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The analytic structure of the partition function in finite-volume systems is investigated at complex
chemical potentials in a minimal mean-field effective model of QCD with finite-size effects incorporated.
We discuss the temperature dependence of the Lee-Yang zeros and their relation to the edge singularity for
various system sizes. Different methods for locating the critical point based on finite-size scaling of Lee-
Yang zeros and susceptibility ratios are compared. We demonstrate that these methods can successfully
identify the critical point, whereas a careful treatment of corrections from irrelevant operators is crucial for
its accurate determination.
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I. INTRODUCTION

Investigation of the critical behavior associated with
phase transitions is of main interest not only in quantum
chromodynamics (QCD), but also in various physical
systems. However, locating a second-order critical point
(CP) using thermodynamic observables in finite-volume
systems is a nontrivial task. While the universal divergence
of susceptibilities uniquely marks the critical region in the
thermodynamic limit, in a finite system such divergence is
always smeared, and all thermodynamic quantities become
analytic [1,2]. To locate the CP from the information at
finite volumes, finite-size scaling (FSS) offers a systematic
approach [2–6]. Such analyses are particularly important in
numerical simulations, because they are inevitably per-
formed in finite-volume systems. Various methods to locate
the CP using susceptibilities and their ratios based on FSS
have been developed and applied to various systems in the
literature [5–16].

An interesting feature of finite-size thermal systems is
that the partition function has discrete zeros, known as the
Lee-Yang (or Fisher) zeros [17–19], in the complexified
parameter space. The distribution of the Lee-Yang zeros
(LYZs) is known to encode information of phase transitions
[17,18,20,21]. In the thermodynamic limit, the LYZs
accumulate densely along a line in the complex-parameter
plane, forming a branch cut, and their end point, called the
Lee-Yang edge singularity (LYES) [22], reaches the real
axis at the CP. The LYZs and LYES have been investigated
extensively in the literature [23–42]. Recently, the use of
LYZs and LYES in the search for the CP has also been
actively explored in lattice QCD simulations [43–50].
In order to gain a better understanding of the behavior of

LYZs in QCD, investigations based on effective models can
provide valuable insights, provided that finite-size effects
are properly incorporated. The finite-size effects in effec-
tive models of QCD have been discussed in the literature
within the mean-field approach in the linear sigma model
[51–53] and the Nambu–Jona-Lasinio model [54–56], and
also using functional methods, e.g., in functional renorm-
alization group [57,58] and Dyson-Schwinger approaches
[59,60]. In mean-field studies, the finite-size effects have
been taken into account in the effective potential Uðϕ̄Þ for a
uniform field, such as the chiral order parameter, ϕ̄ through
the momentum-space discretization imposed by the boun-
dary conditions. The mean-field value of ϕ̄ is then
determined by the minimization of Uðϕ̄Þ, and the minimum
value defines the free energy. However, this approach
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yields nonanalytic phase transitions even for finite-size
systems, which contradicts the analyticity of the partition
function in finite systems and FSS. Also, this approach
cannot describe LYZs, because they emerge through
cancellations of contributions from different field configu-
rations in the partition function. Within functional methods,
the finite-size rounding at the CP can be investigated;
however, to study the behavior of LYZs, a careful treatment
at finite sizes in the complex parameter space would be
necessary, which raises significant difficulties and has not
yet been fully performed.
These issues in themean-field approaches can be resolved

in a minimal extension by keeping the field ϕ̄ spatially
uniform, but incorporating its fluctuations in the partition
function by an integration over ϕ̄ [61]. As a result, the
partition function becomes analytic in finite volume, while
the conventional mean-field approach is recovered in the
thermodynamic limit. Integration over the constantmode can
be viewed as a zero-dimensional field theory [62], while an
analogous treatment of the zero mode is used in chiral
perturbation theory to describe the ϵ regime [63,64]. In
Ref. [61], this method has been introduced for the analysis of
susceptibilities in the quark-mesonmodel at nonzero temper-
ature (T) and baryon chemical potential (μB). It has been
shown that the susceptibilities at finite volume behave
smoothly even in the vicinity of the CP and the first-order
phase transition line. Their behavior near the CP is consistent
with FSS with the mean-field critical exponents.
In the present study, we apply the framework of Ref. [61]

to explore the behavior of the LYZs in the complex μB
plane within the same quark-meson model. Since this
approach reproduces the conventional mean-field phase
diagram in the thermodynamic limit, it allows a simulta-
neous analysis of both the LYZs in finite volume and the
LYES in the infinite-volume limit [31,35] in an effective
model. We explicitly demonstrate the system-size depend-
ence of the LYZs and their approach to the LYES. In
addition to consistency with FSS, we argue that the system-
size dependence of the LYZs is more naturally understood
in the complex μ2B plane than in the complex μB plane. We
compare our findings qualitatively with the lattice QCD
results for the LYZs [45,46,48].
We also test methods for locating the CP using numerical

results obtained at finite volume. We compare the methods
using intersection points based on the LYZ ratio (LYZR)
[41,42] and the Binder cumulant [65]. We demonstrate that
these methods successfully determine the location of the CP
within 1% accuracy in the quark-mesonmodel. However, we
find that the convergence of the intersection point in the
LYZR method toward the thermodynamic limit becomes
slow beyond this level of accuracy. We argue that this
behavior is attributed to corrections to FSS arising from
irrelevant operators.
This paper is organized as follows. In Sec. II we

introduce the method to treat finite-size systems proposed

in Ref. [61], and show that the scaling behavior in this
framework is consistent with that in the mean-field models.
Our model choice and its phase diagram in the thermody-
namic limit are discussed in Sec. III. Section IV is devoted
to the discussion of the LYZs and LYES in our model
framework. With these at hand, we investigate different
methods to locate the CP from the information in finite-size
systems in Sec. V. Finally, in Sec. VI we give our
conclusion and outlook. The Appendix is included to
discuss scaling violations due to irrelevant operators.

II. DESCRIPTION OF FINITE-SIZE EFFECTS

A. Finite-volume mean-field approach

To describe the finite-size effects in a manner consistent
with the mean-field approximation, we follow the method
discussed in Ref. [61].
Near a CP, properties of a thermal system are well

characterized by an order-parameter field. Assuming that it
is a real scalar field denoted by ϕðxÞ and integrating out all
degrees of freedom except for ϕðxÞ, the partition function is
given by

Z ¼
Z

Dϕe−SEðϕÞ; ð1Þ

with the effective Euclidean action SEðϕÞ. In the conven-
tionalmean-field approximation, one introduces the effective
potential Uðϕ̄Þ ¼ ðT=VÞSEðϕ̄Þ assuming that ϕðxÞ is tem-
porally and spatially uniform, ϕ̄ ¼ ϕðxÞ, where T and V are
the temperature and volume of the system. In the standard
treatment for the thermodynamic limit, the value of ϕ̄ is
determined so as to minimize Uðϕ̄Þ, and the free-energy
density is given by f ¼ Uðϕ̄Þ at the minimum. As a result, in
this prescription, the value of ϕ̄ can have discontinuities or
nonanalytic behaviors with the variation of thermodynamic
parameters, which result in nonanalyticities of the free
energy corresponding to phase transitions. However, when
this procedure is directly applied to a finite-size system, such
nonanalyticities contradict the fact that the thermodynamics
in a finite system is always analytic.
To realize the analyticity at finite V with a minimal

modification to the mean-field approximation, we assume
that the partition function is given by [61]

Z ¼
Z

dϕ̄e−VUðϕ̄Þ=T: ð2Þ

Equation (2) is regarded as a modification of the mean-field
approximation that incorporates fluctuations of the spa-
tially uniform mode of ϕðxÞ. The free-energy density is
then defined from Eq. (2) as

f ¼ −
T
V
lnZ; ð3Þ
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which, in contrast to the conventional mean-field approach,
does not coincide with Uðϕ̄Þ. Thermodynamic quantities
are obtained from Eq. (3) using standard thermodynamic
relations. In the thermodynamic limit V → ∞, the conven-
tional mean-field results are recovered because only the
global minimum of Uðϕ̄Þ contributes to the integral in
Eq. (2), while Eq. (2) is an analytic function at finite V
provided the analyticity of Uðϕ̄Þ.

B. Landau potential

To examine how Eq. (2) describes thermodynamics near
a CP at finite volume, let us employ the Landau potential

ULandauðϕ̄; τ; ηÞ ¼ u0ðτ; ηÞT þ τ

2
ϕ̄2 þ b

4!
ϕ̄4 − ηϕ̄; ð4Þ

where τ and η correspond to the reduced temperature and
external magnetic field in the Ising model, respectively. The
CP is located at ðτ; ηÞ ¼ ð0; 0Þ as an endpoint of the first-
order phase-transition line at η ¼ 0 and τ < 0. The ϕ̄-
independent term u0ðτ; ηÞT is assumed to be regular.
Substituting Eq. (4) into Eq. (2) yields the partition function

ZLandauðτ; η; LÞ ¼ e−L
du0

Z
dϕ̄e−L

dðτϕ̄2=2þbϕ̄4=4!−ηϕ̄Þ=T; ð5Þ

with the system size L and dimensionality d.
Performing the scaling transformation

τ → lyτ τ; η → lyηη; ϕ̄ → lyϕϕ̄; L → l−1L;

ð6Þ

in Eq. (5), one finds that the partition function satisfies the
FSS relation

ZLandauðτ; η; LÞ ¼
e−L

du0ðτ;ηÞlyϕ

e−L
du0ðlyτ τ;lyη ηÞ

ZLandauðlyτ τ;lyηη;l−1LÞ

¼ e−L
du0ðτ;ηÞLyϕ

e−L
du0ðLyτ τ;Lyη ηÞ Z̃ðLyτ τ; LyηηÞ; ð7Þ

with the scaling exponents

yτ ¼
d
2
; yη ¼

3d
4
; yϕ ¼ d

4
; ð8Þ

where on the second equality of Eq. (7) we substituted
l ¼ L and introduced the scaling function

Z̃ðτ̃; η̃Þ≡
Z

dϕe−ðτ̃ϕ̄2=2þbϕ̄4=4!−η̃ ϕ̄Þ=T: ð9Þ

Equation (7) also leads to the FSS relation for the singular
part of the free-energy density

fsðτ; η; LÞ ¼ f̃sðLyτ τ; LyηηÞ; ð10Þ

with the scaling function f̃sðτ̃; η̃Þ≡ −T lnZðτ̃; η̃Þ.
When a CP manifests itself in a general system, such as

QCD, the variables τ and η are linearly related to thermo-
dynamic parameters in the general system in its vicinity.
For the QCD CP on the temperature (T)-baryon chemical
potential (μB) plane, for instance, one has

�
τ

η

�
¼

�
a11 a12
a21 a22

��
T − TCP

μB − μCP

�
≡ A

�
δT

δμB

�
; ð11Þ

with the location of the critical point ðT; μBÞ ¼ ðTCP; μCPÞ.
In this case, the partition function and the singular part of
the free-energy density near the CP satisfy

ZðT;μB;LÞ¼ e−L
du0LyϕZ̃ðLyτ τðT;μBÞ;LyηηðT;μBÞÞ; ð12Þ

fsðT; μB; LÞ ¼ f̃sðLyτ τðT; μBÞ; LyηηðT; μBÞÞ: ð13Þ

The unit vectors along the τ- and η axes, e⃗τ and e⃗η, are
related to those along the T- and μB axes, e⃗T and e⃗μ, as

e⃗τ ∝ a22e⃗T − a21e⃗μB ; e⃗η ∝ a12e⃗T − a11e⃗μB : ð14Þ

Several remarks are in order. First, when the Landau’s
potential (4) has higher order terms of ϕ̄, such as ϕ̄6, the
FSS relations Eqs. (7) and (10) are violated due to these
terms. However, as shown in Appendix the scaling expo-
nents corresponding to these terms are negative, and hence
they behave as irrelevant operators whose effects are
suppressed for L → ∞. Their influence on the numerical
results will be discussed in later Sections. We also note that
the ϕ̄6 term plays the crucial role in describing the tricritical
point [26,66], while it can also improve the description
away from the critical region [67,68]. Second, the scaling
exponents in Eq. (8) correspond to the mean-field values
obtained for the Landau potential. Note that a similar form
to Eq. (5) arises in the mean-field approximation of the
Ising model, formulated in terms of a continuous magneti-
zation field in leading order [69]. When the effects beyond
the mean-field approximation are incorporated, it is known
that the exponents are modified to the values specific to the
universality class. For example, in the three-dimensional
Ising model, the values are known as yτ ≃ 1.5874 and yη ≃
2.4819 [70,71]. Finally, in the above argument, it is
implicitly assumed that Uðϕ̄Þ does not have L dependence.
However, at finite volume, the momenta become discrete
owing to boundary conditions, and the momentum integrals
are replaced by a sum over discrete modes, introducing L
dependence into Uðϕ̄Þ [51–56]. Such an effect, however,
may be suppressed exponentially because the discretization
error of an integral is typically exponentially suppressed
for smooth functions [72]. Accordingly, its impact on the
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above argument at the polynomial order in L is expected to
be negligible.

C. Lee-Yang zeros and Lee-Yang edge singularity

The partition function of a finite system generally has
zero points in the complex-parameter plane. We refer to the
zeros of Eq. (5) in the complex η plane, ηðnÞLYðτ; LÞ∈C, with
real τ as the LYZs [17,18], i.e.,

ZLandauðτ; ηðnÞLYðτ; LÞ; LÞ ¼ 0; ð15Þ
where n labels different LYZs on the upper-half plane in the

order 0 < Im ηð1ÞLY < Im ηð2ÞLY < � � �; from Cauchy’s reflec-

tion theorem, there also exist LYZs at η ¼ ηðnÞLYðτ; LÞ� on the
lower-half plane. Because of Eq. (7), by defining the zeros

of Z̃ as Z̃ðτ̃; η̃ðnÞLYðτ̃ÞÞ ¼ 0, the LYZs satisfy

ηðnÞLYðτ; LÞ ¼ L−yη η̃ðnÞLYðLyτ τÞ; ð16Þ

provided that the LYZs do not belong to e−L
du0 , which is

empirically justified near the CP for small n [41,42]. In
accordance with the Lee-Yang’s theorem [17], Eq. (16) is
pure imaginary.
For τ < 0, reflecting the first-order phase transition at

η ¼ 0 the distribution of LYZs around this point becomes
denser and the density diverges for L → ∞. On the other
hand, for τ > 0 the LYZs distribute on the lines starting
from complex values η ¼ �ηESðτÞ, which are the LYES. In
the thermodynamic limit, the first LYZ approaches the
LYES as governed by the FSS relation analogous to
Eq. (16), with the exponents of the corresponding univer-
sality class. The LYES are obtained by solving the coupled
equations [31,35]

∂Uðϕ̄Þ
∂ϕ̄

¼ 0;
∂
2Uðϕ̄Þ
∂ϕ̄2

¼ 0: ð17Þ

Notice that the solutions of Eq. (17) are found for complex
values of ϕ̄ and η for τ > 0. Since U is complex in general
in this case, Eq. (17) is a coupled set of four equations for
the respective real and imaginary parts. For τ < 0, the
solutions are found for real ϕ̄ and η, which correspond to
the spinodal points.
For Eq. (4), the solutions of Eq. (17) are found to be

ηESðτÞ ¼ �izESτ3=2; zES ¼
2

3

ffiffiffi
2

b

r
: ð18Þ

In the general system described by Eqs. (11) and (17) gives

ða21δT þ a22δμBÞ2 ¼ −z2ESða11δT þ a12δμBÞ3: ð19Þ

Solving Eq. (19) perturbatively in δT, the solutions con-
nected to δμB ¼ 0 at δT ¼ 0 are expanded as

μESðTÞ ¼ μCP −
a21
a22

δT � izES
ðdetAÞ3=2

a5=222

δT3=2 þOðδT2Þ:

ð20Þ

FromEq. (20), one finds that the real part of μESðTÞwith real
T passes through ðTCP; μCPÞ and extend along the direction
parallel to e⃗τ in Eq. (14), while the exponent of δT in the
imaginary part is the same as that of τ in Eq. (18) [25].

D. Intersection analysis of the critical point

Since the thermodynamics of a finite-size system does
not exhibit any singular behavior, locating the CP from the
information of finite-size systems is a nontrivial task. In
Refs. [41,42], methods to utilize the LYZs for this purpose
have been proposed. Near the CP, one can Taylor expand

η̃ðnÞLYðτ̃Þ as

η̃ðnÞLYðτ̃Þ ¼ iðXn þ Ynτ̃ þ � � �Þ; ð21Þ

with Xn and Yn being real numbers. Substituting it into
Eq. (16) one obtains

Lyη Im ηðnÞLYðτ; LÞ ¼ Xn þ YnLyτ τ þOðτ2Þ: ð22Þ

Equation (22) shows that Lyη Im ηðnÞLYðτ; LÞ for different
values of L intersect at the CP, τ ¼ 0, which in turn means
that the CP can be determined as the intersection point of
Eq. (22) if the value of yη is known. Similarly, one finds
from Eq. (22) that the ratios of the LYZs behave as

Rnmðτ; LÞ≡ ηðnÞLYðτ; LÞ
ηðmÞ
LY ðτ; LÞ

¼ rnm þ cnmLyτ τ þOðτ2Þ; ð23Þ

with rnm¼Xn=Xm, cnm¼rnmðYn=Xn−Ym=XmÞ. Therefore,
the intersection point of Eq. (23) is also used for determin-
ing the location of the CP. Notable characteristics of
Eq. (23) compared with Eq. (22) are, (1) the intersection
analysis can be performed without knowing the value of yη,
and (2) the value of Rnmðτ; LÞ at the intersection point, rnm,
is a universal constant specific to the universality class [41].
From the τ dependence of Rnmðτ; LÞ around τ ¼ 0, one can
also examine the value of the critical exponent yτ.
Another conventional quantity for the intersection analy-

sis is the so-called (fourth-order) Binder cumulant [65],

B4ðτ; LÞ≡ hϕ̄4ic
hϕ̄2i2c

����
η¼0

þ 3 ¼ −
T
V

∂
4
ηf

ð∂2ηfÞ2
����
η¼0

þ 3; ð24Þ

where h·ic means the cumulants [73] and ∂η ¼ ∂=∂ðη=TÞ.
Assuming that the free-energy density is dominated by the
singular part, Eq. (10) yields
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B4ðτ; LÞ ¼ b4 þ c4Lyτ τ þOðτ2Þ; ð25Þ

which again indicates that this quantity obtained on various
L can be used for the intersection analysis. Here, b4 is the
value of B4ðτ; LÞ at the intersection point, which is a
universal constant specific to the universality class [65].
The values of rnm and b4 in the mean-field models are

determined as follows. First, rnm are obtained by finding
the solutions of

Z
∞

−∞
dϕ̄e−ðϕ̄4−ηϕ̄Þ ¼ 0; ð26Þ

which lie on the imaginary η axis, numerically and taking
their ratios. This procedure yields

r21 ≃ 1.9645; r31 ≃ 2.7902; r41 ≃ 3.5411: ð27Þ

Second, the MF value of b4 is calculated to be

b4 ¼
R∞
−∞ dϕ̄ϕ̄4e−ϕ̄

4 R∞
−∞ dϕ̄e−ϕ̄

4

ðR∞
−∞ dϕ̄ϕ̄2e−ϕ̄

4Þ2 ≃ 2.1884: ð28Þ

In the vicinity of the critical point in general systems, by
combining Eqs. (21) and (11) one obtains [41]

μðnÞLYðT; LÞ ¼ μCP þ
iXn − ða21Lyη − iYna11LyτÞδT

a22Lyη − iYna12Lyτ
: ð29Þ

From Eq. (29), one finds that the behaviors of the LYZs and
their ratios are modified as

RnmðT; LÞ≡ Im μðnÞLYðT; LÞ
Im μðmÞ

LY ðT; LÞ
¼ ðrnm þ CnmLyτ δT þOðδT2ÞÞ
× ð1þDnmL2ȳ þOðL4ȳÞÞ; ð30Þ

Lyη Im μðnÞLYðT; LÞ ¼
�
Xn

a22
þ Yn detA

a222
Lyτ δT þOðδT2Þ

�

× ð1þ CnLȳ þOðL2ȳÞÞ; ð31Þ

with ȳ ¼ yτ − yη, which is negative since yτ < yη generally
holds. Equation (30) [Eq. (31)] indicates that the inter-

section point of RnmðT; LÞ [Lyη Im μðnÞLYðT; LÞ] approaches
T ¼ TCP for L → ∞. However, in this case RnmðTCP; LÞ
[Lyη Im μðnÞLYðTCP; LÞ] at finite L has a deviation from the
value for L → ∞ due to the second term, and hence the
intersection points between two finite L’s are deviated from
T ¼ TCP. Another notable consequence of Eq. (29) is that

the real part of μðnÞLYðT; LÞ is given by

Re μðnÞLYðT; LÞ ¼ μCP −
a21
a22

δT þOðδT2; L2ȳÞ; ð32Þ

which means that Re μðnÞLYðT; LÞ moves as a function of T
along e⃗τ near the CP [41].
To utilize the Binder cumulant in general systems, one

may first define it through the baryon number cumulants

κn ¼ −
V
T
∂
nfðT; μB; LÞ
∂ðμB=TÞn

; ð33Þ

as [8]

B4ðT; LÞ≡min
μB

κ4
κ22

þ 3; ð34Þ

with the free-energy density fðT; μB; LÞ. The cumulants
relate to the dimensionless baryon number susceptibilities
via χn ¼ κn=ðVT3Þ.
It is then follows that Eq. (34) behaves near the CP as

B4ðT; LÞ ¼ ðb4 þ c4LytT þOðδT2ÞÞ
× ð1þ d4Lȳ þOðL2ȳÞÞ: ð35Þ

One can easily verify that Eq. (35) has the same structure as
Eqs. (30) and (31). We, however, remark that the exponent
of L in Eq. (30) on the second line is 2ȳ, which is twice
larger than those in Eqs. (31) and (35). This indicates that
the deviation of the intersection point arising from the
linear mapping is suppressed more quickly for L → ∞ in
RnmðT; LÞ than Eqs. (31) and (35). We also notice that the
effect of irrelevant operators brings about further deviation
of the intersection point, as discussed in the Appendix and
later Sections.

III. MODEL AND PHASE DIAGRAM

To investigate finite-size effects on the analytic structure
of the partition function and the distribution of LYZs in the
complex μB plane in QCD, we employ the single-compo-
nent three-color (Nc ¼ 3) quark-meson model in three
space dimensions (d ¼ 3) [61], whose Lagrangian density
is given by

L ¼ 1

2
∂μϕ∂

μϕ −UclðϕÞ þ ψ̄ðiγμ∂μ − γ0μq − gϕÞψ ; ð36Þ

with ψ and ϕ denoting the quark and mesonic fields,
respectively, and the classical potential

UclðϕÞ ¼
m2

2
ϕ2 þ λ

4
ϕ4 − hϕ: ð37Þ

Here μq is the quark chemical potential, related to the
baryon chemical potential by μB ¼ 3μq.
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Taking the mesonic field constant, ϕðxÞ ¼ ϕ̄, and per-
forming the integral over the fermionic field, the fermionic
contribution to the effective potential in the thermodynamic
limit is given by the sum of the vacuum and matter parts as

Uq̄qðϕ̄; T; μBÞ ¼ Uvac
q̄q ðϕ̄Þ þUmat

q̄q ðϕ̄; T; μBÞ; ð38Þ

Uvac
q̄q ðϕ̄Þ ¼ −2Nc

Z
d3p
ð2πÞ3 EðpÞ; ð39Þ

Umat
q̄q ðϕ̄;T; μBÞ ¼ −2NcT

Z
d3p
ð2πÞ3 ðlog g

þ þ log g−Þ; ð40Þ

with EðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g2ϕ̄2

p
and

g� ¼ 1þ e−ðEðpÞ∓μqÞ=T: ð41Þ

In the present study, we keep only the classical potential
and fermionic matter part, so that the effective potential
reduces to [61]

Uðϕ̄;T; μBÞ ¼ Uclðϕ̄Þ þUmat
q̄q ðϕ̄;T; μBÞ: ð42Þ

It is assumed that vacuum effects are effectively encoded in
the parameters of Uclðϕ̄Þ. Neglecting the vacuum term
removes the−ϕ̄4 log ϕ̄2 contribution, whichwould dominate
the large-ϕ̄ behavior and make the potential unbounded
from below.
To determine the parameters in the model, we require

that the model yields a sensible phase diagram, featuring a
CP in the theoretically allowed region [13,74]. We fix
m2 ¼ −0.155 GeV2, h ¼ 0.0018 GeV3, and choose two
sets for the dimensionless parameters λ and g as listed in
Table I. The use of multiple parametrizations allows one to
inspect the parameter dependence. The emerging L → ∞
phase diagram for each parameter set is shown in Fig. 1.
The first-order phase transition is indicated by the solid
lines, while the dotted lines show the pseudocritical line for
the crossover region defined through the peak of the
second-order baryon number susceptibility χ2,

μpcχ2ðTÞ≡max
μB

χ2ðT; μBÞ: ð43Þ

The locations of the CP, ðT; μBÞ ¼ ðTCP; μCPÞ, denoted by
the circle markers in the figure, are given in Table I, together
with the pseudocritical temperature Tpc

0 at μB ¼ 0 defined by
μpcχ2ðTpc

0 Þ ¼ 0. The location of the CP is numerically deter-
mined with several methods using, for example, the inflec-
tion point of Uðϕ̄Þ and the vanishing point of the real
solutions of Eq. (17), to ensure the suppression of numerical
errors. We note that while our framework with the above
parametrizations provides key qualitative insights, the size
scale is constrained but not completely fixed, meaning its
absolute values should be interpreted with appropriate care.
As discussed in Sec. II B, the variables ðT; μBÞ in the

quark-meson model near the CP are related to those in the
Landau potential ðτ; ηÞ through the linear-mapping relation,
Eq. (11). This relation can be made explicit by Taylor
expanding Eq. (42) with respect to δϕ ¼ ϕ̄ − ϕ̄CP,

Uðϕ̄; T; μBÞ ¼ u0ðT; μBÞ þ
X∞
n¼1

αnðT; μBÞ
n!

δϕn; ð44Þ

with αn ¼ ∂
n
ϕ̄
Ueff and ϕ̄CP being the mean-field value of ϕ̄

at the CP. At the CP, the coefficients αCPn ≡ αnðTCP; μCPÞ
vanish for n ¼ 1, 2, 3, while they are nonzero for n > 3 in
general. In the vicinity of the CP, therefore, Eq. (44) is
further expanded as

Uðϕ̄; T; μBÞ ¼ u0 − ða21δT þ a22δμBÞδϕ̄

þ a11δT þ a12δμB
2

δϕ̄2

þ b
4!
δϕ̄4 þ

X∞
n¼5

αCPn
n!

δϕ̄n; ð45Þ

FIG. 1. Phase diagram of the single-component quark-meson
model for parameter sets A and B on the T–μB plane. The solid
and dotted lines represent the first-order phase transition and the
pseudocritical line μpcχ2ðTÞ defined by the peak of χ2, respectively.
The circle markers denote the CP. The arrows on the CP indicate
the directions of the axes of Ising variables in the linear
mapping (11).

TABLE I. Parameter sets used for the numerical calculations in
the quark-meson model (36). The location of the CP at L → ∞,
ðT; μBÞ ¼ ðTCP; μCPÞ, and the pseudocritical temperature at
μB ¼ 0, defined in Eq. (43), are also presented for each parameter
in units of MeV.

λ g TCP μCP Tpc
0

Set A 29.0 4.55 121.53 579.97 158.46
Set B 46.0 4.35 40.04 890.84 158.38
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at the leading order in δT and δμB, where the third-order
term is eliminated by a shift of ϕ̄CP without altering the
integral measure of Eq. (2). The comparison of Eqs. (4),
(11), and (45) shows that the coefficients aij and b in
Eq. (45) are identical to those in Eq. (11). Consequently,
these coefficients are given by the mixed partial derivatives
of U evaluated at the CP

a11 ¼ ∂T∂
2
ϕ̄
U; a12 ¼ ∂μB∂

2
ϕ̄
U;

a21 ¼ −∂T∂ϕ̄U; a22 ¼ −∂μB∂ϕ̄U;

b ¼ ∂
4
ϕ̄
U; ð46Þ

in line with Refs. [75,76]. In Fig. 1, the directions of the τ
and η axes in the linear mapping, Eq. (14), obtained through
Eq. (46) are depicted on the CP for each parameter set.
In Eq. (45), higher order terms αCPn are generally non-

vanishing for n ≥ 4 even for odd orders. This is in contrast
to the case where the Z2 symmetry of the invariance under
ϕ̄ → −ϕ̄ is imposed in Eq. (4). We will see that the
existence of the δϕ̄5 term gives rise to a nontrivial exponent
in the scaling relations in later Sections.
For finite L, the momentum integral in Eq. (38) is

replaced with the sum over the discretized momenta. As
already discussed in Sec. II B, this effect brings about the L
dependence of Uðϕ̄; T; μBÞ. However, the resulting L
dependence of the observables is nonanalytic as discussed
in Sec. II B, and its effect in Eq. (40) is exponentially
suppressed as e−c=L for increasing L. In fact, the momen-
tum space constraints on the fermionic fluctuations have a
significant effect only for small L [51,53], which lie at the
lower end of our region of interest in most applications.
Therefore, in the following we use the L → ∞ effective
potential, with finite-size effects entering only through its
prefactor in Eq. (2). We, however, note that the implicit L
dependence of the potential is important for yet small L,
and in this region the effects can strongly depend on the
chosen boundary conditions, treatment of Uvacðϕ̄Þ in
Eq. (38), and the approximation used [53].

IV. LEE-YANG ZEROS AND EDGE SINGULARITY

In this Section, we discuss the behavior of the LYZs and
LYES in our model. For the numerical determination of
LYZs, we introduce the normalized partition function

ZNðT; μB; LÞ≡ ZðT; μB; LÞ
ZðT;ReμB; LÞ

; ð47Þ

and solve the simultaneous equations

ReZNðT; μB; LÞ ¼ 0; ImZNðT; μB; LÞ ¼ 0; ð48Þ

for complex μB with fixed T and L. Whereas the normali-
zation in Eq. (47) does not alter the final result since the

denominator is real and positive, it acts to improve
numerical stability. To solve Eq. (48) numerically, we
set an initial guess for each LYZ and search for the solution
around it iteratively. For determining the initial values, we
make the contour map of jZNðT; μB; LÞj in the complex μB
plane and find approximate values of individual LYZs
satisfying jZNðT; μB; LÞj ¼ 0. For a search for LYZs at a
continuous range of T, we vary T with a small interval ΔT
and use the LYZs obtained at the previous T value for the
initial guess of the next step. We also found that this
procedure can be further improved by employing the initial
guess obtained through a linear extrapolation using two
previous T values. The LYES are determined by solving
Eq. (17) for T > TCP for complex ϕ̄ and μB.
In Fig. 2, we show the trajectories of the first LYZ,

μð1ÞLYðT; LÞ, for various L and the LYES, μESðTÞ, with the
variation of T in the complex μB plane. The upper and
lower panels show the results for the parameter sets A and
B, respectively. The dashed lines show the trajectories of

FIG. 2. Trajectories of the first LYZs μð1ÞLYðT; LÞ for L ¼
8; 12; 16 fm (dashed lines) and the LYES μESðTÞ (solid line)
in the complex μB plane for the parameter set A (top) and set B
(bottom). The locations at several temperatures are indicated by
different markers. The dotted line represents Im μB ¼ ReμB.
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the first LYZ at L ¼ 8; 12; 16 fm, while the solid line
represents the LYES. The markers on the lines denote their
locations at various temperatures; the diamond markers
indicate the locations at T ¼ TCP. The figure shows that the
LYZ converges to the LYES (real axis) for T > TCP
(T < TCP) in the L → ∞ limit, as discussed in Sec. II C.

One also finds that the real part of μð1ÞLYðT; LÞ is insensitive
to L near the CP. This behavior indicates that the OðL2ȳÞ
term in Eq. (32) is well suppressed.
With increasing T, the trajectory of μESðTÞ curves

toward an upward direction for T ≳ 155 MeV near the

imaginary axis in both results. The first LYZ μð1ÞLYðT; LÞ also
follows this behavior, and Reμð1ÞLYðT; LÞ starts to have a
strong L dependence in this range of T. In Fig. 3, we plot
the trajectory of ReμESðTÞ on the T–μB plane by the dashed
line together with μpcχ2ðTÞ in Eq. (43) shown by the dash-
dotted line for the parameter set A. The figure shows that
they agree well for T ≲ 155 MeV, while ReμESðTÞ sud-
denly deviates from μpcχ2ðTÞ and jumps up near the T axis. A
similar result is also observed for the parameter set B.
These behaviors of the LYES qualitatively agree with those
reported in previous studies [31,35,36].
These results on the LYZs and LYES at small ReμB are

nicely understood as follows. First, because of the charge
conjugation symmetry, our partition function is an even
function satisfying ZðT; μB; LÞ ¼ ZðT;−μB; LÞ, and it
depends on μB only through μ2B. To respect this property,
the linear mapping relation in Eq. (11) may be replaced by

�
τ

η

�
¼

�
a11 a12=2μCP
a21 a22=2μCP

��
T − TCP

μ2B − μ2CP

�
: ð49Þ

Although Eq. (49) is equivalent with Eq. (11) in the vicinity
of the CP, Eq. (49) would provide a better description for a

wider range of T and μB. With a replacement of Eq. (11)
with Eqs. (49) and (32) is modified as

Re
�
μðnÞLYðT; LÞ

�
2 ¼ μ2CP − 2μCP

a21
a22

δT þ OðδT2; L2ȳÞ:

ð50Þ

Equation (20) is also modified accordingly.
To see howEq. (49)works, in Fig. 4we plot μð1ÞLYðT; LÞ and

μESðTÞ in the complex μ2B plane for the parameter set A. The
meanings of the lines and markers are the same as those in
Fig. 2. From the figure, one sees that the LYZs and LYES
behave more linearly for T ≳ 155 MeV than Fig. 2.

Moreover, Reðμð1ÞLYðT; LÞÞ2 is insensitive to L even for
T ≳ 155 MeV, which is interpreted as the suppression of
OðL2ȳÞ term in Eq. (50). We notice that the difference
between Eqs. (11) and (49) becomes prominent at small
ReμB. For ReμB ≫ Im μB ≥ 0, one has Reμ2B ≃ ðReμBÞ2 and
Im μ2B ≃ 2ReμB Im μB,whichmake themapping between the
complex μB and μ2B planes simple. However, these relations
are violated when Im μB becomes comparable with ReμB.
For the LYZs and LYES in our model, this occurs for
T ≳ 155 MeV. In Fig. 2, the line of ReμB ¼ Im μB, i.e.,
Reμ2B ¼ 0, is shown by the dotted line. One sees that the
trajectories exhibit clear upward bending around this line.
The deviation of ReμESðTÞ from the susceptibility peak

at small ReμB in Fig. 3 can also be understood in a similar
manner. Equation (49) also suggests that the pseudocritical
line corresponding to Reη ¼ 0 defined through μ2B as

μpcESðTÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ReμESðTÞ2

q
; ð51Þ

has a better agreement with μpcχ2ðTÞ. In Fig. 3, the trajectory
of μpcESðTÞ is shown by the solid line, which agrees quite

FIG. 3. Comparison of various definitions of the pseudocritical
line, μpcχ2ðTÞ, μpcESðTÞ, μpcLYðT; LÞ at L ¼ 8 fm, and ReμESðTÞ, for
parameter set A. The black solid line represents the first-order
phase transition.

FIG. 4. Trajectories of the first LYZs μð1ÞLYðT; LÞ for L ¼
8; 12; 16 fm (dashed lines) and the LYES μESðTÞ (solid line)
in the complex μ2B plane. The meanings of lines and markers are
the same as those in Fig. 2.
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well with μpcχ2ðTÞ [26], suggesting that Eq. (49) indeed
describes the mapping well for μB ≃ 0.

The fact that Reðμð1ÞLYðT; LÞÞ2 is insensitive to L, as in
Fig. 4, also indicates that

μpcLYðT; LÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Reðμð1ÞLYðT; LÞÞ2

q
; ð52Þ

at finite L can be an alternative definition of the pseudoc-
ritical line. As shown in Fig. 3, Eq. (52) indeed agrees well
with μpcχ2ðTÞ and μpcESðTÞ even at L ¼ 8 fm. To take the
L → ∞ limit of μpcLYðT; LÞ, the fact that its leading L
dependence is given as in Eq. (50) would play a useful role.
A similar result is also obtained for the parameter set B,
whereas the deviation of the different definitions of the
pseudocritical lines becomes slightly larger around μB ≃ 0.
It is instructive to make a comparison of our results on the

LYZ with those obtained in lattice-QCD numerical simu-
lations via Padé approximation [44–46,48]. For this purpose,
in Fig. 5 we plot the trajectories of the first LYZ with fixed
aspect ratios LT ¼ 2, 4, 6, 8, together with the LYES in the
complexμB=T plane for the parameter setA. From the figure,
one sees that the deviation of the first LYZ from the LYES is
clear even at LT ¼ 8 and grows large with decreasing LT.
Although the first LYZ obtained on the lattice is sometimes
regarded as the LYES in the literature, Fig. 5 suggests that
such a substitution has a large error at the LT employed in
these simulations. An important qualitative difference
between the LYES and LYZ found in Fig. 5 is that

Im μESðTÞ vanishes at T ¼ TCP, while Im μðnÞLYðT; LÞ never
touches the real axis. In Refs. [45,46,48], the lattice results of

μð1ÞLYðT; LÞ obtained at several temperatures for T > TCP are
extrapolated to lower T, and the value of T satisfying

Im μð1ÞLYðT; LÞ ¼ 0 is identified as the TCP. Figure 5 suggests

that this analysis underestimates TCP since Im μð1ÞLYðT; LÞ is

always larger than Im μESðTÞ; in otherwords, thevalueofμCP
is expected to be overestimated in this analysis. In any case,
FSS of the LYZ plays a crucial role in properly identifying

TCP from μðnÞLYðT; LÞ [41,42].Wewill address this issue in the
next Section.
The lattice results in Refs. [45,46,48] also show that the

real part of the first LYZ tends to stay at a large value

Reμð1ÞLYðT; LÞ=T ≃ 3 even near Tpc
μ¼0 (See, Fig. 3 in Ref. [46],

for example). Comparing this behavior with Fig. 5, it is
suggested that they are to a large extent attributed to the finite-
size effects, although a possible nonmonotonic T depend-

ence of Reμð1ÞLYðT; LÞ=T found in these results is not observed
in our result. We note that the absence of Roberge-Weiss
symmetry of QCD [77] in our model might be the origin of
the difference, while the analysis in Ref. [36] suggests that its
effect on the LYES is not significant.

V. INTERSECTION ANALYSIS

In Sec. II D, we introduced several methods to locate the
CP through the intersection analysis using the numerical
results at finite L. In this Section, we test their validity in
our model. Throughout this Section, we present the results
for the parameter set A, as the numerical results hardly
change qualitatively with the variation of parameters.
In Fig. 6, we show the behavior of the LYZRsRn1ðT; LÞ

near T ¼ TCP at L ¼ 6; 8;…; 16 fm for n ¼ 2, 3, 4 from
the top to bottom panels, respectively. The intersection
points between two neighboring L’s are indicated by the
circle markers; the color of each marker corresponds to that
of the larger L. In the figure, T ¼ TCP and the mean-field
values of rn1, Eq. (27), are indicated by the vertical and
horizontal dashed lines, respectively, with the diamond
symbol denoting their crossing point. One finds that the
intersection point of Rn1ðT; LÞ for different L moves
toward the diamond symbol with increasing L, as discussed
in Sec. II D. The values of T at the intersection points are
within 1% of TCP when the LYZR for L ≥ 8 fm (LT ≳ 5)
are used for all n, and the precision improves with
increasing L. On the other hand, Rn1ðT; LÞ at L ¼ 6 fm,
shown by the yellow line, clearly deviates from the trend of
the other lines. This behavior, which is more pronounced
for larger n, may come from the finite-size effects beyond
FSS, Eqs. (7) and (10).
In Figs. 7 and 8, we show the same plots for the scaled

LYZ Lyη Im μðnÞLYðT; LÞ for n ¼ 1, 2 (top and bottom panels)
and the Binder cumulant B4ðT; LÞ defined, respectively, in
Eqs. (31) and (34). For the scaled LYZ, we use the mean-
field critical exponent yη in Eq. (8). The limiting value of
the intersection point of B4ðT; LÞ in the mean-field models,
Eq. (28), is indicated by the horizontal dashed line in Fig. 8.

Since the limiting value for Lyη Im μðnÞLYðT; LÞ is not uni-
versal, Fig. 7 does not have the corresponding line. The
figures show that the intersection points move toward TCP

FIG. 5. Trajectories of the first LYZs for LT ¼ 2; 4; 6; 8 fm
(dashed lines) and the LYES (solid line) in the complex μB=T
plane. The dotted line corresponds to Im μB=T ¼ ReμB=T.

LEE-YANG ZEROS AND EDGE SINGULARITY IN A MEAN- … PHYS. REV. D 114, 036013 (2026)

036013-9



in these quantities similarly to the LYZRs, suggesting that
all the intersection analyses are equally powerful to locate
the CP, although the convergence is slightly faster (slower)
in the scaled LYZ (Binder cumulant) in our model.
Taking a closer look at Fig. 6, however, one finds that

the intersection points do not approach the limiting value
(diamond marker) with increasing L, but their orbit
deviates slightly from it. A similar behavior is also

observed in Rn1ðTCP; LÞ, i.e., the values at T ¼ TCP in
all panels.
In order to understand this behavior, in Fig. 9 we plot

Rn1ðTCP; LÞ and B4ðTCP; LÞ normalized by their limiting
values, rn1 and b4, respectively, as functions of 1=L down
to 1=L ¼ 1=24 fm−1. Since an accurate determination of

FIG. 6. Lee-Yang zero ratiosRn1ðT; LÞ at L ¼ 6, 8, 10, 12, 14,
and 16 fm. From top to bottom, the panels show R21ðT; LÞ,
R31ðT; LÞ, and R41ðT; LÞ, respectively. Markers indicate inter-
section points for pairs of adjacent volumes, with their colors
corresponding to the larger volume in each pair. The vertical and
horizontal dashed lines indicate TCP and the value of the
intersection point rn1 for L → ∞, respectively.

FIG. 7. Scaled LYZs Lyη Im μðnÞLYðT; LÞ at L ¼ 6, 8, 10, 12, 14,
and 16 fm, with the top and bottom panels corresponding to
n ¼ 1 and n ¼ 2, respectively.

FIG. 8. Fourth-order Binder cumulant B4ðT; LÞ for
L ¼ 6; 8;…; 16 fm. The horizontal dashed line indicates b4,
the value of the intersection point for L → ∞.
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TCP is crucial for this analysis, we use TCP ¼ 121.5348,
whose value is evaluated carefully. These ratios should
approach unity for L → ∞. The figure shows thatRn1ðTCP;
LÞ=rn1 decreases and pass throughRn1ðTCP; LÞ=rn1 ¼ 1 at
L ≃ 12 fm, but then turn to approach to unity forL≳ 20 fm.
At present, we consider that this behavior at large L

comes from the modification of the FSS relations due to
irrelevant operators. As discussed in the Appendix, the
effects of the irrelevant operators alter Eqs. (7) and (10),
and it gives rise to additional L-dependent terms in
Eqs. (30), (31), and (35) with negative scaling exponents
[5,6,9]. In our model, the term with the slowest conver-
gence for L → ∞ among them comes from δϕ5 term in
Eq. (45), which scales as L−3=4 at T ¼ TCP, as discussed in
Appendix. Since this L dependence is slower than that of
RnmðTCP; LÞ in Eq. (30) that scales as L−3=2, the former
becomes dominant at large L. As discussed in the
Appendix, the contributions from higher-order terms scale
as L−3n=4 with positive integer n. To confirm the existence
of these contributions, we have performed the three-
parameter fits to RnmðTCP; LÞ with the fitting function

RnmðTCP;LÞ
rnm

¼ 1þw1L−3=4þw2L−3=2þw3L−9=4; ð53Þ

with w1;2;3 being the fit parameters. The results of the fits
for the data at L ≥ 12 are shown in Fig. 9 by the dashed
lines. The figure shows that the fit reasonably describes the
model results. The fit is also adopted for B4ðTCP; LÞ=b4
with the same fitting function as Eq. (53). The result, shown
by the dotted line in the figure, well describes the model
result again. These results support the validity of the
argument in the Appendix and the importance of the
irrelevant operators in the accurate determination of
the location of the CP.

VI. CONCLUSION

We investigated the analytic structure of the partition
function in an effective model with integration over the
mean-field proposed in Ref. [61]. The integration over the
spatially-uniform mode provides a minimal framework for
studying both the LYZs at finite volume and the LYES in
the thermodynamic limit in a simultaneous framework. To
analyze the scaling behavior near the CP, the effective
potential is mapped onto the mean-field Landau potential.
We found the T dependence of the LYES μESðTÞ in the

complex μB plane in our model is compatible with previous
effective model results [31,35,36]. The LYES remains close
to the real axis for T ≲ 150 MeV, beyond which Im μESðTÞ
rapidly increases.WhileReμESðTÞ behaves consistentlywith
the pseudocritical line μpcχ2ðTÞ defined via the peak of χ2 over
a wide parameter range, a large deviation is observed for
μB ≃ 0. The disagreement is modified by employing the
pseudocritical line μpcESðTÞ defined through ReμESðTÞ2.
For fixed finite sizes, the location of the first LYZ

μð1ÞLYðT; LÞ is significantly deviated from the LYES for
L≲ 12 fm. In the thermodynamic limit, they approach the
LYES in the crossover and the real axis in the first-order
regions, respectively. Nevertheless, for sufficiently large

sizes, L≳ 8 fm, Reðμð1ÞLYðT; LÞÞ2 is insensitive to T. As a
result, μpcLYðT; LÞ defined in Eq. (52) has a good agreement
with μpcχ2ðTÞ in this L range. We also studied the behavior of
the LYZs with fixed LT for a comparison with lattice QCD
results [45,46,48]. In this case, the deviation of the LYZs
from LYES increases at high temperatures due to the
decreasing linear size. For small sizes LT ¼ 2, 4, even
the first LYZ remains far from the LYES. Its trajectory

exhibits monotonically decreasing Reμð1ÞLYðT; LÞ with
increasing T, contrary to lattice results in Ref. [46].
We also investigated several methods for locating the

L → ∞CP at finite sizes based on LYZs and susceptibilities
[41,42,65]. We tested the intersection analyses based on the
LYZR, scaled single LYZ, and Binder cumulant methods.
Each quantity gives a good estimate of the CP already at
moderate L. A detailed analysis of their size dependence
leads to two main conclusions. First, scaling corrections
from irrelevant operators become significant for large L due
to the presence of subleading odd-order contributions. This
leads to a slower convergence of the intersection analysis
for large sizes. Second, at very small sizes, the temperatures
of the intersection points exhibit nonmonotonic L depend-
ence that is not described by finite-size scaling, similarly to
those observed in generalized susceptibilities at real
parameters [61]. Quantities based on higher LYZs are
more sensitive to these effects.
Our approach with the integration over the spatially

uniform mode can be applied to other effective models with
a mean-field approach. Its simplicity also allows for the
study of additional aspects of critical behavior. For in-
stance, it can be used for investigating the analytic structure

FIG. 9. System-size dependence of Rn1ðTCP; LÞ=rn1 and
B4ðTCP; LÞ=b4 as functions of 1=L for L ¼ 8–24 fm at
TCP ¼ 121.5348 MeV. The diamond and circle markers denote
Rn1ðTCP; LÞ=rn1 and B4ðTCP; LÞ=b4, respectively, while the
dashed and dotted lines show the fit results to these values.
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of the partition function in the vicinity of a tricritical point
[78], both at finite and infinite sizes. Such an analysis
would be relevant for two opposite limits of QCD: the
chiral limit, in connection with the chiral tricritical point,
and the heavy-quark limit [79,80], in connection with the
tricritical structure of the Roberge-Weiss transition.
Finally, the present model framework lacks several

aspects, including the L dependence of the potential due
to the momentum discretization, deconfinement, and theZ3

center symmetry, and hence the Roberge-Weiss transition,
of QCD, which motivates a systematic improvement of our
approach. In particular, our approach can be implemented
with an extended effective action, as also suggested in
Ref. [31], allowing for a more comprehensive discussion of
LYZs and the LYES. Restricting such an approach to a
constant homogeneous background yields a constraint
effective potential [81–83], providing a numerically trac-
table theory. The inclusion of nonhomogeneous classical
configurations may also be important for a complete
qualitative and quantitative description [84].
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APPENDIX: CORRECTIONS TO FINITE-SIZE
SCALING DUE TO IRRELEVANT OPERATORS

In this Appendix, we discuss the correction to the FSS
relations, Eqs. (7) and (10), arising from irrelevant
operators.
In Sec. II D, we derived the FSS relations based on the

Landau potential (4) that contains terms up to the fourth
order. However, the potential can generally have yet higher-
order terms. In order to examine their effects, in this
Appendix we extend Eq. (4) as

U0
Landauðϕ̄; τ; η; fλgÞ ¼ U0

Landauðϕ̄; τ; η; λ5; λ6;…Þ

≡ ULandauðϕ̄; τ; ηÞ þ
XN
i¼5

λiϕ̄
i; ðA1Þ

where we assume that N > 5 is even and λN > 0 so that
U0

Landauðϕ̄; τ; η; fλgÞ is bounded from below. We notice that
the existence of odd-order terms are not forbidden in
general systems as discussed in Sec. III; see, Eq. (45).
From Eq. (A1), the partition function

Z0
Landauðτ; η; fλg; LÞ ¼

Z
dϕ̄e−L

dU0
Landauðϕ̄;τ;η;fλgÞ=T; ðA2Þ

satisfies a scaling relation

Z0
Landauðτ; η; fλg; LÞ ∼ Z̃0ðLyτ τ; Lyηη; Ly5λ5; Ly6λ6;…Þ;

ðA3Þ

which is obtained with the scaling transformations λi →
byiλi in addition to Eq. (6) with the scaling exponents yi ¼
ð4 − iÞd=4 and

Z̃0ðτ̃; η̃; fλ̃gÞ ¼
Z

dϕ̄e−τ̃ϕ̄
2=2−bϕ̄4=4!−

P
N
i¼5

λ̃iϕ̄
i−η̃ ϕ̄: ðA4Þ

Equation (A3) also leads to FSS of the singular part of the
free energy

f0sðτ; η; λ5; λ6;…; LÞ ¼ f̃0sðLyτ τ; Lyηη; Ly5λ5; Ly6λ6;…Þ:
ðA5Þ

Because yi for i ≥ 5 are negative, Lyiλi approaches zero
for L → ∞ in Eq. (A3). This means that they are irrelevant
operators, whose contributions are suppressed in this limit.
Although the contribution of the irrelevant operators is

suppressed for L → ∞, they lead to the violation of Eqs. (7)
and (10) at finite L. To incorporate their effects into the FSS
relation, we Taylor expand Eq. (A3) and take the first order
terms of λ̃i as

Z̃0ðτ̃; η̃; λ̃5; λ̃6;…Þ ¼ Z̃0ðτ̃; η̃; f0gÞ þ
XN
i¼5

λ̃i∂λiZ̃
0: ðA6Þ

Treating λi perturbatively, one finds that Eqs. (22) and (23)
are modified due to the second term of Eq. (A6) as [42]

Lyη ImηðnÞLYðτ;LÞ¼XnþYnLyτ τþΛn;5Ly5 þΛn;6Ly6 þ�� � ;
ðA7Þ

Rnmðτ;LÞ¼ rnmþCnmLyτ τþEnm;5Ly5 þEnm;6Ly6 þ��� ;
ðA8Þ
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where Λn;i and Enm;i ¼ rnmðΛn;i=Xn − Λm;i=XmÞ are con-
stants. Similarly, Eq. (25) is modified as

B4ðτ; LÞ ¼ b4 þC4Lyτ τþ E4;5Ly5 þE4;6Ly6 þ � � � : ðA9Þ

Because jy5j is the smallest among jyij, the term containing
Ly5 has the dominant contribution in Eqs. (A7)–(A9) at
large L.
For the CP on the T–μB plane, the L dependences of

Eqs. (30), (31), and (35) at δT ¼ 0 are modified by the
irrelevant operators as

RnmðTCP;LÞ ¼ rnmð1þDnmL2ȳÞ
× ð1þEnm;5Ly5 þEnm;6Ly6 þ� � �Þ; ðA10Þ

Lyη ImηðnÞLYðTCP;LÞ
¼ Anð1þCnLȳÞð1þΛn;5Ly5 þΛn;6Ly6 þ � � �Þ; ðA11Þ

B4ðTCP; LÞ
¼ b4ð1þD4LȳÞð1þE4;5Ly5 þ E4;6Ly6 þ � � �Þ; ðA12Þ

with ȳ ¼ y5 ¼ −3=4 and y6 ¼ −3=2 in the mean-field
theories at d ¼ 3.

In Eq. (30), the leading L dependence at T ¼ TCP is
proportional to L2ȳ ¼ L−3=2 that comes from the linear
mapping (11). On the other hand, Eq. (A10) contains the
term proportional to Ly5 ¼ L−3=4, whose convergence for
L → ∞ is slower than that in Eq. (30). Therefore, this term
dominates the behavior of Eq. (A10) at large L. In contrast,
the leading exponent in Eqs. (31) and (35) at T ¼ TCP is
ȳ ¼ −3=4, which is the same as y5.
We emphasize that ϕ̄5 term naturally emerges in the linear

mappingof theCP toLandaupotential,while it does not exist
in the Landau potential satisfying the Z2 symmetry
Uðϕ̄Þ ¼ Uð−ϕ̄Þ. This indicates that the leading exponent
of the irrelevant operators is not universal, but differs
between the systems with and without the Z2 symmetry
even in the same universality class. For instance, although the
CP in QCD belongs to the same universality class as that of
the three-dimensional Ising model, its exponent of the
irrelevant contribution can be different from, and larger than,
the latter’s. This observation may explain the slow conver-
gence of the intersection analyses found in Refs. [13–15].
While λ5 in Eq. (A1) can be nonzero, one can argue that its

absolute value is small. Requiring thatU0
Landau does not have

two local minima at the CP, this parameter is constrained as
jλ5j < 4bλ6. This may explain why the contribution of the
L−3=4 term becomes visible only for large L in Fig. 9.
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