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Cosmological data provide us two key constraints on dark matter: it must have a particular
abundance, and it must have an adiabatic spectrum of density perturbations in the early Universe.
Many different cosmological scenarios have been proposed that establish the abundance of axion
dark matter in qualitatively different ways. In this paper we emphasize that, despite this variety of
backgrounds, the perturbations in axion dark matter can be understood from universal principles.
How does a feebly interacting axion field acquire perturbations proportional to those of photons?
How do the isocurvature power spectrum and non-Gaussianity depend on the background evolution
of the Universe? We answer these questions for a completely general choice of cosmological
background and temperature-dependent axion potential. We show that the most general solution to
the axion field equation on superhorizon scales is entirely determined by the family of background
solutions for different initial field values θini. This holds for both the component in the field
perturbation solution contributing to the dark matter isocurvature perturbation (enhanced at late
times by the sensitivity of the dark matter abundance to the initial condition, ∂Ωa=∂θini, which can be
large for initial conditions near the hilltop), and the other component that contributes to the dark
matter curvature perturbation. In particular, we explain that an unperturbed axion field in the early
Universe evolving into one with nontrivial adiabatic perturbations is guaranteed by Weinberg’s
theorem on adiabatic modes. These results have been derived before with various assumptions, such
as a radiation-dominated background or a quadratic potential. Our aim is to give a clear, simple
derivation that is manifestly independent of those assumptions, and thus can be applied to any
cosmological axion scenario.

DOI: 10.1103/gwf6-1w8z

I. INTRODUCTION

The QCD axion remains one of the dark matter (DM)
candidates with the most significant motivation, and the
most motivated such candidate with a nonthermal primary
production mechanism. Since the intuitive picture of DM as
a thermal relic is quite prevalent in the literature and
pedagogical sources, the precise behavior through cosmic
time of a nonthermal DM candidate such as the axion can
sometimes be elusive. In particular, the process by which
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the axion excites adiabatic field perturbations in the early
Universe, arriving at dynamics nearly identical to cold dark
matter (CDM), is not as straightforward as the equivalent
process for a thermal candidate.1 Similarly, the long-term
evolution of initial isocurvature fluctuations is not as
straightforward as in the CDM case. For these reasons,
this work expounds upon the generation mechanism and
early superhorizon evolution of field fluctuations for the
axion and the corresponding density perturbations. The
formulas and procedures laid out in this work are general-
izable to other scalar DM scenarios beyond the QCD axion,
in particular scenarios where the DM does not thermalize
with the standard model (SM) bath.
The QCD axion is a compact pseudoscalar field θ,

postulated to explain the observed non-CP violating nature
of QCD. It can arise as a pseudo-Nambu-Goldstone boson
for a spontaneously broken, approximate global Uð1Þ
Peccei-Quinn (PQ) symmetry [1–4], or as a mode of an
extradimensional gauge field [5]. The axion DM population
is produced via an initial vacuum misalignment in which
the scalar is frozen in its potential until the time when the
Hubble rate of expansion drops below the effective mass of
the field, at which point the field begins to undergo
oscillations with an energy density that redshifts like
matter [6–8]. This misalignment mechanism proceeds
differently depending on whether the axion field is already
present as a massless degree of freedom during inflation
(preinflationary), or emerges from a PQ-breaking phase
transition afterwards (postinflationary). In the preinfla-
tionary case, the initial phase θini is approximately uniform
in the observable Universe, and thus the axion field is
(initially) homogeneous. The postinflationary case has a
complicated cosmology involving production of topologi-
cal defects, but because the PQ scalar is initially in thermal
equilibrium with the SM, the origin of adiabatic fluctua-
tions is less mysterious. For reviews of both cosmological
scenarios, see, e.g., Refs. [9–11].
Let us focus on the preinflationary axion case. In simple

inflationary scenarios, the inflaton exhibits only adiabatic
fluctuations, which are then inherited by SM fields follow-
ing reheating as the Universe attains local thermal
equilibrium [12–16]. Then, with all fields in equilibrium,
the perturbations remain adiabatic and their evolution
proceeds according to the usual cosmological perturbation
theory and decoupling histories, setting the stage for the
cosmic background radiation and evolution of structure that
follows [17–20]. However, since the axion is present as a
massless field during inflation, entropy-type (isocurvature)
inhomogeneities in the axion field are induced, uncorre-
lated with the adiabatic (curvature) perturbations of the
inflaton. For the axion to be a viable DM candidate, these

isocurvature perturbations should be small so as not to
exceed constraints on DM isocurvature in the cosmic
microwave background (CMB) [21–23]. Assuming these
inhomogeneities are suppressed, and in the absence of large
couplings to the inflaton or the SM particles, the axion field
would remain homogeneous in the early Universe as it does
not come into thermal equilibrium with the rest of the
plasma. On the other hand, after the axion begins oscil-
lations, it will behave like DM and thus should have the
same inhomogeneities as the adiabatic DM fluctuations
(which should be related to the adiabatic perturbations of
all other fluids). In fact, as made clear by a theorem of
Steven Weinberg regarding the existence of an adiabatic
solution to the perturbed Einstein equations at superhorizon
scales [24–26], the initial homogeneous state of the axion is
already adiabatic, and it will proceed to remain adiabatic
into the regime of its DM-like behavior. Several works in
the literature have elaborated on the behavior of the
axion and axionlike particle (ALP) perturbations and the
adiabatic nature of the perturbations, with various assump-
tions about the cosmic background evolution and axion
potential [10,27–31].
The QCD axion, in addition to being nonthermal DM,

has other complications to its early time dynamics. The
axion acquires a potential from QCD dynamics, which
gives it an effective mass and higher-order couplings. This
potential, however, depends on temperature until the
completion of the QCD phase transition at a temperature
TQCD ∼Oð100 MeVÞ. While the evolution of the homo-
geneous background field remains similar to DM in the
presence of this temperature-dependent potential, the per-
turbations of the field deviate significantly from the DM-
like behavior, with new contributions arising from temper-
ature fluctuations in the plasma (see, e.g., Refs. [32–35] for
other sources pointing out this contribution to axion
perturbations). This deviation only contributes to the axion
field fluctuations in the era prior to the QCD phase
transition, but it is not immediately obvious that its effects
do not appear at late times by, for instance, spoiling the
adiabatic nature of the axion perturbations.
Both the nonthermal nature of the production of axions

and the temperature dependence of the QCD axion poten-
tial prior to the QCD phase transition seem at first
troublesome for guaranteeing that the axion eventually
exhibits an adiabatic fluctuation equivalent to DM. We will
see that the adiabaticity of the inhomogeneities survives
both of these hurdles, spectacularly guaranteed by
Weinberg’s theorem. Beyond the adiabaticity of the scalar
perturbations, the isocurvature perturbations of the axion
also relate to the background evolution. In the context of
the QCD axion, the temperature-dependent axion potential
will give rise to deviations from an otherwise constant
entropy perturbation. We will also underscore the influence
of the background evolution on the isocurvature spectrum
and non-Gaussianity (via the bispectrum). Though various

1By CDM, we refer to a cosmological fluid with an exact
w ¼ 0 equation of state, whereas a scalar field such as an axion
exhibits rapid oscillations in w that average to w ¼ 0.
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elements of this discussion are present throughout the
literature, a comprehensive explanation of the excitation
and evolution of the axion’s DM-like perturbations in a
general cosmological background is lacking. In the rest of
this work, we will show explicitly that the axion indeed
exhibits perturbations which are automatically adiabatic,
regardless of its nonthermal production and complicated
potential, by first reviewing the theorem by Weinberg
followed by an explicit example calculation. We will also
comment on the behavior of isocurvature perturbations,
which may be excited during inflation, throughout the
complex early evolution of the axion field.

II. ADIABATIC AND ENTROPY PERTURBATIONS
OF AXION

Fields in thermal equilibrium with each other acquire
correlated perturbations, so thermally produced dark matter
automatically has adiabatic perturbations. The axion is
instead produced via the misalignment mechanism and is
therefore not immediately required to be adiabatic. Indeed,
the standard preinflationary axion naturally exhibits fluc-
tuations during inflation which are uncorrelated with the
inflaton, resulting in late-time DM isocurvature. In this
context, we aim to demonstrate clearly how the axion DM
fluid naturally excites an adiabatic mode, despite the
complications of the postinflationary Universe such as
the QCD phase transition, and that the late-time isocurva-
ture could differ from what is generated by the end of
inflation.
The existence and conservation of the adiabatic solution

regardless of background cosmological dynamics was
shown by Steven Weinberg in a theorem first published
in a series of foundational works [24,25] and later
expounded upon in his textbook Cosmology [26] (for
earlier work developing these general solutions, see e.g.
Refs. [36,37]). Weinberg’s theorem guarantees that there
always exists a solution to the perturbed scalar field
equations in Newtonian gauge (generalizable to other
gauges) containing constant scalar curvature ζ on super-
horizon scales with a wave number k below the conformal
Hubble scale, k ≪ RH. The perturbed metric in Newtonian
gauge is given by

ds2 ¼ −ð1þ 2ΨÞdt2 þ R2ðtÞð1 − 2ΦÞdx2; ð1Þ

where RðtÞ is the scale factor, HðtÞ≡ Ṙ=R is the Hubble
rate, and the metric perturbations are observed to be small
Ψðt; xÞ;Φðt; xÞ ≪ 1. The curvature ζ is

ζ ≡ −Φ −H
δρ
˙̄ρ
; ð2Þ

with δρ and ρ̄ the total perturbed and background
energy densities, and a dot denoting a derivative with

respect to t.2 Weinberg’s argument constructs new inho-
mogeneous solutions to the equations of motion (up to
small-k corrections) by first finding exact new homo-
geneous solutions and then promoting them to nonzero
k. Given a background solution to the Einstein field
equations, the new homogeneous solution is constructed
by performing a gauge transformation xμ ↦ xμ þ ϵμ which
preserves the Newtonian gauge, ϵμ ¼ ðϵðtÞ; R2ðtÞωijxjÞ, on
the background solution to yield a scalar fluctuation
δs ¼ −ϵðtÞ ˙̄sðtÞ, where δs can be any four-scalar (δρ, δp,
δθ, etc.). This can always be done by virtue of diffeo-
morphism invariance.3 Demanding that this solution is a
physical solution to the field equations fixes ϵμ, and
therefore all of the metric and scalar fluctuations.4 In fact,
there are two such solutions, one of which decays in an
expanding universe and thus is ignored, while the other is
often referred to as the (growing) adiabatic mode (this
solution is also referred to as a curvature perturbation).
Upon solving for ϵðtÞ and ωij, one finds that

ϵðtÞ ¼ −ζμðtÞ;

where μðtÞ≡ 1

RðtÞ
Z

t
Rðt0Þdt0: ð3Þ

Here ζ is constant, and different choices of the lower limit
of integration give rise to solutions differing by a multiple
of the decaying mode (and hence are negligibly different at
sufficiently late times). This mode can be promoted to an
inhomogeneous mode of long wavelength by extending
ϵðtÞ into a function ϵðt; xÞ. Its Fourier modes, ϵkðtÞ, are then
related to those of the metric perturbation, ζk, by the same
proportionality factor μðtÞ as in Eq. (3). They solve the
equations of motion up to corrections of order k2=ðR2H2Þ.

2The same arguments can also refer to the scalar curvature on
comoving spatial surfaces, given byR ¼ −ΦþHδu with δu the
total velocity field perturbation, rather than ζ, the scalar curvature
on spacelike surfaces of constant energy density. In the super-
horizon limit, k ≪ RH, ζ ¼ R.

3This argument is similar, but not identical, to Goldstone’s
theorem in quantum field theory, which guarantees the existence
of long-wavelength modes when the vacuum state spontaneously
breaks a global symmetry. In this context a soft, i.e. long
wavelength, Goldstone mode can locally mimic the shift of a
vacuum, which is labeled by a constant phase. In this sense, the
Goldstone mode behaves similarly to the cosmological adiabatic
mode, and admits a similar construction [38]. In cosmology, the
spatially homogeneous background breaks diffeomorphism
invariance and likewise engenders the adiabatic mode. In this
respect, this mode is sometimes referred to as the Nambu-
Goldstone boson of broken large diffeomorphisms. A well
known consequence is that, similarly to pions, this adiabatic
mode also satisfies a host of soft theorems (see, e.g., Ref. [39]).

4This is ensured by demanding the solution holds for nonzero
k, which amounts to satisfying the off-diagonal spatial Einstein
equations kikjðΨ −ΦÞ ¼ −8πGkikjδσ ⇒ Ψ ¼ Φ − 8πGδσ in
the presence of anisotropic stress δσ [24]. In our summary of
Weinberg’s proof, we take δσ ¼ 0 ⇒ Φ ¼ Ψ.
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The (nondecaying) adiabatic solution amounts to the
following Fourier modes of scalar metric perturbations:

ΦkðtÞ ¼ ΨkðtÞ ¼ −ζkμ̇ðtÞ

¼ ζk

�
−1þHðtÞ

RðtÞ
Z

t
Rðt0Þdt0

�
: ð4Þ

The characteristic distinguishing the adiabaticity of this
solution is that each species has the same ratio of its energy
perturbation to the rate of change of its background energy
density δρi= ˙̄ρi, regardless of whether each species’ energy
is independently conserved. In fact, the proof of Weinberg’s
theorem guarantees this relationship for any scalar quantity
s [24], such that

δskðtÞ ¼ −ζkμðtÞ ˙̄sðtÞ ¼ −
ζk ˙̄sðtÞ
RðtÞ

Z
t
Rðt0Þdt0: ð5Þ

Weinberg’s proof guarantees the existence of this adiabatic
mode. Data inform us that this mode is a good description
of our Universe [21]. This is an important clue about initial
conditions. Single-field inflation always excites the adia-
batic mode, but more general physics in the early Universe
could have led to other solutions. Any deviation from this
behavior, then, is nonadiabatic and is labeled an entropy
perturbation, or equivalently an isocurvature mode. Let us
define a generalization of scalar curvature ζi from the
perturbed energy of the species i as

ζi ≡ −Φ −H
δρi
˙̄ρi

: ð6Þ

Then, the adiabatic mode exhibits equal scalar curvature for
each species ζi ¼ ζj ¼ …, and any deviation from this
behavior contributes to an isocurvature mode. We can
define the relative entropy perturbation between two
species as

Sij ≡ 3½ζi − ζj�: ð7Þ

In the absence of isocurvature, Sij ¼ 0, the arguments
above guarantee that the curvature remains conserved, and
thus the isocurvature perturbation remains absent. On the
other hand, in the presence of nonzero isocurvature,
Weinberg’s theorem does not guarantee that the isocurva-
ture necessarily remain constant.
The power and elegance of this theorem is that it applies

for arbitrary dynamics of the background cosmology.
Examining our case of interest, the QCD axion, we will
explicitly show that nontrivial adiabatic perturbations are
generated when the axion becomes DM, despite the non-
trivial dynamics of the axion. Weinberg’s theorem ensures
this. At early times, the axion field is frozen, with ˙̄θðtÞ ¼ 0.
The general result (5), then, tells us that the adiabatic mode
is the one with zero perturbations, δθk ¼ 0. (This point has

been emphasized before, e.g., in Sec. 4.4.1 of Ref. [10].)
The theorem then guarantees that if the initial condition is
in the adiabatic mode, at late times when the axion field

oscillates and ˙̄θðtÞ ≠ 0, the solution will still track the
adiabatic mode, now with δθk nonzero and proportional to
the photon perturbations. Prior to the QCD phase transition,
the instanton-induced potential of the axion depends on
temperature, modifying the otherwise matterlike behavior
of the scalar field and subsequently changing the behavior
of the perturbed fields and energies. The remarkable power
of Weinberg’s theorem is to guarantee that these compli-
cations lead to the same late-time solution (on superhorizon
scales), provided δθk ¼ 0 at sufficiently early times.
In addition, for a preinflationary axion, some small initial

perturbation δθini is expected to be excited during inflation,
which will persist as an isocurvature (entropy) perturbation
in the postinflationary Universe. In this case, Weinberg’s
theorem cannot be straightforwardly applied. Especially
upon accounting for the QCD phase transition, which
generates a coupling between radiation and axions on
large scales, the nonzero entropy mode may evolve non-
trivially. We show that while the entropy mode is tempo-
rarily excited during the phase transition, the adiabatic
mode evolves unscathed, owing primarily to the fact that
the axion is an extremely subdominant component of the
Universe during this period.
In this section, we will present our main derivation in

detail. We first derive the equations of motion for both the
background and perturbation of the QCD axion DM assum-
ing a general temperature-dependent potential and a cosmol-
ogy dominated by a single fluid with a constant equation of
state. In this general setup, we show the exact solution for the
axion field perturbation on large scales and identify the
adiabatic and isocurvature perturbations. We also comment
on non-Gaussianity by computing the bispectrum.

A. Equations of motion

The action for the dimensionless axion field θ with decay
constant fa is

S ¼ −
Z

dt d3x
ffiffiffiffiffiffi
−g

p �
1

2
f2agμν∂μθ∂νθ þ Vðθ; TÞ

�
; ð8Þ

where gμν is the metric tensor with determinant g, and
Vðθ; TÞ is the axion potential. Vðθ; TÞ could be quite
complicated and depends on the temperature, T, prior to the
QCD phase transition. When T is above the characteristic
temperature TQCD of the QCD phase transition, the mass
takes an approximately power-law form,

m̃ðTÞ ≈ma

�
TQCD

T

�
n
; ð9Þ

where ma is the zero-temperature mass and n ≈ 4. When
T < TQCD, m̃ðTÞ ¼ ma. Lattice gauge theory calculations
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have determined the form of mðTÞ more precisely, con-
firming that the exponent n at high temperatures is close to
that predicted by the dilute instanton gas approximation
[40]. Beyond the quadratic level, the temperature-
dependent interaction terms remain to be calculated.
These higher-order terms could be important in particular
when the initial misalignment angle is large and the axion
oscillations explore a wide range of the potential [29,41].
Let us write the axion field in terms of a (space-

independent) background θ̄ðtÞ and a perturbation
δθðt; xÞ, as follows:

θðt; xÞ ¼ θ̄ðtÞ þ δθðt; xÞ: ð10Þ

We also take the temperature to be perturbed as Tðt; xÞ ¼
T̄ðtÞ þ δTðt; xÞ with T̄ as the background value and δT as
the perturbation. Then, one can expand the action to
quadratic order in the complete set of perturbations
fδθ; δT;Φ;Ψg and obtain the equations of motion for θ.
Collecting terms by order, we arrive at the zeroth-order
evolution equation for the background field θ̄ðtÞ as

̈θ̄ þ 3H ˙̄θ þ 1

f2a

∂V̄

∂θ̄
¼ 0; ð11Þ

where V̄ ¼ Vðθ̄; T̄Þ. It is well known that the background
evolution of the QCD axion is sensitive to the detailed form
of V̄. The temperature dependence and anharmonic effects
could modify the solution of θ̄ and consequently the
predicted relic abundance.
The first-order perturbation equation for the field per-

turbation δθðt; xÞ is

δθ̈ þ 3Hδθ̇ þ
�
−
∇2

R2
þ 1

f2a

∂
2V̄

∂θ̄2

�
δθ

− ˙̄θð3Φ̇þ Ψ̇Þ þ 2Ψ
1

f2a

∂V̄
∂θ̄

þ 1

f2a

∂
2V̄

∂θ̄∂T̄
δT ¼ 0: ð12Þ

Alternatively, we can write the Fourier transform of the
perturbed equation for δθkðtÞ ¼

R
d3xe−ik·xδθðt; xÞ. In

Fourier space, the perturbation equation becomes

δθ̈kþ3Hδθ̇kþ
�
k2

R2
þ 1

f2a

∂
2V̄

∂θ̄2

�
δθk

− ˙̄θð3Φ̇kþ Ψ̇kÞþ2Ψk
1

f2a

∂V̄

∂θ̄
þ 1

f2a

∂
2V̄

∂θ̄∂T̄
δTk¼ 0; ð13Þ

where k2 ≡ k2; and Φk, Ψk, and δTk are the Fourier modes
ofΦ,Ψ, and δT with wave number k. The last three terms in
the equation above are all source terms for the axion
perturbation. The first two source terms, depending on Φ,
Ψ, and their derivatives, originate from the axion field
coupling to the metric. They are universally present in
perturbation equations of general ALPs, no matter whether

the potential is a constant or temperature dependent. The
last term proportional to δT takes into account the inter-
action between the QCD axion and radiation (e.g., gluons).
This term is important and has to be included, when the
axion potential is temperature dependent, to get the right
adiabatic initial conditions, as will be discussed in the next
section.5

The linear-order equations are sufficient to predict the
adiabatic and isocurvature power spectrum on large scales.
However, we will be interested in determining the axion
isocurvature bispectrum as well, for which we will need to
account for higher order terms in δθk. We will discuss this
in detail below.

B. Solution of the axion field perturbation

We can understand the small-k solution to the axion
perturbation equation (13) quite generally in terms of the
family of background solutions θ̄ðt; θini; θ̇iniÞ, which are
parametrized in terms of the initial homogeneous axion
value θini and its time derivative. Specifically, we make the
following assumptions: (i) we take the small-k limit of
Eq. (13), (ii) we take the superhorizon perturbations
Φk ¼ Ψk to be of the adiabatic form in Eq. (4), and (iii) we
take the temperature perturbation δTk (when relevant) to
also be of the adiabatic form (5) (we provide justification
for these assumptions below). Then, we find the general
solution of the form

δθkðtÞ ¼ Ak
∂θ̄ðt; θini; θ̇iniÞ

∂θini
þ Bk

∂θ̄ðt; θini; θ̇iniÞ
∂θ̇ini

− ζk
˙̄θðtÞ 1

RðtÞ
Z

t
Rðt0Þdt0: ð14Þ

Here Ak, Bk, and ζk are constant in time. This general
solution is constructed as follows: the last term, propor-
tional to ζk, follows from Weinberg’s theorem and the
corresponding general formula (5), giving the particular
solution to Eq. (13). The remaining terms are obtained by
solving the homogeneous operator (i.e., sourceless equa-
tion) in Eq. (13), which can be derived by recognizing the
similarities between the homogeneous operators in
Eqs. (11) and (13), of which θ̄ðtÞ is a solution. These first
two terms, then, give rise to the isocurvature contributions.
Thus, combined with the particular solution (the term
proportional to ζk), the general solution in Eq. (14) gives
the most general exact solution to Eq. (13) in the small-k

5In Ref. [32], the source term depending onΨk is ignored by an
incorrect argument that the background field θ̄ makes this term
negligible. Then the analysis there only depends on a single
source term proportional to δTk. Yet all the source terms could be
of the same order at all scales. In particular, one could not get the
standard adiabatic initial condition when dropping the source
term proportional to Ψk.
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limit (with the metric and temperature perturbations taken
as fixed sources).
Weinberg’s formula for the adiabatic part of this general

solution, on the other hand, depends crucially on the source
terms, and therefore onour assumptions above. In the small-k
limit, the source terms depending on themetric perturbations
typically take the adiabatic form in Eq. (4) whenWeinberg’s
theorem applies. However, in the presence of the evolving
axion, the applicability may not be straightforward; for
example, in a universe with a power-law expansion
RðtÞ ∝ tp, the metric potential sources are strictly constant,
but in the presence of the axion, they depend on δθk through
Einstein’s equations. As a result, it is not obvious that the use
of Weinberg’s solution (14) remains valid when the iso-
curvature contributions are nonzero. Similarly, when the
background is dominated by a radiation fluid which drives
the temperature fluctuation δT and interacts with the axion
out of equilibrium, onemust justify that the adiabatic solution
for δTk in equilibrium is valid.We argue in theAppendix that
treating both metric perturbations and the radiation pertur-
bation as pure adiabatic perturbations taking the Weinberg
solution is, in fact, a good approximation provided that the
axion is a subdominant contribution to the total energy
density of the universe, as it is around the time of the QCD
phase transition when the nonzero adiabatic contributions to
δθkðtÞ are established. We provide some comments in the
Appendix to justify these approximationswhen the dominant
fluid is not radiation, e.g., if the axion oscillations begin
during a period of earlymatter domination.As a result, we do
not need to explicitly solve the equations of motion for Φk,
Ψk, and δTk, though they are in principle coupled to Eq. (13).
In the remainder of this subsection, wewill first elaborate

on the isocurvature solution and its extension to higher
order in perturbations (which is necessary to compute non-
Gaussianities in the isocurvature modes). For typical
cosmological assumptions, i.e. a Bunch-Davies initial state
for the axion, the initial velocity of the fluctuations is
negligible. As we will see below, this allows us to neglect
the Bk terms. Then, we will give a direct demonstration that
Weinberg’s adiabatic ansatz solves the equations of motion
under simplifying assumptions. For this explicit calculation
below, we will assume that the Universe is dominated by a
single fluid and thus evolves according to a power law
growth

RðtÞ ∝ tp; ð15Þ

(where for instance, p ¼ 1=2 corresponds to radiation
domination and p ¼ 2=3 to matter domination). This
assumption goes beyond the usual assumption of radiation
domination and simplifies the calculation, but it is other-
wise unnecessary; we comment later on generalizing these
results. In addition, though similarly unnecessary, we
assume the background is free of anisotropic stress such
that Φ ¼ Ψ, working with Ψ from now on.

Under these simplifying assumptions, we will examine
the following solution for δθk as a special case of Eq. (14):

δθkðtÞ ¼ Ak
∂θ̄ðt; θiniÞ

∂θini
þ t ˙̄θðtÞΨk: ð16Þ

We will discuss these two terms separately below.

1. Isocurvature solution

First, we will obtain the general homogeneous solution
(in the differential equation sense) of the axion fluctuations.
We will make minimal assumptions about the background
solution, which allow our final result to be applicable
beyond the standard misalignment mechanism and include,
e.g. kinetic misalignment [33,42].
In general, the axion fluctuations evolve nonlinearly due

to the nonlinear potential, which in turn will produce non-
Gaussian statistics for the axion density fluctuations, and
therefore also for the isocurvature mode. Note that these
non-Gaussianities would arise even if the axion obeyed
purely Gaussian statistics by the end of inflation and are
therefore distinct from inflationary non-Gaussianities.
In order to obtain the bispectrum, we must first solve the

homogeneous equation of motion for the fluctuations
(without source terms) beyond linear order. Up to quadratic
order, we have

δθ̈ þ 3Hδθ̇ þ 1

f2a
V̄ 00δθ þ 1

2f2a
V̄ 000δθ2 ¼ 0: ð17Þ

We can attempt to solve this system perturbatively. A good
way to organize the perturbative series is through the initial
conditions. To that end, we can write δθ ¼ δθiniδ̂θ, with
δθini the primordial axion fluctuation generated during
inflation. This parametrization makes it explicit that the
nonlinear terms are all suppressed due to the small initial
fluctuations. Therefore we can write

δ̂θ ¼ δ̂θð1Þ þ δθiniδ̂θ
ð2Þ þ � � � ; ð18Þ

where the initial conditions are enforced at linear order by

setting δ̂θð1Þðt ¼ 0Þ ¼ 1 and ˙̂δθ
ð1Þðt ¼ 0Þ ¼ 0. The initial

conditions for the higher-order terms may then be trivial.
At linear order, the equation of motion admits a very simple

solution in terms of the background solution. It can be verified
as δ̂θð1Þk ðtÞ ¼ ∂θ̄

∂θini
. In fact it is the unique solution which

satisfies the initial conditions δ̂θkð0Þ ¼ 1 and ˙̂δθkð0Þ ¼ 0.6

6In general, ∂θ̄
∂θini

and ∂θ̄
∂θ̇ini

span the space of solutions as linearly
independent solutions, as can be verified by computing their
Wronskian. As long as ˙̂δθkð0Þ ¼ 0, the second solution is not
excited. Assuming a Bunch-Davies state for δθ during inflation,
canonical normalization of the massless axion fluctuations
ensures δθ̇ ∝ a−3 and is thus negligible by the end of inflation.
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At second order, the equations of motion (in position
space) are

̈̂δθð2Þ þ3H ˙̂δθ
ð2Þ þ 1

f2a
V̄ 00δ̂θð2Þ þ 1

2f2a
V̄ 000ðδ̂θð1ÞÞ2 ¼ 0: ð19Þ

It can be similarly verified by differentiating Eq. (11) twice
that the unique solution to this equation is 1

2
∂
2θ̄

∂θ2ini
. Therefore

the complete solution at second order is

δθðx; tÞ ¼ δθiniðxÞ
�
∂θ̄

∂θini
þ 1

2
δθiniðxÞ

∂
2θ̄

∂θ2ini

�
: ð20Þ

Indeed, we can recognize this to be a series expansion in the
initial data, and we can therefore obtain the general solution
to nth order:

δθðx; tÞ ¼
X∞
n¼1

�
1

n!
∂
nθ̄

∂θnini

�
δθniniðxÞ: ð21Þ

This result can be understood as follows. In the absence of
adiabatic perturbations, the initial fluctuations δθiniðxÞ give
a different misalignment angle at each position, so that the
nonlinear fluctuations are δθðx; tÞ ¼ θ̄½θini þ δθiniðxÞ; t� −
θ̄½θini; t� which, upon a Taylor expansion, is precisely the
expression we have above (such an argument has been used
to linear order in, e.g., Ref. [43]). This works only because
we are working in the long-wavelength limit so that spatial
derivatives do not affect the time evolution of δθðx; tÞ.
Therefore, the complete nonlinear solution for the

homogeneous, or isocurvature, field perturbations at all
orders of the initial fluctuations δθiniðxÞ are entirely
determined by the background solution. At leading order,
we recover the first term in Eq. (16) by taking the Fourier
transform and identifying Ak ¼ δθiniðkÞ.

2. Adiabatic solution

In the following, we construct the adiabatic solution via
an explicit demonstration of Weinberg’s theorem. We now
specialize to the power-law scale factor RðtÞ ∝ tp. The
second term in Eq. (16) is, in fact, exactly Weinberg’s
adiabatic solution. From Eq. (4), we obtain

ΨkðtÞ ¼ ΦkðtÞ ¼ −
ζk

1þ p
; ð22Þ

and in Eq. (5),

δθkðtÞ ¼ −
ζk

1þ p
t ˙̄θðtÞ ¼ t ˙̄θðtÞΨk: ð23Þ

(Apart from Weinberg’s general result, such solutions have
appeared in past literature, e.g., Ref. [44], in specific
contexts such as a quadratic and temperature-independent

potential.) Let us verify that the second term, δθk ¼ t ˙̄θΨk,
is indeed a (particular) solution to the full perturbation
equation. For superhorizon modes, we neglect the k2 term
and take the metric potentials to be constant Φ̇k ¼ Ψ̇k ¼ 0
(though once more, the latter assumption may be relaxed).
Plugging this solution in to the lhs of Eq. (13), we have

ðtθ̄
:::

þ 2 ̈θ̄ÞΨk þ 3HΨkðt ̈θ̄ þ ˙̄θÞ þ 1

f2a

∂
2V̄

∂θ̄2
ðt ˙̄θΨkÞ

þ 2Ψk
1

f2a

∂V̄

∂θ̄
þ 1

f2a

∂
2V̄

∂θ̄∂T̄
δTk ¼ 0: ð24Þ

Taking the time derivative of the background equation,
Eq. (11), we have

θ̄
:::

þ 3H ̈θ̄ þ 3Ḣ ˙̄θþ 1

f2a

�
∂
2V̄

∂θ̄2
˙̄θ þ ∂

2V̄

∂θ̄∂T̄
˙̄T

�
¼ 0: ð25Þ

Combining these two expressions above, we find the lhs of
Eq. (13) to be

tΨk

�
−3Ḣ ˙̄θ−

1

f2a

∂
2V̄

∂θ̄∂T̄
˙̄T

�
þ 2Ψk

̈θ̄ þ 3HΨk
˙̄θ

þ 2Ψk
1

f2a

∂V̄

∂θ̄
þ 1

f2a

∂
2V̄

∂θ̄∂T̄
δTk ¼ 0: ð26Þ

For RðtÞ ∝ tp, tḢ ¼ −H. Thus, using the equation of
motion for θ̄ in Eq. (11), we are left only with

−
1

f2a

∂
2V̄

∂θ̄∂T̄
ðtΨk

˙̄T − δTkÞ ¼ 0: ð27Þ

However, in the adiabatic mode, the perturbation δTk is
related to ˙̄T by Eq. (5), which for our background (15)
implies that δTk=

˙̄T ¼ tΨk. Thus Eq. (27) vanishes and

indeed t ˙̄θΨk is a solution to the full axion field perturbation
equation.
Transforming back from the Fourier mode, we could

rewrite the adiabatic solution as δθðt; xÞ ¼ t ˙̄θðtÞΨðt; xÞ. We
have a few comments on this exact solution at superhorizon
scales:

(i) Since the evolution of θ̄ depends on V, this particular
solution tells us that the axion field perturbation δθ
also varies for different Vs. However, the propor-

tionality relation between δθ and ˙̄θ is independent of
V and serves as an example of Weinberg’s general
adiabaticity theorem [24–26].

(ii) The more intuitive picture suggested by the solution
is as follows: initially, the QCD axion is at rest with
˙̄θ ¼ 0, and no field perturbation is generated. Once
the axion field starts moving (even before entering
the full coherent oscillation phase), the axion field
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perturbation starts to see the metric and temperature
perturbations (correlated as they both arise from the
primordial inflaton fluctuations), via the motion of
the field.

(iii) This solution holds in scenarios beyond the standard
misalignment mechanism happening during radia-
tion domination. In particular, it is also a solution in
a matter-dominated universe. Indeed, one highly
motivated scenario to achieve high-scale QCD axion
DM with fa > 1012 GeV is to have it start oscillat-
ing in an early matter domination phase sourced by a
scalar (see, e.g., Refs. [45–49] for such con-
structions).7

(iv) While our main physics target is QCD axion DM,
the derivation above applies to arbitrary ALP and
nonthermal scalar DM, whatever the potential.

(v) We assume a single-fluid-dominated universe with a
simple power law expansion and constant gravita-
tional perturbations at the superhorizon scale. These
are not necessary assumptions. Based on Weinberg’s
theorem, the adiabatic solution always guarantees
the proportionality between δθk and ˙̄θΨ. The pro-
portionality factor could be more complicated than t,
if the background evolution is more complicated. We
will discuss this further in the Appendix.

C. Adiabatic energy density perturbation of axion DM

Let us review how the energy and pressure of the
adiabatic mode explicitly satisfies the adiabaticity condi-
tion. We turn now to the QCD axion as an example with a
concrete potential which depends on the field and the
temperature. The energy-momentum tensor for the QCD
axion is given by

Tμ
ν ¼ f2a∂μθ∂νθ −

1

2
½f2a∂λθ∂λθ þ 2Vðθ; TÞ�δμν : ð28Þ

From the 00th component, we can expand the energy
density of the fluid to the leading two orders and find the
background (ρ̄θ) and first-order perturbation (δρθ) of the
energy density for axion DM to be

ρ̄θ ¼
f2a
2
˙̄θ2 þ V̄; ð29Þ

δρθ ¼ f2að ˙̄θδθ̇ − ˙̄θ2ΨÞ þ ∂V̄

∂θ̄
δθ þ ∂V̄

∂T̄
δT: ð30Þ

Then, using the adiabatic solution for the axion field

perturbation δθ ¼ tΨ ˙̄θ, we find that the energy density

perturbation δρθ is

δρθ ¼ −3Hf2a
˙̄θ2tΨþ ∂V̄

∂T̄
δT: ð31Þ

The time derivative of the axion background energy
density is

˙̄ρθ ¼ f2a
˙̄θ ̈θ̄þ dV̄

dt
¼ f2a

˙̄θ

�
−3H ˙̄θ −

1

f2a

∂V̄
∂θ̄

�
þ ˙̄θ

∂V̄
∂θ̄

þ ˙̄T
∂V̄
∂T̄

;

ð32Þ

where using ˙̄T ¼ −pT̄=t ¼ −HT̄, we have

˙̄ρθ ¼ −3Hf2a
˙̄θ2 −HT̄

∂V̄
∂T̄

: ð33Þ

Since H ¼ p=t and δT=T̄ ¼ −pΨ, the generalized curva-
ture perturbation for the axion is

ζθ ¼ −Φ −H
δρθ
˙̄ρθ

¼ −Ψ −HΨ
−3pf2a ˙̄θ

2 − pT̄ ∂V̄
∂T̄

−3Hf2a
˙̄θ2 −HT̄ ∂V̄

∂T̄

¼ −ðpþ 1ÞΨ; ð34Þ

where in the second equality we have used Φ ¼ Ψ. On the
other hand, for radiation, δργ=ρ̄γ¼−4pΨ and ˙̄ργ ¼ −4Hρ̄γ .
Thus

ζγ ¼ −Φ −H
δργ
˙̄ργ

¼ −ðpþ 1ÞΨ ¼ ζθ: ð35Þ

With ζγ ¼ ζθ, we have Sθγ ¼ 0, conclusively showing that

δθ ¼ tΨ ˙̄θ is indeed the adiabatic mode.
Note that for many standard cosmological fluids, ˙̄ρ ∝ Hρ̄,

such that the ratioδρ= ˙̄ρ is proportional to δρ=ρ̄, and thus often
the adiabatic nature of initial conditions for a given fluid is
stated as a condition on δρ=ρ̄. In particular, if a component ρi
is independently conserved and has a definite equation of
state wi, then we have ˙̄ρi ¼ −3Hð1þ wiÞρ̄i. For example,
in standard ΛCDM cosmology, adiabatic fluctuations for
CDM are initially given by the density perturbation
δcdm ≡ δρcdm=ρ̄cdm ¼ −3Ψ=2, while the fluctuation in pho-
ton energy density is δγ ¼ −2Ψ during radiation domination.
However, when the background energy density evolves
nontrivially such that ˙̄ρ∝Hρ̄, then one must examine the
relationship between δρ and ˙̄ρ to determine the adiabaticity of
a solution.
In the preceding discussion, we have shown analytically

that the adiabaticity of the solution is preserved even when
the QCD axion has a temperature-dependent potential. It is
useful to examine the behavior of the axion density
perturbation δθ ≡ δρθ=ρ̄θ, to see that while it remains
adiabatic, its behavior differs from thermal CDM at early

7One small subtlety in this scenario which does not affect our
analysis is that in the early matter domination phase, one could
ignore the temperature perturbation, while after the scalar reheats,
the temperature perturbation is adiabatic.
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times. Figure 1 shows both a numerical and analytical
solution for δθ. For both cases, high-frequency oscillations
are filtered out such that the figure displays oscillation-
averaged hδθi. To implement a numerical computation, we
assume the QCD axion potential to be quadratic with a
temperature-dependent mass given in Eq. (9), until
t ¼ tQCD when the mass becomes constant. Further, we
assume radiation domination (p ¼ 1=2) and superhorizon
conditions (k ≪ RHjtQCD) for the duration of the numerical
solution. The analytical solution in the figure corresponds

to δθkðtÞ ¼ t ˙̄θðtÞΨk, with
˙̄θðtÞ obtained using the numerical

solution for the background θ̄ðtÞ.
As shown in Fig. 1, initially the density perturbation is a

constant during the vacuum-dominated phase of the axion’s
evolution. This differs from a vacuum-dominated scalar
with constant potential energy density (which would have
δθ ¼ 0), as the axion’s mass is temperature dependent and
thus the potential energy density is time dependent.

Combining Eqs. (29) and (31), and taking ˙̄θ ¼ 0, the initial
constant is simply δθ ¼ ∂V

∂T̄
δT
V ¼ nΨk, where the last equality

is valid for the power-law in temperature corresponding to
Eq. (9), quadratic axion potential, and radiation domina-
tion. During this phase, δθ need not be a constant if the
temperature derivative of the potential is not proportional to
the potential itself; indeed for the QCD axion, the

potential’s temperature dependence could change at early
times. Following the onset of oscillations, δθ oscillates
about a constant which differs from the initial condition for
δcdm. Again from Eqs. (29) and (31), we can see that the
initial constant should be hδθi ¼ −ð3 − nÞΨ=2. Then, after
the QCD phase transition is over at t=tQCD ¼ 1 in the
figure, the axion potential becomes temperature indepen-
dent and it begins to behave as CDM, with the averaged
density perturbation hδθi ¼ δcdm ¼ −3Ψ=2.

D. Isocurvature energy density perturbation
of axion DM

Let us now return to the homogeneous solution for δθ,
which is responsible for the isocurvature component of the
DM density fluctuations. Since we will be interested in
determining both the isocurvature power spectrum and
bispectrum, we will need to determine the axion density
fluctuations to second order in the initial conditions.
One way to obtain the density fluctuations beyond linear

order is to use the solution of the axion field perturbations to
higher order in the initial data. A shortcut is to recognize that
the total energy density is a function of θini þ δθini, which
means that nonzero initial fluctuations provide a different
misalignment angle at each point in space. Therefore one
may simply Taylor expand in δθiniðxÞ to obtain

FIG. 1. Density perturbation for the QCD axion δθ ¼ δρθ=ρ̄θ, time averaged by filtering out high-frequency oscillations. A full

numerical solution is shown in the blue solid curve, with the analytical solution based on the adiabatic field fluctuation δθ ¼ t ˙̄θΨk shown
in dashed orange. The black dotted line indicates the initial constant value during the vacuum-dominated phase, while the black dot-
dashed line gives the constant about which δθ oscillates when the QCD axion potential is temperature dependent, and the black dashed
line indicates the constant solution after the temperature dependence is gone, identical to the behavior of thermal CDM (when averaging
over oscillations). The solutions in this figure assume radiation domination, superhorizon conditions, and the QCD axion potential in
Eq. (9) with n ¼ 4.
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δρisoθ ðx; tÞ ¼ ∂ρ̄θ
∂θini

δθiniðxÞ þ
1

2

∂
2ρ̄θ
∂θ2ini

δθ2iniðxÞ þ � � � : ð36Þ

One may verify that the field perturbation

δθðx; tÞ ¼ δθiniðxÞ
�
∂θ̄ðtÞ
∂θini

þ 1

2
δθiniðxÞ

∂
2θ̄ðtÞ
∂θ2ini

�
ð37Þ

reproduces Eq. (36). To check this, we can use the fact that at
linear order,

δρiso;ð1Þθ ¼ f2a
˙̄θ

�
Ak

∂
2θ̄

∂θini∂t

�
þ ∂V̄

∂θ̄
Ak

∂θ̄

∂θini

¼ Ak
∂ρ̄θ
∂θini

¼ ∂ρ̄θ
∂θini

δθini: ð38Þ

Likewise, one can compute the density fluctuation to
quadratic order as well.
Now let us determine the entropy perturbations. At linear

order, we have

SθγðkÞ≡ 3½ζθ − ζγ� ¼ −3H
δρisoθ
˙̄ρθ

¼ −
3H
˙̄ρθ

∂ρ̄θ
∂θini

δθiniðkÞ: ð39Þ

In the absence of temperature-dependent effects, after the
background oscillations of the axion have begun we have
˙̄ρθ ¼ −3Hρ̄θ, which yields the simple expression

Sθγ ¼
∂ ln ρ̄θ
∂θini

δθini ¼
∂ lnΩθ

∂θini

HI

2πfa
; ð40Þ

where in the last step, we use ∂ ln ρ̄θ
∂θini

¼ ∂ lnΩθ
∂θini

, with Ωθ being
the relic abundance of axion dark matter. Strictly speaking,
this equality holds only after the axion starts to oscillate in
the quadratic part of the potential near the minimum. That
is indeed the case for the cosmologically observable modes
at large scales. We also use that the primordial axion field
fluctuation is set by the inflationary Hubble scale HI:
δθini ¼ HI

2πfa
. To convert this further to CDM isocurvature,

one needs to multiply it by the fraction of axion dark matter
in the total amount of dark matter, rSθγ with r ¼ Ωθ=Ωc.
Constraints on dark matter isocurvature from the cosmic
microwave background can thus be translated to constraints
on the inflationary Hubble scale. Equation (40) holds quite
generally, and for θini ∼ 1 and r ¼ 1, this results in a
constraint HI ≲ 107 GeV from a combination of Planck
and Atacama Cosmology Telescope Data Release 6 data
(see Ref. [23] for detailed updated constraints).
Note that Eq. (40) had been derived before [29,50], using

the ΔN formalism and during radiation domination, among
other assumptions. We have shown that this form of the

isocurvature mode is more general and follows immediately
from the background evolution of the axion. As pointed out
in Ref. [50], in the large misalignment limit with large
θini → π, δρisoθ will be enhanced since the axion energy
density is more sensitive to fluctuations in the initial
misalignment angle in this hilltop region (see Ref. [51]
for a recent thorough study in this limit).
However, accounting for the temperature-dependent

potential and keeping the axion equation of state arbitrary
complicates this expression. Considering the quadratic
potential of the QCD axion, we have that V ∝ T−2n, which
yields

Sθγ ¼
�
f2a

˙̄θ2 þ 1

3
T̄
∂V̄
∂T̄

�−1� ∂ρ̄θ
∂θini

�
δθini

¼ 1

ð1 − n
3
Þ þ wθð1þ n

3
Þ
�
∂ log ρ̄θ
∂θini

�
δθini

≈
2

1 − n
3

δθini
θini

; ð41Þ

where in the last linewe have used the fact that for a quadratic
potential ρ̄θ ∝ θ2ini, and taken wθ ≈ 0.8 Choosing, for in-
stance, n ¼ 4 gives an entropy perturbation Sθγ ¼ −6 δθini

θini
,

three times larger (and negative) prior to the QCD phase
transition when the temperature dependence is significant,
compared to later times when Sθγ ¼ 2 δθini

θini
.

While this time-dependent shift in the entropy perturba-
tion is of theoretical interest, this behavior is only present at
such early times that render it irrelevant for most scales of
observational interest (for example, the scales that impact
the CMB or large-scale-structure observations). Instead,
one could readily conceive of scenarios where similar
behavior can become observationally relevant. For in-
stance, a dark sector with a phase transition which occurs
at a time significantly later than the QCD phase transition
might exhibit this shift in entropy perturbations, which may
impact the CMB power spectra differently than typical
constant isocurvature.

E. Non-Gaussianity

Lastly, we will briefly comment on the isocurvature
bispectrum. In general, the axion fluctuations evolve non-
linearly due to the nonlinear potential, which in turn will
produce non-Gaussian statistics for the axion density
fluctuations, and therefore also for the isocurvature
mode [52]. These non-Gaussianities would arise even if

8Note that there is a singularity in this expression for n ¼ 3.
For that potential, the temperature fluctuations compensate for
the redshifting of the axion energy density such that hρ̇θi ≈ 0.
This can be seen also in Fig. 1, where n ¼ 3, drives δθ → 0. In
this case, the curvature perturbation ζθ is ill defined, as is the
entropy perturbation Sθγ .
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the axion obeyed purely Gaussian statistics by the end of
inflation and are therefore distinct from inflationary non-
Gaussianities. For this calculation, we will turn off the
temperature and metric fluctuations as our goal is to
calculate the pure isocurvature bispectrum.9

To compute the bispectrum, we must first determine the
comoving curvature of the axion fluid to second order in the
density fluctuations, which is10

ζð2Þθ ¼ −H
δρð2Þθ
˙̄ρθ

þ 1

2

�
Ḣ
˙̄ρ2θ

−H
̈ρ̄θ
˙̄ρ3θ

�
ðδρð1Þθ Þ2

þ H
˙̄ρθ
δρð1Þθ δρ̇ð1Þθ ; ð42Þ

where the superscripts indicate the order at which δθini
appears. The second and third terms are more complicated,
but can be simplified after some manipulations to yield

1

2

�
Ḣ
˙̄ρ2θ

−H
̈ρ̄θ
˙̄ρ3θ

�
ðδρð1Þθ Þ2 þ H

˙̄ρθ
δρð1Þθ δρ̇ð1Þθ

¼ 1

2 ˙̄ρθ
∂t

�
H
˙̄ρθ

�
∂ρ̄θ
∂θini

�
2
�
δθ2ini: ð43Þ

In general, as we have previously seen due to temper-
ature-dependent effects and the changing axion equation of
state, ˙̄ρθ ≠ −3Hρ̄θ, so this expression must be evaluated
carefully. In total, the curvature perturbation is then

ζθ ¼ −
H
˙̄ρθ

�
∂ρ̄θ
∂θini

�
δθini

−
1

2

�
H
˙̄ρθ

∂
2ρ̄θ
∂θ2ini

−
1

˙̄ρθ
∂t

�
H
˙̄ρθ

�
∂ρ̄θ
∂θini

�
2
��

δθ2ini: ð44Þ

During QCD phase transition, the bispectrum will also
acquire corrections due to the temperature-dependent
potential, which quickly become irrelevant as the phase
transition ends. Therefore, in order to predict the bispec-
trum relevant for CMB observations, let us assume that the
potential is temperature independent and the axion has
begun oscillating about the minimum of its potential, and
therefore has equation of state wθ ¼ 0. This expression
could then be simplified to

1

2 ˙̄ρθ
∂t

�
H
˙̄ρθ

�
∂ρ̄θ
∂θini

�
2
�
¼ −

1

6

�
1

ρ̄θ

∂ρ̄θ
∂θini

�
2

; ð45Þ

and the comoving curvature is

ζθ ¼
1

3

∂ ln ρ̄θ
∂θini

δθini þ
1

6

�
1

ρ̄θ

∂
2ρ̄θ
∂θ2ini

−
�
∂ ln ρ̄θ
∂θini

�
2
�
δθ2ini: ð46Þ

The DM isocurvature mode Scγ up to second order in the
axion fluctuations, upon multiplying with the appropriate
factor of the relative axion density r, is then

Scγ ¼ 3rζθ

¼ r
∂ ln ρ̄θ
∂θini

δθini þ
r
2

�
1

ρ̄θ

∂
2ρ̄θ
∂θ2ini

−
�
∂ ln ρ̄θ
∂θini

�
2
�
δθ2ini: ð47Þ

The bispectrum can then be readily calculated to be of the
local shape

BSðk1; k2; k3Þ ¼ fðSÞNL½PSðk1ÞPSðk2Þ þ cyc:�; ð48Þ

where Pss are power spectra, cyc. stand for all possible
cyclic permutations, and the amplitude is

fðSÞNL ¼ −1þ 1

rρ̄θ

�
∂ ln ρ̄θ
∂θini

�
−2 ∂2ρ̄θ

∂θ2ini
; ð49Þ

thus reproducing the expression obtained in Ref. [50].

III. CONCLUSIONS

In this article, we aim at presenting a clear general
derivation for the generation of cosmic perturbations of
QCD axion DM in the preinflationary scenario. The pertur-
bations consist of two parts, the adiabatic one and the
isocurvature one. The most striking feature is that irrespec-
tive of the complexity of the axion potential and the cosmic
background evolution, the two types of perturbations in the
axion field are entirely determined by the family of axion
zero-mode solutions with different initial conditions.
For the adiabatic perturbation, we apply Weinberg’s

theorem on the adiabatic mode to show that there is always
an exact solution in which the axion field (or energy
density) perturbation is proportional to the time derivative
of axion background field (or energy density). For the
isocurvature part, we show that the axion field perturbation
could be different from the initial perturbation generated
during inflation. This results in an enhancement of the late-
time energy density fluctuation, as well as non-Gaussianity,
by the sensitivity of the DM abundance to the initial
conditions, which can be large when the axion starts
oscillating near the hilltop of its potential. This generalizes
earlier results [29,50] to generic background cosmologies
(e.g., early matter domination).
While we focus on the QCD axion, our formalism

applies to generic ALP or scalar DM, and could aid in
understanding the cosmic evolution of nonthermal DM in
more complicated scenarios. In addition, some results such
as the nontrivial evolution of isocurvature perturbations for

9In principle, the entropy mode can be influenced by a coupling
between the axion and temperature fluctuations [52].

10This expression can be found in Ref. [50]. We have translated
their expressions, which are in terms of e-folds, into cosmic time
to match our conventions. Recall that ∂N ¼ H−1

∂t.
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a temperature-dependent potential, may motivate new
cosmological signatures from a dark QCD phase transition.
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APPENDIX: VALIDITY OF A CONSTANT Ψ AT
SUPERHORIZON SCALE

In the main text, we have identified the adiabatic solution
of the axion-radiation system and verified that it holds
through nontrivial effects, such as the QCD phase tran-
sition, under the mild assumption of a power-law back-
ground cosmology. If the number of effective degrees of
freedom g� varies, the power-law background assumption
does not hold, and then one needs to rely on the general
adiabatic solution in Eq. (14). Another assumption we have
made is that the radiation fluid is unaffected by the axion
fluid, and the Newton potential is primarily set by the
radiation temperature fluctuations. Here we will verify that
this is a good assumption during the QCD phase transition,
due to the fact that the axion is an extremely subdominant
component of the cosmological fluid and because axion
isocurvature fluctuations are observed to be suppressed
compared to the adiabatic mode.
In Sec. II, we work with a power-law expansion history,

RðtÞ ∝ tp, and constant gravitational potentials at super-
horizon scales. These are valid approximations in a single-
fluid-dominated universe [26]. Despite corrections from g�,
and neglecting the effect of axion isocurvature, we have seen
that there is still an exact adiabatic solution for both the
gravitational potential and the axion field perturbation, in
Eqs. (4) and (5), respectively. Recall that to leading order, in a

single-fluid-dominated universe withRðtÞ ∝ tp, the solution
above just reduces to Φk ¼ Ψk ¼ −ζk=ð1þ pÞ, i.e., a

constant and δθk=
˙̄θ ¼ tΨk, where ζk is the constant curvature

perturbation, as in Sec. II.
Now we want to comment on the correction to a constant

gravitational potential from the isocurvature perturbation of
QCD axion dark matter. Take Φk as an example. The
equation of motion for Φk at superhorizon scales is

6HΦ̇k þ 6H2Φk ¼ −8πG½ρ̄γðtÞδγ;k þ ρ̄θðtÞδθ;k�; ðA1Þ

where G is the Newton constant, δγ ≡ δργ=ρ̄γ and δθ ¼
δρθ=ρ̄θ, andOðk2Þ terms are ignored as usual. We will write
the solution as Φk ¼ − 1

2
δγ;k þ δΦk, where − 1

2
δγ;k is the

leading solution and a constant at superhorizon scale in
Newtonian gauge, and δΦ is the correctiondue to the axion as
a subdominant component during radiation domination. At
leading order, 3H2ðtÞ ≈ 8πGρ̄γðtÞ. This yields

δΦ̇k ¼ −HðtÞδΦk −
1

2
HðtÞ ρ̄θ

ρ̄γ
δθ;k

⇒
d
dt
ðRδΦkÞ ¼ −

1

2
Ṙ
ρ̄θ
ρ̄γ

δθ;k: ðA2Þ

The ratio of axion energy density and radiation energy
density at an early time, when the scale factor R≲ Rosc,
the scale factor when axion oscillations become cold dark
matter, is

ρ̄θðRÞ
ρ̄γðRÞ

¼ ρ̄θðRoscÞ
ρ̄γðRoscÞ

ρ̄γðRoscÞ
ρ̄γðRÞ

ρ̄θðRÞ
ρ̄θðRoscÞ

≈
�
Ωθ

Ωγ

�
Rosc

�
R
Rosc

�
4

≪ 1; ðA3Þ

where Ωi¼θ;r is the abundance of each species today and we

take ρ̄θðRÞ
ρ̄θðRoscÞ ∼ 1. For R > Rosc, the ratio becomes

ρ̄θðRÞ
ρ̄γðRÞ

¼
�
Ωθ

Ωγ

�
R; ðA4Þ

which is due to the scaling of energy density for matter and
radiation. Thus we could estimate that if R≲ Rosc, then

δΦk ≲
�
Ωθ

Ωγ

��
R
Rosc

�
3

Rδθ;k; ðA5Þ

and if R > Rosc, we have

δΦk ∼
�
Ωθ

Ωγ

�
Rδθ;k: ðA6Þ

Let us consider the latter case since it sees a larger correction
of δΦk. The scale factor around the time of the QCD phase
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transition can be approximated as the ratio of the temper-
atures at recombination and QCD phase transition,
R ¼ Trec=TQCD ∼ ð1 eV=100 MeVÞ ∼ 10−8, and the ratio
of abundances today is at most Ωθ=Ωγ ∼ 103. When δθ
is dominated by the inflationary isocurvature contribution,
we have

δΦ
Φ

∼
�
Ωθ

Ωγ

�
10−8

δθini
Φθini

∼
�
Ωc

Ωγ

�
10−8

�
Ωθ

Ωc

�
δθini
Φθini

∼ 10−5

ffiffiffiffiffiffiffiffi
Aiso

As

s
; ðA7Þ

where we dropped the subscript k, ðΩθ
Ωc
Þδθi=θi ∼

ffiffiffiffiffiffiffiffi
Aiso

p
with

Ωc the cold dark matter relic abundance today and Aiso the
amplitude of primordial isocurvature, and Φ ∼

ffiffiffiffiffi
As

p
with As

the amplitude of the primordial curvature perturbation. Since
the isocurvaturemode is constrained to bemuch smaller than
the adiabatic mode [21], we have roughly δΦ=Φ≲ 10−6.
This shows that it is a very good approximation to neglect the
effects of axion isocurvature onto the adiabatic mode.
Lastly, let us very briefly argue that the backreaction of

the axion on the radiation fluctuations is also suppressed,
making the standard adiabatic solution of the temperature
fluctuations a valid one to use in the main text. As we have
already seen, the axion background energy density and
fluctuations both receive important contributions from the
temperature-dependent potential. One may worry that
axion fluctuations may backreact onto radiation as well.
In principle, accounting for this energy transfer is complex
and depends on particular assumptions about the matter
sector. However the total (axion plus radiation) stress tensor
must be conserved, so we will seek to estimate the explicit
temperature-dependent contributions to δρθ, since this can
allow us to roughly quantify the effect of the axion on the
radiation. Specifically, we must have

∇μT
μν
θ ¼ J ν and ∇μT

μν
γ ¼ −J ν; ðA8Þ

where the current J ν denotes the flux of energy density
between the axion and radiation fluids. We will seek to only
estimate the size of J 0. To that end, we can differentiate

δρθ ¼ f2að ˙̄θδθ̇ − ˙̄θ2ΨÞ þ ∂V̄
∂θ̄

δθ þ ∂V̄
∂T̄

δT; ðA9Þ

and identify the extra terms generated by the temperature-
dependent potential. It can be verified that these extra terms
are of order Oð1Þ ×Hρ̄θ½δθ þ δγ� ∼ J 0, where the order
one factor depends on n via the temperature-dependent
potential V ∝ T−2n. Thus the conservation equation for the
radiation fluid must be modified such that

δ̇γ − 4Φ̇ ∼Oð1Þ ×H

�
ρ̄θ
ρ̄γ

�
½δθ þ δγ�; ðA10Þ

where we have translated the standard equation for δργ into
one for the radiation overdensity δγ. As per our estimates
with the Newtonian potential, the impact of the axion on the
radiation is also extremely suppressed. Well after the QCD
phase transition, when ρ̄θ=ρ̄γ is not suppressed, ∂V̄=∂T̄ is
negligible, so there is no interaction at leading order in
perturbation theory between the perturbations δθ and δT.
Therefore, the adiabatic solution we rely on is a very good
approximation.
If the dominant fluid driving the background evolution is

not a radiationlike fluid, many of the arguments above are
still valid with some stipulations. The evolution may be
driven by some combination of components (an SM bath, a
decaying modulus resulting in an early matter domination,
etc.), and in the absence of isocurvature between these
components, the adiabatic formulas we have employed still
apply. In the presence of some small isocurvature, the
above still applies as long as the component with nonzero
isocurvature makes up a small enough fraction of the
background energy density.
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