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We study the role of categorical symmetries in constraining the renormalization of couplings in two-
dimensional nonlinear sigma models with a Wess-Zumino term. A large class of these theories admits self-
duality symmetries associated with discrete gauging and T-duality. They are generically nonconformal, but
we argue that a particular coupling is protected from quantum corrections by the categorical symmetry. We
give strong evidence for this claim by showing that the β-function for this coupling vanishes to 2-loop order
if and only if this symmetry is present. Furthermore, in cases where the target space is a group manifold, the
nonrenormalization result can be proven to hold nonperturbatively.
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Introduction. An important role of symmetries is to con-
strain the behavior of complicated physical systems. In the
context of quantum field theory (QFT), the aim is typically
to understand the dynamics of the fields in the strong
coupling regime. Global symmetries are one tool which can
sometimes be exploited to obtain quantitative predictions
for such systems. A prominent example is supersymmetry,
which facilitates the exact computation of the low energy
effective field theory of asymptotically free supersymmet-
ric gauge theories. In other cases, when such powerful
results are generically out of reach, one can often still
extract conclusions about the qualitative behavior of the
system, for example, through ’t Hooft anomaly matching.
The modern paradigm of generalized global symmetries

[1] has shown that there are many more such constraints
than had been previously realized. We will focus here on
so-called categorical or noninvertible symmetries [2].
Examples of their applications to QFTs in two dimensions
from various approaches include [9–19]. A class of
categorical symmetries which give rise to particularly
strong constraints are known as self-duality symmetries
[20], which were originally studied in two dimensional
conformal field theories [9,10,21–36]. The goal of the
present work is to investigate the consequences of these

symmetries in nonconformal nonlinear sigma models
(NLSMs) in two dimensions.
A nonlinear sigma model with a Wess-Zumino (WZ)

term is a theory of maps Φ∶W → M with action

S ¼ 1

2πα0

�
1

2

Z
W
gijdXi ∧ ⋆dXj

þ 1

3!

Z
V
HijkdXi ∧ dXj ∧ dXk

�
; ð1Þ

where g and H are a metric and a closed 3-form on the
target space M, respectively, the fields Xi are coordi-
nates on M (i ¼ 1;…; N ¼ dimM), and W is a closed
two-dimensional world sheet which is the boundary of a
3-manifold V. This is an interacting QFT, with various
nonlinear couplings appearing through gijðXÞ and HijkðXÞ.
As a result, the geometry of the target space itself is
subject to renormalization group (RG) flow. In some cases,
the NLSM can have a coupling with respect to which the
theory is asymptotically free and strongly coupled in
the IR.
It has recently been observed that a wide class of these

models has a categorical symmetry associated to self-
dualities under discrete gauging [37,38]. This symmetry
is present when the target space M has a compact isometry
generated by a Killing vector k such that

Lkg ¼ 0; LkH ¼ 0; ð2Þ

and its norm squared G ¼ gijkikj satisfies

G ¼ p
2πq

ð3Þ
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with p, q coprime integers. (There are further conditions on
the NLSM to admit the self-duality defect which we
discuss later.)
Consider aNLSMwhose couplings are tuned in theUV so

that they satisfy (3), so the theory has the categorical
symmetry. Group-like global symmetries are not broken
by RG flow unless an explicit symmetry breaking deforma-
tion is introduced, and the expectation is that this should
apply equally to categorical symmetries [9]. In the present
context, this implies that the relation (3) should be preserved
under RG flow, or else the categorical symmetry would be
broken. In what follows, wewill check that this is indeed the
case to lowest orders in perturbation theory, and give
examples where it holds at the nonperturbative level. In
otherwords, wewill argue that the couplingG, at the specific
values (3), is protected from all quantum corrections by the
categorical symmetry. Given the wide applicability of
NLSMs, e.g., as the effective description of physical systems
both in the continuum and on the lattice, we expect that these
results will prove useful in many applications. This Letter is
organized as follows. In the section “Nonlinear sigmamodels
and their renormalization,” we review NLSMs, their cat-
egorical symmetries, and their RG flow. In the section
“1-Loop,”we show that the 1-loop β-function forG vanishes
precisely due to the self-duality condition. The same happens
at 2-loops, asweverify in the section “2-Loop.” In the section
“Nonperturbative WZW models,” we argue that the non-
renormalization holds also at the nonperturbative level, based
on the examples ofWess-Zumino-Witten (WZW)models. In
the section “Example: squashed 3-sphere,” we discuss an
explicit example whereM is a squashed 3-sphere. We finish
with a discussion of our results and outlook in the last section.

Nonlinear sigma models and their renormalization. We
begin by reviewing the necessary material regarding
NLSMs, following [37–39]. We consider the situation
where the target space has a U(1) isometry without fixed
points. In this case, M is a fiber bundle over a base B,

S1 ↪ M ↠ B: ð4Þ

The topology of the NLSM is specified by two curvature
2-forms which we denote by F and F̃. The former is
associated with the metric g and can be written explicitly as
F ¼ dξ, where ξ is the 1-form dual to the Killing vector k,
with components ξi ¼ G−1gijkj. This F is the curvature of
the bundle (4). The other 2-form F̃ is associated with the
WZ term and is given by the contraction of H with the
Killing vector, F̃ ¼ ð2πÞιkH.
Both F and F̃ have the important property that they are

basic; i.e., they do not depend on the fiber coordinate
(LkF ¼ LkF̃ ¼ 0) and they have no component along the
fiber (ιkF ¼ ιkF̃ ¼ 0). This means they can be understood
as closed 2-forms on the base B. The normalization is
chosen such that

1

2π

Z
Σ
F∈Z;

1

2π

Z
Σ
F̃∈Z; ð5Þ

for Σ any 2-cycle on the base B. The cohomology classes
½F=2π�; ½F̃=2π�∈H2ðB;ZÞ are called the Chern class and
H-class respectively, and they determine the symmetries of
the NLSM [38].
The geometry of the NLSM is further specified by g and

H. It will be useful to decompose them into components on
the base and the fiber of (4) as [39]

g ¼ ḡþ Gξ ⊗ ξ; H ¼ H̄ þ 1

2π
F̃ ∧ ξ; ð6Þ

where ḡ and H̄ are a metric and a 3-form on B.
When the topology of the NLSM is nontrivial, the

condition (3) for there to be a categorical symmetry has
to be supplemented with a condition on F and F̃ [37,38],

G ¼ p
2πq

; pF ¼ qF̃: ð7Þ

These are the full conditions for the NLSM to host a self-
duality defect. The choice of coprime integers p, q specifies
the particular defect under consideration [40].
We are interested in computing the β-function forG. This

can be extracted from the β-function of the metric g which,
in the 1-loop approximation, can be written [41,42]:

βgij ¼ α0
�
Rij −

1

4
HiklHj

kl

�
þOðα02Þ; ð8Þ

where Rij is the target space Ricci tensor. We will denote
the n-loop contribution to βg by βg;ðnÞ.
Isometries are preserved by the RG flow [43]. This is a

consequence of (2), which implies that Lkβ
g;ð1Þ
ij ¼ 0.

Therefore, at any scale Λ, the renormalized metric gðΛÞ
will satisfy LkgðΛÞ ¼ 0. This is in fact true to all orders

since βg;ðnÞij is always a tensor on M constructed from g and
H. Since the isometry is preserved, the target M can be
written as in (4) at all scales and the decompositions (6)
also hold throughout the flow, even if all quantities
involved (in particular the geometry of the base B) are
renormalized. Naïvely, one expects the radius of the S1

fiber, G1=2, to be renormalized as well. The claim of this
work is that if (7) is satisfied then G is not renormalized as
it is protected by the additional categorical symmetry.
We will adopt coordinates Xi ¼ fYμ; Xg onM where Yμ

are coordinates on B (μ ¼ 1;…; N − 1) and X is a
coordinate along the fiber such that k ¼ ∂X. With this
choice, (6) implies that G ¼ gNN , so its β-function is
βG ¼ βgNN . We will show below that this component of
(8) vanishes when (7) is satisfied [44].

1-Loop. Our goal now is to evaluate βG. Our strategy will
be to introduce a noncoordinate basis and exploit the Cartan
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structure equations together with the decompositions (6) to
relate the relevant components of H and the Riemann
tensor to G, F, and F̃.
We denote the noncoordinate basis of the cotangent

space of M by feâg and the vielbein on M by eâi , such that

gij ¼ eâi e
b̂
jδâ b̂. Components of tensors in this basis have

hatted indices â ¼ ðα̂; N̂Þ with α̂ ¼ 1;…; N − 1 and
N̂ ¼ N, which are raised and lowered with the flat metric
δâ b̂. Let ēα̂μ be a vielbein for the base B such that

ḡμν ¼ ēα̂μē
β̂
νδα̂ β̂. Equation (6) implies

eα̂ ¼ ēα̂; eN̂ ¼ G1=2ξ: ð9Þ
The β-function for G can be written directly in the

noncoordinate basis. We have

βG ¼ βgNN ¼ Gβg
N̂ N̂

; ð10Þ
so in particular at 1-loop,

βð1ÞG ¼ α0G
�
RN̂ N̂ −

1

4
HN̂ â b̂HN̂

â b̂

�
: ð11Þ

We begin with the H2 term. From (6), the nonzero
components of H in the noncoordinate basis are

�Hα̂ β̂ γ̂ ¼ H̄α̂ β̂ γ̂;

HN̂ α̂ β̂ ¼ 1
2πG1=2 F̃α̂ β̂;

ð12Þ

and therefore

HN̂ â b̂HN̂
â b̂ ¼ 1

ð2πÞ2G F̃α̂ β̂F̃
α̂ β̂: ð13Þ

Evaluating the Ricci tensor requires more work.
Denoting a torsion-free spin connection 1-form by ωâ

b̂,
the Cartan structure equations are

deâ þ ωâ
b̂ ∧ eb̂ ¼ 0; ð14Þ

Râ
b̂ ¼ dωâ

b̂ þ ωâ
ĉ ∧ ωĉ

b̂: ð15Þ
Here Râ

b̂ is the curvature 2-form (not the Ricci tensor)
which is related to the Riemann tensor by

Râ
b̂ ¼

1

2
Râ

b̂ ĉ d̂e
ĉ ∧ ed̂: ð16Þ

Inserting (9) into (14) gives the spin connection8>><
>>:

ωα̂ β̂ ¼ −ωβ̂ α̂ ¼ ω̄α̂ β̂ −
1
2
GFα̂ β̂ξ;

ωN̂ β̂ ¼ −ωβ̂ N̂ ¼ 1
2
G1=2Fβ̂ α̂ē

α̂;

ωN̂ N̂ ¼ 0;

ð17Þ

where ω̄α̂ β̂ is a spin connection on the base, satisfy-

ing dēα̂ þ ω̄α̂
β̂ ∧ ēβ̂ ¼ 0.

The Riemann tensor can then be found from (15) and
(16). In fact, since we only require the RN̂ N̂ component of
the Ricci tensor, it suffices to compute Rα̂

N̂ , which is

Rα̂
N̂ ¼ −

1

4
G−1=2Fα̂

β̂dG ∧ ēβ̂ −
1

2
G1=2∇β̂F

α̂
γ̂ ēβ̂ ∧ ēγ̂

−
1

4
GFα̂

γ̂Fγ̂
β̂ē

β̂ ∧ eN̂; ð18Þ

where ∇ is the Levi-Civita connection associated with the
base metric ḡ. From (16), we extract the components of the
Riemann tensor(

Rα̂
N̂ β̂ γ̂ ¼ − 1

2
G1=2∇α̂Fβ̂ γ̂ þ 1

2
G−1=2ðdGÞ½β̂Fγ̂�α̂;

Rα̂
N̂ β̂ N̂ ¼ − 1

4
GFα̂

γ̂Fγ̂
β̂;

ð19Þ

which yield

RN̂ N̂ ¼ G
4
Fα̂ β̂F

α̂ β̂: ð20Þ

Finally, inserting (13) and (20) into (11),

βð1ÞG ¼ α0

4

�
G2Fα̂ β̂F

α̂ β̂ −
1

ð2πÞ2 F̃α̂ β̂F̃
α̂ β̂

�
: ð21Þ

Comparing with the self-duality conditions (7), it follows
that

βð1ÞG ¼ 0 ð22Þ
if they are satisfied, i.e., if the couplings are such that the
NLSM admits a self-duality defect.
Remarkably, the β-function vanishes if and only if there

is a self-duality symmetry. This follows since requiring

βð1ÞG ¼ 0 imposes F̃ ¼ �2πGF, but F=2π and F̃=2π must
both have integer periods so 2πG∈Q.
The fact that G is not renormalized implies that the self-

duality conditions will hold throughout the RG flow, so the
categorical symmetry is present at all scales. Reversing
the logic is interesting: since the theory in the UV has the
categorical symmetry and this is preserved along the RG flow,
the coupling G is protected from quantum corrections. The
cancellation of its β-function precisely expresses this fact.

2-Loop. We now demonstrate that the β-function for the
coupling G vanishes to 2-loop order when the self-duality
conditions (7) are satisfied. The 2-loop β-function of the
metric of NLSMs with WZ term can be written [46–49]:

βg;ð2Þij ¼ α02

2

�
RiklmRj

klm −
1

2
RðiklmHjÞknHlm

n

−
1

2
RikljðH2Þkl þ 1

8
ðH4Þij þ

1

8
HiklHjm

lðH2Þkm

þ 1

12
∇iHklm∇jHklm −

1

4
∇kHilm∇kHj

lm

�
; ð23Þ
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where ∇ is the Levi-Civita connection for g and

ðH2Þij ¼ HiklHj
kl; ðH4Þij ¼ Hk

lðiHjÞmnHnplHpk
m:

ð24Þ
It is again simpler to use the noncoordinate basis, in

which we have βð2ÞG ¼ Gβg;ð2Þ
N̂ N̂

. The β-function can be more
succinctly written in terms of the combination [50]

R̂â
b̂ ĉ d̂ ¼ Râ

b̂ ĉ d̂ −
1

2
Hê½ĉâHd̂�b̂

ê −∇½ĉHd̂�b̂
â; ð25Þ

in terms of which the 2-loop β-function for G becomes

βð2ÞG ¼ α02G
2

�
R̂â b̂ ĉ

N̂R̂N̂ â b̂ ĉ −
1

2
R̂b̂ ĉ â

N̂R̂N̂ â b̂ ĉ

þ 1

2
R̂â N̂ N̂ b̂ðH2Þâ b̂

�
: ð26Þ

Computing the relevant components of R̂ in (26) requires
the components (19) of the Riemann tensor as well as8<

:
∇γ̂Hα̂ β̂ N̂ ¼ G1=2

�
1

2πG∇γ̂F̃α̂ β̂ þ 1
2
Fδ̂

γ̂H̄α̂ β̂ δ̂

�
;

∇N̂Hα̂ β̂ γ̂ ¼ 3
2
G1=2Fδ̂½α̂H̄β̂ γ̂�δ̂:

ð27Þ

These can be derived using the components of the spin
connection (17) and the fact that LkH̄ ¼ 0. We have set
dG ¼ 0 in (27) to simplify their form since we will
ultimately impose the conditions (7) which fix G to a
particular constant.
Now we can insert (12), (19), and (27) into (25). We find8<
:

R̂α̂ N̂ β̂ N̂ ¼ − 1
4
G
�
Fα̂ γ̂Fγ̂

β̂ −
1

ð2πGÞ2 F̃α̂ γ̂F̃γ̂
β̂

�
;

R̂α̂ β̂ γ̂ N̂ ¼ − 1
2
G1=2

�
∇γ̂F α̂ β̂ þ F δ̂½α̂H̄β̂�γ̂ δ̂

�
;

ð28Þ

where

F α̂ β̂ ¼ Fα̂ β̂ −
1

2πG
F̃α̂ β̂: ð29Þ

When the conditions (7) are imposed, F ¼ 0 and both
components in (28) vanish; then (26) gives

βð2ÞG ¼ 0: ð30Þ
That is, G is not renormalized in the 2-loop approximation
when the NLSM admits a self-duality defect. Again, the

inverse implication is also true: the vanishing of βð1ÞG implies
the existence of the categorical symmetry, which in turn

implies the vanishing of βð2ÞG . We note that the R̂α̂ β̂ γ̂ δ̂

components are generically nonzero even when (7) are
satisfied, and include contributions from the curvature
tensor of the base metric ḡ, and also from H̄. They
determine the RG flow of the other components of the

metric, so while G ¼ gNN is protected by the categorical
symmetry, the NLSM is not generically conformal.

Nonperturbative: WZW models.Next, consider a NLSM on
a target space which is a compact group manifold, G. The
action can be written

S ¼ −
1

4πα0λ2

Z
W
Trðg−1dgÞ2 þ κ

24π2α0

Z
V
Trðg−1dgÞ3;

ð31Þ
where g∶W → G parametrizes the dynamical fields. Since
κ∈Z is quantized and does not get renormalized, this model
has only one independent running coupling λ. Moreover, this
remains true at all scales due to the ðG × GÞ=ZðGÞ isometry.
In [37], the cases G ¼ SUðnÞ; SpinðnÞ were studied and it
was found that the self-duality conditions (7) become

λ2 ¼ 4π

κ
: ð32Þ

The same logic of the previous sections then implies that (32)
should be preserved under RG flow. Since λ is the only
independent running coupling, it follows that the full theory
would be scale invariant if the β-function for λ vanishes.
Indeed, at the value (32) of the coupling, the action (31)
describes the WZW model at level κ, which is exactly
conformal [51]. That is,

βλ2 ¼ 0 ð33Þ
at the self-dual value (32). From the point of view of the
present work, we interpret this as a consequence of the fact
that the categorical symmetry protects the coupling G ¼
2=λ2 from all quantum corrections, both perturbative and
nonperturbative. As λ is the only coupling constant, this then
implies conformal symmetry.

Example: Squashed 3-sphere. We now study a concrete
example in which the target space is topologically an S3,
but with an extra squashing parameter l that modifies the
radius of the fiber. We also include a WZ term, so that the
total action is

S ¼ 1

2πα0

�
r20
8

Z
W
ðdθ2 þ sin2θdψ2 þ 4l2ðAþ dϕÞ2Þ

þ κ

4π

Z
V
sin θdθ ∧ dψ ∧ dϕ

�
: ð34Þ

The S2 base is parametrized by the angles θ∈ ½0; π� and
ψ ∈ ½0; 2π�, the Hopf fiber by ϕ∈ ½0; 2π�, and κ∈Z.
Denoting an open cover of the S2 base by fUþ; U−g
where Uþ excludes θ ¼ π and U− excludes θ ¼ 0, the
connection can be written in each patch as

A� ¼ 1

2
ð�1 − cos θÞdψ : ð35Þ
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This space has an isometry generated by the Killing vector
k ¼ ∂ϕ whose dual 1-form is ξ ¼ Aþ dϕ. The Chern and
H-classes are

1

2π

Z
S2
F ¼ 1;

1

2π

Z
S2
F̃ ¼ κ: ð36Þ

The norm squared of the Killing vector is G ¼ r20l
2, and

the self-duality conditions (7) become

r20l
2 ¼ κ

2π
: ð37Þ

From the section ‘Nonlinear sigma models and their
renormalization,” the β-function for r20l

2 corresponds to
the gϕϕ component of the metric. We can compute it by
directly evaluating (8) and (23) for the model (34):

βð1Þ
r2
0
l2 ¼ 2α0

�
l4 −

κ2

4π2r40

�
; ð38Þ

βð2Þ
r2
0
l2 ¼

α02

2

�
2l6

r20
−
3κ2l2

π2r60
þ 5κ4

8π4r100

�
: ð39Þ

For the particular values (37), indeed we verify that

βð1Þ
r2
0
l2 ¼ 0; βð2Þ

r2
0
l2 ¼ 0: ð40Þ

As a result, the coupling which gives the radius of the S1

fiber is not renormalized in the 2-loop approximation when
the categorical symmetry is present. The fact that the
coupling (37) is preserved to 2-loop order in this model
has been noted in [52], where it was conjectured that this
should hold at all loop orders [see also [53] ]. As discussed
in the section “Nonperturbative WZW models,” there is
compelling evidence that the global categorical symmetry
should protect the coupling (37) against any renormaliza-
tion, giving support to their conjecture. We remark that the
other components of the metric are renormalized and the
theory is not conformal, even when (37) is satisfied. In
particular, at the self-dual values (37), we find

βg;ð1Þθθ ¼ 1

8
βð1Þ
r2
0

¼ α0ð1 − l2Þ ¼ α0
�
1 −

κ

2πr20

�
; ð41Þ

so both r0 and l individually run, with r0l fixed. At low
energies, the flow drives l → 1 and the theory approaches
the SUð2Þκ WZW model. The self-duality symmetry is
present at all scales.
There are many other examples of NLSMs that host a

self-duality defect, some of which were discussed in [37].
Nonconformal ones include particular deformations of lens
spaces, certain nilmanifolds (nontrivial torus bundles over
tori), and Tp;q manifolds [54,55]. In all these cases, the
radius of the S1 fiber is protected from quantum corrections
by the categorical symmetry.

Conclusion and outlook. In this work, we have argued that
in two-dimensional NLSMs with a categorical self-duality
symmetry there is a coupling that is protected from all
quantum corrections. Our evidence for this claim is that
(1) the 1- and 2-loop β-function for this coupling vanishes
in these models if and only if they admit the self-duality
defect, and (2) when the target space is a group manifold as
in the section “Nonperturbative WZW models,” the fact
that WZW models are conformal can be interpreted as a
particular instance of this nonrenormalization result which
is valid nonperturbatively. In cases where the NLSM under
study is not conformal, such an explicit check of the
nonrenormalization at the nonperturbative level is not
available at present. Nevertheless, we believe that the fact
that there is a symmetry argument supporting it suggests
the result can be applied in a much broader context. In
particular, we believe it can be applied if the NLSM is
strongly coupled in the IR, so that the coupling G will not
be renormalized.
One of the main directions for future research is, of

course, to gather further evidence for the validity of this
argument in nonconformal theories. In this context, it
would prove useful to study theories in which the RG
flow is more constrained, e.g., supersymmetric NLSMs or
integrable deformations which preserve the symmetry.
Another intriguing direction is the apparent relation

between the categorical symmetry and integrability.
There are cases where the presence of the self-duality
defect coincides with the condition for the NLSM to be
classically integrable. This occurs, for instance, for the T1;q

spaces studied in [53]. One consequence is that the
condition for classical integrability is protected under
RG flow by the categorical symmetry in these examples.
It would be interesting to better understand the relation
between the presence of these extra symmetries and the
integrability of these models.
In this work, we have focused on NLSMs whose target

space has a single U(1) isometry. The construction of the
noninvertible defect can be extended to examples where
the relevant isometry is instead Uð1Þd, and in these cases
the self-duality conditions involve a d × d matrix of
couplings [37]. An analogous argument to the one pre-
sented here then suggests that there may be many rela-
tions between couplings which will be protected from
quantum corrections in theories where such categorical
symmetries are present, putting multiple constraints on the
RG flow. It would also be interesting to verify this
explicitly.
There are several interesting consequences of the fact

that these self-duality symmetries are present throughout
the RG flow of nonconformal NLSMs. First, at low
energies the effective field theory describing the IR
dynamics of the NLSM should either preserve or sponta-
neously break the symmetry. In the context of the Landau
paradigm, this would allow for an understanding of the
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phases of the theory which can be distinguished by the
realization of the categorical symmetry [13]. Second,
scattering amplitudes of the QFT will be subject to Ward
identities derived from the categorical symmetry [15,16]
[see also [56,57] ]. We hope that these insights, together
with the nonrenormalization of the coupling, can be
combined to substantially advance our understanding of
physical systems described by NLSMs.
Self-duality symmetries are not unique to two dimen-

sions [20,58]. In fact, in four dimensions they are quite
common even in interacting theories, e.g. in the context of
the class S construction [59–61]. It is then a natural

question to ask if similar results to the ones we present
here hold also in higher dimensions.
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