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Van der Waals potentials describing interactions between color-singlet mesons and/or baryons vanish at
leading order in potential nonrelativistic quantum chromodynamics (pNRQCD). This result and constraints
from Gauss’s law are used to prove that weakly coupled pNRQCD van der Waals potentials in generic non-
Abelian gauge theories with only heavy quarks are too weak to form bound states whose color state is a
product of color singlets. Quantum Monte Carlo calculations of four, five, and six quarks with equal masses
provide numerical evidence that exotic color configurations are higher energy than products of color-singlet
hadrons, suggesting that equal-mass fully heavy tetraquark, pentaquark, and hexaquark bound states do not
exist at next-to-leading order in pPNRQCD and at all orders in QCD-like theories in which all quark masses
are asymptotically large. Mechanisms for generating hadron-hadron bound states are identified, which
necessarily involve large quark-mass hierarchies, relativistic effects arising from the presence of
sufficiently light quarks, or nonperturbative effects outside the scope of weakly coupled pNRQCD.
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I. INTRODUCTION

Understanding the quark-mass dependence of hadron
structure and interactions in quantum chromodynamics
(QCD) is a long-standing theoretical challenge. It has
applications in lattice QCD, where numerical calculations
are performed at a variety of masses to interpolate or
extrapolate to the physical point, as well as to constrain new
physics, including strongly coupled dark sectors. More
broadly, understanding the degree to which our universe is
finely tuned requires understanding what range of Standard
Model parameters can support the binding of hadrons into
nuclei, and therefore the emergence of the periodic table
and chemistry.

Meson-meson and meson-baryon interactions in the
mg < Agcp limit have been studied extensively with
chiral perturbation theory [1-3]. The meson-meson and
meson-baryon scattering lengths are proportional to /7,
in this regime and vanish in the chiral limit [4,5]. Baryon-
baryon interactions are more challenging to study in chiral
effective field theories. The deuteron bound state present in
nature may exist in the chiral limit with a somewhat larger
binding energy [6-9], although systematic uncertainties
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arising from the pion-mass dependence of short-range
interactions in the chiral Lagrangian are challenging to
quantify.

Here, we consider the opposite limit of mgy > Agcp.
Even though this limit is obviously not applicable to the
light and strange quarks present in nature, understanding
this limit may shed light on lattice QCD calculations of
two-baryon systems with mgy ~ Agep [10-34] and heavy
quarks [35-39], phenomenologically viable theories of
dark matter involving dark sector analogs of heavy quarks
[40-50], and constraints on new physics involving big-
bang nucleosynthesis [51-61]. For bound states composed
of heavy quarks, QCD dynamics are more straightforward
due to the large hierarchy between the quark mass m, and
the nonperturbative scale Agcp and can be studied using
effective field theory (EFT) [62-67]. Quark velocities are
small in such systems, v < 1, leading to a clear hierarchy
of scales: mgy > p ~myv > E ~myv* [63]. Integrating
out the hard scale my leads to nonrelativistic QCD
(NRQCD) [62-65], while further integrating out the soft
scale py ~mgv leads to potential NRQCD (pNRQCD)
[66]. This soft scale sets the typical bound state size, which
is analogous to the Bohr radius of the hydrogen atom. In the
weak coupling regime of pNRQCD [68], dynamics at the
soft scale are incorporated by solving the time-independent
Schrodinger equation with a potential that incorporates all
pNRQCD effects that are enhanced for small p/m, and
must be treated nonperturbatively. Studies of heavy quar-
konium have shown that pNRQCD can accurately describe
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properties of fully heavy quark and antiquark bound states,
including masses and decay widths [66,68-75].

The potentials needed to describe more complex sys-
tems, such as baryons, have been studied more recently
[76-80]. Recently, the authors of Ref. [80] extended the
pPNRQCD framework to generic multihadron systems using
the heavy quark degrees of freedom as in velocity NRQCD
(VNRQCD) [81-83]. Variational methods have sub-
sequently been used to bound fully heavy baryon masses
[80,84,85], and Green’s function Monte Carlo (GFMC)
methods used to solve quantum many-body problems in
nuclear and condensed matter physics [§6—88] were further
used to compute baryon masses in pNRQCD in Ref. [80].
Variational and GFMC methods were applied to four-quark
systems in pNRQCD at next-to-leading order (NLO) in
Ref. [89]. Tetraquark bound states were observed to exist if
and only if the heavy quark/antiquark mass ratio is larger
than a critical value, which is consistent with a previous
variational study of one-gluon-exchange potentials equiv-
alent to pNRQCD at leading order (LO) [90].

In this work, we prove the nonexistence of fully heavy
hadron-hadron bound states whose color states are products
of color-singlet hadrons in the weakly coupled pNRQCD
regime using all-orders arguments that constrain the form
of non-Abelian “van der Waals” potentials. We search for
pentaquark and hexaquark bound states with exotic color
structures in pNRQCD using GFMC calculations involving
a complete basis of five- and six-quark color states at LO
and NLO. We further study the form of van der Waals
potentials that arise between color-singlet hadrons in
pNRQCD at NNLO.

The remainder of this paper is organized as follows.
Section II presents all-orders arguments about the structure
of van der Waals potentials and nonexistence of color-singlet
product bound states that are valid for generic non-Abelian
gauge theories. Section III discusses pPNRQCD potentials for
multihadron states and presents GFMC results for five- and
six-quark bound states at LO and NLO. Section I'V explores
PNRQCD van der Waals potentials that arise at NNLO and
verifies their multipole expansion is consistent with our all-
orders results. Section V discusses some implications of our
results.

II. COLOR-SINGLET PRODUCT STATES IN
NON-ABELIAN GAUGE THEORIES

This section provides a proof of the following result:
SU(N), SO(N), or Sp(2N) gauge theories do not have
bound states whose color structure is a product of two color-
singlet hadrons when all colored fermion and scalar masses
are asymptotically large. The result is valid at all orders of
the weakly coupled pNRQCD expansion. Note that the
arguments in this section strictly apply only in the asymp-
totic heavy-mass limit (parametrically large masses for all
colored fermions and scalars) and both the existence of light
quark flavors and the range of convergence of weakly

coupled pNRQCD add complications for describing finite-
mass heavy flavors (e.g., b quarks) in real-world QCD.

A. Van der Waals potentials vanish at LO

At LO in pNRQCD, the potentials between colored
particles are given by contractions of one-gluon-exchange
tree diagrams with the color tensors describing the external
state. For the non-Abelian gauge groups SU(N), SO(N), or
Sp(2N), the color structure of these “one-gluon-exchange”
diagrams is given by contractions of 7 @ T and its
transposes. Here, the T¢ are Lie algebra generators satisfying
the tracelessness condition Tr[7%] =0 that ensures that
group elements have unit determinant and a conventional
normalization condition chosen here as Tr[T°T?] =15
Unit-normalized tensors for color-singlet meson and baryon
states are given by &;;/ VN and &ijk-] V/N!, respectively.
The color-singlet QQ potential is given by —a/r, where
a = g*/(4n) is the gauge coupling, times the contraction of
T @ [T%]" with color-singlet meson tensors,

5ijTZ-/T7/j5i’j’ . TI'[T“T”] . dAdj (1)
N N 2N’
where d,q; is the dimension of the adjoint representation,

which, e.g., for the SU(N) case relevant to QCD is N — 1.
The color-antisymmetric QQ potential is given similarly by
—a/r times the contraction of 7% ® T* with color-singlet
baryon tensors,

a a
gijk-“Tii’Tjj’gi’j’k"" B Tr[T“T”] dAdj

N! NN-1) 2N(N-1) @)

The potentials for meson-meson product states involve
contractions of 7% ® T“ and its transposes with a color
tensor proportional to 6;;6y. Contractions involving the
QQ pair within each meson lead to the same color-singlet

potential above. However, the contractions between a Q in
one meson and Q in another meson vanish,

= (6167 ) (Oudw1) T4, Ty

x 0Ok T;’j,TZ,k = Tr[T*|Tr[T9]

=0, (3)
due to the tracelessness of the generators. Contractions

involving a Q in one meson and a Q in the other meson
vanish analogously,

a a

= (5ij5ij’)(6k16k1’)T?j’T?[’
o 8;y 8, T4, T§y = Tr[T*|Te[T*]
=0, (4)
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as do contractions between the Q in each meson. This
means that the matrix element of the potential in a meson
state |Q(x;)Q(x,)O(x3)Q(x4)) is given simply by the sum
of the two intra-meson potentials,

_ _ dag;
<QQQQH¢WQQQQ>=——EE(“ i “).<$

2N \Jriz| sl

This can be contrasted with the case of positronium-
positronium product states in QED,

(etemete™|VEP|eteete)

_ aem _ (xem _ aem _ aC[l’l aem aem )

The second two lines in the QED case are van der Waals
potentials, which are present between charged constituents
of neutral atoms, positronia, and other composite particles
in QED. Tracelessness of the non-Abelian generators leads
to the vanishing of analogous van der Waals potentials at
LO for meson-meson product states in SU(N), SO(N), and
Sp(2N) gauge theories.

An identical cancellation arises for van der Waals
potentials between color-singlet baryons, because

a a
Eijic—Etmn-- T iy Tjp € ji€rmn.-.

= (8ijkm€i'jk~~)(€lmn~-€1’mn~->Tﬁ/Tzay

88,y T T%, = Tr[T*|Tr[T]
= 0. (7)

For meson-baryon systems, the analogous result is

a Ta
5ij8klm~~~Tjj’Tkkféij’gk’lmm

= (6ij5ij’)(Eklm--fk’lm-~-)T?j’Tzk’
x 5jj/5kk/T;?j,TZk, = Tr[T*|Tr[T7]
=0. (8)

Spin- and flavor-dependent potentials are suppressed by
powers of 1/mg as well as an additional power of a. In
particular, the same LO potential applies to nonrelativistic
scalars as it does to fermions. This argument therefore
demonstrates the vanishing of O(a) van der Waals poten-
tials for any dark sector “hadrons” composed of fermions or
scalars charged under an arbitrary gauge group with
traceless generators.

This cancellation implies that the product of any two
single-hadron energy eigenstates is itself an energy eigen-
state at LO. To see this, note that the potential terms
involving quarks within each hadron precisely cancel the
kinetic energy contributions of the same quarks by the fact
that each hadron wave function solves the Schrodinger
equation. Because there are no additional potential terms

involving quarks in different hadrons, the two-hadron
product wave function is also a solution to the
Schrodinger equation. The mass of this two-hadron eigen-
state is equal to twice the mass of the individual hadrons;
however, this does not rule out the possibility that a lower-
energy eigenstate describing a two-hadron bound state also
exists, as discussed below.

Previous works have studied van der Waals potentials in
QED and QCD using effective theory frameworks, includ-
ing pNRQCD [91], and in particular there is a long history
of work on understanding quarkonium-nucleus bound
states that could arise from QCD van der Waals forces
[92-95]. It is well-known that net one-gluon-exchange
potentials vanish between color-singlet hadrons [96,97] and
chromopolarizability effects associated with two-gluon-
exchange have been studied extensively for this reason
[98—100]. The stronger statement that one-gluon-exchange
potentials between any constituents of different color-
singlet hadrons each vanish individually has been previ-
ously noted for meson-meson systems [89,101]. We are not
aware of previous extensions of this result to arbitrary
hadron-hadron pairs in QCD or other non-Abelian gauge
theories.

Note that vanishing of hadron-hadron van der Waals
potentials is only a consequence of generator tracelessness
at LO. In particular, van der Waals potentials are not
forbidden by gauge invariance in non-Abelian theories and
can arise at higher order; see Sec. IV below.

B. Multipole expansion and Gauss’s law

Gauge invariance, and Gauss’s law in particular, con-
strains the multipole expansion of van der Waals potentials at
all orders in the gauge coupling expansion. This section
shows how Gauss’s law can be used to show that van der
Waals potentials vanish at O(1/R) and O(1/R?) in multi-
pole expansions valid for large hadron-hadron separations R.

By “van der Waals potential” we mean the interhadron
piece of the pNRQCD potential, defined by the book-
keeping decomposition

V = VH + VH’ + VHH” (9)

where Vy and Vg act within each color-singlet hadron
separately and V; encodes interactions between the two
hadrons at separation R. We do not change the degrees of
freedom or perform an additional matching; V gy is a subset
of terms in the pNRQCD potential, not the potential for a
separate van der Waals EFT, in contrast to Refs. [91,98].
Gauss’s law in Yang-Mills theory can be written as

DI E(x) = gp°(x). (10)

where D¢’ is the covariant derivative in the adjoint repre-
sentation and E is the chromoelectric field, constrains the
chromoelectric field, and therefore constrains potentials that
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color-singlet states can source. Any color-singlet hadron
state satisfies

o) = | [ewr|m=o.

where a = 1, ..., dg;. Integrating Gauss’s law over a sphere
of radius R that encloses the entire hadron and applying
Gauss’s law gives the vanishing chromoelectric flux con-
dition:

]{ dS.E4 = g0t — 0, (12)

Sk

for every R [102,103].

Suppose that a color-singlet hadron with characteristic
size r acts as a source for a potential with multipole
expansion

1

V(R r) = V(l-")(ln(uR))E

+ V(l’_z)(ln(,uR))rI.e—f +O0(1/R%), (13)

where the multipole coefficients V=1 V(=2 can
include nonanalytic dependence on R through logarithms
but by the definition of the multipole expansion cannot
depend on powers of R." The multipole coefficients may
also depend implicitly on 72, In(ur), and the generators 7°.
The corresponding electric field takes the form

ov-h

EWa(R, r) = 2Tr [Ta <V(L_I)(ln(ﬂR>) - Wﬂ

R2
+ O(1/R%). (14)

1 .

Applying Gauss’s law then gives

0= }{ ds;EWia
Sk

=47R2R-EW4(R, 1)
oTr[T*V (11

=8z <Tr[T“V(l*‘1>] SIn(uR)
Y2

) +O(1/R). (15)

This can be viewed as a differential equation for
Tr[7¢V(1:=1)], which has the solution

Tr[T°V-1] = Cexp [In(uR)] = CuR,  (16)

'At arbitrary finite loop order, this version of the multipole
expansion can be formally viewed as a transseries involving a
joint expansion of powers of 1/R and of (finitely many) powers
of In(uR) in which all terms involving the same power of 1/R are
grouped into a coefficient function depending on In(uR).

where C is a constant. For any C # 0, this solution leads to
a contradiction with the supposition of the multipole
expansion that V~D(In(uR)) depends logarithmically
on R and is not proportional to a power of R.”> The only
valid multipole coefficient solution therefore has C = 0 and
thus Tr[T¢V(=D] = 0. This implies that EW4(R,r) =
O(1/R?) and further that V(=) must be proportional to
the 8u(3) identity matrix.

This argument implies an analogous cancellation for the
potential VSS’,I)(R, ri,r,) between two color-singlet
hadrons in pNRQCD. The leading term in the multipole

expansion of VSI?,I) is the sum of the potentials Vg) and

Vg,) sourced by each hadron. The 1/R terms in each vanish
by Gauss’s law arguments above, meaning that the 1/R
term in the hadron-hadron potential multipole expansion

1

VIS (R p ) = V(1®1'_1>(ln(ﬂR>)E

HH'

) . R
VIO 1Ry |1 }

L R2
+ V€ (n(uR)) ”R‘f
V{10 ngup)) | TR R 'Rigrz .m}
+ VA n(uR)) R}
+ O(1/R%) _ (17)

vanishes, that is, VI®L=1) =0, In weakly coupled
pNRQCD with only gluon and nonrelativistic heavy quark
degrees of freedom,” it follows that the potential between
color-singlet hadrons vanishes faster than 1/R.

One can place even stronger bounds than this. From
Eq. (17), one can further see that the potential sourced by
the first hadron is proportional to its dipole moment ry, so
the leading contribution to the multipole expansion of V

must be proportional to r;. This shows that Vg@l'_z) =0.
Repeating this argument for the second hadron tells us

*If this solution were inserted back into the multipole expansion,
it would lead to an O(R°) constant term in the potential that would
make a vanishing contribution to the chromoelectric field.

’If light quark degrees of freedom are present, then color-
singlet two-meson exchange potentials may be present that fall
off exponentially but may take an approximate 1/R form for
scales smaller than the inverse light meson mass [98]. It is also
possible that nonperturbative effects that vanish at all orders in «,
for instance, associated with color-singlet glueball exchange,
could lead to contributions to the pNRQCD potential that take an
approximate 1/R form for scales smaller than 1/Aqcp. Further
calculations outside the scope of weakly coupled pNRQCD are
needed to investigate whether small but nonzero binding energies
(for instance, suppressed by powers of e~/%) could result from
such effects.

016013-4



BARYON-BARYON, MESON-MESON, AND MESON-BARYON ...

PHYS. REV. D 113, 016013 (2026)

that Vo must similarly be proportional to r,, and so

V<11®1’_2) = 0. Since the potential has total mass dimen-
sion +1 and the powers of r;, r, must be canceled by
inverse powers of the interhadron separation R, the poten-
tial must fall off at least as fast as R (up to logarithms).

This is consistent with previous studies of quarkonium-
quarkonium systems that have studied the same multipole
expansion and found that van der Waals potentials are either
of dipole-dipole form or involve two-pion exchange dia-
grams [96-98]. Note that this long-range form is only
applicable for scales 1/my << R < 1/Agcp and does not
necessarily coincide with the asymptotic form of the
potential that would appear in a van der Waals EFT
[91,98] that was matched directly to nonperturbative QCD.

This argument applies to the pNRQCD static potential at
any finite order in a. It further applies to O(1/mjp)
corrections to the potential for any power n. The only
critical assumptions in the argument are that the non-
relativistic expansion underlying pNRQCD is applicable
for all quark degrees of freedom; potentials that are
nonanalytic in 1/m, such as e="¢® /R, taking a monopole
form for R << 1/m,y, are not excluded by this argument. In
particular, such potentials nonanalytic in 1/m, include the
e "R /R Yukawa potentials between color-singlet baryons
familiar from nuclear physics.

C. NLO van der Waals potentials cannot bind

In general, potentials falling at least as fast as 1/R? do
not form bound states if their coefficient is small. More
explicitly, suppose that the intrahadron potential is «/r so
that the characteristic size of individual hadrons scales as
r~ 1/(amg), where here and below ~ denotes proportion-
ality in the small-a limit. Further suppose that the terms
depending on the interhadron distance R take the form

V(R)N_{%(ﬁ)‘*" (R > r) 8)

al+n

% (R<r)

for k > 0, n > 0. Then there are no hadron-hadron bound
states whose color state is a product of color singlets in the
a — 0 limit.

Before proceeding to a proof, note that the pNRQCD
potential between two color-singlet hadrons has the same
asymptotic behavior as Eq. (18). The large-R behavior of
V(8D s argued to be O(R™>) based on Gauss’s law
arguments above, which satisfies the constraints £ > 0 and
n >0 on the large-R form of Eq. (18). The small-R
behavior cannot be stronger than the Coulombic behavior
of the pNRQCD potential between hadron constituents.
The constraint that n > 0 in the a!™ /R form at small R
comes from the result in Sec. I A that V(1®) vanishes
identically at LO, and therefore any nonvanishing terms are
suppressed by a!** with n > 0.

To demonstrate this, we need to consider two cases: a
bound state with radius R < r and one with radius R = r. In
both cases, the uncertainty principle dictates that the
momentum variable P conjugate to the intra-radius sepa-
ration R scales as P ~ 1/R. In the first case, where R < r
and the bound state is relatively compact, the potential
energy associated with R is —a!™"/R and the associated
kinetic energy is P?/mg ~1/mgR*. The sum of these
contributions is

LT N N S
R mQR R mor
N%(l —a") > 0, (19)

using the fact that R<r~1/a and " < 1 for n > 0.
Positivity of the total energy contribution contradicts the
existence of a bound state.

In the second case, where R = r and the bound state is
relatively diffuse, the same sum of kinetic and potential
contributions becomes

(= R ) o (1= /R

1
2
mQR2

(I—a") >0, (20)

where the first line uses  ~ 1 /(am) and the inequalities in
the second line follow from /R < 1 and @ < 1. Again, the
total energy is positive, so there is no bound state.

Note that this theorem does not apply to a potential of the
form log(uR)/R?, which falls off more slowly than 1/R.
However, it does apply to In”(uR)/R? for any power p.

The results of Secs. II A and II B imply that pPNRQCD
van der Waals potentials between color-singlet hadrons are
O(a?In? (uR)/R?) and therefore satisfy the theorem with
n=1 and k= 0. This in turn implies that there are no
hadron-hadron bound states whose color state is a product
of singlets in SU(N), SO(N), or Sp(2N) gauge theories in
the limit where all quark masses satisfy my > Agep. We
reiterate that this ignores long-range forces from light-pion
exchange, as well as nonperturbative corrections to weakly
coupled pNRQCD, and thus does not entirely describe
finite-mass heavy flavors such as b quarks in real QCD.

III. EXOTIC COLOR CONFIGURATIONS
IN PNRQCD AT NLO

The results of the previous section imply that color-
singlet-product hadron-hadron bound states do not exist
when mg > Aqcp but leave open the possibility of hadron-
hadron bound states whose color structure is more exotic
than a product of singlets. We do not know of a general way
to prove whether such bound states exist analytically.
Instead, the energies of different color configurations must
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be computed numerically for particular gauge groups.
Although it is impossible to cover the infinitely large
Hilbert space of space-color configurations, it is possible
to use pNRQCD to scan over a wide range of color
configurations with physically motivated spatial wave
functions.

This section explores this larger space of color configu-
rations for SU(3) gauge theory with mgy > Agcp using
GFMC calculations of four-, five-, and six-quark systems.
First, the pNRQCD formalism, valid through NNLO and
GFMC methods, is briefly reviewed. Complete bases of
tensors and physically motivated trial wave functions are
then constructed for color-singlet tetraquark, pentaquark,
and hexaquark states.

A. pNRQCD
The pNRQCD Hamiltonian is given by

H=T+ VW 4 VW 4 Vit 4 ... (21)

where T is the nonrelativistic kinetic energy operator
defined in terms of heavy quark fields w(r) and antiquark
fields y(r) by

2 2
P [ @i o) + 20 )], 2)

where i is a color index and two-component spinor indices
are suppressed. The potential terms in H are computed in a
joint expansion in powers of 1/m, and the strong coupling
constant a; is evaluated at scales proportional to mg. In
what follows, we count each insertion of 1/m, as the same
order as a power of a,(u,) where u, ~ a;mg, in line with
the joint NRQCD/pNRQCD power-counting prescriptions
of Refs. [62,60].
The quark-antiquark potential operator V%7 is

v — / Py (r ) r)x r)wi(r)

1

X {551','5“‘/'{%("12) +2T4TH VG (ra) | (23)

where the 7¢ are 8u(3) generators normalized as

Tr[T°T"] = 36°°. The V{*(ry;) and V4 (ryy) are color-

singlet and color-adjoint potentials, respectively. It is

convenient to define the color-singlet potential as [104]
4(1\/

Vi¥(r) = m , (24)

where the tree-level Casimir color factor Cr = 4/3 enter-
ing the QQ one-gluon-exchange diagram is factored out
and ay = a, + O(a?) is defined to absorb the loop-level
corrections to the potential that were computed to NNLO in

Ref. [105] and N3LO in [106,107]. When computed in
fixed-order perturbation theory, ay and therefore V¥ (r) are
renormalization scale dependent and include factors of
In(u|r|), as defined in Ref. [89]. We are currently incor-
porating the renormalon subtracted and resummed static
potential in the minimal renormalising subtraction scheme
[108,109]; results will be presented in forthcoming
work [110].
The adjoint potential can then be defined as

8
vy ay  oa,
=—4—= 2
Vs r) 6lr]  |r]° (25)

where the tree-level color factor is again isolated and a3 is
defined to absorb representation-dependent loop-level cor-
rections to the potential. These corrections first appear at
NNLO and were computed in Refs. [111,112] as

2
sad = a (%> [—97*(12 = 2%)] + O(a3).  (26)
7T
The quark-quark potential is given by
Y :/d3r1d3r2u/j(r1)ll/;("z)ll/k(rz)llfl(rl)

1 . 1 ’
X [4€ijo€klovgw(r12) +t7 (866 + 6:16:) Ve (r2) |
(27)

where V§"(r|,) and Vg (r|,) involve color-antisymmetric

and color-symmetric products of quark fields, respectively.
The color-antisymmetric QQ potential is given by

2ay 5a§
-+, (28)
3irl - Ir

W

V3 (r) =
where representation-dependent differences besides the
tree-level color factor again arise at NNLO and were
computed in Ref. [80] to be

a 3

sa3 = a, <4—7'[>2 {—Eﬁ(lz - ;ﬂ} +0(ab). (29)

The color-symmetric QQ potential is given similarly to

6
pwn Qv oa;
V6 (r) - 6|r| + |I‘ ’ (30)

where [80]

8aS = a, (%;)2 [—gnz(lz - n2)} +o@@)). (31

The antiquark-antiquark potential is identical by charge
conjugation, and V#* is obtained from Eq. (27) via the
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replacement y — y. Three- and four-quark potentials enter
H at NNLO [78,80]. Moreover, spin-independent and spin-
dependent interactions first arise at O(a?/my) and
Olay/ sz) respectively, and contribute to the spectrum
already at NNLO [67,113,114]. Effects from ultrasoft modes
lead to the appearance of additional nonpotential terms in H,
but these do not enter until N°LO [64,69,82,115,116].

The eigenvalues of H, denoted AE below, are the masses
of pNRQCD energy eigenstates minus the rest masses m,
of their constituent heavy quarks/antiquarks. The definition
of mg and choice of renormalization scheme and scale u
will modify AE(mg, u) such that the masses of pPNRQCD
energy eigenstates are scheme- and scale-independent up to
perturbative truncation effects. We use the quark-mass
scheme and results for m; and m, obtained in Ref. [80]
in which the “pole masses” m, appearing in H are obtained
by solving

using experimental results for M5, where AEy5(m ., pt) is
computed using u = p,(mp) obtained numerically as the
solution to

,up(mQ> = 4a.v(ﬂlz(mQ>)mQ' (33)

Heavy quarkonium states only involve the color-singlet
wy potential, which is attractive and leads to a hydrogenlike
spectrum of QQ bound states. Triply heavy baryon states
only involve the color-antisymmetric ywy potential, which
is attractive and leads to the appearance of QQQ bound
states. Color-singlet with four or more heavy quarks/
antiquarks, which include multihadron states as well as
possibly bound tetraquarks, pentaquarks, hexaquarks, and
more, involve the complete set of attractive and repulsive
potentials described above.

B. Quantum Monte Carlo

For an arbitrary trial state |¥7(w)) with parameters
® = (w,...), the variational principle dictates that
AE < (Y7 (w)|H|¥Y7(®)]). Numerical minimization of
(Vr(w)|H|¥r(@)) can therefore be used to determine
the best ground-state approximation within a parametrized
family of wave functions [117]. We evaluate these matrix
elements using wave functions ¥;(R;w) = (R|¥;(w))
that depend on spatial coordinates R = (ry, ...,ry Q),
| ERY;(R) H(R) ¥ (R)

JERYR)P

<‘"PT|H|LPT> = (34)

where (R|H|R') = H(R)6(R — R'), states are assumed to
be normalized as (¥;|¥7) = 1, and dependence on @ is
suppressed for brevity. We use Monte Carlo methods to
stochastically approximate Eq. (34) by sampling R from

a probability distribution proportional to |¥7(R)|*> and
then obtaining (¥;|HW;) as the sample mean of
¥, (R)*H(R)¥7(R) for this ensemble.

The accuracy of ground-state determinations using this
variational Monte Carlo (VMC) approach is limited by the
expressivity of a given family of trial wave functions, and
we therefore adopt the standard QMC strategy of using
optimal trial wave functions obtained using VMC as the
foundation for subsequent GFMC calculation [86,88].
GFMC employs imaginary-time 7 evolution (analogous
to lattice QCD calculations) to dampen the excited-state
components of |¥7) and formally allows the ground state
for a set of quantum numbers to be obtained from any trial
wave function with the same quantum numbers as
lim,_, e~ *|W;). The imaginary-time evolution operator
e~H* cannot be straightforwardly constructed for arbitrary
7, but it can be approximated by splitting z into N, intervals
of size 6t = 7/N, for N, > 1 and using the Lie-Trotter
product formula:

N,-1
Rle " r) [ ]] dRi(Ry e Ry}
i=0
(R e Ro) (Ro %), (35)

with equality obtained in the N, — oo limit. Green’s
functions Gy, (R,R') = (R|e"H%"|R") are approximated
with the Trotter-Suzuki expansion

Gs:(R.R') = (R|e™™|R')
~ e—V(R)&r/Z <R|e—T51 |R/>e—V(R’)6T/2’ (36)

where the kinetic piece (R|e~"%|R’) is proportional
to a Gaussian e~ ®=R)/Z with 22 = 26t/my [86,88].
Therefore, GFMC evolution for each Trotter step can be
achieved by sampling R — R’ from a Gaussian distribution
and computing the action of the potential on coordinate-
space states. We further employ strategies to improve the
precision of GFMC by randomly choosing between
updates with £(R —R’) as detailed in Ref. [88]. The
kinetic piece is diagonal in color, while for a state built
from N, heavy quark/antiquark fields, the potential is
represented as a 3Ny X 3N, color matrix, and we approxi-
mate the matrix exponentials in Eq. (36) using a second-
order Taylor expansion.

Calculations of Hamiltonian matrix elements after imagi-
nary-time evolution provide effective energies

(Wr|He "7 |¥7)

AEE) =, oy

(37)

These effective energies approach the ground-state energies
AFE in the 7 — oo limit and include additional exponentially
suppressed contributions from excited states at finite 7 as
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summarized in Ref. [80]. The contributions are necessarily
positive, and therefore AE(z) provides a variational bound
that must approach the ground-state energy from above.

C. Tetraquarks / meson-meson systems

The pNRQCD potentials for QQQQ states, which can
describe bound tetraquarks or unbound meson-meson
systems, at LO and NLO are discussed in Refs. [89,90]
and reproduced here for completeness. A convenient basis
of interpolating operators for these states is

OO0 .C
0100000) = yyy oy T1990CC0), (38)

where C€ {3 ® 3.6 ® 6} labels the two ways of combin-
ing diquarks (color representations 3 ® 3 =3 @ 6) and
antidiquarks (color representations 3 ® 3 =3 @ 6) into
color singlets. The color tensors for these operators are
given by

Qo
Wi
®
&

T(000. (6611 — 66 ).

2f

Qo
=
®
3'

T(200. (610 + 6udjx)- (39)

2f

The potentials for coordinate-basis states |QQQQ) =
Ly (e )w(x5)y(x3)w(x3)) are defined by the matrix elements

Ve = (000QIV™ + Vv|00QQ).  (40)
For these color basis states, they are given up to NLO by
[89,101]

(0Q00Q.NLO)
V3®3 __g<i+i>
oy 3\Irisl ol
1 1 1 1 1
-t +t——+—, 41
3<|"12| sl sl |"34|> 4D
where r;; =r; —r;, and
000O.NLO
%LQQ<;+;>
ay 3\l ol

_§<L+L+L+L> (42)
6 \|[rio| ~ [rial  |ras| a4

LO results are immediately obtained by taking ay =
a, + O(a?); NNLO results are nontrivially different as
discussed below.

The color tensors C e {3 ®R3.6Q 6} provide a com-
plete basis for QQQQ color wave functions. In particular,
alternative structures involving products of color-singlet
and color-adjoint structures can be written as linear
combinations of these two basis tensors using the identity

T4TY, = % (846 —%6;;6). Even so, it is convenient to
extend the basis above to an overcomplete set including an
operator with C =1 ® 1 describing a product of color-
singlet mesons

As discussed in Refs. [89,101] and Sec. I A, the potential

for this color state is simply the sum of the two intra-meson

potentials,
VigeooNto) ( 11 >
8 - — 4+ — (44)

ay ria| - [ral

with vanishing van der Waals potentials involving con-

stituents of different mesons at LO and NLO.

The vanishing of van der Waals potentials implies that
color-singlet meson-meson product states are exact eigen-
states of the pNRQCD Hamiltonian at LO and NLO.
However, this does not immediately imply that they are
the lowest-energy eigenstates. To determine whether tetra-
quark-bound states are present in pNRQCD, Hamiltonian
matrix elements must be evaluated for a complete basis of
color states. This calculation was performed at LO in
Ref. [90] and extended to NLO in Ref. [89] with the result?
that the minimum-energy linear combination of 3 ® 3 and
6 ® 6 color states is equivalent to the 1 ® 1 state. One
caveat must be noted: although the Hilbert space of
(normalized) tetraquark color states is one-dimensional,
the Hilbert space of spatial configurations is infinite-
dimensional and cannot be searched exhaustively.

The numerical explorations in Ref. [89] use a variety of
spatial wave functions, including Hylleraas-type molecular
wave functions for 1 ® 1,

Y, =e (Irial+lrsal)/a g=(Iris|+rial s +lraal ) /b (45)
where a = 2/(4/3ay) is the quarkonium Bohr radius and
b/a is a free “variational” parameter to be varied. These are
analogous to the variational wave function first used to
identify the positronium molecule [119], where the mini-
mum-energy configuration has b/a =~ 5.8. For pNRQCD,
the minimum-energy configuration is given by the uncor-
related meson product wave function corresponding to
b/a — oo, indicating that there is no meson molecule
bound state analogous to the positronium molecule.

Similar wave functions are used for other color con-
figurations with 4/3 replaced by the color factor C;
multiplying —1/|r;;| in the potential for that color

*Reference [118] obtained the opposite result at LO; the trial
wave function claimed to lead to equal-mass bound states in that
work was explicitly studied in Ref. [89] and found not to lead to
an equal-mass bound tetraquark state.
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configuration,

Y, = He_‘rij‘/aij’ (46)

i<j

where a;; = 2/(C;;ay) and the product runs over all pairs
of indices where C;; >0, corresponding to attractive
interactions.

These numerical simulations cannot formally prove that
a more exotic configuration does not lead to a bound state.
However, the pNRQCD potential is a smooth function of
the spatial coordinates. These numerical results scanning
over the whole Hilbert space of color states with physically
motivated spatial wave functions and evolving for large
imaginary times 7>> 1/(aZm) provide strong evidence
that 1 ® 1 states are the lowest energy configuration of
equal-mass QQQQ systems at LO and NLO.

The situation for unequal-mass QQQQ states is more
complicated. For btbt states with m, > m,,, for example, the
3 ® 3 configuration with a compact t¢ diquark “core”
surrounded by a much less compact b b antidiquark “cloud”
leads to a lower-energy configuration describing a bound
unequal-mass tetraquark state at LO [89,90] and NLO [89].

The nonexistence of equal-mass tetraquarks and binding
of unequal-mass tetraquarks can both be reproduced by a
straightforward prescription: approximate the total energy
as the independent sum of Coulomb binding energies
—(2m;m;)/(m; + m;)Ci;a3,/4 for each attractive potential
ayCyp/|r;j| between quarks with masses m; and m;.
Although this naive approximation is not quantitatively
valid in pNRQCD, it correctly reproduces the relative
ordering of variational energies for 6 ® 1_5, 3® Jand1 ®
1 color states in the equal-mass case and even quantitatively
reproduces the binding energies of unequal-mass tetra-
quarks in the extreme mass-ratio limit [89].

D. Hexaquarks / baryon-baryon systems

Six-quark, 6Q, systems can be analyzed analogously
using interpolating operators of the form

60.C
OO =y iy, T . (47)

There are five independent ways to form color singlets from
a product of six 3 representations, which can be conven-
iently described as products of three diquarks and classified
by whether each diquark is antisymmetric (3) or symmetric
(6). The combinations that give rise to color singlets are
Ce{AAA,AAS,ASA, SAA, SSS}, with color tensors given
by [33]

(60.AAA)
Tijklmn = Eijm€kin — Eijn€kim»
(60.AAS)
Tijklmn = Eijm€kin + Eiin€kim>
(60.555) _
T iikimn = €ikmEjin T Eikn€jim + EjimEitn + €jkn€itms  (48)

with 7045 and T8 defined by T\ ot with

the permutations (i, j, k, I, m, n) — (i, j, m, n, k,[) and
(i,j,k,l,m,n) > (m,n,i,j, k1), respectively.
The potentials for coordinate basis states [6Q) =

[y (e )y (202 )y (263 )y (x5 )y (x4 ) (x5 )y (x6)) can again be
defined exactly as in Eq. (40),

vE? = (60|V*160). (49)
They are given for the AAA color state by

V%M>JGL_L_L>
Iria| - |rsal  |rsel

(ZV o 5
1< 1 n 1 n 1 n 1 >
6 \Iris|  |rial  Iris| el
1 1 1 1 1
-ttt —
6 \|ras|  [raal  Iras|  |ra

1/ 1 1 1 1
-+ —+t—+—. (50)
6 <735| 36| |ras |r46|>

This color state is noteworthy for having entirely attractive
interactions. It can be described as three diquark pairs with
strongly attractive interactions, where the diquarks have
weaker attractive interactions among themselves. The
potential for the SSS color state is

(60.NLO)
(L R Y
Qy 3\Irial  Iraal - |rsel

5 ( 1 n 1 n 1 n 1 )

12 \|ri3]  |rial  |ris| |6l

CY (N -

12 \|ro3] * |roa| * |ros|  |rol

5 < 1 1 1 1 >
-———F—+—+—], (51)

12 \|r3s|  |r3|  |ras|  |rael

which includes a mix of attractive and repulsive potentials.
For the AAS color state, the potential is

60,NLO)

(
\% 2/ 1 1 1
AAS:_<+>+
ay 3\Ir| |l 3rsel
n 1 ( 1 n 1 ) 5 ( 1 n 1 )
12 \|r3] |l 12 \|ris| |6l
() 2 ()
12 \[ro3] |74l 12 \[ros|  [rag]

L) ()
12 \|r3s| |36 1 4] |"46|.
(52)

The ASA and SAA potentials are related to those of AAS via
the permutations described above. As in the meson-meson
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and meson-baryon cases, the sum of all color factors is
identical for each of the different color states.

As in the QQQQ case, products of two color-singlet
(or two color-adjoint) baryons are not linearly independent
from the basis tensors described above, and it is convenient
to consider an overcomplete set of operators in which color-
singlet products are included. The LO and NLO potentials
for products of two color-singlet baryons, defined by the
color tensor

60.191
T,(-ﬂgmn ) = ggijkglmm (53)

exhibit the same remarkable cancellation of all van der
Waals potentials seen above,

VEENO ( 1 1 1 )
Qy 3\l sl frosl

2/ 1 1 1
- —F+—+—) (54)
3 <|"45| |46 |r56|>

Therefore, a product state of two color-singlet baryons is an
exact eigenstate of the pNRQCD Hamiltonian at LO and
NLO. The question of whether bound hexaquark states
exist is whether this eigenstate is the ground state with these
quantum numbers.

It is noteworthy that the sum of the coefficients of each
term in Eqgs. (50)—(54) is identical in all cases; the same
coincidence occurs in Egs. (41)-(44) and for meson-baryon
systems below. We do not have a simple explanation for
this coincidence.

The sum of squares of color factors for attractive
potentials is largest for the 1 ® 1 color state. The naive
sum of Coulomb energies therefore suggests that it is
unlikely that any other color state above leads to a lower-
energy state than 1 ® 1 and therefore that it is unlikely that
equal-mass bound hexaquarks arise in pNRQCD at LO
or NLO.

This supposition can then be directly tested with GFMC
calculations starting from variationally optimized versions of
the trial wave functions introduced above. For LO calcu-
lations, the only dimensionful parameters are r and m,, and
it is convenient to use “atomic units” that have been rescaled
by the prefactor of the 1/r potential. In particular, calcu-
lations are performed with o, = 3/2 such that the LO
prefactor of 1/r is equal to unity. Results for arbitrary
values of m, are then obtained by computing «; using the
renormalization scale choice defined by Eq. (33) and then
rescaling momenta (energies) by (2/3)a, (squared) with
lengths and imaginary times rescaled by the inverses of these
quantities. At NLO, the renormalization scale enters explic-
itly, and calculations must be performed independently for
each value of m,. Apart from the scalings arising at LO,
only weak dependence on m is observed in the results,
as expected from the logarithmic sensitivity of the NLO

potential to u/mg. For concreteness, results below use a
PNRQCD pole mass of m; = 4.86831 GeV corresponding
to a,(u) = 0.227325 based on tuning in Ref. [80].

For each color state described above, Coulombic trial
wave functions of the form Eq. (46) are employed. The
values a;; = 2/(C;;ay) are found to be local minima of
AEgg, just as in the four-quark studies of Ref. [89]. For the
1 ® 1 wave function, we additionally include Hylleraas-
type wave functions of the form Eq. (45) with the parameter
b/a setting the ratio of the “Bohr radii” for exponentials
involving interbaryon and intrabaryon quark pairs. We find
that the minimum value of AE¢, is obtained as b/a — oo at
both LO and NLO, corresponding to an uncorrelated
product of baryons. In both cases, the energy is equal to
twice the single-baryon energies AEpp.

Optimized wave functions with AAA, AAS, SSS, and
1® 1 color structures,” as well as Hylleraas-type wave
functions with b/a=5.8 and 1® 1 color-structure
describing QED molecules, are used as trial wave functions
for GFMC calculations.® Based on results from Ref. [80]
for baryons and additional numerical tests for six-quark
systems, at LO an imaginary time step of 67 = 0.02/m, in
atomic units is found to lead to negligible discretization
effects. At NLO we take 67 = 0.5/mg. To ensure that
excited-state effects are suppressed, imaginary times zmg 2
10/(2/3a,)? are employed that are larger than the inverse
binding energies arising in the QED analog of positronium
molecules. In particular, we set Nep = 500 at LO and
Neps = 200 at NLO, with N\ers = 1000 in both cases. If
there were a bound state with binding energy =0.1 in atomic
units present, then O(e~"(AF1=20)) excited-state suppression
would ensure that effective energies from trial wave func-
tions with modest ground-state overlaps would approach the
bound-state energy in our calculations. No such bound state
is observed. As seen in Fig. 1, effective energies computed
using each trial wave function converge to AEg,(7)~
2AEpgo for tmy 2 3-5 in atomic units for AAA, AAS,
and SSS wave functions at both LO and NLO. Trial wave
functions with 1 ® 1 wave functions converge even faster,
with b/a=oco wave functions apparently converging
immediately at LO. All of these numerical results are
consistent with the scenario that AE¢y = 2AEpp¢, and
therefore two-baryon systems are unbound at LO and NLO.

The spin-independence of the pNRQCD Hamiltonian at
LO and NLO implies that it is not necessary to explicitly
incorporate quark antisymmetry into our spatial and color
trial wave functions. Simple spin configurations in which

>Trial wave functions with ASA and SAA color structures give
identical results to AAS for equal-mass quarks by permutation
symmetry.

®The scale r at which ay (u »» 1) is computed to determine the
Bohr radii 2/(C;ay) is chosen here and below such that
In(u,r) = 0.5 based on single-baryon trial-wave-function opti-
mization in Ref. [80].
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FIG. 1. Effective energies for equal-mass hexaquark trial states

with imaginary-time evolution computed using GFMC in “atomic
units” where the prefactor (2/3)a, of the color-antisymmetric
quark-quark potential is set to unity. Top: leading-order (LO)
evolution of the compact 1 ® 1 color-singlet state, the elongated
singlet (b/a > 1), and the AAA, AAS, and SSS color structures
defined in the text. Bottom: next-to-leading-order (NLO) evolution
using a,(u = my) = 0.227325 at m;, = 4.86831 GeV. In both
panels, the dashed horizontal line marks the open two-baryon
threshold.

one baryon has three spin-up quarks and the other has three
spin-down quarks lead to valid total wave functions in
conjunction with 1 ® 1 trial wave functions; for other
operators, each diquark should be chosen to be spin-singlet
(spin-triplet) if it is color-symmetric (color-antisymmetric).
However, other spin configurations require different trial
wave functions with explicit antisymmetrization to con-
struct valid total wave functions. Such configurations are
described by linear combinations of the operators above
with color indices and spatial coordinates permuted differ-
ently for different terms. To test the possibility that such a
trial wave function could lead to a lower-energy state that
has nearly zero overlap with the ones studied above, we
explicitly constructed linear combinations corresponding to
products of spin-1/2 baryons with the correct quark
antisymmetrization for a variety of flavor structures such

LO

_0.90}F O 191 b/ax58 O 1®1 i

O 1®1,b/a~ 5.8, (the)(the)

=T

3 -

ZJ ~0.95 [T Iy

jall T]f% T i b

= 'Et:l b

& 100l L

5

3 ¢
~1.05F 1

0.0 0.5 1.0 1.5 2.0
T mg (2/3 a,)?

FIG. 2. LO results for a subset of the trial states in Fig. 1
compared to those including explicit quark antisymmetry, suit-
able for a product of two identical spin-1/2 (heavy-mass)
(uds)-flavored baryons.

as (tbb)(ttb), (tbb)(tbb), and (tbc)(tbc). As seen in Fig. 2
for the (tbc)(tbc) case, only minor differences arise
between GFMC results for these wave functions and the
ones described above.

E. Pentaquarks / meson-baryon systems

Five-quark QQQQQ states describing bound penta-
quarks or unbound meson-baryon systems can be analyzed
analogously in pNRQCD. Interpolating operators for these
states can be defined as

T(QQQQQ,C)

00C0E) — vy T i > (55)

where a complete basis of color tensors is provided by three
structures C€ {1 ® 1,8 ® 8,8, ® 8,} [120] defined as

(00000181 _ _1_5

3\/5 zjeklmv

_ 1
T(0000088%) — “T4T e,

_ 1
T(Q0000818%) — ~T4 T, e, (56)

The potentials for coordinate basis states |QQQQQ) =

(e ) (32w (263 ) (x5 )y (x4 )y (x5))  can be  defined
exactly as in Eq. (40),
vPeoo) = (00000|V¥ + V*¥|00000).  (57)

For the 1 ® 1 color configuration, the potential at LO and
NLO exhibits cancellation of van der Waals potentials
between the meson and baryon constituents and takes the
simple form

ay __3|"12|_g

sl |rss| o [rasl

00QQQ.NLO
Vi ) 4 2< S | ) (58)
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Again, this occurs from cancellations between attractive
and repulsive potentials for each QQ and QQ pair
involving one meson and one baryon constituent.

The potentials for the linearly independent color states
can be computed similarly. The 8 ® 8 potential takes the
form

v%wmﬁzl_%i+;_gg
oy 6rin] 6 \|ris|  [ria|  |rs)

R -
12 \|ros|  |ros| 12 \|r4]  |r3s]

1 2 (59)

3|ros] 3|"45|'

The 8, ® 8, potential is similarly given by

Viso o ()
oy 6lri3| 6 \|ris|  |ria|  [rial

L) o ()
12 \[ro3] * [r34] 12 \|ros|  |rus|

1 2
— — . 60
3lrss| 3| (60)

The 8, ® 8, potential can be recognized as identical to the
8 ® 8 potential with the quark indices permuted as
(2,3,4,5) = (3,5,2,4). For equal-mass QQQQQ sys-
tems, the 8, ® 8, potential will therefore provide identical
matrix elements to the 8 ® 8 potential.

The sum of the squares of the color factors for the
attractive potentials in Eq. (59) [and Eq. (60)] is smaller
than the corresponding sum of squares for the color factors
in Eq. (58). Within the naive sum of Coulomb energy
approximation, this suggests that it is unlikely that the
8® 8 (or 8, ® 8,,) color configurations will lead to an
equal-mass pentaquark bound state.

As in the hexaquark case, we can analyze the pentaquark
spectrum more quantitatively by first employing VMC to
determine the optimal trial states and then evolving the
resulting wave functions in imaginary time with GFMC.
Here, LO results use “atomic units” for the color-singlet
meson-meson potential with o, = 3/4, a step size of
ot = 0.02, and a propagation length of N, = 500. NLO
results use my = m;, = 4.86831 GeV as in Ref. [80] with
ot = 0.2 and N, = 1000. Statistics of Nyers = 1000 are
used in both cases. In both cases, this is sufficient to ensure
that zmg 2 10/(4/3a,)?. The minimum-energy configura-
tion for 1 ® 1 wave functions is found to be an uncorrelated
meson-baryon product wave function; results for this and
a Hylleraas-type wave function with b/a ~ 5.8 are shown
in Fig. 3. Effective energies computed with all trial wave
functions approach the open meson-baryon threshold,
although the 8 ® 8 trial states are much noisier and show

1®1,b/a~58 B

O 88 O

AEsy(1)/|AEs, + AEy;|

_ -0.7)%

S |

< -0.8

+ [

23 -0.9f

= |

< _10f

S [

4 [

~1.1p
7 mg (4/3 a,)?

FIG. 3. Top: effective energies for equal-mass pentaquarks at

LO in pNRQCD. Colors and markers distinguish the three trial
wave functions discussed in the text: the compact color-singlet
configuration 1 ® 1 (red circles), an elongated 1 ® 1 state
with aspect ratio b/a > 1 (orange triangles), and the color-
octet configuration 8 @ 8 (green squares). Bottom: analogous
results at NLO, obtained with my = m;, and the renormaliza-
tion scale from Ref. [80] and y, defined in Eq. (33). In both
panels, the dashed horizontal line marks the open meson-
baryon threshold.

large fluctuations for large imaginary times. The GFMC
results are consistent with there being no equal-mass meson-
baryon bound states.

IV. NNLO VAN DER WAALS POTENTIALS

All NNLO contributions to the pNRQCD potential that
lead to the same color structure as the LO potential will lead
to vanishing van der Waals potentials between color-singlet
hadrons due to the same cancellations discussed for LO and
NLO above. In particular, this shows that 1/m, and 1/ sz
potentials arising at NNLO do not lead to van der Waals
potentials between color-singlet hadrons—any nonvanish-
ing NNLO van der Waals potentials must arise from the
static potential and lead to spin- (and flavor-)independent
interactions between hadrons.
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Such NNLO van der Waals potentials can indeed arise
from two-gluon-exchange diagrams involving gluon self-
interactions that have different color structures than the
LO potential. Two-quark, three-quark, and four-quark
potentials all make contributions and are considered in
turn below. It is demonstrated that pNRQCD van der Waals
potentials are nonzero for some color-singlet hadron-
hadron product states. However, the leading 1/R term in
a multipole expansion of this van der Waals potential is
explicitly demonstrated to vanish, in agreement with the
argument from Gauss’s law in Sec. II B.

A. Two-quark van der Waals potentials

In Coulomb gauge, the only diagram that leads to QQ
potentials with a different color structure than their LO
counterparts is the H-diagram [111,112] shown in Fig. 4.
The contribution to the potential is i times the value of this
diagram, which is given by [121]

3
- ay -
V@ (r),) = (4—7'[)26(QQ>H("12)’ (61)

where the color tensor is
Cir = (TT) (T ) f o1, (62)
and the H-diagram spatial integral is given by
(47)° / P qdgd’qs
2 (27)°
x (g - ql)i(éij _kikj/kz)(qB - ‘I4)j]
elql T eiqZ'rZ eiq3'rl eiq4'r2
71939395k
27712 - 7?)

1|

H(r) =

, (63)

where g4 = —¢, —¢> —q3 and k = g, + ¢, — q3 — q4; see
Appendix for detailed discussion of the Feynman diagram
factors involved. Contracting the color tensor with inter-
polating operators proportional to §;;5y; for color-singlet

states and T7,T}, for color-adjoint states correctly repro-

duces known results [111] for 5a§8) in Eq. (26) as
demonstrated in the Appendix.

The analogous H-diagram contribution to the QQ
potential is given by [78,80,121]

3
aS
V@A (r,) = (4n)? COOH(ry,), (64)
where the color tensor is
Cisit) = (TTY (T T . (69)

Contracting this color tensor with interpolating operators
for 3 and 6 diquark states reproduces results for 5a§3) and
5aé6) from Ref. [80] as demonstrated in the Appendix.

Meson-meson van der Waals forces arising from the QQ
and QQ H-diagrams can be derived by contracting the
same color tensors with the operator ((@2221®1) defined
in Egs. (38) and (39). The contractions with both color
tensors are identical,

(0000.181) ~(00) ~(0000.181)
Omink Cijkl Omjnl

s

W W

(0000.181) (00) ~(0000.181)
Omikn Cijkl Omjln

Meson-baryon and baryon-baryon van der Waals potentials
can be computed analogously using the operator defined in
Egs. (55) and (56) and Eqgs. (47) and (53), respectively,

(00000.181) ~(00) ~(00000181) _ 2
Ominka )Cijkl Omjnlo = _g’
0 D) (O 2
00000,181) »(00 00000111
Olimino )Cz('jkl >(ngjm) ) = _§ ’
60.11) ~(00) ,7(60.181 2
Ogmnkop )Ct('jkl )Og'mnlop ) - _g . (67)

In all cases, the hadron-hadron van der Waals potential
contribution from two-quark diagrams is given by

0=

Y0000000000Y

=) 0 —{)

(e— e

—) (—=

FIG. 4. Feynman diagrams with two active quarks that lead to nonvanishing interactions between color-singlet meson-meson (left),

meson-baryon (center), and baryon-baryon systems.
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272(12 — 7°)

Ir;

pwLo2o) 2 @

HH 3 (4n)? - (68)

i€eHjeH 7 |
where H and H’ denote the sets of quarks in each hadron.

Consider the limit of widely separated hadrons, i.e., for
meson-meson systems r;,r, = r, and r3,r, — rg with
[F15], |r34| < |rap|- Denoting the hadron-hadron separation
in this limit by R = r,, the contributions from quark-quark
and quark-antiquark diagrams sum to

NNLO2g) 8 al 27°(12 — %)

Vi = 30y R +O(1/R?).  (69)

In the limit of large meson-baryon separation where
ri,rp >ry and r3,ry,rs - rp the total meson-baryon
van der Waals potential contribution is

a 272°(12 — %)
@’ K]

NNLO,20)

Vi =— +O(1/R?).  (70)

In the limit of large baryon-baryon separation where
ry,ry,r3 > ry and ry,rs,rg — rp the total baryon-baryon
van der Waals potential contribution is

y(NNLO20) _ al 272°(12 — %)

o R +O(1/RY).  (71)

B. Three-quark van der Waals potentials

The three-quark potential was derived at NNLO in
Ref. [78]. In Coulomb gauge, it arises from the sum of two
diagrams shown in Fig. 5 and has an amplitude given by

3
aS’
V(QQQ) (rl’ r27r3) = (4”)2 C(QQQ) U3 <r127r13)’ (72)
where the color factor is
1
3 a c abe ce
Cz('jk%)nn = E{T T }iszlTrdnnf b fd ’ (73)

and the spatial integral is

= 4
4

|

-

FIG. 5.
systems.

d3611d3612d3CI3

v3(ria,ri3) = (4”)5/ (27)°

X [(g2 — q1)i(8;; — kik;/K*) (g5 — q4) ]

el T o272 13T piq4Ts

B3G9k

, (74)

where again ¢, =-¢,—¢,—q; andk = q, + ¢, — ¢35 — qu;
see Appendix for details of the Feynman diagram factors
involved. A convenient integral representation for comput-
ing v3(r,7") numerically is provided in Ref. [78].

To compute the color factors for the baryon-baryon van
der Waals potential, first suppose that r; =r, are in the
same baryon. The first term in the anticommutator in this
case becomes

agc Tb rabe
gijkgi’j’k,TilTli’Tjj/f

— b c Ta fabe
el —gijkgi/j/k/TilTli/Tjj/f

_ b ¢ Ta fabe
= gijkgi/j/k/ leTli' Tij/f

— b b
= _Sijksi/j/k/leng’T?[’fa e, (75)

and will precisely cancel with the color factor for the
diagram where r; <> r, and therefore a <> ¢. This same
cancellation applies to the second piece of the anticom-
mutator, as well as to the case when r; = r; are in the same
baryon. Therefore, the only nonvanishing contribution
comes when quark a is in one baryon with quarks b and
¢ in the other baryon. All of these are equal by symmetry to

O(GQ’1®1)C(3Q)

1
6011
ipgkmr “ijklmn ( = g : (76)

Jjpkinr -

The limit of large baryon-baryon separation therefore
only involves contributions from V(229)(r, r,,r;) where
r; — r, is in one baryon and r,,r; — rp is in the second
baryon. In this case the spatial integral in Eq. (74) can be
recognized as twice the H-diagram in Eq. (63), and therefore

v3(rag.Tag) = 2H(rap)
_4r*(12—-7?)

Iras|

==\
=

(77)

Feynman diagrams with three active quarks that lead to nonvanishing interactions between color-singlet baryon-baryon
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The same result is derived by relating QQ potentials with
those for baryons with two quarks in the same position in
Refs. [78,80]. The total contribution to the baryon-baryon
NNLO van der Waals potential from three-quark diagrams
includes 18 identical contributions of this form,7 and is
therefore given by

a 27*(12 - %)
(47)>  IR|

NNLO,30)

vy =12 +O0(1/R?). (78)

A useful cross-check is obtained by evaluating the
color-tensor contraction with the single-baryon normal-
ized interpolating operator 1/ \/58,:,»,(, which gives

%sikmCE;le,)nne jin = —1/2. The total NNLO three-quark
potential for a color-singlet baryon with r, = r3 is equal
to (=1/2)a3/(4n)*v3(r, rin) = —ai(12 — %)/ (8|r12])
plus singular contributions from diagrams where r, or
r3 is the quark interacting with two gluon lines, which
agrees with Eqgs. (51) and (60) of Ref. [78].

The three-quark contribution to meson-meson van der
Waals potentials involves diagrams with the same spatial
structure and different color tensors,

000 1
Citma =5 (LT [T D) [T o0 2
5 1
Ciftom =5 (AT TR TP T e e (19)

Manipulations analogous to Eq. (75) show that for meson-
meson systems where r; = r»,

agc Tb rabe
(Sijéi/jfTilTli/Tjj/f

— _S5..5.,.,TbTc Ta rabe
- 51151’J’Ti1T1i’Tjj'f

= =80, T5 T3 T f
= =860y THT ;T4 f, (80)

and therefore contractions of these color tensors with
meson-meson interpolating operators will cancel with those
of the diagram where r; <> r,. The only nonvanishing color
contractions therefore involve diagrams where r; < r, and
ry,ry — rp that are identical to H-diagrams in the large
meson-meson separation limit, and Eq. (77) applies. The
color contractions in this case are all identical,

((0000.181) 5(000) (0000.181) _ _ 2

s

imkn ijklmn >~ jmln 3
(0000.181) 5(000) (0000181 _ _2
Omikm Cijklmn Omjln - g : (81)

"There are six choices for which the quark corresponds to ry.
The quarks labeled r, and r; are treated indistinguishably in the
sum of the two diagrams, and therefore for each of the six choices
of r; there are three independent choices of which quarks in the
other baryon are included in the diagram as r, and rs.

The overall sign of the diagrams differs from Eq. (61)
because there are an odd number of antiquark vertices, and
therefore the contribution to the meson-meson van der
Waals potential is repulsive, just as in the baryon-baryon
case. There is a counting factor of four corresponding to the
choice of which quark interacts with two gluon lines, and
therefore, the total contribution to meson-meson van der
Waals forces in the large R limit is

NNLOsg) 16 o) 22°(12 - 7°)

( _ 2
Vi =3 @)y R + O(1/R*). (82)

For meson-baryon systems, the relevant color tensors are

C(QQQ) C(QQQ)

ijklmn > ~ijklmn > and

5 1
Clfiom = 5 (T T )T T e, (83)

Contractions where r; is in the same hadron as either r, or
r3 lead to vanishing contributions due to the antisymmetry
of Egs. (75) and (80). The only nonvanishing contractions
are identical to one of

((00000.181) 5(000) (00000181 _ _ 2

kmiop ijklmn >~ Injop = 3 ’

(00000,181) H(000) ~(00000.181)
Ooikmp Cijklmn Oojlnp

’

(00000,181) 5(000) ~(00000.181)
Oiakmp Cijklmn Ojolnp

(84)

W = W =

There are three independent diagrams where the quark
interacting with two gluon lines is in the baryon—these

involve C fﬁ?m%)

diagram. There are six independent diagrams where the
quark interacting with two gluon lines is in the meson—

these involve CE]Q,{?m%) or OEOQ,{%%QQ’I@)

sign as the QQQ diagram. The total contribution to the
meson-baryon van der Waals potential in the large |R| limit
is given by

and have the opposite sign of the QQQ

and have the same

o) 27%(12 - 7?)
an? K]

(NNLO,3Q)

Vi =38 +O(1/R%). (85)

C. Four-quark van der Waals potentials

It was pointed out in Ref. [80] that four-quark potentials
also arise at NNLO for generic multihadron systems. In
Coulomb gauge, diagrams involving the four-gluon vertex
vanish, and the only diagram that contributes is analogous to
the H-diagrams above and shown in Fig. 6. The contribution
to the QQQQ potential from this diagram is

3
as
y@o) — WC(4Q>U4(r,,r2,r3,r4), (86)
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= §
=

FIG. 6. Feynman diagrams with four active quarks that lead to
nonvanishing interactions between color-singlet baryon-baryon
systems.

where the color factor is

C(4Q)

ijklmnop — T?jTZZTICnnTgpfabefdce, (87)

and the spatial integral is

dq,dq,d*q
v4(ry, 72, 13,14) = (4”)5/1(271)293

X [(g2 —q1)i(8;; — kik;/K*) (g5 — q4) ]
el T pl42T2 p143°T3 piqa Ty

X
et el e

, (88)

where again ¢4 =—¢,—¢>—q3 and k = q; + ¢> — q3 — q4;
see Appendix for details of the Feynman diagram factors
involved.

If r; and r, correspond to quarks within the same baryon,
the contractions of this color tensor with a color-singlet
dibaryon product can be shown to vanish by manipulations
analogous to those in Eq. (75),

i i T T?/fabe

= —eiper Ty T f
= Eijk€i K Tj‘?i’ T?j’f abe
= —EijkEi K T]b-/ T4f abe

=0. (89)

The same result shows that color contractions vanish when
r; and r, are in the same baryon. This means that 40
potential contributions to baryon-baryon van der Waals
forces only arise from diagrams where {r;,r,} correspond
to quarks in one baryon and {r3,r,;} correspond to quarks
in the other baryon. The only nonvanishing contributions in
the limit of two widely separated baryons therefore arise
from configurations where r,r, —» r, and rs,r, — rg.
These are topologically analogous to the two- and three-
quark H-diagrams above. Further, comparing Eq. (88) to
Eq. (63), the four-quark integral in this limit can be
recognized as exactly proportional to the H-diagram spatial
integral,

V4(ra.Ta. 7. Tg) = v3(Fap.Tap) = 2H(r4p)
B 47:2(12—772)

Irag|

(90)

Baryon-baryon van der Waals potential contributions in the
large R limit can therefore be obtained by multiplying this
result with the color-factor contraction

1
O(6Q»1®1>C(4Q) O(ﬁQ-l@l) _ _ c (91)

ikgmnr ijklmnop ™ jlgnpr — —

There are 18 independent contributions of this diagram
topology to the baryon-baryon van der Waals potential for a
total contribution of

(NNLO4Q) _ _¢ a) 22°(12 — %)

Vs =~y ] +O(1/R?*).  (92)

For meson-meson systems, the topology that does not
correspond to an H-diagram involves potential gluon
exchange between each color-singlet QQ pair. The
color-tensor contraction of this diagram vanishes analo-
gously to Eq. (89) because

80y T4 TY, f

— b b

= 0,0y T4, T4, [

s —5”51/1/ T?l/ T?]lfabe

= —6ij5l~/j/T?j/T?i/fllbe

=0. (93)
There are two different H-diagram topologies where
potential gluons are exchanged either between QQ pairs

in different mesons or between QQ/QQ pairs in different
mesons,

0000
ngklmno; = ([Ta]z;Tzl [TC]Znsz )fabefdce’

Citimop = (TUTLIT LA Ta,) e fe. (94)

They lead to identical contractions,

(0000.181) (0000) ~(0000.181) _ _2
Oiomk Cijklmnopojpnl - g ’
poC 0000) (000 2
0000.181) »(0000 0000.181
Oz('mko )ngklmn()ioﬁ'nlp ) = _g' (95)

There is only one diagram with each of these color factors,
leading to a total contribution to the long-range meson-
meson van der Waals potential of

8 a 27*(12-7?)
3(4n)*  IR|

(NNLO.4Q)
Vim

+O(1/R?).  (96)

For meson-baryon systems, diagrams with potential
gluons exchanged between the constituents of each hadron
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again vanish by Egs. (89) and (93). There is one non-
vanishing H-diagram topology that involves the color
factor

(0000)
Cijk]mnup

= ([Tu]iTjTiszngp)fabefdce’ (97)

which has contraction

0 0 1
00000,181) (0000 00000.131
Ot('okmq )Cl('jklmno; Oﬁplmnq )= § : (98)

The sign is opposite to the baryon-baryon and meson-
meson cases, and there are three independent diagrams with
this topology. The total long-range contribution to the
meson-baryon van der Waals potential is therefore

3 2 2
(NNLO 40) a; 27°(12 —7%) 2
Vu ==-2 O(1/R7). 99
D. Total

The total pNRQCD van der Waals potential between
hadrons H and H’ is given at NNLO by
(NNLO) __

(NNLO,2Q) (NNLO,3Q)

(NNLO.4Q)
VHH/ == VHH/ + VHH/ + VHH/ . (100)
The baryon-baryon potential is given by
NNLO) 27 12 7
Vi 2 2 8y 3 2R
i€B|jeEB, l]
1 o
+MHZZ+ZZMWW
i€By j<keB, Ii€B, j<keB,;
1 o
—§<4];)2 Z ”4(’i,"j7"k7"1)’ (101)

i<jEB, k<l€ B,

where By = {1,2,3} and B, = {4,5,6} and the last line
uses vy(ry, 7,1, 1;) = v4(r;,7;., 7y, 1) to restrict the sums
of four-body potentials to a definite baryon ordering. The
meson-meson potential takes a similar form

3 2 2
(NNLO) 2 g 2w (12 717)
174 __ = s el S
" 3 (4”)21‘;\;, ;;1;, 7351
o0
=D ID RS D D [XOLR
iEM| j<keM, ieM,j<keM,
4 o
_§(4ﬂ)2 v4(ry,rp,13.14), (102)

where M| = {1,2} and M, =
potential is analogously

{3,4}. The meson-baryon

(NNLO) 2 271' 12 7[
Vi = 2 85y 2o
iEMjeB Tij
1 ol
WWZZHZZ 1)
ieEM j<keB i€EB j<keM
2 a
3 > wlrirrir)). (103)
i<jEB,

where M = {1,2} and B = {3,4,5}.

Combining two-, three-, and four-quark contributions
leads to a perfect cancellation of the O(1/R) long-range
parts of the baryon-baryon van der Waals potential

VIO — (6 4 12— 6)

a) 27%(12 - 7?)
+

Gy O(1/R?)

(104)

ragl
=0+ O(1/R?).

Similar cancellations arise for meson-meson systems

(NNLO) 8 16 8 0{3 27r2(12—7r2) o
Vv —= 1/R
= (345 oW
=0+ O(1/R?), (105)
and meson-baryon systems
3 2 2
(NNLO) _ a, 27°(12 —7%) 5
Vv -4+8—-4 O(1/R
MB ( )(4”)2 |rAB| ( / )
=0+ O(1/R?). (106)

The next order of the multipole expansion can be studied
using a configuration where one quark in one hadron is
separated by a distance r; from the others, while the second
hadron is separated by R > r; and has all quarks at one
point. The arguments for vanishing O(1/R?) van der Waals
potentials in Sec. II B imply a vanishing potential here
because O(1/R?) terms must be proportional to both r; and
the size of the second hadron r, = 0. This vanishing can be
directly observed from the results above. Since there are
only three independent spatial positions, the four-quark
potential contributions simplify to wv4(ry,ry,rg.re) =
v3(rag,Fac) O 04(Fa, 14,75, Fg) = 2H(rsp). This enables
exact cancellations between two-, three-, and four-quark
potentials. For example, in the meson-meson case

~NNLo) | 2
v _—5(4 7 52H(R) +2H(R +ry)]
o0
%(4 ‘) 205(R.R+r;)+2H(R)+2H(R+r)]
o3
—2(4 S) v3(R.R+r)+O(riry/R?)
=0+0(ri1,/R) (107)
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Similar cancellations occur in the baryon-baryon and meson-
baryon cases. This illustrates how the absence of 1/R and
1/R? potential contributions, forbidden by Gauss’s law, is
explicitly manifested in pNRQCD at NNLO through can-
cellations between individually nonvanishing two-, three-,
and four-quark potential contributions.

Gauss’s law does not forbid higher-order contributions
to the multipole expansion. Nonvanishing dipole-dipole
contributions can be expected to arise at NNLO for any
configuration with two or more independent quark
positions within each hadron so that v,(r;, r;,r¢,r;) does
not reduce to a three-body potential form such as
v3(rig,ry). For such configurations, van der Waals
potentials are therefore expected to arise at O(a)/R")
with n >3,® and if a, < 1 they are too weak to form
hadron-hadron bound states by the arguments of
Sec. IIC. For quark masses where mg ~ Agcp where
a, ~ O(1), this argument breaks down, and bound-state
formation through van der Waals potentials cannot be
excluded.

V. DISCUSSION

In this work, we have argued that baryon-baryon, meson-
meson, and meson-baryon systems composed of equal-
mass quarks do not form hadron-hadron bound states when
all quark masses are asymptotically large in weakly
coupled pNRQCD. The steps of the argument can be
summarized as follows:

(1) Van der Waals potentials between constituents of

two different color-singlet hadrons vanish at tree
level due to the tracelessness of the generators 7.
Hadron-hadron product states are therefore exact
eigenstates at LO.

(ii) Gauss’s law forbids 1/R and 1/R? color nonsinglet
van der Waals potentials. Color-singlet Yukawa
potentials o e"eR /R are possible but irrelevant
when all quark masses are large.

(iii) Van der Waals potentials suppressed by O(a?/R?)
times powers of In(R) are too weak to form bound
states from constituents with O(1/(a,mp)) radii.
Therefore, there are no hadron-hadron bound states
with color states described by products of color-
singlet hadrons.

(iv) Hadron-hadron product states are the lowest-energy
color configuration when all hadron constituents
have equal masses.

The first three steps have been shown analytically and are
valid for generic SU(N), SO(N), and Sp(2N) gauge
groups relevant to dark sector models. The last step requires
numerical calculations for specific gauge groups and
cannot be proven at the same level of rigor. Our GFMC

$Cancellations of additional terms beyond R~2 in the multipole
expansion can be expected by analogy to QED [91].

calculations of pNRQCD provide evidence that it is valid at
LO and NLO for SU(3) gauge theories where all quarks
have equal masses satisfying mg > Aqep.

Several important caveats apply to this weakly coupled
pNRQCD result:

(i) When some quarks are light, two-pion-exchange

Yukawa potentials o e~>"<F /R take an approximate
1/R form for R < 1/(2my,,).

(ii) Potentials taking an approximate 1/R form for
R < 1/Agcp might also arise nonperturbatively
(e.g., from glueball exchange) that vanish at all
orders in the strong-coupling expansion.

(iii) For sufficiently light quarks, a; ~ O(1) and formally
NNLO van der Waals potentials could be strong
enough to produce bound states.

All three of these caveats point to different possible
mechanisms for producing hadron-hadron bound states
that should be studied in future work.

These results are relevant to real-world QCD in two
distinct ways. First, they apply to physical 7, b, and ¢
quarks in QCD at NLO, although large corrections to
nonrelativistic approximations may arise, especially for
¢ quarks. For t quarks, rapid weak decay rates prevent
the formation of even approximately stable hadron
bound states in the full Standard Model and are outside
the scope of this work. For b quarks, our numerical
results suggest that there are no (bbb)(bbb) hexaquark,
(bb)(bb) tetraquark, or (bb)(bbb) pentaquark bound
states at LO or NLO in pNRQCD. On the other hand,
it is possible that either ultrasoft effects associated with
light quark degrees of freedom that first appear at N*LO
in pNRQCD could lead to two-pion-exchange Yukawa
potentials that are strong enough to form hadron-hadron
bound states involving b quarks in QCD. Lattice
NRQCD calculations have searched for (bb)(bb) bound
states without finding any evidence for them [122]. On
the other hand, lattice NRQCD calculations have sug-
gested the existence of a (bbb)(bbb) bound state with
nearly 100 MeV binding energy [37]. It is possible that
this dibaryon state arises from light-quark effects, such
as two-pion exchange. Further lattice calculations using
a variety of sea quark masses will shed light on
mechanisms for forming heavy-hadron bound states,
as well as challenging systematic uncertainties related
to excited-state effects that have been shown to be
unexpectedly large in other calculations of two-baryon
systems [29-33].

A second connection to real-world QCD arises in
conjunction with lattice QCD calculations in which the
light quark masses m,, are varied between the physical point
where m, < Agcp and the scale of the strange quark mass
where m, ~ Agcp. The latter intermediate-quark-mass
region should be smoothly connected to the region where
all quarks have equal masses m, > Agcp and can be
treated nonrelativistically in pNRQCD. In the heavy quark
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mass regime where m, > Aqcp, Yukawa potentials are
irrelevant, van der Waals potentials are too weak to lead to
hadron-hadron bound states, and our GFMC results suggest
that hadron-hadron product states are lower energy than all
other color configurations. These results suggest that
dibaryon and other hadron-hadron bound states are not
present for m, > Aqcp at all orders in the perturbative
strong-coupling expansion.

It is not possible to conclude from these results that there
are no dibaryon bound states in lattice QCD calculations
with moderately heavy quark masses m, ~ Agcp. Our
results imply that such dibaryon bound states can (only)
arise either from effects nonanalytic in 1/m, such as
Yukawa potentials associated with light-meson exchange,
nonanalytic corrections to the pNRQCD potential, or from
the breakdown of the strong coupling expansion when
my ~ Agcp- For sufficiently light quark masses such as
those arising for u and d quarks in nature, some combi-
nation of these nonperturbative relativistic effects presum-
ably give rise to dibaryon bound states such as the deuteron.
Further lattice (NR)QCD studies are needed to map out the
quark-mass dependence of hadron-hadron interactions
between those of nature where m, < Agcp and the other
extreme limit where m, > Aqcp studied here.

The conclusions that can be drawn from the analytical
arguments of this work are that hadron-hadron bound
states cannot arise from van der Waals forces between
color-singlet hadrons generated by the pNRQCD poten-
tial. Numerical GFMC calculations further suggest that
equal-mass heavy-quark hadron-hadron bound states are
unlikely to arise from exotic color configurations of
tetraquark, pentaquark, or hexaquark systems. Hadron-
hadron bound states in QCD therefore likely originate
from mechanisms beyond the weakly coupled pNRQCD
potential. Possible sources include exotic color configu-
rations that become energetically favorable for suffi-
ciently unequal quark masses or from relativistic effects
nonanalytic in 1/m,, such as light-meson exchange,
relevant only when some quarks are light. In addition,
even in the absence of light quarks, nonperturbative
dynamics (e.g., glueball exchange) could provide
another potential binding mechanism. Determining the
precise light quark masses and distance scales where
such effects could lead to binding remains a challenging
problem.
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APPENDIX: NNLO POTENTIAL FEYNMAN
DIAGRAMS

Working in Minkowski spacetime and Coulomb gauge,
V-A =0, the potential (00) and transverse (ij) gluon
propagators decouple,

Dy =
K P T B -kt e

kik;
i

DOO(k>

=45 (A1)
exactly as employed in the derivation of the pNRQCD
Lagrangian [64,67]. If two legs are potential (4 = v = 0)
and the third is transverse (p =i # 0), the QCD three-
gluon vertex reduces to
Tobelas1y) = =g f e (I, = 1), (A2)

with all momenta taken incoming.

For static sources, v* = (1, 0) and substituting y° — +1
for heavy quark/antiquark spinors yields

Voo, = igT*, Voo, = —igT*,

So(k) = ——

T e

(A3)

Using color algebra relations T%4T% = 5 (88 — 3616;1),

a a 4 a a 2
5ij5le,'ij1 BER €ijm€k1mT,-ij1 -3 (Ad)
Combining signs from iM = —iV, the propagator in

(A1), and the vertex factors above give a single Coulomb-
exchange between two heavy color sources generating the
potentials
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4ra; (4 1

Voolk) = =15 (3P0 = 4P} (a9
drag (2 5 1

Voolk) = e <§ PO — §7D<6>). (A6)

The first line splits the quark-antiquark potential into its
attractive color-singlet and repulsive color-octet compo-
nents, while the second line separates the diquark potential
into the attractive antisymmetric 3 and the repulsive
symmetric 6 channels.

The color projectors that appear in Eq. (AS) are

1 1 3 1
PE/',)kl = 300" Pz('j.)kl =3 (6idjr — 8udjn). (A7)

1
8 a a 6 —
Pz('j,)kl = 2T5Ty; ng,)kz =5 (8ibj1 + 6:0j) — 390k

N[ =

(A8)

which reproduces the familiar attractive color-singlet
Coulomb potential, together with the repulsive octet piece
in the QQ sector, and the attractive 3 versus repulsive 6
potentials in the QQ sector.

The four-quark H-diagram shown in Fig. 6 is a tree
diagram and involves zero energy transfer through all
propagators. Labeling the four potential gluon momenta
by 41, 42, q3, and g4 = ¢, —q> — g3 and the transverse
gluon momentum by k = q; + ¢, — g3 — q4, the contribu-
tion to the potential from this diagram is given by

Vi) — (Zj)i / Laqd’qdq [(igT%) @ (igT") @ (igT¢) & (igT?)](—gf**¢)(—gf)

(27)°

oM ol T2 plq3T3 piqaTy

X (g2 — q1)'(8;; — kik;/k*) (g3 — q4)7]

A9
et el L (A9)

where the first factor of —i is from the transfer gluon propagator and the i from relating the potential to the amplitude —iV'.
This can be immediately recognized as (86) after separating the color factors from the spatial integral and expressing the

couplings as ¢° = (4x)3al/(4x)>.

There are two nonvanishing versions of the 3Q H-diagram as shown in Fig. 5, a crossed and an uncrossed one. The

uncrossed one is

d3(]1d3‘]2d343dE

V(3Q,uncr0ssed) — (—i)i/ (2”)10

[(igT*) (igT*) ® (igT") ® (igT*)|(=gf***)(=gf**)

(5 kR j T o272 pIG3 T 14T i ALO
X — e —k:k- — ,
[(qZ ql) ( ij i j/ )(q3 q4> ]q%q%q%q%[_Ez —|—k2 _ ie} (E—I— i€> ( )
while V3@.crossed) only differs in the order of 7¢ and T¢. The full three-quark amplitude is then
V(SQ) — V(BQ,uncrossed) + V(SQ,crossed)
dq,d*q,d’q . .
= {17} ® " ® Td)fabefdcegﬁ/ﬁ (g2 = 41)1(51'; _kikj/kz)(qB - q4)]
el ol T2 I3 T piqsTs [ JF 1 i
— . All
| weEe—a (e A
Separating the color factor Cl(?th)m = {1, T}, Ty T4,/ f% and evaluating the energy integral gives
Bg,dPg,dq el 9272 o143 T plg4Ts
Voo oo [ CNTEED (g, —q,) 6, - ki k) as - 0.)) (A12)
(27)° S T S
This can be immediately recognized as Eq. (72).
The quark-antiquark H-diagram in Fig. 4 can be expressed similarly as
5 L. [ PqdqdqydEAF : : .
V(o) — (_l)l/ 1 (22”)113 [(igT*)(igT¢) & (=ig[T")") (ig[T*]")](=gf***) (=91 ")
) e ol plq3 T piga Ty i i
—q1) (8;; — kik,;/Kk? —q4) . Al3
X [(qz ql) ( ij i ]/ )(qS q4) ]q%nggqﬁ[—ﬁ +k2 _ ie] <E—F—|— i€> (F+ i€> ( )
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Introducing the color factor CEJ%Q) = (TT¢);([TP)"[T]"),f ¢ f9¢¢ and evaluating the energy integrals gives

3 3 3
V(00) — _¢(00) g6 / L& g d°q3
(2”)10

X

(g2 — 41) (5;; — kik;/k*)(q5 — q.)’]

eiql'rleiqz'rZeiq3'rleiq4'r2/dEdF
2420202
91929394

1 1 1
27 27 [E* + K2 — €] <E—F+ ie> <F+ ie)

. Bg,dqg,d? ) .
= —C(QQ)96/M [(‘Iz - 41)1(51‘]‘ _kikj/kz)(q3 - 44)]]

(2z)°

X

eiql-rleiqz-rzeiqz-rleiq4-rz/dE
2.2,2.2
91929394

- 1 [ dqdq,d’q : .
= C<QQ)96/123 (g2 — ‘I1)'(5ij - kikj/kz)(qS —q4)]

2 (27)°

which can be immediately recognized as Eq. (61).

These results imply that three- and four-quark van der
Waals potentials in the large hadron-hadron separation limit
discussed in the main text are proportional to the quark-
antiquark H-diagram, which has been studied extensively in
the literature [111,112,121] with the result that V(22 (r) =

C(02) L H(r) where H(r) = 22(12 = 7).

Matrix elements of V(29 can be computed straightfor-
wardly for unit-normalized color-singlet and color-octet
QQ states by contracting with

1 _
Oy’ = 58 (A15)
and
() _
O;;) = V2T}, (Al6)

respectively (defining the operator with other components
of \/§T§‘] would give equivalent results below). The differ-
ence between the ratios of these contractions to those of the
tree-level color-factor Tf‘j T4 defines the representation-

dependent NNLO term in the octet potential 5(128),

Jl Jl

8 8 1 1
ORTHTRO) O TYTLO}

_[-3/8 -3
—Gﬁfmﬁ”

= —9722(12 - 72),

2

8) ~(Q0) (8 1) »(00 1
5a(s) _ (ng)cgjkl )O( ) ng)cgjkl )O( >>

(A17)

which matches the results of Refs. [111,112].
Analogous cross-checks can be performed for the color-
antisymmetric and color-symmetric QQ potentials. Unit-

—i
27 [-E2 + K* — ie] (E + i€>

el T 272 13T piqa T

7934343k

, (A14)

[
normalized operators for these channels can be defined by

3 1

OE?) = ﬁgijl (A18)
and
I VAVE R VAYS)
Of == vz 1 12 (A19)
1/v2 1/v2 1

ij
[77], respectively. The representation-dependent piece of
the two-loop color-antisymmetric QQ potential is

3

5(1(2) = - g

3 3 1 1
oo R Tyl

“(G==in)

= —%ﬂ2(12 - %),

3) ,(00) ,A(3 1) (00 1
<Oz('k>cz(‘jk1 )OS'R Oz('k>cl<'jkl )O( ) )H

(A20)

and the corresponding result for the color-symmetric QQ
potential is

5a<2 it Jt
6 6 1 1
ng) T?iTQlOE'Z) Of‘k) Tf_‘]- T;‘k(f)£~[)

(12 -3
- <1/—3‘T/3>H
= —gzﬂ(lz - %),

6) ~(00 6 1) ~(00 1
6) <Ot('k>cz('jkl )O< ) _ Oz('k)cf'jkl )O< )>H

(A21)

both of which match the results in Ref. [80].
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