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Black hole thermodynamics in Lorentz-violating gravity is subtle because different excitations
propagate at different speeds and hence identify different causal horizons. We revisit Einstein—ether
gravity using the covariant phase space formalism with boundaries and derive a consistent first law for
stationary black holes. For a mode of propagation speed s, we introduce a disformal frame in which the
corresponding s-horizon is a Killing horizon, so that a standard Wald-type derivation can be carried out. We
then map the result back to the original (horizon) frame, showing that the first law retains the same formal
structure. The associated horizon charge contains, besides the usual geometric (Komar/Wald) contribution,
an irreducible @ther term that admits an interpretation as an additional entropy sourced by the @ther flux
across the horizon; accordingly, the total entropy splits into a gravitational part and an @ther part. We
further develop an extended-thermodynamics framework in which the couplings (and A) are allowed to
vary, obtaining generalized Smarr relations. Finally, we analyze the probe-mode limit ¢, — +o0, clarifying
its connection to universal-horizon thermodynamics and resolving the apparent tension in the literature
between approaches that (i) fix the entropy to be proportional to the area and infer a corresponding
temperature, and (i) impose the Hawking temperature associated with modes peeling from the universal
horizon and infer a nonarea entropy. Once the independent &ther entropy contribution is properly taken into

account, the two prescriptions are reconciled.
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I. INTRODUCTION

As of today, black hole thermodynamics [1] remains one
of the sharpest probes of the interplay between gravity,
quantum physics, and statistical mechanics. In general
relativity, the laws of black hole mechanics can be estab-
lished as classical theorems, yet their physical consistency
ultimately relies on quantum effects such as Hawking
radiation; conversely, gravitational dynamics itself can be
recast in thermodynamic language. It is therefore natural to
ask how robust this correspondence is: does it persist in
generic diffeomorphism-invariant theories, or does it rely on
additional structural properties that are special to general
relativity? With this in mind, Lorentz-violating theories
represent an especially informative case study, as they
modify the causal structure of spacetime [2,3] in a con-
trolled but conceptually drastic way.
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Among Lorentz-violating theories of gravity, Einstein-
ether theory [4] and Horava-Lifshitz gravity [S] play a
central role. Einstein-ether theory is generally covariant
and couples the metric to a dynamical timelike unit vector
field, the a@ther, which breaks local Lorentz invariance by
selecting a preferred local time direction. Horava-Lifshitz
gravity, on the other hand, has a manifestly Lorentz-
breaking formulation where space and time are treated
on different grounds. The latter, in particular, is given by
the value of a scalar field called the Khronon.

A distinctive consequence is that the causal structure is
no longer governed by a single metric light cone. Even in
vacuum, linearized perturbations split into multiple propa-
gating modes: the usual massless spin-2 excitation asso-
ciated with the metric, plus a spin-1 and a spin-0 excitation
associated with the ather,' each characterized by its own
speed of propagation relative to the e&ther frame. Therefore,
black hole spacetimes generically exhibit multiple distinct
causal horizons, and the relevant notion of “no escape”
depends on which excitation is used to probe the geometry.

This multihorizon structure immediately complicates the
thermodynamic interpretation, possibly leading to incon-
sistencies without resorting to the ultraviolet completion of

'"The spin-1 excitation is absent in Hofava-Lifshitz gravity.
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the theory [6-8]. For example, it becomes unclear which
horizon should set the temperature, which area should be
associated with an entropy (assuming a Bekenstein-like
formula holds), and the peeling of which modes should
provide the physical notion of surface gravity. The standard
Wald construction [9,10] cannot be applied naively in these
cases as the metric Killing horizon is not, in general, the
horizon relevant for all dynamical degrees of freedom. In
addition, Lorentz-violating theories admit an extended
notion of causal boundary, the universal horizon [11],
which can trap arbitrarily fast signals in spacetimes foliated
by constant-Khronon hypersurfaces. While universal hori-
zons are geometrically well defined, their thermodynamic
role is not transparent in the vacuum sector of the theory
where all modes propagate at finite speed (and hence
cannot connect the universal horizon to infinity), but it
becomes compelling once modified dispersion relations are
allowed and superluminal, nonrelativistic propagation is
possible (see [12] and references therein).

These issues have been confronted before using covariant
phase space methods in Einstein-a@ther gravity, but early
analyses encountered obstructions, especially when
attempting to move beyond the simplest asymptotics. In
particular, while consistent first laws were obtained in
asymptotically flat settings with universal horizons, extend-
ing the construction to more general asymptotics (notably
Anti—deSitter) proved problematic. Motivated by these open
problems, we employ the more recent formalism of covar-
iant phase spaces in spacetimes with boundaries to derive
the first law of black hole thermodynamics in a framework
that remains well defined for generic asymptotics.

Our strategy in this work is to isolate the thermody-
namics associated with a specific—yet arbitrary—mode of
propagating speed ¢, (henceforth, the s-mode). Using a
well-known trick in the Einstein-ether literature, we
perform a disformal transformation on the metric to make
the causal horizon of the s-mode coincide with the Killing
horizon of the disformal metric. In this frame, the surface
gravity computed from the Killing generator matches
the peeling surface gravity of that mode by construction
(see [13] for definitions and details), and the usual con-
struction a@ la Wald can be carried out in a controlled
setting. Once we obtain the first law associated with the s-
mode in the disformal frame, we map it back to the original
frame and show that it retains the same formal structure. In
particular, a new term appears that is absent in general
relativity, reflecting the @ther flow contribution to the
Killing current across the horizon. This flux can be
interpreted as heat and therefore, via the Clausius relation
AQx = TdSg [14], is associated with an entropy term,
where the temperature is determined by the peeling rate of
the s-mode at the horizon.

The second goal of this work is to clarify the status of
universal horizon thermodynamics and the origin of appa-
rently conflicting prescriptions in the literature. Two

complementary viewpoints have been advocated: one fixes
an area law for the universal horizon entropy and infers the
associated temperature [15], while the other imposes the
universal horizon temperature—suggested by ray-tracing
arguments for infinitely fast excitations [12]—and infers
the form of the entropy [16,17]. In the first case one finds a
universal temperature which is not apparently related to any
form of Hawking radiation; in the second case one obtains
an entropy which does not always follow an area law.

We connect these two frameworks by studying the
formal infinite speed probe-mode limit, ¢, — +o0. In this
limit, the peeling surface gravity of the s-mode continu-
ously approaches the surface gravity of the universal
horizon. This procedure allows us to recover a consistent
first law—and thereby a Smarr formula—at the universal
horizon. Within the covariant phase space formalism, we
show that the key ingredient missing in previous deriva-
tions is exactly the @ther Killing flux contribution. In
situations where the problem is characterized by a single
scale (such as the Schwarzschild geometry), it was possible
to conflate this @ther term with the usual black hole entropy
contribution by a simple rescaling of the Hawking temper-
ature or of the S/A proportionality factor. In the presence of
additional scales (such as a cosmological constant), this
flux term becomes genuinely independent and cannot in
general be reabsorbed.

In the following subsection we shall fix our notation and
conventions. In Secs. II and III, we recall the essential
elements of the covariant phase space formalism, with
particular emphasis on boundary terms, and the general
derivation of the first law of black hole thermodynamics
within the framework. The reader who is already familiar
with the formalism can skip these review sections. In
Sec. IV we first review Einstein-@ther theory and summa-
rize its relation to Khronometric theory. Then, in Sec. V, we
compute the theory-specific ingredients that are needed for
its covariant phase space analysis, including its symplectic
form and Noether charges. In Sec. VII we illustrate the
general construction on four explicit solutions, including
examples previously discussed in [15]. Finally, we shall
draw our conclusions in Sec. IX.

A. Notation and conventions

Let us start by introducing some notation and conven-
tions we shall adopt in this work. In most of our
computations we make use of the notation associated with
the wvariational bicomplex framework, introduced by
Anderson in [18]. This is a convenient and systematic
framework to study field theories, symmetries, and con-
servation laws. Any field theory is defined on a suitable
(either vector or principal) bundle F' over a manifold M
(the spacetime manifold, for us). Fields are sections of this
bundle F and the space of all such sections constitutes the
configuration space. The key idea of the variational
bicomplex is to work not only with the fields, but also
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with all of their derivatives, treated as independent varia-
bles. This naturally leads to the notion of the jet bundle of
the bundle F, an enlarged space in which every possible
derivative of the fields appears as a coordinate. On this
space, one can define a differential-geometric structure that
organizes the calculus of variations.

The bicomplex is built from differential forms on the jet
bundle, equipped with two commuting exterior derivatives:

(i) the horizontal exterior derivative d, which corre-

sponds to the exterior derivative acting along the
base manifold M of the jet bundle,

(i1) the vertical exterior derivative d, which corresponds

to variations of the fields and acts along the fibers.
Both exterior derivatives are nilpotent, i.e., d> =0 and
d?> = 0. It is worth mentioning that the horizontal and
vertical derivatives here are taken to commute dod =
dod, in contrast to the mathematicians’ convention where
they anticommute dod = —dod.

Since the full exterior derivative on the jet bundle can be
decomposed into horizontal and vertical exterior deriva-
tive,” the same is true for any differential form on the jet
bundle.” Hence we will say that a differential form has a
bidegree (p,q) where p is the usual form degree on the
exterior cotangent bundle /\ 7*M, and ¢ is the vertical
degree, morally how many variations in field space we have
taken to construct that form. Vertical forms are sections of
the exterior cotangent bundle of the configuration space.

On the configuration space, we also define the tangent
bundle and denote its vector fields by v (we will use
subscripts to emphasize the type of flow they induce). We
will denote differential forms (both on field space and on
the manifold M) with boldface symbols, while the dual
vector fields (when they can be defined) will have the same
symbol but in normal text. The interior product between a
vector V and a p-form n in M is denoted by 1,7 and
is defined as the (p—1)-form (yn)(X,,...X,|) =
n(V.Xy,....X,_;). Similarly, we denote the interior prod-
uct of a vertical vector v with a vertical g-form a by
I,a, which is defined as the (g — 1)-form such that
(Lya)(vy,...vy_y) = @(V,vy,...,v,y). As for standard
functions, which cannot be contracted with a vector
[tyf =0, V feC®(M)], the contraction of a vertical
vector v with a (p, 0)-form gives 0, as a (p,0)-form does
not have arguments to insert v in. With this in mind, we
hence denote by L, the Lie derivative in configuration
space along the vector field v, while the usual Lie derivative
on the manifold along the vector field £ will be denoted as
£:. Cartan’s magic formula holds for both definitions of Lie

*More explicitly, dpy = d + (—1)"d, where r here is the
horizontal degree of the differential form this operator is acting
on,

The name variational bicomplex comes exactly from this: the
de Rham complex on the jet bundle can be separated into two
orthogonal complexes, one associated with the horizontal exterior
derivative d and one to the vertical exterior derivative d.

derivatives, meaning L,y =1, (dy) 4+ d(I,%) and £1 =
1:(dn) + d(1zn) for any (p,q)-form 5 on the variational
bicomplex.

In this variational bicomplex notation, a Lagrangian
density Le 4 is a horizontal n-form L. Its vertical exterior
derivative dL. produces the Euler-Lagrange (n, 1)-form,
whose vanishing encodes the equations of motion. We
denote equalities that hold on shell of these equations with
the symbol =. More precisely, this means that the expres-
sion on the left-hand side of = is to be understood as pulled
back along the embedding of the solution space Sol into the
configuration space C, ig,: Sol & C. Both spaces will be
explicitly defined in Sec. IT A.

Conservation laws are identified with elements of the
horizontal cohomology of the bicomplex: for instance, a
conserved vector current J# corresponds to a horizontal
(n — 1)-form J such that dJ = 0.

Throughout this paper, tensors with symmetrized indices
TWi--#3) (resp. antisymmetrized T¥1-#v)) are defined with
the 1/N! factor. Finally, Greek indices always run from 0 to
n, while Latin indices run from 1 to n.

II. COVARIANT PHASE SPACE FORMALISM

In this section, we review the covariant phase space
formalism, developed by several authors between the 1980s
and 1990s. This approach provides a coordinate-indepen-
dent framework to study symmetries, conserved quantities,
and canonical transformations [19]. In particular, the
covariant phase space formalism allows for a very natural
description of diffeomorphism charges, making it especially
well suited for the study of black hole thermodynamics in
generally covariant theories such as Einstein-@ther gravity.

In reviewing the formalism, we will focus on gravita-
tional field theories. Also, we will point out the key
ingredients that will allow us to derive a first law for black
hole solutions as prescribed in [10], albeit the possibilities
of this formalism are more far-reaching—see [20-22] for a
broader and more detailed discussion of the topic.

As previously mentioned, we take spacetime to be an
n-dimensional, simply connected and oriented manifold M
endowed with a metric g. We also assume that this manifold
can be foliated by suitably chosen hypersurfaces X
such that, topologically, M = [f;,1,] x . As illustrated
in Fig. 1, the boundary of the spacetime is oM =
21 U, UT, where X; are the top and bottom lids at time
t;and I'= U 0%, is the spatial boundary.

te(t).n)

The intersection between the spatial boundary I" and the
two lids form two nonsmooth corners 0%, :=1" N Z,. For
any piece of the boundary of M and the corners, we have
an embedding iy : N — M for N €T, %, 0%,. Since the
spacetime is oriented, we choose the volume element of the
manifold as €, = +/|detg|dx® A ... A dx"7L.

If we call t the timelike, normalized, future-pointing
1-form that is everywhere orthogonal to the slices  and n
the spacelike, normalized, radially pointing 1-form that is
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FIG. 1. Representation of the cylindrical spacetime under
consideration, with its different parts: the lateral boundary T,
the two lids X;, the two corners 0%;, and a generic slice X.

orthogonal to I', we can also define the volume element
induced on each part of the boundary as

{€M|2=’t/\€z =  €xlr=n A€y

(2.1)
eylr=nAe =

erly = —t A €55,

where in polar coordinates e,z will always be ez =
r?sin®> 0dO A dg. All these elements are depicted in Fig. 1.

A. Field space

Let us now consider a field theory on top of this
spacetime, whose field content will be collectively called
¢. Suppose also that this system is described by an action

functional
Sig] = / L / ’
M r

where L is the bulk Lagrangian and € is the boundary
Lagrangian. The boundary Lagrangian £ has support only
on I', and it will be useful to define proper boundary
conditions there. Instead, the two lids are viewed as hyper-
surfaces where to define the initial and final state taken into
account and they are not used to choose the theory itself.
Indeed, different boundary conditions defined on I" lead to
different theories, while different conditions on the two lids
just correspond to different states one can consider.

In order to construct a proper phase space4 we can
start by defining the configuration space, meaning

(2.2)

*A phase space is a manifold F endowed with a symplectic
Sform Q, the latter being a closed (i.e., the exterior derivative of Q
is 0), nondegenerate [i.e., Q(v;,v;) =0V v, ETF = v, = 0]
2-form on F.

the space of all the possible field configurations,
C := {all possible field configurations¢}.” As mentioned
before, this configuration space contains all sections of
some fiber bundle F over M.

Since the manifold has a boundary, we might want to
restrict our configuration space to only those configurations
that satisfy some boundary conditions B at I'. For example,
we might impose Dirichlet (d¢| =0), Neumann
(n"V,d¢| = 0), or mixed/Robin boundary conditions.
Let us emphasize that the specific choice of boundary
conditions is guided by physical considerations, but it is
fundamental to guarantee the well posedness of the initial
value problem.

We thus define the boundary compatible configura-
tion space as the subset of the configuration space for
which the chosen boundary conditions are satisfied,
B:={¢$eC|B =0}. Similarly, we define the solution
space Sol := {¢p € C|[EL[¢] = 0} as the set of fields con-
figurations that satisfy the FEuler-Lagrange equations
obtained by extremizing the action functional S[¢p]. The
intersection of these spaces will give us the space of
physically relevant field solutions which we take to be
our prephase space P :=Soln B = {peC|EL =0 and
B = 0}. This manifold can be endowed with a closed
2-form Q (see next section for details), called the presym-
plectic form starting from the action. The prefix “pre” is due
to the fact that € is still generically degenerate, hence not
fully symplectic. In this work, we omit the issue of
degeneracy and refer to these objects just as phase space
and symplectic form, writing P and Q.

B. Dynamics

From the variational principle, we know that the field
configurations that satisfy the Euler-Lagrange equations are
related to the ones for which the action functional is
stationary, up to terms that are integrated over the two
lids ;. Taking the variation of the action, we get

dS[p] = /M dL + /F de.

The variation of the bulk Lagrangian L is related to the
Euler-Lagrange equations as®

(2.3)

dL = ELd¢ + d®, (2.4)

where the term ® in Eq. (2.4) is the so called symplectic
boundary potential. In the language of the variational

3See [23-25] for a broader analysis on the geometric structure
of the configuration space.

This result can be derived by performing integrations by part
after taking the variation of the Lagrangian; see for example [26]
for a proof using indices and [27] for a proof using the variational
bicomplex formalism.
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bicomplex, @ is an (n — 1, 1)-form, which depends linearly
on the field variations d¢. This will be the starting point to
construct the symplectic form. Plugging Eq. (2.4) into
Eq. (2.3), we have

d]S[q/)]://\4ELd¢+/:2®+£(®+df), 2.5)

where the symbol fzzf means [y — [; .

The middle term in the right-hand side of the above
expression, located on the two lids, is of the kind that is
allowed by the variational principle. On the other hand, the
right-most one is not allowed as it is. To make it compatible
with the variational principle, we can restrict the form of the
boundary Lagrangian ¢ in such a way that its variation
cancels the (pullbacked) symplectic potential on I', up to
terms that are localized on the only part of I' that also
belongs to the lids, meaning the corners. This can be done
by requiring

itO + d¢ =B + 46, (2.6)
where 0 is called the symplectic corner potential. Indeed,
upon using the boundary conditions B, the only term
remaining in Eq. (2.6) is a total derivative of @ which, after
integration, will contribute only on the corners. Plugging
Eq. (2.6) in Eq. (2.5) gives

dS[4] :/MEquSnL/FBJrLEZ(@—dO), (2.7)

which is compatible with the variational principle once
fields are restricted to phase space P (recall that this means
that we go on-shell and impose the boundary conditions).
Notice that, in the last term, we changed the sign of the
derivative of @ because the corner orientation induced from
I is the opposite to the one induced from X.

We can now define the symplectic current @ as the
restriction to the phase space of the (vertical) variation of
the last term in the previous equation

o: =d(i$0 —db))|p, (2.8)
and the associated symplectic form on P as
Q; = / o. (2.9)
b

The fact that the symplectic form is closed is crucial in what
comes next.

If there exists a vector field v under whose flow the
2-form Qs is left invariant, i.e., L, Qs = 0, where L, is the
Lie derivative along v, this implies—thanks to Cartan’s
magic formula—that the contraction of v with the sym-
plectic form [, Q is closed and hence locally exact:

0= H—VQZ = d](]Ivgz) + Hvd]gz — ]IWQZ =—d Qz[\/],

(2.10)

for some locally defined Qy[v].” We will be interested in
vector fields v for which Qg [v] can be defined globally in
phase space. When this function exists, we call it the
canonical generator of the transformation induced by v. For
example, when the vector field is the one that generates
evolution in time v,, Q[v,| will be the Hamiltonian of the
system.

C. Symmetries and Noether charges

A powerful tool to compute the canonical generator
Qs[v] for symmetry vector fields is Noether’s theorem.
This holds for variational symmetries, i.e., field space
vector fields such that L, S = 0. Since we derived the
symplectic form from the action, these transformations
also preserve the symplectic form and thereby satisfy
Eq. (2.10). In this work, we will focus on these
variational symmetries.

For these kinds of transformations, Noether’s theorem
states that there exists a Noether current

J[v] :==1,0 - 6[v], (2.11)
where 6[v] is such that
do[v] = 1,dL. (2.12)

This current is then conserved on shell.

As shown in [26], if one has a closed (p, ¢)-form (with
p < n) that is locally constructed from fields, then it is
exact, meaning there exists a (p — 1, q)-form—again
locally constructed from fields—such that the former is
the vertical derivative of the latter. This is the case for the
Noether current J[v], that is closed on shell:

dJ[V] = dI,® — do[v] = I,dL — ELI,d¢ — I,dL

=0 = Jv]=:dq|v], (2.13)
with q[v] a (n—2)-form that we call the Noether
charge [28].

The argument of [26] to infer the existence of q[v] is very
general. There is no universal algorithm to extract Noether
charges, but, in concrete cases, we usually work with the
dual vector J¥[v] and try to express it as the divergence of
an antisymmetric, rank (n — 2) tensor ¢**[v]: the form dual
of this tensor will be a candidate Noether charge.

The conserved current J[v| is the key ingredient to
construct the canonical generator Q, by integrating this
over a slice X, as its variation is related to the contraction of
v with @. Moreover, this integral will be independent of any

7, . . . .
The minus sign is conventional.
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bulk variation of the slice because J[v| is closed. However,
we are also interested in variations of X that affect its
boundary. To obtain a canonical generator that is invariant
under these boundary variations, we need to add a term that
compensates the flux of the current across the boundary.
The term we have to add is the boundary Noether current
j[v], constructed with terms that are intrinsically defined on
the boundary

ilv] =10 — g[v], (2.14)
where ¢[v] is defined by the condition
I,d? =: dg[v] — ifo[v]. (2.15)

This condition holds only for vector fields v that annihilate
B or when restricted to P where B = 0.

Therefore, the canonical generator Qs[v] associated
with the variational symmetry vector field v is

ol = [ap- [ 3™ [ (@bl =it). (216

The following proposition then holds true.

Proposition 11.1. The canonical generator defined in
Eq. (2.16) does not depend on the slice of integration X.
Moreover the vertical variation of this quantity is related to
the symplectic form contraction as in Eq. (2.10).

We shall give a proof for this statement in Appendix A 1
and, as a consequence of it, we shall drop the subscript X in
Qs [v] from now on.

D. Diffeomorphism invariance
and covariant Lagrangians

When working with gravitation theories, one generally
requires invariance under the full group of spacetime
diffeomorphisms. Diffeomorphisms also induce transfor-
mations on fields.

For the diffeomorphism generated by & to be a symmetry
of our phase space, we ask that both the Euler-Lagrange
equations and the boundary conditions are left invariant,
that is (we use 6 to refer to a generic variation)

(2.17)

5:B = 0.

A sufficient condition for the first equality to be satisfied is
that v; is a variational symmetry (meaning it keeps the
action invariant). On the other hand, the presence of a
boundary already breaks the full group of diffeomorphisms
of M, which means that the action is at most invariant
under those diffeomorphisms that preserve the position of
the boundary: this is equivalent to ask z:n = 0 everywhere
on I'. The second equality in Eq. (2.17), of course, depends
on the boundary conditions chosen.

For those theories whose Lagrangians are covariant® and
for diffeomorphisms that satisfy Eq. (2.17), we can explic-
itly compute the terms o[v;] and ¢[v] in the bulk and
boundary Noether currents Eqgs. (2.11) and (2.14). Indeed,
using Cartan’s magic formula, we can show that

oL =L, L =1, dL + d](zng), (2.19)
where the second term vanishes because L is a (n, 0)-form.
Moreover, because of covariance

6:L = £:L = 1.dL 4 d(1:L.), (2.20)
where the last term vanishes because L is a top form
on M. Comparing the two, we can deduce that
o[ve] = 1:L. Analogous considerations for # lead us to
the result

olvel =1L, and g[ve] =12, (2.21)
So, using Eq. (2.14) together with Eq. (2.21), the charge

associated to a diffeomorphism that satisfies the condition
Eq. (2.17) has the final form

Qe = [ (alvel - i) = [ (aluel 1,0 +1) |

(2.22)

III. FIRST LAW OF BLACK HOLE
THERMODYNAMICS AND SMARR FORMULA

Consider now a stationary black hole metric, meaning a
solution ¢° of the Euler-Lagrange equations with a Killing
vector field & (i.e., £:¢° = 0) that has a causal boundary H.
In general relativity, H is the Killing horizon of &, but in
different theories H is not necessarily a Killing horizon, nor
a null surface in general.

We take the lateral boundary of the manifold M as
I'uH. We also define Sp:=I'NZ, and H:=HNZX,
meaning the intersection of I' and H with a generic slice
%, to distinguish them from the two corners dZ; (see Fig. 2).
Here R stands for a regulator scale that one will eventually
send to infinity.

A tensorial field T on configuration space transforms as
0.7 = L,,T, that is with a configuration space Lie derivative. If T
is constructed as a local combination of fields, it is also a tensor in
spacetime, which means that it changes under the diffeomor-
phism generated by & as §:T = £:T, where we recall that £ is the
spacetime Lie derivative. Hence, we say that an object T is
covariant under £ if it satisfies

L, T = £T. (2.18)

084071-6
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FIG. 2. Spacetime in presence of an internal boundary H.

In this case, the variation of the canonical generator
Eq. (2.22) will contain two pieces, one integrated over
the external boundary Sy and one over the internal
boundary H:

dQfv;] = d [9 (ave] — jlve]) — /H alve] + A 0.
(3.1)

For simple choices of &, the integral over the corner S
have a clear physical interpretation:
1) If & =0, then

av=d [ (@wl-ip) (62
Sr
is the variation of the system energy.
(ii) If £ =9, then
ar=-d [ @v)-i)  63)
Sr

is the variation of the system angular momentum.
In the limit where the boundary is at spatial infinity, the two
quantities above respectively correspond to the Arnowitt-
Deser-Misner (ADM) mass and angular momentum.

On the other hand, the quantity evaluated on the horizon
‘H in Eq. (3.1) will be related to the product of the
temperature T and the entropy S of the black hole, as
we will soon show.

According to Proposition II.1, the total charge Eq. (3.1)
is related to the symplectic form contraction as

dQ[v;] = —l\vg/z(u. (3.4)

Since both the boundary and corner symplectic potentials
are linear in the field variations, so it is the symplectic
current @. Given that the vector field ¢ is Killing, we have
zvgd]qﬁ = 0 (we assume that fields are covariant), hence the

contraction 1, @ on the right-hand side of Eq. (3.4) vanishes

and we obtain a relation between the quantities defined on
the external boundary and those defined on H, namely

a/ (ol = Sl = [ abi- [ w0,

Let us show how this relation can be interpreted as the first
law of black hole thermodynamics.

As Wald proved in his seminal paper [10], in order to
interpret the first term on the right-hand side of Eq. (3.5) as
an entropy contribution, we have to restrict our focus on
stationary variations around the black hole geometry that
do not move the horizon. To do so, we have to require that
variations preserve the rescaled vector field E:= &/Kky, SO
defined to have unit surface gravity.” This implies that the
diffeomorphism must be field dependent [29,30]

R U der U .
d]f” — d] <§_> — é _ d]KH é_zlmg)seo
Ky Ky Ku

(3.5)

= d¢& :%fﬂ #0. (3.6)
Ky
As a consequence of this field dependence, Eq. (3.4) no
longer holds as written, but an additional term appears,
namely
dQ[v;] — Qlvge] = - /): I, ®. (3.7)
This new term is essential for the thermodynamical
interpretation.

Expanding Eq. (3.7) we get a contribution at the
asymptotic boundary and one on the horizon. We can
choose the variation of the Killing vector field such that it
vanishes on '—so that the asymptotic quantities can be
defined as before [see Eqs. (3.2) and (3.3)]—while it
behaves like Eq. (3.6) on the horizon.

By linearity, the charge density q[v¢] on the horizon H
can be written as the product of xy and the charge density
computed with & (namely q[vg]). Therefore its variation
would naively include contributions from both factors for
the Leibniz rule. However, the subtraction in Eq. (3.7)
cancels exactly the term associated with dxy:

dalv:] - alve] = d(xyalvs)) - G”K—’j‘q[\va — kuda[ug].

(3.8)

%I we define the surface gravity of the horizon to be either -

generator, V,&, = ky€,,, or k-inaffinity, &V, = k£, we can

E 2 g BuNy BU __ R
see that substituting & we get V&, = ¢, and &'V, ¢&" = &,
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If we write (the integral of) q[v;] as the product of
temperature and entropy 7S, we can make the analogy

dk
d(ryalve]) ———alv] = xudalvg], (3.9)
H
d(TS) —dTS = TdS, (3.10)
leading to the following identifications:
S = 2. / Ve, and Tgy =" (3.11)
= AT 2|, = .
BH ” q[vg BH =5

These are precisely the definitions given in [10]."°

So far, we have not talked about the symplectic flux 1.0
in Eq. (3.5). Remember that ¢ is the Killing vector field of a
stationary black hole. Assuming that (i) the horizon is
bifurcating so that we can take H to be the bifurcation
surface (where & = 0), and (ii) the integrand ;0 is regular
on H, the symplectic flux contribution vanishes. This is
what happens in general relativity. On the other hand, the
second condition is not generically satisfied in alternative
theories of gravity. In particular, it fails in the case of
Einstein-ather theory because the @ther flux diverges as we
approach the Killing horizon. This will be the main point of
Sec. VC, where this behavior will lead us to unveil a
contribution to the first law given by the @ther itself.

Finally, if the horizon-generating Killing vector field is a
linear combination of time translation and rotation
¢&=0,+Q0,, we get

dM = TgudSpy + QudJ + / 1:0 | (3.12)

H

where € is the angular velocity of the black hole horizon.
The first law of black hole thermodynamics can be
obviously extended to include additional terms coming
from gauge fields [24,31-33].

A. Scale invariance, extended thermodynamics,
and Smarr formula

An important relation that can be derived from the first
law of black hole thermodynamics is the so-called Smarr
formula. This formula is relevant as it directly relates the
parameters that characterize a black hole solution, unlike
the first law which relates infinitesimal variations of the
parameters. For example, the Smarr formula for a

"“The 27 factor is chosen in such a way that the entropy
reproduces the Bekenstein-Hawking one Spy = Agy/4Gyn in
general relativity. The temperature also reproduces the celebrated
Hawking temperature of quantum field theories in black hole
spacetimes.

Schwarzschild black hole in general relativity in generic
spacetime dimensions reads (n —3)M = (n —2)TS.

The Smarr formula is deeply connected to the trans-
formation properties of the black hole parameters under
rescaling. Indeed it can be derived with a scaling argument
from the first law: under an overall change of length scale,
in pure general relativity, the parameters of the solution
transform homogeneously, with a degree that is fixed by its
length dimension; therefore, each parameter is a homo-
geneous function of the others. Applying Euler’s theorem
to this function leads to the desired formula.

In order to make contact with the covariant phase space
formalism, we reinterpret these considerations in terms of
the solution space. Notice that an overall change in length
scale can also be interpreted as a transformation of the
“ruler” we use to measure those scales, i.e., the metric
tensor.

A dilatation of the metric—and of any other field in the
theory—is realized by the global part of the group of Weyl
transformations. Under an infinitesimal Weyl transforma-
tion, the field ¢ typically changes as

S = w(g)eg. (3.13)
where w(¢) is some number called the Weyl weight of ¢,
and ¢ is the small parameter of the expansion. We focus
here on global Weyl transformations, for which & does not
depend on the spacetime point.

A theory is said to be globally Weyl invariant if the
variation of the action & under this transformation vanishes.
This occurs if there exists at least one combination of Weyl
weights such that the contributions from each field cancel
exactly. A generic theory is not invariant under these
transformations, as different terms in the action generally
transform with different weights.

As shown in [34], a possible way to circumvent this issue
is to allow coupling constants appearing in the action to
transform as well, i.e.,

Swe; = w(c;)ec, (3.14)
for suitably chosen weights w(c;). The framework in which
couplings are allowed to vary under global Weyl trans-
formations is called extended thermodynamics [34-36].
Within a covariant phase space approach, the transforma-
tion of couplings is unnatural. To encompass the extended
framework, one must enlarge the configuration space to
include couplings as well, that is writing a theory with
dynamical couplings.

To avoid any possible confusion, we will denote by d
and ¥ respectively the vertical exterior derivative and a
generic vector field acting on the enlarged configura-
tion space.

Repeating the computation that led us to Eq. (3.1) in the
extended framework we get
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af (al = i)+ Wide; - / B [

+/ q[\?ﬂf]_‘_/ l‘f@:—l@:/w’
H H !

where
i ::/&][\V:]_/ 0jve]
b OC,- Sk aCI'

is the conjugated variable to the chemical potential c;. See
[37] for a more detailed discussion.

Since boundary conditions are not generally invariant
under a Weyl transformation, the variation induced by a
Weyl transformation is not tangent to the boundary com-
patible configuration space B. To account for this fact, we
have to add the term f Sn 1:B, that generalizes Eq. (3.1).

Equation (3.15) is the extended thermodynamics version of
Eq. (3.4). Similarly, if ¢ is a Killing vector field, the right-
hand side vanishes and we get a relation between the
variations on the left-hand side.

If we consider again a solution that admits a Killing
vector field ¢ of the form & = 9, + Q,0,,, we can use the
definitions Egs. (3.2), (3.3), and (3.11) to turn Eq. (3.15)
into the first law of black hole extended thermodynamics:

(3.15)

(3.16)

dM — Q,dJ + Yidc, — TdS — /
S

B=0| (3.17)

If we call ¥y the vector on the enlarged configuration space
that generates the infinitesimal Weyl transformation, we
can contract the previous equation with ¥y, to obtain

(n=2)M = (n=2)TS + (n —2)QJ —w(c;)¥c;

+ / lf(lva).
Sr

The term involving B depends on the theory one is
considering, but, when evaluated at infinity, it typically
reduces to another factor of the total mass [37], thereby
leading to the desired Smarr formula

(3.18)

(n=3)M = (n=2)TS + (n —2)QJ —w(c;)¥c; |

(3.19)

IV. EINSTEIN-AZTHER THEORY

Consider a spacetime (M, g) of dimension n and mostly
plus signature. We assume that there also exists a dynami-
cal 1-form field u, called the ather. The dual vector field
g*u, will be denoted by u*. Einstein-@ther theory is a
generally covariant vector-tensor theory that describes the

dynamics of g and u. In the simplest case, the action of this
theory can be written as the Einstein-Hilbert action (with a
possibly nonzero cosmological constant A), plus the most
general two-derivative action for the @ther, as given in [4].
In addition, a Lagrange multiplier 4 is introduced to enforce
u to be timelike and of unit norm. Thus we have

1
S/E[g,u] :m/MeM[R—2A+Eu +/1(glwllﬂuy+ 1)]1

(4.1)
where
L, =~=2",,V,u’N u°, (4.2)
and"'
ZM s = C10" Gpo + 20505 + €30504 — cautut gy, (4.3)

The kinetic Lagrangian density for the @ther vector then
reads [4]

Ly =—c;V,u,V'u¥ — c;,V, u'V u’ — sV, u, Vi

+ 040”61”, (44)
where a* := u”V ,u" is the @ther acceleration vector field.

General covariance is maintained thanks to the fact that
u is a dynamical field. However, as the expectation value of
the @ther is necessarily different from 0O, every solution
breaks local Lorentz invariance because the @ther provides
a preferred frame. As a matter of fact, this theory is
intended to be an effective description of Lorentz-violating
physics (see, e.g., [39] and references therein).

For convenience, we introduce the following shorthand
notation for the sum of different couplings

Ciy,.oiy 3= Cip T+ € (4.5)

so that, e.g., ¢13:==¢; + ¢3 and c3 :=¢| + ¢, + ¢3.

An interesting feature of this theory is that the action can
be written in the so called fluidodynamical variables [40].
If we decompose the covariant derivative of the @ther as

1
V}lul/ = mp/w19 +ou t o, —ua, (4.6)
where
P 3= G + 1,10, 9= V”u”,
o f ! «pP
Oy = p(ﬂpu)vauﬂ - mpﬂ”&’ Oy = p[ﬂpl’]vauﬁ
(4.7)

""This tensor is sometimes called K. , but we call it Z, as in [38]
to avoid confusion with the extrinsic curvature.
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are respectively the projector on the leaves orthogonal to
the ether and the expansion, the shear, and the twist of the
@ther congruence, we can recast the action in the following
form:

Selg.u] = o /M €u[R = 2A — ¢y — c 0% — ¢ 0*
+c,a® + Awu,g” + 1), (4.8)
where
Cg = Cl3+(n_1)c27 Cs = C13,
Cw = Cl - C3, Ca = 614_ (49)

In principle, we could look for solutions of the Euler-
Lagrange equations for any possible value of the couplings
c;. However, a lot of these values have been ruled out by
physical considerations such as positivity of total energy,
absence of naked singularities, and so on [41]. Most of the
solutions known in the literature have been found in sectors
of the theory where some of the coefficients of the fluid-
odynamical description Eq. (4.8) are set to zero, which is
equivalent to make the corresponding term of the ather flux
a cyclic variable.

As we will see shortly, the coupling constants are also
related to the propagation speed of the various degrees of
freedom of the theory. For example, the strong observa-
tional evidence that the spin-2 perturbation of the metric
propagates with the speed of light restricts c¢3 to be very
small. We invite the reader to consult [15,41,42] and the
references therein for a more comprehensive review of
these bounds.

A. Relation with the infrared limit
of Horava-Lifshitz gravity

In [43], the author introduced a variant of Einstein-ather
theory where the @ther vector is taken to be normalized and
hypersurface-orthogonal by construction. At the level of
the action Eq. (4.8), this can be achieved by taking the
formal limit 4 - +o0, ¢, — +o0. This theory has been
called “Khronometric Theory” or “7-Theory,” and it has
been shown to be the infrared limit of Horava-Lifshitz
gravity [43]. In Khronon theory, the form field u can be
traded for a scalar field 7 (called the Khronon) defined by
the relation

it := —Nd7T, (4.10)
where N := (—g~'(d7,dT))~"/? is a normalization factor
and the minus sign is chosen such that 7 grows in the
direction of the vector field u, namely u”d,,’]’ > (. The level
sets of the Khronon 7, to which the @ther is orthogonal,
provide a preferred foliation of spacetime, which can be
used to simplify the canonical analysis of the theory.

Since the unit-norm constraint is implicit in the defi-
nition Eq. (4.10) of 1, the resulting action is nothing but the
Einstein-ether action without the Lagrange multiplier, and
with u being a shorthand for the normalized gradient of 7°
as in Eq. (4.10),

S7lg. 7]

:16”GN/M€M[R—2A+£U}. (4.11)

On the other hand, u is not necessarily hypersurface-
orthogonal in Einstein-ether theory. According to
Frobenius’ theorem, this is true if and only if

uAdu=0. (4.12)
It is easy to check that this condition is automatically
satisfied if u has the form Eq. (4.10). In [15] it has been
shown that the space of solutions of twist-free Einstein-
ether that contain a black hole region is a proper subset of
the black hole solution space of Horava-Lifshitz gravity,
while the two solution spaces are equivalent when restricted
to static and spherically symmetric configurations in
dimension n = 4.

B. Universal horizons

In Lorentz-violating theories of gravity such as Einstein-
@ther theory, the causal structure of spacetime differs
fundamentally from that of general relativity. The presence
of the @ther field selects a preferred local inertial frame and
therefore breaks local Lorentz invariance. As a conse-
quence, causality is no longer governed by a single metric
light cone. Instead, field perturbations decompose into
several independent modes, each propagating with its
own characteristic speed relative to the @ther frame. The
causal structure is therefore described by a set of distinct
light cones rather than a unique one. This might happen
also in other theories, different from general relativity [44].

In Einstein-@ther theory there are three propagating
modes [45]: a spin-2 tensor, a spin-1 vector, and a spin-
0 scalar mode. The tensor mode corresponds to the usual
graviton. Their propagation speeds are given by

2 _ 1 2
Cspinz - (l—c13)c >
2,2
2 _ 2ci—cytes o
Cspin1 = Zepq(T-cpp) € (4.13)
2 _ci3 2—ciy 2

Cspin0 = 1y [2(14c) —cpps(14ca+eins)] €

where we explicitly showed factors of ¢ (the speed of light
in vacuum, everywhere else equal to 1). Since these
propagation speeds can be superluminal, signals associated
with these modes may in principle escape from the usual
Killing horizon. The existence of a genuine signal-trapping
surface is therefore far from obvious.
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Remarkably, black hole solutions can nevertheless exist
in these theories. In particular, a special causal boundary
known as the universal horizon can arise and act as the
ultimate barrier for signals, even those that propagate
arbitrarily fast. The existence of this structure is closely
related to the hypersurface-orthogonality of the ather flow,
which holds in many relevant solutions [46].

When this condition holds, the @ther field 1t can be
written locally as the normalized gradient of a scalar field,
the Khronon of the previous subsection.'” Spacetime is
therefore locally foliated by constant Khronon hypersur-
faces. These leaves define surfaces of simultaneity in the
preferred frame, and signals must always propagate toward
increasing values of the Khronon field.

In typical situations these surfaces of simultaneity extend
to spatial infinity i®. However, sufficiently strong gravita-
tional fields can cause one particular leaf of the foliation to
become compact. Since all signals move toward the future
in terms of increasing Khronon, once they cross such a
surface they cannot return to the exterior region, regardless
of how large their propagation speed may become. The first
compact constant-Khronon hypersurface is called the
universal horizon. Its boundary is future timelike infin-
ity it

The universal horizon can be characterized geometrically
through the conditions

and  (zza)|,, #0, (4.14)

(1210)],,, = 0.
where again £ is the Killing vector field associated with
stationarity and a* = u*V, u* the @ther acceleration. The
first condition states that the a&ther becomes orthogonal to
the Killing vector at the universal horizon: since u* is
everywhere timelike, this can only occur in a region where
¢ is spacelike, which implies that the universal horizon
must lie inside the Killing horizon. The second condition
ensures that the horizon is nondegenerate and that the
corresponding surface gravity is nonvanishing. Indeed, the
surface gravity of the universal horizon can be defined as

Kyg = E(lfa”rUH’ (415)

and interpreted in terms of the peeling behavior of constant-
Khronon surfaces near the horizon [48].

In the presence of an @ther field, it is possible to
construct covariant field equations describing superluminal
matter fields with modified dispersion relations

W =K+ Z%k%, (4.16)
j=2

J
AUV

“Note that the requirement of hypersurface-orthogonality
does not need to hold everywhere, as long as Eq. (4.12) holds
at the would-be horizon [47].

where @w and k are respectively the frequency and the
modulus of the wave vector of the superluminal mode in an
adapted frame, f,; are coefficients depending on the
ultraviolet completion of the theory, and Ayy is an ultra-
violet cutoff. It was recently proven that such superluminal
matter field radiate from the universal horizon with a
Hawking temperature Tyy = kyy/7 which is afterwards
partially reprocessed at the Killing horizon for low-energy
modes [12].

Universal horizons were first identified in static asymp-
totically flat black hole solutions of Einstein-ather theory
[11,49,50]. Similar structures have subsequently been
found in several other classes of solutions, including

(i) four-dimensional static asymptotically (anti-) de
Sitter spacetimes in the sector ¢4 = 0 [15];

(i) four-dimensional stationary asymptotically flat
slowly rotating black holes in the sector c;4, =0
[51-53];

(iii) three-dimensional rotating solutions in the sector
ciy = 0 [54];

(iv) three- and four-dimensional charged static black
holes in both sectors ¢4, = 0 and c¢53 = 0 [55-57].

In many cases of interest, static spherically symmetric
solutions can be parametrized as

ds* = —e(r)dt* + f(—’:) + r2dQ3,
(4.17)

u = (1zu)dr — e’f—f)dr,

where & = 0, is a Killing vector of both the metric and the
ather field (namely £:g = 0 = L;u) and 8 is a normalized

FIG. 3. Carter-Penrose diagram for a Schwarzschild-like sol-
ution featuring a universal horizon and three constant-Khronon
slices.
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1-form orthogonal to u that spans the radial plane together
with it,

=1
- dt ——<—dr.
8 = (1:8) o) r

In the @ther frame, defined by u ~ dz, the metric takes
the form

(4.18)

(11)?
e*(r)

for a suitably redefined spatial coordinate p (see [58] for the
explicit construction). This expression makes it clear that,
besides the usual Killing horizons defined by e(r) = 0, the
metric also becomes degenerate at radii where (z:1) = 0.
These loci correspond precisely to universal horizons;
see Fig. 3.

ds? = (11)%de* + ——dp* + r*dQ3, (4.19)

V. COVARIANT PHASE SPACE ANALYSIS
OF EINSTEIN-£ZTHER THEORY

In this section, we apply the covariant phase space
formalism that we reviewed in Sec. II to the solutions of
Einstein-ether theory. This analysis constitutes the main
contribution of this work.

Let us consider again the action of the theory

Sglg.u] = 162G
(5.1)

with £, given in Eq. (4.2).
As a first step to apply the algorithm of covariant phase
.. . .13,
space, we need to compute the variation of this action ™:

1
dSg = m/M eml(Gu + guh — Tih)dg
+2(&, + Auy,)du’ + (n,u,g" + 1)d]]

- V, g Vrd

- gﬂﬂvadgaﬂ + Xﬂa}dgaﬂ + 2Yﬂadua]'

(5.2)

Let us analyze the various terms that appear in this
expression. First of all, for convenience, we defined the
X and Y tensors

Y =2 Ve, (5.3a)

p) =

X”a/} = u”YW,) + u(aY"/,) - u(ﬂYa>/‘, (53b)

“Notice that du® is the variation of the vector field dual to the
@ther. When needed, we will use the boldface character to denote
the variation of the form field. Moreover, the tensor dg** is the
variation of the metric g with both indices raised and not the
variation of the inverse metric g**.

/ ent[R =20+ Lo+ 21,1, + 1),

as they will appear frequently in our computations. In the
first line of Eq. (5.2), we also introduced

E, = cya, V" +V,Y°,, (5.4a)
TE = c;(V,u,Vur —V,u,VPu,) + cja,a,
1
+V, X7, + A, + = g, Ly (5.4b)

2

with the former entering in the @ther field equations and the
latter being the @ther stress-energy tensor.
From the bulk piece of Eq. (5.2), we read the equations
of motion of the theory
G;n/ + gpbA Tﬁ’
B, +iu, =0,

Ho— _
w,ut = —1.

(5.5)

Since 1t is normalized, we can remove A from the second
equation and write

E -0 (5.6)

«—

{ G+ guh = Tﬁ,

where the left-pointing arrow under a tensor ( - ) means that
—

its free indices are projected orthogonally to the ather
1-form with the projector operator p; = &, + u*u, that we
introduced in the hydrodynamical description [see
Eq. (4.7)]. On shell of the equations of motion for the
Lagrange multiplier 4, we can rewrite the @ther stress-
energy tensor as

T4 =Y,/V,u,-Y,V,u uVY’—i—u}E +V, X0,

vip uVp
1

+ 59wl

: (5.7)

This will be useful in constructing explicitly the diffeo-
morphism charge associated to the @ther as we do in
Appendix B, because charges are evaluated on shell and in
this form it is manifest now that one term vanishes when
going on shell of the equations of motion of the ather.
From the boundary piece of the variation of the action
Eq. (5.2), we can read off the symplectic potential of
the theory. We recognize that the first two terms give
the boundary symplectic potential of pure general relativity

Ocr = (5.8)

(ga/ivﬂ d]gaﬁ vad]gﬂa)ew

16G

so that we can identify the last two as the &ther contribution

(X””ﬂd]g(lﬁ +2Y* du®)e,. (5.9)

@ = —
& 167Gy
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The total symplectic potential of the theory can thus be
written as

Oror = Ocr + O, (5.10)

where €, = 19,€.

A. Diffeomorphism charges for Einstein-zther

With these ingredients, we can construct the diffeo-
morphism charge as defined in Eq. (2.13). A more detailed
derivation is included in Appendix B. The result is

qTOT[Wé] —— 87Gn (V[/‘é‘”] 4 u[”Y”]pfp 4 u["Yp"]{,"’

—+ YL“V] upé/’ )e}w

= qg(Ve] + qgz[vel, (5.11)

where €,, = 15 15 €\, and we identified the contribution
Lo,

coming from the metric field, which is the usual Komar
charge density of general relativity,

1
]67TGN

qx[ve] = (Vrgr — Vet e (5.12)

J

and that coming from the @ther field

1
87TGN

qz [Wﬂ == (u[ﬂyy]péﬂ + M[FY/)U]é:p + Y[I/”’] u/)ép)eﬂv'

(5.13)

The presence of two pieces already suggests the existence
of an independent @ther contribution to the entropy, as
defined in Eq. (3.11). In the following we will provide a
precise derivation of this claim.

Quite interestingly, we can see that, just as

V., ¢ = - 2G*, + R8) &, 5.14
A = e 26" TR, (5.14)
as in Komar’s original construction [59], it similarly holds

that

vuq’}lg = (2T}Eﬂy - £u55)§y7 (515)

1
162Gy
upon the sole imposition of the equations of motion for the
ather, £, = 0 (since we do not need to go fully on shell,

we did not use = in this equality). The analogy between
these two equations is very intriguing. The conservation
equation Eq. (5.14) is a consequence of Bianchi identities,
which means that it follows from the constraints associated
with diffeomorphism invariance. It thus appears that the
equations of motion for the a&ther—at least those that are

sufficient to guarantee Eq. (5.15)—can be interpreted as the
diffeomorphism constraints for the ather contribution of
the theory.

Notice that, from Eq. (5.15), it follows the conservation
of the right-hand side

1

V,|——— Q2T g"
M1671'GN( B

— L, =V, V% =0. (5.16)

This last equality will be instrumental for the physical
interpretation of the @ther contributions to the first law.
Indeed, this conserved current will be related to the flux of
Killing energy associated with the ather across the horizon,
as we will show in greater detail in Sec. VIC.

B. Boundary conditions for Einstein-zther gravity
from Khronometric theory

As thoroughly explained in Sec. II B, a proper specifi-
cation of the dynamics in a manifold with boundaries
requires the imposition of boundary conditions. The
standard choice for those boundary conditions in 7 -theory
is Dirichlet boundary conditions for the metric—i.e.,
dit-g,, = 0—and Neumann boundary conditions for the
Khronon—i.e., V,d7 =0. Since the hypersurface-

orthogonal sector of Einstein-ether theory is equivalent
to 7 -theory, we take the boundary conditions of the latter
as a guiding principle.

Notice that the two theories do not have the same
dynamics, as Einstein-ather theory admits solutions with
nonvanishing twist. We will show later that the boundary
conditions we obtain are nonetheless enough to ensure
compatibility with the variational principle.

If we compute the variation of the @ther 1-form, locally
written in terms of the Khronon as in Eq. (4.10), we get

du, = —dNV,T — NdV,T. (5.17)

From the normalization condition, the variation of N reads
1

dN = —§N3d]g"”V”TV,,T + N3g/‘”V”Td]VUT, (5.18)

so that

(5.19)

1
du, = —Emﬂg“/’uau/juﬂ - NV, dT.

-

Using the boundary conditions from 7 -theory, it is easy to
see that the pullback of this expression vanishes if the vector
field u* is tangent at the boundary. When the boundary is at
infinity, it makes sense to take u to be aligned to the time
direction of the asymptotic observer, which automatically
makes it tangent. For this reason, we shall call

g (nu)lp =0 (5.20)
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the alignment condition. Albeit the formalism is suited to
work with finite-distance boundaries as well, where one
should in principle entail the possibility that the ether is not
orthogonal to the normal form defining the boundary (non-
alignment condition), we shall assume alignment in this work.

Considering Eq. (5.19), it follows that, when the @ther is
aligned, a suitable choice of boundary conditions (which is
at least compatible with the aforementioned boundary
conditions in 7 -theory) is to enforce Dirichlet conditions
for both ¢ and u, that is

dg,, =0, and du, =0 | (5.21)

where g, and u,, are respectively the pullback of the metric
and the @ther 1-form to the boundary.

Given the boundary embedding, we can also construct
the extrinsic curvature of the boundary14

n 1 .
K/(u/) = _£n%w = ‘I(Mvanu)’

5 (5.22)

which, together with ¢, and u,, will allow us to construct
a suitable boundary Lagrangian using only objects that are
intrinsic to the boundary T

Let us consider the total symplectic potential Eq. (5.10)
Oror = Ogr + O and pull-back it to the boundary. We
know that the symplectic potential of general relativity can
be written as'

i1Ogr = Bgr — d€Gr + dbcr (5.23)
with

1

Bor = —— (KD g — KDm)d 5.24

GR 167TGN ( q ) Qﬂyer’ ( )

€cr = Crér = KDer, 5.25

GR rér 87Gn €r ( )

O — ——— cnt (5.26)

et C € .
GR 1677:GN u®ox

“For simplicity, we use the same symbol g both for the
induced metric to I" and the projector.
The reader might find the following formulas useful in
rederiving the results of this subsection:

1

d]n,, = En”’(éﬁ - ‘]l/j)d]gaﬂs
1

draﬂ” = ng(vad]gv/} + vﬁd]ga,, - vbd]gaﬂ)v

1 1 1 1
dKk®) = —EK(F)"”d]gW +§g“”niv,1d]gm, - Enavﬂd]gaﬁ +§Dac“

1
der = Eq"”dgﬂber.

where ¢* := —g"n®dgq,,, and K1) := q””K,(,E) = gf“’K,(B is
the trace of the extrinsic curvature. With few algebraic
manipulations, we can show that

n, 0 = — 167/1GN [nﬂ(u”Y“/’ - 2u“Y(”ﬁ))d]gaﬁ
+2n, Y*du,|; (5.27)
> ifOg=— 167G [P?dgq,, +2Wedu, +2W  d(1,u)]
(5.28)
where we defined
PP =, (wY? - 2utYW), W= n,Yre,
W, =n, W (5.29)

Notice that the normal components of these tensors do not
enter the boundary symplectic potential Eq. (5.28), because
of the following cancellations

n*du, = d(n*u,) + v (dn, —c,), (5.30)
together with
1
P@n,cp+ EWLM”C” =0,
1
Paﬁﬁanﬁ +§(ln11)WJ_ :0, (531)

as desirable for the covariance of the boundary symplectic
potential [21].

In Eq. (5.28) we notice that everything vanishes when we
impose the Dirichlet boundary conditions (5.21) and the
alignment condition, meaning that the entire right-hand
side belongs to B .

[Pahd]qab =+ 2W“d]ua + 2WLd](l”u)] .

By =—
& 167Gy

(5.32)

As a consequence, we can set £ = 0 and @ = 0 in the
analogous of Eq. (5.23) for O.

Putting everything together, we can write Eq. (2.6) for
the entire theory,

i1Oror + d€10or = BroT + dO10T. (5.33)
where
dlror = dlop, (5.34)
Bror = Bgr + Bz, (5.35)
Oror = Ogr.- (5.36)
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This means that the @ther does not contribute to the corner
symplectic potential, as expected from its kinetic term
being first order in derivatives.

C. Symplectic flux for Einstein-zther gravity

An interesting feature of the Einstein-ether Lagrangian
is that it is almost exact on shell, with the only term spoiling
the exactness being proportional to the cosmological
constant contribution

L=d

(U™Y  — u'Y",)e

B e (537
4| T 8aGy M (5:37)

167Gy

This phenomenon is reminiscent of the Einstein-Hilbert
Lagrangian, which vanishes on shell when A =0 and
reduces to a constant (times the volume form) otherwise.

Let us then for now focus on the case A = 0. From
Eq. (5.37) we can define a (n — 1)-form A g

WY — ury)e,  (5.38)

A=
E 1677.'GN

in such a way that L. = dA ;. Combining Egs. (2.4) and
(5.37) we get

d(dAz) = dL = d@rqr. (5.39)

which leads to

Oror = dA g + d¢, (5.40)
where § is a (n—2, 1)-form locally constructed out of
fields.'

The existence of Ag allows us to integrate the sym-
plectic flux present in Eq. (3.15),

/Hlf@iLlé(d]AE)Jrleij:/Hd(lgA/E)
_ A LA + A £,

where, in the second equality, we used Cartan’s magic
formula and dropped the total derivative contribution di:§
as the boundary of a boundary is empty. Recalling that the
first law holds when & is a Killing vector field, the last term
vanishes because of stationarity.

On the other hand, the terms involving A g have to be
treated with more care. If H is the bifurcation surface of a
Killing horizon, we could naively say that 1;A 5 vanishes
because & — 0 there. However, this is true only if Ag is
regular on that surface, as we mentioned in the discussion

(5.41)

"Given Eq. (5.39), one concludes that @rgr —dA g is a
closed form. Thanks to Wald’s theorem proved in [26], we can
write it as an exact one.

after Eq. (3.11). In our case, Az diverges on the Killing
horizon, which means that the contraction 7:A z might give
us a finite result.

Notice that the terms containing A 4 in Eq. (5.41) appear
in the same combination as a charge density [confront
Eqg. (3.8)], which suggests the following charge redefinition:

(5.42)

hz [Ws] =qE [Waf] — 1 Ag |

If the cosmological constant does not vanish, A # 0,
Eq. (5.40) does not hold and has to be replaced by

GTOT = d]A;E +7, (543)
where 7 is a (n — 1, 1)-form satisfying
A
dn=d . 5.44
=) (5.44)

Given this expression, it is reasonable to expect that 7 is
regular at the bifurcation surface H, although we do not
have a formal proof at the moment. We nevertheless verified
that ignoring the # contribution does not lead to any
inconsistency in the thermodynamical description of the
Banados—Teitelboim—Zanelli (BTZ) [60] black hole pre-
sented in Sec. VII B. Assuming # is regular, the symplectic
flux can again be reduced to 1:A z as we did in Eq. (5.41).
Now that we have computed all the relevant quantities,
we can proceed in computing the first law for a spacetime
endowed with a horizon in Einstein-ather theory.

VL. FIRST LAW OF EINSTEIN-AZTHER BLACK
HOLE THERMODYNAMICS

In this section, we are going to specialize the general
form of the first law given in Eq. (3.5) with the various
terms computed in Sec. V. A key point of this section will
be the choice of surface Z on which to compute the integral
of currents.

A. Finite speed modes and their disformal frame

As we already mentioned in Sec. IV B, black holes in
Einstein-ather theory generically exhibit a richer causal
structure than in general relativity. Indeed, since matter can
be generically coupled to the ather, perturbations can
propagate at arbitrarily high speeds and any eventual
Killing horizon does not represent an actual trapping
horizon for those that move faster than light.

In the presence of modes with arbitrarily high propaga-
tion speeds, initial data specified on a given surface of
simultaneity can propagate essentially instantaneously
throughout spacetime. Consequently, any surface that is
tilted with respect to the constant-Khronon foliation fails to
be achronal and is therefore not a valid initial data surface.
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Already in the vacuum theory, the presence of three
modes with (parametrically) arbitrary propagation speeds
implies that the causal structure is not governed by the
metric light cones, but rather by those associated with the
fastest mode. For this reason, we introduce a probe mode
that is taken to propagate with speed c,, larger than that of
any other mode in the theory. We dub this the s-mode. By
construction, the light cones of the s-mode determine the
causal structure of the spacetime, and any causal horizon of
the s-mode will also trap all other signals.

Finding the explicit position of the causal horizon for the
s-mode is not trivial. If the s-mode is superluminal, we can
say for sure that it will “peel” from an effective horizon
located inside the Killing one, but determining the precise
location of the former would require integrating the s-mode
trajectory. In Appendix C 2, we use the idea of peeling to
show how the horizon of the s-mode can be determined in a
simple way in the case of a stationary and spherically-
symmetric black hole. Consequently, as we will show in
Appendix C 3, their associated temperature is controlled by
the peeling surface gravity [13], a quantity governing the
exponential divergence of rays near the effective horizon.

Besides the method we discussed earlier, based on the
peeling of rays, there is another one that is widely used in
the Einstein-ather literature (see, e.g., [61-63]): applying a
disformal transformation. We will exploit the fact that the
disformal transformation maps the causal horizon of the
s-mode in the original metric to the Killing one in the
transformed metric.

Whereas a conformal transformation scales the metric by
an overall factor, a disformal transformation modifies the
metric only anisotropically. For the scope of this work, we
consider only changes in one direction, which we take to be
along the @ther field. We thus consider only disformal
transformations of the form

Guw = g;w = 9w + Buﬂul/’ (61)
where B < 1 is called the disformal factor. In order to
maintain the normalization of the &ther 1-form, we need to
transform that as well:

uﬂl—>ﬁﬂ:\/1—Buﬂ.

It is easy to see that if £ was a Killing vector field for g and
u, it is also a Killing vector field for the transformed
quantity g and 1t.

Among all disformal transformations, we can use the one
with B = 1 — ¢2 to make the velocity vector of the s-mode
null with respect to the disformal metric g, (see
Appendix C1 for a proof). The causal horizon of the
s-mode is then a null hypersurface which coincide with
the standard Killing horizon of g,,.

For the rest of this work, we are going to consider the
disformal transformation

(6.2)

v = y+1—C%1111w
{gﬂ G + (1 = €5)u, (6.3)

i, = .

We will call the pair (g, 1) the disformal frame, contrasted
with the original frame (g, u). For convenience, we also
present the inverse relation, which gives the original frame
in terms of the disformal one

— 5 RPN
o "N
_ 1z
uﬂ = 11”.
Notice that the inverse transformation is fairly simple: the
s-mode squared speed c2 = 1 — B becomes its reciprocal.

B. Disformal symmetry

One of the most interesting properties of Einstein-eether
theory is how it changes under a disformal transformation.

A tedious but straightforward evaluation of Sg[g(g, 1),
(g, 1); c] with Eq. (6.4) (where we made explicit the
parametric dependence on the coupling constants, includ-
ing GN)17 shows that the action can be written, up to a
boundary term, as the same functional evaluated on
(g, ). The only difference is that the coupling constants
are mapped to a linear combination thereof. Indeed we
have

1
167TGN

— &V, 'V, i — &V, i,V i + ¢,a,d

1
— [ eud@a, + 1
1671'GN//V{€M (u uﬂ+ )

Selgwc] = /Me-M[R—zA_c-lv,,aﬁﬂav

+

1-¢2 -
- _c“/ énV, (@Y, ),

(6.5)

where we denoted with a bar all the quantities evaluted in
the disformal frame and the transformed couplings. Their
explicit expression is given by

=1= I—cite3+cf(I—cp3) .

c_l - 2¢2 ’
_ & =—1+ci(l+c);
Gy = ¢,Gy,  and = _ l—cita—ci(l-cy) .
C3 - 202 )
= leeitestel(l=ci3)-2¢3(1—cia)
Cqy = 20% .

(6.6)

"The symbol ¢, denoting the collection of coupling constants
of the theory, should not be confused with the speed of light in
vacuum, which is set to 1 throughout this work, except in
Eq. (4.13).
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Extending the shorthand notation Eq. (4.5) to the barred
couplings, we notice that, for all c,,

Ciy=ciy and  Cpp3 = Ccpp365. (6.7)
These remarkable properties imply that the c¢;4 = 0 and
c123 = 0 sectors of the theory, in which explicit solutions
have been found [15], are preserved by the disformal
transformation.

If we forget about the boundary term, we can summarize
this covariance property as

Sglg, ;¢ = Sglg, u;c]. (6.8)
This relation might be not surprising given that the
Einstein-ather action is constructed to be the most general
second-order action for the ether [4], hence its form is
preserved by disformal transformations.

Even if the equations of motion are preserved by the
disformal transformation, and hence we can write that the
transformation Eq. (6.3) maps

Sol[¢] — Sol[¢] (6.9)
under a disformal transformation, the additional boundary
term might alter the symplectic structure of the theory.
However, as long as we impose the alignment condition
g '(n, 1) = 0, we can see that the contribution of the new
boundary term vanishes on I'. This tells us that the
boundary symplectic potential we obtain from the covariant
phase space algorithm satisfies ©[g, 1t; ¢] = O[g, u; ¢] and
that, as long as we impose the same boundary conditions
Eq. (5.21) on g and 1, the corner symplectic potential
changes in the same way. As a result, we can interpret the
disformal transformation as a symplectomorphism between
the phase spaces defined by the two sets of coupling
constants

Plc] = Ple]. (6.10)
This fact tells us that all the computations we presented so
far are equally valid in the disformal frame, as long as we
replace the coupling constants with their barred version
defined in Eq. (6.6). For example, this means that the
Noether charge density evaluated on the disformal frame
qror(3d, 1t; ¢) will have the same functional form as that in
the original frame, but with barred constants qror(g, ut; ¢).
This will be enough for what comes next. For convenience,
we will denote any expression evaluated on the barred
couplings with a bar on top: in our example, we will then
write

dror(9: 1) = qror(g, u; ¢). (6.11)

C. On the relation between the two frames

Now that we showed the covariance property of the
Einstein-eether phase space Eq. (6.10), we are ready to
formulate the first law of black hole thermodynamics in the
disformal frame.

Given a physical solution (g°, 1°) € P[c] which defines
the original frame, we know that the disformal frame
(g°,1°)—despite not generally being a solution of the
original theory anymore—is going to be a solution of the
transformed theory, thanks to the disformal symmetry
Eq. (6.8).

Therefore, our first step is to formulate the first law in the
transformed phase space P[¢]. This means that, instead of
computing quantities in the disformal frame, we just
evaluate them in the original frame and replace each
coupling constant with its barred version. Since the first
law will hold for every stationary solution in P[¢], it will
hold also for (g°,1°).

Thanks to our choice of disformal factor, the causal
horizon for the s-mode in the disformal frame will coincide
with the Killing horizon of the metric §. This allows us to
take H as the bifurcation surface of that horizon and
straightforwardly import Wald’s construction, as reviewed
in Sec. I1I. All we need to do then to obtain a consistent first
law in the disformal frame is “put a bar”” on every quantity
of Sec. III, consistently with the notation we introduced at
the end of the previous subsection.

As we already discussed, the symplectic flux contribu-
tion at the bifurcation surface, which is usually discarded
on account of the metric field regularity, is nonvanishing in
Einstein-@ther theory and can be integrated. If we define
the surface gravity18

1
Kgn = 4/ —Evyfyv”f”

and consider perturbations that preserve the rescaled
Killing vector field £ = &/kgy, we obtain

(6.12)

H

dhgve] — hglvg:] = EBHd]ﬁE[\/E], (6.13)

with hg[v;] defined in Eq. (5.42), on top of the standard
metric contribution. This suggests that the presence of the
ether leads to an additional entropic contribution

S/E = 27[/ HZE[WE] (614)
H
Taking this into account, we then write
dM = TgudSgr + TgudSz + QudJ,  (6.15)

'All the definitions of surface gravity coincide on a Killing
horizon.
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with a temperature obtained from the surface gravity as

- Kpn
BH = & _ -
2

(6.16)

The relation Eq. (6.15) we just obtained is not yet the law
we are after as it does not involve physical quantities. These
pertain to solutions of the original theory—with the
unbarred coupling constants. To see how the properties
of solutions of P|[¢] are related to those of P[c|, we need to
analyze more carefully the relation between the original
and the disformal frame.

As already mentioned, we know that a disformal trans-
formation maps the solution (¢°,u°) € P[c| to a solution
(g°,u°)eP|c|, but we are not guaranteed that the func-
tional form of §°(c) and 1i°(c) in terms of the coupling
constants (plus a certain set of parameters determined by
the initial and boundary conditions) is going to be the same
as ¢°(¢) and 1° (¢). Indeed, we do not expect them to be
simply related in the general case.

On the other hand, if we assume that the two are
connected by a diffeomorphism—as is the case in all the
explicit examples we have considered—in the sense that
(9°(¢),u°(¢)) =y.(7° (¢). 11" (c)) for some y : M — M,
then we can use the covariance of the charges to relate
barred quantities to the original ones. In principle, the
diffeomorphism y has to be determined on a case-by-case
basis, but we sketch here what happens in stationary,
spherically-symmetric solutions, which is the case for all
the examples in Sec. VII. First of all, we fix the boundary to
be a hypersurface at some large radius r =R in the
coordinates adapted to the isometries (,r, ¢;), where ¢,
(I =1,...,n—=2)is a set of angles. We thus represent the
diffeomorphism as y:(t,r,¢;) = (¢, 7, ¢}). In order to
preserve the boundary, we want the new radial coordinate
to be the same as the old one. We also see that, with
standard falloff conditions, the norm of 9, in the disformal
frame tends to

9(0.0,) = g(0,.0,) + (1 = ¢§) (1, u)> = =c ~ (6.17)

as r — +oo. This means that, asymptotically, we need to
require ¢ = c,f to achieve unit time lapse. Similar consid-
erations for £ = d; + €0, tell us that

(6.18)

where the ¢, factor ultimately takes into account that the
disformal frame does not have unit lapse at infinity.
We thus obtain the following relations:

- M - T - Q
M:f, TBH: BH, QH:J, (619)
Cg Cg Cg
while
Scr = Sar. Sk =Sk J=J. (6.20)

Notice that the choice of scaling €, rather than J is
ultimately a matter of convention, whereas entropies do not
change as they are computed with the rescaled Killing
vector field £, which is insensitive to Cy.

Finally, we can state the first law in terms of properties of
the original solution

dM = TpudScr + TeudSe + QudJ | (6.21)

This formula is the main result of this work. Instrumental is
the realization that the ether itself contributes to the
entropy balance via the heat flux that it carries inside
the horizon.

a. KEther heat flux. We expand here on the previous
comment about the @ther contribution to the entropy
balance. Let us consider a section of the horizon H that
extends from the bifurcation surface H to some cut in the
distant future.

Assuming that the contribution of the charges in the
distant future can be neglected, we can straightforwardly
integrate Eq. (5.15) along H to get

1 1
/Hq}E[W.f] = SﬂGNA <T}E”u - Eﬁuallf) fyeu' (622)

Moreover, given Egs. (5.37) and (5.38), we can similarly
integrate 1:A 5 along H to get

1
= —_-—— H
/Hl‘fA*E 167:GNA(£“ +R)e,

1
= — H
]67TGN‘/HEU§ €/4’

where we discarded the Ricci scalar in view of its regularity
because &e, ~ &2 = 0. As mentioned several times, this is
not true for £,. Considering the difference of these two
equations, we finally obtain

1
h/E — T}E;t v ,

which means that the integral of h*®[v,] over the bifurcation
surface can be interpreted as the total flux of Killing energy
associated with the @ther that has crossed the horizon over
a long time (see Fig. 4).

Inspired by Jacobson’s celebrated derivation of space-
time thermodynamics [14], we then associate the energy
flowing outside the causal domain as a heat term in the
equations of thermodynamics, namely

(6.23)

(6.24)

K ~
40y = g /H TE OB, (6.25)

87TGN

where we used ¢ to indicate that Q4 is not a phase space
function. We then use Clausius’ relation to show that the
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H

FIG. 4. Zther heat flux entering the horizon H of the s-mode in
the disformal frame.

entropic contribution of the ether is a genuine thermody-
namical contribution associated with the production of heat
at a temperature given by the s-mode horizon

_#0x

6.26
Ton (6.26)

dSg = 27rd]/ h*®[vg]
H

As we argue at the end of Appendix C 3, the disformal
frame is constructed so that the propagation speed of the
s-mode is fixed to ¢, = 1. It then follows that the peeling
surface gravity Eq. (C14) reduces to the standard definition
we used in Eq. (6.12). Consequently, the black hole
temperature Ty is the one set by the peeling of rays
close to their causal horizon. Taking into account the proper
factors of ¢, as we did in Eq. (6.19), this shows that the
temperature that appears in the first law is the physical one
associated with Hawking radiation [12].

Einstein-@ther gravity. As we reviewed in Sec. III A, all we
have to do is to contract the first law Eq. (6.21) along an
infinitesimal Weyl transformation.

Given that the theory is generally not scale invariant, we
have to first consider an extended framework, in which
couplings are allowed to vary. What we notice is that,
unlike the cosmological constant, the @ther couplings do
not need to vary in order to achieve global scale invariance.
Hence we consider the infinitesimal transformation

Guw > 260,15
W 1w, > ey
A =2eA.

(6.27)

Using Eq. (3.16), we obtain the conjugate variable to the
cosmological constant

N _/aJ[\/,:]_/lgGM
AT )y oA 587Gy

which is basically the 3-volume of the hypersurface X.
Notice that, upon regularization, this potential reduces to
the “flat” volume of the black hole Vgy, as explained in
[34], leading to the known fact that the cosmological
constant contributes a work term Vgydp, to the first
law, where p, is the pressure associated with the cosmo-
logical constant p, = —A/8zGy.
Given the extended first law

(6.28)

ﬂM = TBHH]SBH + TBH'a]S}E + QH‘I_j]J + VBH‘H]PA —+ / l‘fB,

R

(6.29)
b. Smarr formula for Einstein-ether. The results of this
section also allows us to formulate the Smarr formula for ~ we readily obtain the Smarr formula
|
(n=3)M = (n—2)TguSpn + (n = 2)TguSe + (1 —2)QyJ —2Vsp, | (6.30)

VII. EXAMPLES

We are now in the condition to explicitly analyze some of
the solutions known in Einstein-ather theory. The ones we
consider have been found in [15,54]. All the results we are
showing now have been obtained using the software
Wolfram Mathematica™, specifically the xAct packages
“xTensor” and “‘xCoba.”

To specialize our discussion, we must first select an
appropriate foliation of the spacetime M into hypersurfa-
ces X,. The leaves of this foliation are required to have a
nonempty intersection with the bifurcation surface of the
Killing horizon associated with the disformally trans-
formed metric. We adopt a foliation defined by constant

coordinate time slices, X, :=t = const. This choice is
motivated by the fact that, in the disformal frame of a
stationary black hole, these slices always converge at the
bifurcation surface and do not penetrate into the causally
disconnected region. As discussed in Sec. VI A, these slices
are well suited to specify initial data given that the s-mode
is defined to be the fastest propagating mode.

Notice that taking any surface that is not a constant-
Khronon one, it is not generically achronal. However, for
every generic choice of the parameters c;, we can always
find one hypersurface that is Cauchy.

We also remark that computing the quantities at infinity
involves a limiting procedure, as mentioned after Egs. (3.2)

084071-19



ARATA, LIBERATI, and NERI

PHYS. REV. D 114, 084071 (2026)

and (3.3). This limit is typically divergent and so we have to
use a regularization prescription to extract finite quantities.
As customary, we use the so-called background subtraction
procedure, which we review in Appendix D. As shown
there, the proper definition of the mass is
M= lim [ER - ”—REbg] (7.1)
R—+c0 yl;zg R\
where Ep is the asymptotic charge associated with the
Killing vector 0, [called M in Eq. (3.2)] and vy, is a redshift
factor.

A. 3+1 Schwarzschild with ¢{;;=0

The first solution we are going to analyze is an
asymptotically flat solution in the sector of coefficients
c123 = 0. Using the parametrization for the metric and the
@ther 1-form presented in Eq. (4.17), we have

e(r)=1 —h%—l—crfj—zﬁ;
(teu)(r) = —1 42,
(1:8)(r) =" y/1 - C,

where ryy is the position of the universal horizon,

C:= (5241:2;?))’ and the Killing vector field is £ = d,. The

position of the Killing horizon of the disformal metric (the
horizon of the s-mode) is obtained by solving the equation
é(r) = 0 with the barred couplings. We obtain

(7.2)

Fu(c,) = rau(1+V1=0C), (7.3)

where C is obtained by C replacing each coefficients with
its barred version. When expressed as a function of the
original couplings according to Eq. (6.6), the dependence
of 7;; on ¢, becomes manifest. The contribution on Sy in
Eq. (3.1) is

R

Ep = ve| — W19 12 ——
R /SR (Qrorlve] — 10701 + 1 TOT)R_)+OO Gn

L 1y

5 = (7.4)

The term for the background subtraction is obtained from
this in the limit rygy — 0

_ R 1
E%® ~
Rr e Gy O <R>

Taking into account the redshift factor

R VER) o _rum <1> (7.6)

7 (VR0 "ot R

(7.5)

rup—0

Hence the ADM mass turns out to be

- . = UR _bg Ci4\ "uH
M= 1 Er——Ez|=(1- = 7.7
Rﬂlw{ R R] < 2 ) Gy 7

The surface gravity and the associated temperature are
found to be

LA Vi-C
BH = = ——
r=rle) (14 V1= C)Fy(ey)
> Toy = '23—;‘ (7.8)

The entropy coming from the Komar charge density is
the usual Bekenstein-Hawking contribution, while the
@ther one is again proportional to the area because of
the high degree of symmetry of the problem:

Son = 2 [ dixfud = 12 (1.9
and
Sg = 27[[1 (‘i/E[V | — lgA/E)
H C14( +VvI1I-C ) 26 (710)

T4 T = VI 0)

One quickly verifies that their sum satisfies the expected
Smarr formula

= - s C14 A
PYESTIRY Sp)=—7>+—7-—"7"—11 1 1-C
su(Scr + Sk) 8JTGNI_‘H(CS)< + ) )( + )

— M. (7.11)

The first law, recast in terms of the physical quantities
defined in Egs. (6.19) and (6.20), has thus the form

d]M = TBHd]SGR + TBHCHS/E. (712)

Notice that, given the symmetry of the solution, one could

conflate the entropy contribution of the ether with the
Bekenstein-Hawking one, to obtain an effective area law

A
Stor = Ser + SE = 7.13
TOT = OGR T O & iGp (7.13)
where the effective Newton constant
Gn
Gg = —% (7.14)

is also the one that dictates the proportionality factor

between the universal horizon radius and its mass
FuH :G/EM, (715)

as shown in [41,64].
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B. 2 +1 rotating BTZ black hole in ¢;4,=0

The second example we analyze is a nonstationary and
axisymmetric solution in the ¢4 = 0 sector that describes a
BTZ black hole in 2 4+ 1 dimensions. This solution has
been found in [54] and can be written using the following
parametrization:

>
2ds* = —e(r)dt* + % + r2(de + Q(r)dt)?,

1= (zé:u)dt — >d
qydr.

(7.16)

3 = (lgg)dt

The Killing vector field of this solution is £ = d, + Q0,,
where Q,; := —Q(ry(cy)).
The specific solution is given by

(7.17)

where we introduced the following auxiliary functions:

~ 2 I 1
Aop_2tcs

=A e PR (7.18a)
4C13r4
‘_72:32—7[2(1_211{3), (7.18b)
21ty |, 2 on 3’
- - 7.18
o= P\ Py 4 (718

In this solution, 4 is known as the misalignment parameter.
Its name comes from the fact that the @ther vector is in
general not aligned with the vector field generating time
translations at infinity, and consequently no first law of
black hole thermodynamics can be formulated in this
setting. We therefore restrict our attention to the aligned
case, corresponding to the limit 4 — 0.

Here the radius of the Killing horizon, in the barred
world, becomes

) Pry+ I\ 127 — J?

rl—[(cs) - B

(7.19)

In this case, the computations for the asymptotic mass
leads to"”

“Since we are in 2 + 1, the asymptotic boundary is a circle.

— — 2 RZ
Er = /SR (Gror[vi] = 1,0ror + ltt’TOT)R—:rOO 4G\
Fo 1
o LAY 7.20
+ 4Gy o <R> | |

Considering again the background value, obtained for
Fo ~ 5y — 0, leads us to

I/R =bg Rz fo 1
_%g RR_)JFOO 4GNZ2 + 8GN +o <R ( )
and
=0 (7.22)
86y

On the other hand, the asymptotic angular momentum does
not require background subtraction in this case

J=-—_lim /S (qTOT[W(p] - lvwaTOT + l(p?TOT)
R

R—+o0
N
=(1- —. 7.23
(1-eu)ge (7.23)
The surface gravity is given by
_ J? Fulcs) = KpH
“BH 4721(65,)_% 2 BH ™ o ( )
while the entropy contributions are
Sor = 2% |l Py (7.25)
=2z Vi = —= .
GR qu( 4746,
and
S _ < C13 PJ*
Sg=2 =LA g) =—= - <)
w =20 [ (el =1ih) = e (T - led)
(7.26)

where P, is the perimeter of the Killing horizon.
The first law we obtain in terms of the physical quantities is
(d]M == TBHdISGR —|— TBHd]SAE + QHid]], (727)
where the angular momentum term appears.
As this solution features a nonzero cosmological con-
stant, we cannot recover the Smarr formula from the first
law only, but we must take into account the conjugate

variable to A as well, which turns out to be the (Euclidean)
area of the slice X:

_ 1 R
¥, =/ M / draxr.
b 8ﬂ'GN 87Z'GN Fulcy)

(7.28)
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Upon regularization, we obtain a chemical potential that is
equal to the (Euclidean) area enclosed by the s-mode
horizon

rg—=0, =
5-0 8G

@Xeg) - \I_‘A - \I_JA

(7.29)

Therefore, the first law of extended thermodynamics reads

&M - TBH&SGR + TBH‘[_ﬂS}E + QH&J - Txeg)&/\, (730)
yielding a consistent Smarr formula®
TBHSGR + TBHS}E + QHJ + 2‘PE{eg)A - O (731)

VIII. COMPARISON WITH PREVIOUS RESULTS
AT THE UNIVERSAL HORIZON

In this section, we present two among the attempts in the
literature at deriving a first law for universal horizons. We
compare them and show how our findings help clarify their
relation and shortcomings.

In [15] the authors derive a first law at the universal
horizon requiring that the entropy is proportional to the
horizon area, as in Bekenstein’s result for general relativity.
It was then found, by consistency, that the temperature was
fixed by a “surface gravity” given by k, = (e/V,¢&,)/2,
evaluated at the universal horizon. Notice that, since the
universal horizon is not a null hypersurface, there is no
guarantee that V,&, is proportional to €,,. In spite of its
mathematical consistency, the physical interpretation of
is quite problematic as no field would radiate from the
universal horizon with such a temperature. As the authors
of [15] remark, the so-defined «y; is generally not a surface
gravity, but only the redshifted acceleration of a static
observer measured at infinity.

A different strategy was pursued in [16], where the goal
was to construct a thermodynamic first law using
kun = (1za)/2, which gives the physical temperature
Tyy = kyy/7 of the Hawking radiation of infinite-speed
particles. Indeed, the trajectory of these particles peels
away from the universal horizon with a peeling surface
gravity equal to kyy (see, e.g., [12]). In this case however, it
was found that consistency of the first law did not allow the
identification of the black hole entropy with the area of the
universal horizon Ayy, as evident in the cases where a
nonzero cosmological constant A is turned on.

Satisfactorily, we are now in the condition to clarify the
relation between these alternative approaches.

Notice thatn — 3 = 0, which is the reason why the mass does
not enter the Smarr formula in 2 + 1 dimensions. On the other
hand, the coefficient in front of W A does not depend on
spacetime dimensionality.

Considering the discussion in Sec. VI, we have so far
assumed that the s-mode propagates at a finite speed. This
requirement ensures that the disformal transformation
Eq. (6.3) remains well defined. In the limit ¢; — +o0
however, the disformal metric § degenerates into a rank-1
tensor and thus becomes noninvertible.

A more consistent way to interpret this limit is to view it
as describing test fields with progressively higher propa-
gation speeds, but still finite. As the speed increases, these
fields probe wider causal domains, eventually probing the
whole space out from the universal horizon. In the extreme
limit, the test field becomes sensitive to the causal structure
associated with the universal horizon.

Let us pause to stress a crucial subtlety: taking ¢, — 400
for a test field is not the same as sending to infinity the
speed of the dynamical modes of the gravitational theory.
The speed of the spin-0, spin-1, and spin-2 perturbations is
fixed by the coupling constants of the theory [confront
Eq. (4.13)], and sending one of those speeds to infinity
typically corresponds to a singular region in parameter
space. Such a limit can alter the structure of the constraints
or reduce the number of degrees of freedom, and thus
cannot be considered smooth limits. To avoid these
pathological behaviors, we only consider external test
fields. Said differently, we want to study the causal
structure of different spacetime regions within the same
theory, and this can be done only using test fields as probes.

As we said, in the limit ¢, - o0, the relevant causal
boundary for the s-mode becomes the universal horizon.
Hawking radiation was computed for superluminal modes
with dispersion relations of the form Eq. (4.16), and the
temperature was found to be exactly Tyy [12], which can
then be interpreted as the physical temperature of the black
hole (albeit energy-dependent gray-body factors are intro-
duced for low-energy modes by the Killing horizon®"). We
show in Eq. (C22) of Appendix C 3, that in the ¢, - +o0
limit the s-mode temperature T'gy, as defined in Eq. (6.19),
does indeed approach T'yy as expected. Hence, the relevant
temperature governing the thermodynamics of arbitrarily
fast modes is the physical temperature determined by the
Hawking radiation of the universal horizon.

On the other hand, since we can apply Wald’s con-
struction for any high, but finite, speed, the entropy is
always given by the Noether charge at the bifurcation
surface, which we showed to contain an additional &ther
contribution. Because of this, the entropy cannot simply
reduce to the area of the universal horizon or, more
precisely, cannot do so in solutions characterized by more
than a simple mass scale, like, e.g., those endowed with a
cosmological constant. Indeed, in single-scale, spherically

*'Notice that, as showed in [12], this happens in the presence
of Lorentz-violating matter that has a modified dispersion
relation. For this kind of matter, the Killing horizon acts as a
prism, and an observer at infinity perceives the temperature of the
Killing horizon rescaled by a frequency-dependent factor.
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symmetric scenarios, dimensional analysis essentially fixes
the structure of all quantities at the universal horizon. In
these cases, the @ther flux term can be absorbed into a
simple rescaling of the S/A proportionality coefficient,
leaving the overall thermodynamics unchanged. In more
general cases this is not true and the @ther flux term has to
be treated separately.

For the two examples considered in the previous section,
the ¢, > +oo limit can be exhibited explicitly. In the
Schwarzschild-like solution in the c¢1,3 = 0 sector we have

= 1-C (3

1-C= 7 == lim f]-{(cs) = un- (81)
Cs cy—>+o00
Similarly
T8 = lim ¢, T5™) = lim cV1-C
cy—=+oo s (1 + m)zﬂfH(CS)
1-C
_ | (8.2)
27ryn

which coincides with the temperature found in [[16],
Eq. (42)].

For the BTZ black hole in the ¢4 = 0 sector, we can
show again that 7,(c,), Eq. (7.19), approaches ryy in the
limit

202 —7J?
. 2y + 17
CETw 3 = I'vy- (83)

For the temperature given in Eq. (7.24), we obtain

(BTZ) _ . =(BTZ) _ .. Cs Fu(cy) _ ?
Ton ™= Ll—1>111 ¢Tun "~ = c,yl—lgloo 2n ( 2 47 (cy)
[ - J
(1=ci3)l 4
= 8.4
ﬂ'lrUH ( )

which agrees with [[16], Eq. (61)] in the aligned
limit 4 - +o0.

So, in summary, our conclusion is that both of the
previous approaches were incomplete. Imposing that one
always recovers an are law as in [15] fixes the temperature
to an unphysical value; imposing the physical temperature
as in [16] without taking into account the @ther entropic
contribution yields a gravitational entropy at the universal
horizon which does not always agree with the Bekenstein-
Hawking formula.

The resolution is that the temperature of the universal
horizon is always the physical one Ty, but the @ther has a
nonzero contribution to the entropy balance. Indeed, it can
be shown that the @ther Killing energy flux across the

universal horizon is nonzero as long as the @ther flow is not
geodesic, which is necessarily the case if a universal
horizon exists in the first place [see the second condition
in Eq. (4.14)].

IX. CONCLUSIONS

In this work we have revisited black hole thermody-
namics in vacuum FEinstein-a&ther theory, with the intent of
studying whether a first law survives—and in which form
—once the causal structure is no longer universal.

To address this problem, we employed the covariant
phase space formalism with boundaries to obtain a robust
description of the charges of the theory. Moreover, we
adopted the standard disformal strategy that has proven
useful in the Einstein-ather literature to be able to apply
the standard construction a la Wald. Namely, for a chosen
mode with propagation speed ¢, (the s-mode), we intro-
duced a disformal metric whose Killing horizon coincides
with the s-mode causal horizon, so that the surface gravity
built from the Killing generator matches the peeling surface
gravity of that mode by construction [13]. After we
obtained the familiar first law of black hole thermodynam-
ics in the disformal frame, we translated it back to the
physical (unbarred) frame. The outcome is a well-defined
first law, but with a crucial new ingredient absent in general
relativity: an ather flux contribution, reflecting the presence
of an unavoidable Killing flux of the @ther across the
horizon.

In the same framework, we also formulated an
“extended” version of the first law which allows variations
of the cosmological constant A, when present, and derived
the Smarr formula for black hole solutions.

A conceptual by-product of this analysis, as pointed out
in Sec. VIII, is a clearer understanding of the status of
universal-horizon thermodynamics and of apparent dis-
crepancies in the literature. On the one hand, approaches
that enforce an area law for the universal-horizon entropy
naturally infer a temperature tied to the metric Killing
construction [15]; on the other hand, ray-tracing/peeling
arguments for arbitrarily fast probes determine a different
universal-horizon Hawking temperature [12], at the price of
requiring an entropy which is not always the horizon area
[16]. Considering the aforementioned s-mode as a test
field, and taking the ¢, — +oo limit, we show how the
associated surface gravity continuously approaches kyy, as
determined in [48], recovering the physical temperature
Tuyn = kyn/7 [12]. The entropy, however, does not generi-
cally reduce to a pure area term, but splits into the standard
(geometric) contribution plus an independent ather con-
tribution, sourced by the @ther Killing flux across the
horizon. This resolves the tension between the two pre-
scriptions: fixing the entropy to be purely proportional to
the area obscures this unavoidable e&ther contribution,
while fixing the physical temperature without allowing
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for this extra contribution forces an apparently “nonarea”
entropy.

Several important caveats and prospects follow. First, a
thermodynamic interpretation tied to a single mode is
known to be problematic once the full multimode content
of Lorentz-violating gravity is taken seriously, as distinct
sectors generically perceive distinct horizons and temper-
atures (see [6—8]). This points to the need for additional
ultraviolet input in order to recover a fully consistent
thermodynamics. Indeed, when superluminal modified
dispersion relations—of the type naturally realized in
Horava-like settings Eq. (4.16)—are included, the causal
structure effectively reorganizes around a unique horizon,
the universal horizon, and a unique temperature (up to
energy-dependent gray-body factors), Tyy [12], is recov-
ered, thereby restoring a consistent thermodynamic picture.
In this sense, universal-horizon thermodynamics cannot be
fully captured by the simple vacuum relativistic-dispersion
setup in FEinstein-ather gravity, as only the universal
horizon is expected to control the genuinely high-energy
thermodynamics.

Second, the infinite-speed limit is intrinsically subtle and
not uniformly meaningful across all sectors. In particular,
attempting to send the graviton speed to infinity renders the
disformal construction ill defined, and regularity require-
ments typically fail for gravitational modes. In particular,
the quantity -8 must remain regular at the horizon, and this
requirement fails generically for gravitons. In the special
Schwarzschild-like solution with c¢j,3 = 0, regularity can
instead be achieved for the spin-1 mode infinite speed limit,
yielding a thermodynamic behavior controlled by Tyy.

Finally, we stress that Horava-Lifshitz gravity cannot be
straightforwardly incorporated into our present analysis.
Although Einstein-ether and Hofava-Lifshitz gravity share
the same spherically symmetric black hole solutions (with
hypersurface-orthogonal @ther flow), Horava-Lifshitz grav-
ity differs in a crucial way: hypersurface-orthogonality is
built in, reducing the symmetry from full diffeomorphisms to
foliation-preserving diffeomorphisms. This reduction is tied
to the presence of an instantaneous (infinite-speed) “elliptic”
mode [65]. Understanding how this mode enters the phase
space construction, and how to formulate the covariant phase
space consistently in a reduced-symmetry setting, will be the
subject of a forthcoming companion work.
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APPENDIX A: SOME PROOFS IN COVARIANT
PHASE SPACE

1. Independence of the slice of integration

Here we give a proof of Proposition II.1, which states that
Proposition. The canonical generator defined in

Eq. (2.16),
Qsil: = [0~ [ i,

does not depend on the slice of integration £. Moreover the
vertical variation of this quantity is related to the symplectic
form as in Eq. (2.10),

I,Qs = —dQy|[v].

Proof. Let us consider two slices X, and X,. If we now
compute AQ[v] := Qy [v] — Oy [v] we get

AQ) = 03, - 05, = | RCE / 3w

—/EHJ[\VHLJM
:AMM—AﬂwﬁLﬁMzwh

where from the first to the second line we added and
subtracted the integral of J[v] over I, the portion of the
boundary I" between X, and X, to construct (using Stokes’
theorem) a bulk integral over the volume ) enclosed
between X, and X,. And again, (using Stoke’s theorem)
we converted the integral over the boundaries of the two
hypersurfaces of j[v] to an integral over I'y. Recall that
going from 0% to dI" we get a minus sign.

Taking the pullback of definition of Eq. (2.11), using
definitions of Egs. (2.14), (2.6), and (2.15), we can now
compute separately the three integrands

(A1)

dJ[v] = —ELI,d¢. (A2)
itJ[v] = Lif0O — ifo[v], (A3)
dj[v] = if® —I,B — ifo[v]. (A4)
Putting everything together, we finally get:
()= [ BLLdg - [ @e-0l)
12 ry
+ / (I,® —I,B —o[v))
Iy
= —/ ELL,dp - | I,B. (AS)
V Ty
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Going on shell, the right-hand side of the last equivalence
vanishes and this proves that AQ[v] =0

To prove the second part of Proposition II.1, we would
like to show that dQ[v] + I, = 0. To do so, we consider
the portion of spacetime ) enclosed between X and X, the
bottom lid of the bigger spacetime. As before, we call T'y,
the portion of boundary I' that is boundary also of the
spacetime V. This choice is made because the theory of
calculus of variations impose that the variational vector
must vanish on the two lids that define the initial and final
state and so some quantities will vanish too. Going through
the computations, we get

dOp] +L,Q = d](LJM —Azj[wo
+H\V</>:d®—£2d]0>

= /E(I]_\V@ —de[v]) - /}Z(U-\ﬁ — dgv])
_ L d(L,0 — dofy]) - /r (LO-dofy)

+ /F d(L,9 - dglv]) = (). (A6)

where in the first step we used the definitions of Eqgs. (2.16)
and (2.9), in the second one we used the definition of the
currents Egs. (2.11) and (2.14), we rearranged terms
according to the domains of integration, and we used
Cartan’s magic formula on the configuration space to make
the configuration space Lie derivative appear. Moreover, in
the last equivalence we added and subtracted the integral
over the bottom lid (that is zero because everything is linear
in v) and over the boundary Iy, then we used Stokes’
theorem as we did to prove the first part of this proposition.
Rearranging the various terms and using the definitions of
Egs. (2.12) and (2.15) of 6[v] and g[v], it becomes

(**):/Vﬂ_w(d@— L)+/rll_v(d0—@—d]t’)

_ —/V[I_W(ELd]gb)—/F'ﬂ_\vB =0,

which completes the proof of Proposition II.1. (]

2. Variation of the canonical generator

Here, instead, we compute the variation of the canonical
generator, giving a proof of Eq. (3.1).

2With a similar computation it can be shown that Q is also
independent on the choice of hypersurface £ chosen in the
definition of Eq. (2.9).

Proposition A. 1. The variation of the canonical generator
defined in Eq. (2.16) is given by

=a | (ol - i) - 0 [ v+ [ .

Proof. If we suppose that everything is covariant in the
sense of definition Eq. (2.18), this comes from the explicit
calculation of the variation of the canonical generator. Let
us start from computing the variation dJ[ve]

id]J[\/é:] = d](l\,ﬁ@) - lfd]L
=d(1,0) — ELd¢ — 1:d®
= _lwéd]@ + H‘Wg(a - l§ELd]¢ - £§® + d(lg@),
(A8)

where in the first step we used the definition of J[v]

[Eq. (2.11)], in the second one Eq. (2.4), and in the third

Cartan’s magic formula and the hypothesis that @ is covariant.
For the variation of jlv.] we get:

djlve] = d(z, 50) — zd?
= d](zvée) - ZEB - Z{Eda + lgi:;M@
1,40 + 1,0 — 1¢B — £:0 + d(10) + 17i5,,0.

(A9)

where in the first step we used the definition of j[v]
[Eqg. (2.14)], in the second one we substituted the variation
Eq. (2.6), and in the third, as before, Cartan’s magic
formula and the covariance of 6.

Integrating this on a hypersurface X we get:

/E v - / djv = / (©—df) - / ELdo+
/ 10— /z¢@+/872153+
[ [ ro-
oo

[SR ieB, (A10)

where in the second step we split the integral over the
boundary of X into an integral over S and one on H
(recalling that they have opposite orientations and this
explains the change in sign) and used the fact that [,y d(1:0)
vanishes because the boundary of a boundary is empty.

Substituting J[v;] = dq|v¢] and the definition of j[v:]—
Eq. (2.14)—and going on shell, we finally get:
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wé;mw—wﬁ+@ﬁ—dﬁqm1

+/15®i—zw/w.
H )

This completes the proof of Eq. (3.1). ]

(Al1)

3. Variation of the currents
in the extended framework

The extended variation of the Noether current is

aJ
0

v = v + ) A g,

oJ[ve] -
dc:
aCi i
= —l\,:d]@ +£:0 — i ELd¢ + d(lg@) -£:0

k
oJ[ve] -
+Zl aCi d]Cl',

k
= d(1,0) — .dL + Z
p

(A12)

where, in the second step, we used the definition of
Eq. (2.11) and, in the third, we used Eq. (2.4) and
Cartan’s magic formula.

On the other hand, the variation of the boundary current
J[ve] yields

(A13)

where, in the second step, we used the definition of j[v]
in Eq. (2.14) and, in the third step, we used the
definitions of ¢, B, and 0 that we wrote in Eq. (2.6),
together with Cartan’s magic formula on the hypersur-
face X.

Finally, after integrating over a slice X with boundary
Sr U'H, we get

d]/ (a[ve] — 1,0 + 1:€) + Widc,; - / 1:B+
Sr S

R

—d/HQ[Wg]+/HQ[W]5]+A’§®=—IW5/ECU-

(A14)

APPENDIX B: COMPUTATION OF THE
NOETHER CHARGE

In this appendix, we are going to show how to derive
the Noether charge associated with diffeomorphisms for
Einstein-@ther theory, with a trick that works for every
theory of gravity with a dynamical metric field. As
mentioned around Eq. (2.13), we would like to express
the current vector J# as the divergence of an antisymmetric
2-tensor. To do so, we start from considering the symplectic
potential

®TOT = - [gaﬁvﬂdga/} - gyﬁvad]grx[f + Xﬂaﬁdgalj

1
162Gy

+2v#, ducle,. (B1)

Contracting it with the vector v, and recalling that fields are
covariant (so that ¢, d¢ = L,.¢p = £:¢)), we obtain

R TeR 97V & eGop — 97V Eegup

+ XFDE g+ 2V L eue,. (B2)

The first two pieces are due to the Einstein-Hilbert part of
the action and we will focus on them first.

~ 167G [PV#Eeg,s — ¢PV L gag]
1
= m [zgaﬂv”vaéﬁ - gﬂﬂva(vaéﬁ + vﬂga)]

1
— - pAVZAVN B VAR VLT v Y
T AR AL AL

(B3)
where in the second step we used the symmetry of the
metric to sum the first two terms and rewrote the other two
changing names to dummy indices.

Now here is the trick: we have to use the commutation
properties of the covariant derivative applied to a vector to
substitute the first term and introduce the Ricci tensor, since
next we would like to go on shell and use Einstein
equations

vﬂvaga - V(IVﬂgll = —R’éfa =

v;lvaf(l = vavﬂga - Rzéa' (B4)
This trick is useful in any gravitational theory to get the first
part of the charge. However, we have to be brave and do it
on the first term in the last equality of equation Eq. (B3),
even though it seems more natural to do it on the
second one.
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Hence we get:

97V & eGop = 9PV Eegop] = VIV, E" =V, Vg -V, Vg

" 167Gy " 167Gy

1
- 2V, VHEr — QRLET -V, Ve -V, VHgn
~TonGo 2V Ve — 2R ; &]
1
— - V,(ViEs — Vagn) — 2RkE). B

The two terms in round brackets are the Komar charge density we also get for pure general relativity. Indeed, going on shell
for this theory we get that the Einstein equations are R, (g) = 0 and so the result is an exact term as expected. In presence of
matter, like in our analysis, there is an energy momentum tensor and so we have to be more careful. The Einstein equations
in this case are

1
Ruv - Eg;wR + g/wA = T;/E = —2R’é§" = _ZTE”a‘S{I — R&" +2A8. (B6)
Recalling that

1
y;
Ty =Y,/Vou, =Y Vu,—uV, Y, + uﬂ[(l_i,/ +V, X+ =

29l (B7)

Again, more than a trick this one is a suggestion to make it easier to go on shell. It is always possible to express part of the
energy-momentum tensor in terms of the equations of motion of the matter it is associated with, so it is worth spending some
time to make those equations pop up.

Using the @ther equations of motion Eq. (5.5) and expanding the covariant derivative of X, we get that
_2T/E;4a§a = —Euéﬂ - Y"”fﬂvauﬂ + Yﬂagﬁval,lﬁ + Y“ﬂéjﬂvau” - u“fﬂvaYﬂ” - uafﬂVaY"ﬂ + —2Yﬂa€ﬂVﬁua
— YHEN gul — YHEN gl + YPEN gut + wENGY P+ utENGYP  + —uE N Y + uE N Y (BS)

1
lw@TOT 162G Gx

[R—2AJé"e, = - 2V, Ve — 2T®H &% 4 2XHIN &y + 2V o (&P V gu® — ulV yE%)]e,,  (BY)

162Gy
where we also expanded the Lie derivative of the @ther vector and used the symmetry of X in the last two indices.
The right-hand side turns out to be

1
167Gy

(L, & 42V, VhEd — YuEPY 4 YHEPV oy + YPEN i — uEyV Y+

— uEGN Y+ ut YN (Ep — utYPV (Ey — u YV E s+

Y EN i — YN i+ YIEY - ut eV VPt

+ u"fﬂv Yaﬂ— Mﬂfﬂv Ya” + uﬂfﬁv Yﬂa + M”Yﬂavaéﬂ +—uﬁY“”Va§ﬂ+ uﬁY”“Vafﬂ],

= —

2V, [Vikgal - ylydbe, 4 yleyPlalg, + Ylaulge,. (B10)
167rGN

Finally we get the charge density, because

R —2A+ L],

1
J/E[Ve:] = lv5@T0T 1 672G

1
=V, <_ g [V[ﬂf“] + u[ﬂy(l]ﬂfﬂ 4 u[ﬂyﬁlalgﬂ + Y[”"]u/"fﬂ]eﬂ)

7Z'GN
1

oy (Vlirgal 4 ylryabe, + ulyPlalg, + Yidube I e,. (B11)

= qror[Ve] = —
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APPENDIX C: DISFORMAL METRIC
COMPUTATIONS

1. Choice of the disformal factor

Given a radial geodesic trajectory for a mode propagat-
ing at speed ¢, (the s-mode, in the main text), we can
decompose its momentum V with respect to the frame
(u,8) as

V,=-ou, + k3, (C1)
where @ = g~!(u1, V) is the frequency of the mode in the
a@ther frame and k := g~!(8, V) is the radial wave vector. In
the @ther frame, w and k are related by the dispersion
relation®™

0’ =k = o=tk (C2)
where the + is for outgoing trajectories and the — for
ingoing ones.

The momentum V is generically not null in the original
metric

g (V. V) = g (—ou + k8, —ou + k8) = —a?

FR = (1= )k (C3)

With a suitable disformal transformation, we can make V to
be null. Using that the inverse disformal metric is given by

B
1-B

P =g -, (c4)

we can impose §~'(V,V) =0 to get

B B
gﬂ VﬂVy—m(u”Vﬂ)z = —(1)2+k2—mw2
_l—cg—B

K =0
1-B ’

(C5)
which implies B = 1 — ¢2.

2. Position of the causal horizon for the s-mode

Proposition. For solutions of Einstein-ather theory
which correspond to a stationary, spherically symmetric
spacetime, the position ry(c,) of the causal horizon for a
mode moving at speed ¢, along a radial geodesic is
implicitly given by the condition

(281, () = €5 (el () = O (Co)

BNotice that the dispersion relation is relativistic, since the
theory is second order in the derivatives.

Proof. The idea to find the causal horizon is to follow an
outgoing trajectory of the s-mode and look for the position
where the modulus of the wave vector diverges.

Thanks to the Killing vector field &, we can define the
Killing frequency

Q= -V, (C7)

which is conserved along the curve, since it is a geodesic.
Substituting the decomposition Eq. (C1) and using the
dispersion relation Eq. (C2) associated with outgoing
trajectories, we can write

Q = ck(1z1) — k(1:8). (C8)
Solving for k and imposing that it has a pole in ry(c;), we
get the thesis.

Q
k=———7—- = (l §)|r c _Cs(l 11)|, c =0.
Cs(lgll) -_ (1§§) ¢ H( :) (4 H( .v)

(€9)

3. Ray tracing

In this appendix we are going to fully trace rays of speed
c¢,. We will denote by W¥ the vector tangent to the incoming
radial trajectories of the s-mode and decompose it as
WH = u# + c,s*. Assuming stationarity and spherical sym-
metry, we can write the line element and the tangent vector
W in ingoing Eddington-Finkelstein coordinates

ds* = —e(r)dv? + 2dvdr + r*dQ3, (C10)

W =W, + Wra,. (C11)

In these coordinate, the Killing vector field is £ = 9, = d,,
and a simple computation leads to
(ten) = —e(r)u’ +u", and (1:8) = —e(r)s” +s".

(C12)

Our goal is to compute the peeling behavior of rays close to
the horizon. To do so, we first compute dr/dv and expand it
around the s-mode horizon radius ry(cy)

n d dr
ruley) drdv
+o((r = ruley))?).

By definition, the peeling surface gravity will be the
coefficient of the linear term:

_ (ddr
Kpeel =\ gr dv

dr B dr

%(”) ~ (r—ry(cy))

ry(cy)

(C13)

(C14)

ru(cs)
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Given the tangent vector W¥, we can write

dr W' u"+cgs"
dv W'

u’ + cgs’

(C15)

so we set out to compute the components of « and s. Since these are normalized, we can express their radial component in

terms of their (advanced) temporal one. Namely

—1=glu,u) = gyu’u’ +2g,,u’u’ = —e(r)(u’)? + 2u’’ = u = ~5.5 + Tu ’, (Cl6a)
u

, 2 , 1 e(r)

1 =g(s,8) = guus"s’ +2g,,s"s" = —e(r)(s")* +2s"s" = s = 75 + - v (C16b)
5
Combining these with Eq. (C12), we can solve for the advanced time components

1 —(rzn) £ (28

(lgu) = _e(r)uv+ur: _e(r)uv_ﬁ_'_@uv = :%’ (C17a)
1 —(28) £ (11

(1:8) = —e(r)s” + 5" = —e(r)s" +ﬁ ?sv = g0 = (lgj(r)(lé)’ (C17b)

where we also used the relation e(r) = (1z11)? — (1:8)* to
simplify the expressions. To choose the sign in the
expressions for ¥ and s”, we use that g(u, s) = 0, which
fixes them to be the same. We can then fix the overall sign
by requiring that, as ¢, — 1, we get back the usual
definition of surface gravity for the Killing horizon
€'(r)/2. So we obtain

dr_ Wr H[(8) + ¢, (u)]e(r)
dv W' (£1=c,)[(u) + (1:8)]
As ¢, — 1, the expression diverges for the 4 sign and

approaches e(r)/2 for the — sign, so we choose the latter,
leading to the final form of G,(r)

=G,(r). (CI8)

[(18) + ¢, () e(r)

G = Uy e em) + (A

(C19)

At the causal horizon G(ry(c,)) =0, compatibly with
Eq. (C6), while its first derivative there will give us the
peeling surface gravity Eq. (C14)
Kpeel = G/s(rH(cs)) (CZO)
In the limit ¢, — 400, assuming all the other quantities
are well behaved,24 we can write

Gy — el

(ew) + (18)° (C21)

*This is not the case if the s-mode is taken to be one of the
gravitational propagating modes, as we mentioned in Sec. VIIIL.

|
This vanishes for (1:u) = 0, which defines the position of
the universal horizon [see Eq. (4.14)] and gives the peeling
surface gravity

Glo(ry(4+00)) = —(1:8)(1zu)’, (C22)

which can be seen to coincide with the surface gravity xyg
defined in Eq. (4.15) and found in [12].

a. In the disfomal frame

In the disformal frame If we apply the disformal trans-
formation Eq. (6.3), the tangent vector W# becomes null

gW.W) =g(W. W)+ (1= c3)(wu)

=—l+c2+(1-¢2)=0, (C23)
which is equivalent to set ¢, = 1 by construction. In this
frame, we thus have the simple relation G,(r) = é(r). The
causal horizon ry(c,) will coincide with the Killing horizon
of the metric and the peeling surface gravity k., will be
given by one of the (equivalent) definitions of Killing
surface gravity.

APPENDIX D: BACKGROUND SUBTRACTION
PROCEDURE

In this appendix we review the regularization procedure
for the asymptotic quantities called background subtrac-
tion. As already emphasized, this regularization is needed
to work with quantities that are well defined in the limit
where the boundary is pushed to infinite distance.
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As customary in general relativity, we model a family of
stationary observers with a congruence of curves that are
everywhere tangent to the vector field

1

U:==—-0,, D1
T (B1)

which is normalized so that ||U|]> = —1. In an adapted
system of coordinates (z,7',1%,1°), where 7 is the proper
time of the observer, the time component of the metric gets
transformed (in natural units)

—e(PdR — —di? _ (47
e(r)dt> = —dv> = e(r) = o) =v

= J,=v,0,, (D2)
where v, is the redshift factor at radius r.

The energy entering the first law is the one associated
with the vector 0,

Ep = /8 arorlv] = jvi. (D3)

but the one measured by the stationary observer is the one
associated with o,

Er = /S arorlv] - v (D4)

From the relation Eq. (D2) and using linearity, we infer the
relation

between these two quantities.

We are now ready to do the actual background sub-
traction. The divergence in asymptotic quantities usually
comes from some background contribution, hence, as the
name suggests, the key idea of this procedure is to subtract
the energy measured by the stationary observers in a
suitable background to hopefully obtain a finite contribu-
tion. The regularized measured energy is then

ER) = Ep — ERY), (D6)
where S;gg) is the energy computed in the background
solution. Keeping in mind the previous relation (D5) between
the proper energy and the canonical one, we can deduce that

Egeg) —

1 1 b 1% b
() et
Ur Ugp Up

vRERY = vp(Er - ERY)

(D7)
Finally, we define the regularized mass entering the first law
as

M= lim <ER - U—RE%’g)). (D8)

R—+c0 (bg>
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