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We present fixed-order perturbative calculations up to four-loop order for a generic nonglobal QCD
observable in hadron-hadron collisions. Specifically, we study the invariant-mass distribution of the
highest-pt jet produced in association with a vector boson or a Higgs boson, where jets are defined using
the Cambridge/Aachen sequential recombination algorithm. This work is part of a series of papers
[K. Khelifa-Kerfa and Y. Delenda, J. High Energy Phys. 03 (2015) 094; K. Khelifa-Kerfa, Eur. Phys. J. C
85, 133 (2025); K. Khelifa-Kerfa, Phys. Rev. D 111, 094018 (2025); K. Khelifa-Kerfa and M. Benghanem,
Eur. Phys. J. C 85, 845 (2025); K. Khelifa-Kerfa, J. High Energy Phys. 10 (2024) 079; K. Khelifa-Kerfa
and M. Benghanem, J. High Energy Phys. 02 (2026) 009.]examining the impact of various jet algorithms
on the perturbative structure of nonglobal observables across different collision environments. We find that,
at fixed order, the Cambridge/Aachen algorithm typically suppresses the large nonglobal logarithms more
effectively than the anti-kt and kt algorithms; a notable exception occurs at four-loop order for the purely
gluonic channel gg → gH, for which the combined clustering and nonglobal logarithm contribution in
Cambridge/Aachen clustering exceeds that of kt over a wide range of jet radii. At all orders, the Cambridge/
Aachen algorithm performs comparably to the kt algorithm. Furthermore, comparisons of all-orders
resummed form factors reveal that finite-Nc corrections remain at the percent level, consistent with
previous findings.
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I. INTRODUCTION

Precision calculations of jet observables at hadron col-
liders, particularly at the Large Hadron Collider (LHC) at
CERN, demand an increasingly refined understanding of
QCD radiation patterns. Among the most phenomenologi-
cally important of these observables is the invariant mass of a
jet produced in association with an electroweak boson or a
Higgs boson—a configuration that serves simultaneously as
a stringent test of the StandardModel (SM) and as a sensitive
probe of new physics through its jet substructure [1,2]. The
invariant jet-mass distribution is especially valuable because
it encodes information about color flow, underlying-event
activity, hadronization, and the interplay of multiple

logarithmic hierarchies—all of which are directly relevant
to precision measurements at the LHC.
In the limit of small normalized jet mass, m2

j=p
2
t ≪ 1,

fixed-order perturbation theory becomes inadequate owing
to the proliferation of logarithmically enhanced terms.
These arise from multiple sources. The first category,
commonly termed global logarithms, comprises contribu-
tions from soft-collinear and hard-collinear radiation off all
incoming and outgoing hard partons; upon resummation
these exponentiate into the well-known Sudakov form
factor. The second, phenomenologically more challenging,
category comprises nonglobal logarithms (NGLs) [3,4],
which arise from soft-gluon correlations connecting spa-
tially separated phase-space regions—specifically, secon-
dary emissions from inside the jet that are induced by
harder radiation deposited outside. NGLs are a manifesta-
tion of the genuinely non-Abelian color dynamics of QCD
and resist straightforward exponentiation. Despite sus-
tained theoretical efforts [5–12], their complete resumma-
tion remains an open problem, particularly beyond the
leading-color approximation.
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A third class of large logarithms, known as clustering
logarithms (CLs), arises whenever jets are defined by
sequential recombination algorithms other than the anti-kt
one [13]. First recognized in the context of the kt algorithm
by Banfi and Dasgupta [14], and investigated further in
Refs. [15,16], these contributions stem from the algorithm-
induced recombination of Abelian, independent primary
gluon emissions. Such recombination distorts the real-virtual
cancellations that ordinarily occur for primary emissions,
thereby introducing a new tower of single logarithms at each
perturbative order. Crucially, whereas clustering suppresses
the magnitude of the standard NGLs—by preventing certain
gluon configurations from contributing to the jet mass—it
simultaneously generates CLs [17–19], so that the total
logarithmic content of the observable cannot be reduced
simply by a judicious choice of algorithm.
The Cambridge/Aachen (C=A) algorithm [20,21] occu-

pies a distinguished position among sequential recombi-
nation schemes. Unlike the kt algorithm [22,23]—whose
distance measure weights angular separations by the
smaller of the two particles’ transverse momenta, causing
the softest emissions to merge first—the C=A algorithm
employs a purely geometric distance measure that is
independent of any energy scale. This angular-ordered
clustering sequence closely mirrors the structure of QCD
coherence [24] and is widely exploited in jet substructure
studies, particularly in the context of jet grooming [2]. It
is also the structural foundation of modern jet-grooming
techniques: since the C=A clustering history is purely
angular-ordered, it can be traversed backward from wide
angle to narrow angle, providing the well-defined declus-
tering sequence on which groomers such as the modified
mass-drop tagger and soft drop operate [2,25,26].
Furthermore, among the three members of the generalized
sequential recombination family—anti-kt [13], kt, and
C=A—the C=A algorithm has been shown to yield the
smallest nonglobal logarithmic contributions [17,18,27],
making it theoretically attractive for analyses where
logarithmic accuracy is paramount.
Analytic understanding of NGLs and CLs in hadronic

processes has advanced significantly in recent years. Fixed-
order calculations of NGLs for the jet-mass distribution in
Z þ jet and dijet production at two loops were presented in
[28], while the companion paper [29] extended these to
include both NGLs and CLs in the kt and C=A algorithms,
also at two loops, for Higgs- and vector-boson associated jet
production. multiloop analyses were subsequently carried
out for eþe− annihilation processes [5,7,19,30–32],
revealing that the fixed-order CL series exponentiates and
that the perturbative expansion converges rapidly. For
hadronic collisions, a systematic study of NGLs up to four
loops with full color dependence and complete jet-radius
dependence in the anti-kt algorithm was reported in [33] for
V=H þ jet processes, while the companion work [34]
extended these calculations to the kt algorithm, providing

the first four-loop results encompassing both CLs and NGLs
for the jet mass in a hadronic environment.
The present paper continues this program by extending

the work of [34] to the Cambridge/Aachen algorithm. We
compute the complete fixed-order distribution of the
normalized invariant mass squared of the leading jet in
V=H þ jet production, incorporating contributions from
both CLs and NGLs through four-loop order in perturba-
tion theory. Our calculations are carried out in the eikonal
approximation with strong energy ordering among the
final-state soft gluons, ensuring single-logarithmic accu-
racy. By retaining the full dependence on color factors and
the jet-radius parameter R for all relevant partonic channels,
we provide semianalytical expressions that are directly
applicable to phenomenological studies.
Several notable features distinguish the C=A case from

both the anti-kt and kt results. First, as is also the case at two
loops, the C=A algorithm yields NGL and CL coefficients
that are identical to those of kt clustering. Second, and in
contrast to the kt situation studied in [34], the purely
geometric nature of the C=A distance measure introduces
distinct higher-loop clustering structures starting at three-
loop order, which we derive and analyze in detail. The
resulting NGL and CL contributions are smaller in magni-
tude than in the kt case, and smaller still compared to the
anti-kt case. Third, we find that the NGL and CL coefficients
exhibit the universal “boundary” or “edge” effect—
approaching finite nonzero constants as R → 0—consistent
with observations in eþe− calculations [18,19,30] and in
earlier hadronic results [29,33,34]. Fourth, the all-orders
analysis of C=A clustering shows that it produces nonglobal
effects that are almost identical in size to the kt case,
particularly for values of the jet-mass observable where
the exponentiation of the fixed-order results is reliable. This
observation is further confirmed by a detailed study of the
specific Z þ jet process. These features make the C=A and
kt algorithms preferable to anti-kt for mitigating the impact
of nonglobal logarithms. Fifth, the finite-Nc corrections are
shown to remain at the percent level for phenomenologically
relevant values of the observable. This is in excellent
agreement with earlier results reported for both lepton and
hadron processes (see, for instance, [8,33,35]).
It is worth noting that, unlike the cases of the anti-kt and

kt algorithms, the all-orders numerical resummation of
nonglobal observables defined with the C=A algorithm is
severely limited by the availability of dedicated codes. The
only available code for C=A clustering is that of Ref. [36],
which, however, is restricted to observables with purely soft
singularities, such as the energy-flow (or gap-between-jets)
observable. The invariant jet-mass observable exhibits both
soft and collinear singularities and therefore falls outside
the scope of that code. The Dasgupta-Salam Monte Carlo
(MC) code [3], upon which the code of Ref. [36] is based,
covers observables with both soft and collinear singularities
but is restricted to the anti-kt and kt algorithms, with no
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implementation for C=A. Consequently, no all-orders
numerical results are available against which to benchmark
our analytical C=A calculations; we therefore compare
instead to the kt results produced by the MC code of [3].
Throughout the calculation we treat super-leading

logarithms (SLLs) [12,37,38] as decoupled from the
standard NGL and CL contributions at the loop orders
considered here; any potential interleaving between these
two classes first enters at five-loop order for 2 → 1
processes [12,33,38].
The paper is organized as follows. Section II introduces

the kinematic framework, the observable definition, the
C=A jet algorithm, and the structure of the resummed jet-
mass distribution. Section III presents the three- and four-
loop calculations of CLs and NGLs for all partonic
channels. Section IV compares the fixed-order analytical
predictions against all-orders numerical resummation from
the Monte Carlo code of [3]. Section V summarizes our
conclusions and discusses prospects for further work.

II. DEFINITIONS

A. Kinematics

We study the production of a single hard jet in associ-
ation with a Higgs boson H or a vector boson
V ∈ fZ;W�; γg at a proton-proton collider. The relevant
partonic Born channels are identical to those discussed in
[33,34]: for vector-boson-associated production there are
two topologically distinct processes,

ðδ1Þ∶ qq̄ → gV=H; ðδ2Þ∶ qg → qV=H; ð1aÞ

while Higgs production acquires an additional all-gluon
channel,

ðδ3Þ∶ gg → gH: ð1bÞ

The channel q̄g → q̄V=H is color-equivalent to (δ2) and
need not be tracked separately. From the perspective of our
soft-gluon calculations, all three channels involve exactly
three hard colored legs together with a color-singlet boson;
they differ only through their Born cross sections and the
corresponding color Casimir scalars. The Higgs-boson
channel gg → gH proceeds via an effective vertex encoding
the heavy top-quark loop.
We denote the four-momenta of the incoming partons by

pa and pb, the outgoing hard parton by pj, and those of the
subsequently emitted soft gluons by ki (i ¼ 1;…; m). In the
center-of-mass frame these are parametrized as

pa ¼ xa

ffiffiffi
s

p
2

ð1; 0; 0; 1Þ; pb ¼ xb

ffiffiffi
s

p
2

ð1; 0; 0;−1Þ;
ð2aÞ

and

pj ¼ ptðcosh y; cosφ; sinφ; sinh yÞ; ð2bÞ

ki ¼ ktiðcosh ηi; cosϕi; sinϕi; sinh ηiÞ; ð2cÞ
where

ffiffiffi
s

p
is the partonic center-of-mass energy; xa and xb

are the momentum fractions carried by the colliding
partons, described by standard parton distribution functions
currently available through next-to-next-to-next-to-leading-
order (N3LO) accuracy [39]; pt, y, and φ are the transverse
momentum, rapidity, and azimuthal angle of the outgoing
hard parton with respect to the beam axis; and kti, ηi, and ϕi
are the corresponding kinematic quantities for the ith soft
gluon. All hard partons are treated as massless; extensions
incorporating heavy-quark mass effects are reserved for
future work. Recoil corrections enter at next-to-next-to-
leading logarithmic accuracy and are accordingly neglected
throughout [40].
To facilitate the angular integrations, it is convenient to

introduce polar variables ðri; θiÞ centered on the hard-jet axis:

ηi − y ¼ Rri cos θi; ϕi − φ ¼ Rri sin θi; ð3Þ

with ri > 0 and 0 < θi < 2π, so that dηidϕi ¼ R2ridridθi.
The one-loop dipole antenna function, encoding the

universal pattern of soft-gluon radiation from a color dipole
ðα; βÞ, is given by

wi
αβ ¼

k2ti
2

ðpα · pβÞ
ðpα · kiÞðki · pβÞ

: ð4Þ

The corresponding color factors for the three Born dipoles
Δδ ¼ fðajÞ; ðbjÞ; ðabÞg in channel δ read [41,42]

Cqq̄ ¼ Cqq ¼ 2CF − CA; Cqg ¼ Cgg ¼ CA; ð5Þ

where the color Casimir scalars are CF ¼ ðN2
c − 1Þ=ð2NcÞ

and CA ¼ Nc, with Nc ¼ 3 in QCD.

B. Observable and jet algorithm

The observable under study is the normalized invariant
mass squared of the leading hard jet,

ϱ ¼ m2
j

p2
t
¼ 1

p2
t

�
pj þ

X
i∈ j

ki

�
2

¼
X
i∈ j

ϱi þO
�
k2t
p2
t

�
; ð6Þ

where the sum runs over all soft gluons recombined into the
jet by the clustering procedure. The individual contribution
of gluon ki to ϱ is

ϱi ¼
2ðpj · kiÞ

p2
t

¼ 2ξi½coshðηi − yÞ − cosðϕi − φÞ�; ð7Þ

where ξi ≡ kti=pt and terms of order k2t =p2
t have been

dropped in the eikonal limit. Expanding in powers of the jet
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radius R via the parametrization (3) yields

ϱi ¼ ξi

�
R2r2i þ

R4r4i
12

cosð2θiÞ þ � � �
�
; ð8Þ

and retaining only the leading piece—which contributes at
single-logarithmic accuracy—gives

ϱi ≃ R2ξir2i : ð9Þ

The Cambridge/Aachen (C=A) jet algorithm [20,21] is a
member of the inclusive generalized sequential recombi-
nation family [43], parametrized by the interparticle and
beam distances

dij ¼
ΔR2

ij

R2
; diB ¼ 1; ð10Þ

where ΔR2
ij ¼ ðηi − ηjÞ2 þ ðϕi − ϕjÞ2. The algorithm pro-

ceeds iteratively: at each step one identifies the smallest
distance among all fdij; diBg; if it corresponds to a pair
ði; jÞ, the two particles are merged into a pseudojet via the
E-scheme recombination, in which the four-momenta of
the two particles are added directly; if it corresponds to a
beam distance diB, particle i is promoted to a final-state jet
and removed from the list. This cycle continues until no
particles remain.
The defining characteristic of the C=A algorithm—dis-

tinguishing it from both the kt [22,23] and anti-kt [13]
schemes—is that its distance measure is entirely geometric,
carrying no dependence on the particles’ transverse
momenta. Consequently, the clustering sequence is governed
purely by angular proximity: the pair with the smallest
angular separation is always merged first, irrespective of the
relative softness of the two constituents.
By contrast, the kt algorithm weights angular separations

by minðp2
ti; p

2
tjÞ, ensuring that the softest particles cluster

earliest. In the eikonal approximation with strong energy
ordering ξ1 ≫ ξ2 ≫ � � � ≫ ξm, the pairwise condition for
two soft gluons to merge before either is individually
declared a jet takes the same geometric form for both the kt
and C=A algorithms:

ΔR2
ij < R2 ⇔ r2i þ r2j − 2rirj cosðθi − θjÞ < 1: ð11Þ

The two algorithms therefore produce identical results at
two-loop order, where only a single pair of soft gluons
needs to be considered. The genuinely distinct behavior of
the C=A scheme emerges at three-loop order and beyond,
where the ordering of clustering steps in a multiparticle
configuration can differ significantly. Specifically, in the kt
algorithm, the softest emission always clusters first with its
nearest neighbor—the energy-ordered clustering priority—
while in C=A the angularly closest pair clusters first
regardless of the energy hierarchy. This distinction

generates different irreducible clustering structures at
three-loop order and beyond, which are the primary focus
of the present work.

C. Observable distribution

At next-to-leading logarithmic (NLL) accuracy, the
differential jet-mass cross section in a partonic channel δ
takes the factorized form [28,29,33]

dΣδðρÞ
dBδ

¼
Z

ρ

0

d2σδ
dBδ dϱ

dϱ; ð12Þ

where ρ is the jet-mass veto, Bδ encodes the Born phase
space including parton distribution functions and the hard-
scattering matrix element squared, and dσδ is the fully
differential partonic cross section for channel δ. Throughout
this paper we distinguish between the integration variable ϱ
and the jet-mass veto ρ, with ϱ ≤ ρ. The integrated dis-
tribution, summed over all contributing channels, is then

ΣðρÞ ¼
X
δ

Z
dBδ

dΣδðρÞ
dBδ

ΞB; ð13Þ

where ΞB represents a set of Born-level kinematic cuts. In
the region of small jet mass, ρ ≪ 1, the cross section is
dominated by logarithmically enhanced contributions and
may be written as

dΣδðρÞ
dBδ

¼ dσ0;δ
dBδ

fB;δðρÞ½1þOðαsÞ�; ð14Þ

where dσ0;δ=dBδ is the Born-level partonic differential cross
section and the function fB;δðρÞ resums the hierarchy of
large logarithms.
For the C=A algorithm, this resummed factor decom-

poses as [27,29,33,34,40]

fB;δðρÞ ¼ fglobalB;δ ðρÞSδðρÞCδðρÞ; ð15Þ

where fglobalB;δ ðρÞ is the algorithm-independent Sudakov
form factor arising from the exponentiation of a single
soft-gluon emission—accounting for soft-collinear, hard-
collinear, and soft-wide-angle primary radiations from all
incoming and outgoing hard partons. This global factor has
been computed at NLL accuracy for the same class of
observables in [28,29] and will not be rederived here; we
refer the reader to those works for explicit expressions.
The two remaining factors in (15) are algorithm-depen-

dent and constitute the main objects of study in this paper:
(i) SδðρÞ encodes the resummation of leading non-

global logarithms arising from correlated secondary
gluon emissions, modulated by the C=A clustering
constraints on the available phase space.

K. KHELIFA-KERFA PHYS. REV. D 114, 074051 (2026)

074051-4



(ii) CδðρÞ captures the resummation of clustering loga-
rithms generated by Abelian, independent primary
emissions that are reshuffled into or out of the jet by
the C=A recombination procedure.

No closed-form analytical all-orders expressions are avail-
able for either Sδ or Cδ with C=A clustering; the present
paper provides the first systematic fixed-order expansion of
both quantities through four-loop order in the hadronic
environment. We expand

fB;δðρÞ ¼ 1þ fð1ÞB;δðρÞ þ fð2ÞB;δðρÞ þ fð3ÞB;δðρÞ þ fð4ÞB;δðρÞ
þ � � � ; ð16Þ

where fðnÞB;δðρÞ denotes the n-loop contribution of order αns
and receives separate CL and NGL pieces,

fðnÞB;δðρÞ ⊃ Cn;δðρÞ þ Sn;δðρÞ; n ≥ 2: ð17Þ

The m-loop contribution to the jet-mass fraction is
expressed via the measurement operator Ûm, first intro-
duced in [7] and developed further in [5,32], as

fðmÞ
B;δ ðρÞ ¼

X
X

Z
ξ1>ξ2>���>ξm

 Ym
i¼1

dΦi

!
ÛmWX

1���m;δ

× ΞðC=AÞ
m ðk1;…; kmÞ; ð18Þ

where WX
1���m;δ is the eikonal amplitude squared for m

strongly energy-ordered soft gluons in configuration X for
channel δ [41,42], the phase-space element for gluon i is

dΦi ¼ ᾱs
dξi
ξi

dηi
dϕi

2π
¼ ᾱs

dξi
ξi

R2ridri
dθi
2π

; ð19Þ

with ᾱs ≡ αs=π, and ΞðC=AÞ
m ðk1;…; kmÞ is the C=A cluster-

ing function encoding the phase-space constraints imposed
by the algorithm on the m-gluon configuration. The
measurement operator factorizes at each loop order as
Ûm ¼Qm

i¼1 ûi, with

ûi ¼ 1 − ΘR
i Θ

ρ
iΘin

i ; ð20Þ

where ΘR
i ¼ 1 for a real emission and zero otherwise,

Θin
i ¼ Θð1 − r2i Þ enforces that gluon i lies inside the jet

after clustering, and Θρ
i ¼ Θðϱi − ρÞ restricts to configu-

rations in which gluon i’s contribution to the jet mass
exceeds the veto ρ.
Strong ordering of the gluon transverse momenta,

ξ1 ≫ ξ2 ≫ � � � ≫ ξm, greatly simplifies the clustering
sequence: the softer of any two particles always satisfies
the C=A interparticle distance condition before the beam

distance, so the C=A clustering function ΞðC=AÞ
m reduces to a

product of step functions in the polar variables ðri; θiÞ.

The explicit forms of these functions at three- and four-loop
order, together with their interplay with the eikonal
amplitudes squared, are derived in the following section.
Explicit details of the Born cross sections, parton

distribution functions, and the global Sudakov factor are
presented in [28,29] and will not be reproduced here. In the
following, we concentrate entirely on the perturbative
computation of CδðρÞ and SδðρÞ up to four-loop order.

III. FIXED-ORDER CALCULATIONS

It is straightforward to verify from the definition of the
sequential recombination algorithms—as presented, for
instance, in Ref. [43]—that all jet algorithms perform
identically at one-loop order. Equation (18) gives, up to
NLL accuracy [29,33,34],

fð1ÞB;δðρÞ ¼ −ᾱs
�
ðCaj þ CbjÞ

L2

4

þ
�
Cab

R2

2
þ ðCaj þ CbjÞhðRÞ

�
L

�
; ð21Þ

where L≡ lnðR2=ρÞ, hðRÞ ¼ R2=8þ R4=576þOðR6Þ,
and the color Casimir scalars are defined in Eq. (5). The
exponentiation of this one-loop result, after accounting for
the running coupling, produces the resummed Sudakov
form factor fglobalB;δ ðρÞ discussed in the paragraph following
Eq. (15); explicit expressions can be found in Refs. [28,29].
At two-loop order, the kt and C=A algorithms perform

identically, but differently from the anti-kt algorithm. For
completeness, we recall here the two-loop results for the kt
case from our previous work [34]. The invariant jet-mass
distribution at this order takes the form

fð2ÞB;δðρÞ ¼
1

2!

h
fð1ÞB;δðρÞ

i
2 þ C2;δðρÞ þ S2;δðρÞ; ð22Þ

where the last two terms are the two-loop CL and NGL
contributions, respectively. They take the form

C2;δðρÞ ¼
1

2!
ᾱ2sL2F 2;δðRÞ;

S2;δðρÞ ¼ −
1

2!
ᾱ2sL2G2;δðRÞ; ð23Þ

where the R-dependent two-loop coefficients F 2;δðRÞ and
G2;δðRÞ are given as power series in R in Eqs. (3.23) and
(3.28) of [34] for all three partonic channels. The first
distinction between the kt and C=A algorithms arises at
three-loop order, which is the subject of the next section.

A. Three-loop order

The three-loop eikonal amplitude, summed over all
possible gluon configurations X for a specific partonic
channel δ, can be deduced from that of eþe− annihilation
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processes, presented in detail in our previous paper [27],
following the procedure outlined in Ref. [41]. It readsX
X

Û3W
X;C=A
123;δ ¼

X
X

Û3W
X;kt
123;δ

−

 Y3
i¼1

Θρ
i

!
Θout

1 Θin
3 Ω12Ω23Ω̄13Δ123

×
h
WVVR

123;δ þWRVR
123;δ þWRRR

123;δ

i
; ð24Þ

where the first term on the right-hand side (rhs) is the result
for the kt jet algorithm, reported in Eq. (3.29) of [34],
Ωij ¼ ΘðdjB − dijÞ, and Δijk ¼ Θðdjk − dijÞ with i < j.
When the constraint Ωij ¼ 1, the pair of gluons ði; jÞ is
clustered first into a pseudojet with a four-momentum that
lies along that of the harder of the two particles. If, instead,
Ωij ¼ 0—and hence Ω̄ij ≡ 1 − Ωij ¼ 1—the pair of
gluons ði; jÞ is not clustered together and each remains
at its initial location prior to the application of the C=A
algorithm. In both cases, the phase space is nonetheless
modified by the algorithm relative to its unclustered form.
When Δijk ¼ 1, the pair of particles ði; jÞ is clustered

first, having the smallest distance. The opposite case,
Δijk ¼ 0, corresponds to the pair ðj; kÞ being clustered
first. If, for example, both Δ123 and Δ231 are equal to unity,
there are two competing small distances, d12 and d23, that
must be manually ordered for the analytical calculation to
cover the full available phase space: (a) d12 < d23: gluons
k1 and k2 are clustered first, and by strong energy ordering
the resulting pseudojet lies along the harder gluon k1; gluon
k3 is then left unclustered; (b) d23 < d12: gluons k2 and k3
are clustered first into a pseudojet along the harder gluon
k2, which is in turn clustered with k1; gluon k1 is then
left unclustered. This simple example illustrates how the

ordering of the distance measures can alter the final gluon
configuration, and hence each gluon’s contribution to the
observable distribution. Such an ordering requirement is
absent for both the anti-kt and kt algorithms, since their
distance measures are automatically ordered by the trans-
verse momenta that already appear in their definitions.
It is worth noting that, in Eq. (24), the location of gluon

k2 is not explicitly shown and therefore does not play a
decisive role in the C=A clustering correction. This can be
explained straightforwardly as follows: from the product of
the constraints Ω12 and Ω23 it is evident that gluon k2 will
always be clustered either with the hardest gluon k1 or the
softest gluon k3. In the first case, d12 < d23, k2 is dragged
by k1 regardless of its initial position (in or out of the jet),
and the resulting pseudojet is essentially k1 by strong
energy ordering; one is then left with only gluons k1 and k3
to determine whether the configuration contributes to the jet
mass. In the second case, d12 > d23, k2 drags k3 into a
pseudojet that lies essentially along k2, which is itself then
dragged by the harder gluon k1, yielding a final pseudojet
along k1. In both cases, k2 plays the role of transporting k3
toward or away from k1 depending on their relative angular
separation—a condition that is independent of whether k2
lies inside or outside the jet.
In our recent paper on C=A clustering in eþe− [27], we

discussed in full detail how the C=A clustering proceeds at
three-loop order. We listed all possible scenarios and
orderings that must be taken into account and combined
them to arrive at the analog of Eq. (24) for the eþe− case.
The calculations for V=H þ jet follow exactly the same
procedure for all three channels, the only difference being
in the corresponding Born color factors.
Substituting the explicit formulas for the eikonal ampli-

tudes squared from Ref. [41], one obtains, for the sum in
the square bracket in Eq. (24),

WVVR
123;δ þWRVR

123;δ þWRRR
123;δ ¼

Y3
σ¼1

 X
ðiσjσÞ∈Δδ

Ciσjσw
σ
iσjσ

!
þ
X3

k≠l≠m
k;l;m¼1

�
CA

X
ðijÞ∈Δδ

CijAkl
ij

�� X
ði0j0Þ∈Δδ

Ci0j0wm
i0j0

�

þ C2
A

X
ðijÞ∈Δδ

CijðA12
ij Ā

13
ij þ B123

ij Þ þQδ

X
ðijkÞ∈ πδ

ðGk1
ij ð2; 3Þ þ 2 ↔ 3Þ; ð25Þ

where the one-loop antenna function is given in Eq. (4), the
set of all dipoles in channel δ is Δδ ¼ fðabÞ; ðajÞ; ðbjÞg,
the set of triplets in channel δ is πδ ¼ fðabjÞ; ðajbÞ;
ðbjaÞg, the color Casimir scalars are defined in Eq. (5),
and the quadrupole color factor, Qδ, takes the channel-
dependent values [41]

Qδ1 ¼ Qδ2 ¼ C2
AðCA − 2CFÞ; Qδ3 ¼ 6CA: ð26Þ

The higher-order antenna functions are defined as
follows: [41,42]

Aij
αβ ¼ wi

αβðwj
αi þ wj

iβ − wj
αβÞ; ð27aÞ

Bijk
αβ ¼ wi

αβðAjk
αi þAjk

iβ −Ajk
αβÞ; ð27bÞ

Gij
αβðm; nÞ ¼ wj

αβT
ij
αβðnÞUij

αβðmÞ; ð27cÞ

with the cross-channel functions

Tij
αβðnÞ ¼ wn

αβ þ wn
ij − wn

αi − wn
βj; ð27dÞ
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Uij
αβðnÞ ¼ wn

αβ þ wn
ij − wn

αj − wn
βi: ð27eÞ

The first term in Eq. (25) is the source of CLs, since it arises
from independent primary emissions whose real-virtual
cancellation is disturbed by the clustering, whereas the
remaining three terms give rise to NGLs. Upon integration,
one can show that the perturbative distribution at this loop
order takes the form—analogous to the kt case [34]—

fð3Þ;C=AB;δ ðρÞ ¼ 1

3!

h
fð1ÞB;δ

i
3 þ fð1ÞB;δ × ½C2;δ þ S2;δ�

þ CC=A3;δ þ SC=A
3;δ : ð28Þ

The first two terms on the rhs of Eq. (28) have already been
computed and are identical to the kt case. The last two
terms, CC=A3;δ and SC=A

3;δ , are the new contributions arising
from the application of C=A clustering to the invariant jet-
mass distribution at three-loop order. We discuss them in
detail below.

1. CLs

The primary-emission piece in Eq. (25) gives rise to
clustering logarithms and may be cast in the usual factor-
ized form [5,18,28,29,44]

CC=A3;δ ðρÞ ¼ −
1

3!
ᾱ3sL3FC=A

3;δ ðRÞ; ð29aÞ

where the full C=A coefficient for CLs at three-loop order
decomposes as

FC=A
3;δ ¼ F kt

3;δ þ F̃C=A
3;δ ; ð29bÞ

where F kt
3;δ is the contribution already present in kt

clustering. Recall that the C=A algorithm strictly encom-
passes kt: every configuration accounted for by kt cluster-
ing is automatically included in C=A clustering, with C=A
generating additional contributions not captured by kt. This
has been discussed extensively in Ref. [27]. The pure C=A
correction at this order, F̃C=A

3;δ , reads

F̃C=A
3;δ ðRÞ ¼ R6

Z
1out

�Z
2in

þ
Z
2out

� Z
3in

Ω12Ω23Ω̄13Δ123

×

"Y3
σ¼1

X
ðiσjσÞ∈Δδ

Ciσjσw
σ
iσjσ

#
; ð29cÞ

where the following integral shorthand notation is
adopted [34]:

Z
iin

≡
Z

1

0

ridri

Z
2π

0

dθi
2π

;Z
iout

≡
Z

π=jR sin θij

1

ridri

Z
2π

0

dθi
2π

; ð30Þ

where the upper limit on the second integral has been
discussed in our previous works (see, for instance, the
paragraph following Eq. (3.26) of Ref. [34]). To account for
integration over all positions of gluon k2, we exploit the
completeness relation

R
2in
þ R2out ¼ 1. Both integrals are

evaluated numerically using the multidimensional CUBA

library [45] and summed to yield the results displayed in
Fig. 1. The numerical values of F kt

3;δ and FC=A
3;δ at some

representative values of R are shown in Table I.

FIG. 1. The pure C=A corrections to the CL coefficients at
three-loop order as a function of the jet radius R (dotted curves)
for all three Born channels. The dashed curves correspond to the
CL coefficients in the kt clustering case.

TABLE I. Numerical values of the three-loop CL and NGL
coefficients, F 3;δ and G3;δ, for the kt and C=A algorithms at
representative jet radii R for all three Born channels.

R Channels Fkt
3;δ FC=A

3;δ Gkt
3;δ GC=A

3;δ

0.4 (δ1) −1.47 −0.76 23.81 5.06
(δ2) −0.19 −0.05 13.16 4.94
(δ3) −1.69 −0.72 28.86 7.04

0.6 (δ1) −1.57 −0.75 24.66 5.02
(δ2) −0.25 −0.06 8.08 −3.05
(δ3) −2.03 −0.52 23.63 −2.97

0.7 (δ1) −1.63 −0.73 25.32 5.09
(δ2) −0.28 −0.19 3.40 −9.69
(δ3) −2.23 −0.27 19.25 −10.67

0.8 (δ1) −1.70 −0.70 26.10 5.20
(δ2) −0.28 −0.29 0.41 −17.82
(δ3) −2.44 0.16 14.23 −19.61

1.0 (δ1) −1.85 −0.57 27.73 5.13
(δ2) −0.22 1.32 −15.49 −36.99
(δ3) −2.76 1.92 4.95 −38.96
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Figure 1 compares F̃C=A
3;δ with F kt

3;δ for all three Born
channels as a function of the jet radius R. The pure C=A
corrections are generally of opposite sign to the kt
coefficients and smaller in magnitude; they thus serve to
reduce the impact of the kt contributions.
In Fig. 2 we plot the full C=ACL coefficient alongside the

kt one. As expected, combining the kt contribution with the
pure C=A correction F̃C=A

3;δ yields a full C=A CL coefficient
that is smaller in magnitude than its kt counterpart. This is an
advantageous feature of the C=A algorithm, since it is
phenomenologically desirable to minimize or entirely elimi-
nate the contribution of CLs to the observable distribution.
Several important observations follow from Fig. 2:

(i) Unlike the CL coefficients for kt clustering, which
are negative for all values of R, those of C=A change
sign across the range of R. This is especially true for
channels (δ2) and (δ3). It follows from Eq. (29a) that
the CL contribution to the jet-mass distribution in kt
clustering is positive across the whole range of R and
for all Born channels. A similar behavior is seen for
channel (δ1) in C=A clustering. By contrast, chan-
nels (δ2) and (δ3) do not maintain a constant sign
over all values of R. Specifically, channel (δ2) has a
vanishing CL contribution at R ∼ 0.5, while channel
(δ3) has a vanishing CL contribution at R ∼ 0.78.
These particular values of R could in principle be
exploited to eliminate the CL contribution entirely.
However, one must also verify the magnitude of the
NGLs at such values, since the ideal scenario would
be for both CLs and NGLs to be simultaneously
suppressed or to mutually cancel.

(ii) For small values of R, the CL coefficients for
channels (δ1) and (δ3) are identical in size, owing
to the equality of their color factors—both channels
possess an outgoing hard gluon in the final state.
They do, however, become distinct at larger values
of R, with the divergence beginning around R ∼ 0.35
for C=A and R ∼ 0.15 for kt.

(iii) The edge (boundary) effect is evident for both
clustering algorithms. Specifically, as the jet radius
shrinks to zero, the CL coefficients do not tend to
zero but instead approach a finite constant. This
behavior has been explained in detail in our previous
papers (see, for instance, Refs. [18,33,44]).

(iv) In the limit R → 0, one recovers the eþe− findings of
Ref. [27]:

lim
R→0

FC=A
3;δ1

ðRÞ ¼ lim
R→0

FC=A
3;δ3

ðRÞ ¼ −0.76

≃ −0.028C3
A;

lim
R→0

FC=A
3;δ2

ðRÞ ¼ −0.068 ≃ −0.028C3
F: ð31Þ

(v) The R-dependence of the CL coefficients in C=A
clustering differs among the three channels, with
channel (δ3) exhibiting the strongest R-dependence
and channel (δ1) the weakest. Moreover, the
R-dependence of the CL coefficients is more
pronounced in C=A clustering than in kt cluster-
ing. This may be attributed to the fact that the
C=A algorithm admits more gluon configurations
that contribute to the jet-mass observable than kt;
furthermore, such configurations depend on R
through the angular distance measure.

(vi) Quantitatively, the CL coefficients in C=A cluster-
ing are reduced by approximately 45% relative to
the kt case for all three channels at R ¼ 0. For
channel (δ1), this reduction grows steadily, reaching
approximately 70% at R ¼ 1. For channels (δ2) and
(δ3), the reduction reaches 100% at the values of R
where the C=A CL coefficients vanish. For channel
(δ2), the C=A CL coefficient subsequently changes
sign and grows to exceed the magnitude of its kt
counterpart for R≳ 0.8. For channel (δ3), the
reduction diminishes to approximately 30% at
R ∼ 1, with the C=A coefficient carrying the oppo-
site sign to that of kt.

In the following section, we discuss the NGL contribu-
tion to the jet-mass distribution at three-loop order.

2. NGLs

The computation of NGL coefficients follows an analo-
gous procedure to that of CLs. In Eq. (25) there are three
terms contributing to NGLs at this loop order. The first
term, proportional to Akl

ij × wm
i0j0 , arises from interference

between the one- and two-loop perturbative distributions.
The second, proportional to A12

ij Ā
13
ij and B123

ij , corresponds
to two-loop dipole-dipole interference and a genuine three-
loop dipole contribution. The last term, proportional to Gkl

ij ,
corresponds to the quadrupole (ghost) contribution (see
Ref. [41] for full details). The total NGL contribution from
all three contributions can be shown to take the usual form

FIG. 2. Comparison of the full C=A (solid) and kt (dashed) CL
coefficients at three-loop order as a function of R for all three
Born channels.
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SC=A
3;δ ðρÞ ¼ þ 1

3!
ᾱ3sL3GC=A

3;δ ðRÞ; ð32Þ

where the NGL coefficient is given by

GC=A
3;δ ðRÞ ¼ Gkt

3;δðRÞ þ G̃C=A
3;δ ðRÞ; ð33Þ

with the first term corresponding to the kt contribution,
already computed in Ref. [34], and the second term being
the pure C=A correction at this loop order. Recall that each
of these two terms contains all three aforementioned
contributions, namely interference, dipole, and quadrupole.
These integrals may be evaluated numerically using, for
instance, the CUBA library. The results are plotted in Fig. 3.
Analogously to the CL case, the pure C=A corrections to
the NGL distribution are of opposite sign to the kt ones and
of comparably smaller magnitude; they thus serve to reduce
the NGL contribution relative to both kt and anti-kt. The
latter usually produces the largest NGL contribution (see,
for instance, Refs. [33,34]). Note that, unlike the kt case,
the C=A corrections maintain a consistent sign across the
whole range of R for all three channels.
In Fig. 4 we plot the full C=A NGL coefficients for all

three Born channels as a function of the jet radius along-
side their kt counterparts. Several observations follow
from Fig. 4:

(i) As anticipated, the NGL coefficients for C=A
clustering are generally smaller in magnitude than
those for kt. However, this pattern is not consistent
over the whole range of R. There are intervals of R in
which the C=A coefficients exceed those of kt; this
occurs after the coefficients change sign.

(ii) The boundary effect persists across all channels and
all jet algorithms.

(iii) The NGL coefficients in C=A clustering for chan-
nels (δ2) and (δ3) vanish at R ∼ 0.55. This is to be

compared with only one channel for kt clustering,
namely channel (δ2), which vanishes at R ∼ 0.78.

(iv) The reduction in the magnitude of the NGL
coefficients in C=A clustering relative to kt is
approximately 75%–79% for all three Born chan-
nels at R ¼ 0. For channel (δ1), this reduction
continues steadily, reaching approximately 81%
at R ¼ 1. Note that for this channel there is no
change of sign. For channels (δ2) and (δ3), the C=A
NGL coefficients grow to exceed those of kt
beyond the value of R at which they vanish (i.e.,
beyond R ∼ 0.55).

(v) In the limit of small R, one obtains from Fig. 4:

lim
R→0

GC=A
3;δ1

¼ lim
R→0

GC=A
3;δ3

¼ 5.95;

lim
R→0

GC=A
3;δ2

¼ 1.54: ð34Þ

These values differ considerably from those
reported for the eþe− dijet-mass observable [27],
where C2

FCAð0.43Þ þ CFC2
Að0.37Þ ≃ 6.73 and

C3
Að0.43þ 0.37Þ ≃ 21.6. The latter were also found

not to match those calculated for the hemisphere-
mass observable [46]. The small-R limit of the kt
NGL coefficients does coincide with those com-
puted for the eþe− dijet-mass observable, as illus-
trated in Ref. [34]. They read (see also Fig. 4)

lim
R→0

Gkt
3;δ1

¼ lim
R→0

Gkt
3;δ3

¼ 7.5;

lim
R→0

Gkt
3;δ2

¼ 24.07: ð35Þ

Note that the eþe− results in C=A clustering are
close to the kt ones at small R because the pure C=A
corrections are quite small in that case. By contrast,
the pure C=A corrections in the V=H þ jet processes
studied in this paper are significant, reaching well

FIG. 3. The pure C=A corrections to the NGL coefficients at
three-loop order as a function of the jet radius R (dotted curves)
for all three Born channels. The dashed curves correspond to the
NGL coefficients in the kt clustering case.

FIG. 4. Comparison of the full C=A (solid) and kt (dashed)
NGL coefficients at three-loop order as a function of R for all
three Born channels.
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beyond 70% for small R, as discussed above
(see Fig. 3). This may be attributed to the fact
that, according to Eq. (25), all eikonal amplitudes
squared are summed together as they all share the
same phase-space constraint—unlike the kt case, in
which the eikonal amplitudes squared are multiplied
by different phase-space constraints, causing a
partial cancellation among them (see Eqs. (3.48)
of Ref. [34]).

To assess the combined impact of both types of non-
global logarithms—CLs and NGLs—on the distribution of
the invariant-mass observable at this loop order, we plot, in
Fig. 5, their sum

C3;δðρÞ þ S3;δðρÞ ¼
1

3!
ᾱ3sL3Φ3;δðRÞ; ð36Þ

for both kt and C=A clusterings, where Φ3;δ ≡
−F 3;δ þ G3;δ. We observe that for R≲ 0.7 the sum of both
coefficients is of order unity or smaller for all three
channels in the C=A clustering case. In fact, for channels
(δ2) and (δ3) the combined nonglobal effect vanishes for
R ∼ 0.55–0.58. A similar behavior is seen for kt, but only
for channel (δ2) in the range R∈ ½0; 1�. This confirms the
conclusion of Ref. [27] for eþe− processes that the C=A jet
algorithm is preferred to kt—and over anti-kt—in mitigat-
ing the impact of large nonglobal logarithms over a wide
range of R, and in eliminating them entirely for specific
values of R. This conclusion holds, however, only at three-
loop order. One must verify it at higher loop orders as well
as at all orders. The former task is carried out in the next
section, in which we address the impact of the said
logarithms at four loops.

B. Four-loop order

The four-loop calculation of the invariant jet-mass
distribution for the leading high-pt jet follows an identical

strategy to the three-loop case presented in the previous
section. The details are based on the results of
Refs. [27,33,34,41]. The full structure of the C=A integrand
is identical to that computed for the eþe− case in [27], the
only difference being in the eikonal amplitudes squared,
which are instead taken from [41]. The main steps leading
to the final results are as follows:

(i) One enumerates all initial in-jet and out-of-jet gluon
configurations at four loops. These include configu-
rations—prior to applying the C=A algorithm—in
which only gluon k4 is inside the jet and all others
are outside; gluons k3 and k4 are inside and the
remaining two are outside; and so on. For each such
configuration one considers all possible pairwise
clusterings among the four gluons, characterized by
the constraintsΔ12j,Δ13j,Δ14j,Δ23j,Δ24j, andΔ34j.
Each clustering constraint of the form Δαβj, where
j denotes the leading jet, takes the value 1 or 0. If it
equals 1, gluons kα and kβ are clustered first, i.e.,
they have the smallest pairwise distance measure. If
it equals 0, the smallest distance is that between the
softer gluon kβ and the jet, and the two gluons are
not clustered together. There is a total of 26 ¼ 64
such configurations to be considered. Full details are
given in Ref. [27].

(ii) For configurations in which more than one Δαβj
equals 1, all possible orderings of the smallest dis-
tances must be considered. For example, if Δ12j ¼
Δ13j ¼ 1, one must consider both d12 > d13 and
d12 < d13. There is a total of 1957 such orderings
across the 64 configurations.

(iii) For each of the above gluon configurations there are
16 possible real/virtual assignments, corresponding to
each of the four gluons being either real (R) or virtual
(V). Of these, only 8 need to be computed explicitly;
the remaining 8 follow by symmetry [5,33]. The 8
independent configurations are: RRRR, RRVR,
RVRR, VRRR, RVVR, VRVR, VVRV, and VVVR.
Here, for instance, RRRR denotes all four gluons real,
and RVVR denotes gluons k1 and k4 real with k2 and
k3 virtual. The explicit formulas for the corresponding
eikonal amplitudes squared are given in [41].

(iv) The C=A algorithm is applied to each configuration
to determine the final in-jet or out-of-jet status of
each of the four gluons. Only gluons that end up
inside the measured jet contribute to its mass. NGLs
and CLs arise from configurations in which the real-
emission contribution to the jet mass is not fully
canceled by the corresponding virtual corrections.

(v) Accounting for all of the above configurations is a
tedious and complex task that can, nonetheless, be
fully automated. To this end, we have developed a
PYTHON code to perform the bookkeeping, together
with a Mathematica script to organize the out-
put expressions. Since the C=A clustering contains

FIG. 5. Comparison of the sum of CL and NGL coefficients for
C=A (solid) and kt (dashed) clustering at three-loop order as a
function of R for all three Born channels.
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the kt clustering as a subset, the PYTHON code is
written to omit contributions already accounted for in
the kt case, so that the final output consists of the pure
new C=A corrections. The kt contributions have
already been computed in our previous work [34].

(vi) The resulting pure C=A expressions constitute the
integrand to be evaluated numerically. Of all the
phase-space regions enumerated above, only four
produce nonvanishing real-virtual miscancellations
and hence contribute to the jet-mass distribution,
namely: 1out2out3out4in, 1out2out3in4in, 1out2in3out4in,
and 1out2in3in4in.

Following the above analysis, one can show that the
invariant jet-mass distribution at four-loop order takes an
analogous form to those at two- and three-loop order,
Eqs. (22) and (28) (see also Refs. [27,34]):

fð4Þ;C=AB;δ ðρÞ ¼ 1

4!

h
fð1ÞB;δ

i
4 þ fð1ÞB;δ ×

h
CC=A3;δ þ SC=A

3;δ

i
þ 1

2!

h
fð1ÞB;δ

i
2
× ½C2;δ þ S2;δ� þ

1

2!
½C2;δ�2

þ 1

2!
½S2;δ�2 þ C2;δ × S2;δ þ CC=A4;δ þ SC=A

4;δ :

ð37Þ
The last two terms are the new four-loop CL and NGL
contributions. They admit the usual factorized form

CC=A4;δ ðρÞ ¼ þ 1

4!
ᾱ4sL4FC=A

4;δ ðRÞ; ð38aÞ

SC=A
4;δ ðρÞ ¼ −

1

4!
ᾱ4sL4GC=A

4;δ ðRÞ: ð38bÞ

Although Eq. (38) define FC=A
4;δ and GC=A

4;δ as the formal
coefficients of the four-loop CL and NGL contributions
separately, the complex interplay among color factors,
kinematics, and jet-algorithm constraints at this order
prevents their independent numerical determination for
C=A clustering. Unlike the situation at two- and three-
loop order—where the primary-emission piece of the
integrand (the source of CLs) and the correlated-emission
piece (the source of NGLs) can be isolated term by term—
the C=A clustering constraints at four loops generate phase-
space constraints that couple both sources inseparably.
Only their combination

CC=A4;δ ðρÞ þ SC=A
4;δ ðρÞ ¼ 1

4!
ᾱ4sL4ðFC=A

4;δ ðRÞ − GC=A
4;δ ðRÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≡ΦC=A
4;δ ðRÞ

ð39Þ

is numerically accessible, where we have introduced the
shorthand ΦA

4;δðRÞ≡ FA
4;δðRÞ − GA

4;δðRÞ for A∈ fanti − kt;
kt;C=Ag. Numerical values of ΦA

4;δ=4! for both the kt and

C=A algorithms, together with the pure C=A correction
ΔΦ4;δ=4!≡ ðΦC=A

4;δ −Φkt
4;δÞ=4!, are given in Table II at

representative values of R. All values are obtained by
numerical integration using the CUBA library. A negative
value of ΦA

4;δ=4! indicates that NGLs dominate CLs
(GA

4;δ > FA
4;δ); the single positive C=A entry for channel

(δ3) at R ¼ 1.0 signals a local reversal of this hierarchy. A
positive ΔΦ4;δ=4! means C=A reduces the nonglobal
coefficient relative to kt and a negative value means the
opposite.
Figure 6 shows the combined quantity Φ4;δ=4! for the

pure C=A corrections alongside the kt results at four-loop
order, for all three channels as a function of the jet radius R.
The combined effect of CLs and NGLs for the pure C=A
correction is relatively small and of opposite sign to the kt
result for channels (δ1) and (δ2), confirming that C=A
consistently reduces the nonglobal logarithmic contribution
relative to kt for these two channels. The corresponding
result for the pure gluon-fusion channel (δ3) is both
relatively large (reaching ΔΦ4;δ3=4! ≈ −1.74 at R ¼ 0.6;
see Table II) and of the same sign as the kt result up to
R ∼ 0.85 where it vanishes and flips sign.
Figure 7 depicts the combined CL and NGL effect at

four-loop order, Φ4;δ, for all three channels as a function of
R, comparing all three sequential recombination algo-
rithms: anti-kt, kt, and C=A. The following observations
are worth noting:

(i) Channels (δ2) and (δ3) follow the pattern seen at
three-loop order: both exhibit a reduced nonglobal
logarithmic impact compared to both anti-kt and kt,
though no optimal jet radius exists at which this

TABLE II. Numerical values of the combined four-loop CL and
NGL coefficient ΦA

4;δ=4!, Eqs. (38) and (39), for the kt and C=A
algorithms, and the pure C=A correction ΔΦ4;δ=4!, at represen-
tative jet radii R for all three Born channels.

R Channel Φkt
4;δ=4! ΦC=A

4;δ =4! ΔΦ4;δ=4!

0.4 (δ1) −2.37 −1.82 0.55
(δ2) −1.85 −1.78 0.07
(δ3) −4.78 −6.50 −1.72

0.6 (δ1) −2.45 −1.93 0.52
(δ2) −2.49 −2.42 0.07
(δ3) −3.96 −5.70 −1.74

0.7 (δ1) −2.09 −1.46 0.63
(δ2) −3.46 −3.14 0.32
(δ3) −4.32 −5.75 −1.43

0.8 (δ1) −2.22 −1.63 0.59
(δ2) −4.26 −3.46 0.80
(δ3) −4.07 −4.62 −0.55

1.0 (δ1) −1.84 −1.07 0.77
(δ2) −4.74 −2.30 2.44
(δ3) −0.98 1.22 2.20
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impact vanishes entirely. Channel (δ2) for C=A is
nonetheless comparable to kt over a wide range of R.
The reduction in the combined CL and NGL
coefficient reaches 84% and 59% for channels
(δ1) and (δ2), respectively, compared to the anti-kt
case, while the corresponding reductions for kt are
approximately 80% and 50%. This confirms the
relatively small corrections induced by C=A cluster-
ing compared to kt. At the phenomenologically
relevant jet radius R ¼ 0.7, the reductions are
88% and 56% for C=A and 82% and 51% for kt
for these two channels, further confirming the
superiority of the C=A algorithm in suppressing
nonglobal effects over a wide range of jet radii.

(ii) Channel (δ3), on the other hand, deviates from the
three-loop pattern. For R≲ 0.4, the combined non-
global effect for C=A exceeds that for both anti-kt
and kt by at most 35% (at R ¼ 0). For R≳ 0.4, the
nonglobal effect for C=A is continuously reduced

relative to anti-kt, reaching a reduction of approx-
imately 100% at R ∼ 0.97, corresponding to the
complete elimination of this effect; it then changes
sign beyond this jet radius. Compared to kt cluster-
ing, the nonglobal effect for C=A is larger for
R≲ 0.9. Hence, for channel (δ3), the kt algorithm
is preferred to C=A in suppressing the impact of
nonglobal logarithms.

(iii) In the small-R limit, channels (δ1) and (δ2) overlap at
values of approximately −1.96 and −2.38 for C=A
and kt clusterings, respectively. This differs from the
two- and three-loop cases, in which channels (δ1) and
(δ3) overlap in the small-R limit. This indicates that
the gluon-fusion channel behaves in an unexpected
manner starting at four-loop order. Indeed, it has been
observed in previous works (see, e.g., [5,42]) that
several patterns established at lower loop orders break
down at four loops, both at the level of eikonal
amplitudes and, consequently, at the cross-section
level. It is also worth noting that the values obtained
in the limitR → 0 differ from those found in the eþe−
dijet case [27].

An appealing feature of the three-loop results is that the
combined CL and NGL coefficient vanishes at specific
values of the jet radius for channels (δ2) and (δ3) in C=A
clustering (R ≈ 0.55–0.58, Fig. 5), raising the prospect of
an “optimal” radius at which nonglobal logarithms are
eliminated. However, several issues temper this observa-
tion. First, even at three-loop order, channel (δ1) admits no
such zero; thus, no single value of R simultaneously
suppresses nonglobal effects across all three Born channels.
The phenomenologically relevant quantity is the Born-
cross-section-weighted combination

∝
X
δ

Z
dBδðFC=A

3;δ − GC=A
3;δ Þ; ð40Þ

which is not computed here and is unlikely to vanish at the
same R as the individual channels. Second, and more
fundamentally, the vanishing of the three-loop coefficient at
R ≈ 0.55 is an order-by-order cancellation between CLs
and NGLs, not a signal of a physical suppression mecha-
nism: the four-loop contributions to the same channels are
nonzero at that radius (Fig. 7 and Table II), confirming that
the cancellation does not persist beyond three-loop order.
Establishing whether a physically meaningful optimal
radius exists at all orders would require either fixed-order
calculations beyond four loops—a task that is currently
infeasible given the rapidly growing complexity of the
eikonal amplitudes, the intricate geometry and combina-
torics of multigluon configurations, and the sheer number
of phase-space orderings that must be enumerated—or a
dedicated all-orders numerical resummation for C=A clus-
tering. The latter path is not free of obstacles: the only
available all-orders C=A code [36] is restricted to purely

FIG. 6. The combined CL and NGL coefficient for the pure
C=A corrections (dotted) and the full kt clustering (dashed) at
four-loop order, shown as a function of R for all three Born
channels.

FIG. 7. The combined CL and NGL coefficient for the full C=A
(solid), full kt (dashed), and anti-kt (dotted) clusterings at four-
loop order, shown as a function of R for all three Born channels.
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soft observables (such as the energy-flow observable),
since the BMS equation [6] on which it rests is formulated
under the assumption of purely soft singularities. The
invariant jet-mass observable exhibits both soft and col-
linear singularities, which places it outside the scope of
both the BMS framework and the aforementioned numeri-
cal code. The Dasgupta-Salam code seems, currently, the
only promising short-term avenue and might be modified to
cover the C=A clustering. Such a task will be pursued in
future publications. Another, long-term option is to extend
the BMS equation to cases where the final-state soft partons
can be clustered with one of the sequential recombination
jet algorithms.
To quantify the phenomenological impact of C=A

clustering, it is instructive to perform an all-orders estimate
of the effect of the computed nonglobal logarithms on the
resummed invariant jet-mass distribution. This is the
subject of the next section.

IV. ESTIMATION OF ALL-ORDERS EFFECTS

In order to estimate the contribution of the missing
higher-order terms in the CL and NGL series to the
invariant jet-mass distribution, and to investigate the
impact of the nonglobal part on the overall distribution,
we follow the standard procedure (see, for instance,
[17,18,27,33,34,44,47]). Specifically, based on the fixed-
order perturbative calculations up to four-loop order pre-
sented above, we assume that both CLs and NGLs
exponentiate, and that their resummed form factors appear-
ing in Eq. (15) take, at NLL accuracy, the form

CC=Aδ ðtÞ ¼ exp

"X4
n¼2

ð−1Þn
n!

FC=A
n;δ ðRÞð2tÞn

#
; ð41aÞ

SC=A
δ ðtÞ ¼ exp

"
−
X4
n¼2

ð−1Þn
n!

GC=A
n;δ ðRÞð2tÞn

#
; ð41bÞ

where FC=A
n;δ and GC=A

n;δ are the CL and NGL coefficients,
respectively, computed in the previous section. The evo-
lution variable t is related to the invariant jet-mass observ-
able ρ at one-loop order—sufficient for NLL accuracy—by

t ¼ −
1

4πβ0
ln ½1 − 2αsðptÞβ0L�; ð42Þ

with L ¼ lnðR2=ρÞ and the leading-order QCD beta-func-
tion coefficient β0 ¼ ð11CA − 2nfÞ=ð12πÞ, where nf is the
number of active quark flavors. These fixed-order-based
resummed form factors are then compared to the output of
specialized numerical Monte Carlo codes, such as the one
developed by Dasgupta and Salam [3]. The latter are
parametrized as follows:

CMC
δ ðtÞ ¼ exp

" X
ðijÞ∈Δδ

C2ijF
ðijÞ
2;δ ðRÞfijðtÞ

#
; ð43aÞ

SMC
δ ðtÞ ¼ exp

"
−CA

X
ðijÞ∈Δδ

CijG
ðijÞ
2;δ ðRÞf̃ijðtÞ

#
; ð43bÞ

where F ðijÞ
2;δ and GðijÞ

2;δ are the two-loop CL and NGL
coefficients, respectively, computed in our previous
paper [34] (recall that the C=A coefficients are identical
to the kt ones at this loop order). The Born color factors Cij
are defined in Eq. (5). The fitting functionals fij and f̃ij are
given by

fijðtÞ ¼
1þ ðλijtÞ2
1þ ðσijtÞγij

t2: ð44Þ

Both fij and f̃ij share the same functional form but differ in
the values of the fitting parameters λij, σij, and γij. The
values of these parameters for the kt case at R ¼ 0.7 are
given in Eqs. (4.3) and (4.6) of Ref. [34] and are also
summarized in Table III.
As noted previously, the MC code of [3] does not

implement the C=A jet algorithm. Moreover, the numerical
code of [36], which does implement all three sequential
recombination algorithms including C=A, is restricted to
observables with purely soft singularities and does not
cover observables with simultaneous soft and collinear
singularities, such as the invariant jet-mass studied here.
Both codes furthermore operate in the large-Nc limit,
whereas our analytical calculations retain the full finite-
Nc color structure; no all-orders numerical tool covering
C=A clustering at finite Nc for this class of observables is
currently available. The only existing all-orders numerical
result at finite Nc concerns the energy-flow observable in
Higgs decays for the anti-kt algorithm [35]. We therefore
compare our analytical calculations to the output of the
MC code of [3] for the anti-kt and kt algorithms, which
serves to estimate the impact of C=A clustering at all orders
relative to those two algorithms. A similar analysis was
performed in the eþe− dijet process in our previous
work [27].

TABLE III. Fitting parameters λij, σij, and γij appearing in
Eq. (44) for R ¼ 0.7, corresponding to CMC

δ ðtÞ and SMC
δ ðtÞ

(or, equivalently, to fij and f̃ij).

Form factor Channel λij=CA σij=CA γij

CMC
δ ðtÞ aj; bj 19.71 8.43 2.18

ab 3.34 2.14 2.18

SMC
δ ðtÞ aj; bj 2.29 10.00 0.88

ab 1.12 4.00 0.68
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Because at four-loop order the CL and NGL coefficients
could not be individually disentangled for C=A clustering,
only their difference, FC=A

4;δ ðRÞ − GC=A
4;δ ðRÞ, has been deter-

mined numerically. This combination alone suffices to
construct the physically relevant product CδðtÞ × SδðtÞ, since
multiplying the two exponential form factors of Eq. (41)
yields a single exponential whose argument is a sum, over
loop order, of terms proportional to F n;δðRÞ − Gn;δðRÞ:

fngδ ðtÞ≡ CδðtÞ × SδðtÞ

¼ exp

"X3
n¼2

ð−1Þn
n!

�
F n;δðRÞ − Gn;δðRÞ

�
ð2tÞn

þ 1

4!

�
F 4;δðRÞ − G4;δðRÞ

�
ð2tÞ4

#
: ð45Þ

At n ¼ 2, 3, the individual coefficients F n;δðRÞ and Gn;δðRÞ
are known separately for all three jet algorithms, as detailed
in the discussion of the two- and three-loop CL and NGL
contributions above. At n ¼ 4, this remains the case for the
anti-kt and kt algorithms; for C=A clustering, however, we
substitute directly the numerically determined combination
ΦC=A

4;δ ðRÞ ¼ FC=A
4;δ ðRÞ − GC=A

4;δ ðRÞ into Eq. (45), without

evaluating CC=Aδ ðtÞ and SC=A
δ ðtÞ individually at this order.

We plot, in Fig. 8, the product fngδ ðtÞ of Eq. (45), together
with CMC

δ ðtÞ × SMC
δ ðtÞ, for all three jet algorithms and all

Born channels. Recall that for the anti-kt algorithm there is
no CL contribution, so Caktδ ðtÞ ¼ 1. The labels “2-loop,”
“3-loop,” and “4-loop” correspond to truncating the sum in
Eq. (45) at n ¼ 2, 3, and 4, respectively.
Recalling that fngδ multiplies the Sudakov form factor in

Eq. (15), Fig. 8 clearly shows, as anticipated, that the anti-kt
algorithm produces the most severe suppression of the total

distribution—that is, the largest reduction in the overall size
of the invariant jet-mass distribution across all three
channels. The kt algorithm produces a considerably smaller
reduction over a wide range of the variable t, making it a
more favorable choice as it more effectively mitigates the
net impact of nonglobal logarithms and brings the total
distribution closer to the pure Sudakov result (see Ref. [34]
for further details).
The exponentiation of the fixed-order results is reliable

for small values of t, specifically t≲ 0.15, corresponding to
ρ≳ 0.005. This is confirmed by comparing the kt fixed-
order exponentiation against the kt MC curve, for which
both are available. In this range, the C=A effect is
comparable to the kt one. For larger values of t, where
the fixed-order exponentiation is no longer reliable, the
C=A effect appears more aggressive than kt, shifting the
curves toward the anti-kt result. This apparent contradiction
with the three- and four-loop fixed-order findings—which
show C=A outperforming kt in suppressing nonglobal
logarithms—further confirms that Fig. 8 should only be
trusted in the range t≲ 0.15–0.2, which is the phenom-
enologically relevant region. As noted in previous works
(see, for instance, [5,17,28]), the two-loop results provide
the best approximation to the all-orders MC curves over a
wide range of t. Given the absence of an all-orders
numerical estimate for C=A clustering, our analysis shows
that the C=A and kt algorithms perform almost equally in
reducing the impact of nonglobal logarithms at all orders.
Nonetheless, the fixed-order calculations clearly indicate a
preference for C=A over kt in this regard.
Figure 9 quantifies the effect of finite-Nc corrections on

the exponential NGL form factor constructed from the
fixed-order coefficients, for channels (δ1) and (δ2) at
R ¼ 0.7. Recall that the third all-gluon Born channel
(δ3) receives no finite-Nc corrections. For the phenomeno-
logically relevant range t ≤ 0.15, the finite-Nc corrections

FIG. 8. Comparisons of the fixed-order exponentiated results at two-, three-, and four-loop order for the kt (dotted) and C=A (dashed)
algorithms against the output of the MC code of [3] for the anti-kt (brown solid) and kt (black solid) algorithms. Results are shown for jet
radius R ¼ 0.7 and for all three Born channels.
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remain below 2% for both channels, in agreement with
previous findings [8,33,35].
To assess the phenomenological impact of nonglobal

logarithms in the C=A clustering more concretely, we show
in Fig. 10 the normalized invariant jet-mass differential
cross section of the leading-pt (pt > 200 GeV) jet,
summed over the two relevant Born channels, (δ1) and
(δ2), for the specific hadronic process Z þ jet at

ffiffiffi
s

p ¼
7 TeV and R ¼ 0.6.
As anticipated from Fig. 8, the impact of C=A clustering

is of the same magnitude as that of kt clustering. The

position of the peak is shifted slightly to the right by
approximately the same amount at all three loop orders,
with the reduction in peak height decreasing from approx-
imately 6.43% at two-loop order to 5.67% at four-loop
order. These values are nearly identical to those found for
the kt case in Ref. [34]. Compared to the anti-kt clustering,
which induces a reduction of approximately 15.5% in the
peak height, the C=A and kt algorithms perform compa-
rably and both significantly better at reducing the overall
impact of nonglobal logarithms. Figure 11 depicts the ratio
of the kt four-loop and C=A three- and four-loop expo-
nential approximations to the two-loop result, further
confirming that up to four loops the various truncated
approximations exhibit a comparable behavior over a wide
range of the invariant jet mass.

FIG. 9. Comparisons of the fixed-order exponentiated results at two-, three-, and four-loop order for the C=A jet algorithm at finite-
(dashed) and large-Nc (dotted). Results are shown for jet radius R ¼ 0.7 and for the two distinct Born channels.

FIG. 11. Ratio of the kt four-loop and C=A three- and four-loop
approximations to the two-loop result.

FIG. 10. Various approximations to the normalized differential
resummed distribution in the (square-root of the) invariant jet-
mass squared for the leading-pt jet in Z þ jet production atffiffiffi
s

p ¼ 7 TeV and R ¼ 0.6. The kt curves are shown for reference.
The two-loop exponential is identical for both kt and C=A; the
three- and four-loop results differ between the two algorithms.
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V. CONCLUSION

The present paper is an extension of our previous series
of works on the structure and impact of nonglobal
logarithms appearing in the distribution of generic non-
global jet observables, where the final-state jets are defined
using the three well-known sequential recombination algo-
rithms: anti-kt, kt, and C=A. Those calculations covered jet
production in both leptonic and hadronic environments and
included the full jet-radius dependence as well as finite-Nc
corrections. They were carried out at fixed perturbative
order up to four loops. The observable distribution clearly
exhibits an exponentiation pattern, which is exploited to
construct an all-orders estimate in terms of the coefficients
computed at each loop order. The resulting resummed
distributions are then validated against the output of
numerical MC codes wherever available.
In the present work we have computed the normalized

invariant jet-mass distribution for the leading-pt jet in Higgs-
and vector-boson production in association with a jet—a
process that has been widely studied by both the phenom-
enology and experimental communities. The final-state jets
are clustered using the Cambridge/Aachen algorithm for
various jet radii. Fixed-order calculations are performed
through four-loop order in perturbation theory. Applying
C=A clustering in this hadronic setting is substantially more
complex than the kt case, owing to the fact that the C=A
distance measure is independent of the transverse momenta
of the final-state partons; consequently, all possible orderings
of the pairwise distances must be taken into account. This
task has been fully automated using scripts written in
PYTHON together with Mathematica.
At two-loop order, the C=A clustering is equivalent to kt,

and the results are therefore identical to those reported in
our previous work [34]. At three- and four-loop order, the
C=A algorithm produces contributions that differ from
those of kt, and these are presented here for the first time in
the literature. In general, the effect of nonglobal logarithms
on the total observable distribution is smaller for C=A than

for kt, a feature that holds for the CL and NGL contribu-
tions individually as well as for their combined effect.
A notable exception occurs for the purely gluonic channel
gg → gH at four-loop order, where the combined CL and
NGL contribution in C=A clustering exceeds that of kt for
jet radii R≲ 0.9, thus making kt the preferred algorithm for
this specific channel over that range. The four-loop
calculation is the most demanding, and as a result a
separation of the CL and NGL contributions has not been
possible at this order. Nevertheless, it is their combined
effect that ultimately enters the observable distribution.
The all-orders analysis reveals that the resummed form

factor constructed from the fixed-order calculations can be
reliably trusted only for ρ≳ 0.005 (corresponding to
m2

j ≳ 0.005p2
t ). Furthermore, the overall impact of non-

global logarithms for C=A clustering has been shown to be
of the same order as that for kt clustering. Both algorithms
perform significantly better than anti-kt in suppressing the
impact of these logarithms on the final observable distri-
bution over a wide range of jet radii.
The present work completes the fixed-order study of the

effect of the three sequential recombination algorithms on
nonglobal observables through four-loop order, for the
specific processes involving two and three hard colored
legs, namely eþe− annihilation and V=H þ jet production.
Future work should address higher loop orders and/or
tackle the all-orders resummation directly, since it appears
difficult to reliably infer the latter from fixed-order calcu-
lations alone. Other hadronic processes that warrant careful
investigation include extending the multiloop analysis to
dijet production, which involves a considerably more
complex color and kinematic structure.
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