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We study the thermodynamics of the symmetry-improved Cornwall-Jackiw-Tomboulis formalism and
apply it to a low-energy effective theory of QCD. In the symmetry-improved formulation, Ward-Takahashi
identities are restored by auxiliary sources whose values are fixed self-consistently by the equilibrium state.
While this construction improves the symmetry properties of the loopwise truncated two-particle-
irreducible (2PI) theory, it also makes the thermodynamic interpretation of the pressure nontrivial. We
formulate several pressure prescriptions, including the conventional vacuum-subtracted pressure, a source-
matched subtraction, and a pulled-back pressure in which the explicit source-induced energy shift is
removed. Using the three-flavor linear sigma model with quarks, we analyze the equation of state,
isentropic trajectories, adiabatic sound velocity, and trace anomaly across the chiral transition. We find that
the global thermodynamic structure is stable under the different prescriptions, while quantitative
differences are concentrated near the crossover and first-order transition region. These results establish
a practical framework for constructing thermodynamically consistent observables in symmetry-improved
2PI approaches.

DOI: 10.1103/gqzf-qvl6

I. INTRODUCTION

Understanding the thermodynamics of strongly interact-
ing matter remains one of the central issues of quantum
chromodynamics (QCD). The QCD phase structure and
equation of state are relevant to the description of the early
Universe [1,2], compact stars [3,4], and heavy-ion collisions
[5,6], and they are closely tied to the restoration of chiral
symmetry and the possible existence of critical phenomena
at finite baryon density [7–9]. At vanishing and small
baryon chemical potential, lattice QCD has established
that the thermal transition at the physical point is a crossover
and has provided quantitatively precise information on
the equation of state and related thermodynamic

observables [10–13]. At larger baryon density, however,
first-principles calculations remain severely constrained by
the sign problem, despite important progress based on
Taylor expansion, analytic continuation, and related
approaches [14]. This makes it necessary to complement
lattice results with continuum and effective-theory methods
when exploring the thermodynamics and phase structure of
QCD away from μB ¼ 0 [15].
Low-energy effective theories provide one such frame-

work. In such theories, thermodynamic predictions actually
depend sensitively on how quantum and thermal fluctua-
tions are incorporated [16]. This point is important because
mean-field and naïve one-loop approximations are often
insufficient when thermodynamic precision is required.
Near a crossover or phase transition, fluctuation effects may
substantially modify the location and even the order of the
transition [17–19]. Moreover, derived thermodynamic
observables such as the sound velocity or the trace anomaly
can be particularly sensitive to the approximation scheme
and model setup [20,21].
In general, finite-temperature field theory often requires

selective resummation beyond strict loopwise perturbation
theory to obtain physically meaningful results [22–24].
This issue is familiar not only in QCD-motivated effective
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theories, but also in other contexts, such as the electroweak
phase transition, where higher-order thermal resummation
and self-consistent treatments can lead to sizable quanti-
tative corrections relative to one-loop analyses [24].
This resummation is built in the Cornwall-Jackiw-

Tomboulis (CJT) formalism, which is the two-particle-
irreducible (2PI) formalism [25]. As a Φ-derivable approxi-
mation scheme in the sense of Baym [26], the CJT formalism
resums selected classes of diagrams self-consistently, and
has been extensively used in finite-temperature field theory
and many-body physics. In the context of chiral effective
theories, it allows one to incorporate mesonic fluctuations
beyond the mean field in a manner that remains thermody-
namically meaningful at the level of the underlying approxi-
mation. Awell-known drawback, however, is that a loopwise
truncation of the 2PI effective action generally violates
Ward-Takahashi identities (WTIs) and may therefore lead
to spurious violations of global symmetries, most notably the
appearance of massive would-be Goldstone modes in the
spontaneously broken phase [27–31].
The symmetry-improved CJT (SICJT) formalism pro-

posed in Ref. [31] addresses this problem by supplement-
ing the truncated 2PI equations with additional constraints
derived from the relevant Ward identities. This construction
restores important symmetry properties and has been
shown to cure the Goldstone-theorem problem in simple
scalar theories, including the Oð4Þ linear sigma model
(LSM) [31,32]. It has also been extended to the Standard
Model in the gaugeless limit, where the symmetry-
improved 2PI approach provides an infrared (IR)-safe
treatment of the Goldstone sector beyond conventional
perturbation theory [33]. From the perspective of QCD-
inspired effective theories, the SICJT formalism is therefore
particularly attractive: it preserves the nonperturbative
advantages of the 2PI resummation while maintaining
the symmetry constraints that are essential for a physically
meaningful chiral description.
Nevertheless, once one turns to thermodynamics, the

symmetry-improved formulation involves an additional
conceptual issue. In SICJT, the symmetry constraints are
enforced along with the addition of auxiliary source terms,
whose values are determined self-consistently together with
the equilibrium state [34]. Consequently, the thermody-
namic interpretation of the pressure is no longer unique. In
particular, different subtraction prescriptions and different
treatments of variation with respect to thermodynamic
quantities, which we shall, in short, call thermodynamic
derivatives, may lead to inequivalent results once the
sources depend implicitly on the temperature and baryon
chemical potential. This ambiguity would be significant
even at the level of the stationary equations themselves, but
it becomes nontrivial and more crucial for the equation of
state and for derived observables that probe thermodynamic
derivatives, such as isentropic trajectories, the adiabatic
sound velocity, and the trace anomaly. Clarifying this

ambiguity is necessary if the SICJT formalism is to be
used as a thermodynamically controlled framework for
QCD-motivated effective theories. In particular, it is
important to distinguish the intrinsic uncertainty associated
with the symmetry-improving sources from the model
dependence associated with the microscopic degrees of
freedom and the truncation scheme.
In this work, we study this intrinsic issue of the SICJT

formalism systematically in the three-flavor LSM with
quark degrees of freedom, often dubbed the linear quark-
meson model. We formulate and compare several prescrip-
tions for the pressure in the SICJT framework, including
the conventional vacuum-subtracted pressure, a source-
matched vacuum subtraction, and a pulled-back pressure
defined from a “pulled-back” effective action in which the
explicit source-induced linear tilt is removed. Using these
prescriptions, we analyze the pressure as well as the
equations of state, isentropic trajectories, adiabatic sound
velocity, and trace anomaly, and compare them with the
corresponding results in the conventional CJT formalism.
Our results show that the thermodynamic structure is robust
overall in the thermal evolution, whichever pressure pre-
scriptions are applied, whereas quantitative differences
can be seen near the crossover and first-order transition
region, where the treatment of the added sources is most
consequential.
This paper is organized as follows. In Sec. II, we

introduce the three-flavor LSM with quarks used as the
low-energy effective theory of QCD. In Sec. III, we
summarize the CJT formalism and its symmetry-improved
extension. Section IV is devoted to the construction of the
self-consistent SICJT effective action, and related thermo-
dynamics, with particular remarks on the pressure pre-
scriptions and the definition of thermodynamic derivatives.
In Sec. V, we present the numerical analysis of the chiral
phase structure and thermodynamics, including the pres-
sure, isentropic trajectories, adiabatic sound velocity, and
trace anomaly. Finally, Sec. VI contains our conclusions
and outlook.

II. THREE-FLAVOR LINEAR SIGMA MODEL
WITH QUARKS

In this Section, we introduce the low-energy effective
description of QCD that will serve as a reference model for
our general analysis of symmetry-improved thermodynam-
ics. To this end, we consider the three-flavor LSM and
discuss its thermodynamic properties within the 2PI frame-
work based on the symmetry-improved CJT formalism.
The Lagrangian of this model in Euclidean spacetime is

given by

Lqm ¼ Lq þ Lm; ð1Þ

where the quark and meson parts are given by
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Lq ¼ q̄i

�
=∂δij þ μijγ4 þ gΦijPR þ H:c:

�
qj;

Lm ¼ tr

�
∂μΦ†

∂μΦ
�
þ VmðΦ;Φ†Þ; ð2Þ

where =∂ ¼ γμ∂μ is the Dirac operator in Euclidean space-
time, PL=R is the left-/right-hand projection matrix in the
Dirac space, and i, j ¼ 1, 2, 3 stands for the flavor indices.
In Eq. (2), the quark field content contains three flavors of
quarks qi ¼ ðuT; dT; sTÞT, and the mesonic field content is
given by Φ ¼ ϕaTa ¼ ðσa þ iπaÞTa, in which σa and πa
denote the scalar and pseudoscalar fields, respectively.
Hereafter, we shall use φa to represent either the scalar
σa or the pseudoscalar πa for convenience. The matrices
Ta ¼ λa=2 are the generators of Uð3Þ in the fundamental
representation, in which λa¼1;…;8 are the Gell-Mann matri-
ces, and λ0 ¼ ffiffiffiffiffiffiffiffi

2=3
p

13×3. Those generators satisfy the
following algebraic relations

tr½TaTb� ¼ 1

2
δab;

½Ta; Tb� ¼ ifabcTc;

fTa; Tbg ¼ dabcTc; ð3Þ

where fabc and dabc denote the antisymmetric and sym-
metric structure constants for the SUð3Þ group (for
a; b; c ¼ 1;…; 8), while fab0 ¼ 0 and dab0 ¼

ffiffiffiffiffiffiffiffi
2=3

p
δab

are satisfied for the zeroth component. The quark chemical
potential matrix μij is chosen as

μij ¼ diagfμB=3; μB=3; μB=3g; ð4Þ

where μB is the baryon chemical potential.
The mesonic potential VðΦ;Φ†Þ in Eq. (2) is given by

VmðΦ;Φ†Þ ¼ V0 þ VSB þ Vanom: ð5Þ

The SUð3ÞL × SUð3ÞR symmetric part V0 is given by

V0 ¼ μ2 tr½Φ†Φ� þ λ1 tr½ðΦ†ΦÞ2� þ λ2ðtr½Φ†Φ�Þ2; ð6Þ

which encodes the information of the underlying QCD
dynamics within this truncated mesonic effective descrip-
tion. The explicit chiral breaking part VSB is,

VSB ¼ −c tr½MΦ† þM†Φ�; ð7Þ

where M≡ diagfmu;md;msg to incorporate the proper
explicit-chiral breaking into mesons arising from the
current quark masses present in QCD. The Uð1ÞA anomaly
part is,

Vanom ¼ −Bðdet½Φ� þ det½Φ†�Þ; ð8Þ

which represents the anomaly determinant term dubbed the
Kobayashi-Maskawa-’t Hooft (KMT) interaction [35–38].
When the ’t Hooft fermion determinant vertex [38] is

present in the underlying quark theory, the KMT term can
be understood as the leading contribution obtained after
bosonization, e.g., in the stationary-phase approximation.
For more details on the bosonization of the ’t Hooft fermion
determinant interaction and the induced mesonic effective
interactions, we refer readers to Refs. [39–41].
Given the LSM with quarks, the dynamical chiral

symmetry breaking (DχSB) is characterized by the expect-
ation value of the order parameters defined by the flavor-
chiral transformations

Φ → gL ·Φ · g†R;

qL=R → gL=RqL=R; ð9Þ

where gL=R ∈ SUð3ÞL=R is the element of the fundamental
representation, with θL ¼ −θR ≡ θA. The order parameters
are then parametrized as

hΦi≡ Φ̄ ¼ σ̄aTa; ð10Þ

without loss of generality. In the present model, the isospin
symmetry is adopted in the current work via the quark mass
difference, i.e., mu ¼ md ≡ml ≠ ms. Consequently, the
vacuum expectation values (VEVs) of the σ fields in
Eq. (10) read

σ̄aTa ¼ σ̄0T0 þ σ̄8T8 ¼ diagfΦ̄1; Φ̄1; Φ̄3g; ð11Þ

with the following relations

Φ̄1 ¼
1ffiffiffi
6

p σ̄0 þ
1

2
ffiffiffi
3

p σ̄8;

Φ̄3 ¼
1ffiffiffi
6

p σ̄0 −
1ffiffiffi
3

p σ̄8: ð12Þ

The chiral order parameters of the underlying theory are the
light- and strange-quark condensates. In the present low-
energy description, they are represented by the background
fields Φ̄1 and Φ̄3 as

hlli ¼
�
∂Lqm

∂ml

�
¼ −2cΦ̄1;

hs̄si ¼
�
∂Lqm

∂ms

�
¼ −2cΦ̄3: ð13Þ

Around the background field Φ̄, the tree-level equations
of motion of mesons are obtained as

δSm
δΦ1

����
Φ¼Φ̄

¼ 0;
δSm
δΦ3

����
Φ¼Φ̄

¼ 0; ð14Þ
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where Sm=q ¼
R
x Lm=q is the mesonic/quarkonic part of the

Euclidean action. Hereafter, we use the shorthand notation
for the integral in the Euclidean spacetime, which reads

Z
x
≡
Z

β

0

dτ
Z

d3x;
Z
x;y

≡
Z
x

Z
y
; ð15Þ

where β≡ T−1, and T denotes the temperature. The explicit
form of the tree-level mesonic potential Vm expanded
around the ðσ̄0; σ̄8Þ background and the stationary con-
ditions (14) can be found in Appendix A 1.
The mesonic curvature masses are given by

½m2
Sðσ̄Þ�ab ¼

∂
2Vm

∂σa∂σb

����
σa¼σ̄a

;

½m2
Pðσ̄Þ�ab ¼

∂
2Vm

∂πa∂πb

����
σa¼σ̄a

: ð16Þ

To obtain the physical meson mass spectra, the (0, 8)
components of mass matrices in Eq. (16) are diagonalized
by the mixing angles θ0S and θ0P. The explicit form of the
curvature masses (16), the expression of the mixing angles,
and the correspondence between the mass matrix elements
and the physical meson masses are provided in
Appendix A 2.
The tree-level two-point function of quarks in momen-

tum space reads

ðΔq
0ðp; qÞÞ−1ij ≡ δ2Sq

δq̄iðpÞδqjðqÞ
¼ δp;q½i=pδij þ μijγ4 þ gðσa þ iγ5πaÞðTaÞij�;

ð17Þ

where δp;q is the delta function for energy-momentum
conservation in 3þ 1-dimensional spacetime, and =p ¼ pμγμ.

III. CJT FORMALISM AND SYMMETRY
IMPROVEMENT

A. Construction of the mesonic CJT effective action

1. Mesonic 2PI effective action

In the current work, we utilize the CJT formalism with
the 2PI effective action and discuss its symmetry-improve-
ment to study the thermodynamic properties of the model
formulated in Sec. II. To this end, we introduce the local
sources

j ¼
�
JðxÞ; J†ðxÞ; ηðxÞ; η̄ðxÞ

	
ð18Þ

coupled with the field contents

Xm ¼
�
Φ†ðxÞ;ΦðxÞ; q̄ðxÞ; qðxÞ

	
; ð19Þ

wherem denotes the general field indices. We also consider
the following bilocal source coupled with the mesonic
field:

Φ† · K ·Φ ¼
Z
x;y

tr½Φ†ðxÞKðx; yÞΦðyÞ�; ð20Þ

where the dot between functions denotes the contraction in
the spacetime. The 2PI effective action is defined as the
double-Legendre transformation

Γ½X cl;Δ� ¼ sup
j;K

�
jm · X cl;m þ 1

2
Kmn · ðΔmn þ X cl;mX cl;nÞ

−W½j; K�
�
; ð21Þ

where X cl ≡ hXi denotes the external field background,
and Δ the undetermined meson propagators. We shall drop
the subscripts of the background fields and simply use χ or
ϕ in addressing the effective actions, just for readability. In
Eq. (21), we have used the same convention as in Ref. [42],
so that

W½j; K� ¼ logZ½j; K�; ð22Þ

where Z½j; K� is the generating functional.
Since the action Sqm is quadratic in the quark fields, we

shall integrate them before introducing the 2PI effective
potential. At the level of the path integral, this reads

Z ¼
Z

DΦDΦ† e−Sm½Φ;Φ†�
Z

DqDq̄ e−Sq½q;q̄;Φ;Φ†�

¼
Z

DΦDΦ† e−Sm½Φ;Φ†�−ΔΓq̄q½Φ;Φ†�

≡
Z

DΦDΦ† e−S
eff
m ½Φ;Φ†�; ð23Þ

where

ΔΓq̄q½Φ;Φ†� ¼ − log Det½ðΔq
0½Φ;Φ†�Þ−1�: ð24Þ

With this prescription, the field content is now only the
mesons, so that in the resulting mesonic 2PI formulation,
we make the following replacement:

Γ½X ;Δ� → Γ½ϕ;Δ�: ð25Þ

We define the shorthand notations for the mesonic momen-
tum integral
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Z
k
fðkÞ≡ T

X
n

Z
d3k
ð2πÞ3 fðωn; kÞ; ð26Þ

and for the fermionic momentum integral

Z
p
fðpÞ≡ T

X
n

Z
d3p
ð2πÞ3 fðν̃n; pÞ; ð27Þ

where ωn ¼ 2nπT and ν̃n ¼ ð2nþ 1ÞπT − iμf are the
bosonic and fermionic Matsubara frequencies, respectively.
Using Eq. (27), and taking the leading order of the

derivative expansion for the one-particle-irreducible (1PI)
effective potential, the quark contribution reads [43,44]

ΔΓq̄q ¼
Z
x
Ωq̄qðΦ;Φ†Þ þ � � � ;

with Ωq̄q ¼ −
Z
p
tr logðΔq

0ðpÞÞ−1

¼ νc
X

f¼u;d;s

Z
∞

0

d3p
ð2πÞ3 fT log½1 − nq;fðT; μfÞ�

þ T log½1 − nq̄;fðT; μfÞ� þ Eq;fg; ð28Þ

where νc ¼ 2Nc ¼ 6 is the internal quark degrees of
freedom, and

nq;fðT; μfÞ ¼ ½1þ expfðEq;f − μfÞ=Tg�−1 ð29Þ

is the Fermi-Dirac distribution function, and nq̄;fðT; μfÞ ¼
nq;fðT;−μfÞ. Eq;f is the single-particle dispersion relation
for the fermions given by

Eq;f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þm2

f

q
; ð30Þ

where the flavor-dependent mass m2
f is evaluated from the

eigenvalues of the meson field-induced mass matrix

M2
ij ¼ g2ðTaÞikðσa þ iγ5πaÞðTbÞkjðσa − iγ5πaÞ
¼ g2 PR½Φ†Φ�ij þ g2 PL½ΦΦ†�ij; ð31Þ

with PL=R ¼ ð1 ∓ γ5Þ=2 being the left-/right-hand projec-
tors in the Dirac spinor space. The constituent quark masses
induced from the mesonic mean-field background read

Ml ¼ g Φ̄1; Ms ¼ g Φ̄3; ð32Þ

where the subscripts l and s stand for the light and strange
quarks, respectively.
Regarding Seffm in Eq. (23) as the UVaction, the mesonic

CJT potential with quark loop contribution, in the presence
of the homogeneous mean-field background in Eq. (10), is
read as the loop expansion,

VCJT½σ; GS; GP�

¼ VðσÞ þ 1

2

Z
k
tr½log G−1

S ðkÞ þ log G−1
P ðkÞ�

þ 1

2

Z
k
tr½Ḡ−1

S ðk; σÞGSðkÞ þ Ḡ−1
P ðk; σÞGPðkÞ − 2 · 1adj�

þ V2½σ; GS; GP� þ Ωq̄qðσÞ; ð33Þ

where σ denotes the homogeneous mean-field background,
and 1adj is the unit matrix in the adjoint representation of
Uð3Þ having the size of N2

f × N2
f, and the scalar (pseudo-

scalar) propagator is represented as GS (GP). These GS and
GP are treated as independent variables in the current
formalism. Ḡ−1

S ðk; σÞ and Ḡ−1
P ðk; σÞ are the mesonic inverse

propagators constructed from the tree-level meson terms
and the quark one-loop contributions, which read

½Ḡ−1
S ðk; σÞ�ab ¼ k2δab þ ½m2

SðσÞ�ab þ
∂
2Ωq̄q

∂σa∂σb

����
Φ¼Φ̄

;

½Ḡ−1
P ðk; σÞ�ab ¼ k2δab þ ½m2

PðσÞ�ab þ
∂
2Ωq̄q

∂πa∂πb

����
Φ¼Φ̄

: ð34Þ

The explicit form of the derivatives of Ωq̄q can be found in
Appendix B 4.
For the 2PI diagram contributions, V2 present in

Eq. (33), we adopt the Hartree approximation, which is
truncated at the two-loop level as follows:

V2½GS;GP� ¼ F abcd

Z
k
½GSðkÞ�ab

Z
q
½GSðqÞ�cd

þ F abcd

Z
k
½GPðkÞ�ab

Z
q
½GPðqÞ�cd

þ 2Habcd

Z
k
½GSðkÞ�ab

Z
q
½GPðqÞ�cd; ð35Þ

where F abcd and Habcd consist of the four-meson cou-
plings λ1 and λ2, which are defined in Eq. (B8). The
corresponding Feynman diagrams are listed in Fig. 1.

FIG. 1. Feynman diagrams contributing to V2 in Eq. (B7).
The solid lines represent the scalar propagators ½GS�ab, and the
double-solid lines the pseudo-scalar propagators ½GP�ab. The
black dots denote the bare vertices, which are expressed as F abcd

and Habcd in the text, respectively.
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2. Self-consistency of the quark sector

Here, we further comment on the approximation scheme
adopted in the present formulation. First of all, note that the
quark propagatorΔq

0 in Eq. (28) keeps the background-field
dependence of σ, which is evaluated at tree level. This is
understood as a consequence of the two-step construction
of the generating functional: the quark fields are first
integrated out for a fixed mesonic configuration, and the
resulting mesonic theory is then treated within the CJT
formalism.
To see this more explicitly, let us temporarily reintroduce

the Grassmann-valued sources η and η̄ coupled to the quark
fields. For a fixed mesonic configuration, the quark part is
Gaussian, and the quark propagator is given by the inverse
of the corresponding Dirac operator. After integrating out
the quarks, the full quark two-point function can still be
reconstructed as an insertion in the remaining mesonic path
integral,

½Δqðx; yÞ�ij ¼
1

Z
δ⃗

δη̄iðxÞ
Z½η; η̄� δ⃖

δηjðyÞ
����
η;η̄¼0

¼ 1

Z

Z
DΦDΦ† det ½Δq;−1

0 ½Φ;Φ†��e−Sm½Φ;Φ†�

× ½Δq
0½Φ;Φ†�ðx; yÞ�ij

≡ h½Δq
0½Φ;Φ†�ðx; yÞ�ijiϕ: ð36Þ

Here h� � �iϕ denotes the expectation value with respect to
the effective mesonic weight after the quarks have been
integrated out. This expression makes clear that the full
quark propagator is not simply the inverse Dirac operator
evaluated at the mean meson field. Rather, it is the mesonic-
fluctuation average at the fixed-background ϕ. To connect
this expression with the usual Dyson-Schwinger form, we
decompose the mesonic field into its expectation value and
fluctuation,

Δq;−1
0 ¼ i=̃pþ gϕ̄þ gϕ̃≡ Δq;−1

0 ½ϕ̄� þ gϕ̃; ð37Þ

where ϕ̄ ¼ hϕiϕ is the mesonic background field, and

hϕ̃iϕ ¼ 0. In Eq. (37), we have omitted the group structure
of the mesonic fields for the sake of clarity. Noting the
following identity

ðΔq;−1
0 ½ϕ̄� þ gϕ̃ÞΔq

0 ¼ 1; ð38Þ

and taking the average among the mesonic fluctuations, one
obtains

Δq;−1
0 ½ϕ̄�Δq þ ghϕ̃Δq

0iϕ ¼ 1: ð39Þ

The second term on the left-hand side of Eq. (39) is read as
the response of the quark propagator to the source of the

fluctuating meson field. Thus, it is the connected three-
point function in Euclidean spacetime,

hϕ̃Δq
0iϕ ¼ −ΔϕΔqΓð3Þ

q̄ϕqΔq; ð40Þ

whereΔϕ is the full mesonic propagator, and Γð3Þ
q̄ϕq is the 1PI

Yukawa vertex. Substituting Eq. (40) into Eq. (39), and
multiplying by right by Δq;−1 on both sides, one obtains the
Dyson-Schwinger equation of the quark two-point function
in the corresponding Yukawa theory

Δq;−1 ¼ Δq;−1
0 ½ϕ̄� − gΔqΔϕΓð3Þ

q̄ϕq; ð41Þ

which consists of the mesonic rainbow diagrams. Thus, the
mesonic fluctuation corrections to the quark propagator are
present in the exact theory. In the present approximation,
however, these corrections are not fed back into the
mesonic CJT functional, so that the quark determinant
and the quark-loop contribution to the mesonic inverse
propagator are evaluated merely by Δq

0½ϕ̄�. This is in the
sense in which the quark sector is treated at the back-
ground-field level.
A more complete treatment would require introducing a

bi-local source for the quark fields and deriving a quark-
meson 2PI effective action. In such an extended formu-
lation, both the mesonic and the quark propagators are
variational variables, and their stationarity conditions lead
to coupled gap equations. Such a treatment would self-
consistently feed the mesonic fluctuation corrections to the
quark propagator back into the mesonic sector. By contrast,
the present mesonic CJT construction keeps only the
background-field quark propagator in the fermion deter-
minant and in the quark-loop contribution to the mesonic
two-point function.
To further clarify the relation between those two

approximation schemes, it is useful to borrow terms used
in the functional renormalization group (fRG). In the fRG
approach, one introduces the scale-dependent 1PI effective
average action Γk, which interpolates between the micro-
scopic action at the UV scale (S) and the full quantum
effective action in the IR (Γ), like

Γk→Λ ≃ S; Γk→0 ¼ Γ: ð42Þ

Its scale dependence is determined by the Wetterich
equation [45]

∂kΓk ¼
1

2
STr½ðΓð2Þ

k þ RkÞ−1∂kRk�; ð43Þ

where Rk is the IR regulator and STr denotes the supertrace
over all internal, spacetime or momentum, and field-space
indices. Although Eq. (43) is formally exact, its practical
use requires specifying an ansatz for Γk, and the chosen
ansatz determines which correlation functions evolve
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self-consistently. For example, in a local potential approxi-
mation for the quark-meson model, one may parametrize
the quark two-point function as

Γð2Þ
k;q̄qðp; ϕ̄Þ ¼ i=pþ gkϕ̄: ð44Þ

At this truncation level, the quark mass is identified as the
Yukawa-induced local background mass. Mesonic and
quark fluctuations may still contribute to the flow of the
effective potential and other retained couplings, but the
mesonic fluctuation corrections to the quark propagator
itself are truncated out in the evaluation of the quark
propagator. This is directly analogous to the approximation
adopted in the present mesonic CJT construction, where the
quark determinant and the quark-loop contribution to the
mesonic two-point function are evaluated at the back-
ground-field quark propagator level.
A more refined fRG truncation instead promotes the

quark two-point function to a running parameter. For
instance, one may write

Γð2Þ
k;q̄qðpÞ ¼ i=pþmq;k: ð45Þ

In such a formulation, the background value gΛϕ̄ is treated
as the initial condition for the flow equation, i.e., the
classical level, of the scalar part of the inverse quark
propagator, while mesonic fluctuations generate additional

corrections onto the flow of Γð2Þ
k;q̄q. This is analogous in

spirit to a quark-meson 2PI formulation in which the quark
propagator is also treated as a variational quantity and is
solved self-consistently together with the mesonic
propagators.

B. Gap equations of meson propagators

We now come back to the effective action VCJT in
Eq. (33). The solutions of the meson correlators, GS and GP,
are determined by solving the quantum equations of motion
with vanishing external sources

δVCJT½σ; GS; GP�
δ½GS�ab

����
σ¼σ̄;GS¼GS;GP¼GP

¼ 0;

δVCJT½σ; GS; GP�
δ½GP�ab

����
σ¼σ̄;GS¼GS;GP¼GP

¼ 0: ð46Þ

Within the Hartree approximation, the meson propagators
do not get wave function renormalization. Thus, we
parameterize the meson correlators with the momentum-
independent dynamical mass termsMS andMP, which read

½GS
−1ðkÞ�ab ¼ k2δab þ ½M2

S�ab;
½GP

−1ðkÞ�ab ¼ k2δab þ ½M2
P�ab: ð47Þ

Inserting Eqs. (34) and (47) into Eq. (46), the gap equations
of MS and MP are evaluated as

½M2
S�ab ¼ ½m2

Sðσ̄Þ�ab þ
∂
2Ωq̄q

∂σa∂σb

����
Φ¼Φ̄

þ 4F abcd

Z
k
½GSðkÞ�cd

þ 4Habcd

Z
k
½GPðkÞ�cd;

½M2
P�ab ¼ ½m2

Pðσ̄Þ�ab þ
∂
2Ωq̄q

∂πa∂πb

����
Φ¼Φ̄

þ 4F abcd

Z
k
½GPðkÞ�cd

þ 4Habcd

Z
k
½GSðkÞ�cd: ð48Þ

Note that by solving these gap equations iteratively, the
daisy-type diagrams are also resummed in a self-consistent
way with the thermal loop contributions from quarks.
As in the vacuum case, we transform the meson mass

matrix from the original basis with indices ða; b; � � �Þ to the
diagonal basis with indices ði; j; � � �Þ through the orthogo-
nal transformation

½M̃2
S=P�ðiÞδij ¼ ðO0;−1

S=PÞia½M2
S=P�abðO0

S=PÞjb: ð49Þ

We refer readers to Appendix B 2 for more details.

C. Stationary conditions and symmetry improvement

In this Subsection, we discuss various schemes for
determining the VEVs of the mesonic fields.
We begin by considering a one-loop improved version of

the 1PI formalism. In this approach, the stationary con-
ditions of σ̄ are extended by replacing the tree-level meson
propagators with the resummed propagators discussed in
Sec. III B. This yields the following equations:

0 ¼ ∂Vmðσ̄Þ
∂σ̄0

þ ∂Ωq̄q

∂σ0

����
Φ¼Φ̄

− 3A0bc

�Z
k
½GSðkÞ�cb −

Z
k
½GPðkÞ�cb

�

þ 4F 0bcdσ̄b

Z
k
½GSðkÞ�dc þ 4H0bcdσ̄b

Z
k
½GPðkÞ�dc;

0 ¼ ∂Vmðσ̄Þ
∂σ̄8

þ ∂Ωq̄q

∂σ8

����
Φ¼Φ̄

− 3A8bc

�Z
k
½GSðkÞ�cb −

Z
k
½GPðkÞ�cb

�

þ 4F 8bcdσ̄b

Z
k
½GSðkÞ�dc þ 4H8bcdσ̄b

Z
k
½GPðkÞ�dc;

ð50Þ

where the definition of the KMT-term-induced vertex Aabc

can be found in Eq. (B20). In each line of Eq. (50), the first
term arises from the tree-level mesonic potential, the
second to fourth terms represent the mesonic one-loop
contributions, and the last term comes from the quark one-
loop potential.
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In the CJT formalism, the VEVs of the field σ̄ are determined by solving the stationary condition of the CJT potential, i.e.,

∂VCJT½σ; GS; GP�
∂σa

����
σ¼σ̄;GS¼GS;GP¼GP

¼ 0; ð51Þ

By inserting the solution of the coupled meson gap equation in Eq. (48), the stationary conditions of the background fields
ðσ̄0; σ̄8Þ take the form

0 ¼ ∂Vmðσ̄Þ
∂σ̄0

− 3A0bc

�Z
k
½GSðkÞ�cb −

Z
k
½GPðkÞ�cb

�
þ 1

2

∂
3Ωq̄q

∂σ0∂σa∂σb

����
Φ¼Φ̄

Z
k
½GSðkÞ�ba þ

1

2

∂
3Ωq̄q

∂σ0∂πa∂πb

����
Φ¼Φ̄

Z
k
½GPðkÞ�ba

þ 4F 0bcdσ̄b

Z
k
½GSðkÞ�dc þ 4H0bcdσ̄b

Z
k
½GPðkÞ�dc þ

∂Ωq̄q

∂σ0

����
Φ¼Φ̄

;

0 ¼ ∂Vmðσ̄Þ
∂σ̄8

− 3A8bc

�Z
k
½GSðkÞ�cb −

Z
k
½GPðkÞ�cb

�
þ 1

2

∂
3Ωq̄q

∂σ8∂σa∂σb

����
Φ¼Φ̄

Z
k
½GSðkÞ�ba þ

1

2

∂
3Ωq̄q

∂σ8∂πa∂πb

����
Φ¼Φ̄

Z
k
½GPðkÞ�ba

þ 4F 8bcdσ̄b

Z
k
½GSðkÞ�dc þ 4H8bcdσ̄b

Z
k
½GPðkÞ�dc þ

∂Ωq̄q

∂σ8

����
Φ¼Φ̄

: ð52Þ

Compared to the stationary conditions with one-loop
contributions in Eq. (50), in Eq. (52) there are additional
three-point vertex terms induced from quark loops:
∂
3Ωq̄q=∂σi∂φa∂φb. At the level of the 2PI effective poten-
tial, this additional term comes from a two-loop diagram
contribution, which is encoded in the following mesonic
Gaussian contraction term

1

2

Z
k
tr½Ḡ−1

S ðk;σÞGSðkÞþḠ−1
P ðk;σÞGPðkÞ�

∋
1

2

Z
k
tr

�
∂
2Ωq̄q

∂σa∂σb

����
Φ¼Φ̄

GSðkÞþ
∂
2Ωq̄q

∂πa∂πb

����
Φ¼Φ̄

GPðkÞ
�
: ð53Þ

This contribution is diagrammatically depicted in Fig. 2. In
the current work, the external-momentum-dependent quan-
tum corrections to the mesonic fields are dropped within
the Hartree-Fock approximation, and the quark-loop con-
tributions are reduced to the potential level independent of
momenta.

In the SICJT formalism [31,32,46], instead of using the
stationary conditions in Eq. (52), the background field
values ðσ̄0; σ̄8Þ are determined by the following relations,
which are equivalent to the Gell-Mann-Oakes-Renner
(GMOR) relations in the context of the LSM:

M2
πΦ̄1 ¼ cml;

M2
KðΦ̄1 þ Φ̄3Þ ¼ cml þ cms: ð54Þ

These relations are derived from the modified WTIs
associated with the chiral rotations, whose derivations
are summarized in Appendix C. A similar GMOR in the
three-flavor LSM can also be found in Ref. [46].
Equation (54) reflects the so-called threshold property

[31] of the Nambu-Goldstone (NG) bosons, which ensures
the lightness of the NG boson in the chirally broken phase,
or before the threshold of the chiral restoration occurs. By
imposing Eq. (54) instead of the stationary conditions in
Eq. (52), the problem of violation of the NG theorem
caused by the introduction of the loopwise truncation in the
2PI formalism is thus resolved [31]. We show a schematic
sketch of the symmetry improvement in Fig. 3. A self-
consistent formulation at the level of the effective action
based on the external sources is presented in Sec. IVA.
The three approaches in Fig. 3 extend the analysis

beyond the purely quark one-loop effective potential by
incorporating mesonic fluctuations. In contrast, if only the
quark one-loop contribution is retained, the stationary
conditions for the mesonic background fields ðσ̄0; σ̄8Þ
reduce to

FIG. 2. Two-loop diagrams of the effective quark contributions
in Eq. (53) to the 2PI effective action in the current work. The
blue lines with an arrow denote the quark propagators, the solid
lines and the double-solid lines represent the scalar propagators
½GS�ab and the pseudoscalar propagators ½GP�ab, respectively, in
the same manner as in Fig. 1. The black dots represent the bare
vertices arising from the Yukawa interaction term.
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0 ¼ ∂Vmðσ̄Þ
∂σ̄0

þ ∂Ωq̄q

∂σ0

����
Φ¼Φ̄

;

0 ¼ ∂Vmðσ̄Þ
∂σ̄8

þ ∂Ωq̄q

∂σ8

����
Φ¼Φ̄

: ð55Þ

In the later Section, we compare the resulting chiral phase
diagrams obtained from the different approaches and
examine how mesonic fluctuations influence the nature
of the chiral phase transition. For completeness, the
necessary formulations of the CJT formalism, together
with the explicit expressions for the quark-loop potential
Ωq̄q and its derivatives with respect to the mesonic fields are
summarized in Appendix B.

D. Renormalization

In the CJT formalism, UV divergences arise in the loop
integrals. A renormalization scheme must therefore be
introduced to remove these divergences and extract physi-
cally meaningful results. In this work, we employ the same
renormalization scheme as in Refs. [29,44,46–48], where
the renormalized vacuum part of the loop corrections is
absorbed into the tree-level parameters and subtracted
accordingly, such that only the minimal medium effects
are retained. Although this scheme neglects part of the
field-background dependence of the effective action, it
remains adequate for a qualitative analysis.
Fermions contribute to the effective action only through

the quark one-loop potential Ωq̄q and its derivatives,
evaluated in a homogeneous mesonic background. We

therefore discard the vacuum contribution,

Ωq̄q

���
vac

¼ νc
X

f¼u;d;s

Z
∞

0

d3p
ð2πÞ3 Eq;f; ð56Þ

and retain only the thermal part of the quark one-loop
potential,

ΩR
q̄q ¼ Ωq̄qjT ¼ νcT

X
f¼u;d;s

Z
∞

0

d3p
ð2πÞ3 flog½1 − nq;fðT; μfÞ�

þ log½1 − nq̄;fðT; μfÞ�g: ð57Þ

In the mesonic sector, two types of one-loop terms
appear in the 2PI effective action: the trace-log terms,Z

k
tr log½G̃−1

S ðkÞ�ðiÞ;
Z
k
tr log½G̃−1

P ðkÞ�ðiÞ; ð58Þ

and the tadpole integrals,Z
k
½G̃SðkÞ�ðiÞ

Z
k
½G̃PðkÞ�ðiÞ: ð59Þ

In the Hartree approximation, the meson propagators are
parametrized as in Eq. (47), so these loop integrals take
simple forms. Taking the scalar propagator ½G̃S�ðiÞ as an
example, one obtainsZ

k
tr log½G̃−1

S ðkÞ�ðiÞ

¼T
X∞
n¼−∞

Z
d3k
ð2πÞ3 log½ω

2
nþðϵS;ðiÞk Þ2�

¼
Z

d3k
ð2πÞ3

n
ϵS;ðiÞk −2T log½1þnBðϵS;ðiÞk Þ�

o
; ð60Þ

Z
k
½G̃SðkÞ�ðiÞ ¼ T

X∞
n¼−∞

Z
d3k
ð2πÞ3

h
ω2
n þ ðϵS;ðiÞk Þ2

i
−1

¼
Z

d3k
ð2πÞ3

1

2ϵS;ðiÞk

h
1þ 2nBðϵS;ðiÞk Þ

i
; ð61Þ

where nB denotes the Bose-Einstein distribution function,

nBðϵS=P;ðiÞk Þ ¼ ðexp ½ϵS=P;ðiÞk =T� − 1Þ−1; ð62Þ

and the mesonic dispersion relation is given by

ϵS=P;ðiÞk ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkj2 þ ½M̃2

S=P�ðiÞ
q

: ð63Þ

As in the fermionic sector, we discard the vacuum
contributions and retain only the thermal parts in the
mesonic sector,

FIG. 3. Schematic illustration of the SICJT formalism at the
level of the equations of motion, as given in Ref. [46]. The figure
is shown in the ðϕ;ΔÞ plane, where ϕ denotes the sourced field
VEV and Δ the sourced propagator, which together parametrize
the effective actions. The black blobs (from right to left) indicate
the solutions obtained from the full quantum effective action Γ,
the truncated 1PI effective action Γ1PI

tr , and the truncated 2PI
effective action Γ2PI

tr . The black dashed and dotted curves
represent the constrained trajectories associated with the 1PI
and 2PI formalisms, respectively, while the blue solid curve
denotes the propagator gap equation for arbitrary ϕ. The red
square marks the solution realized within the SICJT formalism.
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Z
k
tr log½G̃−1

S ðkÞ�ðiÞ ¼ −2T
Z

d3k
ð2πÞ3 log ½1þ nBðϵS;ðiÞk Þ�;

Z
k
½G̃SðkÞ�ðiÞ ¼

Z
d3k
ð2πÞ3

nBðϵS;ðiÞk Þ
ϵS;ðiÞk

: ð64Þ

These subtracted loop integrals can be used directly in the
stationary conditions, Eq. (52), and in the gap equations,
Eq. (48). We have verified the consistency between the
subtracted 2PI effective action and the corresponding
equations of motion by comparing the solutions of these
equations with the numerical minima of the CJT effective
potential. This completes the present formulation of both
the CJT and SICJT formalisms.

IV. SYMMETRY-IMPROVED 2PI ACTION AND
THERMODYNAMICS

In this Section, we discuss the implementation of
symmetry improvement at the level of the self-consistent
2PI action and formulate the corresponding thermodynam-
ics. As addressed in Sec. III C, the stationary condition of
the 2PI effective potential (52) is not imposed directly.
Instead, the ground state of the system is determined by the
GMOR relations (54) induced by the WTIs. In Ref. [31],
the symmetry-improved formalism is realized by means of
a Lagrange multiplier. However, if one extends the for-
mulation with nonzero quark masses, beyond the chiral
limit, the gap equations would be modified by the con-
straint term. This is because, at a finite current quark mass,
the singular behavior of the multiplier no longer arises, and
the right-hand side of the gap equation (46) remains finite.
Therefore, a reformulation of the symmetry-improved 2PI
effective action is necessary, as it provides the basis for a
consistent thermodynamic formulation.

A. Source-based formulation of SICJT beyond
the chiral limit

In this work, we adopt an alternative but equivalent
interpretation of the symmetry improvement at the level of
the 2PI effective action, which can be directly applied to the
cases with a finite current quark mass term. To this end, we
note again that the stationary conditions (52) are not
imposed; rather, they can be expressed by introducing
the local external sources jm to the thermodynamic system,
such that the equations of motion for the background fields
become

δΓ½ϕ;Δ�
δϕm

¼ jm: ð65Þ

While the bilocal source Kmn is kept vanishing, the gap
equation remains unchanged,

δΓ½ϕ;Δ�
δΔmn

¼ 0: ð66Þ

The source jm is not fixed at this point but is determined
only after additional IR constraints are imposed. For the
three-flavor LSM, we introduce two independent external
sources, J1 and J3, coupled to the mesonic background
fieldsΦ1 andΦ3. In the following context, we use j to stand
for the source coupled to the general field contents, and J
for the source coupled to the mesonic fields only, which
follows the convention in Eq. (18).
In the symmetry-improvement procedure, the external

sources are then fixed by the GMOR relations (54). In
principle, this is achieved by considering the 2PI version of
the WTIs,

δ2Γ½ϕ;Δ�
δϕiδϕm

· dmnϕn þ
δ

δϕi

��
δS
δM

�
J
· δϵMþ H:c:

�

¼ −
δΓ½ϕ;Δ�
δϕm

· dmi −
δ2Γ½ϕ;Δ�
δϕiδΔmn

· ðdnkΔmk þ dmkΔknÞ;

ð67Þ

where we have taken an additional functional derivative
with respect to the field ϕi and suppressed the spacetime
labels. In Eq. (67), dmn denotes the matrix representation of
the infinitesimal symmetry shift in the field space, i.e.,
δϵϕm ¼ dmnϕn, S is the classical action, and M is the
symmetry-breaking spurion field, which is the current
quark mass matrix defined in Eq. (7). For the derivation,
we refer readers to Appendix C.
One notices that the left-hand side of Eq. (67) yields the

1PI version of the WTIs. To ensure the 1PI WTIs, the
sources are locally fixed such that the terms in the second
line of Eq. (67) are forced to cancel each other once the
equations of motion (65) are applied. We write the set of
sources that satisfy this constraint as

fJ1SI; J2SI; � � �g; ð68Þ

where “SI” stands for “symmetry improvment.” Once the
sources are fixed in this way, the 1PI WTIs are restored. The
stationary conditions are then replaced by functional relations
between the truncated 2PI effective action and the external
sources, while the system is stabilized by the 1PI WTIs
together with the unmodified gap equations. This completes
the source-based formulation of symmetry improvement at
the level of the 2PI effective action. The equilibrium
conditions are then specified by the unmodified gap equa-
tions together with the symmetry-improvement constraints.
After deriving the present source-based formulation, we

became aware of the external-sources approach of Garbrecht
et al. [34], which realizes symmetry improvement through
nonvanishing external sources. The two constructions are
closely related in spirit. In the present work, we take one
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further step by focusing on the thermodynamic formulation
and its ambiguities beyond the chiral limit, which has not
been discussed in the literature.

B. Pressure and equation of state in the sourced system

In the presence of the external sources, all thermody-
namic observables are modified by the background of these
sources. This is understood by enabling the external forces
or external fields to couple to the system. Consider the
definition of the grand canonical potential

ΩðV3; T; μB; jÞ ¼ −β−1 logZ½j�; ð69Þ
where Z½j� is the corresponding partition function, V3 ¼R
d3x denotes the three-dimensional space volume.

According to Eq. (21), when the fields and propagators
are evaluated at the solutions for the stationary conditions
(65) and the gap equations (66) in the presence of the
external sources, the resulting effective action is related to
the grand canonical potential ΩðV3; T; μB; jÞ by

Γ½ϕ̄; Δ̄� ¼ jm · ϕ̄m þ βΩðV3; T; μB; jÞ: ð70Þ

This allows us to construct the thermodynamic observables
from the 2PI effective action with nonvanishing jm.

1. Pressure and thermodynamic ambiguity

In this work, we adopt the truncated 2PI effective action
Γtr in Euclidean spacetime along with the homogeneous
field background σ̄ðxÞ ¼ σ̄. The CJT effective potential for
the three-flavor LSM is thus directly read off from Γtr as

Γtr½σ̄;GS;GP� ¼ β V3 VCJT½σ̄;GS;GP�: ð71Þ

In the grand canonical ensemble, the raw pressure is
obtained by the scaling law between the grand canonical
potential Ω and the volume of the space V3 as

Praw ¼ −
Ω
V3

: ð72Þ

From Eqs. (70)–(72), the raw pressure thus reads

Praw ¼ −VCJTðσ̄;GS;GPÞ þ J1SIΦ̄1 þ J3SIΦ̄3; ð73Þ

where Φ̄1 and Φ̄3 are related to σ̄0 and σ̄8 through Eq. (12),
and the sources are read off from the field derivatives of the
CJT potential at the symmetry-improved ground states as

J1SI ¼
∂VCJT

∂Φ1

����
σ¼σ̄;GS¼GS;GP¼GP

;

J3SI ¼
∂VCJT

∂Φ3

����
σ¼σ̄;GS¼GS;GP¼GP

: ð74Þ

To demonstrate the equivalence between the current
formulation and the one using Lagrange’s multiplier in
the chiral limit, we perform an explicit comparison of the
raw pressure with the expression obtained in Ref. [31]. In
the literature, the 2PI effective action for a general theory is
formulated in Minkowskian spacetime as

Γtr ¼ −
Z
x
Veff þ � � � ; ð75Þ

where the spacetime volume is given byZ
x
≡
Z

dt
Z

d3 x ¼ −iβ V3; ð76Þ

and Veff denotes the effective potential of he theory. The
“symmetry-improved” 2PI effective action Γ̃, grand-
canonical potential Ω̃, and the pressure P are,

Γ̃ ¼ Γtr − ly ϕ
H
x Δ−1;GG

xy ;

Ω̃ ¼ −PV3 ¼ −iβ−1 Γ̃: ð77Þ

The multiplication of the local Lagrange’s multiplier lx by
the inverse NG-boson propagator Δ−1;GG

xy at the solutions
converges into the regular values [31]Z

y
ly Δ−1;GG

xy ¼ l0m2; ð78Þ

where m2 is a dimensionful parameter introduced when
defining the regularized multiplier l0. The VEV of ϕH is
obtained by stabilizing the symmetry-improved 2PI effec-
tive action

δΓ̃
δϕH

x

����
ϕH¼v

¼ 0: ð79Þ

Noting that the external source in the original effective
action Γtr is expressed as

J ¼ −
δΓtr

δϕH
x

����
ϕH¼v

¼ −l0 m2; ð80Þ

we obtain that the raw pressure in this formulation satisfies

Praw ¼ iðβV3Þ−1Γ̃ ¼ −Veff − l0m2v

¼ −Veff þ Jv; ð81Þ

which matches Eq. (73).
To define the physically meaningful thermodynamics,

normalizing the raw pressure by subtraction is necessary.
This subtraction is justified by the fact that a constant shift
of the effective action does not affect the dynamics or the
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equations of motion when the external variables are fixed.
By contrast, comparisons among different equilibrium
states, such as those involved in the evaluation of the
sound velocity and the trace anomaly, require a sensible
reference point for the pressure. This in turn leads to a
thermodynamic ambiguity in systems where the sources are
not prescribed as external fields, but are instead determined
intrinsically by the dynamics of the system.
In the present work, we consider three different pre-

scriptions for the normalization of the pressure. The first is
obtained by subtracting the vacuum value of the raw
pressure, Prawð0; 0Þ, from the raw pressure at finite T
and μB. We refer to the pressure normalized this way as the
vacuum-subtracted pressure, dubbed Pvac,

Pvac ≡ PrawðT; μBÞ − Prawð0; 0Þ

¼ −
1

V3

½ΩðV3; T; μB; jÞ − ΩðV3; 0; 0; 0Þ�: ð82Þ

This prescription is the standard one in sourceless systems
and is widely adopted in thermodynamic analysis. In the
current formulation, the loop corrections at the vacuum are
turned off, leaving the external sources to vanish. We
rewrite Pvac in Eq. (82) in a more practical form,

Pvac ¼ VmðΦ̄ð0ÞÞ − VCJTðσ̄;GS;GPÞ
þ J1SIΦ̄1 þ J3SIΦ̄3; ð83Þ

where VmðΦ̄ð0ÞÞ denotes the tree-level mesonic potential
evaluated at the background fields Φ̄ð0Þ and T ¼ μB ¼ 0.
The second prescription is to subtract the vacuum

pressure evaluated at the same source configuration j.
We refer to this pressure as the source-matched vacuum-

subtracted pressure, denoted as PðjÞ
vac,

PðjÞ
vac ≡ PrawðT; μBÞ − Prawð0; 0; jÞ

¼ −
1

V3

½ΩðV3; T; μB; jÞ −ΩðV3; 0; 0; jÞ�: ð84Þ

This prescription removes the vacuum offset contributions,
while keeping the source configuration fixed, and therefore
allows comparing the finite-temperature system with the

vacuum system under the same source supply. PðjÞ
vac in

Eq. (84) is further evaluated and takes the more explicit
form

PðjÞ
vac ¼ VmðΦ̄ð0ÞÞ − VCJTðσ̄;GS;GPÞ

þ J1SIðΦ̄1 − Φ̄ð0Þ
1 Þ þ J3SIðΦ̄3 − Φ̄ð0Þ

3 Þ: ð85Þ

In light of the third prescription, we first consider the
effective action in the presence of external sources. For
nonvanishing jm, one may define

Γj½ϕ;Δ�≡ Γ½ϕ;Δ� − jm · ϕm; ð86Þ

such that the equation of motion for the expectation value
of ϕm takes the sourceless form

δΓj½ϕ;Δ�
δϕm

����
ϕ¼ϕ̄

¼ 0: ð87Þ

The raw pressure Praw as well as the symmetry-improved
2PI action introduced in Ref. [31] are defined by the on-
shell value of the source-shifted effective action Γj. This
shift also modifies the on-shell value of the effective action
by the field-dependent amount jm · ϕ̄m. Such a field-
dependent shift is usually introduced when jm is regarded
as a genuine external source, otherwise not. However, this
shift can be determined self-consistently by intrinsic
dynamics, as in the SICJT formalism. Thus, we further
introduce a “pulled-back” effective action, denoted as Γ�

j ,

Γ�
j ½ϕ;Δ�≡ Γj½ϕ;Δ� þ jm · ϕ̄m; ð88Þ

or equivalently,

Γ�
j ½ϕ;Δ� ¼ Γ½ϕ;Δ� − jm · ðϕm − ϕ̄mÞ: ð89Þ

This “pulled back” removes the source-induced linear tilt at
the self-consistent solution as well as the additional energy
shift, while preserving the stationary condition and the
local fluctuation structure. This procedure is illustrated in
Fig. 4. Then, we define the “pulled-back” pressure as the
thermodynamic quantity associated with the on-shell value
of the pulled-back effective action Γ�

j , namely,

P� ≡ −
1

V3

½Ω�ðV3; T; μBÞ − Ω�ðV3; 0; 0Þ�; ð90Þ

where the “pulled-back” thermodynamic potential is
defined as

Ω�ðT; μBÞ≡ 1

β
Γ�
j ½ϕ̄; Δ̄�: ð91Þ

With this P� given, the artificial energy shift induced by the
explicit source jm is removed, while its implicit influence
through the self-consistent solution remains. This feature
can be seen more explicitly by further rewriting P� as

P� ¼ VmðΦ̄ð0ÞÞ − VCJTðσ̄;GS;GPÞ; ð92Þ

which follows from Eqs. (71) and (89)–(91) and coincides
with the pressure in the sourceless system.
Among these three prescriptions, comparison of pressure

at different values of T and μB becomes uncertain, due to
the explicit ðT; μBÞ-dependence of the external sources

GUAN, KAWAGUCHI, MATSUZAKI, and TOMIYA PHYS. REV. D 114, 054015 (2026)

054015-12



J1SI ¼ J1SIðT; μBÞ; J3SI ¼ J3SIðT; μBÞ: ð93Þ

This ambiguity is directly reflected in the spinodal region
associated with the first-order chiral phase transition.
A more detailed discussion is given in Sec. V B.

2. Thermodynamic observables on the SI manifold

Once the pressure of the SI system is defined, the
remaining thermodynamic observables are obtained as
follows:

s ¼


∂P
∂T

�
μB;j

; nB ¼


∂P
∂μB

�
T;j
;

ε ¼ −Pþ Tsþ μBnB; ð94Þ

where s, nB, and ε denote the entropy density, baryon
number density, and energy density, respectively. The
quantities held fixed in the differentiation are indicated
by the subscripts. However, an additional ambiguity arises
when the derivatives with respect to the thermodynamic
variables are evaluated: as discussed in the last Subsection,
the external sources are introduced to cancel the extra terms
that appear in the 2PI WTIs but are absent in their 1PI
counterparts. Consequently, at the SI thermal equilibrium,
the sources become functions of T and μB, as in Eq. (93).
The medium dependence of the sources affects thermo-

dynamics if one adopts the conventional total-derivative
prescription,



∂P
∂Xi

�
SI
≡ d

dXi
½PðT; μB; j ¼ JSIðT; μBÞÞ�; ð95Þ

where the medium-dependent JSIðT; μBÞ contributes in part
to the physical system, and the pressure P is differentiated
along the SI “manifold” as illustrated for the effective
action later in Fig. 5. In Eq. (95), Xi ¼ T; μB; � � � denotes
the all possible thermodynamic parameters. One may retain
the original thermodynamic definition and perform the
differentiation at a fixed external source, imposing the SI
condition only after the differentiation. This way corre-
sponds to subtracting the contribution induced by the
implicit variation of the SI sources,



∂P
∂Xi

�
SI
≡ d

dXi
½PðT; μB; j ¼ JSIðT; μBÞÞ�

−
∂P
∂jm

����
j¼JSI

dJmSIðT; μBÞÞ
dXi

: ð96Þ

This subtraction ambiguity reflects two different interpre-
tations of the source background: whether the SI source
should be regarded as an intrinsic part of the thermody-
namic system, or as an auxiliary construction introduced to
enforce the symmetry constraints. Our numerical analysis
supports the latter interpretation in the present formulation.
With the total-derivative prescription in Eq. (95), unphys-
ical behavior may arise, such as negative entropy density or
negative baryon number density in regions with positive
μB. By contrast, the fixed-source prescription in Eq. (96)
removes these pathologies and yields physically reasonable
isentropic trajectories. Therefore, in the following, we
adopt Eq. (96) as the definition of the thermodynamic
derivatives used to construct the equation of state.
Depending on the different normalization prescriptions

for P, introduced in the previous Subsection, the adopted
derivative definition Eq. (96) gives



∂Pvac

∂Xi

�
SI
≡ d
dXi

½PvacðT;μB;j¼JSIÞ�−Φ̄1

dJ1SI
dXi

−Φ̄3

dJ3SI
dXi

;



∂PðjÞ

vac

∂Xi

�
SI
≡ d
dXi

h
PðjÞ
vacðT;μB;j¼JSIÞ

i

−ðΦ̄1−Φ̄ð0Þ
1 ÞdJ

1
SI

dXi
−ðΦ̄3−Φ̄ð0Þ

3 ÞdJ
3
SI

dXi
;


∂P�

∂Xi

�
SI
≡ d
dXi

½P�ðT;μB;j¼JSIÞ�; ð97Þ

for Eqs. (83), (85), and (92), respectively. Substituting
Eqs. (83), (85), and (92) into Eq. (97), we get

FIG. 4. Schematic illustration of the original effective action Γ,
the source-shifted effective action Γj, and the pulled-back
effective action Γ�

j along the field direction ϕ. The source-shifted
effective action Γj is obtained by adding the linear tilt induced by
the external source, such that the self-consistent solution ϕ̄
becomes a stationary point. The pulled-back effective action
Γ�
j differs from Γj by a constant shift jm · ϕ̄m, which removes the

explicit source-induced energy offset while preserving the same
stationary point and local fluctuation structure. The vertical and
horizontal dashed lines indicate the on-shell value and the
location of ϕ̄, respectively.

THERMODYNAMICS IN SYMMETRY-IMPROVED CORNWALL- … PHYS. REV. D 114, 054015 (2026)

054015-13





∂Pvac

∂Xi

�
SI
¼


∂PðjÞ

vac

∂Xi

�
SI
¼ d
dXi

½VmðΦ̄ð0ÞÞ−VCJTðσ̄;GS;GPÞ�

þJ1SI
dΦ̄1

dXi
þJ3SI

dΦ̄3

dXi
;


∂P�

∂Xi

�
SI
¼ d
dXi

½VmðΦ̄ð0ÞÞ−VCJTðσ̄;GS;GPÞ�: ð98Þ

For higher-order derivatives, such as susceptibilities,
Eq. (96) can be generalized to an arbitrary thermodynamic
quantity ς as



∂ς

∂Xi

�
SI
≡ d
dXi

½ςðT;μB;j¼JSIÞ�−
δς

δjm

����
j¼JSI

·
dJmSI
dXi

; ð99Þ

where δ=δjm denotes the functional derivative, and the
spacetime integration has been abbreviated into the symbol
“·”. Accordingly, the second derivatives of the different
pressure prescriptions take the forms



∂
2Pvac

∂Xi∂Xj

�
SI

¼


∂
2PðjÞ

vac

∂Xi∂Xj

�
SI

¼ d2

dXidXj
½VmðΦ̄ð0ÞÞ − VCJTðσ̄;GS;GPÞ�

þ J1SI
d2Φ̄1

dXidXj
þ J3SI

d2Φ̄3

dXidXj
; ð100Þ



∂
2P�

∂Xi∂Xj

�
SI

¼ d2

dXidXj
½VmðΦ̄ð0ÞÞ − VCJTðσ̄;GS;GPÞ�:

ð101Þ

With this prescription, the Maxwell relation



∂s
∂μB

�
SI
¼


∂nB
∂T

�
SI

ð102Þ

is satisfied in all three normalization criteria.
In the following section, we analyze the thermodynamics

of the SI system based on the three different descriptions
for pressure and related equations of state. The schematic
relations among the three different cases are depicted in
Fig. 5. In the 1PI formalism, the GMOR relation is satisfied
irrespective of the external sources, whereas in the 2PI
formalism, it is fulfilled only for particular source values.
Accordingly, the equilibrium states are defined differently
with or without the presence of external sources.

V. NUMERICAL ANALYSIS

In this Section, we present the results on the numerical
evaluation of the chiral phase diagram and related thermo-
dynamics obtained from the LSM using the approaches

introduced in Sec. III. For numerical implementations, we
refer readers to Ref. [46].

A. Parameter setup

In this work, the model is specified by seven independent
parameters,

g; μ2; λ1; λ2; cml; cms; B:

ð103Þ

The parameters entering the mesonic potential Vm are fixed
at tree level by reproducing vacuum mesonic observables,
with the vacuum quantum fluctuation contribution sub-
tracted. Following Ref. [44], we consider three parameter
sets. They share the same decay-constant inputs,

fπ ¼ 92.4 MeV; fK ¼ 113.02 MeV; ð104Þ

which are related to the mesonic field VEVs through

fπ ¼ 2Φ̄1; fK ¼ Φ̄1 þ Φ̄3: ð105Þ

The common mesonic parameters are

cml ¼ ð95.82Þ3 MeV3; cms ¼ ð299.71Þ3 MeV3;

λ1 ¼ 46.48; B ¼ 4807.84 MeV: ð106Þ

The three parameter sets mainly differ in the choice of the
light scalar-isoscalar mass m½f0ð500Þ�. This choice fixes
the remaining set-dependent parameters μ2 and λ2, and also
affects the heavier scalar-isoscalar mass and the scalar
mixing angle. The resulting values are summarized in
Table I.
For all three sets, the remaining vacuum meson spectrum

is kept unchanged,

FIG. 5. Sketch of the equilibria for different formulations. The
axes denote the thermodynamic parameters such as the baryon
chemical potential μB, the temperature T, and the external sources
J. The blue plane corresponds to the thermal equilibrium defined
in the 1PI formalism as well as in the standard 2PI formalism,
while the SICJT formalism gives the orange surface.
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ma0 ¼ 1028.7 MeV; mκ ¼ 1124.3 MeV;

mη0 ¼ 963.0 MeV; mη ¼ 539.0 MeV;

mπ ¼ 138 MeV; mK ¼ 496 MeV; ð107Þ

and the pseudoscalar mixing angle is

θ0P ¼ −5.0°: ð108Þ

The Yukawa coupling is fixed around g ∼ 6.5 so that the
light constituent quark mass yields Ml ¼ 300 MeV. Thus,
the three parameter sets provide a controlled way to
examine the sensitivity of the thermodynamics to the
scalar-isoscalar sector, especially to the poorly constrained
vacuum mass of f0ð500Þ. In the following analysis, we use
parameter set II, corresponding tom½f0ð500Þ� ¼ 800 MeV,
as our primary reference.

B. Chiral order parameters and phase diagram

In Fig. 6, we show the temperature dependence of the
chiral order parameters (10) from the CJT and the SICJT
formalisms for different values of baryon chemical poten-
tial μB. In both formalisms, the temperature dependence of
the light Φ1 and strange Φ3 condensates exhibits the
expected hierarchical behavior, as also seen in other
approaches. The crossover pseudocritical temperature lines
TpcðμBÞ (dashed lines) are identified as the peak place for
the thermal susceptibility of the light-quark condensate

χT;l ≡ −
∂hlli
∂T

: ð109Þ

As μB increases, the drop in condensate becomes pro-
gressively sharper, and the corresponding transition shifts
to lower temperatures, signaling that the theory approaches
the first-order region where the different phase branches
develop. Comparing the CJT and SICJT results at the same
μB, one observes that the SI construction modifies both the
location and the sharpness of the condensate melting. This
indicates that the restoration pattern is quantitatively
sensitive to the manner in which the chiral symmetry
constraints are imposed.
For orientation with respect to other effective and first-

principles approaches, the zero-density condensate behav-
ior and the corresponding pseudocritical temperatures are
compared with several representative results from other
approaches in Appendix F 1. Since the definitions and
normalizations of the condensates are not identical in all
approaches, the comparison is used to characterize the
crossover location and shape, rather than as a point-by-
point identification of the order parameters.
For the first-order phase boundary (FOPB), we compare

the pressures of coexisting phase branches at fixed T and μB.
As noted at the end of Sec. IV B 1, the various pressure
prescriptions in the SICJT approach involve a common
ambiguity: in the spinodal region, the pressures of different
branches do not necessarily cross each other. This situation
can be seen in Fig. 7 for different prescriptions of the

TABLE I. Parameter sets adopted from Ref. [44]. The three sets differ primarily by the input value of m½f0ð500Þ�.

Set μ2 (MeV2) λ2 m½f0ð500Þ� (MeV) m½f0ð980Þ� (MeV) θ0S

I ð342.52Þ2 1.40 600 1221.1 19.9°

II −ð306.26Þ2 13.49 800 1278.0 30.7°

III −ð520.80Þ2 23.65 900 1348.0 40.9°

FIG. 6. Temperature dependence of the chiral order parameters Φ̄1 (solid lines) and Φ̄3 (dashed lines) in the CJT approach (left panel)
and the SICJT approach (right panel), for several values of the baryon chemical potential μB, indicated by different colors.
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pressure in the SICJT at μB ¼ 970 MeV. This issue orig-
inates from the fact that the SICJT procedure displaces the
solutions associated with the saddle-point structure of the
original truncated CJT effective action Γtr. Consequently, a
branch-by-branch comparison of the pressure, or of the
effective potential, becomes uncertain in the spinodal region,
since different branches generally correspond to different
intrinsic source backgrounds JSI. In the present work, the
FOPB in the SICJT formalism is defined by making the
comparison based on Pvac for demonstration.
In Fig. 8, we present the chiral phase diagrams obtained

from the parameter sets I, II, and III specified in Table I.
Since these parameter sets differ mainly in the input value
of the light scalar massm½f0ð500Þ�, the resulting changes in
the phase boundaries directly reflect the sensitivity of the
chiral phase structure to the scalar meson sector. The
dashed pseudocritical lines are extracted from the maxima
of the thermal susceptibility of the light-quark condensate
in Eq. (109), while the solid lines denote the first-order
phase boundaries and the solid dot the corresponding
critical end point (CEP). As m½f0ð500Þ� increases, the
pseudocritical temperature at μB ¼ 0 increases, whereas the
CEP moves toward larger μB and lower T, and eventually
disappears from the phase diagram.
The differences among the phase diagrams obtained

from the various approaches can be traced back to the

distinct prescriptions used to determine the equilibrium
background. In the pure fermionic one-loop case, the phase
boundaries reproduce the benchmark result in Ref. [44].
Once mesonic fluctuations are included, the phase boun-
daries are modified quantitatively. In particular, the differ-
ence between the CJT and SICJT results reflects the fact
that the SICJT formalism replaces the stationary conditions
of the truncated 2PI effective potential by the GMOR-type
symmetry-improvement constraints, and therefore probes
a different realization of chiral symmetry at the truncated
level.
As emphasized above, the SICJT first-order boundary

shown in Fig. 8 should be understood as the result extracted
from the Pvac prescription, rather than as a prescription-
independent thermodynamic phase boundary. In contrast,
the crossover line is comparatively more robust because it
is determined directly from the susceptibility of the light
condensate.

C. Equations of state

In this Subsection, we compare the equations of state
obtained from the different pressure prescriptions intro-
duced in Sec. IV within the SICJT formalism. The equation
of state and other thermodynamic quantities associated with
energy density and pressure are sensitive to the particle

FIG. 7. Temperature dependence of the pressures under three different prescriptions at μB ¼ 970 MeV.

FIG. 8. Phase diagrams of the DχSB in the ðμB; TÞ plane from different approaches introduced in Sec. III C. From left to right panels,
the f0ð500Þmasses are taken to bem½f0ð500Þ� ¼ 600 MeV,m½f0ð500Þ� ¼ 800 MeV, andm½f0ð500Þ� ¼ 900 MeV. For each panel, the
solid lines denote the first-order phase boundaries, the solid blobs denote the position of the critical end points, and the dashed lines the
pseudocritical temperature lines of the chiral crossover.
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contents of the theory. In lattice QCD, gluons govern there
as a large regular background at high T [12], while the
present LSM with quarks disregards gluons. Thus, quanti-
tatively comparing the result of our current work with the
lattice one will be misleading, hence we will not do that in
this Section, and all the subsequent Secs. V D to V F. In
Appendix F 2 we present a qualitative comparison with
lattice QCD only on the pseudocritical regime of the chiral
crossover transition.
In Fig. 9, we show the normalized pressure, P=T4, as a

function of temperature at fixed baryon chemical potentials
μB ¼ 0, 400, and 800 MeV. The CJT pressure (P), the
pulled-back pressure P�, and the source-matched vacuum-

subtracted pressure PðjÞ
vac exhibit very similar behavior over

most of the temperature range, in particular in the inter-
mediate and high temperature regions. By contrast, Pvac
based on the conventional vacuum-subtracted prescription
shows a qualitatively different low-temperature behavior
from the other three cases, which can drop below zero
during thermal evolution. This indicates that the Pvac

prescription is much more sensitive to the source back-

ground, whereas P� and PðjÞ
vac are fairly insensitive to the

source background and seem to capture the conventional
thermal evolution while maintaining positive pressure.
In the low-temperature region at μB ¼ 800 MeV, there

exists a peak structure for all four cases. We recognize this
universal behavior as the prestage of the nonvanishing
pressure induced by sufficiently high μB at T ¼ 0, where
the normalized pressure P=T4 tends to blow up from
T ¼ 0. This phenomenon reflects the so-called Silver
Blaze property [49,50] of the pressure, which keeps zero
below the threshold value of the baryon chemical potential
at μB ¼ 3Ml ∼ 900 MeV.
At high temperature, none of those pressure prescriptions

realizes the SB limit. Instead, all four pressures converge to
the identical asymptotic value specific to the present model,
P=T4 ∼ 4. The reason is that, within the present quark-
meson description, the mesons are treated as fundamental
dynamical particles, and the corresponding meson mass-to-
temperature ratio

FIG. 9. Pressures, normalized in three different ways as in the text, are plotted as a function of temperature for several fixed values of
the baryon chemical potential μB (solid lines). The different panels display the results obtained in different formalisms (CJT or SICJT)

and with different pressure prescriptions (Pvac, or P
ðjÞ
vac, P�). The horizontal dashed lines denote the model-specific high-temperature

limit and the Stefan-Boltzmann (SB) limit. More detailed discussions are given in the main text.
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rϕT ≡


meson mass

T

�
ð110Þ

does not vanish in the limit T → ∞, but rather approaches a
finite and numerically sizable constant. For the parameter
set with m½f0ð500Þ� ¼ 800 MeV, Nc ¼ 3, and Nf ¼ 3, we
have

rϕ∞ ≃ 3.6674: ð111Þ
As a consequence, the mesonic thermal loops remain non-
negligible even in the asymptotically large-T regime, so
that the pressure approaches a constant different from the
SB value. Including both the mesonic loop contribution and
the interaction terms, in the high-temperature limit, we have

lim
T→∞

PHigh-T

T4
≃ 3.8207: ð112Þ

The detailed derivation of this asymptotic behavior is
summarized in Appendix D.
It is also instructive to make a comparison among the

different pressure prescriptions from a thermodynamic
point of view. Since only pressure differences are physi-
cally significant, the possibility of negative Pvac at low
temperature is not excluded by itself. However, such a case
can strongly distort derived observables that are sensitive to
shifts in the pressure. This is particularly relevant for
quantities such as the trace anomaly. In this sense, the

closer agreement of P� and PðjÞ
vac with the CJT baseline

provides further support to interpret the source background
as an auxiliary term rather than as an actual source applied
to the physical medium. To be more explicit, we summarize
the results on the baryon number density nB, the entropy
density s, and the energy density ε in Appendix E, for CJT
and SICJT formalisms with different pressure prescriptions.
The equation of state and related thermodynamic observ-

ables are sensitive to the microscopic degrees of freedom
included in the theory, as has been noted in the beginning of
Sec. V C. The present linear quark-meson model contains
no explicit gluonic or Polyakov-loop sector and treats the
mesonic fields as fundamental propagating degrees of
freedom. In contrast to the present meson model descrip-
tion, in QCD-based approaches with dynamically gener-
ated hadronic modes, the bosonic sector contribution to
pressure is expected to be highly suppressed in the high-
temperature regime. This trend is reflected, for example, in
fRG studies with dynamical hadronization, where the
mesonic wave-function renormalization decreases with
increasing temperature; see, e.g., Fig. 12 in Ref. [51]. If
the meson wave function renormalization tends to vanish
asymptotically,

Zϕ → 0; ð113Þ

the renormalized meson mass-to-temperature ratio is
expected to diverge,

rϕ;RT ¼ rϕTffiffiffiffiffiffi
Zϕ

p → ∞; ð114Þ

so that the mesonic contribution becomes effectively
decoupled. It is therefore not expected to reproduce the
absolute normalization or the genuine high-temperature
limit of full QCD.
Nevertheless, a comparison around the crossover

remains useful for separating the effects of the thermody-
namic prescription from those of the underlying model
content. In Appendix F 2, we therefore compare the zero-
density CJT and SICJT results with several results includ-
ing quark-meson model, Polyakov-quark-meson (PQM)
model, and QCD from various qualitative approaches. Both
the conventional temperature-normalized quantities and
quantities normalized by the asymptotic limit appropriate
to each approach are shown. These comparisons are
intended as external consistency tests of the crossover
shape and thermodynamic evolution, rather than as a direct
precision calibration of the individual SICJT pressure
prescriptions.

D. Isentropic trajectories

The isentropic trajectories provide a sensitive diagnostic
of the equation of state. Those trajectories are also
phenomenologically relevant, as they approximately trace
the adiabatic evolution of strongly interacting matter in the
phase diagram.
In Fig. 10, we show the isentropic trajectories for

s
nB

¼ ½60; 28; 21; 17; 13; 11; 9; 6; 4; 2�: ð115Þ

The overall shape of the trajectories is universal and robust
against the different pressure prescriptions. In particular,
trajectories with large s=nB remain in the crossover region
and vary smoothly across the phase diagram, whereas those
with smaller s=nB are strongly distorted in the vicinity of
the CEP and the first-order boundary.
The quantitative sensitivity to the pressure prescription is

therefore concentrated in the low-s=nB, large-μB region.
Comparing the results of the CJT and SICJT cases, the SI
formulation shifts the phase boundary and the CEP, and the
low-s=nB trajectories follow this change accordingly. The

trajectories obtained from Pvac and PðjÞ
vac are exactly

identical, which should be so by construction. The quanti-

tative difference between P� and Pvac=P
ðjÞ
vac is observed

mainly for 6 < s=nB ≲ 13 around the phase boundary.

E. Sound velocity

The squared adiabatic sound velocity is defined by

c2s ≡


∂P
∂ε

�
ς

¼
∂ðP;ςÞ
∂ðT;μBÞ
∂ðε;ςÞ
∂ðT;μBÞ

; ð116Þ
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where ς ¼ s=nB is kept fixed when taking the derivative,

and ∂ð;Þ
∂ð;Þ denotes the Jacobian determinant. The right-hand

side is evaluated as

c2s ¼
n2B

∂s
∂T − nBsð ∂s

∂μB
þ ∂nB

∂T Þ þ s2 ∂nB
∂μB

ðTsþ μBnBÞð∂s∂T ∂nB
∂μB

− ∂s
∂μB

∂nB
∂T Þ

: ð117Þ

In Fig. 11, we show the temperature dependence of the
adiabatic sound velocity squared c2s at fixed baryon chemical
potentials in the CJT formalism and for the different pressure
prescriptions in the SICJT approach. In all cases, c2s remains
positive in the temperature range shown and increases
toward the high-temperature regime, while approaching
the conformal value in large T asymptotics to be

c2s ¼
1

3
: ð118Þ

On a qualitative level, the CJT result exhibits a relatively
smooth thermal evolution. For μB ¼ 0 and 400 MeV, the
sound velocity increases monotonically until a mild shoulder
structure shows up in the crossover region, while for
μB ¼ 800 MeV, a more visible softening develops around
the phase boundary before c2s grows again at higher temper-
ature. This behavior reflects the expected softening of the

equation of state in the vicinity of the chiral transition, which
becomes more pronounced as the system moves deeper into
the baryon-rich region.
Comparing the different pressure prescriptions in the SICJT

formalism, one finds that the main difference is seen in the
transition region, while the low- and high-temperature limits
remain rather similar. For the “pulled-back” pressure P�, the
nonmonotonic structure becomes significantly sharper than
the one observed in the CJT case. In particular, the μB ¼
800 MeV curve develops a pronounced peak-dip structure
aroundT ∼ 100 MeV,while the μB ¼ 400 and 0MeV curves
display deeper minima around T ∼ 140–150 MeV. This
indicates that the “pulled-back” prescription enhances the
softening of the equation of state in the vicinity of the phase
boundary and leads to a stronger separation for the different
chemical-potential slices.
By construction, the results associated with Pvac and PðjÞ

vac

remain identical and exhibit a smoother behavior of the sound
velocity than the one with P�. Although the same qualitative
softening pattern is present, the corresponding minima are
shallower and less pronounced. This shows that the quanti-
tative sensitivity of c2s to the pressure prescription is reflected
mainly in the crossover-to-first-order transition region. In
contrast, outside this regime, the different prescriptions yield
quite similar T dependence of sound velocities.

FIG. 10. Isentropic trajectories (solid colored lines) in the phase diagram for s=nB ¼ ½60; 28; 21; 17; 13; 11; 9; 6; 4; 2�. The different
panels show the results obtained in different formalisms and with different pressure prescriptions. The solid and dashed lines denote the
first-order phase and crossover boundaries, respectively, while the critical endpoint is marked by the red dot. The blue shaded region
indicates the spinodal region.

FIG. 11. Adiabatic sound velocities (colored-solid lines) as a function of temperature for several fixed values of the baryon chemical
potential The different panels show the results obtained in different formalisms and with different pressure prescriptions. The gray-
dashed line denotes the conformal and ultrarelativistic limit with c2s ¼ 1=3.

THERMODYNAMICS IN SYMMETRY-IMPROVED CORNWALL- … PHYS. REV. D 114, 054015 (2026)

054015-19



In the limit of the vanishing baryon chemical potential
μB ¼ 0, Eq. (117) has a more intuitive form. In this case,
one notices that ∂s=∂μB ¼ 0 since the entropy density
forms an even function of μB. Then, Eq. (117) is reduced to

c2s
���
μB¼0

¼ s
T ∂s

∂T

¼ s
cV

; ð119Þ

where cV ¼ T∂s=∂T is the volumetric density of the
specific heat capacity, which is equivalently the suscep-
tibility of the energy density with respect to temperature,
characterizing the energy fluctuations. This expression
shows that the softening of the sound velocity is not
determined solely by the specific heat. Rather, the dip
structure of c2s reflects the competition between the growth
of the entropy density and that of the specific heat. In
normalized units, Eq. (119) may be viewed as the ratio
between s=T3 and cV=T3. Around the pseudocritical
temperature Tpc, the normalized specific heat typically
develops a pronounced enhancement associated with
energy-density fluctuations. If this enhancement is stronger

FIG. 12. Normalized volumetric densities of the specific heat
capacity cV from different formalisms as a function of temper-
ature at μB ¼ 0.

FIG. 13. Normalized trace anomaly I=T4 as a function of temperature for fixed baryon chemical potentials. The different panels show
the results obtained in the CJT formalism and from the different pressure prescriptions in the SICJT approach. The inset in each panel
enlarges the plot region on the y axis.
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than the simultaneous increase in the normalized entropy
density, the ratio s=cV decreases and a local minimum of c2s
appears. A similar qualitative softening behavior has also
been observed in lattice QCD, see, e.g., Refs. [10,12].
In Fig. 12, we show the normalized specific heat

capacities obtained from the different formalisms as func-
tions of temperature at μB ¼ 0. The comparison is intended
to clarify the origin of the sound-velocity structure within
the present quark-meson model. A direct comparison with
lattice QCD and representative functional calculations is
also presented in Appendix F 2. As noted previously in the
beginning of Sec. V C, because the microscopic degrees of
freedom and asymptotic normalizations differ among these
approaches, we focus primarily on the location and depth of
the crossover softening and on the evolution toward the
corresponding high-temperature limit, rather than on an
unqualified point-by-point comparison.

F. Trace anomaly

The trace anomaly is defined by

I ≡ ε − 3P ¼ Tsþ μBnB − 4P: ð120Þ

In Fig. 13, we show the normalized interaction measure
I=T4 as a function of temperature at fixed baryon chemical
potential for the CJT formalism and for the different
pressure prescriptions in the SICJT formalism.
In the CJT case, the interaction measure exhibits a

moderate and relatively broad enhancement in the cross-
over region. At μB ¼ 0, the peak is located around
T ∼ 170 MeV, which is shifted to a lower temperature
with a higher peak as μB increases. This qualitative trend
can also be seen in the SICJT case for all types of pressure
prescription, where the peak shape around the transition
region becomes sharper than in the SICJT case. In
particular, P� produces a more distinct peak-dip-peak

pattern around T ∼ 130–160 MeV, whereas PðjÞ
vac produces

a smoother curve, which yields I=T4 numerically close to
the CJT result. In contrast, Pvac leads to a qualitatively
different behavior. For μB ¼ 0 and 400 MeV, I=T4 devel-
ops a large, broad maximum around T ∼ 60–70 MeV, with
a magnitude much larger than the one obtained in the other
prescriptions. This reflects the fact that the trace anomaly is
highly sensitive to pressure normalization in the presence
of medium-dependent SI sources. Since I contains the
combination −4P, an additive shift in pressure is directly
amplified in the interaction measure. The prominent
enhancement found for Pvac, therefore, appears to be
largely driven by the subtraction prescription rather than
by the intrinsic thermal dynamics.

VI. CONCLUSION

In this work, we have investigated the thermodynamics
of the SICJT formalism applied to the three-flavor LSM

with quarks as a low-energy effective theory of QCD. Our
main motivation was that, although the SICJT construction
restores the relevant symmetry constraints through self-
consistently determined auxiliary sources, the thermody-
namic interpretation of the resulting equilibrium state is not
unique once the pressure and its derivatives are considered.
To clarify this issue, we formulated several prescriptions

for the pressure in the SICJT framework, including the
conventional vacuum-subtracted pressure Pvac, the source-

matched vacuum-subtracted pressure PðjÞ
vac, and the pulled-

back pressure P� defined from the pulled-back effective
action. We further distinguished between total derivatives
taken along the symmetry-improved manifold and thermo-
dynamic derivatives evaluated at a fixed external source.
This separation is essential in the present setup, since the
symmetry-improving sources acquire a nontrivial ðT; μBÞ
dependence at equilibrium and therefore contribute explic-
itly to thermodynamic derivatives unless they are treated as
auxiliary quantities.
Our numerical analysis shows that the global thermo-

dynamic structure is robust under the different pressure
prescriptions; for example, the overall qualitative behavior
of the isentropic trajectories remains stable. At the same
time, quantitative differences arise in the vicinity of the
crossover and first-order transition region, where the source
dependence becomes most relevant. This is especially
visible in source-sensitive observables such as the adiabatic
sound velocity and the trace anomaly.
The conventional vacuum-subtracted prescription Pvac

appears less suitable for normalization-sensitive thermo-
dynamic observables in the present source-based SICJT
formulation. Although a negative pressure by itself is not
inconsistent, the large source-induced offset in Pvac is
strongly amplified in quantities such as the trace anomaly.

By contrast, the source-matched prescription PðjÞ
vac and the

pulled-back prescription P� yield thermodynamic behavior
much closer to the CJT baseline. These results support the
interpretation that the symmetry-improving source should
be regarded as an auxiliary construction rather than as an
intrinsic part of the physical medium, and that the physi-
cally meaningful thermodynamic derivatives are those
evaluated at a fixed external source.
We have also discussed the high-temperature asymp-

totics within the present quark-meson realization. Because
the mesonic fields are treated as fundamental propagating
degrees of freedom, the model does not approach the
conventional quark-gluon SB limit. Instead, all pressure
prescriptions converge to the same model-dependent
asymptotic constant.
The present analysis provides a practical framework for

constructing thermodynamically consistent observables in
symmetry-improved 2PI approaches. At the same time,
several important extensions remain to be explored. A
natural next step is to go beyond the present potential
approximation and include corrections to the kinetic sector,
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i.e., wave-function renormalization factors Zϕ for the
mesonic fields. Such an extension is expected to improve
the description of the medium dependence of the propa-
gating modes, but it also requires a proper and fully
consistent renormalization of the corresponding derivative
terms. From a broader perspective, the inclusion of non-
trivial Zϕ factors may also open the possibility of accessing
more intricate momentum-dependent structures, such as the
emergence of the composite degrees of freedom [52], or the
moat regime [53,54], within the symmetry-improved
framework. It would furthermore be interesting to study
how these improvements affect the thermodynamics near
the critical region and whether they lead to a more realistic
connection between low-energy effective descriptions and
the asymptotic behavior expected from QCD.
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APPENDIX A: VACUUM PHENOMENOLOGY OF
LINEAR SIGMA MODEL

In this Section of the Appendix, we summarize the
related formulations of the LSM with quarks given in
Eq. (2) at tree level.

1. Stationary conditions

At tree level, the potential (5) around the ðΦ̄1; Φ̄3Þ background reads

VmðΦ̄Þ ¼ μ2ð2Φ̄2
1 þ Φ̄2

3Þ þ λ1ð2Φ̄4
1 þ Φ̄4

3Þ þ λ2ð2Φ̄2
1 þ Φ̄2

3Þ2 − 2BΦ̄2
1Φ̄3 − 2ð2cmlΦ̄1 þ cmsΦ̄3Þ; ðA1Þ

for which the slopes of the classical action read

δSm
δΦ1

����
Φ¼Φ̄

¼ 4ðμ2Φ̄1 þ 2λ1Φ̄3
1 þ 4λ2Φ̄3

1 þ 2λ2Φ̄1Φ̄2
3 − BΦ̄1Φ̄3 − cmlÞ;

δSm
δΦ3

����
Φ¼Φ̄

¼ 2ðμ2Φ̄3 þ 2λ1Φ̄3
3 þ 4λ2Φ̄2

1Φ̄3 − BΦ̄2
1 − cmsÞ: ðA2Þ

Around the ðσ̄0; σ̄8Þ background, the tree-level potential reads

Vmðσ̄Þ ¼
1

2
μ2ðσ̄20 þ σ̄28Þ þ λ1

�
1

12
σ̄40 þ

1

2
σ̄20σ̄

2
8 −

1

3
ffiffiffi
2

p σ̄0σ̄
3
8 þ

1

8
σ̄48

�
þ λ2

4
ðσ̄20 þ σ̄28Þ2

− B
�

1

3
ffiffiffi
6

p σ̄30 −
1

2
ffiffiffi
6

p σ̄0σ̄
2
8 −

1

6
ffiffiffi
3

p σ̄38

�
−

ffiffiffi
2

3

r
ð2cml þ cmsÞσ̄0 −

2ffiffiffi
3

p ðcml − cmsÞσ̄8; ðA3Þ

for which the slopes of the classical action read

δSm
δσ0

����
σa¼σ̄a

¼ μ2σ̄0 þ λ1

�
1

3
σ̄30 þ σ̄0σ̄

2
8 −

1

3
ffiffiffi
2

p σ̄38

�
þ λ2ðσ̄20 þ σ̄28Þσ̄0 − B

�
1ffiffiffi
6

p σ̄20 −
1

2
ffiffiffi
6

p σ̄28

�
−

ffiffiffi
2

3

r
ð2cml þ cmsÞ;

δSm
δσ8

����
σa¼σ̄a

¼ μ2σ̄8 þ λ1

�
σ̄20σ̄8 −

1ffiffiffi
2

p σ̄0σ̄
2
8 þ

1

2
σ̄38

�
þ λ2ðσ̄20 þ σ̄28Þσ̄8 þ B

�
1ffiffiffi
6

p σ̄0σ̄8 þ
1

2
ffiffiffi
3

p σ̄28

�
−

2ffiffiffi
3

p ðcml − cmsÞ: ðA4Þ

These two sets of slopes are correlated with each other through the linear transformation arising from the chain rule
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 δSm
δΦ1

δSm
δΦ3

!
¼

0
B@ 2

ffiffi
2
3

q
2ffiffi
3

pffiffi
2
3

q
− 2ffiffi

3
p

1
CA
 δSm

δσ0

δSm
δσ8

!
: ðA5Þ

At the classical level, the equilibrium criteria, or the
stationary conditions, read

δSm
δΦ1

����
Φ¼Φ̄

¼ 0;
δSm
δΦ3

����
Φ¼Φ̄

¼ 0; ðA6Þ

which is equivalent to

δSm
δσ0

����
σa¼σ̄a

¼ 0;
δSm
δσ8

����
σa¼σ̄a

¼ 0 ðA7Þ

through Eq. (A5).

2. Curvature masses

The Hessian matrix is found by taking the second
functional derivative with respect to the fluctuating modes
around the mean-field background. Throughout this work,
we take the scalars σa and pseudoscalars πa as dynamical
degrees of freedom, thus

½Ḡ−1
S;treeðk; k0; σ̄Þ�ab ¼

δ2Sm
δσað−k0ÞδσbðkÞ

¼ ð2πÞ4δð4Þðk − k0Þðk2δab þ ½m2
Sðσ̄Þ�abÞ

≡ ð2πÞ4δð4Þðk − k0Þ½Ḡ−1
S;treeðk; σ̄Þ�ab;

½Ḡ−1
P;treeðk; k0; σ̄Þ�ab ¼

δ2Sm
δπað−k0ÞδπbðkÞ

¼ ð2πÞ4δð4Þðk − k0Þðk2δab þ ½m2
Pðσ̄Þ�abÞ

≡ ð2πÞ4δð4Þðk − k0Þ½Ḡ−1
P;treeðk; σ̄Þ�ab; ðA8Þ

where the tree-level curvature masses are defined by

½m2
Sðσ̄Þ�ab ¼

∂
2Vm

∂σa∂σb

����
σa¼σ̄a

; ½m2
Pðσ̄Þ�ab ¼

∂
2Vm

∂πa∂πb

����
σa¼σ̄a

:

ðA9Þ

Notice that the mixing matrix elements such as δ2Sm
δπað−k0ÞδσbðkÞ vanish since the theory preserves the parity-even nature. The

scalar masses read

½m2
Sðσ̄Þ�00 ¼ μ2 þ λ1ðσ̄20 þ σ̄28Þ þ λ2ð3σ̄20 þ σ̄28Þ − B

ffiffiffi
2

3

r
σ̄0;

½m2
Sðσ̄Þ�88 ¼ μ2 þ λ1

�
σ̄20 −

ffiffiffi
2

p
σ̄0σ̄8 þ

3

2
σ̄28

�
þ λ2ðσ̄20 þ 3σ̄28Þ þ

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 þ σ̄8

�
;

½m2
Sðσ̄Þ�08 ¼ ½m2

Sðσ̄Þ�80 ¼ λ1

�
2σ̄0σ̄8 −

1ffiffiffi
2

p σ̄28

�
þ 2λ2σ̄0σ̄8 þ

Bffiffiffi
6

p σ̄8;

½m2
Sðσ̄Þ�11 ¼ ½m2

Sðσ̄Þ�22 ¼ ½m2
Sðσ̄Þ�33

¼ μ2 þ λ1

�
σ̄20 þ

ffiffiffi
2

p
σ̄0σ̄8 þ

1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ þ

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 − σ̄8

�
;

½m2
Sðσ̄Þ�44 ¼ ½m2

Sðσ̄Þ�55 ¼ ½m2
Sðσ̄Þ�66 ¼ ½m2

Sðσ̄Þ�77

¼ μ2 þ λ1

�
σ̄20 −

1ffiffiffi
2

p σ̄0σ̄8 þ
1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ þ

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 þ
1

2
σ̄8

�
;

ðOthersÞ ¼ 0: ðA10Þ

The matrix elements ½m2
Sðσ̄Þ�11 and ½m2

Sðσ̄Þ�44 are identified as the square of the a0ð980Þmassm2
a0 and theK

�
0ð700Þmassm2

κ ,
respectively, and the mixing structure of (08) components can be diagnolized through an orthogonal transformation

σ̃i ¼ ðO−1
S Þiaσa;

½m̃2
Sðσ̄Þ�ðiÞδij ¼ ðO−1

S Þia½m2
Sðσ̄Þ�abðOSÞbj; ðA11Þ
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where ½m̃2
Sðσ̄Þ�ðiÞ denotes the eigenvalues of the scalar mass matrix, and the transformation matrix OS reads

OS ¼


cos θ0S − sin θ0S
sin θ0S cos θ0S

�
: ðA12Þ

Then, the f0ð500Þ and the f0ð980Þ masses are identified through the eigenvalues

m2½f0ð500Þ� ¼ ½m̃2
Sðσ̄Þ�ð0Þ ¼ ½m2

Sðσ̄Þ�00cos2θ0S þ ½m2
Sðσ̄Þ�88sin2θ0S þ 2½m2

Sðσ̄Þ�08 cos θ0S sin θ0S;
m2½f0ð980Þ� ¼ ½m̃2

Sðσ̄Þ�ð8Þ ¼ ½m2
Sðσ̄Þ�00sin2θ0S þ ½m2

Sðσ̄Þ�88cos2θ0S − 2½m2
Sðσ̄Þ�08 cos θ0S sin θ0S; ðA13Þ

and the mixing angle reads

θ0S ¼
1

2
arctan

�
2½m2

Sðσ̄Þ�08
½m2

Sðσ̄Þ�00 − ½m2
Sðσ̄Þ�88

�
: ðA14Þ

According to the previous discussion, the mixing element ½m2
Sðσ̄Þ�08 vanishes in the flavor-symmetric limit since

σ̄8 ¼ 0 and so as the mixing angle that θ0S ¼ 0.
Similarly, the pseudoscalar masses read

½m2
Pðσ̄Þ�00 ¼ μ2 þ λ1

3
ðσ̄20 þ σ̄28Þ þ λ2ðσ̄20 þ σ̄28Þ þ B

ffiffiffi
2

3

r
σ̄0;

½m2
Pðσ̄Þ�88 ¼ μ2 þ λ1

�
1

3
σ̄20 −

ffiffiffi
2

p

3
σ̄0σ̄8 þ

1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ −

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 þ σ̄8

�
;

½m2
Pðσ̄Þ�08 ¼ ½m2

Pðσ̄Þ�80 ¼
λ1
3

�
2σ̄0σ̄8 −

1ffiffiffi
2

p σ̄28

�
−

Bffiffiffi
6

p σ̄8;

½m2
Pðσ̄Þ�11 ¼ ½m2

Pðσ̄Þ�22 ¼ ½m2
Pðσ̄Þ�33

¼ μ2 þ λ1
3

�
σ̄20 þ

ffiffiffi
2

p
σ̄0σ̄8 þ

1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ −

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 − σ̄8

�
;

½m2
Pðσ̄Þ�44 ¼ ½m2

Pðσ̄Þ�55 ¼ ½m2
Pðσ̄Þ�66 ¼ ½m2

Pðσ̄Þ�77

¼ μ2 þ λ1
3

�
σ̄20 −

1ffiffiffi
2

p σ̄0σ̄8 þ
7

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ −

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 þ
1

2
σ̄8

�
;

ðOthersÞ ¼ 0: ðA15Þ

The matrix elements ½m2
Pðσ̄Þ�11 and ½m2

Pðσ̄Þ�44 are identified as the square of the pion mass m2
π and the kaon mass m2

K ,
respectively, and the mixing structure of (08) components can be diagnolized through another orthogonal transformation

π̃i ¼ ðO−1
P Þiaπa; ½m̃2

Pðσ̄Þ�ðiÞδij ¼ ðO−1
P Þia½m2

Pðσ̄Þ�abðOPÞbj; ðA16Þ

where ½m̃2
Pðσ̄Þ�ðiÞ denotes the eigenvalues of the pseudoscalar mass matrix, and the transformation matrix OP reads

OS ¼


cos θ0P − sin θ0P
sin θ0P cos θ0P

�
: ðA17Þ

Then, the η0 and the η masses are identified through the eigenvalues

m2
η0 ¼ ½m̃2

Pðσ̄Þ�ð0Þ ¼ ½m2
Pðσ̄Þ�00 cos2 θ0P þ ½m2

Pðσ̄Þ�88 sin2 θ0P þ 2½m2
Pðσ̄Þ�08 cos θ0P sin θ0P;

m2
η ¼ ½m̃2

Pðσ̄Þ�ð8Þ ¼ ½m2
Pðσ̄Þ�00 sin2 θ0P þ ½m2

Pðσ̄Þ�88 cos2 θ0P − 2½m2
Pðσ̄Þ�08 cos θ0P sin θ0P; ðA18Þ

and the mixing angle reads
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θ0P ¼ 1

2
arctan

�
2½m2

Pðσ̄Þ�08
½m2

Pðσ̄Þ�00 − ½m2
Pðσ̄Þ�88

�
: ðA19Þ

Again, the mixing element ½m2
Pðσ̄Þ�08 also vanishes in the flavor-symmetric limit since σ̄8 ¼ 0 and so as the mixing angle

that θ0P ¼ 0.

APPENDIX B: CORNWALL-JACKIW-TOMBOULIS FORMALISM AT FINITE TEMPERATURE

In this Section of the Appendix, we summarize the formulations in the conventional CJT formalism at finite temperature.

1. Cornwall-Jackiw-Tomboulis formalism and Hartree approximation

The CJT effective potential is given by Eq. (33), i.e.,

VCJT½σ; GS; GP� ¼ VðσÞ þ Ωq̄qðσÞ þ
1

2

Z
k
tr½logG−1

S ðkÞ þ logG−1
P ðkÞ�

þ 1

2

Z
k
tr½Ḡ−1

S ðk; σÞGSðkÞ þ Ḡ−1
P ðk; σÞGPðkÞ − 2� þ V2½σ; GS; GP�; ðB1Þ

where the scalar propagator GS ≡ ½GSðkÞ�ab and the pseudoscalar propagator GP ≡ ½GPðkÞ�ab are treated as independent
variables, and the trace is taken in the flavor space. In Eq. (B1), VðσÞ is the tree-level potential defined in Eq. (5), and
V2½σ; GS; GP� is the sum of all 2PI diagrams, which are constructed by the full-meson propagators GS and GP. As defined in
Eq. (26), the shorthand notation of the momentum integral is defined asZ

k
fðkÞ ¼ T

X∞
n¼−∞

Z
d3k
ð2πÞ3 fðωn; kÞ; ðB2Þ

where T is the temperature and ωn ¼ 2nπT is the bosonic Matsubara frequency. The UV mesonic propagators ḠSðk; σ̄Þ and
ḠPðk; σ̄Þ are defined from Seffm in Eq. (23), that

½Ḡ−1
S ðk; k0; σÞ�ab ¼ δ2Seffm

δσað−k0ÞδσbðkÞ
¼ ð2πÞ4δð4Þðk − k0Þ



k2δab þ ½m2

SðσÞ�ab þ
∂
2Ωq̄q

∂σa∂σb

����
Φ¼Φ̄

�
≡ ð2πÞ4δð4Þðk − k0Þ½Ḡ−1

S ðk; σÞ�ab;

½Ḡ−1
P ðk; k0; σÞ�ab ¼ δ2Seffm

δπað−k0ÞδπbðkÞ
¼ ð2πÞ4δð4Þðk − k0Þ



k2δab þ ½m2

PðσÞ�ab þ
∂
2Ωq̄q

∂πa∂πb

����
Φ¼Φ̄

�
≡ ð2πÞ4δð4Þðk − k0Þ½Ḡ−1

P ðk; σÞ�ab; ðB3Þ
where m2

Sðσ̄Þ and m2
Pðσ̄Þ are the mesonic curvature masses, which are given in Eqs. (A10) and (A15).

The expectation values of σ and the propagators GS and GP are solved by the equations of motion with vanished source,
i.e., the stationary conditions and the gap equations

∂VCJT½σ; GS; GP�
∂σa

����
σ¼σ̄;GS¼GS;GP¼GP

¼ 0;

δVCJT½σ; GS; GP�
δ½GS�ab

����
σ¼σ̄;GS¼GS;GP¼GP

¼ 0;

δVCJT½σ; GS; GP�
δ½GP�ab

����
σ¼σ̄;GS¼GS;GP¼GP

¼ 0: ðB4Þ

The latter two gap equations can be expressed as

½GS
−1ðkÞ�ab ¼ ½Ḡ−1

S ðk; σÞ�ab þ Σab;

½GP
−1ðkÞ�ab ¼ ½Ḡ−1

P ðk; σÞ�ab þ Πab; ðB5Þ

where
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Σab ¼ 2
δV2½σ; GS; GP�

δ½GS�ba

����
σ¼σ̄;GS¼GS;GP¼GP

;

Πab ¼ 2
δV2½σ; GS; GP�

δ½GP�ba

����
σ¼σ̄;GS¼GS;GP¼GP

; ðB6Þ

are the meson self-energies, which also depend on GS
and GP. Notice that if we take V2 ¼ 0, the gap
equations (B5) are reduced such that the propagators
are replaced by the tree-level ones, thus the 2PI effective

potential will be reduced to the 1PI effective action at
one-loop level.
Since V2 includes infinite 2PI diagrams, we have to

make a truncation to close the equations of motion. In the
present work, we adopt the double-bubble diagrams, for
which the truncation scheme is equivalent to the so-called
Hartree approximation. The 2PI diagrams that are taken
into account are generated from the four-meson interactions
in V0, which read

V2½GS;GP� ¼ F abcd

�Z
k
½GSðkÞ�ab

Z
q
½GSðqÞ�cd þ

Z
k
½GPðkÞ�ab

Z
q
½GPðqÞ�cd

�
þ 2Habcd

Z
k
½GSðkÞ�ab

Z
q
½GPðqÞ�cd; ðB7Þ

where

F abcd ≡ 1

8

∂
4V0

∂σa∂σb∂σc∂σd

����
Φ¼0

¼ λ1
8
ðdabndncd þ dadndnbc þ dacndnbdÞ þ λ2

4
ðδabδcd þ δadδbc þ δacδbdÞ;

Habcd ≡ 1

8

∂
4V0

∂σa∂σb∂πc∂πd

����
Φ¼0

¼ λ1
8
ðdabndncd þ facnfnbd þ fbcnfnadÞ þ λ2

4
δabδcd; ðB8Þ

and the structure constants are given by

dabc ¼ 2tr½fTa; TbgTc�; fabc ¼ −2i tr
h
½Ta; Tb�Tc

i
: ðB9Þ

2. Gap equations of scalar masses

We consider the gap equations (B5) under the two-loop
truncation given in Eq. (B7). Under the Hartree approxi-
mation, the loop correction does not enter the momentum-
dependent part. As in Eq. (47), we shall parametrize the full
propagators as

½GS
−1ðkÞ�ab ¼ k2δab þ ½M2

S�ab;
½GP

−1ðkÞ�ab ¼ k2δab þ ½M2
P�ab; ðB10Þ

where ½MS�ab and ½MP�ab are the dynamical meson masses.
Then, the gap equations (B5) are reduced to

½M2
S�ab ¼ ½m2

Sðσ̄Þ�ab þ
∂
2Ωq̄q

∂σa∂σb

����
Φ¼Φ̄

þ 4F abcd

Z
k
½GSðkÞ�cd

þ 4Habcd

Z
k
½GPðkÞ�cd;

½M2
P�ab ¼ ½m2

Pðσ̄Þ�ab þ
∂
2Ωq̄q

∂πa∂πb

����
Φ¼Φ̄

þ 4F abcd

Z
k
½GPðkÞ�cd

þ 4Habcd

Z
k
½GSðkÞ�cd: ðB11Þ

At the classical level, we diagonalize the mass matrices
to obtain the mass eigenstates, see Eqs. (A13) and (A18).
After introducing the quantum corrections to the meson

propagators, we also introduce the following orthogonal
transformations to diagonalize the dynamical masses, such
that

½M̃2
S=P�ðiÞδij ¼ ðO0;−1

S=PÞia½M2
S=P�abðO0

S=PÞbj: ðB12Þ

In general, the transformation matrices O0
S=P are different

from those for the tree-level masses, i.e., Eqs. (A11) and
(A16), due to the introduction of the quantum and thermal
corrections. Formally, the rotation angles are expressed as

θS=P ¼ 1

2
arctan

�
2½M2

S=P�08
½M2

S=P�00 − ½M2
S=P�88

�
: ðB13Þ

The full propagators GS and GP can also be diagonalized
simultaneously through O0

S=P, which read

½G̃SðkÞ�ðiÞδij ¼ ðO0;−1
S ÞiaÞai ½GSðkÞ�abðO0

SÞbj;
½G̃PðkÞ�ðiÞδij ¼ ðO0;−1

P Þia½GPðkÞ�abðO0
PÞbj: ðB14Þ

Then, the diagonalized meson propagators are represented
fully by the mass eigenvalues, i.e.,

½G̃−1
S ðkÞ�ðiÞ ¼ k2 þ ½M̃2

S�ðiÞ; ½G̃−1
P ðkÞ�ðiÞ ¼ k2 þ ½M̃2

P�ðiÞ;
ðB15Þ
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and the loop corrections constructed by the meson propa-
gators only includeZ

k
½G̃SðkÞ�ðiÞ and

Z
k
½G̃PðkÞ�ðiÞ: ðB16Þ

To obtain the value of the rotation angles θS=P, we
consider the 08-component of the gap equations after
performing the orthogonal transformation, which turns
out to be the following constraints

0 ¼ ½m̃2
Sðσ̄Þ�08 þ

∂
2Ωq̄q

∂σ0∂σ8

����
Φ¼Φ̄

þ Σ̃08;

0 ¼ ½m̃2
Pðσ̄Þ�08 þ

∂
2Ωq̄q

∂π0∂π8

����
Φ¼Φ̄

þ Π̃08; ðB17Þ

where

½m̃2
S=Pðσ̄Þ�08 ¼ ½m2

S=Pðσ̄Þ�08 cosð2θS=PÞ − f½m2
S=Pðσ̄Þ�00

− ½m2
S=Pðσ̄Þ�88g × cosðθS=PÞ sinðθS=PÞ:

ðB18Þ

For the lack of readability, we do not show the explicit form
of the meson-loop contributions to the meson self-energies.
Part of the expressions can be found in Ref. [46].

3. Stationary conditions of VEVs

The stationary conditions realized from the 2PI effective
potential (B1) then read

0 ¼ ∂Vmðσ̄Þ
∂σ̄0

− 3A0bc

�Z
k
½GSðkÞ�cb −

Z
k
½GPðkÞ�cb

�
þ 1

2

∂
3Ωq̄q

∂σ0∂σa∂σb

����
Φ¼Φ̄

Z
k
½GSðkÞ�ba þ

1

2

∂
3Ωq̄q

∂σ0∂πa∂πb

����
Φ¼Φ̄

Z
k
½GPðkÞ�ba

þ 4F 0bcdσ̄b

Z
k
½GSðkÞ�dc þ 4H0bcdσ̄b

Z
k
½GPðkÞ�dc þ

∂Ωq̄q

∂σ0

����
Φ¼Φ̄

;

0 ¼ ∂Vmðσ̄Þ
∂σ̄8

− 3A8bc

�Z
k
½GSðkÞ�cb −

Z
k
½GPðkÞ�cb

�
þ 1

2

∂
3Ωq̄q

∂σ8∂σa∂σb

����
Φ¼Φ̄

Z
k
½GSðkÞ�ba þ

1

2

∂
3Ωq̄q

∂σ8∂πa∂πb

����
Φ¼Φ̄

Z
k
½GPðkÞ�ba

þ 4F 8bcdσ̄b

Z
k
½GSðkÞ�dc þ 4H8bcdσ̄b

Z
k
½GPðkÞ�dc þ

∂Ωq̄q

∂σ8

����
Φ¼Φ̄

; ðB19Þ

where Vðσ̄Þ is given in Eq. (A3), and

Aabc ≡ −
1

6

∂
3Vanom

∂σa∂σb∂σc

����
Φ¼0

¼ 1

6

∂
3Vanom

∂σa∂πb∂πc

����
Φ¼0

¼ B
6

�
dabc −

3

2
ðδa0d0bc þ δb0da0c þ δc0dab0Þ þ 9

2
d000δa0δb0δc0

�
: ðB20Þ

To solve these equations, we have to transform the propagators into the diagonalized basis. Then, the only contributions
of the loop corrections in the mesonic sector are those from the physical meson one-loop diagrams. As discussed in
Sec. III D, we perform the vacuum subtraction such that

Z
k
½G̃SðkÞ�ðiÞ ¼

Z
d3k
ð2πÞ3

1

ϵS;ðiÞk



exp

�
ϵS;ðiÞk

T



−1

�−1

;

Z
k
½G̃PðkÞ�ðiÞ ¼

Z
d3k
ð2πÞ3

1

ϵP;ðiÞk



exp

�
ϵP;ðiÞk

T



−1

�−1

; ðB21Þ

where

ϵS=P;ðiÞk ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ½M̃2

S=P�ðiÞ
q

: ðB22Þ

In this subtraction scheme, the contributions from thevacuum
loop corrections are dropped, which indicates that the
vacuum information is encoded in the tree-level parameters.

4. Quark loop contributions

The integration of the quark degrees of freedom intro-
duced effective vertices of the mesonic fields, which are
reflected in the quark loop contribution to the grand
canonical potential Ωq̄q. As mentioned in Sec. III, we drop
the UV divergent vacuum part of Ωq̄q as the subtraction
scheme, and the thermal part of Ωq̄q reads

Ωq̄qjT ¼ −
Z
p
tr logðΔq

0ðpÞÞ−1

¼ νcT
X

f¼u;d;s

Z
∞

0

d3p
ð2πÞ3 flog½1 − nq;fðT; μfÞ�

þ log½1 − nq̄;fðT; μfÞ�g; ðB23Þ
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where νc ¼ 2Nc ¼ 6 is the internal quark degrees of
freedom,

nq;fðT; μfÞ ¼ ½1þ expfðEq;f − μfÞ=Tg�−1 ðB24Þ

is the fermionic occupation number density, and
nq̄;fðT; μfÞ ¼ nq;fðT;−μfÞ for the antifermions. The sin-
gle-particle dispersion relation is given by

Eq;f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þm2

f

q
; ðB25Þ

and the flavor-dependent mass m2
f is evaluated from

diagonalizing the meson field-induced mass matrix

M2
ij ¼ g2ðTaÞikðσa þ iγ5πaÞðTbÞkjðσa − iγ5πaÞ
¼ g2 PR½Φ†Φ�ij þ g2 PL½ΦΦ†�ij: ðB26Þ

In the following formulations, we identify Ωq̄q as Ωq̄qjT ,
and omit the subscription jT .
The derivatives of Ωq̄q with respect to the mesonic fields

depend on the derivatives of the flavor-dependent massm2
f.

We introduce the following shorthand notations for future
convenience:

m2
f;a≡

∂m2
f

∂φa
; m2

f;ab≡
∂
2m2

f

∂φa∂φb
; m2

f;abc≡
∂
3m2

f

∂φa∂φb∂φc
;

f∈fu;d;sg; and φa∈fσa;πag: ðB27Þ

The first derivative of Ωq̄q with respect to φa is

∂Ωq̄q

∂φa
¼ νc

X
f

Z
d3p
ð2πÞ3 ðnq;f þ nq̄;fÞ

m2
f;a

2Eq;f
: ðB28Þ

The second derivative of Ωq̄q then reads

∂
2Ωq̄q

∂φa∂φb
¼ νc

X
f

Z
d3p
ð2πÞ3

1

2Eq;f

�
ðnq;f þ nq̄;fÞ

�
m2

f;ab −
m2

f;am
2
f;b

2E2
q;f

�
− ðbq;f þ bq̄;fÞ

m2
f;am

2
f;b

2Eq;fT



; ðB29Þ

where bq;fðT; μfÞ ¼ nq;fðT; μfÞð1 − nq;fðT; μfÞÞ, and bq̄;fðT; μfÞ ¼ bq;fðT;−μfÞ, respectively. The third derivative of Ωq̄q

reads

∂
3Ωq̄q

∂φa∂φb∂φc
¼ −νc

X
f

Z
d3p
ð2πÞ3

1

4E2
q;f

�ðnq;f þ nq̄;fÞ
Eq;f

�
m2

f;abm
2
f;c þm2

f;bcm
2
f;a þm2

f;cam
2
f;b þ

m2
f;am

2
f;bm

2
f;c

2E2
q;f

− 2E2
q;fm

2
f;abc

�

þ ðbq;f þ bq̄;fÞ
T

�
m2

f;abm
2
f;c þm2

f;bcm
2
f;a þm2

f;cam
2
f;b −

3m2
f;am

2
f;bm

2
f;c

2E2
q;f

�

− ½bq;fð1 − 2nq;fÞ þ bq̄;fð1 − 2nq̄;fÞ�
m2

f;am
2
f;bm

2
f;c

2Eq;fT2



: ðB30Þ

According to Eq. (B26), since ½Φ†Φ�ij and ½ΦΦ†�ij have the same eigenvalues, the mesonic field derivatives ofm2
f can be

obtained after diagonalizing ½Φ†Φ�ij. We summarize the resulting derivatives ofm2
f below. For the comparison to Ref. [44],

we adopt the same notation as

Φx ¼ 2Φ̄1; Φy ¼
ffiffiffi
2

p
Φ̄3: ðB31Þ

For m2
f;a, we define

m2
f;a

����
σ

≡ ∂m2
f

∂σa
m2

f;a

����
π

≡ ∂m2
f

∂πa
; ðB32Þ

and we have

m2
u;ajσ ¼ g2

0
BBBBB@

Φxffiffi
6

p

− Φx
2
13×1

04×1
Φx

2
ffiffi
3

p

1
CCCCCA; m2

d;ajσ ¼ g2

0
BBBBB@

Φxffiffi
6

p

Φx
2
13×1
04×1
Φx

2
ffiffi
3

p

1
CCCCCA; m2

s;ajσ ¼ g2

0
BBBBB@

Φyffiffi
3

p

03×1
04×1

−
ffiffi
2

pffiffi
3

p Φy

1
CCCCCA; m2

f;ajπ ¼ 0: ðB33Þ
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For the second derivatives, we distinguish derivatives with respect to scalar and pseudoscalar fields by writing

m2
f;abjσ ≡

∂
2m2

f

∂σa∂σb
; m2

f;abjπ ≡
∂
2m2

f

∂πa∂πb
: ðB34Þ

For the scalar mesons, the matrix form of m2
f;ab reads

m2
u;abjσ ¼ g2

0
BBBBBBBB@

1
3

− 1ffiffi
6

p 11×3 01×4
ffiffi
2

p
6

− 1ffiffi
6

p 13×1
1
2
13×3 03×4 − 1

2
ffiffi
3

p 13×1

04×1 04×3
ΦxðΦxþ

ffiffi
2

p
ΦyÞ

ðΦ2
x−2Φ2

yÞ 14×4 04×1ffiffi
2

p
6

− 1

2
ffiffi
3

p 11×3 01×4 1
6

1
CCCCCCCCA
;

m2
d;abjσ ¼ g2

0
BBBBBB@

1
3

1ffiffi
6

p 11×3 01×4
ffiffi
2

p
6

1ffiffi
6

p 13×1
1
2
13×3 03×4

1

2
ffiffi
3

p 13×1

04×1 04×3 04×4 04×1ffiffi
2

p
6

1

2
ffiffi
3

p 11×3 01×4 1
6

1
CCCCCCA
;

m2
s;abjσ ¼ g2

0
BBBBBB@

1
3

01×3 01×4 −
ffiffi
2

p
3

03×1 03×3 03×4 03×1

04×1 04×3
Φyð

ffiffi
2

p
Φxþ2ΦyÞ

ð2Φ2
y−Φ2

xÞ 14×4 04×1

−
ffiffi
2

p
3

01×3 01×4 2
3

1
CCCCCCA
: ðB35Þ

For the pseudoscalar mesons, m2
f;ab read

m2
u;abjπ ¼ g2

0
BBBBBB@

1
3

01×3 01×4
ffiffi
2

p
6

03×1 1
2
13×3 03×4 03×1

04×1 04×3
ΦxðΦx−

ffiffi
2

p
ΦyÞ

ðΦ2
x−2Φ2

yÞ 14×4 04×1ffiffi
2

p
6

01×3 01×4 1
6

1
CCCCCCA
;

m2
d;abjπ ¼ g2

0
BBBBB@

1
3

01×3 01×4
ffiffi
2

p
6

03×1 1
2
13×3 03×4 03×1

04×1 04×3 04×4 04×1ffiffi
2

p
6

01×3 01×4 1
6

1
CCCCCA;

m2
s;abjπ ¼ g2

0
BBBBBB@

1
3

01×3 01×4 −
ffiffi
2

p
3

03×1 03×3 03×4 03×1

04×1 04×3
Φyð

ffiffi
2

p
Φx−2ΦyÞ

ðΦ2
x−2Φ2

yÞ 14×4 04×1

−
ffiffi
2

p
3

01×3 01×4 2
3

1
CCCCCCA
: ðB36Þ

For the third derivatives m2
f;abc, the only nonvanishing parts are those with the first index of a ¼ 0, 8 for the scalar mesons

and ðb; cÞ ¼ ð4; 4Þ; ð5; 5Þ; ð6; 6Þ; ð7; 7Þ. We thus define

m2
f;abcjσ ≡

∂
3m2

f

∂σa∂σb∂σc
m2

f;abcjπ ≡
∂
3m2

f

∂σa∂πb∂πc
; ðB37Þ

THERMODYNAMICS IN SYMMETRY-IMPROVED CORNWALL- … PHYS. REV. D 114, 054015 (2026)

054015-29



yielding the following components that are relevant in our computation

m2
u;044jσ ¼ m2

u;055jσ ¼ m2
u;066jσ ¼ m2

u;077jσ ¼
ffiffiffi
2

3

r
Φx þ

ffiffiffi
2

p
Φy

Φ2
x − 2Φ2

y
;

m2
s;044jσ ¼ m2

s;055jσ ¼ m2
s;066jσ ¼ m2

s;077jσ ¼ −
ffiffiffi
2

3

r
Φx þ

ffiffiffi
2

p
Φy

Φ2
x − 2Φ2

y
;

m2
u;044jπ ¼ m2

u;055jπ ¼ m2
u;066jπ ¼ m2

u;077jπ ¼
ffiffiffi
2

3

r ðΦx þ
ffiffiffi
2

p
ΦyÞðΦx −

ffiffiffi
2

p
ΦyÞ4

½ðΦ2
x − 2Φ2

yÞ2�3=2
;

m2
s;044jπ ¼ m2

s;055jπ ¼ m2
s;066jπ ¼ m2

s;077jπ ¼ −
ffiffiffi
2

3

r ðΦx þ
ffiffiffi
2

p
ΦyÞðΦx −

ffiffiffi
2

p
ΦyÞ4

½ðΦ2
x − 2Φ2

yÞ2�3=2
;

m2
u;844jσ ¼ m2

u;855jσ ¼ m2
u;866jσ ¼ m2

u;877jσ ¼ −
ffiffiffi
2

3

r ffiffiffi
2

p
Φx þΦy

ðΦx −
ffiffiffi
2

p
ΦyÞ2

;

m2
s;844jσ ¼ m2

s;855jσ ¼ m2
s;866jσ ¼ m2

s;877jσ ¼
ffiffiffi
2

3

r ffiffiffi
2

p
Φx þΦy

ðΦx −
ffiffiffi
2

p
ΦyÞ2

;

m2
u;844jπ ¼ m2

u;855jπ ¼ m2
u;866jπ ¼ m2

u;877jπ ¼
ffiffiffi
2

3

r ffiffiffi
2

p
Φ3

x − 3Φ2
xΦy þ 2Φ3

y

ðΦ2
x − 2Φ2

yÞ2
;

m2
s;844jπ ¼ m2

s;855jπ ¼ m2
s;866jπ ¼ m2

s;877jπ ¼ −
ffiffiffi
2

3

r ffiffiffi
2

p
Φ3

x − 3Φ2
xΦy þ 2Φ3

y

ðΦ2
x − 2Φ2

yÞ2
;

other ¼ 0: ðB38Þ

APPENDIX C: WARD-TAKAHASHI
IDENTITIES AND GELL-MANN-OAKES-RENNER

RELATIONS

In this Appendix, we summarize the derivation of the
WTIs induced by the chiral transformations in (9) acting on
the mesonic fields Φ and Φ†. The derivation follows the
same strategy as in Ref. [46]. The main difference is that the
spurion field M, namely the source of explicit chiral
symmetry breaking, is coupled only linearly to the mesonic
fields. As a result, the symmetry-breaking terms that appear
in the modified WTIs take a cleaner and more trans-
parent form.

1. WTIs in 1PI formalism and threshold property of
pseudo-NG masses

Consider a continuous symmetry associated with an
infinitesimal variation δϵ of the field ϕ in a linear repre-
sentation of a group G, under which the action S½ϕ� is
invariant,

δϵS½ϕ� ¼
δS
δϕa

· δϵϕa ¼ 0; δϵϕa ¼ dabϕb; ðC1Þ

where dab is a constant matrix in field space,
and A · B≡ Rx AðxÞBðxÞ.

The generating functional associated with S½ϕ� in the
presence of the source Ja is defined by

Z½J� ¼
Z

½Dϕa�e−S½ϕ�þJa·ϕa ¼ eW½J�: ðC2Þ

Imposing the invariance of Z½J� under the symmetry
transformation in Eq. (C1), one hasZ

½Dϕ0
a�e−S½ϕ0�þJa·ϕ0

a jϕ0
a¼ϕaþiϵδϵϕa

¼
Z

½Dϕa�e−S½ϕ�þJa·ϕa :

ðC3Þ

Assuming that the path-integral measure ½Dϕa� is invariant
under this transformation, i.e., that no anomaly is present,
we obtainZ

½Dϕa�½e−S½ϕ0�þJa·ϕ0
a −e−S½ϕ�þJa·ϕa �ϕ0

a¼ϕaþiϵδϵϕa

¼−iϵ
Z

½Dϕa�
�
δS
δϕa

·δϵϕa−Ja ·δϵϕa

�
e−S½ϕ�þJa·ϕa þOðϵ2Þ

¼ iϵ½Ja · hδϵϕaiJ�Z½J�þOðϵ2Þ
¼ 0; ðC4Þ

where
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hOiJ ≡ 1

Z½J;M�
Z

½Dϕa�Oe−S½ϕ;M�þJa·ϕa : ðC5Þ

Equation (C4) yields the WTI at the level of the generating
functional,

Ja · hδϵϕaiJ ¼ 0: ðC6Þ

Defining the 1PI effective action by

Γ½ϕcl� ¼ sup
J
ðJ · ϕcl −W½J�Þ; ðC7Þ

we have

δW
δJa

¼ hϕaiJ ≡ ðϕclÞa;
δΓ

δðϕclÞa
¼ Ja: ðC8Þ

Substituting Ja ¼ δΓ=δðϕclÞa into Eq. (C6), theWTI can be
rewritten as

δΓ
δðϕclÞa

· δϵðϕclÞa ¼ 0; ðC9Þ

with δϵðϕclÞa ¼ dabðϕclÞb.
We now apply the above general WTI argument to the

present LSM. First, consider the chiral limit. In this limit,
the LSM action is invariant under the chiral SUð3ÞL ×
SUð3ÞR transformation

Φ → gL ·Φ · g†R; ðC10Þ

where gL=R ¼ exp½iðθL=RÞαTα� with α ¼ 1;…; 8. Under an
SUð3Þ axial rotation satisfying ðθLÞα ¼ −ðθRÞα ¼ ðθAÞα,
the fields σa and πa transform infinitesimally as

δαðσaTaÞ ¼ fTα; πaTag;
δαðπaTaÞ ¼ −fTα; σaTag: ðC11Þ

This shows that σa and πa transform in the adjoint
representation of SUð3ÞA, namely

δασa ¼ dαba πb; δαπa ¼ −dαba σb; ðC12Þ

where

dαba ≡ 2 tr½fTα; TbgTa�; dαb0 ¼
ffiffiffi
2

3

r
δαb: ðC13Þ

Applying the general WTI in Eq. (C9) to the 1PI effective
action of the LSM, we obtain

0 ¼ δΓ½σcl; πcl�
δðσclÞa

· δαðσclÞa þ
δΓ½σcl; πcl�
δðπclÞa

· δαðπclÞa;

¼ δΓ½σcl; πcl�
δðσclÞa

· dαbaðπclÞb −
δΓ½σcl; πcl�
δðπclÞa

· dαbaðσclÞb:

ðC14Þ

Performing one further functional derivative with respect
to the external pseudoscalar background field ðπclðyÞÞb1 ,
we find

0 ¼ δ

δðπclðyÞÞb1



δΓ½σcl; πcl�
δðσclÞa

· dαbaðπclÞb

−
δΓ½σcl; πcl�

δðπclÞa
· dαbaðσclÞb

�

¼ δΓ
δðσclÞa

· δð4Þðx − yÞdαb1a

−
δ2Γ

δðπclðyÞÞb1δðπclðxÞÞa
· dαbaðσclÞb: ðC15Þ

Imposing the quantum equations of motion, δΓ=δðσclÞa ¼ 0,
at the background field values Φ̄, Eq. (C15) simplifies to

0 ¼ −
δ2Γ

δðπclðyÞÞb1δðπclðxÞÞa
· dαbaσ̄b

¼ −
Z
x
½G−1

P ðy; xÞ�b1adαbaσ̄b; ðC16Þ

where ðG−1
P ðy; xÞÞb1a denotes the full inverse propagator of

the pseudoscalar mesons satisfying the gap equations
in Eq. (B4).
In the absence of external sources, the system is trans-

lationally invariant. One may therefore Fourier transform
the inverse propagator in Euclidean momentum space as

½G−1
P ðy; xÞ�b1a ¼

Z
d4k
ð2πÞ4 ½G

−1
P ðkÞ�b1aeiðy−xÞ·k: ðC17Þ

Within the Hartree approximation, as discussed in
Sec. III B as well as in Appendix B 2, the momentum
dependence of P−1ðkÞ arises only from the canonical
kinetic term,

½G−1
P ðkÞ�b1a ¼ k2δb1a þ ½M2

P�b1a: ðC18Þ

Substituting Eqs. (C17) and (C18) into Eq. (C16), the x
integration can be carried out explicitly,
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−
Z
x
½G−1

P ðy; xÞ�b1adαbaσ̄b

¼ −
Z

d4x
Z

d4k
ð2πÞ4 ½G

−1
P ðkÞ�b1aeiðy−xÞ·kdαbaσ̄b

¼ −½G−1
P ð0Þ�b1adαbaσ̄b

¼ −½M2
P�b1adαbaσ̄b: ðC19Þ

Taking b1 ¼ 1 in Eq. (C19), the right-hand side becomes

−½M2
P�1adαbaðσ̄0δ0b þ σ̄8δ8bÞ: ðC20Þ

Since the vectorial SUð3Þ symmetry remains unbroken, the
SUð2Þ pion triplet does not mix with the kaon doublet or
other channels, and hence ½M2

P�1a ¼ ½M2
P�11δ1a. Using

dα01 ¼ ffiffiffiffiffiffiffiffi
2=3

p
δα1 and dα81 ¼ 1=

ffiffiffi
3

p
δα1 , we obtain

−½M2
P�11dαb1ðσ̄0δ0b þ σ̄8δ8bÞ ¼ −M2

π


 ffiffiffi
2

3

r
σ̄0 þ

1ffiffiffi
3

p σ̄8

�
δα1

¼ −2M2
πΦ̄1 δ

α
1: ðC21Þ

Similarly, taking b1 ¼ 4 in Eq. (C19), the right-hand side
is

−½M2
P�44dαb4 ðσ̄0δ0b þ σ̄8δ8bÞ: ðC22Þ

Using dα04 ¼
ffiffiffiffiffiffiffiffi
2=3

p
δα4 and dα84 ¼ −1=ð2 ffiffiffi

3
p Þδα4 , we find

−½M2
P�44dαb4ðσ̄0δ0bþ σ̄8δ8bÞ¼−M2

K


 ffiffiffi
2

3

r
σ̄0−

1

2
ffiffiffi
3

p σ̄8

�
δα4

¼−M2
KðΦ̄1þΦ̄3Þδα4: ðC23Þ

Setting α ¼ 1 and α ¼ 4, respectively, we therefore obtain
the threshold relations for the pion and kaon masses,

M2
πΦ̄1 ¼ 0; M2

KðΦ̄1 þ Φ̄3Þ ¼ 0: ðC24Þ

These relations reproduce the expected Nambu-Goldstone
behavior when Φ̄1 or Φ̄3 acquires a nonzero value, i.e.,
when chiral symmetry is spontaneously broken.

2. WTIs with explicitly broken SUð3Þ chiral
symmetry and GMOR relations

In the present work, the SUð3Þ chiral symmetry is
explicitly broken by the source M, and the WTI for the
1PI effective action in Eq. (C9) is accordingly modified.
Although the mesonic action Sm is not invariant under the
axial transformation in Eq. (C10) with ðθLÞα ¼ −ðθRÞα, it
becomes formally invariant once the spurion field M is
assigned the transformation law

M → gL ·M · g†R: ðC25Þ

For the classical action with nonvanishingM, one then has

δϵS½ϕ� ¼
δS
δϕa

· δϵϕa þ
δS
δM

· δϵMþ δS
δM† · δϵM

† ¼ 0:

ðC26Þ

At the level of the generating functional, Eq. (C4) is
modified to

Z
½Dϕa�½e−S½ϕ0;M�þJa·ϕ0

a − e−S½ϕ;M�þJa·ϕa �ϕ0
a¼ϕaþiϵδϵϕa

¼ −iϵ
Z

½Dϕa�
�
δS
δϕa

· δϵϕa − Ja · δϵϕa

�
e−S½ϕ;M�þJa·ϕa þOðϵ2Þ

¼ iϵ
Z

½Dϕa�
�
δS
δM

· δϵMþ δS
δM† · δϵM

† þ Ja · δϵϕa

�
e−S½ϕ;M�þJa·ϕa þOðϵ2Þ

¼ iϵ

��
δS
δM

�
J
· δϵMþ

�
δS

δM†

�
J
· δϵM† þ Ja · hδϵϕaiJ

�
Z½J;M� þOðϵ2Þ

¼ 0; ðC27Þ

which yields the broken WTI at the quantum level,�
δS
δM

�
J
· δϵMþ

�
δS

δM†

�
J
· δϵM† þ Ja · hδϵϕaiJ ¼ 0:

ðC28Þ
After introducing the 1PI effective action in Eq. (C7), the
above identity can be rewritten as

δΓ
δðϕclÞa

· δϵðϕclÞa þ
δS
δM

����
ϕa¼ðϕclÞaþΔab·

δ
δðϕclÞb

· δϵM

þ δS
δM†

����
ϕa¼ðϕclÞaþΔab·

δ
δðϕclÞb

· δϵM† ¼ 0; ðC29Þ

where
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Δabðx; yÞ ¼
δ2W

δJaðxÞδJbðyÞ
ðC30Þ

is the full connected propagator.
With Eq. (C29) at hand, we are ready to derive the

GMOR relations at the 1PI level. Since the first term in
Eq. (C29) has already been discussed in the previous
Subsection,we now focus on the explicit symmetry-breaking
terms. The infinitesimal transformation of M reads

δαMmn ¼ fTα;Mgmn: ðC31Þ

Decomposing the mass matrix as M ¼ Ms þ iMp ¼
Ms

aTa þ iMp
aTa, the transformations of Ms=p

a are

δαMs
a ¼ dαbaM

p
b ; δαMp

a ¼ −dαbaMs
b: ðC32Þ

Next, consider

δSqm
δMmn

¼ δSm
δMmn

¼−cðΦ†Þnm¼−cðσa− iπaÞTa
nm: ðC33Þ

Replacing ϕa by ðϕclÞa þ Δab · δ
δðϕclÞb, we obtain

δSqm
δMmn

����
ϕa¼ðϕclÞaþΔab·

δ
δðϕclÞb

· δαMmn

¼ −c½ðσclÞa − iðπclÞa� · ½Mp
a2 − iMs

a2 �Tb
nmTa

nmdαa2b:

ðC34Þ

Taking one functional derivative with respect to the external
pseudoscalar field ðπclðyÞÞb1 , this expression becomes

δ

δðπclðyÞÞb1
ðC34Þ

¼ cδð4Þðx − yÞδb1a · ½Ms
a2 þ iMp

a2 �Tb
mnTa

nmdαa2b

¼ c
2
δð4Þðx − yÞδb1a · ½Ms

a2 þ iMp
a2 �δabdαa2b: ðC35Þ

Taking the background values σ̄aTa ¼ diagfΦ̄1; Φ̄1; Φ̄3g,
M ¼ diagfml;ml; msg, and π̄a ¼ 0, we find that for
b1 ¼ α ¼ 1,

ðC35Þ ¼ cml; ðC36Þ

whereas for b1 ¼ α ¼ 4,

ðC35Þ ¼ 1

2
ðcml þ cmsÞ; ðC37Þ

after integrating over the spacetime coordinate x. The
Hermitian-conjugate term involving M† yields the same
contribution.

Combining Eqs. (C21), (C23), (C36), and (C37), we
obtain the GMOR relations in the LSM,

M2
πΦ̄1 ¼ cml;

M2
KðΦ̄1 þ Φ̄3Þ ¼ cml þ cms: ðC38Þ

In the 1PI formulation, these GMOR relations are in fact
equivalent to the stationary conditions for Φ̄1 and Φ̄3. As
we discuss in the main text, this equivalence is no longer
maintained in the 2PI formalism at vanishing local
sources JðxÞ.

3. WTIs in 2PI formalism

In this Subsection of the Appendix, we summarize the
derivation of Eq. (67). We first restrict ourselves to the case
without explicit symmetry breaking.
Consider the generating functional in the presence of a

bilocal source Kabðx; yÞ,

Z½J; K� ¼
Z

½Dϕa�e−S½ϕ�þJa·ϕaþ1
2
ϕa·Kab·ϕb ¼ eW½J;K�; ðC39Þ

for which

δW½J; K�
δJa

¼ hϕaiJ;K ≡ ðϕclÞa;
δ2W

δJaδJb
¼ hϕaϕbiJ;K − hϕaiJ;KhϕbiJ;K ≡ Δab; ðC40Þ

and

δW½J; K�
δKab ¼ 1

2
ðΔab þ ðϕclÞaðϕclÞbÞ: ðC41Þ

The 2PI effective action is obtained from the double
Legendre transform,

Γ½ϕcl;Δ� ¼ sup
J;K

�
Ja · ðϕclÞa þ Kab ·

δW½J; K�
δKab −W½J; K�

�

¼ sup
J;K

�
Ja · ðϕclÞa þ

1

2
Kab · ðΔab þ ðϕclÞaðϕclÞbÞ

−W½J; K�
�
: ðC42Þ

Accordingly,

δΓ½ϕcl;Δ�
δðϕclÞa

¼ Ja þ Kab · ðϕclÞb;
δΓ½ϕcl;Δ�
δΔab

¼ 1

2
Kab:

ðC43Þ
Proceeding in the sameway as in Eq. (C4), the symmetry

variation in Eq. (C1), together with the invariance of the
generating functional Z½J; K� in Eq. (C39), leads to the
WTIs at the level of Z½J; K�,
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Z
½Dϕa�½e−S½ϕ0�þJa·ϕ0

aþ1
2
ϕ0
a·Kab·ϕ0

b − e−S½ϕ�þJa·ϕaþ1
2
ϕa·Kab·ϕb �ϕ0

a¼ϕaþiϵδϵϕa

¼ −iϵ
Z

½Dϕa�
�
δS
δϕa

· δϵϕa − Ja · δϵϕa −
1

2
ϕa · Kab · δϵϕb −

1

2
δϵϕa · Kab · ϕb

�
e−S½ϕ�þJa·ϕaþ1

2
ϕa·Kab·ϕb þOðϵ2Þ

¼ iϵ

�
Ja · hδϵϕai þ

1

2
Kab · hϕa · δϵϕbi þ

1

2
Kab · hδϵϕa · ϕbi

�
Z½J; K� þOðϵ2Þ ¼ 0: ðC44Þ

Using Eqs. (C40), (C43) and (C44) can be rewritten as

δΓ½ϕcl;Δ�
δðϕclÞa

· dabðϕclÞb þ
δΓ½ϕcl;Δ�
δΔab

· ðdbcΔac þ dacΔcbÞ ¼ 0:

ðC45Þ

This is the exact form of the WTIs in the 2PI formalism.
Taking a further functional derivative of Eq. (C45) with
respect to ðϕclÞc, we obtain

δ2Γ½ϕcl;Δ�
δðϕclÞcδðϕclÞa

· dabðϕclÞb þ
δΓ½ϕcl;Δ�
δðϕclÞa

· dac

þ δ2Γ½ϕcl;Δ�
δðϕclÞcδΔab

· ðdbcΔac þ dacΔcbÞ ¼ 0; ðC46Þ

which is the form quoted in Eq. (67).
In the presence of the explicit symmetry-breaking

sources M and M†, Eq. (C44) is modified to

0 ¼ iϵ

��
δS
δM

�
J
· δϵMþ

�
δS

δM†

�
J
· δϵM† þ Ja · hδϵϕai

þ 1

2
Kab · hϕa · δϵϕbi þ

1

2
Kab · hδϵϕa · ϕbi

�
Z½J; K�

þOðϵ2Þ; ðC47Þ

which leads to the modified 2PI WTI

δΓ½ϕ;Δ�
δϕa

· dbaϕb þ
δΓ½ϕ;Δ�
δΔab

· ðdbcΔac þ dacΔcbÞ

¼ −
��

δS
δM

�
J
· δϵMþ

�
δS

δM†

�
J
· δϵM†

�
; ðC48Þ

whose functional derivative with respect to ϕc yields
Eq. (67).

APPENDIX D: HIGH-TEMPERATURE LIMIT

In this Appendix, we summarize the formulations of the
high-temperature limit of the equations of state.
We start with the discussion on the SB limit. To this end,

we define the mass-to-temperature ratios of the fermions
and the bosons as

rψT ≡mψ

T
; rϕT ≡mϕ

T
; ðD1Þ

where mψ=mϕ denote the unified and dressed fermion/
boson masses, respectively, since the mass spectrum is
assumed to be degenerate in the SB limit, in the three-flavor
quark-meson model. At sufficiently high temperature, the
ratios rψT and rϕT are assumed to vanish in the SB limit

rψ∞ ¼ 0; rϕ∞ ¼ 0: ðD2Þ

Up to the leading order of the high-T expansion, the
fermionic and bosonic one-loop integrals read

Z
k
logðΔϕðkÞÞ−1 ¼ −2T

Z
d3k
ð2πÞ3 log ½1þ nBðϵϕk Þ�

¼ T4

�
−
π2

45
þOðrϕTÞ

�
;

Ωq̄qjT ¼ νcNfT
Z

∞

0

d3p
ð2πÞ3 flog½1 − nqðT; μÞ�

þ log½1 − nq̄ðT; μÞ�g

¼ νcNfT4

�
−
7π2

360
þOðrψT Þ

�
; ðD3Þ

where ΔϕðkÞ is the unified mesonic propagator. At the one-
loop level, the grand canonical potential reads

ΩðT; μBÞ →
Nϕ

2

Z
k
logðΔϕðkÞÞ−1 þΩq̄qjT

¼ −T4

�
Nϕ

π2

90
þ NcNf

7π2

180
þOðrψT Þ þOðrϕTÞ

�
; ðD4Þ

where Nϕ is the total number of the scalar and the
pseudoscalar mesons. In the three-flavor quark-meson
model, we take Nc ¼ 3, Nf ¼ 3, and Nϕ ¼ 2N2

f ¼ 18.
Thus, the normalized pressure in the one-loop SB limit with
fixed baryon chemical potential reads
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lim
T→∞

P1−loop
SB

T4
¼ π2

5
þ 7π2

20
≃ 5.4282: ðD5Þ

In the CJT formalism employed in the present formu-
lation, the two-loop contribution is taken into account. In
the unified limit where the meson spectrum is degenerate,
the mesonic Gaussian contraction term, as well as the 2PI
contributions, read

1

2

Z
k
tr½Ḡ−1

S ðk; σÞGSðkÞ þ Ḡ−1
P ðk; σÞGPðkÞ − 2 · 1adj� þ V2

→
Nϕ

2
ðm2 −M2Þ

Z
k
ΔϕðkÞ þ 9λtot

2

�Z
k
ΔϕðkÞ

�
2

¼ −
9λtot
2

�Z
k
ΔϕðkÞ

�
2

; ðD6Þ

where λtot ≡ 12λ1 þ 20λ2, M is the unified meson dynami-
cal mass, and m includes the tree-level mass with quark
one-loop contribution. In the last line of Eq. (D6), we have
imposed the gap equation. Performing the high-T expan-
sion, the mesonic tadpole one-loop integral reads

Z
k
ΔϕðkÞ ¼

Z
d3k
ð2πÞ3

nBðϵϕk Þ
ϵϕk

¼ T2

�
1

12
þOðrϕTÞ

�
: ðD7Þ

Thus, the normalized pressure in the two-loop SB limit
with fixed baryon chemical potential reads

lim
T→∞

P2−loop
SB

T4
¼ π2

5
þ 7π2

20
þ 9

2
λtot



1

12

�
2

≃ 31.2895: ðD8Þ

We note here, however, that the SB limit for the mesons
does not work well because the mass-temperature ratio
remains sufficiently large in the high-temperature limit

rϕ∞ > 1; ðD9Þ
such that the high-T expansion exceeds the convergence
radius. Thus, in the current analysis for the CJT formalism,
we perform the high-T estimation at finite rϕ∞. For the latter
convenience, we define

IϕðrϕTÞ≡ 1

T2

Z
k
ΔϕðkÞ

¼ 1

2π2

Z
dx

x2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ ðrϕTÞ2

q 1

expf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ ðrϕTÞ2

q
g − 1

;

IψðrψT Þ≡
Z

d3p
ð2πÞ3

nqðT; 0Þ
Eq

¼ 1

2π2

Z
dy

y2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ðrψT Þ2

p 1

expf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ðrψT Þ2

p
g þ 1

;

ðD10Þ
where x≡ jkj=T and y≡ jpj=T, respectively.

Consider the unified gap equation

M2 ¼ m2 þ λtot

Z
k
ΔϕðkÞ; ðD11Þ

where m2 ¼ m2
tree þm2

ψ , and

m2
ψ ¼

∂
2Ωq̄q

∂ϕ∂ϕ

����
Φ¼Φ̄

¼νcNf
g2

3

Z
d3p
ð2πÞ3

1

2Eq
½nqðT;μÞþnq̄ðT;μÞ�þOðΦ̄2Þ:

ðD12Þ

Dividing T2 on both sides of Eq. (D11) and taking the
T → ∞ limit, we obtain

ðrϕ∞Þ2 ¼ m2
ψ jrψ∞→0 þ λtotIϕðrϕ∞Þ

¼ νcNf
g2

3
Iψð0Þ þ λtotIϕðrϕ∞Þ; ðD13Þ

where in the last equality we have used the fact that

lim
T→∞

Φ̄
T
¼ lim

T→∞

μ

T
¼ 0: ðD14Þ

In Eq. (D13), Iψð0Þ is the fermionic tadpole one-loop
integral at vanishing quark mass and T → ∞ limit, and has
the value Iψð0Þ ¼ 1=24. For the efficiency of solving rϕ∞
numerically, we employ the identity

IϕðrϕTÞ ¼
1

2π2

Z
dx

x2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þðrϕTÞ2

q expf−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þðrϕTÞ2

q
g

1− expf−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þðrϕTÞ2

q
g

¼ 1

2π2

Z
dx

x2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þðrϕTÞ2

q X∞
l¼1

expf−l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þðrϕTÞ2

q
g

¼ 1

2π2
X∞
l¼1

rϕT
l
K1ðlrϕTÞ; ðD15Þ

where KαðxÞ is the modified Bessel function of the second
kind. We checked that this series converges sufficiently up
to l ¼ 20. Insert this form into Eq. (D13), we arrive at

ðrϕ∞Þ2 ¼ NcNfg2

36
þ λtot
2π2

X∞
l¼1

rϕ∞
l

K1ðlrϕ∞Þ: ðD16Þ

For the parameter setup of m½f0ð500Þ� ¼ 800 MeV, the
numerical solution yields

rϕ∞ ≃ 3.6674; ðD17Þ
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for Nc ¼ 3 and Nf ¼ 3. We note here that this numerical
value is model dependent, but the strategy is rather
universal for the self-energy resummed prescriptions.
Once the rϕ∞ is fixed, the normalized pressure is

straightforwardly evaluated. The mesonic one loop yields

lim
T→∞

1

T4

Z
k
logðΔϕðkÞÞ−1

¼ 1

π2

Z
dx log½1 − expfx2 þ ðrϕ∞Þ2g�; ðD18Þ

and thus the normalized pressure reads

lim
T→∞

PHigh-T

T4
¼ 7π2

20
−
Nϕ

2π2

Z
dx log½1 − expfx2 þ ðrϕ∞Þ2g�

þ 9

2
λtot½Iϕðrϕ∞Þ�2 ≃ 3.8207: ðD19Þ

For the symmetry-improved prescriptions, the external
sources are suppressed as the temperature increases. Thus,
all pressure prescriptions in the SICJT formalism con-
verge to the same high-T asymptotics as in the CJT
formalism.

Similarly, the High-T limit for the normalized entropy
density, the baryon chemical potential, and the energy
density reads

lim
T→∞

nB;High-T
T3

¼ 0;

lim
T→∞

sHigh-T
T3

¼ 4 lim
T→∞

PHigh-T

T4
≃ 15.2829;

lim
T→∞

εHigh-T
T4

¼ 3 lim
T→∞

PHigh-T

T4
≃ 11.4622: ðD20Þ

APPENDIX E: RESULTS ON THERMODYNAMIC
QUANTITIES

In this Appendix, we collect additional results for the
thermodynamic quantities associated with the different
pressure prescriptions introduced in Sec. IV B 1, which
are summarized in Fig. 14. The baryon number density,
entropy density, and energy density are shown in normal-
ized form, with their temperature power. The derivatives are
evaluated using the fixed-source prescription discussed in
Sec. IV B 2. These plots are included for completeness and
provide consistency checks for the equations of state used
in the main text.
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(a)

(b)

(c)

FIG. 14. Normalized thermodynamic quantities obtained from the CJT formalism and from the different pressure prescriptions of the
SICJT formalism: (a) the baryon number density nB=T3; (b) the entropy density s=T3; (c) the energy density ϵ=T4.
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APPENDIX F: COMPARISONS TO OTHER
QUANTITATIVE APPROACHES

In this Appendix, we place the numerical results of the
CJT and SICJT formalisms in the context of representative
mean-field, functional renormalization-group, and lattice
QCD calculations. They provide an external benchmark for
the location and shape of the chiral crossover, and help
separate the intrinsic thermodynamic ambiguity associated
with the symmetry-improving sources from differences
caused by the microscopic degrees of freedom and the
approximation scheme. Since the absolute transition scales
and high-temperature limits are model dependent, we use
dimensionless normalizations whenever appropriate.
For all CJT and SICJT curves shown in this Appendix,

we employ the mσ ¼ 800 MeV parameter set used in the
main numerical analysis. The external mean-field, fRG, and
lattice curves retain the parameter sets and scale-setting
prescriptions of their respective source calculations.
Accordingly, the comparison is not intended as a
common-parameter benchmark; normalizing by each
approach’s own Tpc isolates the crossover shape from
the sizable differences in the absolute transition scale.

1. Chiral condensates and pseudo-critical temperature
at vanishing baryon chemical potential

To compare the chiral order parameters between the
effective models and lattice QCD, we employ the reduced
light-strange condensate

Δl;sðTÞ ¼
hl̄liT − ðml=msÞhs̄siT
hl̄li0 − ðml=msÞhs̄si0

: ðF1Þ

For the present three-flavor linear sigma model, the
corresponding combination is constructed as

ΔCJT=SICJT
l;s ðTÞ ¼ Φ̄1ðTÞ − ðcml=cmsÞΦ̄3ðTÞ

Φ̄1ð0Þ − ðcml=cmsÞΦ̄3ð0Þ
: ðF2Þ

This definition removes the overall normalization of the
condensates and suppresses the additive mass-dependent
contribution, making it a suitable quantity for comparison
with the PQM and lattice results [55–57].
For the comparison in this Appendix, the CJT and SICJT

pseudocritical temperatures are determined using the same
reduced-condensate criterion as the Wuppertal-Budapest
(WB) lattice result,

TðΔÞ
pc ¼ arg maxT

�
−
∂Δl;sðTÞ

∂T

�
; ðF3Þ

which is equivalent to the inflection point of Δl;sðTÞ. This
gives

TðΔÞ
pc;CJT ¼ 164.365 MeV; TðΔÞ

pc;SICJT ¼ 143.309 MeV:

ðF4Þ

For comparison, defining the crossover through the inflec-

tion point of the light condensate Φ̄1ðTÞ gives TðΦ̄1Þ
pc;CJT ¼

164.394 MeV and TðΦ̄1Þ
pc;SICJT ¼ 143.298 MeV. Changing

the definition therefore shifts the CJT value by
−0.030 MeV and the SICJT value by þ0.011 MeV.
These differences are numerically negligible at the preci-
sion used in Table II, so the rounded entries remain
164.4 MeV and 143.3 MeV, respectively. The small shifts
arise because the strange condensate varies more slowly
across the light crossover and enters (F2) with the small
coefficient cml=cms ¼ 0.03268315.
The mean-field calculations determine their pseudocrit-

ical temperatures from the inflection point of a nonstrange
chiral order parameter. The PQM-fRG result uses the

TABLE II. Comparison of pseudocritical temperatures at vanishing baryon chemical potential. Entries belonging to the same broad
method but employing different numerical setups are listed separately. The pseudocritical temperatures identify characteristic inflection
points or susceptibility peaks of chiral observables. The QM-MF value ≃139.5 MeV is obtained from the inflection point of the
standard-MFA condensate curve digitized from Ref. [58]; it is not quoted explicitly in that reference.

Approach and setup Tpc (MeV) Criterion

CJT (this work) 164.4 Inflection of Δl;s

SICJT (this work) 143.3 Inflection of Δl;s

Nf ¼ 2þ 1 QM-MF [58] ≃139.5 Inflection of σx
Nf ¼ 2þ 1 QM-MF (mπ ¼ 220 MeV) [55] 164 Inflection of σx
Nf ¼ 2þ 1 PQM-MF (log; mπ ¼ 220 MeV) [55] 215 Inflection of σx
Nf ¼ 2þ 1 PQM-FRG [56] 172 max½−∂TΔl;s�
Nf ¼ 2þ 1 PQM-FRG [20] 176.5 Inflection of ΔLS

Lattice QCD (WB) [57] 157(3)(3) Inflection of Δl;s

Lattice QCD (HotQCD continuum) [13] 156.5(1.5) Average over five chiral criteria
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maximum of −∂TΔl;s, while the lattice value associated
with the points shown below is obtained from the inflection
point of Δl;s. Hence, the present CJT/SICJT, PQM-fRG,
and WB entries now use the same reduced-condensate
criterion, whereas the mean-field entries use the closely
related nonstrange-condensate criterion.
Figure 15 compares the reduced condensates as func-

tions of T=Tpc, with each curve normalized by its own
pseudocritical temperature. After rescaling by the respec-
tive crossover temperatures, all approaches display the
same qualitative interpolation between the chirally broken
and approximately restored regimes. The remaining
differences quantify the width and asymmetry of the
crossover. In particular, the mean-field curves tend to be
steeper, whereas mesonic fluctuations and the lattice result
produce a smoother crossover. The CJT and SICJT curves
should therefore be compared primarily in terms of their
crossover width and shape, rather than through an unquali-
fied point-by-point identification with full QCD.
The source-specific pseudocritical temperatures are col-

lected in Table II. We list the condensate and equation-of-
state benchmark setups separately whenever they differ.

This distinction is necessary for the QM-MF and PQM-fRG
comparisons: the references providing the condensate
curves are not the same numerical setups as those used
for the thermodynamic benchmark curves. The spread
among the effective-model entries reflects differences in
particle content, vacuum parametrization, and fluctuation
treatment. The WB value 157ð3Þð3Þ MeV is retained for
the lattice points in Fig. 15, while the more recent
continuum HotQCD analysis gives Tpc ¼ 156.5�
1.5 MeV from several consistent chiral criteria [13].

2. Thermodynamic quantities at vanishing baryon
chemical potential

We compare the CJT and SICJT equations of state at
μB ¼ 0 with representative three-flavor QM-MF and PQM-
MF [55], PQM-FRG [20], and lattice-QCD [11,12] results
in Figs. 16 and 17. The temperature is normalized by the
pseudocritical temperature determined within each
approach. The external results retain their original particle
content, parametrization, and scale setting; the comparison
therefore probes the crossover shape rather than a common-
parameter equation of state.

FIG. 15. Reduced light-strange chiral condensate Δl;sðTÞ, normalized to its zero-temperature value, as a function of T=Tpc, where Tpc
is determined separately within each approach. The black and red solid curves denote, respectively, the conventional CJT and SICJT
calculations of the present work. The blue solid curve shows theNf ¼ 2þ 1 quark-meson model in the mean-field approximation (QM-
MF) [58], while the blue dash-dotted curve denotes theNf ¼ 2þ 1 Polyakov-quark-meson model in the mean-field approximation with
the logarithmic Polyakov-loop potential [PQM-MF (log)] [55]. The dark-green dash-dotted curve corresponds to the Nf ¼ 2þ 1

Polyakov-quark-meson model treated with the functional renormalization group (PQM-FRG) [56]. The gray points with error bars show
the lattice QCD result of theWB Collaboration [57]. The gray diamonds represent the HotQCDHISQ/tree results atNτ ¼ 8 lattices [59].

THERMODYNAMICS IN SYMMETRY-IMPROVED CORNWALL- … PHYS. REV. D 114, 054015 (2026)

054015-39



The absolute normalizations exhibit a sizable model
dependence above the crossover, reflecting the different
microscopic degrees of freedom and high-temperature
limits. Nevertheless, all approaches show the characteristic
softening of c2s and enhancement of the trace anomaly in
the transition region. Their depths, widths, and peak
positions remain approximation dependent.

Within the SICJT calculation, PðjÞ
vac and P⋆ remain

close to the CJT baseline over most of the temperature
range. The conventional vacuum-subtracted pressure
Pvac shows a substantially larger deviation, most promi-
nently in the pressure and trace anomaly. This behavior is
expected because an additive source-dependent pressure

shift enters ε − 3P directly, whereas the source-matched
and pulled-back prescriptions remove most of this
contribution.
Normalizing each observable by its own asymptotic value

substantially reduces the spread caused by the different
high-temperature normalizations. The CJT, PðjÞ

vac, and P⋆

curves then display a similar crossover evolution, while the
remaining differences relative to the functional and lattice
results mainly characterize the width and asymmetry of the
transition. The distinct behavior of Pvac confirms that its
conventional vacuum subtraction is not well adapted to
normalization-sensitive observables in the source-based
SICJT formulation.

(a) (b)

(c) (d)

FIG. 16. Thermodynamic observables at μB ¼ 0 as functions of T=Tpc: (a) pressure P=T4, (b) entropy density s=T3, (c) squared sound
velocity c2s, and (d) trace anomaly ðε − 3PÞ=T4. The pseudocritical temperature is determined separately within each approach. The
effective-model and lattice benchmarks are taken from Refs. [11,12,20,55].
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(a)

(b)

(c)

FIG. 18. Isentropic trajectories in the physical ðμB; TÞ plane, in
comparison with (a) the full-baryonic latticeþ HRG parametri-
zation [10]; (b)the Nf ¼ 2þ 1 QM-MF [60] trajectories; (c) the
Nf ¼ 2þ 1 PQM-MF [60]. Colors identify s=nB, while line
styles distinguish the different formalisms and pressure prescrip-
tions. The individual phase boundaries are presented as thin-
dotted or -dashed lines.

(a)

(b)

(c)

FIG. 17. Thermodynamic observables at μB ¼ 0, normalized
by the corresponding model-specific high-temperature limits:
(a) pressure, (b) entropy density, and (c) energy density. Each
curve is shown as a function of its own T=Tpc.
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3. Isentropic trajectories

Figure 18 compares the CJT and SICJT isentropic
trajectories with latticeþ HRG [10], QM-MF as well as
the PQM-MF [60] results directly in the physical ðμB; TÞ
plane. No model-dependent normalization of either axis is
applied. For each external calculation, the CJT and SICJT

contours are evaluated at the same values of s=nB. The P
ðjÞ
vac

trajectories are not displayed separately because their
thermodynamic derivatives, and therefore their isentropes,
coincide with those obtained from Pvac.
The CJT and SICJT trajectories remain close over the

full range displayed, showing that the thermodynamic
ambiguity associated with the pressure prescription
produces a smaller effect than the change of the
underlying model. The QM-MF trajectories exhibit a
similar ordering and curvature, particularly for the

moderate and large values of s=nB. At smaller s=nB,
all trajectories enter the high-density region and become
more sensitive to the location and treatment of the first-
order boundary.
The PQM-MF trajectories show a larger displacement

toward high μB and a stronger bending near the transition
region. This difference indicates that the Polyakov-loop
sector and the associated modification of the thermal
degrees of freedom can affect the isentropic structure more
strongly than the choice among the CJTand SICJT pressure
prescriptions. The latticeþ HRG parametrization passes
through a comparable crossover domain, but its global
curvature differs from the effective-model trajectories.
Since it is based on a finite-density Taylor parametrization,
this comparison should be regarded as qualitative rather
than as a precision test at large μB=T.
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