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We present Fanto10, a Hessian ensemble of next-to-leading-order error parton distribution functions
(PDFs) in a charged pion, constructed to enable precision comparisons with upcoming experimental data
and ab initio QCD predictions. Fanto10 estimates several experimental, theoretical, and methodological
uncertainties on pion PDFs. It follows a statistical procedure, grounded in de Finetti’s theorem, to
systematically determine the component of the epistemic uncertainty associated with the choice of PDF
functional forms. This uncertainty is estimated by fitting the data with multiple functional forms generated
in a versatile format based on polynomial universal approximators (Bézier curves). The most distinct fits
are converted into a joint Monte Carlo replica ensemble and then combined into one Hessian ensemble
through a major update of the METAPDF methodology, expanded in this article to combine PDFs for
arbitrary hadrons and partonic flavor representations. This study also goes beyond the previous pion fits by
estimating, for the first time, the uncertainty from nCTEQ15 nuclear PDFs for the tungsten target in the
E615 pion-nucleus Drell-Yan data—a third-party input in our analysis, also included in the expanded
METAPDF combination. The upgraded METAPDF framework, thus, altogether provides a principled
algorithm to propagate parametrization dependence and other types of the epistemic uncertainty into
conveniently represented PDFs. Notably, Fanto10 modifies the key physics conclusions from the earlier,
more constrained analyses of the pion’s gluon and sea-quark content. It facilitates studies of PDF-induced
correlations and comparisons to lattice QCD. We summarize the methodology, structure of the Fanto10
PDFs, and experimental implications.
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Introduction. The structure of pions is a subject of active
inquiry thanks to the advent of new experiments that
use either pion beams [1] or virtual pion targets [2–4],
a challenging task owing to the pion’s instability and small
mass. Although pions seemingly possess a simpler con-
stituent quark structure compared to nucleons, their internal
dynamics remains intriguing due to imprint of chiral
symmetry breaking on formation of pseudo-Goldstone
bosons. Key open questions include the gluon content of
pions at a given resolution scale and the role of quarks and
gluons in pion’s mass emergence through a combination of
QCD-driven and electroweak Higgs mechanisms. Insights
into both questions can be gleaned from exploring the
flavor composition and shapes of parton distribution

functions (PDFs) of the pion in high-energy collisions.
To interpret these results, one must understand and quantify
uncertainties on pion PDFs.
Recent analyses of pion PDFs offer a valuable testing

ground for new methods in solving inverse problems,
taking upon statistics issues of significant depth. The JAM
Collaboration has led many an effort [5–9], accounting for
data inputs from leading-neutron deeply inelastic scattering
(DIS) and even first constraints from lattice QCD, as well as
threshold resummation. The xFitter Collaboration pub-
lished an independent Hessian-based fit [10] of the pion
PDFs that served as a progenitor for our study. On the other
hand, progress has been made in the context of nucleon PDF
fits [11–14] toward quantification of uncertainties coming
from themodel andmethodology, referred to as epistemic, as
in the sense of systematic, uncertainties, as opposed to the
contribution coming from aleatoric or statistical uncertain-
ties. Recent pion analyses [5–10] also explored some aspects
of quantificationof systematic uncertainties yet leaving room
for further advancements.
It is with the aim of achieving PDF determination with

comprehensive uncertainties that our team determined the
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pion PDFs faðx;Q0Þ along a new methodology,
Fantômas, introduced to systematically explore their
functional dependence on the momentum fraction x at
the initial scale Q0 of QCD evolution. Our first publication
[12] documenting this method described a versatile repre-
sentation for the PDF, called a metamorph, based on a
polynomial approximator chosen to be a Bézier curve.
Metamorphs have direct physics interpretation and reduce
computational needs for generation and refitting of multiple
PDF parametrizations when estimating the associated
uncertainty, which contributes a large part, sometimes half
or more [15], of the total PDF uncertainty. Traditional
polynomial forms of fitted PDFs often can be converted
into the standard format of metamorphs, and then multiple
fits based on descendant functional forms can be automated
and parallelized.
The Fantômas approach allows one to reduce the para-

metrization bias that arises when one fits only a small
selection of functional forms [11]. Instead,we fit and combine
multiple, equally acceptable PDF solutions [16,17]. We, the
Fantômas team, have shown that consequently the uncer-
tainty tends to increase with respect to other analyses for
the pion PDFs based on restrictive parametrizations, in x
intervals where there are little to no data. Such reduction of
the parametrization bias, alternatively possible with neural-
network PDF models [18,19], here is achieved with an
interpretable polynomial representation. As a demonstration
of possible physics implications, the metamorph-based fit
[12] implemented in xFitter revealed a strong anticorre-
lation between the pion’s sea and gluon distributions, weak-
ening the earlier findings [5,8,10] of a large gluon content in
the pion, as characterized by the gluon’s momentum fraction.
In the follow-up to Ref. [12], several significant develop-

ments were made to publish a practical, minimally biased
ensemble of pion PDF parametrizations as well as comput-
ing tools that produced them. We validated and released
two versions of the C++ code implementing the Fantômas
parametrization methodology, in the form of a stand-alone
program, and as a module in the xFitter fitting frame-
work [17,20].1

To enable production of the current Hessian ensemble,
we deeply revised the METAPDF toolkit [16] for the combi-
nation of PDF ensembles in order to handle PDFs for
arbitrary flavor representations or provided as LHAPDF6

grids. Originally proposed in [16], the META analysis
transforms all PDF solutions into a Monte Carlo (MC)
replica ensemble and then converts it into a Hessian
eigenvector ensemble. Until now, it supported only the
proton case, which sufficed for its deployment for
PDF4LHC PDF combinations [24,25].

In addition to the bias-suppressed implementation of
parametrizations via Bézier curves, we extended the
METAPDF algorithm to include, for the first time, propagation
of uncertainty from nuclear PDFs relevant to the Drell-Yan
pion-tungsten scattering data. This enables systematic propa-
gation of a broader class of third-party inputs for multiple
unrelated uncertainties, e.g., from nuclear PDFs or fragmen-
tation functions, into the final Hessian error PDF ensemble.
This article aims, first, to summarize a statistically

justified combination methodology, grounded in de
Finetti’s theorem, for merging ensembles of PDFs origi-
nating from distinct parametrizations and external inputs.
We then detail the steps of the METAPDF conversion from
MC to Hessian replicasand explain our approach for
including the nuclear PDF uncertainty. We conclude by
reviewing physics implications of the new Fanto10 PDFs
with the nuclear uncertainty.

The probability of models emerges from their sampling. As
the epistemic probability on the space of functional forms of
PDFs is unknown a priori, the philosophy of theFantômas
method is to learn it incrementally through representative
sampling [11] of PDF models according to several guiding
principles. First, each acceptedPDF fitmust describewell the
fitted data, with less agreeing models disfavored in the final
combination. Second, simpler models are preferred under
otherwise equal conditions to facilitate generalization for
future predictions according to information criteria [26] and
their realizations in Bayesian model averaging for non-
perturbative QCD quantities [27,28]. Third, models selected
for the final combination must be representative of the
available ensemble of good solutions. For example, when
combining models with the same goodness of fit, it makes
sense to keep diverse, relatively equidistant models accord-
ing to their separation in physical PDF space, as clustering of
the models in one corner of parameter space is not expected
from their prior probability. Fourth, models must be condi-
tionally independent and exchangeable when included in the
combination. In this case, and in line with de Finetti’s
representation theorem for exchangeable sequences [29],
PDF ensembles entering the final combination can beviewed
as sampled from some epistemic probability distribution
associated with an unknown latent parameter θ assigned to
each sampledmodel. The final PDF error band then accounts
for the aleatoric uncertainty, associated with random fluctu-
ations of data as well as the emergent epistemic one that
reflects sampling over the explored PDF models.

Model combination in the Fanto10 fit. We illustrate
application of these general principles according to a
simplified procedure that is sufficient at the current, still
low, accuracy of pion data.2 Reference [12] details settings1Additional aspects of our pion fit, such as the exploration of

constraints of individual datasets on pion PDFs obtained with the
method of L2 sensitivities [21,22], are documented in a Ph.D.
thesis [23].

2Refinements in the combination procedure are planned for
precise nucleon fits.
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of our pion fit. It is performed at the next-to-leading order
(NLO) in QCD and introduces three independent para-
metrizations for the valence, SU(3)-symmetric quark sea,
and gluon distributions, denoted by xVðxÞ, xSðxÞ, and xgðxÞ,
respectively, and given by a metamorph with up to four free
parameters each. These PDFs are constrained by fixed-target
measurements of Drell-Yan (DY) pair and direct photon
production, covering x≳ 0.07 and Q≲ 15 GeV, and by 29
points from leading-neutron DIS, covering 8.16 × 10−4 <
xπ < 0.0765. Among these, the E615 and NA10 datasets on
pion-tungsten DY process dominate the large-x constraints,
and, hence, the pion PDFs are sensitive to the assumed
nuclear ones, which we take from the nCTEQ15 NLO
ensemble [30].
We start by obtaining about 100 candidate fits to pion data

with varied PDF parametrization forms (cf. Ref. [12]) and for
the same central ensemble of nCTEQ15FullNuc_184_74
nuclear PDFs, referring to a tungsten-184 target, and
nCTEQ15FullNuc_1_1 for the proton baseline in WA70
direct photon production. We then rank fits or models M
according to an objective function defined as χ2 ¼ χ2DjM þ
χ2M, where χ

2
DjM ≡ −2 ln ðPðDjMÞÞ is the log-likelihood for

the fitted pion data D given M and χ2M ≡ −2 ln ðPðMÞÞ
represents the possible contribution from priors constraining
M. In the context of the Fantômas fit, M corresponds to
specific settings of the metamorphs, and χ2M may be imposed
to prevent runaway free parameters in some fits given the
paucity of data, e.g., due to the insufficiently constrained
asymptotic power BS of the sea PDF xSðx;Q0Þ, growing as
xBS at x → 0; see Sec. III in [12].
Among ∼ 100 acceptable models, we find the best fit

corresponding to the χ2 minimum, χ20 ≡minfMg χ2DjM, and
keep other solutions satisfying

χ2DjMðMÞ ≤ χ20 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðNpts − NparÞ

q
; ð1Þ

where
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðNpts − NparÞ

p
is one standard deviation on χ2DjM

with Npts − Npar degrees of freedom. In the current analy-
sis, we selected Ñ ¼ 5 final models, where Ñ refers to the
number of models, based on Eq. (1) and ad hoc metric
estimate to select the most diverse shapes. The Ñ models
were then combined using the METAPDF technique with the
updated MCGEN [31] and MP4LHC packages [16] adapted
for the pion quark contents. In a nutshell, Hessian uncer-
tainties were generated for each model according to the
Δχ2 ¼ 1 criterion [32] and then converted into MC
replicas, which were then bundled, in an unweighted
way, to form the combined MC ensemble. The latter, in
turn, was converted into a Hessian ensemble called
Fanto10_15, with 15 eigenvector sets (one set per
eigenvector direction). Figure 1 displays the resulting

PDFs and uncertainties for three flavor combinations—
valence xuV ¼ xV=2, xū ¼ xS=6, and gluon g—as solid
orange bands.
As a resampling method, the METAPDF combination

ensures that the MC PDFs are identically generated for
all models’ outputs. The Ñ models are exchangeable (the
combination does not depend on the order in which the
models are added), while the Fantômas methodology
guarantees that all input Hessian sets are converted into
error PDF bundles according to an identical procedure.
PDF inference in the Fantômas framework, thus,
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FIG. 1. The aleatoricþ epistemic (orange) and aleatoricþ
epistemicþ nuclear (blue) uncertainty bands for the Fanto10
set at Q ¼ 1.6 GeV, with αsðMZÞ ¼ 0.118.
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provides an ensemble of independent and identically dis-
tributed MC sets, and as a result the Fantômas method-
ology, followed by the combinationvia theMETAPDFmethod,
renders an estimate of epistemic uncertainty that improves as
more functional forms are explored. The presented imple-
mentation sufficient for pion fits, which nevertheless goes
beyond the previous results utilizing fixed parametrization
forms, can be further augmented with features already
deployed in precision fits, such as closure tests [33], cross
validation, and expanded goodness-of-fit criteria [34].

Including nuclear uncertainty in pion PDFs. The
Fantômas framework can handle other types of uncer-
tainties, like the one coming from nuclear PDFs in the key
Drell-Yan datasets from E615 and NA10. Given their size
of the dataset and impact, studies of nuclear PDFs (nPDFs)
[30,35–37] are currently far more phenomenologically
mature and precise than those of pion PDFs. We find that
the impact of pion data on the employed nPDF ensemble,
here taken to be nCTEQ15 NLO [30], is a small perturba-
tion. One can capture dominant constraints of the pion data
on nPDFs by PDF reweighting. When estimating the total
(pionþ nuclear) uncertainty in Fanto10, we treat the
nCTEQ15 uncertainty as its authors suggest, namely, that
the nCTEQ15 Hessian eigenvector sets characterize an
approximately normal probability distribution with respect
to nuclear PDF parameters in the vicinity of the best fit
given by the central nCTEQ15 set, at 1σ.
Thus, under our central assumption that the pion para-

metrization and nuclear uncertainties are independent, we
combine the two uncertainties using the METAPDF tech-
nique [16] with some additional steps.
(1) The central lines and orange-band results shown in

Fig. 1 correspond to using the Drell-Yan cross
section with the central PDF set (replica 0, fð0Þ)
of the nPDF ensemble. The central prediction is
obtained by averaging the central predictions of Ñ
PDF models, and the error bands are obtained as a
bundle of Ñ respective error bands.

(2) Next, to estimate the nPDF uncertainty, we generate
NnMC ¼ 100 nuclear MC (nMC) PDF replicas from
2Dþ 1 member sets of the nCTEQ15 Hessian en-
semble [16,31]. A kth replica, fðkÞ, is computed by

drawing a random vector R⃗ðkÞ ¼ fRðkÞ
1 ; RðkÞ

2 ;…; RðkÞ
D g

from a D-dimensional standard normal distribution:

fðkÞ ¼ fð0Þ þ dðkÞ − Δ; where ð2Þ

dðkÞ ≡XD
i¼1

 
fðkÞþ;i − fðkÞ−;i

2
RðkÞ
i

þ fðkÞþ;i þ fðkÞ−;i − 2fð0Þ

2

�
RðkÞ
i

�
2

!
; ð3Þ

and optional Δ≡ hdi, with h·i the average over all
replicas [31].

(3) We repeat the pion central fit for NnMC nPDF
replicas and Ñ pion parametrization models that
were selected when fitting with nCTEQ15 replica 0.
From the resulting NnMC × Ñ ¼ 500 replicas,
we keep only 396 that satisfy χ2 < χ20 þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðNdat − NparÞ

p
, similarly to the criteria used by

reweighting techniques [38,39]. These central fits
quantify fluctuations in the nuclear PDFs. Since the
fitting procedure, here in xFitter, imposes physi-
cal constraints such as sum rules, we check that
integrals of every generated PDF over the covered
interval x∈ ½10−3; 1� comply with the momentum
sum rule at the level of about 1% and valence sum
rule at the level better than 10%.

(4) Next, we add aleatoric and nuclear uncertainties in
each of Ñ baseline pion models Mi. The former is
taken to be the same as in the baseline fit with the
central nCTEQ15 replica (found using the Δχ2 ¼ 1
prescription). The latter is computed from variations
of central fits forMi when the nCTEQ15 replica 0 is
replaced by an alternative nMC replica generated in
step 3. In practice, when generating the METAPDF

MC replicas from Mi, we replace Eq. (2) by

fðkÞ ¼ fð0;kÞnMCjMi
þ dðkÞ − Δ; ð4Þ

with fð0;kÞnMCjMi
being a randomly drawn nMC central

replica (different for each k) from the ones generated
for model Mi. With the rest of MC generation
staying the same, fluctuations of fðkÞ in Mi are
now enhanced by random contributions from the

nMC uncertainty transmitted via fð0;kÞnMCjMi
.

(5) The new MC sets for the Ñ models can be now
combined and converted into a Hessian set with the
METAPDF algorithm, following [16].

The resulting Hessian PDFs, Fanto10_n15, now include
the nuclear uncertainty through the shifts of the input MC
replicas in the previous steps. For the representative PDFs
in Fig. 1, the Fanto10_n15 error bands are shown in blue
color. The uncertainty coming from the convolution with
nPDFs is moderate but not entirely negligible compared to
the intrinsic fitting uncertainty shown in orange, especially
for the valence xVðx;QÞ that is better constrained. For xV,
we can better visualize the uncertainties without and with
the nuclear component by plotting them as ratios to the
central PDF set in Fig. 2. As the sea and gluon PDFs, xS
and xg, remain poorly known, their nuclear uncertainty can
be neglected for the time being. Repeating a central pion fit
by replacing the nCTEQ15 tungsten PDFs with EPPS21
[36] ones resulted in a negligible difference compared to
the current full error bands.
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Phenomenology implications. The compact Hessian repre-
sentation of the Fanto10 facilitates phenomenological
studies, such as computing PDF-induced correlations
[40–42] both without and with the nuclear uncertainty.
Among these, we confirm a strong anticorrelation between
the gluon and sea PDFs and their momentum fractions, as
depicted in the upper panel in Fig. 3. Since the dominant
available data stem from πN Drell-Yan pair production,
which is primarily sensitive to a mix of quark and antiquark
contributions, the gluon and sea-quark components remain
entangled, with no clear sensitivity pattern currently
allowing for their separation [23]. With Fanto10_(n)
15 Hessian PDFs, we can trace how the anticorrelation
originates from specific intervals of x. The lower panel in
Fig. 3 depicts a heat map of the correlation cosine [42]
between xSðxS;QÞ and xgðxg; QÞ in the plane of respective
momentum fractions xS and xg. Reference [43] collects
plots of correlation cosines for other PDF pairs. While the
gluon at xg > 0.2 is moderately correlated with xS at all xS,
we see a high anticorrelation between xg and xS at
xg < 0.2, producing the observed anticorrelation between
momentum fractions hxSi and hxgi in the upper panel
in Fig. 3.
This degeneracy reflects the weakness of experimental

constraints on the gluon and sea, with even zero gluon
contents still allowed by the data at the low scale of the
order of Q ¼ 1–2 GeV. (See the detailed discussion in
[12].) The degeneracy could be lifted with additional data at
x < 0.1 and from a broader range of processes—see, e.g.,
[2,4,5]—thereby helping to answer the long-standing
question of the pion’s gluon content. Looking forward,
COMPASS++’s range in xwill extend that on the old NA10

and E615 sets, possibly covering the mid-x region [1,44].
The Electron-Ion Collider may provide valuable insights
via leading-neutron DIS [3], although such measurements
will require reliable theoretical input for the pion flux in
the proton. Jefferson Lab, operating at 22 GeV, could
also contribute to this effort, albeit with different nuclear
uncertainties to be considered [4]. Less conventional
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FIG. 2. Aleatoricþ epistemic (orange) and aleatoricþ
epistemicþ nuclear (blue) uncertainty bands for the valence
up quark PDF at Q ¼ 1.6 GeV, normalized to the respective
central PDF.

FIG. 3. Top: pion sea and gluon momentum fractions obtained
with five Fantômas baseline fits (brown error bars) and
combined Fanto10_15 and Fanto10_n15 ensembles at
1σ level. We also show respective results from the JAM21 [7]
(in red) and xFitter (in blue) studies [10]. See discussion
in [12]. Bottom: the correlation cosine [42] between xSðxS;QÞ
and xGðxg; QÞ for Fanto10_15 PDFs. We use Q ¼ 2 GeV in
both panels.
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approaches include studies involving J=ψ production, using
historical data from experiments such asNA3or E0705 [45].
WhileDrell-Yan data prefer a small gluon content in the pion
for NLO global analyses, elevating the pion fits to theOðα2sÞ
(NNLO) accuracy may change this trend, as the pQCD
corrections of this order to fixed-target DY process are
known to be large. Some lattice evaluations report hxgiπ >
30% (e.g., [46]), just like claimed by the JAM global
analysis [7]. Only at NNLO may the detailed interplay
between the pion and nuclear uncertainties become relevant.

Conclusions. In this paper, we have presented the final
Hessian ensembles of NLO pion PDFs, Fanto10_15 and
Fanto10_n15, determined using the Fantômas meth-
odology. Our framework introduces a statistically moti-
vated model combination to account for the uncertainty
arising from the inference of the PDF parametrization
[12,47] and other epistemic uncertainties. We have further
extended the analysis by incorporating an uncorrelated,
third-party source of uncertainty propagated from the
nCTEQ15 ensemble of nuclear PDFs describing fitted
cross sections from the pion-tungsten Drell-Yan process.
The described methodology is broadly applicable to

inverse problems involving multiple nonperturbative
inputs. Examples include semi-inclusive deep inelastic
scattering, where PDFs are convoluted with fragmentation
functions, or leading-neutron DIS, where uncertainties in
the pion flux must be taken into account. Our approach may

also prove useful in the determination of nuclear PDFs
themselves, where the baseline proton PDF typically lacks
an associated uncertainty [35].
Interpolation grids for the Fanto10_15 and

Fanto10_n15 ensembles, without and with the nuclear
uncertainty, respectively, can be downloaded from the
CTEQ-TEA website [43] and LHAPDF library [48]. We
use αsðMZÞ ¼ 0.118, and the grids cover the range of
1.3 ≤ Q ≤ 1000 GeV and 0.0001 ≤ x ≤ 1, for the maxi-
mal active flavor number Nf ¼ 5. The supplemental
material about Fanto10 ensembles includes an extended
collection [43] of plots of PDF-PDF correlations (similar to
the lower Fig. 3) and an examination of L2 sensitivities [22]
of fitted experiments to Fanto10_15 PDFs in Chapter 4
of [23].
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