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Motivated by systematic observations of Bc decays at LHCb, we analyze Bþ
c → J=ψðA; TÞ decays

[where A denotes axial-vector mesons a1ð1260Þþ, b1ð1235Þþ, and T denotes tensor mesons a2ð1320Þþ,
K�

2ð1430Þþ] within the perturbative QCD (pQCD) factorization framework. The framework employs light-
cone distribution amplitudes to regulate nonperturbative dynamics, utilizing Sudakov suppression to
control endpoint divergences. Our predictions indicate branching ratios of 10−3–10−2 for Bþ

c → J=ψA and
10−5–10−4 for Bþ

c → J=ψT decays, which seem to be in the reach of future experiments. We also provide
predictions for the polarization fractions of these decays. Based on quark helicity analysis, the longitudinal
polarization amplitudes are expected to dominate the branching ratios.

DOI: 10.1103/h1fq-f8fr

I. INTRODUCTION

The Bc meson was first discovered experimentally in
1998 by the CDF Collaboration in proton-antiproton (pp̄)
collisions at a center-of-mass energy of

ffiffiffi
s

p ¼ 1.8 TeV at
the Fermilab Tevatron collider [1]. This landmark discovery
was made through the analysis of the semileptonic decay
channel Bc → J=ψlν (where J=ψ is the charmonium state
cc̄, and l denotes a lepton such as an electron or muon).
A distinctive feature of this decay process is the
reconstruction of J=ψ via its dilepton final states (μþμ−

or eþe−), while the lepton l and neutrino ν provide key
signatures of weak interactions. Up to now, the LHCb
Collaboration has experimentally established a compre-
hensive set of Bc meson decay channels, such as
Bþ
c →J=ψlþνl (where l¼e, μ, τ) [2,3], Bþ

c →χc0π
þ [4],

Bþ
c → J=ψπþ [5], Bþ

c → J=ψDð�Þþ
s [6], Bþ

c → ψð2SÞπþ
[7], Bþ

c → J=ψπþπ−πþ [8], Bþ
c → J=ψKþ [9], Bþ

c →
J=ψKþK−πþ [10], and Bþ

c → B0
sπ

þ [11] for the first time.
At the LHC with a proton-proton collision energy offfiffiffi
s

p ¼ 14 TeV, the inclusive production cross section of
Bc mesons has a theoretical prediction of 1 μb. With an
integrated luminosity of 1 fb−1, this corresponds to the
production of ∼1 × 109 Bc mesons [12] before detector
acceptance and branching fraction corrections, providing a

robust statistical sample for precision studies of their pro-
perties. Leveraging the LHCb experiment’s high-precision
detection capabilities and future upgrades for the High-
Luminosity LHC (HL-LHC), Bc physics will remain
pivotal in probing strong interactions, weak decay dynam-
ics, and potential beyond-Standard-Model phenomena.
Compared to the Bu, Bd, and Bs mesons, the Bc meson

stands out as a unique probe in particle physics. Composed
of two heavy quarks with distinct flavors (b̄ and c), the
Bc meson decays exclusively through weak interactions,
with strong and electromagnetic annihilation processes
being kinematically forbidden. The presence of two heavy
constituents allows for a distinctive decay mechanism:
when one quark decays, the other acts as a passive
spectator. This dual-heavy nature results in a significantly
shorter lifetime for the Bc meson compared to other
b-flavored mesons [7], underscoring the pivotal role of
the c quark in its decay dynamics. With its diverse decay
pathways, the Bc meson serves as an exceptional laboratory
for investigating nonleptonic weak decays of heavy mes-
ons, probing the limits of the Standard Model, and
uncovering potential signatures of new physics beyond
current theories [13].
Various theoretical approaches have been utilized to

explore decays of Bc mesons to charmonium states,
including pQCD [14], generalized factorization [15],
QCD factorization [16], QCD sum rules [17], the Bethe-
Salpeter equation [18], relativistic quark models [19],
nonrelativistic QCD (NRQCD) [20], and the covariant
light-front approach [21–24]. In the Bc meson system,
the applicability of the pQCD approach originates from its
distinct double heavy-flavor structure, which establishes
a clear hierarchy of hard energy scales. Although the
Bþ
c meson consists of a bottom quark and a charm
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antiquark (b̄c), with the charm quark mass being signifi-
cant, the ratio mc=mBc

∼ 0.2 indicates that the dominant
energy carrier is the much heavier b quark. This justi-
fies approximating the Bc as a heavy-light system.
Consequently, the kT-factorization theorem, successfully
applied to Bu and Bd meson decays, can be extended to b-
quark decays within the Bc framework. The specific decay
process involves three characteristic scales: M (the Bc

mass),m2 (the charmonium mass), and Λ̄, which character-
izes the nonperturbative binding energy. These scales obey
the hierarchy Λ̄ ≪ m2 ≪ M, enabling a consistent system-
atic power expansion in m2=M and Λ̄=m2. Within the
heavy-quark and large-recoil limits, and based on the
kT-factorization theorem, the decay amplitude factorizes
into a convolution of a hard kernel with the meson wave
functions. The hard kernel is calculable perturbatively
at the leading order in the αs expansion, corresponding
to single-gluon exchange. Higher-order radiative correc-
tions generate single logarithmic divergences, which are
absorbed into the meson wave functions. The double
logarithmic divergences from overlapping collinear and
soft divergences are summed to all orders into a Sudakov
factor, effectively suppressing long-distance interactions.
Nonperturbative effects, such as final-state interactions,
are systematically incorporated into the universal wave
functions of the initial and final state mesons. Although
these wave functions are not calculable from first princi-
ples, their universality allows them to be constrained from
other experimental processes and utilized as nonperturba-
tive inputs. Therefore, the existence of hard scales ensures
the validity of the perturbative expansion. The combination
of the factorization theorem, the Sudakov mechanism, and
the parametrization of wave functions establishes a com-
prehensive pQCD framework for systematically handling
nonperturbative effects, including final-state interactions, in
Bc meson decays.
Up to now, the two-body hadronic decays of Bc mesons

have been extensively studied in theoretical literature
[17–19,23,25–44]. The decays of Bc mesons into final
states that include a charmonium meson hold distinctive
research importance. Primarily, such decay channels offer a
sensitive probe for investigating strong interaction dynam-
ics within heavy meson systems. Furthermore, these
processes entail two distinct energy scales characterized
by the bottom quark mass mb and the charm quark mass
mc. Within the framework of quantum chromodynamics
(QCD), the calculation of higher-order corrections is
formulated in terms of a systematic expansion in the mass
ratio mc=mb. This approach differs from the standard
perturbative expansion that uses ΛQCD=mb as the small
parameter (where ΛQCD denotes the QCD scale). Given that
mc=mb is not negligibly small, this expansion may induce
substantial correction effects, thus necessitating more
refined theoretical treatment. This fundamental observation
requires a theoretical framework distinct from that used for

ordinary B mesons. Specifically, the work addresses this
by adopting a nonrelativistic Bc wave function, which
inherently incorporates the double-heavy mass effects,
providing a more physical starting point than LCDAs
for light mesons. Additionally, by reconstructing the
properties of charmonium states through their decays to
known final states, these Bc decays offer a direct probe into
the characteristics of charmonium. In this work, we
calculate the decay amplitudes and branching fractions
for Bþ

c → J=ψðA; TÞ, where A denotes axial-vector mesons
(a1ð1260Þþ and b1ð1235Þþ) and T represents tensor
mesons (a2ð1320Þþ and K�

2ð1430Þþ). For simplicity, the
following abbreviations will be used throughout this work
unless otherwise specified: a1 denotes the axial-vector
meson a1ð1260Þ, b1 denotes the axial-vector meson
b1ð1235Þ, a2 denotes the tensor meson a2ð1320Þ, and
K�

2 denotes the tensor meson K�
2ð1430Þ.

The axial-vector mesons a1 and b1 correspond to 3P1 and
1P1 states respectively, which cannot mix in the SU(3) limit
due to G-parity constraints. While 3P1 mesons have
symmetric LCDAs similar to vector mesons [45,46], 1P1

states exhibit antisymmetric amplitudes with vanishing
decay constants in this limit. For tensor mesons with
quantum numbers JP ¼ 2þ, a factorizable amplitude pro-
portional to the matrix element hTjjμj0i, where the current
jμ is of the (V � A) or (S� P) type, does not contribute, as
this matrix element vanishes due to constraints from
Lorentz covariance [47,48]. This makes tensor meson
emission strictly forbidden in naive factorization, explain-
ing why such predictions significantly underestimate exper-
imental results and highlighting the importance of
nonfactorizable diagrams and annihilation processes. We
extend previous pQCD analyses of Bc → J=ψa1ð1260Þ
[49] by incorporating several improvements: (i) updating
CKM matrix elements [50] and hadronic parameters,
(ii) including intrinsic b dependence in the Bc meson wave
function to better account for transverse momentum effects
[42], (iii) expanding the study to previously unexplored
channels including Bc → J=ψb1, a2, and K�

2 decays within
the pQCD framework. These specific decay channels have
also been investigated in a recent study [51] using a pQCD-
based approach. However, our work differs fundamentally
in the treatment of charm-quark mass effects and the wave
function model for the Bc meson. The cited study intro-
duces a modified Sudakov factor, scðQ; bÞ, into the tradi-
tional pQCD framework, aiming to explicitly include the
charm quark mass mc in the resummation of soft gluon
radiation. In contrast, our analysis employs the conven-
tional pQCD approach with a distinct strategy to address
the mc=mb challenge. We use a nonrelativistic approxima-
tion for the Bc light-cone wave function through a delta
function δðx −mc=MBc

Þ, which fixes the longitudinal
momentum fraction of the charm quark. This approach
naturally incorporates the nonrelativistic nature of the
heavy-heavy Bc system and reduces sensitivity to endpoint
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uncertainties in the light meson distribution amplitudes.
Thus, while both studies describe the same physical
processes, their main difference lies in the theoretical
treatment of heavy-quark dynamics: the improved pQCD
modifies the evolution kernel via a new Sudakov factor,
while our approach optimizes the initial-state wave function
within the standard pQCD formalism. These complemen-
tary approaches provide valuable insights for both exper-
imental tests at LHCb and Belle II and further
understanding of nonperturbative QCD effects.
This work is organized as follows: Section II outlines the

theoretical foundation of the pQCD framework and
describes the essential wave functions employed in
the computation of Bc → J=ψðA; TÞ decay amplitudes.
Section III provides the numerical outcomes and analyses.
Section IV summarizes the core findings of this study. For
completeness, the full explicit expressions of all helicity
amplitudes are compiled in the Appendix.

II. THE THEORETICAL FRAMEWORK
AND HELICITY AMPLITUDES

A. The wave functions

The effective Hamiltonian of the Bc nonleptonic decays
into charmonium and axial-vector mesons or tensor mesons
is given by [52]

Heff ¼
GFffiffiffi
2

p V�
cbVuq½C1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞ�; ð1Þ

where q∈ fs; dg denotes a light down-type quark.GF is the
Fermi constant, and V�

cb, Vuq represent CKM matrix
elements. The Wilson coefficients C1;2ðμÞ (encoding
short-distance effects above scale μ) and their correspond-
ing four-quark operators O1;2ðμÞ are defined as

O1ðμÞ ¼ b̄αγνð1 − γ5Þcβ ⊗ ūβγνð1 − γ5Þqα;
O2ðμÞ ¼ b̄αγνð1 − γ5Þcα ⊗ ūβγνð1 − γ5Þqβ;

where α and β are color indices (summation over repeated
indices implied). Since the Hamiltonian involves four
distinct quark flavors, these decays are free from penguin
operator contamination, hence direct CP violation is
naturally absent.
The calculation is performed in the Bc meson rest frame.

The momenta are defined in light-cone coordinates as
follows: P1 for the Bc meson, P2 for the recoiling
charmonium, and P3 for the emitted light meson,

P1 ¼
Mffiffiffi
2

p ð1; 1; 0TÞ;

P2 ¼
Mffiffiffi
2

p ð1 − r23; r
2
2; 0TÞ;

P3 ¼
Mffiffiffi
2

p ðr23; 1 − r22; 0TÞ: ð2Þ

The mass ratio r2;3 is defined as m2;3=M, where M (m2)
denotes the mass of the Bc meson (J=ψ meson), while m3

represents the mass of the axial-vector (tensor) meson. The
momentum of the valence quarks k1;2;3 is represented by the
parametrization:

k1 ¼ x1P1 þ k1T;

k2 ¼ x2P2 þ k2T;

k3 ¼ x3P3 þ k3T; ð3Þ

where parameters kiT and xi are defined as the transverse
momentum and longitudinal momentum fraction, respec-
tively, of the quark/antiquark confined within the meson.
When the final state includes a vector charmonium in
conjunction with an axial-vector meson, the formalism
employs the longitudinal polarization vector ϵL and the
transverse polarization vector ϵT, which serve to describe
the polarization states as follows:

ϵ2L ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − r23Þ

p
r2
ð1 − r23;−r22; 0TÞ;

ϵ2T ¼ ð0; 0; 1TÞ;

ϵ3L ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − r22Þ

p
r3
ð−r23; 1 − r22; 0TÞ;

ϵ3T ¼ ð0; 0; 1TÞ: ð4Þ

The polarization vectors satisfy the normalization condi-
tions ϵ2L ¼ −1; ϵ2T ¼ 1 and the orthogonality relations
ϵ2L · P2 ¼ ϵ3L · P3 ¼ 0.
For the spin-2 polarization tensor ϵμνðλÞ satisfying the

transverse condition ϵμνpν
2 ¼ 0 [48,53], its helicity com-

ponents λ ¼ 0;�1;�2 can be constructed from the polari-
zation vectors ϵ of vector mesons as follows:

ϵμνð�2Þ ¼ ϵμð�1Þϵνð�1Þ;

ϵμνð�1Þ ¼ 1ffiffiffi
2

p ðϵμð�1Þϵνð0Þ þ ϵμð0Þϵνð�1ÞÞ;

ϵμνð0Þ ¼ 1ffiffiffi
6

p ðϵμðþ1Þϵνð−1Þ þ ϵμð−1Þϵνðþ1ÞÞ

þ
ffiffiffi
2

3

r
ϵμð0Þϵνð0Þ; ð5Þ

where ϵð�1Þ ¼ ϵ3T represents the transverse polarization
vector, and ϵð0Þ ¼ ϵ3L represents the longitudinal polari-
zation vector. For clarity and computational efficiency in
subsequent calculations, we introduce another polarization

vector ϵ•μðλÞ ¼ mT
ϵμνðλÞvν

P3·v
[54], which satisfies
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ϵ•μð�2Þ ¼ 0;

ϵ•μð�1Þ ¼ mT

ffiffiffi
1

2

r
ϵ3L · v
P3 · v

ϵ3Tμ;

ϵ•μð0Þ ¼ mT

ffiffiffi
2

3

r
ϵ3L · v
P3 · v

ϵ3Lμ: ð6Þ

In this work, within the nonrelativistic framework, we
employ the Bc meson distribution amplitude defined in
Ref. [55],

ΦBc
ðxÞ¼ ifB

4Nc

�
ð=pþMBc

Þγ5δ
�
x−

mc

MBc

��
exp

�
−
ω2
Bb

2

2

�

ð7Þ
with ωB being the shape parameter,Nc the color number,
and the last exponent term representing the kT dependence.
In our calculations, we adopt the shape parameter ωB ¼
ð0.60� 0.05Þ GeV [55], consistent with our previous
analyses of double-charm decays of the Bc meson.
For J=ψ charmonium states, wave functions have been

comprehensively studied within the NRQCD framework.
The quantum wave functions of the vector J=ψ meson are
characterized by distinct longitudinal (ΦL) and transverse
(ΦT) components, expressed as [42]

ΦL
J=ψ ðxÞ¼

1ffiffiffiffiffiffiffiffi
2Nc

p fmJ=ψ ∉L ϕ
LðxÞþ∉L =P2ϕ

tðxÞgαβ; ð8Þ

ΦT
J=ψ ðxÞ¼

1ffiffiffiffiffiffiffiffi
2Nc

p fmJ=ψ ∉T ϕ
VðxÞþ∉T =P2ϕ

TðxÞgαβ: ð9Þ

Here, ϵL and ϵT are the longitudinal and transverse
polarization vectors of the J=ψ meson, respectively;
ϕLðxÞ and ϕTðxÞ are the twist-2 distribution amplitudes,
while ϕtðxÞ and ϕVðxÞ correspond to the twist-3 distribu-
tion amplitudes, which can be expressed as [56]

ϕLðxÞ¼ϕTðxÞ¼ 9.58
fJ=ψ

2
ffiffiffiffiffiffiffiffi
2Nc

p xð1−xÞ
�

xð1−xÞ
1−2.8xð1−xÞ

�
0.7
;

ð10Þ

ϕtðxÞ ¼ 10.94
fJ=ψ

2
ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ2
�

xð1 − xÞ
1 − 2.8xð1 − xÞ

�
0.7
;

ð11Þ

ϕVðxÞ¼ 1.67
fJ=ψ

2
ffiffiffiffiffiffiffiffi
2Nc

p ½1þð2x−1Þ2�
�

xð1−xÞ
1−2.8xð1−xÞ

�
0.7
:

ð12Þ

For axial-vector mesons (a1 and b1), their wave func-
tions involve one longitudinal polarization state (L) and
two transverse polarization states (T). These can be
expressed as [57]

ΦL
AðxÞ¼

1ffiffiffi
6

p γ5fmA=ϵ�LA ϕAðxÞþ=ϵ�LA =Pϕt
AðxÞþmAϕ

s
AðxÞgαβ; ð13Þ

ΦT
AðxÞ ¼

1ffiffiffi
6

p γ5fmA=ϵ�TA ϕv
AðxÞ þ =ϵ�TA =PϕT

AðxÞ þmAiϵμνρσγ5γμϵ�νT nρvσϕa
AðxÞgαβ ð14Þ

where x represents the light-cone momentum fraction of a
valence quark within the meson, with n ¼ ð1; 0; 0TÞ and
v ¼ ð0; 1; 0TÞ being dimensionless lightlike basis vectors.
Here we adopt the convention ϵ0123 ¼ 1 for the Levi-Civita
tensor.
The leading-twist (twist-2) distribution amplitudes for

axial-vector mesons with orbital configuration 3P1 and 1P1

can be expressed through distinct functional forms for
longitudinal(Jz ¼ 0) and transverse(Jz ¼ �1) polarization
states [57]:

ϕAðxÞ ¼
3fAffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ
�
ak0A þ 3ak1Að2x − 1Þ

þ ak2A
3

2
ð5ð2x − 1Þ2 − 1Þ

�
; ð15Þ

ϕT
AðxÞ ¼

3fAffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ
�
a⊥0A þ 3a⊥1Að2x − 1Þ

þ a⊥2A
3

2
ð5ð2x − 1Þ2 − 1Þ

�
; ð16Þ

where fA is the decay constant. Here, the definitions of these
distribution amplitudes satisfy the following relationships:

Z
1

0

ϕ3P1
ðxÞdx¼ f3P1

2
ffiffiffiffiffiffiffiffi
2Nc

p ;
Z

1

0

ϕT
3P1
ðxÞdx¼ a⊥

0;3P1

f3P1

2
ffiffiffiffiffiffiffiffi
2Nc

p ;

Z
1

0

ϕ1P1
ðxÞdx¼ ak

0;1P1

f1P1

2
ffiffiffiffiffiffiffiffi
2Nc

p ;
Z

1

0

ϕT
1P1
ðxÞdx¼ f1P1

2
ffiffiffiffiffiffiffiffi
2Nc

p :

ð17Þ
For axial vector mesons, the twist-3 distribution ampli-

tudes adopt these functional forms [57]:
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ϕt
AðxÞ¼

3fA
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
a⊥0Að2x−1Þ2

þ1

2
a⊥1Að2x−1Þð3ð2x−1Þ2−1Þ

�
;

ϕs
AðxÞ¼

3fA
2

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

fxð1−xÞða⊥0Aþa⊥1Að2x−1ÞÞg;

ϕv
AðxÞ¼

3fA
4

ffiffiffiffiffiffiffiffi
2Nc

p
�
1

2
ak0Að1þð2x−1Þ2Þþak1Að2x−1Þ3

�
;

ϕa
AðxÞ¼

3fA
4

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

n
xð1−xÞ

	
ak0Aþak1Að2x−1Þ


o
: ð18Þ

Here, x denotes the quark’s momentum fraction. The

Gegenbauer moments akð⊥Þ
i;A have been extensively studied

in the literature; in this work, we adopt the following
values [58]:

ak
0;3P1

¼ 1; a⊥
0;1P1

¼ 1;

ak0;b1 ¼ 0.0028�0.0026;

a⊥0;a1 ¼ 0;

ak1;b1 ¼−1.95�0.35;

a⊥1;a1 ¼−1.04�0.34;

ak2;a1 ¼−0.02�0.02;

a⊥2;b1 ¼ 0.03�0.19: ð19Þ

The intrinsic b dependence is incorporated in the heavy-
meson wave function ϕB but excluded for the light axial-
vector meson ϕA. Given the demonstrated insignificance of
such dependence in light mesons, we preliminarily assume
it is similarly nonessential for the currently undetermined
a1 and b1 wave functions.
For light tensor mesons with JP ¼ 2þ, the five polari-

zation states (λ ¼ �2;�1, 0) are described by a rank-2

tensor ϵðλÞμν , where angular momentum conservation restricts
decays to only the longitudinal and transverse polarizations
(λ ¼ 0;�1), while forbidding the maximal helicity states
(λ ¼ �2). Consequently, the generic tensor meson wave
function can be defined as [47]

ΦL
T ¼ 1ffiffiffi

6
p

�
mT =ϵ�•LϕTðxÞ þ =ϵ�•L =Pϕ

t
TðxÞ þm2

T
ϵ• · v
P · v

ϕs
TðxÞ

�
;

Φ⊥
T ¼ 1ffiffiffi

6
p ½mT =ϵ�•⊥ϕv

TðxÞ þ =ϵ�•⊥ =PϕT
TðxÞ

þmTiϵμνρσγ5γμ =ϵ�ν•⊥nρvσϕa
TðxÞ�; ð20Þ

where the distribution amplitudes have the following
explicit forms [54]:

ϕTðxÞ¼
fT

2
ffiffiffiffiffiffiffiffi
2Nc

p ϕkðxÞ; ϕt
TðxÞ¼

fTT
2

ffiffiffiffiffiffiffiffi
2Nc

p hðtÞk ðxÞ;

ϕs
TðxÞ¼

fTT
4

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

hðsÞk ðxÞ; ϕT
TðxÞ¼

fTT
2

ffiffiffiffiffiffiffiffi
2Nc

p ϕ⊥ðxÞ;

ϕv
TðxÞ¼

fT
2

ffiffiffiffiffiffiffiffi
2Nc

p gðvÞ⊥ ðxÞ; ϕa
TðxÞ¼

fT
8

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

gðaÞ⊥ ðxÞ:

ð21Þ

The twist-2 LCDA can be expanded in Gegenbauer
polynomials C3=2

n ð2x − 1Þ with Gegenbauer moments as
coefficients. In particular, its asymptotic form is

ϕk;⊥ðxÞ ¼ 30xð1 − xÞð2x − 1Þ: ð22Þ

Using the QCD equations of motion, the two-particle
twist-3 distribution amplitudes can be expressed in terms of
both twist-2 LCDAs and three-particle twist-3 LCDAs. In
the Wandzura-Wilczek approximation (where three-particle
terms are neglected), the asymptotic forms of twist-3
LCDAs are derived as [54]

hðtÞk ðxÞ¼ 15

2
ð2x−1Þð1−6xþ6x2Þ;

hðsÞk ðxÞ¼ 15xð1−xÞð2x−1Þ;
gðaÞ⊥ ðxÞ¼ 20xð1−xÞð2x−1Þ;gðvÞ⊥ ðxÞ¼ 5ð2x−1Þ3: ð23Þ

B. Helicity amplitudes

Based on the effective Hamiltonian in Eq. (1), the decay
Bc → J=ψða1; b1Þ can be described by the four types of
Feynman diagrams shown in Fig. 1. These diagrams give
rise to the factorizable emission amplitude F e and the

FIG. 1. Feynman diagrams for Bc → J=ψA decays. (a), (b) The
nonfactorizable emission diagrams. (c), (d) The factorizable emis-
sion diagrams.
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nonfactorizable emission amplitude Me. Since the oper-
ators O1;2 are of ðV − AÞðV − AÞ current type, these
diagrams collectively yield the total decay amplitude:

AðBc → ðJ=ψAÞ¼V�
cbVudðsÞ

��
C2þ

1

3
C1

�
F eþC1Me

�
:

ð24Þ

Here, the Wilson coefficients C1 and C2 are convolved with
the amplitudesF e andMe. For theBc → J=ψða1; b1Þ decay,
the amplitude exhibits distinct polarization characteristics,
comprising one longitudinal component and two transverse
components. The amplitude can be decomposed as

A ¼ AL þANϵT2 · ϵT3 þ iATϵαβρσnαvβϵ
Tρ
2 ϵTσ3 : ð25Þ

Here, ϵT2 and ϵ
T
3 are the transverse polarization vectors for the

vector meson J=ψ and the axial-vector meson (a1 or b1),
respectively.AL corresponds to the longitudinal polarization
contribution, while AN and AT describe the normal and
transverse polarization contributions respectively. The total
amplitudes AL, AN , and AT share the same structure as
Eq. (24). The factorization formulas for all polarization
components (longitudinal, normal, and transverse) are pro-
vided in the Appendix.
In the decay Bc → J=ψT, the tensor meson cannot be

directly produced through standard weak operators due to
spin constraints, resulting in a vanishing factorizable
amplitude. Consequently, the total decay is entirely domi-
nated by nonfactorizable emission diagrams in Fig. 2.

III. NUMERICAL RESULTS AND DISCUSSIONS

The branching ratios for the decay process of the Bc
meson in its rest frame can be expressed as

BRðBc → J=ψðA;TÞÞ¼ G2
FτBc

32πMB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ðrAðTÞ− rJ=ψÞ2

q

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ðrAðTÞ þ rJ=ψÞ2

q
jAj2; ð26Þ

where τBc
is the lifetime of the Bc meson, and the decay

amplitudesA for each channel have been explicitly given in
the Appendix. When the final states involve a vector
charmonium state and a axial-vector meson or tensor
meson, the decay amplitude can be decomposed into three
polarized components,

jAj2 ¼ jA0j2 þ jAkj2 þ jA⊥j2 ð27Þ

where the amplitudes A0, Ak, and A⊥ denote the longi-
tudinal, parallel, and perpendicular polarization amplitudes
in the transverses basis, respectively. These relate to the
helicity-basis amplitudes AL, AN , and AT in Eq. (25)
through a transformation relation,

A0 ¼ AL; Ak ¼
ffiffiffi
2

p
AN; A⊥ ¼

ffiffiffi
2

p
AT: ð28Þ

Turning to the polarizations for Bþ
c → J=ψðA; TÞ

decays, we usually define the polarization fractions

fλ ¼
jAλj2

jA0j2 þ jAkj2 þ jA⊥j2
:

The polarization fractions satisfy the normalization con-
straint

P
λ fλ ¼ 1,where f0, fk, and f⊥ correspond to the

longitudinal, parallel, and perpendicular polarization com-
ponents, respectively.
In Table I, we list the input parameters used in the

calculations, including meson masses and decay constants,
the lifetime of the Bc meson, and the Wolfenstein param-
eters of the CKM matrix.
Our numerical results for the branching ratios of the

Bc → J=ψA and Bc → J=ψT decay processes are listed in

TABLE I. Various parameters involved in the calculation process.

Mass of mesons MW ¼ 80.41 GeV MBc
¼ 6.275 GeV mb ¼ 4.8 GeV

mc ¼ 1.5 GeV mJ=ψ ¼ 3.097 GeV ma1 ¼ 1.23 GeV
mb1 ¼ 1.21 GeV ma2 ¼ 1.317 GeV mK�

2
ð1430Þ ¼ 1.427 GeV

Decay constants of mesons fBc
¼ 489� 4� 3 MeV fJ=ψ ¼ 405� 14 MeV fa1 ¼ 238 MeV
fb1 ¼ 180 MeV fa2 ¼ 107� 6 MeV fK�

2
ð1430Þ ¼ 118� 5 MeV

Lifetime of meson τBc
¼ 0.507 ps

Wolfenstein parameters A ¼ 0.826 λ ¼ 0.22501
ρ̄ ¼ 0.1591 η̄ ¼ 0.3523

FIG. 2. Feynman diagrams for Bc → J=ψT decays. (a), (b) The
nonfactorizable emission diagrams.

YUN ZHAO and XIAN-QIAO YU PHYS. REV. D 113, 056018 (2026)

056018-6



Table II. The uncertainties in our calculation results
originate from three primary sources: the first kind stems
from hadronic parameters ωB ¼ ð0.60� 0.05Þ GeV [55]
for the Bc meson and ω ¼ ð0.60� 0.10Þ GeV [42] for the
J=ψ meson, the second kind pertains to decay constants of
the Bc meson and final-state charmonium mesons, which
can be found in Table I, and the third kind arises from
ΛQCD ¼ ð0.25� 0.05Þ GeV and a 20% variation in the
hard scale tmax ¼ ð1.0� 0.2Þt as defined in the Appendix,
while other uncertainties such as those from CKM matrix
elements V related to η̄ and ρ̄ angles of the unitary triangle
are found to be negligible.
In Table II, we list the branching ratios for Bc → J=ψA

and Bc → J=ψT decays, where A denotes axial-vector
mesons (a1, b1) and T denotes tensor mesons (a2, K�

2).
The key observations are as follows:

(i) For the decay processes Bþ
c → J=ψaþ1 and

Bþ
c → J=ψbþ1 , both final states contain axial-vector

mesons and exhibit relatively large branching ratios.
This is primarily because aþ1 and bþ1 share the same
quark composition (mainly ud̄), and their decay
amplitudes at the tree level benefit from the en-
hanced CKM matrix element contribution
(jVcbV�

udj ∼ 10−2). In Table II, we can see

BðBþ
c → J=ψbþ1 Þ < BðBþ

c → J=ψaþ1 Þ:

The key reason lies in the effective decay constant of

the bþ1 meson, fbþ
1
¼ fb1 · a

k
0b1

∼ 0.0005, which is
nearly vanishing [51]. This strongly suppresses the
factorizable emission diagram contributions that
depend on this constant. As a result, the branching
ratio of Bþ

c → J=ψbþ1 arises almost entirely from
nonfactorizable emission decay amplitudes. Never-
theless, the b1ð1235Þ, as a 1P1 state, possesses a
leading-twist distribution amplitude with odd-parity
antisymmetric behavior. This symmetry character-
istic alters the quantum interference pattern between
specific Feynman diagrams (e.g., those involving
quark-antiquark momentum exchange) in the non-
factorizable emission topology: in Bþ

c → J=ψaþ1
(where a1 is a 3P1 state with a symmetric wave
function), the nonfactorizable diagrams exhibit

destructive interference; while in Bþ
c → J=ψbþ1 ,

the same nonfactorizable topology undergoes con-
structive interference due to the antisymmetric wave
function. This crucial interference transition effec-
tively compensates for the suppression caused by
the extremely small decay constant, allowing the
branching ratio of the bþ1 channel to remain at the
order of 10−3.

(ii) To facilitate future experimental investigations, we
define the ratios of branching fractions using
BðBþ

c → J=ψπþÞ from Ref. [42] as a benchmark.
The benchmark decay Bþ

c → J=ψπþ is chosen
because it is theoretically clean and provides a
well-normalized reference within the factorization
approach. The calculated ratios are as follows:

Ra1=π ≡
BðBþ

c → J=ψaþ1 Þ
BðBþ

c → J=ψπþÞ ≈ 4.75;

Rb1=π ≡
BðBþ

c → J=ψbþ1 Þ
BðBþ

c → J=ψπþÞ ≈ 0.65;

Ra2=π ≡
BðBþ

c → J=ψaþ2 Þ
BðBþ

c → J=ψπþÞ ≈ 0.124;

RK�
2
=π ≡ BðBþ

c → J=ψK�þ
2 Þ

BðBþ
c → J=ψπþÞ ≈ 0.019: ð29Þ

These four ratios reveal a distinct hierarchy:

Ra1=π ≫ Rb1=π > Ra2=π ≫ RK�
2
=π:

The large value of Ra1=π reflects the dominance of
factorizable contributions, enhanced by the sizable
decay constant of the axial-vector aþ1 meson. In
contrast, the significantly smaller Rb1=π highlights
the suppression associated with nonfactorizable
dynamics and the peculiar JPC ¼ 1þ− quantum
number of the bþ1 meson. The even smaller ratios
for the tensor mesons, Ra2=π and RK�

2
=π , indicate

further suppression in decays to higher-spin (J ¼ 2)
final states, which involve more intricate helicity
structures and receive contributions from subleading
power corrections. Notably, the strange tensor

TABLE II. Branching ratios for Bc → J=ψðA; TÞ. The errors for these entries correspond respectively to uncertainties in hadronic
shape parameters, decay constants, and scale dependence.

Decay modes B0 Bk B⊥ Btotal

Bþ
c → J=ψaþ1 7.63þ1.10þ0.44þ0.33

−0.99−0.42−0.31 × 10−3 1.75þ0.26þ0.10þ0.07
−0.22−0.10−0.08 × 10−3 1.68þ0.21þ0.08þ0.07

−0.21−0.09−0.06 × 10−3 11.06þ1.57þ0.62þ0.47
−1.42−0.61−0.45 × 10−3

Bþ
c → J=ψbþ1 1.36þ0.17þ0.11þ0.06

−0.14−0.09−0.06 × 10−3 0.09þ0.01þ0.01þ0.01
−0.02−0.01−0.01 × 10−3 0.06þ0.01þ0.01þ0.00

−0.01−0.00−0.00 × 10−3 1.51þ0.19þ0.13þ0.07
−0.17−0.10−0.07 × 10−3

Bþ
c → J=ψaþ2 2.77þ0.51þ0.16þ0.15

−0.47−0.12−0.14 × 10−4 0.07þ0.10þ0.02þ0.03
−0.04−0.02−0.04 × 10−4 0.05þ0.07þ0.01þ0.02

−0.02−0.01−0.02 × 10−4 2.89þ0.68þ0.19þ0.20
−0.53−0.15−0.20 × 10−4

Bþ
c → J=ψK�þ

2 4.26þ0.40þ0.04þ0.09
−0.33−0.04−0.09 × 10−5 0.12þ0.03þ0.01þ0.01

−0.03−0.01−0.01 × 10−5 0.10þ0.02þ0.00þ0.00
−0.01−0.00−0.00 × 10−5 4.48þ0.45þ0.05þ0.10

−0.37−0.05−0.10 × 10−5
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meson K�þ
2 exhibits an order-of-magnitude further

suppression relative to the nonstrange aþ2 , a pattern
attributable to the Cabibbo-suppressed b → s tran-
sition and to possible differences between the dis-
tribution amplitudes of strange and nonstrange
tensor mesons. These ratios provide a sensitive set
of observables for testing the interference between
color-favored and color-suppressed amplitudes, the
role of nonfactorizable dynamics, and the spin-
dependent hadronization mechanisms in Bc decays.
Precise future measurements of these channels are
important for several reasons: first, they offer a direct
test of pQCD frameworks in describing nonfactor-
izable contributions in processes involving heavy
quarkonia; second, comparison with theoretical
predictions will help to constrain hadronic param-
eters, especially the distribution amplitudes of the Bc
meson and the light mesons; and finally, any sub-
stantial discrepancy between experiment and theory
could signal physics beyond the Standard Model,
making these decays a valuable platform for indirect
searches for new physics. The inclusion of the
tensor meson channels further enriches this program
by probing spin-dependent dynamics and the fac-
torization properties of higher-twist distribution
amplitudes.

(iii) A comparison with existing literature highlights
significant refinements in both the theoretical frame-
work and input parameters employed in this study. For
the decay Bþ

c → J=ψa1ð1260Þþ, the branching ratio
reported in Ref. [49] is ð1.02þ0.04þ0.03þ0.01

−0.08−0.05−0.01 Þ × 10−3,
which differs from our computed value for the same
channel. These discrepancies stemprimarily from two
sources. First, at the level of theoretical framework,
we have incorporated an intrinsic transverse-momen-
tum b dependence into thewave functionmodel of the
Bc meson, as given in Eq. (7). This improvement
allows a more accurate description of transverse-
momentum effects in the hadronic wave function,
leading to enhanced precision in handling both
factorizable and nonfactorizable diagrams, especially
those involving soft-gluon exchange, thereby reduc-
ing systematic uncertainties originating from model
simplifications. Second, regarding input parameters,
we have updated the CKM matrix elements, meson
masses, decay constants, and hadronic shape param-
eters in accordance with the latest experimental data
and theoretical developments. This update ensures
that our predictions are based on the most reliable
available inputs, making the results not only a test of
the pQCD framework but also a timely and competi-
tive theoretical reference for future experimental
measurements. Therefore, the observed differences
signify a substantive evolution in the theoretical
methodology. This methodological advancement,

utilizing an improved wave function and contempo-
rary parameters, yields more reliable predictions.
These results provide a refined benchmark for
high-precision experiments at the upgraded LHCb
and will deepen the understanding of heavy-flavored
hadron decay dynamics.

(iv) Compared with Ref. [51], the branching-ratio pre-
dictions for Bþ

c → J=ψA and Bþ
c → J=ψT in the

present work exhibit differences, yet the results of
both approaches lie within the same order of magni-
tude. This consistency in the overall scale indicates
that, despite deviations due to distinct theoretical
treatments, the two methods yield compatible esti-
mates of the basic branching ratio features for Bc
decays, thereby reinforcing the robustness of the
theoretical predictions. The numerical differences
mainly stem from the fundamental distinction be-
tween the two theoretical frameworks. In Ref. [51], a
modified Sudakov factor scðQ; bÞ is introduced to
explicitly incorporate the charm-quark mass scalemc
into the evolution kernel, thereby addressing radia-
tive corrections associated with the ratio mc=mb. In
contrast, the present study employs aBc meson wave
function of the form δðx −mc=MBc

Þ, which fixes the
longitudinal momentum fraction of the charm quark
and naturally embeds the double-heavy flavor nature
of the Bc meson at the level of the initial-state wave
function. Theoretically, the two schemes improve the
description accuracy from complementary perspec-
tives: the δ-type wave function adopted here reduces
the sensitivity to the endpoint behavior (x → 0, 1) of
the light-meson distribution amplitudes by locking
the parton momentum fraction, while the improved
Sudakov factor scðQ; bÞ in Ref. [51] explicitly
includes the mc contribution in the resummation,
allowing for a more precise treatment of soft-gluon
radiation at the charm-quark mass scale. These
complementary treatments enhance the descriptive
power of the theoretical framework for the double-
heavy Bc system from the angles of the initial-state
wave function and the evolution kernel, respectively.
Given that the two methods emphasize different
aspects of the theoretical treatment, the present work
and Ref. [51] together constitute two complementary
realizations of the pQCDapproach inBc physics. The
cross-validation of their theoretical architectures and
numerical outcomes provides a more comprehensive
and reliable theoretical reference for future precision
measurements at experiments such as LHCb and
Belle II, and extends our understanding of non-
perturbative QCD effects at the charm-quark mass
scale from different perspectives.

(v) To quantitatively probe the distinct decay dynamics
between the vector ρ meson and the axial-vector a1
and b1 mesons, we define the following two ratios,
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normalized to the theoretically established branch-
ing fraction of the Bþ

c → J=ψρþ decay as a
reference [42]:

Ra1=ρ ≡
BðBþ

c → J=ψaþ1 Þ
BðBþ

c → J=ψρþÞ ≈ 1.35;

Rb1=ρ ≡
BðBþ

c → J=ψbþ1 Þ
BðBþ

c → J=ψρþÞ ≈ 0.18: ð30Þ

TheBþ
c →J=ψρþ channel serves as awell-understood

benchmarkwithin the factorization framework, being
dominated by factorizable emission diagrams with
clear vector-current contributions. This choice pro-
vides a theoretically clean and reliable baseline,
enabling a quantitative comparison and interpretation
of the more intricate dynamics governing the decays
into axial-vector final states. In the Standard Model,
the axial-vector a1 meson and the vector meson ρ
exhibit similar QCD hadronic dynamics [45]. Hence,
the decay pattern of Bþ

c → J=ψaþ1 is expected to
resemble that of Bþ

c → J=ψρþ. The ratio Ra1=ρ

reveals that the branching ratio BðBþ
c → J=ψaþ1 Þ is

approximately 35% larger than BðBþ
c → J=ψρþÞ.

This enhancement reflects the dominance of
factorizable contributions in the a1 channel, likely
attributable to its larger decay constant and similar
vector-current-driven dynamics. In contrast, Rb1=ρ

indicates that BðBþ
c → J=ψbþ1 Þ is suppressed by

about 82% relative to BðBþ
c → J=ψρþÞ. This sig-

nificant suppression originates from the strong sup-
pression of factorizable amplitudes in b1 production,
underscoring the importance of nonfactorizable con-
tributions and the distinctive internal structure of the
b1 meson (JPC ¼ 1þ−). The marked difference be-
tween Ra1=ρ and Rb1=ρ highlights the sensitivity of
these ratios to the internal spin-parity configurations
of axial-vector mesons, providing a clear experimen-
tal signature for distinguishing 1þþ and 1þ− states.
These ratios constitute powerful probes for testing the
underlying dynamics of heavy-flavor decays both
within and beyond the Standard Model. The en-
hanced Ra1=ρ validates the dominance of factorizable
mechanisms in a1 production, offering a benchmark
for pQCD predictions, while the suppressed Rb1=ρ

emphasizes the necessity of incorporating nonfactor-
izable effects that are sensitive to QCD vacuum
structures and higher-order corrections. Future
high-precision experiments at facilities such as the
upgraded LHCb, Belle II, or a future Electron-Ion
Collider can leverage these observables to constrain
hadronic parameters like decay constants and dis-
tribution amplitudes, discriminate between different
theoretical factorization schemes, probe possible
exotic configurations such as hybrid or tetraquark

admixtures in axial-vector mesons, and search for
signatures of new physics through deviations from
Standard Model predictions. Consequently, precise
measurements ofRa1=ρ andRb1=ρwill not only deepen
our understanding of nonperturbative QCD but also
significantly enhance the sensitivity of Bc decays to
potential new physics scenarios.

(vi) For the decays Bþ
c → J=ψaþ2 and Bþ

c → J=ψK�þ
2 ,

the factorizable emission diagrams vanish due to a
fundamental mismatch in quantum numbers: tensor
mesons (JPC ¼ 2þþ) cannot be directly created from
the vacuum via local (V � A) or (S� P) weak
currents, which only generate states with J ≤ 1.
Consequently, hTjq̄Γqj0i ¼ 0, forbidding the fac-
torizable emission process in the Standard Model.
These decays therefore proceed entirely through the
nonfactorizable emission mechanism, which leads to
their characteristically small branching fractions.
Furthermore, the comparison between the aþ2 chan-
nel (involving a b → d transition) and the K�þ

2

channel (involving a b → s transition) serves as a
sensitive probe of flavor-SU(3) symmetry breaking.
The predicted ratio of their branching fractions
exhibits a significant deviation from the expectation
based solely on CKM suppression, highlighting the
influence of differences in nonperturbative hadronic
parameters, such as decay constants and distribution
amplitudes, between strange and nonstrange tensor
mesons. The study of these decays thus provides a
unique laboratory to test QCD dynamics in heavy-
flavor decays, offering critical insights into the
properties of tensor mesons and the breaking of
flavor symmetries. These investigations not only
validate the capability of theoretical frameworks like
pQCD in describing exclusively nonfactorizable
topologies but also substantially advance our under-
standing of strong interaction mechanisms.

Turning to Table III, we present a systematic analysis of
the predicted polarization fractions of mesons: It can be see
that the all decays reveal profound insights into heavy-
quark hadronization dynamics. Three distinct polarization
patterns emerge with striking consistency across decay
channels, reflecting the universal dominance of longi-
tudinal polarizations (f0) in branching ratios. In particular,
the highest longitudinal polarization fractions observed
for the tensor meson final states Bþ

c → J=ψaþ2 and
Bþ
c → J=ψK�þ

2 , which nearly approach complete longi-
tudinal polarization. This behavior stems from the tensor
mesons’ orbital angular momentum of L ¼ 1 (correspond-
ing to the quantum number assignment JPC ¼ 2þþ).
Specifically, the endpoint contributions in their LCDAs
substantially enhance the convolution weight of the longi-
tudinal helicity component. Concurrently, the mismatch in
quantum numbers forbids the contributions from factoriz-
able emission diagrams, confining these decays to proceed
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entirely via nonfactorizable mechanisms and thus further
suppressing transverse polarization. In contrast, the longi-
tudinal polarization fraction for Bþ

c → J=ψaþ1 is notably
lower. This is attributed to the large decay constant of aþ1 as
a 3P1 state, which sustains considerable factorizable emis-
sion contributions that generally favor transverse polariza-
tion to a certain extent. It is worth emphasizing that the
longitudinal polarization fraction for Bþ

c → J=ψbþ1 is
significantly higher than that of the aþ1 channel. The
primary reason lies in the nearly vanishing effective decay
constant of bþ1 , a feature arising from its 1P1 quantum
numbers. This tiny decay constant strongly suppresses
any factorizable diagrams dependent on this parameter,
forcing the decay to be dominated entirely by nonfactor-
izable contributions. Furthermore, the antisymmetric dis-
tribution amplitude of the b1 meson transforms the
quantum interference in nonfactorizable diagrams from
destructive (as observed in the aþ1 channel) to constructive,
which further amplifies the longitudinal polarization ampli-
tude. Regarding transverse polarization, both the parallel
(fk) and perpendicular (f⊥) components are drastically
suppressed across all decay channels. This suppression is
particularly pronounced in tensor meson decays, where the
transverse polarization components are reduced to an
extremely low level. This phenomenon is consistent with
the helicity selection rules for the 0− → 1− effective
transition of the heavy quark line, under the approximation
of heavy-quark helicity conservation (HQHC). Moreover,
the polarization fractions of the strange (K�þ

2 ) and non-
strange (aþ2 ) tensor meson channels are in excellent agree-
ment within uncertainties. This indicates that polarization is
relatively insensitive to the flavor composition of the light
quarks. Nevertheless, the minor discrepancies in fk and f⊥
may reflect the distortions of LCDAs induced by the
nonvanishing mass of the strange quark. These polarization
patterns not only verify the capability of the pQCD
framework to describe the helicity structure of double-
heavy meson systems but also provide clear theoretical
benchmarks. These benchmarks will facilitate the discrimi-
nation of the intrinsic angular momentum structures of
different mesons through angular distribution measure-
ments in future experiments at the LHCb and Belle II
collaborations.

IV. SUMMARY

In this article, we systematically investigate the exclu-
sive two-body decays of the Bc meson to an S-wave
charmonium state (J=ψ) and either axial-vector mesons
(a1, b1) or tensor mesons (a2, K�

2) within the pQCD
factorization framework, incorporating the nonperturbative
distribution amplitudes of the final-state mesons to
ensure infrared safety. Since flavor nondegeneracy in
four-quark operators forbids penguin diagrams, weak
phase differences vanish, eliminating CP violation in
these decays. We focus on computing the branching ratios
and polarization fractions for the aforementioned decay
channels. To provide sensitive observables for experimen-
tal verification, this study defines ratios of branching
fractions using the benchmark decays Bþ

c → J=ψπþ and
Bþ
c → J=ψρþ [42], which are well-studied channels with

established theoretical and experimental results. These
ratios not only quantify the relative significance of
factorizable versus nonfactorizable contributions but also
encode spin-dependent hadronization effects and flavor-
SUð3Þ symmetry breaking. Furthermore, they serve as
stringent probes for testing the QCD factorization frame-
work and constraining key nonperturbative hadronic
parameters, which are pivotal for refining the pQCD
formalism in heavy-flavor physics. The obtained results
provide a solid theoretical basis for experimental inves-
tigations and are particularly well suited for leveraging the
high-statistics environment of the LHCb experiment. This
work not only validates the applicability of the pQCD
framework in describing the helicity structure and strong
interaction dynamics of double-heavy mesons but also
delivers valuable theoretical predictions for ongoing and
future studies at the LHCb and Belle II experiments. These
findings will further deepen our understanding of non-
perturbative QCD effects, meson internal structure, and
flavor symmetry breaking mechanisms in heavy-flavor
decays, while laying the groundwork for the indirect
detection of new physics signals.
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TABLE III. Polarization fractions for Bþ
c → J=ψðA; TÞ decays. The errors correspond respectively to uncertainties in hadronic shape

parameters, decay constants, and scale dependence.

Decay modes f0 fk f⊥
Bþ
c → J=ψaþ1 0.69þ0.02þ0.02þ0.01

−0.02−0.03−0.01 0.15þ0.02þ0.01þ0.00
−0.02−0.02−0.00 0.15þ0.03þ0.02þ0.00

−0.02−0.02−0.01

Bþ
c → J=ψbþ1 0.90þ0.03þ0.03þ0.01

−0.03−0.02−0.01 0.06þ0.01þ0.01þ0.00
−0.01−0.01−0.01 0.04þ0.00þ0.00þ0.00

−0.00−0.00−0.00

Bþ
c → J=ψaþ2 0.96þ0.02þ0.03þ0.00

−0.02−0.02−0.01 0.02þ0.01þ0.01þ0.00
−0.01−0.00−0.00 0.02þ0.00þ0.00þ0.00

−0.00−0.00−0.00

Bþ
c → J=ψK�þ

2 0.95þ0.02þ0.01þ0.01
−0.01−0.02−0.00 0.03þ0.01þ0.00þ0.00

−0.01−0.00−0.00 0.02þ0.00þ0.01þ0.01
−0.00−0.00−0.00
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APPENDIX: FACTORIZATION FORMULAS

Similar to vector mesons, axial-vector mesons possess intrinsic spin degrees of freedom, which necessitates distinct
amplitude components for the three polarization states (longitudinal, normal, transverse) in Bc → J=ψA decays, denoted
respectively as L, N, and T amplitudes,

FL
e ¼ 2

ffiffiffi
2

3

r
πCFfBfAM4

B

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r22

q Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�

× f½r2ϕtðx2; b2Þðrb − 2x2Þ þ ϕLðx2; b2Þðx2 − 2rbÞ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ
− ϕLðx2; b2Þ½r22 þ rc�EabðtbÞhðαe; βb; b2; b1ÞStðx1Þg; ðA1Þ

ML
e ¼ 8

3
πCFfBM4

B

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r22

q Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3 exp

�
−
ω2
Bb

2
1

2

�
ϕAðx3Þ

×
�
½−ϕLðx2; b1Þðr22 − 1Þðx1 − x3Þ þ r2ϕtðx2; b1Þðx1 þ x2 − 1Þ�EcdðtcÞhðβc; αe; b3; b1Þ

− ½ϕLðx2; b1Þðr22ðx2 − x3Þ þ 2x1 þ x2 þ x3 − 2Þ

− r2ϕtðx2; b1Þðx1 þ x2 − 1Þ�EcdðtdÞhðβd; αe; b3; b1Þ
�
; ðA2Þ

FN
e ¼ 2

ffiffiffi
2

3

r
πCFfBfAM4

Br3

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�

× f½r2ϕTðx2; b2Þð−4rb þ x2 þ 1Þ þ ðrb − 2ÞϕVðx2; b2Þ�EabðtaÞhðαe; βb; b2; b1ÞStðx2Þ�
þ ϕTðx2; b2Þ½r2ðx1 − 1Þ�EabðtbÞhðαe; βb; b2; b1ÞStðx1Þ�g; ðA3Þ

MN
e ¼ 8

3
πCFfBM4

Br3

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3 exp
�
−
ω2
Bb

2
1

2

�

× f½ϕa
Aðx3ÞϕVðx2; b1Þðr22 − 1Þðx2 þ x3 − 1Þ þ ϕv

Aðx3ÞϕTðx2; b1Þ
× ðr22ðx1 þ 2x2 þ x3 − 2Þ þ x1 − x3Þ�EcdðtcÞhðβc; αe; b3; b1Þ
þ ½ϕa

Aðx3Þ2ðr22 − 1Þðr2ðx2 − x3ÞϕVðx2; b1Þ þ 2ðx1 þ x3 − 1ÞϕTðx2; b1ÞÞ
þ ϕv

Aðx3Þð2r2ϕVðx2; b1Þðr22ðx2 − x3Þ þ 2x1 þ x2 þ x3 − 2Þ
þ ϕTðx2; b1Þðr22ð1 − x1 − 2x2 þ x3Þ þ 1 − x1 − x3ÞÞ�EcdðtdÞhðβd; αe; b3; b1Þg; ðA4Þ

FT
e ¼ 2

ffiffiffi
2

3

r
πCFfBfAM4

Br3

Z
1

0

dx2

Z
∞

0

b1b2db1db2 exp

�
−
ω2
Bb

2
1

2

�

× f½ϕVðx2; b2Þð2 − rbÞ þ r2ϕTðx2; b2Þðx2 − 1Þ�EabðtaÞhðαe; βa; b1; b2ÞStðx2Þ
þ ψTðx2; b2Þ½r2ðx1 − 1Þ�EabðtbÞhðαe; βb; b2; b1ÞStðx1Þg; ðA5Þ
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MT
e ¼ 8

3
πCFfBM4

Br3

Z
1

0

dx2dx3

Z
∞

0

b1b3db1db3 exp

�
−
ω2
Bb

2
1

2

�

× f½−ϕa
Aðx3ÞϕVðx2; b1Þ2r2ðr22ðx2 þ x3 − 1Þ þ 2x1 þ x2 − x3 − 1Þ

− ϕv
Aðx3ÞϕTðx2; b1Þðr22 − 1Þðx1 − x3Þ�EcdðtcÞhðβc; αe; b3; b1Þ

− ½2ϕa
Aðx3Þðr2ϕVðx2; b1Þðr22ðx2 − x3Þ þ 2x1 þ x2 þ x3 − 2Þ

þ 2ϕTðx2; b1Þðr22ð1 − x1 − 2x2 þ x3Þ þ 1 − x1 − x3ÞÞ
þ ϕv

Aðx3ÞϕTðx2; b1Þðr22 − 1Þðx1 þ x3 − 1Þ�EcdðtdÞhðβd; αe; b3; b1Þg: ðA6Þ

For the Bc → J=ψT decay, the calculation of its amplitude can be mapped to that of the corresponding axial-vector case via
the following substitution:

ML
T ¼

ffiffiffi
2

3

r
ML

A

����ϕL
A → ϕT;

ϕt
A → ϕt

T ;

rc → −rc

;

MN;T
T ¼

ffiffiffi
1

2

r
MN;T

A

����ϕT
A → ϕT

T;

ϕV
A → ϕV

T ;

rc → −rc

: ðA7Þ

The numerical prefactors
ffiffi
2
3

q
and

ffiffi
1
2

q
are derived from the equivalent polarization vector ϵ• defined in Eq. (6) for the tensor

mesons, corresponding to the longitudinal and transverse polarizations, respectively.
The hard functions h are defined via Fourier transforms of virtual quark and gluon propagators, with specific expressions

given by

hðα; β; b1; b2Þ ¼ h1ðα; b1Þ × h2ðβ; b1; b2Þ;

h1ðα; b1Þ ¼
�
K0ð

ffiffiffi
α

p
b1Þ; α > 0;

K0ði
ffiffiffiffiffiffi
−α

p
b1Þ; α < 0;

h2ðβ; b1; b2Þ ¼
�
θðb1 − b2ÞI0ð

ffiffiffi
β

p
b2ÞK0ð

ffiffiffi
β

p
b1Þ þ ðb1 ↔ b2Þ; β > 0;

θðb1 − b2ÞJ0ð
ffiffiffiffiffiffi
−β

p
b2ÞK0ði

ffiffiffiffiffiffi
−β

p
b1Þ þ ðb1 ↔ b2Þ; β < 0;

ðA8Þ

with J0 denoting the Bessel function of the first kind, and K0, I0 representing the modified Bessel functions of the second
and first kinds, respectively. The function K0 for a real argument x is related to J0 and the Neumann function N0 by
K0ðixÞ ¼ π

2
ð−N0ðxÞ þ iJ0ðxÞÞ. The expressions for α and β in the hard functions are

αe ¼ ½x1 þ r22ðx2 − 1Þ�½x1 þ x2 − 1þ r23ð1 − x2Þ�M2
B;

βa ¼ ½r2b þ ð1þ r22ðx2 − 1ÞÞðx2 − r23ðx2 − 1ÞÞ�M2
B;

βb ¼ ½r2c þ ðr22 − x1Þðx1 − 1þ r23Þ�M2
B;

βc ¼ ½x1 þ x2 − 1þ r23ð1 − x2 − x3Þ�½x3 − x1 − r22ðx2 þ x3 − 1Þ�M2
B;

βd ¼ ½x1 þ x2 − 1 − r23ðx2 − x3Þ�½1 − x1 − x3 − r22ðx2 − x3Þ�M2
B: ðA9Þ

The hard scales tiði ¼ a; b; c; dÞ, chosen to eliminate large logarithmic radiative corrections in the pQCD factorization
framework, are explicitly defined by the following kinematic variables:

ta ¼ max
	 ffiffiffiffiffiffiffiffi

jαej
p

;
ffiffiffiffiffiffiffiffi
jβaj

p
; 1=b1; 1=b2



; tb ¼ max

	 ffiffiffiffiffiffiffiffi
jαej

p
;

ffiffiffiffiffiffiffiffi
jβbj

p
; 1=b1; 1=b2



;

tc ¼ max
	 ffiffiffiffiffiffiffiffi

jαej
p

;
ffiffiffiffiffiffiffi
jβcj

p
; 1=b1; 1=b3



; td ¼ max

	 ffiffiffiffiffiffiffiffi
jαej

p
;

ffiffiffiffiffiffiffiffi
jβdj

p
; 1=b1; 1=b3



: ðA10Þ
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The function EijðtÞ is defined as the product of the running coupling strength αsðtÞ and the Sudakov form factor Sab;cdðtÞ,
which resums the soft gluon radiation contributions:

Eab;cdðtÞ ¼ αsðtÞSab;cdðtÞ ðA11Þ

where the Sudakov exponents are defined as

SabðtÞ ¼ s

�
MBffiffiffi
2

p x1; b1

�
þ s

�
MBffiffiffi
2

p x2; b2

�
þ s

�
MBffiffiffi
2

p ð1 − x2Þ; b2
�
þ 5

3

Z
t

1=b1

dμ
μ
γqðμÞ þ 2

Z
t

1=b2

dμ
μ
γqðμÞ;

ScdðtÞ ¼ s

�
MBffiffiffi
2

p x1; b1

�
þ s

�
MBffiffiffi
2

p x2; b1

�
þ s

�
MBffiffiffi
2

p ð1 − x2Þ; b1
�
þ s

�
MBffiffiffi
2

p x3; b3

�
þ s

�
MBffiffiffi
2

p ð1 − x3Þ; b3
�

þ 11

3

Z
t

1=b1

dμ
μ
γqðμÞ þ 2

Z
t

1=b3

dμ
μ
γqðμÞ; ðA12Þ

where the quark field anomalous dimension γq ¼ −αs=π governs its renormalization group evolution at leading order, with
αs the strong coupling constant. The Sudakov factor sðQ; bÞ can be found in Ref. [59].
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