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We study the one-loop Polyakov-loop effective potential in pure gluonic matter under constant
acceleration. We perform the computation in both the Euclidean Rindler spacetime and the optical
spacetime, which are related via a conformal transformation. The results from the two formulations
correspond to physically different observables, and we clarify their connection to specific components of
the energy-momentum tensor. This identification resolves a discrepancy previously noted for fields on
conical backgrounds. For the Polyakov-loop expectation value, we should minimize the effective potential
computed in the optical metric formulation, which concludes that real acceleration strengthens deconfining
properties. We also discuss analytic continuation from real to imaginary acceleration and find a
perturbatively confined phase. We point out some suggestive similarities and differences between systems
under imaginary acceleration and imaginary rotation.
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I. INTRODUCTION

Quantum chromodynamics (QCD) exhibits a crossover
(i.e., continuous transition) from a confined hadronic gas
to a deconfined quark-gluon plasma at finite temperature.
In the heavy-quark limit, dynamical quarks decouple and
QCD reduces to a pure gluonic system, where this cross-
over becomes a genuine phase transition. In this limit, the
expectation value of the Polyakov loop, L, serves as a well-
defined order parameter. The seminal works by Gross,
Pisarski, and Yaffe [1] and Weiss [2,3] have shown that the
one-loop Polyakov-loop effective potential successfully
captures expected properties of deconfined matter in the

perturbative regime at sufficiently high temperature. Since
then, the Polyakov-loop effective potential has become a
standard tool [4] for studying how extreme environments,
such as high temperature, large baryon density, strong
electromagnetic fields, fast rotation, etc., influence the
confinement-deconfinement transition in a pure gluonic
system described by the Yang-Mills theory.
Among various extreme environments, acceleration

remains one of the least understood, although it is con-
ceptually simple and phenomenologically important in,
e.g., heavy-ion collisions where the early-stage quark-
gluon matter may experience large proper acceleration
[5–7]. By the equivalence principle, uniform acceleration
is closely related to a gravitational field, so acceleration
provides a simple setting for studying QCD matter in
noninertial or curved geometry. Moreover, acceleration is
generated by the boost operator, while rotation is generated
by the angular-momentum operator. This analogy naturally
motivates the question of whether acceleration plays a role
similar to rotation in the deconfinement of QCD matter.
One defining feature of acceleration is the Unruh effect:

An accelerated observer sees the Minkowski vacuum as a
thermal bath at temperature (called the Unruh temperature)
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TU ¼ a=ð2πÞ with a the proper acceleration [8–12]. This
suggests that acceleration acts as a thermal reservoir, melts
condensates, and restores broken symmetries. For example,
chiral symmetry restoration has been discussed in the
Nambu–Jona-Lasinio model and related effective theories

]13–19 ]. Related phenomena, such as dissociation of
mesons and melting of Bose-Einstein condensates by
acceleration, have also been examined [20–24]. In most
of these analyses [13–18,23,24], the system is taken to be
in a thermal Rindler state at temperature T ¼ TU, corre-
sponding to a Minkowski vacuum. The critical acceler-
ation for symmetry restoration is found to be ac ¼ 2πTc
with Tc the critical temperature in Minkowski spacetime.
This result agrees with the intuitive expectation from the
Unruh effect.
This intuitive picture, however, is not yet complete.

The phase structure of accelerated systems depends
sensitively on how the vacuum contribution is subtracted
[25,26]. It was found that subtracting the Rindler vacuum
leaves the critical temperature of chiral phase transition
unchanged, whereas subtracting the Minkowski vacuum
makes it grow with acceleration [27,28]. A first-
principles lattice study of weakly accelerated gluonic
matter has also been performed, but the acceleration
dependence of the deconfinement temperature remains
to be further clarified [29,30]. Therefore, it is a timely
subject to compute the Polyakov-loop effective potential
directly and reveal the phase-transition properties of a hot
and accelerated gluonic system.
We should emphasize that the field-theoretical formu-

lation in Rindler spacetime at a general temperature is subtle.
This is because the Euclidean continuation from Rindler
spacetime develops a conical singularity whenever T ≠ TU;
see explanations in Sec. II A. This situation is closely related
to quantum field theory on conical manifolds and cosmic-
string backgrounds [31–36]. For spin-one fields, surface or
contact terms localized at the conical tip are known to affect
thermodynamic quantities [37–39]. In the commonly used
formulation, the Rindler metric is conformally mapped to an
ultrastatic optical metric [40–47] where finite-temperature
calculations becomemore tractable. We closely discuss these
formulations in Secs. II and III.
We, thus, employ two complementary approaches to

study the Polyakov-loop effective potential in accelerated
gluonic matter. First, we work directly in the Rindler
spacetime. Using the Euclidean path-integral formalism,
we compute both the local form of the partition function
and the energy-momentum tensor (EMT). Second, we work
in the optical spacetime, where acceleration is encoded in the
curvature. In this latter setting, we employ the heat-kernel
expansion to construct the Polyakov-loop effective potential.
These would-be equivalent approaches yield different

results for the Polyakov-loop effective potential. Similarly
controversial results have been reported for scalars, spinors

[48,49], and vectors [50]. A related subtlety arises also
in the density-operator approach to global equilibrium of
accelerated fermions and bosons [51–57]. In a recent work
[58], it has been confirmed that the pressure derived from
the EMT could differ from the pressure obtained from the
partition function.
Our calculations explicitly demonstrate that the

Polyakov-loop effective potentials obtained in these two
approaches are connected by a thermodynamic relation,
once we correctly identify the results as the EMT compo-
nents. More specifically, the effective potential obtained
directly in the Rindler description is somehow associated
with the EMT component, hTz

zi, which in the conformal
case is related to one-third of the internal energy. By
contrast, the optical description gives the physical
Polyakov-loop effective potential after the optical volume
element is converted to the Rindler one. Using this physical
Polyakov-loop effective potential, we find that real accel-
eration favors the center-broken perturbative minimum
and, hence, strengthens the tendency toward deconfine-
ment. We also show that the Polyakov-loop effective
potential exhibits an acceleration-induced cusp, and this
nonanalyticity at the perturbative minimum makes the
usual curvature definition of the Debye screening mass
ill defined. Finally, we study the analytic continuation to
imaginary acceleration and find a perturbatively confined
phase in close analogy with the imaginary-rotation case
[59], as discussed in Sec. IV.
Throughout this paper, we adopt the mostly plus con-

vention for the Minkowski metric.

II. THERMODYNAMICS WITH ACCELERATION

We explain the formulation of describing matter with
finite acceleration using nontrivial metric. We then discuss
thermodynamics, particularly, the computation of the
partition function from which all thermodynamic quantities
are derived. This is an exercise before introducing the
Polyakov-loop background and studying the acceleration
effect on the deconfinement phase transition. We find an
unexpectedly subtle realization of thermodynamic proper-
ties with acceleration. We present two different approaches
to accelerated systems, namely, a standard formulation
based on the Rindler coordinate metric and another one
based on the optical metric. Although these two formula-
tions are supposed to be equally valid, we show that they
lead to inequivalent results.

A. Euclidean Rindler metric vs optical metric

First, we consider the Rindler coordinate system.
This treatment gives a plain physical interpretation that
the matter and the coordinate system are coaccelerated,
so that the matter looks static for the observer in this
system.
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For the Minkowski coordinates, ðxM; yM; zM; tMÞ, we
consider the acceleration along the zM axis, and then it is
convenient to introduce the Rindler frame, that is,

tM ¼ z sinhðatÞ; zM ¼ z coshðatÞ; ð1Þ

and xM ¼ x and yM ¼ y, where a represents the proper
acceleration. We will focus on z > 0 (right Rindler wedge),
and we note that z ¼ a−1 should hold along the observer’s
worldline, which is required to take the a → 0 limit
properly. Then, we can immediately derive the line element
given by

ds2Rindler ¼ −ðazÞ2dt2 þ dx2 þ dy2 þ dz2: ð2Þ

Since we are interested in thermodynamics in the imagi-
nary-time Matsubara formalism, we should perform all
calculations with Euclidean time τ, and, thus, the Euclidean
Rindler metric, gER, reads

ds2ER ¼ ðgERÞμνdxμdxν ¼ ðazÞ2dτ2 þ dx2 þ dy2 þ dz2;

ð3Þ

with τ compactified to ð0; βÞ. Since ðτ; zÞ has the same
metric structure as the two-dimensional polar coordinates,
ds2 ¼ dr2 þ r2dθ2, if θ ¼ aτ, the thermal circle along the τ
direction has no singularity as long as the thermal period is
β ¼ 2π=a. In other words, a conical singularity appears for
general temperatures that do not satisfy this condition; see
the left illustration in Fig. 1.
Next, we move to another spacetime via conformal

transformation: gμν → g̃μν ¼ e2σðxÞgμν. Such conformal
transformations from the Rindler or other curved space-
times are often useful [40–45,47]. We specifically consider
the so-called optical metric that is ultrastatic with the
following properties: g00 ¼ 1, g0i ¼ 0, and gij’s are time
independent. Therefore, the optical spacetime with accel-
eration a is obtained by σðxÞ ¼ − lnðazÞ, leading to

ds2opt ¼ ðgoptÞμνdxμdxν ¼ dτ2 þ hijdxidxj;

hijðxÞ ¼
1

ðazÞ2 δij: ð4Þ

In this case, the Rindler horizon at z ¼ 0 is shifted to
lnðazÞjz¼0 → −∞, which should be understood from
dz2=z2 ¼ ½d lnðazÞ�2; see the right illustration in Fig. 1.
The whole spatial part is the upper-half-space representa-
tion of hyperbolic space H3

1=a where the subscript indicates
the curvature radius 1=a. Hence, the optical geometry is

S1β ×H3
1=a: ð5Þ

In this metric, the light paths coincide with the geodesics of
the spatial metric; hence, the geometry is called optical.
With this optical metric, all Christoffel symbols with the

τ index vanish. This implies that, in ultrastatic spacetime,
gravitational forces vanish except inertial forces of the type
Γi
jkẋ

jẋk, which leads to the existence of a covariantly
constant timelike vector ημ, satisfying ∇μη

ν ¼ 0. This
vector defines a time flow free from acceleration, rotation,
and deformation, so that one can introduce a globally
uniform temperature β0 by setting βμ ¼ β0η

μ.
In general, conformal transformations are accompanied

by extra terms in the effective action, which originate from
the Jacobian of the transformation. Nevertheless, on a static
manifold, this Jacobian does not affect the thermal quan-
tities derived from the partition function. The partition
function and, hence, thermodynamic quantities derived
from it remain unchanged up to irrelevant terms indepen-
dent of the temperature and chemical potential [42,45,60].
Strictly speaking, this statement has not been proved in the
presence of singularities, such as the conical singularity
appearing in finite-temperature Euclidean Rindler space
(see Fig. 1). Indeed, the Euclidean Rindler geometry is flat
in the bulk and is singular only at the horizon z ¼ 0 for a
non-Unruh temperature, whereas the corresponding optical
geometry is smooth in the bulk but has constant negative
spatial curvature. The Weyl factor relating the two metrics
is singular at the horizon and maps the Rindler horizon to
the conformal boundary of hyperbolic space. In this way,
although thermodynamic quantities of the Rindler system
are quite often analyzed in the optical system, one should
be careful when comparing local densities, surface terms,
and thermodynamic potentials in these two descriptions. In
the following, we will see that the optical analysis never-
theless provides the desired effective potential.

B. Subtle relations between two approaches

We will explicitly compute the partition function lnZ
using the coordinate systems mentioned above. We shall
find that the results from these approaches are different, i.e.,

lnZopt ≠ lnZER: ð6Þ

Thus, we have different results for thermodynamic quan-
tities such as pressure, effective potential, and so on. This
fact has previously been noted as a puzzling phenomenon

FIG. 1. Schematic geometrical structures corresponding to the
Euclidean Rindler metric (left) and the optical metric (right).
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that occurs in the calculations made in the Rindler
spacetime [33,50]. We also refer to a recent study [58]
which has considered a fermionic system with rotation and
acceleration and has pointed out a nontrivial relation
between pressure from the partition function and that
constructed from the EMT.
To clarify which corresponds to the physical thermody-

namics, we will make a comparison to the EMT carefully.
We shall specifically consider the Hilbert EMT and its
expectation value hTμνðxÞiER, given by the operator

TμνðxÞ ¼ 2ffiffiffiffiffiffiffi
gER

p δS
δðgERÞμνðxÞ

: ð7Þ

In our convention, these quantities are all defined in
Euclidean Rindler spacetime. We will see that the optical
partition function satisfies the following relation:

∂ lnZopt

∂β0
¼ −

Z
d3x

ffiffiffiffiffiffiffi
gER

p hTτ
τiER: ð8Þ

This is nothing but the standard thermodynamic relation;
∂ðβ0FÞ=∂β0 ¼ F − T0∂F=∂T0 ¼ E with the free energy F
and the internal energy E if lnZopt ¼ −β0F holds. This
standard relation is derived immediately from the definition
of the partition function, i.e.,

Z ¼ Tr e−β0Q; ð9Þ

where Q is the conserved charge with the symmetric EMT
given by

β0Q ¼
Z

d3x
ffiffiffi
g

p
gμνTτμβν ¼ β0

Z
d3x

ffiffiffi
g

p
Tτ

τ: ð10Þ

It is clear that this charge Q in the accelerated coordinate
system is a counterpart of the Hamiltonian for static matter.
Indeed this Q can be derived in an alternative picture in
which the observer sees accelerated matter in the flat
coordinate system. A short calculation shows that Q
corresponds to the shifted Hamiltonian Ĥ0 − aK̂, where
Ĥ0 is the Hamiltonian and K̂ is the boost operator. We note
that βðxÞ is the local inverse temperature at x, and β0 is the
inverse temperature of matter at rest. More specifically, the
thermodynamics in curved spacetime is well characterized
by the four-temperature vector βμ ¼ βðxÞuμ with the fluid
velocity uμ [61]. For static matter, βμ ¼ β0ð0; 0; 0; 1ÞT , and
for accelerated matter, the local inverse temperature is
given by

βðxÞ ¼ ðazÞβ0; βμβ
μ ¼ ½βðxÞ�2: ð11Þ

The local inverse temperature at the reference point z ¼ a−1

corresponds to the global inverse temperature β0. In this
work, we sometimes use an alternative notation:

T loc ¼
T0

az
ð12Þ

to mean the local temperature.
Because the derivation is so simple, one may think that

the partition function directly calculated in the Euclidean
Rindler metric should also satisfy Eq. (8). However,
surprisingly, lnZER is inconsistent with this expected
relation, but instead, we find that it is related to the
EMT through

lnZER ¼ −β0
Z

d3x
ffiffiffiffiffiffiffi
gER

p hTz
ziER: ð13Þ

We do not yet have full understanding of why the partition
function in the Euclidean Rindler coordinates deviates from
the physical partition function. Nevertheless, the above
relation has been confirmed in an independent calculation
[58]. These subtle relations hold even in the case with the
Polyakov-loop background.
In this work, we aim to figure out a physically correct

effective potential VeffðxÞ and compute the Polyakov-loop
expectation value by minimizing it. It is natural to define
the local effective potential from the integrand of the
partition function:Z

d4x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gER=opt

p
VER=optðxÞ ¼ − lnZER=opt: ð14Þ

Recalling that these different partition functions are related
to the EMT components, we can find a relation between
them. Specifically, the energy-momentum conservation law
gives1 ∇μhTμziER ¼ ð∂z þ Γτ

τzÞhTzziER þ Γz
ττhTττiER ¼ 0,

that is translated into ∂zðzhTzziERÞ − ðazÞ2hTττiER ¼ 0.
According to the mass dimension of hTzziER, it is found
to be proportional to z−4 as we will see in Eq. (33). Thus,
we can conclude that ðazÞ2hTττiER ¼ hTτ

τiER ¼
−3hTz

ziER. Using these relations, we reach the following
relation:

lnZopt ¼ −3
Z

β0 dβ
β
lnZER; ð15Þ

which can be translated into the relation between the
integrands as

ffiffiffiffiffiffiffi
gopt

p
Vopt ¼ −

3

β0

Z
β0
dβ

ffiffiffiffiffiffiffi
gER

p
VER: ð16Þ

Recalling ðgoptÞμν ¼ e2σðxÞðgERÞμν and thus ffiffiffiffiffiffiffigopt
p ¼

ðazÞ−4 ffiffiffiffiffiffiffi
gER

p
, it would be natural to define the physical

1In this paper, we always work in Euclidean Rindler spacetime
when we refer to the EMT. Therefore, Tzz and Tz

z are identical,
while Tττ ¼ gττERT

τ
τ ¼ ðazÞ−2Tτ

τ.
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local effective potential as

VeffðxÞ ¼ ðazÞ−4Vopt ¼ −
3

β0

Z
β0
dβVERðxÞ: ð17Þ

As we see later, Vopt has no spatial dependence, and the z
dependence in VeffðxÞ is factorized into e4σðxÞ ¼ ðazÞ−4 in
the above definition.

III. POLYAKOV-LOOP EFFECTIVE POTENTIAL

We shall consider confinement-deconfinement proper-
ties in accelerated systems by performing the one-loop
calculation of the Polyakov-loop effective potential at high
temperature, which is often called the Gross-Pisarski-Yaffe-
Weiss potential [1–3]. In our calculations, the gauge field is
decomposed into the background part and the dynamical
part. The former corresponds to the gluonic contributions at
high-temperature limit, and it has only a diagonalized ABτ
background part

ABτ ¼
1

gβ
ϕ ·H; ð18Þ

where H is a vector of basis elements of the Cartan
subalgebra h of suðNcÞ in color space. Here, parameter
ϕ describes ABτ degrees of freedom. For SUðNcÞ, ϕ is a
vector with Nc − 1 components. Since the leading order of
the Polyakov loop is represented by this parameter as

L ¼ 1

Nc
Tr exp

�
ig
Z

β

0

ABτds

�
¼ 1

Nc
Tr eiϕ·H; ð19Þ

we shall often call the parameter ϕ the Polyakov-loop
background parameter. The effective potential of the
system is calculated at the one-loop order of the dynamical
gauge part, and the resulting effective potential is a function
of the Polyakov loop; we shall refer to this as the Polyakov-
loop effective potential. The minimum locations of
the Polyakov-loop effective potential give us information
about confinement-deconfinement properties in accelerated
systems.
We also note our definition of the covariant derivative. In

a curved spacetime, we have a covariant derivative of both
gauge field and spacetime. We shall useGμ ¼ ∇μ þ igAμ to
describe the combination of these two derivatives, where
the temporal component has a background gauge field as

DBτ ¼ ∂τ þ i
ϕ ·H
β

; GBτ ¼ ∇τ þ i
ϕ ·H
β

: ð20Þ

Here, for later convenience, we introduced the covariant
derivative DBτ without connection in the spacetime part.

A. Calculations with the Rindler coordinate metric

In this work, we focus on the right Rindler wedge, so that
z > 0 is always chosen. The one-loop gluonic action in a
curved spacetime can be written in terms of the covariant
derivative Gμ, and the eigenfunctions and eigenspectra
provide the thermodynamics. We set the gauge fixing
condition to GμAμ ¼ 0, and the one-loop effective potential
takes the form of the determinant of the covariant deriv-
atives under acceleration, that is, the determinant of the
scalar and vector Laplacian operators. The scalar ghost
contribution is given by the determinant of −G2

Bs ¼
−ðazÞ−2D2

τ − ∂
2
x − ∂

2
y − ∂

2
z − z−1∂z. This contribution

exactly cancels nonphysical modes in the gluonic
sector. For the gluon modes, we simplify the notation of
the vector Laplacian operator by introducing a 2 × 2
submatrix Lv as

ðLvÞμν ¼
 

−G2
Bs þ z−2 2z−1Dτ

−2a−2z−3Dτ −G2
Bs − 2z−1∂z

!
; ð21Þ

which gives

−G2
Bv ¼

0
B@

−G2
Bs 0 0

0 −G2
Bs 0

0 0 Lv

1
CA: ð22Þ

Then, we can express the partition function in terms of only
the submatrix contribution:

lnZER ¼ lnDetð−G2
BsÞ −

1

2
lnDetð−G2

B;vÞ ¼ −
1

2
Tr lnðLvÞ:

ð23Þ

We can perform this calculation in a direct method but here
let us first present a slightly tricky derivation in which a
possible connection to hTzzi becomes transparent. We will
perform the more direct calculation later to confirm that
two calculation schemes give the same answer.

1. Derivation from the EMT

We shall introduce a transient variation of the metric by
hand; gzz ¼ e2σðzÞ, which would not change the results if we
set σ → 0 at the end. Instead of computing lnZ directly, it
would be more instructive to compute the variation, δ lnZ,
in response to δσðzÞ. Because δσðzÞ depends on z, three
contributions arise as

−δ lnZ ¼
Z

d4x
ffiffiffi
g

p
gzzhTzziδσ ¼ 1

2
Tr½L−1

v δLv�; ð24Þ

δLv ¼
∂Lv

∂σ
δσ þ ∂Lv

∂σ0
δσ0 þ ∂Lv

∂σ00
δσ00: ð25Þ
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Here, σ0 ¼ ∂σ=∂z and σ00 ¼ ∂
2σ=∂z2. We convert δσ0 and

δσ00 into δσ by the integration by parts and then obtain the
expression involving hTzzi. The trace calculation needs the
physical modes, i.e., the eigenfunctions of the submatrix
Lv. These modes are represented in terms of a scalar
eigenfunction Φ as

A1i¼fz;τg ¼
1

λ
ð∂zΦ; DτΦÞ; ð26aÞ

A2i¼fz;τg ¼
1

λ

�
−

1

az
DτΦ; az∂zΦ

�
: ð26bÞ

Here, λ is a label for the complete basis functions. If we
need Ai

1;2, we should carefully multiply ðgERÞττ ¼ ðazÞ−2 to
the τ component. The scalar eigenfunction is given as

Φn;λ;k⊥ðxÞ ¼
Eα

2π

ffiffiffiffiffiffiffiffi
λ

aβ0

s
eiωnτþik⊥·x⊥JjνnjðλzÞ; ð27Þ

where the background shifted Matsubara frequency is
defined as

νn ¼ a−1
�
ωn þ

ϕ · α
β0

�
¼ nvþ ϕ̄; ð28Þ

where α denotes an element of the root system or a zero
root of suðNcÞ and Eα is the corresponding generator.
Here, we introduced ã ¼ aβ0 and v ¼ 2π=ã. The first term
corresponds to the Matsubara frequency, ωn ¼ 2πnβ−10
made dimensionless with a. From this expression, it is
evident that ϕ · α > 2π can be absorbed in the increment
of n. Therefore, without loss of generality, we can limit
the Polyakov-loop background as ϕ̄ ¼ ã−1ðϕ · αÞmod 2π .
Using the differential equation of the Bessel functions, it
is easy to verify

−G2
BsΦn;λ;k⊥ ¼ ðλ2 þ k2⊥ÞΦn;λ;k⊥ ð29Þ

as well as the normalization condition,R
dxjΦn;λ;k⊥ðxÞj2 ¼ 1. Then, we can confirm LvA1;2 ¼

ðλ2 þ k2⊥ÞA1;2 as expected. In the following, we simplify
the notation as k2⊥ → k2 as long as it is not confused with
the four-vector squared.
Now, we are ready to proceed to the trace calculations. It

is convenient to replace ðλ2 þ k2Þ−1 in the trace with the
exponential integral form, that is,

1

2
Tr½L−1

v δLv�

¼
Z

d4x
ffiffiffiffiffiffiffi
gER

p X
α;n

Z
kdk
2πã

Z
∞

0

dλ
λ

Z
∞

0

dse−sðλ2þk2ÞδΛσ:

ð30Þ

It is easy to see that the s integration recovers the
eigenvalue of L−1

v . We also note that λ and ã in the
denominator appear from the normalization of the basis
functions. The integrand δΛσ corresponds to δLv and its
explicit form is

δΛσ ¼ 2

�
ν2

z3
JJ0 þ ν2

z2
JJ00 −

1

z2
J0J0 þ 1

z
J0J00 þ J0J000

�
δσ

−
1

2

�
J0J0 þ ν2

z2
J2
��

1

z
δσ0 þ δσ00

�
;

where we simplify the notations as νn → ν, JjνjðλzÞ → J,
and ∂zJ → J0, etc. Here, the important step for further
proceeding to the calculation is that we take the λ
integration first and then the s integration last. As a result
of the λ integration, we find the kernel functions defined by

Kνðs; z; z0Þ ¼
Z

∞

0

kdk
Z

∞

0

λdλe−sðλ2þk2ÞJνðλzÞJνðλz0Þ

¼ 1

4s2
e−

z2þz02
4s Iν

�
zz0

2s

�
: ð31Þ

Here, ν can be any real number, and IνðxÞ is the modified
Bessel function of the first kind. For this trace calculation,
there appear many terms, but after the integration by parts
to extract δσðxÞ in the integrand, only one term is left as

hTzziER ¼ −
X
α;n

1

2πã

Z
ds
s
Kjνnjðs; z; zÞ: ð32Þ

Now, the remaining tasks are taking the Matsubara
frequency sum and then the s integration. For technical
steps, see Appendix A. After all, we arrive at the
following expression in the presence of the Polyakov-loop
background:

hTzziER¼
X
α

1

z4

�
2π2

3ã4
B4

�
ϕ ·α
2π

�
−

1

3ã2
B2

�
ϕ ·α
2π

�
þ 11

720π2

�
;

ð33Þ

where ϕ · α∈ ½0; 2πÞ (mod 2π is taken implicitly) and
BnðxÞ denotes the Bernoulli polynomial of order n.
Specifically,

B2ðxÞ ¼ x2 − xþ 1

6
;

B4ðxÞ ¼ x4 − 2x3 þ x2 −
1

30
: ð34Þ

In the special limit of ϕ ¼ 0, only the constant terms in
BnðxÞ remain nonvanishing, and we recover the one-loop
EMT expression for hot gluonic matter, that is,
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hTzziER
����
ϕ̄¼0

¼ N2
c − 1

z4

�
−

π2

45ã4
−

1

18ã2
þ 11

720π2

�
: ð35Þ

This result agrees with previous calculations of the EMT
for electromagnetic fields [33,62–64].
If we use the relation in Eq. (13) (that is not yet derived

but will be discussed below), we get the following form of
the Polyakov-loop effective potential:

VER ¼ T4
loc

X
α

�
2π2

3
B4

�
ϕ · α
2π

�
−
ã2

3
B2

�
ϕ · α
2π

�
þ 11ã4

720π2

�

¼ T4
loc

X
α

�
−
π2

45
−
ã2

18
þ ðϕ · αÞ4

24π2
−
jϕ · αj3
6π

þ
�
1

6
−

ã2

12π2

�
ðϕ · αÞ2 þ ã2

6π
jϕ · αj þ 11ã4

720π2

�
:

ð36Þ

We will see that this is obtained from the direct calculation.
We can check that the zero-acceleration limit is reasonable.
Evaluating the potential on the observer’s worldline by
setting z ¼ 1=a, we can take the a → 0 limit, in which only
the B4 term survives. In this way, we recover the well-
known Gross-Pisarski-Yaffe or Weiss potential [1–4] cor-
rectly. However, Eq. (36) is not the physically correct
answer. As we discuss later, the difference from the correct
answer lies in the B2 term, and, thus, the zero-acceleration
limit does not impose any constraint.

2. Derivation from the direct calculation

With the solution of physical modes in Eq. (26), the local
thermodynamic potential can be expressed in terms of the
corresponding heat-kernel representation:

VER ¼ −
X
α;n

Z
d2k

Z
∞

0

dλ
Z

∞

0

ds
s
e−sðλ2þk2Þ

×
∂zΦ∂zΦ� þ ðazÞ−2ðDτΦÞðDτΦÞ�

λ2
:

We can perform an integration by parts and use the equation
of motion for Φ, which yields

VER ¼ −2π
X
α;n

Z
∞

0

kdk
Z

∞

0

dλ
Z

∞

0

ds
s
e−sðλ2þk2Þ

×
�
jΦj2 þ 1

λ2z
∂zðzΦ�

∂zΦÞ
�
: ð37Þ

The second term in the brackets becomes a total derivative
when integrated with the Euclidean Rindler measureR
d4x

ffiffiffiffiffiffiffi
gER

p
. It therefore contributes only through a surface

term. As shown in Appendix B, this surface contribution
can be related to the trace of the minimal scalar

energy-momentum tensor. Such a surface contribution is
gauge dependent and may lead to a negative contribution to
the entropy, as discussed in Refs. [37,38]. In the present
work, we discard this surface term and retain only the bulk
contribution, leading to

VER;bulk ¼ −
X
α;n

Z
∞

0

kdk
2πã

Z
∞

0

λdλ

×
Z

∞

0

ds
s
e−sðλ2þk2ÞJ2νnðλzÞ: ð38Þ

In view of Eqs. (31) and (32) with z0 ¼ z, this bulk
contribution is just equivalent to hTzziER.

B. Calculations with the optical metric

Let us move to the optical metric calculation.
Considering the mathematical analogy between density
and the background gauge field ϕ and the fact that ϕ
appears only at finite temperature since it can be absorbed
by the gauge transformation at zero temperature, it seems
that the difference in the Polyakov-loop effective potential
before and after the conformal transformation (the Jacobian
of this conformal transformation) does not contain ϕ
dependence. However, a proof of this statement is beyond
the scope of the present work. Nevertheless, the results
obtained in the optical spacetime undoubtedly provide
significant insights into the effective potential in the
Rindler spacetime.
Before discussing the optical metric calculation, it is

useful to see the goal in advance. Because we already know
hTzzi, we can read hTτ

τi ¼ −3hTz
zi, with which we can

perform the β0 integration to find the effective potential
using Eq. (8). The term ∝ B4 is not changed since it is
proportional to β−40 , and its β0 integration leads to a factor
of −1=3 which is canceled by −3 of the EMT coefficient.
The difference from the heat-kernel calculation in Rindler
spacetime appears in the term proportional to B2. The
expected physical form of the effective potential reads

Vopt ¼ T4
0

X
α

�
2π2

3
B4

�
ϕ · α
2π

�
− ã2B2

�
ϕ · α
2π

�
−

11ã4

240π2

�

¼ T4
0

X
α

�
−
π2

45
−
ã2

6
þ ðϕ · αÞ4

24π2
−
jϕ · αj3
6π

þ
�
1

6
−

ã2

4π2

�
ðϕ · αÞ2 þ ã2

2π
jϕ · αj − 11ã4

240π2

�
: ð39Þ

As before, ϕ · α∈ ½0; 2πÞ (mod 2π is taken implicitly). The
ã4 term is fixed by the thermodynamic relation Eq. (17)
rather than by the optical heat-kernel expansion used below.
Since the ã4 term is independent of the Polyakov-loop
background ϕ, the choice of this term does not affect the
minimization of the effective potential.
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1. Formal expressions

In the optical spacetime, we will utilize the heat-kernel
method. The spatial slice ðΣ3; hijÞ is the hyperbolic space
H3

1=a of radius L ¼ 1=a in the Poincaré half-space repre-

sentation, with which the curvature is R ¼ −6a2, where a is
the acceleration of the corresponding Rindler spacetime. As
we already emphasized, as a characteristic of the ultrastatic
metric, all Christoffel symbols involving the τ index vanish,
so the overall curvature of the optical spacetime is equal to
the curvature of three-dimensional hyperbolic space.
This fact is convenient when employing the heat-kernel
method: the Laplace-type operator D4 ¼ −ðΔ4 þ EÞ in
four-dimensional spacetime (where E denotes some general
matrix depending on specific problems) can be split into the
time and spatial components as

D4 ¼ −½gμν∇μ∇ν þ EðxÞ� ¼ −∂2τ þD3; ð40Þ

where ∇μ represents the covariant derivative in curved
spacetime and, since ∂τ and D3 commute with each
other, the heat kernel at finite temperature can also be
decomposed as

Tr lnD4 ¼ −
Z

∞

0

ds
s
Tre−sD4 ¼ −

Z
∞

0

ds
s
KτðsÞKΣðsÞ;

ð41Þ

where

KτðsÞ ¼
X
n

e−sω
2
n ; ð42Þ

KΣðsÞ ¼
1

ð4πsÞ3=2
X∞
m¼0

sm
Z

d3x
ffiffiffiffiffiffiffiffi
jhijj

q
tr amðxÞ ð43Þ

with the Matsubara frequency ωn and Seeley-DeWitt
coefficients amðxÞ (see, e.g., Ref. [65] for the definitions
and expressions). Strictly speaking, we need some regu-
larization to obtain this formula, and we shall explain
it later.
For the spatial part, we shall consider the first two

coefficients so that we can pick up acceleration dependence
at the leading order. These terms correspond to the T4

0 and
a2T2

0 dependencies in the effective potential. The coeffi-
cients amðxÞ in the present setup are given by

a0ðxÞ ¼ 1; a1ðxÞ ¼ EðxÞ þ 1

6
RðxÞ1: ð44Þ

The unity here is the identity matrix of the size associated
with the operator; in this case, it is of size 1 × 1 for scalars,
while 4 × 4 for vectors. The next leading order yields a
term proportional to a4, which has either dependence on
lnT0 or no T0 dependence at all. In fact, a short calculation

shows that the third coefficient a2 cancels out between the
ghost and the gluon in our scheme, so our calculation
determines the effective potential in the optical spacetime
up to the a4 order. Nevertheless, when considering the
effective potential in the Rindler spacetime, terms inde-
pendent of T0 may arise from the Jacobian associated with
the conformal transformation. Such terms correspond to an
offset of the effective potential and are proportional to a4.
Here, we calculate the effective potential in the optical
spacetime to the order of a2T2

0 and derive Vopt by
neglecting the a4 dependence.
For the temporal part, in the case of the optical metric,

the Christoffel symbols are trivial and we use the covariant
derivative DBτ as introduced in Eq. (20). For integer-spin
particles, this temporal covariant derivative shifts the
Matsubara frequency as already seen in Eq. (28).
Applying the formula

X
n

e−A
2ðnþBÞ2 ¼

ffiffiffi
π

p
A

þ 2
ffiffiffi
π

p
A

X∞
k¼1

cosð2πkBÞe−k2π2=A2 ð45Þ

for A ¼ 2πT0

ffiffiffi
s

p
and B ¼ ϕ · α=2π, shifting the Matsubara

frequency in the presence of the Polyakov-loop background
according to Eq. (28), we find that the kernel in Eq. (42) is
modified as

Kτðs;ϕÞ ¼
β0

2
ffiffiffiffiffi
πs

p
�
1þ 2

X∞
k¼1

cosðkϕ · αÞe−
β2
0
k2

4s

�
: ð46Þ

For later convenience, we separate this kernel into the
vacuum and thermal parts as

Kτ;0ðsÞ¼
β0

2
ffiffiffiffiffi
πs

p ; Kτ;thðs;ϕÞ¼Kτðs;ϕÞ−Kτ;0ðsÞ: ð47Þ

This is useful when we consider thermodynamic quantities
such as the effective potential derived from T0Tr lnD4. The
heat-kernel method requires some regularization by sub-
tracting a part of the kernel, and when we subtract the
vacuum part of the kernel for the regularization,

T0Tr lnðD4=D0
4Þ ¼ −

Z
∞

0

ds
s
T0Kτ;thðs;ϕÞKΣðsÞ ð48Þ

is satisfied for some D0
4. Here, from our definition, the

right-hand side exhibits precisely the same dependence
on T0 as the case without the regularization (i.e., includ-
ing all Kτ). Simultaneously, this regularization also
keeps ϕ dependence since Kτ;0 does not depend on ϕ.
Therefore, the regularization operator D0

4 is totally irrel-
evant in our thermal calculations and we can simply drop
this contribution. The right-hand side can be interpreted
as the finite-temperature Polyakov-loop effective potential.
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In the following, therefore, we simply write
Tr lnðD4=D0

4Þ → Tr lnD4.

2. Heat-kernel expansion for ghosts and gluons

For the ghosts and gluons, we consider the Laplacians
for them in the optical spacetime. As in the previous
calculations, the gauge field is decomposed into the back-
ground part and the dynamical part as Aμ ¼ ABμ þAμ, and
then the Yang-Mills action becomes

trFμνFμν ¼ −2trAμðG2
BÞAμ þ 2trAν½∇μ;∇ν�Aμ þOðA3Þ;

ð49Þ

where we used Fμν
B ¼ 0, which comes from the ABτ

parameter condition. The second term becomes nontrivial
in the optical spacetime since a finite curvature appears,
i.e.,

Aν½∇μ;∇ν�Aμ ¼ AμRμ
νAν; ð50Þ

where Rμ
ν is the Ricci tensor. Therefore, the partition

function is obtained by

lnZopt¼Trlnð−G2
BsÞ−

1

2
Trln½−ðgoptÞμνG2

BvþRμ
ν�: ð51Þ

We can calculate these terms using the heat-kernel formulas
substituting D4 ¼ −G2

Bs and D4 ¼ −gμνG2
Bv þ Rμ

ν. Then,
we have

Tr lnD4 ¼ −
Z

∞

0

β0ds
8π2s3

X∞
k¼1

cosðkϕ · αÞe−
β2
0
k2

4s

×
Z

d3x
ffiffiffiffiffiffiffiffi
jhijj

q
tr½a0ðxÞ þ sa1ðxÞ� ð52Þ

for ghosts and gluons. We note that
ffiffiffiffiffiffiffiffijhijj

p
is nothing butffiffiffiffiffiffiffigopt

p , which is clear from the definition in Eq. (4). The
difference between the ghost and gluon sectors lies only in
the value of a0ðxÞ and a1ðxÞ. The first two local Seeley-
DeWitt coefficients for ghost with E ¼ 0 are

a0ðxÞ ¼ 1; a1ðxÞ ¼
1

6
R ¼ −a2; ð53Þ

while the coefficients for gluons with E ¼ −Rμ
ν are

tra0ðxÞ ¼ 4; tra1ðxÞ ¼ tr

�
−Rμ

νþ
1

6
R

�
¼−

R
3
¼ 2a2:

ð54Þ

Recalling the relation
R
d4x ffiffiffiffiffiffiffigopt

p Vopt ¼ − lnZopt, we
can identify the respective parts of the effective potential as

Vghost ¼
2T4

0

π2
X
α

X∞
l¼1

�
cosðlϕ · αÞ

l4
−
ã2

4

cosðlϕ · αÞ
l2

�
ð55Þ

from the ghost contribution and

Vgluon¼−
4T4

0

π2
X
α

X∞
l¼1

�
cosðlϕ ·αÞ

l4
þ ã2

8

cosðlϕ ·αÞ
l2

�
ð56Þ

from the gluon contribution, respectively. To derive the above
results, we performed the s integration using the formulaZ

∞

0

ds s−n−1e−
β2
0
k2

4s ¼
�
β20k

2

4

�−n
ΓðnÞ: ð57Þ

In the first term of the potential, the ghost contribution
cancels half of the gluon contribution, resulting in the well-
known cancellation of nonphysical modes. In contrast, in the
second term (which provides the leading effect of accel-
eration), both contributions have the same coefficient. The
ghost does not cancel the gluon effect but rather enhances
the overall effect. This amplification of gluons (including
nonphysical modes) by ghosts is a peculiar behavior in the
accelerated system. In total, the effective potential is

Vopt ¼ Vgluon þ Vghost

¼ T4
0

X
α

�
2π2

3
B4

�
ϕ · α
2π

�
− ã2B2

�
ϕ · α
2π

��
; ð58Þ

which coincides with the expected form in Eq. (39) apart
from the a4-order terms as mentioned.

IV. DISCUSSIONS ON THE POLYAKOV-LOOP
BEHAVIOR

It is worth noting that the physical effective potential
inferred from the Rindler EMT through the thermodynamic
relation agrees with the Rindler-frame effective potential
obtained from the optical calculation. More explicitly, the
optical calculation naturally gives the effective potential
Vopt with respect to the optical volume element. Rewriting
the same partition function in terms of the original Rindler
volume element gives

VeffðxÞ ¼ e4σðxÞVoptðxÞ: ð59Þ
This quantity, rather than Vopt itself, coincides with the
local thermodynamic potential obtained from the Rindler
EMT calculation.
We analyze this physical effective potential. Let us write

it down here:

VeffðxÞ¼T4
loc

X
α

�
2π2

3
B4

�
ϕ ·α
2π

�
− ã2B2

�
ϕ ·α
2π

�
−

11ã4

240π2

�
:

ð60Þ
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The Polyakov-loop expectation value should be determined
by a condition to minimize the above effective potential.
The difference from VoptðxÞ is the overall coefficient, and
so the expectation value of the Polyakov loop is intact.

A. Singular screening with real acceleration effects

From the effective potential in Eq. (60), we have found
that the Polyakov-loop expectation value is not changed for
any real acceleration. This is because, as seen in Fig. 2 for
the simple SUð2Þ case, the effective potential is never
inverted, but the confining vacuum at hLi ¼ 0 has an even
larger energy with increasing ã.
Hereafter, let us limit ourselves to the SUð2Þ case for

simplicity and analyze the properties of the effective
potential around the perturbative vacuum as well as the
confining vacuum. Then, we can slightly rewrite the
effective potential in Eq. (60) and analyze its properties
around ϕ ¼ ϕ · α ¼ 0 first. That is, expanding the real-
acceleration effective potential in Eq. (60) around ϕ ¼ 0
leads to

VeffðãÞ ¼ Veffð0Þ þ 2T4
loc

�
ã2

2π
jϕj þ

�
1

6
−

ã2

4π2

�
ϕ2 þ � � �

�
:

ð61Þ

The nonanalytic jϕj term originates from the B2 contribu-
tion. It turns ϕ ¼ 0 into a cusp minimum rather than a
smooth quadratic minimum. Therefore the curvature at the
minimum is not well defined, and the Debye mass extracted
from this curvature becomes ill defined in the case of real
acceleration. This cusp becomes sharper as ã increases,
reflecting the increasing slope discontinuity at ϕ ¼ 0.
In contrast, we can safely expand the effective potential

at another extremum at ϕ ¼ π (i.e., the center-symmetric
confining vacuum), resulting in

VeffðxÞ ¼ T4
loc

�ðϕ − πÞ4
12π2

−
�
1

6
þ ã2

2π2

�
ðϕ − πÞ2 þ � � �

�
;

ð62Þ

where the ellipsis represents irrelevant terms that do not
depend on ϕ. The absence of a linear term implies that
ϕ ¼ π is always an extremum. Since the coefficient of
the quadratic term is negative, this extremum is a local
maximum. Its instability is quantified by

∂
2Veff

∂ϕ2

����
ϕ¼π

¼ −T4
loc

�
1

3
þ ã2

π2

�
: ð63Þ

The curvature is always negative, and its magnitude
increases with ã. Therefore the center-symmetric configu-
ration becomes increasingly unstable as ã grows. This is
also reflected in the free-energy difference

Veff jϕ¼π − Veff jϕ¼0 ¼ T4
loc

�
π2

12
þ ã2

2

�
> 0; ð64Þ

which increases with ã, indicating that the perturbative
vacuum that is a center-broken extremum located at ϕ ¼ 0
is further favored at larger ã.

B. Analogy between imaginary-acceleration
and imaginary-rotation effects

It is interesting to study how imaginary acceleration
affects the confining property of the system and to compare
it with the imaginary-rotation case. By analytic continu-
ation ã → −iãI , the effective potential for SUð2Þ Yang-
Mills theory under imaginary acceleration becomes

ṼeffðxÞ ¼ 2T4
loc

�
2π2

3
B4

�
ϕ

2π

�
þ ã2IB2

�
ϕ

2π

�
þ � � �

�
: ð65Þ

Here, the overall factor 2 accounts for the two nonzero roots
α ¼ �1. The mod-1 prescription for ϕ has been restored,
and the ϕ-independent term has been omitted. Due to the
flip of the sign of the B2 term, imaginary acceleration tends
to drive the system toward the center-symmetric configu-
ration, similar to imaginary rotation. To make the com-
parison explicit, we recall that at the rotation center the
effective potential is given by [59]

VΩjr̃¼0 ¼
2π2T4

0

3

X
s¼�1

B4

��
ϕþ sΩ̃I

2π

�
mod 1

�
; ð66Þ

where Ω̃I ¼ β0ΩI . At first sight, Eqs. (65) and (66) have
rather different structures. However, in the branch,

Ω̃I < ϕ < 2π − Ω̃I; ð67Þ

FIG. 2. Physical Polyakov-loop effective potential for different
real acceleration values as a function of ϕ for SUð2Þ and ã. The
effective potential Veff is also made dimensionless by T4

loc.
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the ϕ-dependent part of the imaginary-rotation effective
potential coincides with that of the imaginary-
acceleration effective potential, up to a ϕ-independent
term, under the identification Ω̃I ↔ ãI . For the SUð2Þ
minimum, this branch is relevant in the interval,
π
2
< Ω̃I < π. For detailed branch analysis and comparison,

see Appendix C.
In Fig. 3, we show the Polyakov loop defined in Eq. (19)

under imaginary acceleration and imaginary rotation. For
completeness, we present the results for both SUð2Þ and
SUð3Þ Yang-Mills theories, although our analytic discus-
sion is mainly based on the SUð2Þ case.
Let us first discuss the SUð2Þ result. In the region

0 < Ω̃I; ãI <
π

2
; ð68Þ

the imaginary-rotation and imaginary-acceleration curves
are generally different. The imaginary-rotation result
exhibits a plateau at small Ω̃I , whereas the imaginary-
acceleration result decreases smoothly with ãI. At

Ω̃I ¼ ãI ¼
π

2
; ð69Þ

the two curves meet. In the intermediate region

π

2
< Ω̃I; ãI <

πffiffiffi
3

p ; ð70Þ

the two curves coincide. This is because, in this branch, the
ϕ-dependent part of the imaginary-rotation effective poten-
tial takes the same form as that of the imaginary-
acceleration effective potential. Both curves then reach
hLi ¼ 0 at the critical value

ãI;c ¼ Ω̃I;c ¼
πffiffiffi
3

p : ð71Þ

The SUð3Þ result shows a qualitatively similar pattern. In
particular, the imaginary-acceleration and imaginary-rota-
tion curves also meet at ãI ¼ Ω̃I ¼ π=2. However, in
contrast to the SUð2Þ case, where the Polyakov loop
vanishes continuously at ãI;c ¼ Ω̃I;c ¼ π=

ffiffiffi
3

p
, the SUð3Þ

Polyakov loop drops discontinuously to zero at ãI;c ¼
2
ffiffiffi
5

p
π=9 for imaginary acceleration and at Ω̃I;c ¼ π=2 for

imaginary rotation, signaling a first-order phase transition.2

Another interesting feature of the imaginary-acceleration
effective potential is that its minimum is smooth in
the SUð2Þ case, as shown in Fig. 4. This should be
contrasted with the real-acceleration case, where the
nonanalytic term gives rise to a cusp at the minimum.
Therefore, the curvature of the imaginary-acceleration
effective potential is well defined and can be used to
characterize the response of the Polyakov-loop back-
ground. Its physical interpretation, however, depends on
the phase. In the deconfined phase, the curvature of the
effective potential can be identified with the Debye
screening mass squared,

m2
DðãIÞ ¼

g2

T2
loc

∂
2Veff

∂ϕ2

����
ϕ¼ϕmin

: ð72Þ

For the imaginary-acceleration effective potential, this
gives

m2
DðãIÞ ¼

2g2T2
loc

3π2
ðπ2 − 3ã2I Þ; 0 ≤ ãI ≤

πffiffiffi
3

p : ð73Þ

FIG. 3. Polyakov loop hLi as a function of the imaginary
acceleration ãI and the imaginary angular velocity Ω̃I for SUð2Þ
and SUð3Þ gauge theories.

FIG. 4. Polyakov-loop effective potential, Eq. (65), for different
imaginary -acceleration values. ϕ is the background gauge
parameter for SUð2Þ and ã is dimensionless acceleration. The
Polyakov-loop effective potential Veff is also made dimensionless
by T4

loc.

2We thank Rin Takada for pointing out the incorrect SUð3Þ
critical value for imaginary acceleration in the original version of
the manuscript.
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In the confined phase, the same curvature should no
longer be interpreted as an electric screening mass.
Instead, it corresponds to the string tension and
behaves as

σ ∼
g2T2

loc

3π2
ð3ã2I − π2Þ; ãI ≥

πffiffiffi
3

p : ð74Þ

V. CONCLUSION

In this work, we investigated the Polyakov-loop effective
potential of accelerated gluonic matter. We compared two
complementary descriptions: the direct formulation in
Euclidean Rindler spacetime and the formulation in the
optical spacetime obtained by a conformal transformation.
Although these two descriptions are geometrically related,
we found that their thermodynamic interpretations are not
identical. The local quantity obtained from the Euclidean
Rindler partition function is naturally related to the spatial
component of the energy-momentum tensor hTz

ziER rather
than directly to the physical effective potential. In contrast,
the optical-spacetime calculation gives the quantity satisfy-
ing the standard thermodynamic relation with the local
energy density.
The relation between the two descriptions can be under-

stood through the energy-momentum conservation law in
Rindler spacetime. In particular, for the gluonic contribu-
tion considered here, one finds

hTτ
τiER ¼ −3hTz

ziER;

which leads to a thermodynamic relation between the
optical effective potential and the Rindler result. This
shows that the physical local effective potential should
be identified as

VeffðxÞ ¼ ðazÞ−4Vopt;

up to terms independent of the Polyakov-loop background.
With this identification, the optical calculation and the
energy-momentum tensor in the original Rindler spacetime
give consistent physical results.
Using the physical effective potential, we found that

real and imaginary acceleration have opposite effects on
the Polyakov-loop dynamics. Real acceleration favors the
perturbative center-broken minimum and therefore enhan-
ces the deconfined configuration, although the resulting
nonanalyticity makes the usual curvature definition of
screening masses ill defined. By contrast, imaginary
acceleration favors the center-symmetric configuration, in
close analogy with imaginary rotation. The analogy is,
however, not exact: imaginary rotation shifts the Polyakov-
loop phase, while imaginary acceleration changes the
coefficient of the acceleration-induced correction. These
results show that acceleration modifies not only the

Polyakov-loop effective potential itself, but also the
thermodynamic interpretation of local quantities, making
the distinction between the Rindler and optical descriptions
essential.
Some comments are in order. In the optical calculation,

we formulate the gauge theory directly in the optical metric
and impose the gauge-fixing condition only after the
conformal transformation. This ordering is essential. In
four dimensions the classical Yang-Mills action is con-
formally invariant, so the physical gluonic sector can be
consistently defined in the optical spacetime. By contrast, if
one first fixes the gauge in the Rindler metric and then
performs the conformal transformation, the gauge-fixing
and ghost terms are transformed nontrivially. As shown in
previous studies [50], this latter procedure leads to an
incorrect spectrum and therefore to an incorrect thermo-
dynamic potential. Our calculation follows the former
prescription and is thus free from this ambiguity.
Second, the relation between the Rindler and optical

descriptions found in this work is not accidental. It can be
extended, for example, to the conformal scalar field and
massless fermion cases and also holds in higher spacetime
dimensions D. In general, after subtracting temperature-
independent vacuum contributions, the corresponding rela-
tion for the thermal part takes the form

ðD − 1ÞVER ¼ −eDσ
∂β0ðβ0VoptÞ: ð75Þ

This relation indicates that the quantity obtained directly
from the Rindler calculation is naturally associated with the
energy-momentum-tensor component hTz

zi, whereas the
optical calculation gives the physical effective potential.
A more systematic discussion of this general relation will
be presented elsewhere.
Finally, a natural extension of the present work is to

include fermionic degrees of freedom. In such an extension,
massive fermions must be treated explicitly. This is a
nontrivial problem because the fermion mass breaks
conformal invariance and may modify the simple thermo-
dynamic relation between the Rindler and optical descrip-
tions. It is therefore important to clarify whether the
identification of the physical local effective potential
continues to hold beyond the conformal limit. We leave
a systematic study of massive fermionic contributions,
including their impact on the Polyakov-loop effective
potential and possible implications for chiral dynamics
under acceleration, for future work.

ACKNOWLEDGMENTS

The authors thank Victor Ambrus for useful discussions.
This work was partially supported by Japan Society for
the Promotion of Science (JSPS) Grants-in-Aid for
Scientific Research (KAKENHI) [Grants No. 22H05118,
No. 25K24464, and No. 26K00698 (K. F.) and
No. JP26KJ0173 (Y. S.)]. H.-L. C., Y.-H. G.,

HAO-LEI CHEN et al. PHYS. REV. D 114, 054012 (2026)

054012-12



X.-G. H., and Z.-B. Z. are supported by the Natural Science
Foundation of Shanghai (Grant No. 23JC1400200), the
National Natural Science Foundation of China (Grants
No. 12225502 and No. 12147101), and the National Key
Research and Development Program of China (Grant
No. 2022YFA1604900).

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: DERIVATION OF EQ. (33)

We note that the modified Bessel function admits the
following integral representation, with the integration
contour C shown in Fig. 5:

IνðxÞ ¼
Z
C

du
2πi

ex cosh u−νu: ðA1Þ

Since the Matsubara-frequency dependence appears only
through νn in Eq. (32), we may first perform the summation
explicitly as

X
n

e−jνnju ¼ eϕ̄u

evu − 1
þ evue−ϕ̄u

evu − 1
: ðA2Þ

These two terms from the Matsubara sum can be combined
by mapping the first one to the centrally reflected contour.
Under the change of variable u → −u, one findsZ
C

du
2πi

e
zz0
2s cosh u

eϕ̄u

evu − 1
¼
Z
−C

du
2πi

e
zz0
2s cosh u

evue−ϕ̄u

evu − 1
; ðA3Þ

where −C denotes the contour obtained from C by the
central reflection u → −u; see Fig. 5. Hence, defining

C2 ¼ C ∪ ð−CÞ; ðA4Þ

we obtain

X
n

Kνnðs; z; z0Þ ¼
1

4s2
e−

z2þz02
4s

Z
C2

du
2πi

e
zz0
2s coshu

evue−ϕ̄u

evu − 1
:

ðA5Þ

The contour C2 can be continuously deformed into three
parts: (i) a contour segment running from iπ −∞ to
iπ þ∞, asymptotic to the horizontal line Im u ¼ π at both
ends, (ii) a contour segment running from −iπ þ∞ to
−iπ −∞, asymptotic to the horizontal line Im u ¼ −π at
both ends, and (iii) a small circle around u ¼ 0. Both (i) and
(ii) cross the imaginary axis in the vicinity of the origin; see
Fig. 6 for the illustration of contour C2 after deformation.
Then, the kernel sum is decomposed as

X
n

Kνnðs; z; z0Þ

¼ aβ0e−
ðz−z0Þ2

4s

8πs2
þ 1

4s2
e−

z2þz02
4s

Z
χ

du
2πi

e
zz0
2s coshu

evue−ϕ̄u

evu − 1
;

ðA6Þ

where χ denotes the joint contour of (i) and (ii). The first
term is divergent once the s integration is performed;
however, it clearly represents the Minkowski vacuum
contribution and can in principle be removed by an
appropriate regularization. Moreover, since it is indepen-
dent of the background field, it does not affect the physical
results of our interest. After discarding the first term, it is
quite straightforward to perform the s integration to derive
the following expression:

hTzziER¼−
X
α

1

2πã

Z
χ

du
2πi

1

z4ð1−coshuÞ2
evue−ϕ̄u

evu−1
: ðA7Þ

FIG. 5. Contours C and −C. FIG. 6. Contour C2 after deformation.
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Now we can close the contour at infinity and then evaluate
the residue at u ¼ 0. Finally we obtain the expression
in Eq. (33).

APPENDIX B: RELATION BETWEEN THE
SURFACE TERM AND THE EMT TRACE

Let us discuss the discarded surface term in more detail.
Interestingly, one can show that this surface contribution is
directly related to the EMT trace for a minimally coupled
scalar field. After performing the transverse momentum
integral, the surface term takes the form of

VER;surf ¼ −π
X
α;n

Z
∞

0

dλ
Z

∞

0

ds
s2

e−sλ
2 ∂zðzΦ�

∂zΦÞ
λ2z

: ðB1Þ

To see its relation to the EMT trace, we first construct
the scalar propagator from the eigenfunctions Φ in
Eq. (27), i.e.,

Gsðx; x0Þ ¼
X
n

Z
d2k

Z
∞

0

dλ
ΦðxÞΦ�ðx0Þ
λ2 þ k2

: ðB2Þ

For a minimally coupled scalar field, the EMT reads

hTμ
νims ¼ lim

x0→x

�
∂
μ
∂
0
ν −

1

2
δμνgαβ∂α∂0β

�
Gsðx; x0Þ: ðB3Þ

Then, the EMT trace becomes

hTμ
μims ¼ −

X
n

Z
d2k

Z
∞

0

dλ

×

�
jΦj2 þ 1

λ2 þ k2
1

z
∂zðzΦ�

∂zΦÞ
�
: ðB4Þ

The first term is a contact term following from the
completeness relation and does not contribute after regu-
larization. The second term defines the renormalized trace
denoted by hTμ

μims;ren. After performing the transverse
momentum integral and using integration by parts in the
proper-time variable, with the boundary term removed by
the same regularization, we obtain

hTμ
μims;ren ¼ π

X
n

Z
∞

0

dλ
Z

∞

0

ds
s2

e−sλ
2

λ2z
∂zðzΦ�

∂zΦÞ: ðB5Þ

Comparing this expression with the surface contribution,
we finally find

VER;surf ¼ −
X
α

hTμ
μims;ren: ðB6Þ

APPENDIX C: BRANCH ANALYSIS OF THE
EFFECTIVE POTENTIAL WITH IMAGINARY

ROTATION

Let us derive the branchwise form of the effective
potential with finite imaginary rotation discussed in
Sec. IV B. We aim to explain why two results with finite
imaginary rotation and imaginary acceleration coincide
only in the interval π=2 < Ω̃I < π=

ffiffiffi
3

p
, while they differ at

smaller imaginary angular velocity.

1. Analysis for 0 ≤ ϕðΩ̃IÞ ≤ Ω̃I < π

In this branch, using the notation in the main text, we can
write the imaginary-rotation effective potential as

Vð1Þ
Ω ¼ 2T4

0

�
2π2

3
B4

�
ϕ

2π

�
þ Ω̃2

IB2

�
ϕ

2π

��

þ T4
0

�ðϕ − Ω̃IÞ3
3π

þ Ω̃4
I

12π2

�
: ðC1Þ

The first term has the same structure as the imaginary-
acceleration effective potential under the identification
ãI ↔ Ω̃I, whereas the second term is specific to the
imaginary-rotation case. The gap equation gives

∂Vð1Þ
Ω

∂ϕ
¼ T4

0ϕ

3π2
ðϕ2 þ 3Ω̃2

I − 6πΩ̃I þ 2π2Þ ¼ 0: ðC2Þ

This branch ends when the solution reaches the boundary at
ϕ ¼ Ω̃I . Substituting this boundary value for the gap
equation gives the end point:

Ω̃I ¼
π

2
: ðC3Þ

Therefore, this branch corresponds to the interval
0 ≤ Ω̃I ≤ π

2
.

2. Analysis for Ω̃I < ϕðΩ̃IÞ ≤ π

In this region, the mod 1 operation does not affect the
two Bernoulli-polynomial arguments. Therefore, we can
write

Vð2Þ
Ω ¼ 2T4

0

�
2π2

3
B4

�
ϕ

2π

�
þ Ω̃2

IB2

�
ϕ

2π

��
þ T4

0

Ω̃4
I

12π2
:

ðC4Þ

Thus, up to a ϕ-independent term, this branch has exactly
the same ϕ-dependent structure as the imaginary-
acceleration effective potential under ãI ↔ Ω̃I. The gap
equation is
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∂Vð2Þ
Ω

∂ϕ
¼ T4

0

3π2
ðϕ − πÞðϕ2 − 2πϕþ 3Ω̃2

I Þ ¼ 0: ðC5Þ

The boundary between these branches is fixed by ϕ ¼ Ω̃I.
Using the gap equation, this condition gives Ω̃I ¼ π=2.
Hence, this branch corresponds to π

2
< Ω̃I < π. Within this

branch, the critical point is reached when the nontrivial
minimum merges with ϕ ¼ π, which gives

ãI;c ¼ Ω̃I;c ¼
πffiffiffi
3

p : ðC6Þ

For Ω̃I > π=
ffiffiffi
3

p
, the nontrivial minimum disappears, and

the remaining minimum in this branch is ϕ ¼ π.

3. Analysis for Ω̃I > π

Using the periodicity of the Bernoulli polynomial
together with B4ð1 − xÞ ¼ B4ðxÞ, one finds

VΩðϕ; Ω̃IÞ ¼ VΩðϕ; 2π − Ω̃IÞ ¼ VΩð2π − ϕ; Ω̃IÞ: ðC7Þ

Therefore, the region Ω̃I > π is related to Ω̃I < π by the
above symmetry. This periodic behavior originates from the
fact that Ω̃I acts as an imaginary chemical potential and
shifts the Polyakov-loop phase, ϕ → ϕ� Ω̃I . This behav-
ior is absent in the imaginary-acceleration case. There, ãI
does not shift the holonomic variable; instead, it appears
only as the coefficient of B2ðϕ=2πÞ. Consequently, the
imaginary-acceleration effective potential does not have an
analog of symmetry under Ω̃I → 2π − Ω̃I. Thus, for large
ãI , the minimum remains at ϕ ¼ π rather than being
periodically mapped back to the small-ãI region.
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