,37] and differential
[35] cross sections whose data and their phenomenological
description are well-documented.

For the inelastic pn — np cross sections the two-
component model we considered leads to a y*/6 < 1 for
six energies and for each of 24 among 28 data points in |¢|
[38]. This is quite satisfactory taking into account that
experimental results are less precise due to the necessary
use of neutron incident particles.

t m?
¢=15 —(=2.2)e, C6
=15 (22 (co)
t 4t 0.45¢ 0.65¢t m?
$=15¢——+—-09 - —
V2 {t—m,z,_‘_m2 s—4m?>  s—4m® s
0.65¢ 2
b <m— + 0.5) }eSf, (C7)
s—4m s
@5 =0, (C8)
coisf A (155 0305 ) Lo
= —t—4—( 1.55—40. e
4 t—m2 m? s—4m? s ’
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