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Electric flux tube solutions in SU(3) gauge theory
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We consider electric flux tube solutions in SU(3) gauge theory with scalar fields in the fundamental
representation. Such solutions can possibly be constructed in two classes, corresponding to the two
maximally commuting generators A3 and Ag of SU(3). We successfully construct the 3-type solution with
two scalar fields and show that it is immune to decay through Schwinger pair production of gauge bosons,
but we have not been able to construct an 8-type solution.

DOI: 10.1103/gsxp-xp8z

I. INTRODUCTION

Magnetic type solutions in non-Abelian gauge theories,
including magnetic monopoles and cosmic strings, have
been of interest for many decades. Electric-type solutions,
however, have only recently been discovered and their
existence and properties remain largely unexplored. The
key to the new electric string solutions is the discovery by
Brown and Weisberger (BW) [1] that there are an infinite
number of gauge inequivalent non-Abelian gauge fields, in
addition to embedded Maxwellian gauge fields, all of
which lead to identical electric fields. Electric fields
resulting from Maxwellian gauge fields are vacuum sol-
utions of the equations of motion but such electric fields are
unstable to rapid Schwinger pair production of gauge
particles and will eventually dissipate [2—4]. On the other
hand, electric fields generated from the BW gauge fields
need volume-filling sources but are classically stable for a
wide range of parameters [5,6] and also quantumly stable
(“unexciting”) to Schwinger pair production of gauge
particles [7].

Here we are interested in BW gauge fields that result in
electric-type solutions. Since such solutions require non-
trivial sources, it is necessary to include “matter” fields that
are charged under the non-Abelian symmetry. In Refs. [8,9]
electric-type solutions were constructed in an SU(2) non-
Abelian gauge theory with the matter field chosen to be a
scalar field transforming in the fundamental representation
of SU(2). The “electric string” solution, equivalently an
“electric flux tube”, was derived using some guesswork,
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and it seemed somewhat of a miracle that all the equations
of motion could be solved for this highly nonlinear system.
The question we address in this paper is if the same miracle
can be extended to other gauge groups, and SU(3) in
particular because of its relevance to quantum chromody-
namics (QCD).

At first sight, it appears that the SU(2) solution can
simply be embedded into SU(3). However, this turns out
not to be the case for the reason that the SU(2) Pauli spin
matrices, 6%, (a = 1, 2, 3), satisfy

{67, 6"} =25, (1)

whereas the SU(3) Gell-Mann matrices, 44, (a =1, ...,8)
satisfy

4
{ﬂ“,lb} — §5(117 + 2dabc/10, (2)

where d?*¢ are nonvanishing in general. Further, SU(3) has
two elements in its Cartan subalgebra, and there are two
different “electric fields”, one in the A3 direction and the
other in the A3 direction. Thus there are two types of electric
solutions that one can consider in SU(3). We shall call these
“3-type” and “8-type” solutions.

Construction of the 3-type electric field largely follows
the procedures developed for the SU(2) case [8,9] except
that we find that a single scalar field cannot source the BW
gauge fields. Instead we need to introduce two scalar fields
that transform in the fundamental representation of SU(3).
With such matter fields we can source a uniform electric
field in the A* direction as well as an electric string solution
(see Sec. III). Construction of the 8-type electric field turns
out to be more complicated since d“* # 0 and will be
reserved for future work.

One motivation for investigating the BW gauge fields is
that they are quantumly stable. This is shown explicitly for
the 3-type electric field in Sec. IV.
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We start out in Sec. II by describing 3-type and 8-type
BW gauge fields for SU(3) and their field strengths. In
Sec. III we analyze 3-type electric solutions with two scalar
fields in the fundamental representation and summarize the
solution in Sec. III E. We discuss questions for future work
in the concluding Sec. V. We also show in the Appendix
that a single scalar field in the adjoint representation of
SU(3) cannot provide suitable sources.

II. GAUGE FIELDS

SU(3) gauge fields, W¢, of the Maxwellian type that give
rise to an electric field in the z-direction in space and in the
AP direction in group space may be written as

W¢ = —E19,z6°. (3)
In contrast, a general set of BW gauge fields that result

in uniform electric fields along the z-direction and in the
a = 3 and a = 8 directions in group space can be written as

Ql QlE QZ
wi="101 W2=-"""0z Wi="20,,
u q U " Q2 H H g H
QzE 93 Q3E
Wft :Faﬂz, W2 :?aﬂt, WZ == —492 aﬂZ- (4)

Using the expression for the field strength tensor,
Wi, = 0,We —0,Wa + gf > Whwr, (5)

where £ are the SU(3) structure constants defined using
the commutator of the Gell-Mann matrices [10],

[Aas Ap) = 2if“P<A,., (6)
we obtain
wa, = £ 2y 2 —202)(0,00,2 - 9,20,0) (7)
o 292 2 3 1 H e MZ v
V3E
w8, = 2o (@3 - ©93)(0,10,z — 0,20,1). (8)

Setting Q3 = Q2 results in a constant electric field in the
a = 3 direction (3-type) whereas setting Q3 = (Q3 +Q3)/2
results in a constant electric field in the a = 8§ direction
(8-type).

The gauge four-currents are defined as

j/m = DVW/wa — aywﬁwa + gfuthlleﬂzzc’ (9)

which can be computed for the above BW gauge fields as
follows:

jk :g—fggl(gg + QF — 207)0,t (10)
i :2—5291(Q§+Q§ —20%)9,z (11)
jk —g—f;szz(sz% + QF — 2030, (12)
i= —2—32Q2(Q%+Q§—2Q§)0ﬂz (13)
S = 55;93(9% + Q3 —2Q3)0,¢t (14)
il = 2—2293(9% + QF - 203)0,z, (15)

with other components vanishing.

In what follows, we will investigate only 3-type electric
fields and attempt to construct electric string solutions
following [8,9].

III. ELECTRIC FIELD IN A; DIRECTION

A. Homogeneous electric fields

Electric fields in the A3 direction may be obtained by
setting Q3 = Q3 = 0. We also denote Q; = Q. This results
in the following gauge fields:

Q E
W) =—0,1, W2 =

KTy 1 _ﬁaﬂz’ (16)

with all other W’; = 0. The only nonvanishing field strength
component is

W3, = —E(0,10,2 — 0,20,1). (17)

These gauge fields can be written in the temporal gauge
W¢ =0 by acting with a gauge transformation U,

W, - W, :UW”UW?U()”U*, (18)
where W, = Wi4,. Following [9], it can be checked that
U = eitar/4pihin/4 p=ilyQ1/2 (19)

results in

€
| —
W, = cos 10,7,

€
W2 = —ZsinQ19, z, 20
p p y (20)

H"

along with ij = 0for b = 3, ..., 8 where we have defined

€="—. (21)
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The nonvanishing field strength tensor for the gauge fields
in the temporal gauge can be shown to be

Q
WL, = S sin(Q1)(0,0,2 — 0,19,2) (22)
g

Q
W2, = — 2 cos(Q1)(9,10,2 — 0,10,2). (23
g

Note that the electric field W{; is time-dependent in the
temporal gauge. However, the gauge-invariant energy
density in the electric fields,

1 eQ? 1
Eelec = 5 (Wg,)* = 2—92 = EEZ, (24)
is time-independent.
Using (9), the four-currents for the gauge fields in the
temporal gauge can be computed as follows:

QZ

iy = —e—cos(Qt)aﬂz (25)
g
QZ

72 == "Zsin(Q)d,z (26)
g

) Q.

while other components vanish.

B. Scalar fields

Next, we would like to obtain scalar fields that can
consistently source the gauge fields in (20). We consider
the following Lagrangian for the SU(3) gauge fields
coupled to two' scalar fields in the fundamental represen-
tation [11],

1 a uva 2 2
L= _ZW’“’W + D, @[> + |D,®,|* = V(®@y, D),
(28)
where
-9 aja
Dﬂ(Di == 0/4(1),- - lEWﬂ/l (I)i7 (29)
fori=1, 2 and

V(®, @) = mi|®; >+ m3|D, [ + k| @ |*
+ 1o | o[+ K [(@] D)+ (@))%, (30)

'We will see later that a single scalar field cannot source the
gauge fields.

The equation of motion for the scalar field ®; is

DMDM(I)i+5iV((Dlﬂ(I)2) :O, l - 1,2, (31)
where §; denotes differentiation with respect to @®;. We
evaluate

2
D, D', = G2, +gz WeWb 20D,

7

2
9 (wa
= 07D+ (We)*D, + n

. WaWbdabejcd,,  (32)

where we have used the temporal gauge W¢ = 0 and ®; =
®; (1) to cancel out and simplify terms in the first line, and
used the SU(3) identity,

2
Ja)b — g5uh + debe )¢ 4 l'f“bcﬂc, (33)

along with the total antisymmetry of the structure con-
stants, f%°¢, to get the second line. We also have

SV (@), ®,) = ml®; +2x;|®;[>D; +2k;;(D] @)D, (34)
where j # i.

Let us denote M = @WW-d"<)¢/4 where repeated
indices a,b,c =1, ..., 8 are summed over so that M is a

3 x 3 matrix. We can use the eigenvectors of M to construct
an orthonormal basis for the set of scalar fields.
For the gauge fields in (20), we have

2 2
_9 112 711878 2\2 22858\ _ € 18
M ==((W;)*d""°A W) d=°2°) =——=2° (35
4 (W) +(W3) )=3 7 (35)
which has the orthonormal eigenvectors,

1 0 0
yi=10], wa=|1|. ws=|0][, (36)

0 0 1

with eigenvalues €?/12,€%/12 and —e?/6 respectively. As
we will show below, it turns out that a solution can be
obtained simply by writing the two scalar fields as a linear
combination of y; and y,.

We write down an ansatz for the two scalar fields using
the Hopf parametrization as follows:

@, = n;(cosaePry, + sinaey,)
cosay e’
sinaj e |, (37)

0

=m
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@, = 1y (cos aye2yy + sin aye 2y
cos e
sinaye” |, (38)

0

=M

where a1, ay, f1, 2, 71, 7> are functions of ¢t while #;, 17, are
constants.

We will further require the two scalar fields to be
orthogonal. This ensures that their corresponding interac-
tion term in the potential (30) vanishes. Demanding
<I>Iq>2 =0 gives

cosa; cosaye! 2P 1 sinay sina, 277 =0, (39)
which can be further simplified as follows:
cota; cot aye'Pr-Pi-rtn) — _1. (40)

Since the rhs is real-valued, we require that

Po—P1—v2+y = nmx, nez. (41)
This results in
cotay cota, = (—1)"*1 (42)
which can be solved by
a; + (=1)""a, = 2m - 1)zn/2, mezZ. (43)

For the sake of simplicity, we set m =0 and n =0 to
obtain

Pr=Pi=r2—ri=0 (44)
ay = oy + /2, (45)

where it is sufficient to consider 0 to be a constant.
Thus, the final set of orthogonal scalar fields ®; and ©,,

cosae'’ —sinae’”
®, =75, | sinae” |, @, =me?| cosae” |, (46)
0 0

where we have denoted a; = a,f, =f and y; =y.
The four-current for the two scalar fields is
i

a 9 T1a
=3 Z;Z[ob,.z D,®; - Hc.]. (47)

Using the definition of the gauge covariant derivative (29)
and the SU(3) identity (33), we can expand the terms in the
four-current as follows:

1a _dTa lg f1a
O[AD, ®; = P[10,®; = W[ 17 @,
— 0120,®, - I W@, 1+ L prewh (@i d,)
i Hl 3 H i 2 M i 1
—%dﬂbcwg(qﬁxccpi). (48)

Hence, the final expression for the four-current becomes

a_ 19 (ot ya
Je=>3" {E[QDiﬂ 9,®; — H.c]
i=12

7 7 +
+3 W, 2 + Ed“bcwg(dprd),»)}. (49)

The nonvanishing components of the four-current for the
set of scalar fields in (46) can now be computed. Setting
1 = z in (49) we obtain

2 2

a g a g abc C

J¢ = § {§WZ|cI>,-|2 +5d bewh (I 2 q),.)}. (50)
i=12

Substituting (46) in (50), we obtain the @ = 8 component,

J? — 9
2V3
This must vanish to match the corresponding gauge field
four-current components that are given in (25)—(27). Then
we can either set 17, =, or set sin(2a) = 0. The latter
choice turns out to be inconsistent with the condition
j® =0, and so we are forced to set 17, = 5, = 5. Note that
both #; and 7, have to be nonvanishing, which means that
our construction would fail if we only searched for a
solution with a single scalar field.
The nontrivial z-component of the scalar field four-
current can be written as

(n? —n3)cos (Qt + f—y)sin2a.  (51)

J¢ = g We. (52)

Comparing with (25)—-(26), we obtain

Q? Q
2
n=—=n=—. 53
s 9 %)
Setting u = t, we get
Ji = % E (@] 21D, — Dl ®y), (54)

i=1.2

where overdots denote time derivatives. Substituting (46) in
(54) and setting 17; = 1, = 1, the nontrivial t-component of
the scalar field four-current is
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Ji = 2gn*sin (f —y)a
J; =2gn*cos (f—y)a
I =—gi*(B-7)

ar ., .
—%(ﬂ-ﬂfl (55)

Comparing with (27), we see that J} and J? can be made to
vanish by setting @ = 0, whereas J¥ can be shown to vanish
by demanding y = —f. Matching the remaining nontrivial
component J; yields

=

2

. . €
2P p = Q= B =55, (56)

where we have substituted 7> = Q?/g”. Thus, the final set
of orthogonal scalar field solutions can be written as

Zleimt Wleia}t
O =n| zpe ! D, = 5| wype™ |, (57)
0 0

where 71, 2o, wy, w, € C are constants satisfying the follow-
ing constraints:

|21+ |22 =1
Iwi]? 4 [wo* =1

Wi + zowh =0, (58)
and we have defined

€2

(59)
Note that even though we made the simplifying assumption
m = n = 0 [see (41) and (43)], the final solution, as written
above, is valid generally requiring only that the two scalar
fields be orthogonal.

Thus far we have demanded that the scalar field four-
current, J;;, matches the gauge field four-current, jj, and in
doing so we have satisfied the gauge field equations of
motion. Next, we need to demand that both ®; and @,
satisfy their own equations of motion,

D,D'®; + V'(®;) = 0, (60)

where now
V(@) = m3| @ + x|, (61)
as there are no interaction terms since the two scalar fields

are orthogonal ®{®, = ®]d, = 0. Substituting (57) in
(32), we obtain

DﬂDﬂ(I)i = —(a)z - €2/4)®i' (62)
We also have

V/(®@;) = mi®; + 2k;|D;|*P;
= (m} + 277 ®;. (63)

Putting everything together, (60) gives

2
—” + % +m? + 2k = 0. (64)

Substituting €> = 20Q from (59) and solving the resulting
quadratic equation, we obtain

11Q Q2 2K;
=—|=4 /44 m*+=EQ2) . 65
0= 5 1 + <ml + 7 > (65)

Since a single value of @ must satisfy the equation of
motion for both scalar fields, this implies additional
constraints on the model parameters. In particular, we
must have

2k 2K
m} +g—;92 = m§+g—2292. (66)

The 3-type solution we have found in Egs. (20), (57) for
a uniform electric field in SU(3) is very similar to the
solution in SU(2). The main difference is that the solution
in SU(2) only required one scalar field, while in SU(3) we
need at least two scalar fields.

C. Electric string solution

In the previous subsection, we derived the uniform BW
electric field solution for all equations of motion. We now
build on the uniform solution to construct electric string
(flux tube) solutions by attaching a profile function f(r) to
the gauge field configuration (20) where r is the cylindrical
radial coordinate. Accordingly, we write

W! = —cosQuf(r)d,z,
g

W2 =—SsinQif(r)d,z. (67)
g

The nonvanishing field strength tensor components are

176
Wﬂy—g

—cos Qtf'(r)(0,rd,z — 0,r0,2) (68)
g

Qsin Qrf(r)(0,10,z — 0,10,z)

W2, = — ggcos Quf (r)(9,19,2 — 9,10,2)

—Ssin Qtf'(r)(0,rd,z — 0,r0,2), (69)
g
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and the nonvanishing gauge four-currents are

/
jb == cos [f” Ly sz} 9,z (70)
g r
2 €. 11 f/ 2
Ju=—=sinQt|f" +—=+Q°f0,z (71)
g r
2
Q
=20 (2)

We include separate profile functions in each of the
orthogonal scalar fields (57),

iwt iwt

7€ wpe
@ =nhi(r)| zpe™™ |, ®y=nhy(r)| wye " |. (73)
0 0

Note that while z;, z,, wy, w, satisfy the normalization and
orthogonality constraints in (58),  and @ are arbitrary and
will be fixed by the equations of motion.

The strategy now is to use the gauge field equations of
motion to determine the gauge and scalar field profile
functions. We will then use the scalar field equations of
motion to obtain constraints on the parameters.

We would like to solve the following set of equations:

a lg Tia
Bm=> {E[qm 9,®;, —H.c/]
i=12

+L Wa|<1> 12+ dabcwb(cpuccp)} (74)

where jj is defined in (70)—(72) and @, and @, are defined
in (73). Substituting 4 = t and a = 3 gives

2
€
—gon*(hi + h3) = — gﬂfz, (75)

and substituting y =t and a = 8 results in h; = hy, = h.

Substituting back in (75), we obtain
\/ f (76)
g’l

We must demand w/Q >0 since h is a real-valued
function. For y = z in (74), we obtain

2
2gon*h* = €—sz = h
g

L@ opemir=o @

Further on, substituting the definition of /(r) from (76), we
can write

FR)

FIG. 1. F(R) vs R for Fo = 0.75.

f”+f +92( f2)f 0. (78)

This is the equation for the gauge profile function resulting
from the gauge field equation of motion. We can plot this
numerically by defining rescaled variables,

R = Qr, F =

2wa ' (79)

to write

!

F
F”+E+ (1-F*)F =0. (80)

Following [9], we choose boundary conditions such that
F(0) = Fy#0 and F(c0) — 0 along with F'(0) = 0. If
Fy, > 1, then the F? term dominates and there are no
solutions that fall off asymptotically as R — oo. Hence, we
must restrict to Fy < 1. A numerical plot of F(R) for F, =
0.75 is shown in Fig. 1.

Now we consider the scalar field equation of motion,
(60), to obtain

n ’
W'+ =+ (0® = m*)h — %fzh =2’ =0, (81)
r

where we have set m; =m,=m and k| =k, =k.
Substituting (76) and simplifying, we obtain

f//-i-f n |:(a) —m?) - (? ke2Q

)fﬂf 0. (82)

Consistency with (78) implies

Q? = @* —m? (83)
Q 1 xkQ

_ = — —_. 84
2w 4+gza) (84)
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4 K/g2

imag. Q w<0

3|
w<0

2+ imag. Q
w>0

1--
imag. Q w>0

0 m2

FIG. 2. Allowed regions in parameter space spanned by differ-
ent values of m? and 4«/g> are shaded. The solution is valid in
regions with @ > 0.

We can solve (84) to obtain

w:2(1—2—’§)g. (85)

9

As given below Eq. (76), we demand w/Q > 0 which
implies 0 <k < g?/2. We can also solve (83) and (84)
simultaneously to write

m2

@ = 41 -2/F)P -1 (86)

A1 -2k/g%)m?
STy (87)

Since Q and w are real, for m*> > 0 we have 0 < x < ¢*/4,
while for m?> <0 we have ¢>/4 <k < ¢g*>/2 since « is
bounded from above as discussed earlier. These allowed
regions in parameter space are illustrated in Fig. 2.

While the gauge and scalar field equations admit
solutions in both shaded regions of Fig. 2, the physical
interpretation differs. For m? > 0, the true vacuum is at
®, , = 0, consistent with our boundary condition 4(r) — 0
as r — oo. For m? < 0, however, the scalar potential has a
true vacuum at nonzero |®|; in that case our boundary
condition ®;, — 0 at large r places the configuration
asymptotically in the false vacuum. Accordingly, the
m? < 0 branch should be viewed as a classical field
configuration embedded in a false-vacuum background
(a cylindrical “bubble” interpretation) rather than as an
isolated, stable string in the true vacuum.

D. Asymptotic falloff and string tension

The numerical solution shown in Fig. 1 exhibits oscil-
lations with a slowly decaying profile. To make the large-r
falloff explicit, we linearize the profile equation at large
radius. In terms of the rescaled variables R = Qr and
F = \/ZSw_Q [, the profile equation is

F/
F”+E+ (1-F*)F =0. (88)
For R > 1 we have |F| < 1 and the equation linearizes to
F/
FHJFEJFF:O’ (89)

whose solutions are Bessel functions. Imposing regularity
at R =0 selects F(R) =~ FJo(R) at large R. Using the
asymptotic expansion of J,, we obtain

F(R)NFOO\/%COS <R—%>, (R— o), (90)

and hence f(r) xr '/? with an oscillatory tail.

Equivalently, /rf(r) approaches an oscillatory function
with approximately constant amplitude at large r.

This slow falloff implies that the tension which is the
energy per unit length is not finite. The dominant con-
tributions to the energy density arise from the gauge-field
terms containing f> and f”> (and similarly from the scalar
sector since i o f). Using f ~ r~'/2cos(Qr), we have
f?~Q?/r and f>~1/r, so the energy density behaves
as £(r) « 1/r atlarge r. Therefore, the tension with a radial
cutoff R,

u(R,) =2z A A drr&(r), (91)

diverges linearly with R, (with possible subleading loga-
rithmic contributions depending on how the derivative
terms are grouped). Thus, in the classical Yang-Mills-scalar
theory with massless gauge fields, the electric flux tube is
axisymmetric and concentrated near the z-axis but is not
exponentially localized in the Nielsen-Olesen sense;
instead, it has an oscillatory long-range tail leading to a
classically divergent tension similar to global monopole
solutions [12].

Finally, for m? < 0 the interpretation is stronger: the true
vacuum lies at nonzero scalar vacuum expectation value
while our solution approaches ®;, — 0 as r — oo, i.e., it
asymptotes to the false vacuum. After shifting the potential
so that the true vacuum has zero energy density, there
remains a nonzero vacuum-energy density difference
between the false and true vacua, and consequently the
energy per unit length diverges quadratically, u(R,) « R2.
For this reason, the m? < 0 branch should be regarded as a
false-vacuum configuration rather than an isolated string in
the true vacuum.
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E. Summary of electric string solution

Finally, we summarize the electric string solution,

iwt

Schwinger produce both kinds of particles. However, the
mass parameter of the scalar fields can be taken to be
arbitrarily large, thus suppressing Schwinger production of
the scalar excitations. Hence, we will only consider
Schwinger pair production of gauge excitations, some of
which can be massless. Since the Schwinger process can be
viewed as particle production in a time-dependent back-
ground, we only need to show that our electric field
background is independent of time for the dynamics of
the gauge particles.

Consider perturbations about the gauge field background
which give rise to electric fields in the A3 direction. The
treatment is similar to that of [7]; however, we now need to
consider perturbations in the a = 3, ...,8 components as
well. Consider

We = AS + Q. (100)

We can combine the fields to write them as follows:

9 z1€
€ ,
@ =4/ —iot | 92
=S a0 e 92)
0
S Wleiwt
€ ,
0, = p %f(’”) wye ! (93)
0
W! = —Scos Qif(r),z, (94)
g
€ .
w2 = —gsm Qif(r)0,z (95)
Wh =0, b=3,..8, (96)
where
21> + |z* = 1
wil* +wa? =1
Wi 4+ z2ow5 =0, (97)
along with
2
Q= ~ (98)

41 =2x/g)* -1

B 4(1 = 2x/g*)*m?
o= 41 =-2x/g*)* = 1" (%9)

The solution is valid for 0 <k < ¢g*>/4 for m*> > 0 and
g% /4 < k < ¢g*/2 for m?> < 0. The profile function satisfies
(78) along with f(0) < v2wQ/e and f'(0) = 0. In addi-
tion, the large-r asymptotics of the profile is oscillatory
with f(r) & r~!/2, which implies that the classical string
tension diverges linearly with a radial cutoff for m? > 0,
while for m?> < 0 the configuration asymptotes to the
false vacuum and the energy per unit length diverges
quadratically.

IV. SCHWINGER PAIR PRODUCTION

In this section, we consider quantum fluctuations Ql‘f
about the background gauge fields (denoted Ay) that are
responsible for the electric field. The motivation is to show
that the electric field is stable to Schwinger particle
production which, in temporal gauge, is equivalent to
particle production in a time-dependent background [7].

Charged excitations in our SU(3) model include gauge
particles and scalar particles, and an electric field can

wi = af + eT gk (101)
yi = by + U2k (102)
Zj[ _ C,jf + ej:iQt/2tI:4t’ (103)
where we have defined
wi =W +iW) (104)
yi =W +iWw, (105)
=W £ iWs, (106)

and the background fields now take the following form:

aljf =F geﬁmf(r)dﬂz (107)
br=0, cf=0 (108)
A3 =0, A% =0 (109)

Substituting these backgrounds in (101)—(103) gives

) ie
wi = T |3 gf(r)aﬂz + 4y (110)
Vi = e:F"Q’/zsf (111)
o = M2k (112)
Wi = 03, w8 = 08, (113)

Next, we can compute the field strength tensor using (5),
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wi, = W2, +iW),
= dﬂwbi - 6l,wf + igwﬂiW?, F igWiw,fE
9

g
+ovied =5 Eivn (114)
Substituting (110)—(113) in (114) gives
W;fu = e:FiQt a;i + (Dﬂql:/t - qui)
. g
+ig(qu Q0 — av Q) +5 (it = svtil) (115)
with
eQ
ag, = —?f(r)(aﬂtd,,z —0,10,2)
ie
F Ef’(r)(aﬂrayz - aura,,z) (116)
D,qi = 0,45 F iQ0,tq; + €f(r)0,20;. (117)
Similarly, we have
Vi = W, £iW5,
g g
= O = o — et + Sepwt
+ig(yrx, —xivi). (118)

where we have defined xf = (W;+3W8)/2.
Substituting (110)—(113) in (118) gives

Vi = €T (Dysi = Dysy)

g .
=5 @ty = i) iglsyx —xiss) | (119)
where
I 4 iQ L e n
D,si =0,s¢ F 76ﬂtsy :I:Ef(r)aﬂzty . (120)
Similarly,
=W, £iWs,
= 0,25 —0,2F +gw,fy§ - gyﬂiwf
+igx, 7 F i92,%7, (121)

where x; = (W3 —/3W8)/2. Once again, substituting
(110)—(113) in (121) yields

zh = e U2 |(D,1f = D,if)

+ 5 aT 55 - aFsi) £ igle i - )| (122)
where we have defined
D, = 0,15 + %aﬂttf + %ef(r)a,,zs,,i. (123)
Following the same procedure, we can write
W, =90,W; —o,W; — % (wiwy, —wyw))
—%g(y,fy; = Yiyi) +%g(Z,TZZ —zz) (124)
Wi, = 9,W; — 9, W, — i\fg e ye = Yayi)
- - ), (125)

where substituting (110)—(113) in (124) and (125) gives

g, o+ - _
W?w = DﬂQS - Dsz - 3(‘];611/ —dqy fﬁ)

= (shsy = sush) + 5 (i = ) (126)
iv3g, .
Wﬁv = DMQI.S/ - DUQ[% - 4 (S;SD — Su Sj)
i3
_ l{g(t;t; — 615, (127)
respectively, where we have defined
DﬂQl% = aﬂQI:j - €f(r)aﬂZQI2/7 (128)

along with D,0% = 0,08.
The gauge field Lagrangian density can then be written as

1
L o =—

)= =7 Wi W

1
== Wi WH™ + Yy + g

+ W3, W3 4 W, Wis], (129)
Substituting all the above field strength tensors in the gauge
field Lagrangian density (129), we can check that the
explicit time dependence completely cancels out.

This means that the dynamics of the gauge perturbations
denoted by g, si, 7r, @3, and Q% occur in a time-
independent background, and they will not be excited.
Equivalently, their quanta will not be produced.
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V. CONCLUSIONS

We have constructed 3-type electric string solutions in
SU(3) non-Abelian gauge theory, as summarized in
Sec. IIIE. The construction follows the procedure in
Refs. [8,9] for SU(2) theory but requires two scalar fields
in the fundamental representation instead of just one. The
construction of 8-type electric strings remains an open
question.

Such electric solutions may potentially be relevant to
non-Abelian gauge theories such as QCD, though the
fundamental scalar fields would have to arise as effective
degrees of freedom, perhaps due to backreaction of
quantum excitations. A novelty of the 3-type electric string
solutions, and also of the uniform 3-type electric field, is
that they are stable to the quantum production of gauge
bosons due to the Schwinger process.

We emphasize that the construction in this paper is
classical: we establish the existence of stationary solutions
of the Yang-Mills-scalar equations and, in Sec. IV, show
that the explicit time dependence of the background cancels
out of the gauge-fluctuation dynamics relevant for
Schwinger production of gauge bosons. At the same time,
in an asymptotically free non-Abelian gauge theory, the
coupling grows in the infrared, and genuinely nonpertur-
bative physics is expected at sufficiently large distances.
Correspondingly, the oscillatory r~'/2 tail and the associ-
ated classical divergence of the tension should be inter-
preted within the classical effective description.

There are a number of follow-up questions that we plan to
address in the future. Are the 3-type solutions stable as in the
SU(2) case [5]? Can such solutions be studied using lattice
methods? Can fundamental scalar fields arise as emergent
degrees of freedom in pure non-Abelian gauge theory?

ACKNOWLEDGMENTS

This work was supported by the U.S. Department of
Energy, Office of High Energy Physics, under Award
No. DE-SC0019470.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: NO SOLUTION WITH SCALAR
FIELD IN THE ADJOINT REPRESENTATION

In this appendix, we show that there exists no solution
with the scalar fields in the adjoint representation. Instead
of providing a general proof for this, we will choose a scalar
field that satisfies certain consistency conditions and then
show that the corresponding scalar field four-current does
not satisfy the gauge field equations.

Consider the homogeneous electric field in the /3
direction. The nonvanishing SU(3) gauge field components
are [see (20)]

w! = —cos Q10,z,
g

p w2 = —gsin Q10,z,

u (A1)

and the corresponding non-vanishing four-current compo-
nents are [see (25)—(27)]

Q2

iy = —e—cos(Qt)dﬂz (A2)
9
QZ
72 == sin(Qr)a,z (A3)
g
. e2Q
Jy=———0,t. (A4)
g
The four-current for the adjoint scalar ¢“ is
Ji = gf"¢"D,g°, (AS5)

where the covariant derivative on ¢“ is now defined as

D, = 0,9" + gf”bCij €. (A6)
Since f“* is totally antisymmetric, one straightforward
constraint on ¢ is

$°J; =0, (A7)
and repeated indices a,b,c = 1,...,8 are summed over.
Setting y = t gives ¢> = 0 while setting u = z gives

cos (Qt)¢! + sin (Q1)p* = 0. (A8)
Hence, we can choose the nonvanishing components
of ¢* as

@' = —nsin (Q1), ¢* =ncos(Qt).  (A9)
Using (AS5), the nonvanishing components of the scalar
field four-current are

J} = —egn? cos(Q1)0,z (A10)
Ji = —egn* sin(Q1)d,z (A11)
J3 = gn*Qo,t. (A12)

Comparing with (A2)—(A4) gives

Q
=" (A13)
and

e? = -Q2. (A14)

Since both € and € are real, there is no consistent nontrivial
solution with scalar fields in the adjoint representation.
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