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Axion superradiance in dipole magnetic fields of pulsars
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We consider constraints on the axion-photon coupling by superradiance due to a plasma instability in the
magnetospheres of millisecond pulsars. We compute the growth rate of a superradiant axion cloud in a
dipole magnetic field, and give a semianalytical formula for the superradiance rate for the lowest state. By
requiring the associated instability time to be longer than the characteristic age of the supermassive black-
widow millisecond pulsar PSR J0952-0607, we examine the pulsar-timing array constraints on axions of
mass ~10712 eV. We find that competitive axion bounds from plasma instabilities are unlikely unless a new

high spin pulsar is discovered.
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I. INTRODUCTION

Ultralight fields such as axions [1-6], dark photons [7,8]
and other axionlike particles (ALPs) are prominent in many
well-motivated extensions of the Standard Model (SM).
Axions and ALPs appear in the Peccei-Quinn solution of
the strong CP problem [1,9] and in string theories respec-
tively, while dark photons appear in the simplest extensions
of the SM by new gauge interactions. The up-to-date
constraints on these particles can be found in [10].
While these fields are constrained by various cosmological
observations at wavelengths corresponding to near-galactic
distance scales [11-13] as well as by laboratory searches
[14—16], the wavelengths of astrophysical scales have only
recently started to become constrained [17,18]. This is
largely due to improvement of radio telescopes.

Recently the potential of neutron stars as ultralight axion
detectors has been exploited in various ways. For instance,
dark matter axion conversion into photons in neutron star
(NS) magnetospheres could lead to observable radio signals
[19] which would also exhibit time variations possibly
observable by pulsar timing [20]. In additional, it has been
noted that the strong unscreened electromagnetic fields in
pulsar polar caps are expected to source large axion clouds
via the coupling aFF ~ aE - B [21]. These clouds can then
emit a broadband or resonant radio flux which could be
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detected by radio telescopes such as the Square-Kilometer
Array (SKA) [22-24]. The constraints obtained are strong-
est for axions slightly heavier, 1078 eV <pu <107 eV,
than those which are relevant for stellar superradiance,
10712 eV < u < 107! eV. Together the two show strong
synergy across a wide range of masses.

It was shown in 1980 by Detweiler [25] that a scalar field
in a background Kerr metric of a rotating black hole is
superradiantly unstable. This leads to the growth of black
hole (BH) quasibound states analogous to those of the
hydrogen atom, leading further to what is now called a
gravitational atom [26]. Superradiance-induced spindown
in BHs has been successfully used to place bounds on
ultralight particles by spin measurements. In particular, the
lack of black holes in areas of the (J, M)-plane could be
attributed to superradiance, and the nonobservation of such
gaps in the plane leads to bounds on ultralight particles
whose de Broglie wavelengths match the size of the BH.
Such analyses have been done for both stellar remnant BHs
[27-29] and supermassive BHs [30,31]. Additionally, the
growth of an axionic cloud leads to many observables such
as gravitational wave signals induced by self-interactions
[32,33], black hole polarimetry [13,34] and bursts of light
[35,36]. However, these bounds are generally not robust as
the spindown rates and their derivatives are not known for
black holes, but rather only indirectly and model-depend-
ently inferred from accretion disk emission and black hole
jets. On the other hand, spin measurements can be made at
extremely high precision for neutron stars [37].

Superradiance (SR) in general rotating objects has been
known for a long time [38]. Zel’dovich showed already in
1972 that a rotating conductive cylinder amplifies electro-
magnetic waves [39]. It is now well understood that no
horizon akin to black holes is required for SR to occur, but
only some dissipative mechanism [40]. Thus SR occurs
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also in stars, as pointed out in [41]. A handful of
preliminary bounds have been obtained for ultralight
particles from SR in neutron stars, where the dissipative
mechanism is supplied by for instance finite-conductivity
in the surface [42], the bulk conductivity of the magneto-
sphere [43] or by absorption due to interactions such as the
Yukawa coupling [44]. The spin-down of stars due to SR
can then be probed by pulsar-timing arrays. SR has also
been considered in other hypothetical compact objects such
as boson stars [45-47]. Despite these main results and some
development in methods of computing SR rates in stellar
media [48], superradiance in stars is still an emerging tool
for constraining ultralight particles.

In this paper, we apply the plasma-induced superradiance
scenario proposed in Ref. [43] and compute SR for a realistic
dipole magnetic field configuration. Using observations of a
millisecond pulsar (MSP) with high-spin (> 700 Hz), we
learn that MSPs do not give competitive bounds. This is due
to the small size (PSR J1748-2446ad) and anomalously low
magnetic field (PSR J0952-0607), as the rate is fairly
sensitive both on the mass and radius of the star and its
magnetic field strength. Thus, taking into account realistic
magnetic field configurations in neutron stars seems to
considerably weaken superradiance prospects. However,
we postulate that as radio telescopes improve, future obser-
vations of high-spin MSPs can make plasma-induced super-
radiance a viable tool in constraining ultralight particles. We
also note that while we focus on pulsar timing exclusively in
this paper, it will be interesting to consider also the light
signal from axions that are produced in the cloud, as well as
possible polarization signals.

In a plasma background the photon obtains an effective
mass w,. If this mass is large enough, the superradiant
scattering can be effectively blocked [49]. We discuss how
w, is affected by the modeling of the magnetosphere. In
this regard our main conclusion is that quantitative features
of the effect of w, are very sensitive to the details of the
dynamics and the superradiant mechanism we consider in
this paper remains a viable possibility.

The paper is organized as follows: In Sec. II we briefly
introduce the calculational framework we use and explicit
definitions and formulas needed for the evaluation of the final
results. In Sec. Il we present our main results and apply them
to constrain axion parameter space using observations of
MSPs and in Sec. IV we discuss the conditions under which
photon plasma mass can efficiently suppress superradiant
scattering in the magnetosphere. In Sec. V we summarize and
discuss further prospects of this work. Detailed intermediate
results are provided in Appendices.

II. THEORETICAL FRAMEWORK AND ANALYSIS

A. Superradiance rate in magnetospheres

Rotational superradiance generally requires three ingre-
dients which are rotation, bound states and dissipation [40].

In the case of a neutron star the bound states arise by the
approximate Schwarzschild geometry of the neutron star
exterior. This gives rise to hydrogenlike bound state
configurations of the axion field labeled by mode numbers
n, I, m. In more detail, the Klein-Gordon equation in this
case separates into radial and angular parts with the ansatz
G0 =31 Prtm = 2> Y1 @, The axion configuration
with definite mode numbers (n, [, m) is then given as
Gnim = %Y 1m@n- In the case of long axion wavelengths, or
equivalently ur, < Ry < 1, where r, is the Schwarzschild
radius of the star, one finds that the radial function ®,,;(r)
satisfies a Schrodinger-like equation leading to the hydro-
genlike solution with

|
D, — 41252 n
=R 2+ M+ L+ 1)

2
X e~ 22 (x), @2, = 412 <1 _%)3 (1)

where x = rua,; and a,; = 2uM /(I + n + 1) is the gravi-
tational coupling and we have set G = 1.

This axion cloud draws energy from the rotational
energy of the magnetosphere via dissipative dynamics
provided by the finite conductivity of the neutron star
magnetosphere: The axion field interacts with photons via
the axion-photon coupling and subsequently scatters off the
rotating magnetosphere extracting its energy due to the
non-Hermitian dynamics associated with the dissipative
medium. Via another axion-photon conversion this energy
is then deposited back to the axion cloud.

To describe this dynamics, we outline the superradiance
rate calculation of Ref. [43]. The Lagrangian of an axion
coupled to a plasma is given by

1

1 u?
LD \/—g|:§aﬂ¢a”¢—?¢2 _ZFI“’F”U

- gj‘_yy ¢F,MDF}HJ - Aﬂjﬂ:| ’ (2)

where the metric is a flat, F* = e"W‘sFW; /2 is the dual of
the electromagnetic field strength tensor, g,,, is the axion-
photon coupling and j* = 6F*u, + pu" is the current in
the plasma. Quantities p, ¢ are the charge density and
conductivity of the plasma and u* is the fluid four-velocity
which obeys w'u, = 1.

The equations of motion arising from the Lagrangian in
Eq. (2) are difficult to solve even numerically and even in the
limit g,,, = 0. The analysis of Ref. [43] is done using
perturbation theory in both the conductivity ¢ and the
axion-photon coupling g,,,. We note that smaller conduc-
tivities typically correspond to longer neutron star lifetimes
[50], which turn out to lead to stronger constraints. Larger
conductivities also somewhat counter-intuitively experience
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a suppression in the superradiance rate, as found in Ref. [42].
Thus we follow the perturbative approach of Ref. [43]

The linearized equations of motion are written in a
matrix form as [43]

|#) |#)
[Hr +Va+ V]| 14%) | =0 | 1A% |, (3)
A) A)

where the free Hamiltonian is Hy = diag(—d?/dr? +
U(r),=V?,=V?) and the perturbations are given by the
matrices

and
0 0 0

Va=ioc(X)[ 0 wu(r)-p —wu(r) (5)
0 b —w—u(r)x (px-)

Note that V,, is Hermitian while V, is not. The non-

Hermiticity is related to dissipation and thus the super-
radiant scattering effect is completely encoded in Eq. (5).

0 B(r)-p -wB(r) Using the standard machinery of perturbation theory, one
Vo, =ig, | B(r):p 0 0 . (4) finds the corrected eigenfrequencies @ + dw for the states
" ” |1mn) With the result [43]
wB(r) 0 0 m
n’ (1) \ /4 () (%2) \ / 4 (R2)
i =g 55 VAL AL VAL AL Ve ) ©
1,62, ,My 41,42

The photon field has time dependence ~ exp(—iwt) and in
spherical coordinates the modes of the photon field are
defined by the expansion

AY) (r.0.4) = A(@r)Y,, (0. p)el. 7)

where we have given the photon states in the complete basis
of spherical harmonics Y, (6,¢) and radial functions
A;(wr), which can be solved from the Laplace’s equation
for the photon field. With the assumption of infinitely
conducting star, the solution is [43]

Aj(wr) = m \/%(y,(a)R)j,(wr) — ji(@R)y,(@r)),
(8)

where N, (wR) = (j?(wR) + y}(wR))"/2. The superra-
diance rate I'sg is then given as the imaginary part of
the energy correction. Hence, one needs to compute these
matrix elements for the given potentials V,,, and Vy, i.e.,
for a given magnetic field B(r) and flow field u(r).

B. Matrix elements for a dipole magnetic field

In Ref. [43] superradiance was demonstrated in the
simple case of a magnetic field in the Z-direction. This
turns out to approximately capture the essential features of
the system in the [ = |m| = 1 case, as the axion cloud is
localized close to the equator, where the physical magnetic
field is approximately in the Z2-direction. However, to
extract more precise phenomenological predictions one

[

must model the magnetic field more carefully. We therefore
assume the more realistic dipole magnetic field

B(r,0,¢) = B, <§> 3(2 cos OF + sin 69), 9)

where B is the surface magnetic field. The fluid flow is
taken to be azimuthal, rotating with the star with angular
velocity Q. Thus, u(r, 6, ¢) = Qrsin 6¢.

The above magnetic field is the case of the inclined
rotator model where the magnetic and rotational axes of the
star align [51]. The more complicated magnetic field
structure allows more complicated mode mixing between
the different photon polarizations. Additionally, in con-
trast to the result of Ref. [43], the dipolar field now
properly depicts the formation of higher excited cloud
states which are no longer concentrated on the equator of
the star. The price to pay is that the number of required
matrix elements increases and they become more cum-
bersome to evaluate. The superradiance rate is also
expected to be slightly lower due to the r~3 suppression
[43]. In Eq. (6) the axion-photon conversion matrix
elements are Hermitian while the photon-photon elements
are dissipative and thus non-Hermitian.

We need to compute the spatial integrals in the expressions
(buin!Var|Af,y) and (A[)[V,4|AL,),) appearing in Eq. (6)
The summation over Minkowski spacetime components is
resolved by using the explicit expressions for the perturba-
tion potentials, Egs. (4) and (5), and Cartesian polarization

()

vectors €, = 5ﬁ. Then the computation proceeds using the
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photon field mode functions A;(wr)Y,, (6, ¢) as given above and the axion bound state solution ¢,,;,,(r, 0, ¢) given in
Sec. ITA.
The radial and angular integrals separate and to treat them, we define

Ayl

Allm, 1t f] = / QY% F(0.0)Y pos

l [ l L L 1
5[117127l3vm1’m2’m3]5 \/(211 +1)<212+1)< : ’ ’ )( ] : 3)’ (10)
—niy my My 0 0 0

where L/, is the associated Laguerre polynomial and j; is the spherical Bessel function. The functions f(6, ¢) appearing in
the definition of the function A[l,m,l',m’, f] are specified in Appendix B. We have used the approximation

Aj(or) = /22j,(wr), valid when wR < 1. This is valid for the region where the superradiance condition Q >y ~

is fulfilled as R™! > Q.
With these ingredients, and assuming @R < 1, we find the four axion-photon matrix elements to be

0 —m 1
<¢nlm|vay7|A§’n>l’> = 2(_1) gayyBOR3N¢ (w/"anl)z ((wﬂanll[l - 2» l’ l/ - 1]

!
n <”2’ . 1> (uay )11 =3, 1, 1))S[L U1, m, ', 0]

Crm' 2 ’ ’ /
+ uay, ) 1L =3, LS|, 1, mom', —1] |,

(Bl Vary ALY = (=1) g0 BoRIN (et ST = 2,1, 1), (11)

with Ny = Val[z(n+ 20+ D(n+ 1+ 1)]7V/2, ¢, = /(I =m)(I+ m + 1) and
|

) 3 III. RESULTS
Ty =—\/=zi(S[LU,2,m,m',—1] = S[LI',2,m,m' 1]), . . .
2 A. Leading order semianalytical formula
While the intermediate sum in Eq. (6) is in principle over
all Im-states of the intermediate photons, the leading-order
contribution to the SR rate can be computed for a given axion
state by considering the intermediate state with lowest /-value
allowed by the selection rules arising from the angular
integral or Wigner 3 j-symbol. However, due to the amount
The main difference with the example calculation in [43] is of matrlx elements' anq their complexity, the form for the
. . . 0.3) leading order contribution to the SR rate of a general nlm-
that now the axion mixes not only with the 4;,™ compo- state is unlikely to be very enlightening and in practice one

3
¥ = \é(su, U.2,mm', =1+ S[L.I,2,m.m' 1)),

T8 = 2SI, 1,2, m.m'. 0. (12)

nents of the photon but also with the Agrln’z) components.
This means that a priori we have to consider plasma

interactions (A&HVMA%}) between all photon polariza-
tions. Additionally, the angular dependence of the dipole
magnetic field leads to more complicated selection rules.
We provide explicit expressions for these matrix elements

in Appendix A.

would rather evaluate the full result numerically.

To derive a simple analytic estimate, we focus instead on
the leading nlm = 011 state. In leading order in uR; - we
find the superradiance rate to be

o

7 17
T = 53 BRI NG, ke (@11} (13

115030-4
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Comparison of the numerical result for the leading order superradiant rate and the analytic approximation in Eq. (13). The

parameters corresponding to PSR J0952-0607 are M = 2.35My, R = 12.5 km, By = 108 G,6 = 1072 eVand Q = 2.92 x 1072 eV.

We have assumed the axion-photon coupling g,,, = 10713 GeV~.

where @ =~y has been used and R; - = Q7' is the light
cylinder radius of the star where magnetic field lines can no
longer rigidly rotate with the star. In the radial integral we
model the conductivity as in [43], i.e., assume that ¢ =
const for R<r<Ryc, o= for r<R and 6 =0
for r > Ry c.

In Fig. 1 we compare the leading-order semianalytical
rate of Eq. (13) and the numerical result, obtained by
evaluating Eq. (6) using the matrix elements given in
Eq. (11) and in Appendix A. We find that they agree
remarkably well. For higher axion masses the relation
slowly fails as the leading order @ « p expansion of the
radial integrals ceases to be accurate enough.1 We note that
the superradiance rate scales as (uR)%a?">. This has an
extra factor of a,,; in relation to the result discussed in [43].

We now outline the derivation of the semianalytical
expression of the superradiance rate for the nlm = 011
state. To make the notation more convenient, we define first
the quantities

3

K = Gy, BoR*N gy,

I (ﬂR)HZIH - (ﬂRLC)Z+l/+3
p2HHL(U+ DT + 31+ 1 +3)

(14)
Furthermore, we define
) 4
(42) = (on|Vay A AG ) Ve lbors).— (15)

'The gravitational coupling « is also proportional to the mass
of the star. We have considered the most massive MSP known,
PSR J0952-0607, for which « is maximal, to highlight that the
semianalytical formula is always valid.

The selection rules now dictate, e.g.,

3
(11) = 211 = 2. LIP(S[1L 1.2, Lom, 1JS[1L 12 1 1))

9
~ %K’zl[—l, 1, 11261180, 61180m

9
:%K2a31511/50m’51150m’ (16)
where we have taken into account that while

S[1,1,2,1,m, 1] is nonzero also for higher (odd) values
of [, these terms are suppressed by additional powers of
UR c in Eq. (14). In other words, we keep only the
dominant terms in the sum over intermediate states in
Eq. (6). In the final equality we have expanded the radial
integral in a as demonstrated in Appendix C.

Finally, we denote by I',; the term which appears in the
expression for SR rate, Eq. (6), and corresponds to (11'),

Do = (AD[V4|AW) ). (17)

We thus multiply Eq. (16) by the corresponding photon-
photon matrix element

, Q
AWV ADY = i) 8By = —m'All,m, 1, f11]
U
+ Cl'm’A[lv m, l/, m' + 1,‘](%1]

Q
+i—lA[L,m, ', m, fi1]]. (18)
U

The expressions for the matrix elements (A?)|V 4 |A?)) can
be found in Appendix A. The rate I'|; is then given by

115030-5
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9
=2

50 i’<20315lz'50m'51150m}’

Q Q
+i=cpwAllLmUm' + 1, I+ i=VA[Lm, U, m, fi1]| =
U H

where we have further defined the shorthand y =

, Q
NSy ——=m'A[l,m, ', m, f11]
U

9
=35 —ix*yad,, (19)

y'!. Note that I';; is imaginary and contributes to dw,;,,. Similarly,

omitting all nonzero terms that do not contribute to the imaginary part of éw,,;,,, one eventually finds for all the spatial parts

m(T'y,) = Im(I;) = Im(T'y3) =0,
6 Q
m(T3;) = Im(T3,) = —%’87;0‘31’

Im([y) = Im(Ty;) = 50

8 Q
Im(r33) = %K }’(1 — ;) a(z)l, (20)

K' 7(101

where we have dropped subleading contributions. For the temporal parts we again expand the relevant radial integrals in
ag;, as done in Appendix C. In the end, we find the leading-order contributions to be given by

1 Q
Im(I"y) = Im(I"y) = SOK vag,  Im(Ty) = _ﬁ’(zﬁa(z)l’
1 Q 2
Im(Tp) = 250’< - gy = —Im(Iy)), Im(T3) = 75’< ratg, - (21)
Substituting Eqs. (20) and (21) into
|
constraints on the axion-photon coupling parameter space.
011 _
Tse = 8u Zlm ) (22) This leverages pulsar timing arrays, and is identical to

AV

one obtains the leading-order result of Eq. (13).

B. Constraints

Rotation-powered pulsars lose angular momentum by
dipole radiation. Other mechanisms are also known, such as
magnetic breaking [37], and for the fastest millisecond
pulsars also gravitational waves are emitted via the r-mode
instability [52]. The rate of angular momentum loss and its
derivatives are known to a very high precision by pulsar
timing arrays and can be found in pulsar catalogs such as
that of Australia Telescope National Facility (ATNF) [53].
For purely rotation-powered pulsars the characteristic spin-
down-time is given by

Q P

ST 2P (23)
where Q is the angular velocity of the star. Typically
radio pulsars have lifetimes 10°-10° years while x-ray
pulsars have slightly longer characteristic lifetimes of
10°-10"" years [37]. The characteristic timescale of the
superradiant instability on the other hand is given by
7; = I'gg. By requiring that observed stars are not dominated
in their dynamics by the instability, 7; /75 > 1, we can place

requiring that SR-induced spindown rate not be larger than
the observed spindown rate. In other words, the SR rate has to
be such that |Qgr| =~ [[srQ| < Qups-

The strongest constraints come from neutron stars which
have long lifetimes and which have large masses and radii,
as well as large magnetic fields. Of immediate interest are
the fastest (716 Hz) millisecond pulsar PSR J1748-2446ad
considered in Ref. [43] as well as the more recently
observed heaviest (2.35M ) and second fastest spinning
(707 Hz) PSR J0952-0607 [54]. The mass and radius of
PSR J1748-2446ad are not well known. As MSPs typically
form by accretion, we conservatively take them to be M =
1.4M s and R = 10 km. For PSR J0952-0607 the mass and
radius are known better [54], and we take them to be M =
2.35Mg and R = 12.5 km. We assume the surface mag-
netic field to be B, = 108 G for both, and we take the
conductivity in both cases to be 6 = 1072 eV, which is
approximately in the middle of the observed range 0.01Q <
o < 100Q [50] for pulsars. Finally, we take a hypothetical
750 Hz MSP with mass and radius again being given M =
235My and R =12.5 km, but with slightly stronger
magnetic field 5 x 103 G. We take the Shklovskii-corrected
period derivatives P needed to compute the characteristic
lifetimes from the ATNF pulsar catalog [53]. For PSR
J1748-2446ad, PSR J0952-0607 and the hypothetical

115030-6
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FIG. 2. Projected bounds from the two largest spin MSPs known, as well as from a hypothetical 750 Hz pulsar with a stiff equation of
state and assuming negligible plasma effects. The solid black line represents the envelope of currently leading constraints [10].

pulsar we use P =7.05x 10722, P =4.77 x 107! and
P = 1072 respectively. The projected bounds from each
are shown in Fig. 2 together with the current leading
constraints from Ref. [10]. The bounds are valid under the
assumption that there is no strong suppression due to the
photon plasma mass. The conditions under which this can
be expected to hold are discussed in detail in Sec. IV.

As seen in Eq. (13), there is a strong radius dependence
in the superradiance rate, which means that stiffer neutron
star equations of state lead to stronger constraints. This is
clear from Fig. 2 where the supermassive PSR J0952-0607
yields stronger bounds than the slightly faster PSR J1748-
2446ad which was considered in [43]. Some hybrid
equations of state could allow for more massive high spin
MSPs [55], thus considerably favoring the scenario we
have considered here.

The superradiance condition is of the form mQ = u,
where m the azimuthal mode number. Therefore, one might
wish to extend the axion mass range for which this
mechanism is sensitive to by considering higher m modes.
However, the superradiance rate is then heavily suppressed
by larger powers of (uR;c)’.

IV. PHOTON PLASMA MASS AND
MAGNETOSPHERE MODEL

In a plasma background the photon obtains an effective
mass @, which can be larger than the mass of an axion
capable of stellar superradiance. In such case the axion-
photon conversion probability p,_, = [(A|V,,|¢)|* is sup-
pressed by an additional factor of ~(wﬂp)4. As argued in
Ref. [49], this plasma mass can effectively block a super-

radiantly scattered photon from depositing its energy back
into the axion sector. One might also worry that the photon

plasma mass, related to the imaginary part of the conduc-
tivity, might affect the superradiance mechanism itself. In
this section we will briefly address the possible suppressive
effect of the photon plasma mass and argue that the
imaginary part of the conductivity does not qualitatively
change the superradiance picture. We also justify the use of
a global dipole magnetic field in this work.

The photon plasma mass, assuming a standard
Goldreich-Julian (GJ) model for the magnetosphere with
n, = |52 and a dipole magnetic field (9), is given by

2 3
nee eQ By R 5
= =4/=———=(3cos°0-1), 24
@p \/me \/271 m, r3 (3cos ) (24)
which for a typical millisecond pulsar is around

~10784/(3cos?0 — 1) eV, reaching as low as ~107 eV
at @ = 53° declination. Thus naively one would indeed
expect superradiance to be strongly damped. However, we
will now argue that already within the GJ model it is
possible to significantly alleviate this suppression.
Additionally, the GJ model may not always be a suitable
to model millisecond pulsar magnetospheres to begin with,
and that in other magnetospheric models the expected
plasma suppression may even be negligible.

Assuming a power law scaling B = B*(%)J’, a typical
radial integral in an axion-photon matrix element, see
Eq. (10), scales as

_3
1) = Bk a7 [ dxe b (1 + ‘“—) |

p
(@ + w;JX) ’

(25)
Ha

o

115030-7



SIRKIA, HEIKINHEIMO, and TUOMINEN

PHYS. REV. D 111, 115030 (2025)

where the subscript * is to be understood as the corre-
sponding quantity at the surface of the star (for » < Ry¢) or
at the light cylinder (for r > R;c). As the y-scaling is
generally different in the two regimes, one should evaluate
the integral in two pieces with the above in mind. For the
dipole field in Eq. (9), we have y = 3.

Numerically evaluating the integral in Eq. (25) we find
that for the parameters relevant for superradiance, the
radial integral contribution outside the light cylinder is
generally dominant by factors of ~10 already for a dipole
magnetic field ansatz regardless of plasma. Additionally,
in the GJ model, the magnetic field can no longer corotate
with the star outside the light cylinder, forming instead a
pulsar wind which scales as B~ 1/r (i.e., y = 1) at large
distances [56]. This further enhances the radial integral
outside.

Inside the pulsar wind the electron density is typically
assumed to fall as n, ~1/r%, under the assumption of
particle number conservation, spherical symmetry, no
collimation of the wind and no acceleration of particles.
However, particles can be further accelerated in the pulsar
wind to Lorentz factors up to ~10° or higher [57]. This
acceleration occurs to distance scales much larger than
those relevant for superradiance, with the Lorentz factor
growing approximately linearly with distance [58]. As a
consequence, the plasma density outside can fall off much
faster. These considerations leave plausible the scenario of
pulsar wind superradiance.

In the GJ model it is assumed that the whole magneto-
sphere is filled with plasma. However, for pulsars of
periods shorter than a second and magnetic field strengths
below B < 10° G, pair-creation is not efficient enough to
fill the whole magnetosphere [59]. Instead, there can be
large regions of low charge density inside the pulsar
magnetosphere. This occurs for instance in the electro-
sphere solution where charges are fully separated to domes
of electrons around the polar caps and an equatorial torus of
positrons and protons [59]. This model is more realistic
than the naive force-free magnetosphere for millisecond
pulsar magnetospheres, and is observed to arise naturally in
simulations when pair production rate is low [60]. The
distributions of all charged particles are shown concisely in
Fig. 1 of Ref. [60]. We note here that around the equator
where the axion cloud is localized, the number densities of
electrons, positrons and protons are given approximately by
Ne- X new 0 and ny, ~ 10~2n,. Due to their large inertia,
the protons do not contribute significantly to the photon
plasma mass. Thus, we expect that neglecting the plasma
mass is an excellent approximation in this scenario.
Additionally, as again seen in Fig. 1 of Ref. [60], in the
electrosphere solution, away from the poles, the magnetic
field lines close even beyond the light cylinder and behave
as a dipole field. No causality requirement is broken by this,

as there is no plasma moving along the field lines. This
supports the global use of the dipole magnetic field in this
work. In reality the nature of the magnetosphere is
presumably something between the plasma-filled and
charge-separated extremes. Indeed, in a perfectly charge-
separated magnetosphere there would be no spindown,
describing a completely dead pulsar [61], and as such some
plasma leakage is required.

Finally we briefly consider the impact of the imaginary
part of the conductivity, connected to the photon plasma
mass by o; = a)?, /w, on the superradiance mechanism. We
have verified that numerically the eigenfrequency correc-
tion of Eq. (6) is proportional to icg —o;, so that the
superradiance rate depends only on . This conclusion
holds in the perturbative regime o¢;, 6x < u, and for larger
o7 one would expect some damping [42,43]. As noted in
Ref. [49], in the strongly collisional regime o < v, with v
the collision rate in the Drude model, o; < 6 generally
holds. This is true for instance in accreting pulsars in low-
mass x-ray binaries.

V. DISCUSSION AND CONCLUSIONS

In this paper we have computed perturbatively the
superradiance rate for a finite-conductivity instability in
the plasma using a dipole magnetic field configuration. We
have applied this to constrain the axion-photon coupling for
axion mass ~107!2 eV, using the fastest known MSP PSR
J1748-2446ad and the supermassive PSR J0952-0607.
Additionally we have given a projection for a hypothetical
750 Hz pulsar with a stiff equation of state. We find that
known millisecond pulsars are unlikely to provide com-
petitive bounds on axions. The hypothetical example
shows, however, that if new fast MSPs are found with
future radio telescopes, the situation could change. It has
been recently noted in Ref. [49], that the superradiance rate
could be additionally suppressed by the photon plasma
mass. We have discussed how the magnitude of this effect
is strongly dependent on the detailed structure of the pulsar
magnetosphere: for force-free case the suppression due to
the plasma mass is significant, while for the charge-
separated magnetosphere we find that the effect is small.
The reality lies in between and remains to be determined
more precisely.

If such fast spinning pulsars with frequencies in the kHz
range turn out not to exist at all, this would require an
explanation. Such absence could not be attributed to
centrifugal breakup, as this happens only at higher spins
[62]. With accretion spin-up times being much shorter than
the observed lifetimes of stars, it seems there must be a
mechanism that limits the maximum spin of a pulsar.
Possible mechanisms of stopping spin-up include [63]
gravitational waves, spin extraction by electromagnetic
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winds and the change of momentum of inertia due to
accretion. Stellar superradiance could also provide such
spin-down mechanism for stars. It would also lead to
clustering of neutron star spins at the end point of the
instability, Q ~ u, which could be observable in the pulsar
population.

If a superradiant cloud does form around a neutron star
by plasma or other instability, one might hope to be able
observe its effect on the propagation of light. While the
ultralow energy photons from axion decay themselves are
not observable, the polarization effects caused by the cloud
may be observable in pulsar polarization arrays [64]. It
would also be interesting to consider the interaction
between the other instabilities in neutron stars such as
the r-mode instability [52]. Neutron stars can also produce a
superradiant cloud via dissipation provided by axion
interactions with the stellar medium [48]. The interactions
between these instabilities could be an interesting avenue to
explore.
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APPENDIX A: MATRIX ELEMENTS

We list here all the photon-photon matrix elements
required to reproduce the semianalytical formula of
Eq. (13) and to numerically evaluate the SR rate from
Eq. (6). In the radial integral we model the conductivity
asin [43],1.e., assume that 6 = constfor R<r<R;c= Q!
and zero elsewhere. Here R;( is the pulsar light-cylinder
radius. We work in leading order in wR < 1.

We begin with the elements already determined in Ref. [43]

(a)RLC)21+3 _ (wR)21+3 1

AVLADY = iomQ SumOit's (A1)
! : @220+ (1+3r(+3)?
3) Gy (@R o) — (0R)* 1
(AL IValAp)) = io(mQ — w) ) (l n %)F(l " %)2 Sy O1l'» (A2)
APV, A0y =2 {(—1)_'"5[1, I 1,m,m 0][(wR )% — (wR)+!+?2]
) 2H I+ 1+ 2)0(1+3T(F +1)
Ny — ' = D[(@R)"""? — (R )2
+ L 51,I’+l 5mm 7 2[< ) 3 ( ,LC)S ]:| s (A3)
Nyt 2H 21 +3)0(I + 3T (1 +3)

(21+1)(I=|m|)!

where Ny =\ [* T

I'm’

. The matrix elements between the spatial polarizations are of form

; . ) Q . g Q i
AV, AV )y = iyt [5,,,,,,,51, - ;m’A[l, m, U, f9) + comAlLm, I m' + 1, f5] + i VA[Lm, Um0, f;]} . (A4)

where the angular integrals A[l, m, ', m’, f] are given with respect to the auxiliary functions f};j with k =1, 2, 3, listed in
Appendix B. The matrix elements mixing spatial and time polarizations are given by

1 0
(A4 1AD)y =

o (wRLC)l+I’+2 _ (wR)l+l’+2

p2HTIL (L )0 +3) (L + 1 +2)

(I'A[l, m, l’,m’,f%o]

+ m'All, m, l',m',f%o} + cimAll,m, ', m' + 1,f§0]),

2 0
(A2v,1a0)) =

o (wRLC)l+l’+2 _ (wR)l+l’+2

(FA[L,m, ', m, f39]

P21 DT +3) (14 1+ 2)
+ m'A[l, m, l’,m’,f%o} + e All,m, U, m' + l,fgo]),
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(_])_m cQ (a)RLC)l+1/+4 _ (a)R)l+l’+4
ﬂZ\/izlJrl'JrlF(l_'_%)r(l/+%)(l+l/+4)
x (S[LU, 1,m,m', 1]+ S[I,I',1,m,m’, 1]),

0 1
A1, 14Dy

<A(0)|VA|A(/2)/> _ i(_l)_m+1 oQ l(wRLC)l+l +4 _ (a)R>l+l +4
Im I'm /42\/52’““1“(1—1—%)1“(1’+%)(l+l’+4)
X (S[LI 1, mm!,=1] = S[LU, 1, m,m', 1]), (A6)
0) ) ) (a)RLC)ZH-S _ (G)R)21+3
A \V4IlA ) = iomQ 1 10mm! > A7
( lm| A| lm> lo 22’+1(21+3)F(l+%)2/¢2 LU%m, ( )

3 0
APV 1AD) =

R I+I'42 _ R 1+1'4+2
6( (wRy() (@R) (=)y™S[L,I',1,m,m' 0]

u\ 251+ T+ )0 (1 + T (1 +3)

(m/ N 1)51 p 1Sy (a)RLC)ZI,+3 — (wR)21,+3>
Nyt ST (21 1 3)0(1 + 3T (1 +3)

APPENDIX B: LIST OF AUXILIARY FUNCTIONS

The angular integrals in the matrix elements are expressed in terms of angular integral functions A[l;, my, l,, m,, f Z] ], as
defined in Eq. (10). Here f}/ with k = 1, 2, 3 are particular combinations of trigonometric functions. They are

11 = cos?0 cos e~ + sin’Ocos ¢? 11 = sin @ cos O sin ¢ cos pe~¢
11 = sin?sin ¢ cos ¢ 2! = cos?Osin pe™ + sin’0 sin ¢ cos ¢
21 = sin @ cos Osin’pe ¢ 21 = sinOsin’¢
f3' = sin@cos@cos ¢ — sin@cos P~ f31 = —sin’@ sin pe~?
31 =sin@cosOsin ¢ 12 = —cos?0 cos e~ + isin®@ sin ¢ cos ¢
12 = —sin @ cos Ocos’ pe ¢ 12 = —sin’Ocos’ B
3 = —cos?@sin e~ + isin’Osin’¢ 22 = —sin @ cos @ sin ¢ cos pe ¥
22 = —sin’dsin ¢ cos ¢ f32 = sin@cos O + i sin O cos Osin ¢
32 = sin’0 cos e ? 3% = —sinfcos cos ¢
f10 =sinOcos ¢ 10 = 00 co5p — 00
10 = cos O cos pe~ f30 =sin@sin g
20 = i gp 4 <80 20 = cos @ sin pe™*
APPENDIX C: EXPANSION OF RADIAL INTEGRALS
The radial integrals of form
Mt = [ arend 1 0 () (1)
0 " \%ni

can be expanded in the gravitational coupling «,,; = a. It can be shown, following similar steps to those of Appendix B in
[43], that the radial integrals of the form that appear in our calculation can generally be expanded in a as
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n+2[+1)2—l’—lal+l—a al(l+1'—a+2)
n FG@J+F+a+10FGU+F—a+3D

I[l—a,ll] zﬂ(

AT+ —a+2)

- (€2)

F@@J+ﬁ+anreu+ﬂ—a+20

In our case most of the radial integrals are of the form
n+2l+1

IU—quzy4d< >U—1yﬂLa—”& (C3)

Additionally we need the integral
20+ n+20+1 1
I[l—3,l,l]:Tal_1( )(z-1)zﬂ§—ga (C4)

in the derivation of Eq. (21).
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