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Recent measurements of charmed-baryon semileptonic decays signal large tensions between experiment
and theory, including SUð3ÞF analyses and lattice-quantum chromodynamics simulations. Possible sources
of the discrepancy include the experimental normalization mode Ξ0

c → Ξ−πþ. Using lattice-quantum
chromodynamics inputs in an SUð3ÞF analysis including first-order symmetry breaking, we predict
BðΞþ

c →Σ0lþνlÞ=BðΞþ
c →Ξ0lþνlÞ¼ð2.6�0.3Þ%, and BðΞþ

c →ΛlþνlÞ=BðΞþ
c →Ξ0lþνlÞ¼ð1.1�0.1Þ%,

with lþ ¼ ðeþ; μþÞ. These ratios provide normalization-independent tests and may help clarify the origin
of the present tension.

DOI: 10.1103/h61y-61xw

Introduction. Significant discrepancies in BðΞ0
c →

Ξ−eþνeÞ have been found between the experimental data
and theoretical studies, including lattice-quantum chromo-
dynamics (LQCD). The relative branching fraction with
respect to Ξ0

c → Ξ−πþ was measured to be 0.730� 0.044
[1] and 0.825� 0.124 [2,3] at Belle and ALICE, respec-
tively. Using the reference channel BðΞ0

c → Ξ−πþÞ ¼
ð1.43� 0.27Þ% [4], the corresponding absolute branching
fractions are ð1.04� 0.21Þ% and ð1.18� 0.28Þ%. In con-
trast, LQCD predicts ð2.48� 0.86Þ% [5] and ð3.58�
0.12Þ% [6]. On the other hand, SUð3ÞF-based analyses
predict that the absolute branching fraction should be
around 4%, using Λþ

c → Λeþνe measured at BESIII as
input [7]. The SUð3ÞF prediction is in strong tension with
the data, but in reasonably good agreement with the LQCD
results. The experimental data indicate that the SUð3ÞF
breaking exceeds 50%, and a theoretical understanding of
this issue has remained elusive for more than half a decade.
Since both Belle and ALICE collaborations have

reported convergent results, one naturally suspects that
the discrepancy arises from an underestimation of the
normalization channel BðΞ0

c → Ξ−πþÞ [8,9]. A determi-
nation of this branching fraction is crucial, as it is so far the
only absolute branching fraction that has been measured for

Ξ0
c, and its uncertainty propagates into other measurements.

Recently, a similar underestimation of the experimental
branching fraction BðΞþ

c → Ξ−πþπþÞ has also been
conjectured [10,11]. In particular, the SUð3ÞF framework
incorporating the Körner-Pati-Woo theorem suggests that
this channel may be underestimated by a factor of two [8,9],
with a discrepancy of about 4σ from the experimental
result, although a fully satisfactory explanation remains
under debate [12–14].
In this work, we parameterize the form factors of singly

charmed baryon decays using SUð3ÞF flavor symmetry in
the Bourrely-Caprini-Lellouch (BCL) z-expansion, includ-
ing the first-order symmetry-breaking effects for the first
time. The corresponding parameters are then determined
from the LQCD results for these decays. The approximate
symmetry among the light quarks provides a model-
independent framework that has been widely applied to
heavy-hadron decays [7–11,15–42]. We further propose
golden channels that can help clarify the discrepancies
observed experimentally.
This paper is organized as follows. In Sec. II, we present

the formalism of the SUð3ÞF flavor-symmetry approach
including first-order breaking. In Sec. III, we provide
numerical results for the form factors, branching fractions,
and angular observables of each channel, followed by
discussions. Our conclusions are given in Sec. IV.

Formalism. The transitions of Bc → Blþνl induced
by a current are best described by form factors, where
lþ ¼ ðeþ; μþÞ denotes the antileptons, and Bc and B stand
for the charmed baryon and the octet baryon, respectively.
In this work, we adopt the standard helicity form factors
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and parameterize their q2 dependence with the BCL
z-expansion [43], defined by

fðq2Þ ¼ 1

1 − q2=ðmf
poleÞ2

Xnmax

n¼0

afn½zfðq2Þ�n;

zfðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tfþ − q2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tfþ − t0

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tfþ − q2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tfþ − t0

q :

f ¼ fþ; f⊥; f0; gþ; g⊥; g0; ð1Þ

with q ¼ pBc
− pB and t0 ¼ ðmBc

−mBÞ2. For

f ¼ fþ; f⊥; f0, the branch point tfþ ¼ ðmD þmπðKÞÞ2 is
taken as the threshold of the DπðKÞ two-particle states for
the c → dðsÞ transitions, respectively. For f ¼ gþ; g⊥; g0,
the corresponding branch point is set by the D�π or D�K
thresholds, tfþ ¼ ðmD� þmπðKÞÞ2. To satisfy the end point
relations of f0ð0Þ ¼ fþð0Þ and g0ð0Þ ¼ gþð0Þ, we choose

af02 ¼ afþ0 −af00
zf0ð0Þ2

þafþ1 −af01
zf0ð0Þ

þafþ2 þðafþ3 −af03 Þzf0ð0Þ;

ag02 ¼ agþ0 −ag00
zg0ð0Þ2

þagþ1 −ag01
zg0ð0Þ

þagþ2 þðagþ3 −ag03 Þzg0ð0Þ; ð2Þ

which were first used in Ref. [6].
The SUð3ÞF flavor-symmetry framework treats the light

quarks u, d, and s on an equal footing, thereby classifying
hadrons into multiplets corresponding to irreducible rep-
resentations of SUð3ÞF. The baryons are embedded in the
SUð3ÞF representations

Bc ¼ ðΞ0
c;−Ξþ

c ;Λþ
c Þ;

B ¼

0
BBB@

1ffiffi
6

p Λþ 1ffiffi
2

p Σ0 Σþ p

Σ− 1ffiffi
6

p Λ − 1ffiffi
2

p Σ0 n

Ξ− Ξ0 −
ffiffi
2
3

q
Λ

1
CCCA: ð3Þ

The coefficients afn are SUð3ÞF singlets and, according to
the generalized Wigner-Eckart theorem, can be parame-
trized as [44]

afn ¼ Cf
nðB†ÞαβJ βðBcÞα þ Vf

nðB†ÞαγJ βSγ
βðBcÞα

þWf
nðB†ÞγβJ βSα

γ ðBcÞα: ð4Þ

Here, J transforms in the same SUð3ÞF representation as q
in c → q transitions. The first-order SUð3ÞF-breaking
effects are captured by the insertions of S ¼
diagð1; 1;−2Þ= ffiffiffi

6
p

with the parameters Vf
n and Wf

n, which
are of order ms=ΛQCD. In the SUð3ÞF limit, Vf

n ¼ Wf
n ¼ 0.

In the above equations, the relevant components of Bc and

B are selected by flavor indices. For instance, for the c → s
transition of Λþ

c → Λ, one takes

Bc ¼J †¼ð0;0;1Þ; B¼ diag

� ffiffiffi
1

6

r
;

ffiffiffi
1

6

r
;−

ffiffiffi
2

3

r �
; ð5Þ

resulting in

afnðΛc → ΛÞ ¼ −
ffiffiffi
2

3

r
Cf
n þ 2

3
Vf
n þ 2

3
Wf

n: ð6Þ

The same flavor structure applies to the other form factors
as well.

Numerical results. We take the LQCD results [6,46,47] as
input, including the form factors for Λþ

c → Λ, Λþ
c → n, and

Ξc → Ξ. From Eq. (4) we solve Cf
n; V

f
n, and Wf

n by

0
B@

Cf
n

Vf
n

Wf
n

1
CA ¼

0
BBBB@

1ffiffi
6
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CCCCA

0
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afnðΛc → ΛÞ
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afnðΞc → ΞÞ

1
CA: ð7Þ

A slightly different BCL z-expansion was adopted in
Refs. [46,47]. The corresponding expansion variable is
similar to zfðq2Þ defined in Eq. (1), except that tfþ ¼
ðmD þmπðKÞÞ2 for f ¼ g0; gþ; g⊥. We denote the variable
therein by z̃fðq2Þ and match it to zfðq2Þ used in this work,
as described in the Appendix. The numerical results are
presented in Table I. The resulting form factors for Ξc → Ξ
are essentially identical to those from LQCD [6], while we
have checked that those for Λþ

c → Λ; n also reproduce the
LQCD results up to Oð10−3Þ [46,47]. Since jzfj < 0.16
over the physical region, the form factors are dominated by
the terms with n ¼ 0. From the table, one can see that the
typical sizes of Vf

0=C
f
0 andW

f
0=C

f
0 are around 10% to 20%,

as expected in the usual SUð3ÞF framework. Errors from
truncating the SUð3ÞF breaking are therefore expected to be
of order 10−2.
The genuinely new predictions are those for Ξþ

c → Λ and
Ξþ
c → Σ0 given in Table II, with the coefficients

�
afnðΞþ

c → ΛÞ
afnðΞþ

c → Σ0Þ

�
¼
 
− 1ffiffi

6
p − 1

6
− 1

6

1ffiffi
2

p 1

2
ffiffi
3

p 1

2
ffiffi
3

p

!0
B@

Cf
n

Vf
n

Wf
n

1
CA: ð8Þ

The isospin symmetry implies that afn of Ξ0
c → Σ− is

ffiffiffi
2

p
times larger than those of Ξþ

c → Σ0 and for simplicity we
list only the form factors for the latter channel. Since
jzfðq2Þj < 0.16 for all form factors f, the contributions
from higher-order terms are strongly suppressed.
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Consequently, the uncertainties of the form factors are
dominated by those of the coefficients afnðCf

n; V
f
n;W

f
nÞ with

n ¼ 0 and n ¼ 1. The form factors are explicitly depicted
in Fig. 1.
In addition to the branching fractions, experiments have

measured the up-down asymmetries defined by

α ¼ Γþ − Γ−

Γþ þ Γ−
; ð9Þ

where Γ� denote the partial rates into final-baryon helicity
λB ¼ �1=2. For Λþ

c → Λeþνe, it can be measured by the
sequential decay of Λ → pπ− [48–52]. Utilizing the CKM
matrix elements Vcd ¼ 0.225� 0.004 and Vcs ¼ 0.975�
0.006 from the latest CKMfitter results [53], together with
the lifetimes of singly charmed baryons reported by the
PDG [4], we evaluate the branching fractions and up-down
asymmetries for channels Ξþ

c → Λ and Ξc → Σ in Table III,
where the results are genuine new predictions established in
this work.
As discussed in the Introduction, the puzzle may be

traced back to the normalization channel. To test the
SUð3ÞF breaking in a normalization-independent way,
we propose to measure the relative branching fractions
to Ξc → Ξlþνl. In particular, we predict the ratios

TABLE I. Numerical results for the BCL z expansion with
SUð3ÞF symmetry including first-order breaking. The uncertain-
ties are taken from the LQCD calculations [6,46,47].

ðf; nÞ Cf
n Vf

n Wf
n

ðf⊥; 0Þ 1.528(71) −0.202ð103Þ 0.155(82)
ðf⊥; 1Þ −4.093ð945Þ 1.764(1.564) −2.502ð1.436Þ
ðf⊥; 2Þ 4.5(8.6) −8ð14Þ 3(13)
ðf⊥; 3Þ 1(30) 7(38) −4ð39Þ
ðfþ; 0Þ 0.849(39) −0.137ð55Þ −0.009ð40Þ
ðfþ; 1Þ −3.310ð679Þ 0.796(913) −1.280ð714Þ
ðfþ; 2Þ 11.7(6.8) −2.3ð8.9Þ 6.6(7.4)
ðfþ; 3Þ −6ð30Þ 9(38) −16ð38Þ
ðf0; 0Þ 0.838(40) −0.090ð54Þ −0.023ð36Þ
ðf0; 1Þ −3.206ð694Þ −0.206ð924Þ −1.066ð679Þ
ðf0; 3Þ 3(30) 8(38) −4ð38Þ
ðg⊥; 0Þ 0.689(26) −0.115ð36Þ −0.046ð26Þ
ðg⊥; 1Þ −2.134ð500Þ 1.077(722) −0.690ð609Þ
ðg⊥; 2Þ 8.8(6.2) −2.9ð8.7Þ 0.7(7.7)
ðg⊥; 3Þ −8ð28Þ −17ð36Þ 19(38)

ðgþ; 0Þ 0.689(26) −0.115ð36Þ −0.046ð26Þ
ðgþ; 1Þ −2.161ð434Þ 1.460(571) −0.251ð413Þ
ðgþ; 2Þ 5.8(5.4) −11.8ð6.9Þ −6.6ð5.6Þ
ðgþ; 3Þ −3ð28Þ −15ð35Þ −3ð37Þ
ðg0; 0Þ 0.737(40) −0.140ð56Þ −0.037ð39Þ
ðg0; 1Þ −2.893ð611Þ 2.277(821) −0.959ð615Þ
ðg0; 3Þ −2ð29Þ 2(37) 8(38)

FIG. 1. The numerical results of form factors f⊥, fþ, f0, g⊥, gþ
and g0 from the SUð3ÞF approach of Ξþ

c → Λ and Ξþ
c → Σ0.

TABLE II. The numerical results of z-expansion parameters for
Ξþ
c → Λ and Ξþ

c → Σ0. The parameters of af02 and ag02 can be
obtained by Eq. (2).

Ξþ
c → Λ Ξþ

c → Σ0

ði; nÞ afin agin afin agin

ð⊥; 0Þ −0.62ð5Þ −0.25ð2Þ 1.07(9) 0.44(3)
ð⊥; 1Þ 1.79(82) 0.81(39) −3.11ð1.42Þ −1.40ð67Þ
ð⊥; 2Þ −1ð7Þ −3.2ð4.8Þ 2(13) 5.6(8.3)
ð⊥; 3Þ −1ð23Þ 3(22) 1(39) −5ð38Þ
ðþ; 0Þ −0.32ð3Þ −0.25ð2Þ 0.56(5) 0.44(3)
ðþ; 1Þ 1.43(49) 0.68(31) −2.48ð85Þ −1.18ð53Þ
ðþ; 2Þ −5ð5Þ 0.7(3.8) 9.5(8.6) −1.2ð6.7Þ
ðþ; 3Þ 4(22) 4(21) −6ð39Þ −8ð37Þ
(0, 0) −0.32ð3Þ −0.27ð3Þ 0.56(5) 0.47(5)
(0, 1) 1.52(49) 0.96(44) −2.64ð86Þ −1.67ð76Þ
(0, 3) −2ð22Þ −1ð22Þ 3(39) 2(38)

TABLE III. Numerical results for branching fractions and up-
down asymmetries in the SUð3ÞF approach for the channels
Ξþ
c → Λ and Ξc → Σ, in units of percentage.

Channels BðSUð3ÞFÞð%Þ αðSUð3ÞFÞð%Þ
Ξþ
c → Σ0eþνe 0.282(30) −89.9ð9.3Þ

Ξþ
c → Σ0μþνμ 0.275(29) −89.7ð9.2Þ

Ξþ
c → Λeþνe 0.117(14) −90.8ð10.2Þ

Ξþ
c → Λμþνμ 0.115(13) −90.7ð10.1Þ

Ξ0
c → Σ−eþνe 0.186(20) −89.8ð9.3Þ

Ξ0
c → Σ−μþνμ 0.182(19) −89.7ð9.2Þ
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RΣ0 ≡ BðΞþ
c → Σ0lþνlÞ

BðΞþ
c → Ξ0lþνlÞ

¼ ð2.6� 0.3Þ%;

RΛ ≡ BðΞþ
c → ΛlþνlÞ

BðΞþ
c → Ξ0lþνlÞ

¼ ð1.1� 0.1Þ%;

RΣ− ≡ BðΞ0
c → Σ−lþνlÞ

BðΞ0
c → Ξ−lþνlÞ

¼ 2RΣ0 ; ð10Þ

which are protected up to second order in SUð3ÞF breaking,
with expected precision at the percent level. These ratios
have the advantage of avoiding the normalization ambi-
guity associated with BðΞ0

c → Ξ−πþÞ.
In Table IV, we compare the values of RB obtained in the

exact SUð3ÞF limit, in our SUð3ÞF þ LQCD analysis, and
in the first-order SUð3ÞF-breaking analysis using the
experimental inputs BðΛþ

c → ΛlþνlÞ and BðΞc →
ΞlþνlÞ [7]. Our results are very close to the exact-
SUð3ÞF predictions, indicating that the relevant first-order
SUð3ÞF-breaking effects are small according to LQCD. By
contrast, the data-driven first-order analysis [7] gives a
much larger value of RΣ0 , about five times larger than
both the exact-SUð3ÞF and SUð3ÞF þ LQCD predictions.
If future measurements favor the exact-SUð3ÞF and
SUð3ÞF þ LQCD predictions, this would point to the
normalization input used in Ref. [7], BðΞ0

c → Ξ−πþÞ ¼
ð1.80� 0.50� 0.14Þ% as a likely source of the tension. In
this case, since the semileptonic ratios would be consistent
with both SUð3ÞF symmetry and LQCD, the discrepancy
would more naturally be attributed to the experimental
normalization channel Ξ0

c → Ξ−πþ than to large unknown
hadronic effects in the semileptonic form factors.
Conversely, if the measurements favor the data-driven
first-order result, this would suggest that additional had-
ronic effects beyond those captured by the LQCD-matched
SUð3ÞF analysis may be required.
We now discuss the experimental testability. The num-

bers of observed events are expected to be

NðΞc → BeþνeÞ
NðΞc → ΞeþνeÞ

¼ RB
ϵB
ϵΞ

; ð11Þ

where ϵB is the reconstruction efficiency for the final-
state baryon B. The number of produced Ξþ

c baryons
at Belle and Belle II is not directly known. For an

order-of-magnitude estimate, we assume comparable pro-
duction rates for Ξþ

c and Ξ0
c, as suggested by approxi-

mate isospin symmetry in charm fragmentation. This
approximation is based on the assumption that the cc̄
pair is produced via γ�, thereby minimizing the number
of hard gluons, along with the use of isospin symmetry.
We take the efficiencies to be ðϵΞ0 ; ϵΣ0 ; ϵΛ; ϵΞ−Þ ¼
ð1.5%; 7%; 20%; 20%Þ [54–56]. In 2021, ð16.01� 0.44Þ ×
103 events were observed for Ξ0

c → Ξ−eþνe with an
integrated luminosity of 711þ 89.5 ¼ 800.5 fb−1 at

ffiffiffi
s

p ¼
10.58 and 10.52 GeVat Belle [1]. At present, the combined
integrated luminosity of Belle and Belle II has reached
1.8 ab−1 [57,58]. Based on the Belle measurements and
naively assuming the same reconstruction efficiencies at
Belle and Belle II, we estimate the expected statistical
precisions to be ðδRΣ0 ; δRΛÞ ≈ ð0.40%; 0.13%Þ. This esti-
mate should be regarded as conservative, since the improved
performance of the Belle II detector is expected to lead
to higher reconstruction efficiencies than those at Belle
[59–61]. With the future Belle II dataset, whose integrated
luminosity is expected to reach 50 ab−1 [62], the statistical
precision would improve by at least about a factor of six.
The simulations of the experiments for these channels

are presented in Fig. 2, and the label “Belle + Belle II”

TABLE IV. Values of RΣ0 and RΛ for the exact SUð3ÞF
symmetry scheme, for our SUð3ÞF symmetry analysis matched
to LQCD inputs from Eq. (10), and for the first-order SUð3ÞF-
breaking analysis of Ref. [7], where the input parameters were
determined from experimental data.

Values Exact SUð3ÞF SUð3ÞF þ LQCD SUð3ÞFþ Exp. [7]

RΣ0ð%Þ 2.6 2.6� 0.3 12.8� 2.7
RΛð%Þ 0.9 1.1� 0.1 1.7� 0.5

FIG. 2. Differential decay rates and estimated event yields for
Ξþ
c → Σ0eþνe and Ξþ

c → Λeþνe. The q2 dependence of the
differential decay rates is shown on the left Y-axis, while the event
yields estimated by scaling to Lint ¼ 1.8 ab−1 are shown on the
right Y-axis.
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denotes an order-of-magnitude scaling to a combined
integrated luminosity Lint ¼ 1.8 ab−1. Throughout the
simulations, we assume that the detection efficiencies are
independent of q2, while the

ffiffiffiffiffi
q2

p
-bin widths are fixed at

50 MeV. From the figure, one sees that the expected signal
yields are sizable across a wide range of

ffiffiffiffiffi
q2

p
, suggesting

that the differential spectra are experimentally measurable
with sufficient statistics.
Since the dominant decay Σ− → nπ− contains a neutron

in the final state, this channel is difficult to reconstruct at
Belle and Belle II. It could, however, be reconstructed
at BESIII and STCF, with an estimated efficiency
ϵΣ− ¼ 14.3% [63]. So far, the production numbers of Ξc
are not known. Assuming that the near-threshold
ΞcΞ̄c production rate is about 0.1 ∼ 0.3 of that for
eþe− → Λþ

c Λ̄−
c , one is led to a benchmark cross section

σðeþe− → ΞcΞ̄cÞ ∼ 10–30 pb [64,65]. With the approved
BEPCII upgrade, the maximum center-of-mass energy
will be extended to 5.6 GeV, while the peak luminos-
ity at high energies is expected to increase by about a
factor of three [66]. This will enable direct studies
of ΞcΞ̄c production; for a benchmark cross section
σðeþe− → ΞcΞ̄cÞ ∼ 10–30 pb, one expects roughly ð1 −
3Þ × 105 produced pairs per year at peak luminosity at
BEPCII-U, while the corresponding yield at the STCF
would be about ð1 − 3Þ × 107 pairs per year [67].

Conclusions. We have developed an SUð3ÞF analysis of
singly charmed baryon semileptonic decays by matching
the available lattice-QCD form factors onto the BCL
z-expansion, including first-order symmetry-breaking
effects. The resulting framework consistently reproduces
the known lattice inputs and yields symmetry-breaking
corrections of the expected size.
With these inputs, we have predicted the form fac-

tors and decay observables for Ξþ
c → Λlþνl and

Ξc → Σlþνl. In particular, we identified the ratios
ðRΣ− ; RΣ0 ; RΛÞ ¼ ð5.2� 0.6;2.6� 0.3;1.1� 0.1Þ%. These
ratios are free from the normalization ambiguity associated
with BðΞ0

c → Ξ−πþÞ and BðΞþ
c → Ξ−πþπþÞ. They there-

fore provide normalization-independent probes of the first-
order SUð3ÞF breaking.
We have also shown that the corresponding signal yields

should be experimentally measurable within the Belleþ
Belle II luminosity estimate, subject to detector-specific
efficiencies and systematic uncertainties. The expected
statistical precisions are ðδRΣ0 ; δRΛÞ ≃ ð4.0; 1.3Þ × 10−3.
Precise determinations of these ratios would provide

normalization-independent tests of SUð3ÞF breaking and
help clarify whether the current puzzle originates from an
underestimation of the nonleptonic Ξ0

c → Ξ−πþ decay or
from unknown hadronic effects.
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Appendix: Matching z-expansion conventions. Expanding
z̃f in powers of zf, we obtain formally

z̃f ¼ d0 þ d1zf þ d2z2f þ d3z3f þOðz4fÞ; ðA1Þ

where dn is defined by

dfn ¼ 1

n!

dnz̃f
dznf

����
zf¼0

¼ 1

n!

�
dq2

dzf

d
dq2

�
n

z̃fðq2Þ
����
zf¼0

: ðA2Þ

The explicit form is too lengthy to be informative and
can be calculated by a modern computer program.
We denote the BCL coefficients in the expansion in z̃f by

ãfn, and impose the matching condition

X

n

afnznf ¼
X

n

ãfnz̃nf: ðA3Þ

This leads to the relations

af0 ¼ ãf0 þ ãf1d
f
0 þ ãf2ðdf0Þ2 þ ãf3ðdf0Þ3;

af1 ¼ ãf1d
f
1 þ 2ãf2d

f
0d

f
1 þ 3ãf3ðdf0Þ2df1 ;

af2 ¼ ãf1d
f
2 þ ãf2 ½ðdf1Þ2 þ 2df0d

f
2 �

þ ãf3 ½3df0ðdf1Þ2 þ 3ðdf0Þ2df2 �;
af3 ¼ ãf1d

f
3 þ 2ãf2ðdf0df3 þ df1d

f
2Þ

þ ãf3 ½ðdf1Þ3 þ 6df0d
f
1d

f
2 þ 3ðdf0Þ2df3 �; ðA4Þ

up to the precision of jz4fðq2Þj < 10−3. We note that ãfn is

denoted simply by afn in Refs. [46,47]. The above relations
therefore allow us to match their parametrization to the one
in this work.
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