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We investigate renormalon ambiguities in quasiparton distribution functions (quasi-PDFs) defined using
gradient-flowed fields. Focusing on both ultraviolet (UV) and infrared (IR) renormalons, we perform an
explicit calculation of bubble chain diagrams to analyze their dependence on the flow time. We find that the
gradient flow eliminates UV renormalon in quasi-PDFs. In the small flow-time expansion, the linear
renormalons cancel exactly between the matching kernel and the MS quasi-PDF. Meanwhile, TR
renormalons persist but are modified at finite flow time. The deformation of the renormalon structure
induced by the gradient flow suggests an altered infrared behavior, with enhanced contributions from

higher-twist effects even at small flow time.

DOI: 10.1103/h5xf-pmww

I. INTRODUCTION

Lattice quantum chromodynamics (QCD) provides a
powerful nonperturbative framework for computing had-
ronic observables from first principles. However, two major
challenges persist in practical lattice calculations. The first
is the poor signal-to-noise ratios of certain correlation
functions, especially those involving nonlocal operators
or large external momenta, which are essential for access-
ing partonic structure. The second challenge lies in the
renormalization of lattice observables. Standard continuum
schemes such as MS cannot be directly implemented on the
lattice. Therefore, a lattice renormalization scheme should
be employed for lattice observables. Among them, the
regularization-independent momentum-subtraction scheme
(RI/MOM) is often used [1,2]. For nonlocal operators,
however, the matrix elements in the RI/MOM scheme
are gauge dependent, and their determination is parti-
cularly sensitive to the accuracy of Landau gauge fixing
at long distances on fine lattices [3]. Alternatively, self-
renormalization and hybrid renormalization schemes have
been developed [4-6], but they depend heavily on fitting
procedures and assumptions that may affect the reliability
of the extracted renormalization factors. These issues limit
the precision and reliability of observables extracted from
lattice QCD.
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A promising solution to both problems is provided by the
gradient flow formalism [7-10]. This technique involves
evolving the quantum fields along a fictitious flow-time
direction, effectively smearing the fields over a finite
physical scale. The flow suppresses ultraviolet (UV) fluc-
tuations in a gauge-invariant manner, leading to signifi-
cantly improved signal quality.

These advantages have motivated the application of the
gradient flow to the lattice computation of quasiparton
distribution functions (quasi-PDFs). In the Large Momen-
tum Effective Theory (LaMET) framework, quasi-PDFs,
which are defined as the Fourier transforms of equal-time
correlators, can be matched onto standard PDFs through a
factorization theorem [11-13]. Extensive work has been
carried out to extract PDFs using LaMET and Lattice QCD,
including the application of renormalization group equations
(RGESs), higher-loop perturbative calculations, and various
other techniques to improve the precision of the extraction
[13-46]. It has been shown that flowed quasi-PDFs can
be matched to quasi-PDFs renormalized in the MS scheme
[47-49]. Therefore, applying the gradient flow to quasi-PDFs
can both enhance the signal-to-noise ratios and provide a
systematic approach to renormalize lattice observables.

Nevertheless, a key challenge remains in controlling
higher-twist effects. These power-suppressed contributions
become significant at the finite hadron momenta accessible
on the lattice and can obscure the extraction of leading-
twist physics. A useful theoretical tool for analyzing
such effects is the concept of renormalons [50-58]. Re-
normalons arise from the divergent nature of perturbative
expansions in QCD, where the coefficients grow factorially
at high orders. This behavior leads to ambiguities in the
Borel summation of the series, which reflect the presence of
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nonperturbative contributions. In particular, infrared (IR)
renormalons are associated with long-distance dynamics
and are expected to be canceled by the UV renormalons of
higher-twist operators within the operator product expan-
sion (OPE) [53]. Therefore, studying the renormalon
structure of a given quantity provides insight into the
pattern and magnitude of its power corrections.

Until now, extensive work has been done to study
renormalon effects in effective theories or factorization
theorems [57,59—74]. The renormalon ambiguity of quasi-
PDFs has been well-studied and has shed light on the nature
of higher-twist contamination in LaMET-based factoriza-
tion [58,75]. However, how renormalons manifest in
flowed quasi-PDFs remains largely unexplored. Previous
studies in the context of the gluon condensate have shown
that UV renormalons are eliminated by the gradient flow,
while IR renormalons remain unaffected [76,77]. This
behavior can be understood from the fact that the gradient
flow suppresses UV fluctuations, thereby removing UV
renormalons that arise from short-distance physics. In
contrast, IR renormalons originate from long-distance
dynamics and are therefore not influenced by the flow.

In this work, we investigate the renormalon ambiguity of
flowed quasi-PDFs at zero external momentum within the
large f, approximation. Our analysis reveals that, provided
the flow time ¢ is finite, the IR renormalon structure of the
quasi-PDFs is altered by the presence of the flow. Notably,
the farther a Borel singularity is from the origin, the greater
the deviation of its associated ambiguity from that in the
unflowed case. This demonstrates that the gradient flow not
only suppresses UV fluctuations but also modifies the IR
renormalon structure at finite flow time.

The remainder of this paper is organized as follows. In
Sec. II, we present the theoretical background essential to
our analysis, including the gradient flow formalism as well
as the definitions of quasi-PDFs and flowed quasi-PDFs.
Section III reviews renormalon effects in quasi-PDFs and
examines how these effects manifest within the gradient
flow framework. Finally, Sec. IV offers a detailed study of
renormalons in quasi-PDFs under gradient flow. Through
explicit Borel analysis in simplified perturbative settings,
we identify the structure of renormalon singularities and
discuss their implications for extracting PDFs from flowed
lattice data.

Our results provide new insights into the connection
between perturbative and nonperturbative dynamics within
the gradient flow framework and contribute to improving
the reliability of parton structure determinations from
lattice QCD.

II. THEORETICAL FOUNDATION
A. Gradient flow

The gradient flow technique provides a systematic
framework to suppress UV fluctuations in both gauge

and fermion fields [7-9,78]. This powerful method has
become indispensable in lattice QCD for scale setting and
for computing local matrix elements and correlation func-
tions with improved signal-to-noise ratios [10,79-88]. The
method introduces a continuous evolution of quantum
fields along a fictitious fifth dimension parametrized
by the flow time . Specifically, the original gauge field
A,(x) and fermion field y(x) transform into smoothed
fields B, (t,x) and y(z,x) through diffusionlike evolution
equations [8—10].

O,Bﬂ = DDGW + KDﬂayBD,
0 = D,D,y —«(0,B,)x.
04 = 7DD, +x70,B,, (1)

where D), acts in the adjoint representation when applied to
the gauge field and in the fundamental representation when
applied to fermion fields. The parameter « is a gauge-fixing
term that vanishes in physical observables. The field
strength tensor is defined as

G,, =9,B,—0d,B, + [B,.B,], (2)

and the fields satisfy the following boundary conditions
at t = 0:

B,(x;t=0) = gA,(x),
x(xst=0) =w(x),
(it =0) =p(x). (3)

In the gradient flow formalism, operators evaluated at
nonzero flow time ¢ # 0 are known as “flowed operators.”
As the flow time increases, Eq. (1) drives the quan-
tum fields toward classical configurations by effectively

suppressing UV modes with wavelengths shorter than /8.
This smoothing effect renders flowed composite oper-
ators UV finite, eliminating the need for additional
renormalization.

The introduction of the flow time also defines a physical
scale /87, which plays a key role in nonperturbative
renormalization and scheme conversion. To faithfully
extract physical observables, their characteristic scales
must remain larger than this flow-induced cutoff.

The gradient flow can also be regarded as a continuous
analog of stout smearing [8,78,89]. A significant advantage
of the flow-based approach is that it enables perturbative
computations of physical observables using modified
Feynman rules [90], whereas stout smearing is largely
inaccessible to such analyses.

These features make the gradient flow a powerful tool in
lattice QCD, enhancing signal-to-noise ratios and enabling
reliable matching of lattice results to continuum schemes.
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B. Quasi-PDFs, flowed quasi-PDFs, and matching

Quasi-PDFs are constructed as the Fourier transforma-
tion of equal-time correlators

- d N
R = [ @ pan). @)

with

fa(z. Poop) = (Pl (2)y* W[z, Oly, (0)|P).  (5)

Here, |P) is a hadron state with momentum P =
(P%,0,0,P%), and W[z, 0] is a spatial Wilson line along
the z-direction.

In the framework of LaMET, the quasi-PDFs can be
matched onto PDFs through a factorization theorem [11-13]

. 1d
fq(x,PZ,/t):/_ yC(?%)fq(y,ﬂ)

1yl
0 (v ) ® Qi+ (6)

where C(x/y, u/P?) is a perturbatively calculable matching
kernel that depends on the ratios x/y and u/P?, and
Co(x, u/P?) @ Qq4(x, u) represents the twist-4 contribution
in the factorization formula, giving rise to a correction of
order O(Agcp/(P?)?). This approach allows for the first-
principles extraction of PDFs by computing quasi-PDFs
nonperturbatively with lattice QCD.

A further improvement involves the use of the gradient
flow to the equal-time correlators f,(z,P,, ) which
defines the quasi-PDFs. It has been proven that the flowed
equal-time correlators can be matched to the equal-time
correlators in MS in the small flow-time limit through a
matching equation [47]

Fa(e P = Ct.zp)e™ FyS (e, Pip). (T)
where the matching kernel

Coroltizp) =1— Z—; Cr[3 log (2p2te®) + 2 + log(432)]
+0(a3), (8)

is independent of z in the small flow-time limit and

% V2 2
Sm = 4ﬂCF\ﬁ+O<%)’ 9)

represents the linear divergence arising from Wilson-line
self-energy corrections. In conventional regularization
schemes, the linear divergence suffers from an intrinsic
ambiguity associated with the UV renormalon. As we
will demonstrate in the next section, the gradient flow

formalism addresses this issue by using the flow time ¢ as a
physical regulator that removes the UV ambiguity.

III. RENORMALON EFFECTS IN QUASI-PDFS

The perturbative matching between quasi-PDFs and
PDFs in the LaMET framework relies on the assumption
that the difference between the two quantities is dominated
by short-distance physics and can be systematically
expanded in powers of a, and Agcp/(P%)*. However,
perturbative series in a, for QCD observables are known
to be asymptotic and factorially divergent, due to the
presence of IR and UV renormalons, which manifest as
singularities in the Borel plane of the perturbative expan-
sion [52,55]. These divergences signal intrinsic ambiguities
in perturbation theory, associated with nonperturbative
power corrections.

A standard method to assign meaning to asymptotic
series is through Borel summation. To be explicit, consider
an asymptotic expansion for a physical observable ¢(ay),

expressed in powers of a, = f:—;r as

o0

la) = ciait, (10)

i=0

where the coefficients c; are assumed to be known. The first
step in Borel summation is to apply the Borel transform to
the series, defined by

Blg)(u) = i%(ﬁ—ok (11)

which maps the original asymptotic series into a new
function of the Borel variable u. The second step is to
compute the Borel integral, given by

oa) = [Tawe T mOBg),  (12)

Po Jo
where f, = 11 —%nf is the one-loop coefficient of the
QCD beta function. If the integral converges, the function
®(a,) reproduces the same asymptotic expansion as the
original series ¢(a,), but yields a well-defined result that
circumvents the divergence of the perturbative expansion.
However, the integral in Eq. (12) may be ill-defined due
to singularities of B[¢](u) on the positive real axis. The
ambiguity associated with choosing a contour to bypass
these singularities must cancel against the ambiguity in the
definition of higher-twist operators [55].

In general, the factorial growth observed in matching
kernels cannot be directly traced to individual Feynman
diagrams. Nevertheless, it has been argued that the dom-
inant contributions originate from a specific class of
integrals known as “bubble chain diagrams” [55,91-93].
These diagrams are constructed by inserting multiple
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FIG. 1. The bubble chain diagrams correspond to changing a
gluon propagator to gluon propagators dressed with fermion
loops.

fermion loop corrections into a single gluon propagator
within a one-loop diagram, a procedure referred to as the
“large S, approximation,” as illustrated in Fig. 1. This is
followed by the replacement

2 11 2

—gnf —)ﬂOI?NC—gl’lf, (13)

a step commonly known as  “naive
Abelianization” [94,95].

The structure of renormalons in quasi-PDFs has been
extensively studied using bubble chain diagrams [58,75].
These investigations reveal that the matching kernel con-
tains IR and UV renormalons. The IR renormalons are
associated with higher-twist corrections, suppressed by
powers of Agep/(P<)?, while the UV renormalon primarily
arises from the Wilson-line self-energy and induce diver-
gences linear in the length of Wilson line.

The key question here is how renormalon effects are
modified when gradient flow is applied to quasi-PDFs. This
can be better understood through the factorization formula
for the flowed quasi-PDFs

~ ld
R = [0 (3 ) i

non-

u
+C/2<X,F,t>®g4(x,ﬂ)+"', (14)
where C’ ( . 4=.1) and C)(x,4:,1) represent the matching

kernels for the flowed quasi-PDFs. The factorization
formula can be understood in two complementary ways.
The first way is as a two-step factorization, where one first
matches the flowed quasi-PDFs to the quasi-PDFs in the
MS scheme, and subsequently matches it to the PDFs.
Alternatively, one can start from the observation that, in the
small flow-time limit, the gradient flow formalism modifies
only the UV physics while leaving the IR physics at scales
of order Agcp unchanged [76,77]. In this perspective, the
factorization formula for flowed quasi-PDFs takes the same
form as for the unflowed operators, with only the matching

kernel, which encodes the UV physics, being altered. It
leads to three consequences:

(1) Comparing Egs. (6) and (14), one finds that only the
matching kernel is modified by the flow, while the
nonperturbative matrix elements remain unchanged.

(i1) In the small flow-time limit, the IR renormalons in

the flowed and unflowed matching kernels must be
identical, since they cancel against the UV renor-
malon ambiguities in the matrix elements.

(iii) The UV renormalon ambiguity in the flowed match-
ing kernel should be eliminated by the presence of a
finite flow time.

The absence of the UV renormalon becomes evident in
the bubble chain calculation: the flow time effectively
introduces a UV cutoff in the Schwinger parameter
integrals, thereby eliminating the associated UV diver-
gence. As a consequence, UV renormalons are absent in the
direct matching of the flowed quasi-PDFs to the PDFs, and
hence one does not need to deal with them explicitly.
Viewed from the two-step matching perspective, this
absence reflects the fact that the UV renormalon of the
quasi-PDF in the MS scheme originates at the intermediate
scale and is canceled by the IR renormalon of the matching
kernel in the first factorization step.

However, the validity of these statements should be
confirmed through explicit numerical checks. In the fol-
lowing subsection, we investigate how the presence of
renormalons is affected when quasi-PDFs are defined
using gradient-flowed fields. For simplicity, we restrict
our analysis to the case of quasi-PDFs evaluated at zero
external momentum.

IV. BUBBLE CHAIN RESULTS FOR FLOWED
QUASI-PDFS

The bubble chain diagrams contributing to the zero-
momentum flowed quasi-PDF are shown in Fig. 2.
Although the Feynman rules are modified by the inclusion
of flowed vertices in the gradient flow formalism, the
analysis of bubble chain diagrams remains unaffected, as
flowed vertices cannot be used to form closed fer-
mion loops.

The explicit Borel-transformed result for Fig. 2(a) reads

B[}f](w, l‘) C w1 5w/3lw 1 2wF

(=w)
(w2 5)
(e (-5)-1)]

where L,,(z) denotes the Laguerre polynomial. The first
few residues of this Borel transform are

(15)
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FIG.2. Bubble diagrams contributing to the quasi-PDF. The black square denotes the flowed gluon field, the double line represents the
Wilson line, and the gray bubble represents the bubble chain. (a) Wilson-line self-energy diagram; (b) quark—Wilson-line (sail) diagram;

(c) quark-line gluon-exchange (box) diagram.

Resw:l/ZB[}f] =0,
1

Res,,_ BIf§] = 565/3CFﬂ212,
~ 1
Res, ,B[fX] = —%610/3CF/44(96t12 +2%).  (16)

For comparison, the result in the MS scheme is

J— C 21—2w65w/3 2w ZWF(—W)
MS _Lr K<

with corresponding residues

Resw:l/zg{jd;ds} = _265/6CF,“|Z|»
|
Res,— B[fa"] = 53 Cpp2?,

*MS 1
Res,B(fi"] = —gee' /7 Cruts. (18)

Compared to the quasi-PDF in the MS scheme, the UV
renormalon at w = 1 in Fig. 2(a) is absent in the flowed
quasi-PDF, while the IR renormalon at w = 2 acquires an
additional term proportional to ¢, which vanishes as t — 0.
These features are consistent with theoretical expectations:
the introduction of a hard scale 1/+/¢ implies that power
corrections can appear not only in the form of zAgcp, but
also /tAqcp. This can also be seen from the structure of
the perturbative calculation, where such corrections natu-
rally arise from the dimensionless ratio z2/8t, which
commonly appears in gradient flow formulations.

At finite ¢, deviations from the unflowed case become
significant. This effect is even more pronounced in the
results of Figs. 2(b) and 2(c).

The Borel-transformed result for Fig. 2(b) is

— _CszeSW/3 twﬂZWF(_w)

o T T

with the first three residues

BIf31(w)

. 1
ReSw:lB[ff] =~ ges/3CFM2Z2’
- 1
Res,,_,B[fE] = 92 OB Cppt (48122 + %),
e Cpu®
9216

Res,,_3B[fX] = — (23041222 + 961z* + 2°).  (20)

The Borel-transformed result for Fig. 2(c) is

” Cre™ 31" )T (—w) Z
B[R —F 3.F, [ —w;3;,——
[fL ](W) 23_WF(W+ 3) |: 1 1 ( w 81‘)

+4(4F(W+3)‘1)'F1(_W;Z;_gﬂ’ (21)

with the first three residues

_ 53¢, 12
Res,_ B[X] = &1 (7601 + 4722),
192
N el03¢ e
Res,, B[] = - ——L= (2941447 2172
es,— B[f 7] 3758 (29 =+ 366721z
+7637%),
Res,,_3B[fX] = _Cri (589516807° + 11047680122
w=3EY el T 22118400

+ 4602001z* + 479325). (22)

One observes that the coefficients associated with flowed
operators can grow significantly as a function of the flow
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time. In the case of quasi-PDFs renormalized in the MS
scheme, the renormalon ambiguity is suppressed when the
corresponding Borel singularities are located farther from
the origin. This behavior aligns with the general expect-
ation that contributions from higher-dimensional operators
are power-suppressed in a factorization framework.

In lattice applications of the gradient flow, we work at
a fixed physical flow time ¢ > 0 with smearing radius
Fem = \/5, and take the continuum limit at fixed ¢. In
practice one imposes the following hierarchy on the lattice
scales:

1 1
> ——> — > Agcp- (23)

a” V&~ [

After the continuum limit, matrix elements are converted to
the MS scheme via perturbative matching, and finally the
limit + - 0 is taken to remove any residual flow—time
dependence. The Wilson-line linear divergence is treated
by fitting omz across several flow times ¢, with the fit
guided by the one-loop result in Eq. (9).

We now consider the renormalon contributions. First,
one should be aware that the IR renormalons in Egs. (16),
(20), and (22) may complicate the t — O extrapolation,
especially at small |z|. For the UV renormalons, upon
expanding Eq. (15), the matching kernel exhibits poles at

the Borel parameter w = % Retaining the terms nonvanish-

1

ing as 1 — 0 near w = 5, we find

B[}‘g](w’ [) _ CszeSW/Btw—%ﬂZW

x<m%@M—ﬁﬁG—0)

CF21_2W€5W/3F(—W) (ﬂZ)zw
(2w — 1T (w+ 1)

+ o, (24)

where the second term coincides with the MS result in
Eq. (17). Moreover, one can verify an exact cancellation of
the renormalon ambiguity between these two terms. They
have the same amplitude but opposite signs, so their sum is
free of this ambiguity. By making explicit the relation
between linear renormalons in the gradient flow and the MS
scheme, this result provides a systematic handle on the
uncertainty of Wilson-line linear divergence. As illustrated
above, the linear renormalons are canceled out when one
matches the flowed quasi-PDF directly to the light-cone
PDF. By contrast, if one is interested in quasi-PDFs in the
MS scheme itself, the associated ambiguity should be
treated using leading-renormalon resummation [69].

It is important to emphasize that this calculation does
not estimate power corrections arising from higher-
twist light-cone operators, but rather from local higher-
dimensional operators, due to the choice of zero external

momentum [75]. Nevertheless, the result for Wilson-line
self-energy is accurate up to one loop and it is natural to
conjecture that this phenomenon extends beyond the zero-
momentum matrix element and possibly beyond the spe-
cific case of quasi-PDFs.

V. CONCLUSION AND OUTLOOK

In this work, we investigated the renormalon structure of
flowed quasi-PDFs within the framework of LaMET. The
gradient flow, known for its ability to smooth UV fluctua-
tions and define renormalized operators nonperturbatively,
also provides a natural flow-time-dependent scheme for
quasi-PDF calculations on the lattice. While it enhances
signal-to-noise ratios and facilitates scheme conversion,
its influence on nonperturbative power corrections has
remained unclear.

To address this issue, we analyzed the Borel transform of
flowed quasi-PDFs at zero external momentum and exam-
ined how renormalon ambiguities are modified by the
presence of the flow time. Compared to the unflowed case,
the flowed equal-time correlators are free of UV renorma-
lons, and their IR renormalon structure is significantly
altered, indicating a modified pattern of higher-twist
corrections. Our study shows that the presence of IR
renormalons complicates the ¢ — O extrapolation, while
in the small flow—time limit the linear renormalon reap-
pears in the matching kernel. These findings enable tighter
theoretical control over the uncertainty associated with
the Wilson-line linear divergence through methods such
as leading renormalon resummation. This study can be
extended to other key observables like quasi-GPDs and
quasi-DAs within the LaMET framework or other factori-
zation theorem [24,57,69,74,96-100,100-115], enabling
enhanced error control and improved systematic accuracy
in their extraction.

It is important to note that our calculation focuses on the
zero-momentum limit, thereby probing the power correc-
tions relevant to the short-distance OPE, rather than those
arising in the light-cone OPE relevant for quasi-PDFs at
large momentum. In future work, we plan to extend our
analysis to the quasi-PDF with large external momentum.
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APPENDIX: EXPLICIT CALCULATION FOR BUBBLE CHAIN DIAGRAMS

In this appendix, we present the bare results for the three bubble chain diagrams shown in Fig. 2, including a detailed
calculation for Fig. 2(a).
The result for Fig. 2(b) reads

Canﬂgz(n+1)eey(n+l) €—nan+1t(n+1)e'u2(n+1)el'*(_((n + 1)6)) (lFl (—((l’l 4 1) ) 2 —¢; _%) _ 1)

r2-e) '

(A1)

where f = 7“(2;(3)36(;“)

The result for Fig. 2(c) reads

Cp(é‘ _ 1)fnﬂ62’1€+€_2€y(n+l>€€_na?+1 t(n+1)e'u2(n+1)61—*(_<(n T 1)6))
['(ne + 3)

x ((26 ~3),F, (—((n +1)e)i3—e; —é—i) +(2 -8 (ne +3)), F, <—((n +1)e):2 —e; —%)) (A2)

Fé=

The calculation for Fig. 2(a) begins with the bare bubble chain expression

~ 4 S . . .
fé (ig)ZA dsl/o dsy(Plpi(zv. t)[v - A'j(v15,1)v - A7y (025, )y (0, 1) | p)

_ / P /z s, /Sl s, /00 o Cpg?2-d=2egd=e fnpgue=nghy2net2gne exp(—k?c — 2k*t + ikv(sy — s1) + yne + ye)
I'(ne+1)

sz—dﬂ—d/292fnﬂ8€—na(t (0 -+ 2l)_d/2/,t2”€0”€ exp (7/(" + 1)6 _ (51—52)2>

R 4(0+21)
= d d d
/ 51 / sz/ ¢ I'(ne+1)

C fnﬁn2n5+e ley (n+1)e —n—la?+1tne+e—lﬂ2(n+l)er(] _ (l’l 4 ])6)
(n+1)(2—¢)

1 2 2
X <(n+ 1)12€2F2<§,—ne—6+ 1;%,2—6;—%) +4t(e — 1)<1F1 (—((n—l— 1)6);1—6;—%) - 1))

We then renormalize the bare bubble chain diagram. A bare diagram containing n fermion loops is replaced by a sum over
diagrams in which some of the fermion loops are substituted with their corresponding counterterms. Terms proportional to €™
with n > 0 are discarded, as they are canceled by renormalization. This substitution leads to factorial growth in the
perturbative expansion, since each distinct permutation of fermion loops and counterterms contributes to the overall n! factor

n CF(_ 1 )kfn—k (/%) kﬂg—k2—ks+ne+€—l ere(—k+n+1) ok—n—1

fajaytt = ;—C(”’k) (—k+n+1I(2—¢)

1 3 >
x tketnete=l Re(=kintP(k—n—1)e + 1) (zze(—k +n+1),F, (5 ke —ne—e+1;=,2—¢; —Z—>

2 8t
+4t<e_1><1F1(<k_,,_1>€;1_e;_;_j)_1))

— z C n, k ﬁO CFf’l—kz—k€+ne+e—1 376(—k+n+1)t—ke+ne+e—llu2€(—k+n+|)
e(k—n—1IrQ2-e)

1 3 2
XF((k—n—1)6—}-1)(226(—k+n+1)2F2<§,k€—n€—€+1;—,2—6‘;—Z—>

2 8t
cate (i (1-n- et e 1))
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We then change the variable s = (n — k + 1)e,

CF2s—leysH2sts—lF(1 _ S)f%_l

fa /an+1

_ _g C(n, k) (’%)"(—m

Gle,s) = —

sT'(2—¢)

1 3 2 2
X [s222F2<2,1 -si5.2-e ‘Z) +4r(e - 1)( (—s;l —e;—;> - 1)] (A3)
To simplify the expression, one can set
CF2s—le7S'u2sts—1r‘(1—S)f§_1<sZ22F2(%,1—S;%,Z €, —'—> +4l(€—1)< ( s;1—¢; _8_2t> —1))
sT(2—¢) '
(A4)

together with its Laurent expansion

()ZZan

Then we arrive at

fhjatt = s)el. (A5)

FR/ant! = <> ZC(n k) (-1)G(e,s).  (A6)

Using the formulas related to the second Stirling
numbers

~ (DR (=

;(n—k—l—kl)z - Sq+)1 Huvt, (A7)
—1)"

Z(n —k+ Ez—i—)l (A8)

n

(—1>"<Z>(n—k+x>-"=ov Osjsn—1. V¥x

k=0
(A9)
(—1)k<”> (n—k+x)"=n!, Vx,  (Al0O)
k=0 k
and do the Borel transformation, one finally gets
Zg["]w G(0,w)
— C ow—1 5w/3tw 1 2WF( W)
1 3 Z
F l—w;=,2;——
% [WZ 2 2(2 2 8t>
—4t<LW< ) )} (A1)
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