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We discuss the M1 radiative transitions D� → Dγ, D�
s → Dsγ, B� → Bγ, and B�

s → Bsγ. A relativistic
potential model is proposed. The corresponding Hamiltonian, when expanded to terms of the order of
v2=c2, where v are the quark velocities, coincides with the Breit Hamiltonian. This model allows making
predictions for the widths of radiative transitions of mesons with one light quark. Taking into account
relativistic effects is especially important for the transitions D�þ

s → Dþ
s γ and D�þ → Dþγ, where there is a

large compensation in the magnitude of the magnetic moment of these mesons. Our results are consistent
with known experimental data.

DOI: 10.1103/gnyk-r31j

I. INTRODUCTION

The D� meson decays are dominated by the radiative
D� → Dγ decays (γ transitions) and the strong D� → Dπ
decays with pion emission. Due to the experimental diffi-
culties inmeasuring the total widths ofDmesons, the data on
the partial widths of these decays are incomplete.
At the moment only theD�þ meson width is known. The

BABAR collaboration measured this width with the best
precision: ΓðD�þÞ ¼ ð83.3� 1.2� 1.4Þ KeV [1]. Using
the measured total and fractional widths of D�þ and the
relative decay rates of D�0 [2], and also assuming isotopic
invariance for Dπ decays, one can estimate the radiative
width of D�0, ΓðD�0 → D0γÞ ¼ 19.0ð1.0Þ KeV.
Radiative decays of D� mesons can provide information

on the dynamics of hadronic processes. They allow testing
various approaches in QCD. There are many theoretical
attempts to calculate the widths of these decays. The
radiative decays of D� → Dγ have been studied in
the framework of the QCD sum rules (QCDSR) [3–6],
the light-cone sum rules (LCSR) [7,8], and various quark
models [9–19]. Lattice QCD (LQCD) calculations were
performed for the decays D� → Dγ [20] and D�

s → Dsγ
[21]. Calculations on the lattice [21] predict the decay
width ΓðD�

s → DsγÞ ¼ 0.066ð26Þ KeV. This value dis-
agrees with the light-cone sum rule result ΓðD�

s → DsγÞ ¼
0.18ð1Þ KeV [18] by 4σ, and with the QCDSR result

ΓðD�
s → DsγÞ ¼ 0.25ð8Þ KeV [4] by 2σ. The central value

of this prediction is an order of magnitude smaller than
most other predictions available in the literature. Since
D�

s → Dsγ dominates theD�
s meson decay, it is important to

consider this case more closely.
Predictions for ΓðD�

s → DsγÞ range from 0.07 KeV to
2.4 KeV. It is interesting to estimate the width of the D�

s →
Dsγ decay using a recent measurement of the leptonic decay
D�þ

s → eþνe made by the BESIII collaboration [22]. This is
the first measurement of the weak decay branching of a
vector meson. The obtained value is BðD�þ

s → eþνeÞ ¼
ð2.1þ1.2

−0.9stat � 0.2systÞ × 10−5. Taking the branching ratio
BðD�þ

s → eþνeÞ=BðDþ
s → μþνμÞ, one can obtain

Γtotal
D�þ

s
¼ 2.04 × 10−6

BðD�þ
s → eþνeÞ

�
fD�þ

s

fDþ
s

�
2

KeV: ð1Þ

Using theworld average valueBðDþ
s → μþνμÞ and the result

fD�þ
s

fDþ
s

¼ 1.12ð1Þ obtained from LQCD calculations, the

BESIII collaboration found that the total width of D�þ
s is

Γtotal
D�þ

s
¼ 0.122þ0.070

−0.052 � 0.012 KeV [22], which is consistent

with the LQCD prediction of 0.070(28)KeV [21]. The world
average value isBðD�þ

s → Dþ
s γÞ ¼ 0.936ð4Þ [2], which can

be used to obtain ΓðD�þ
s → Dþ

s γÞ ¼ 0.114þ0.066
−0.050 KeV and

compared with the theoretical predictions given in Table I.
In our work we discuss the M1 radiative transitions

D� → Dγ, D�
s → Dsγ, B� → Bγ, and B�

s → Bsγ. We pro-
pose a relativistic potential model in which the Hamiltonian
of the quark-antiquark interaction when expanded to terms
of the order of v2=c2, where v are the quark velocities,
coincides with the Breit Hamiltonian, see, for example,
Refs. [30,31]. This model allows predictions to be made for

*Contact author: A.E.Bondar@inp.nsk.su
†Contact author: A.I.Milstein@inp.nsk.su

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 112, 054037 (2025)

2470-0010=2025=112(5)=054037(10) 054037-1 Published by the American Physical Society

https://orcid.org/0000-0002-5089-5338
https://orcid.org/0000-0001-8783-6692
https://ror.org/03e5eem51
https://ror.org/04t2ss102
https://crossmark.crossref.org/dialog/?doi=10.1103/gnyk-r31j&domain=pdf&date_stamp=2025-09-22
https://doi.org/10.1103/gnyk-r31j
https://doi.org/10.1103/gnyk-r31j
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


the widths of radiative transitions of mesons with one
light quark.
Our work is organized as follows. We first give a

heuristic derivation of the effective Hamiltonian, which
is a relativistic generalization of the potential quark model.
This Hamiltonian contains not only the spin-dependent
contributions describing the hyperfine splitting of mesons,
but also the spin-independent contributions to the total
energy of states. Using this Hamiltonian, we obtain for-
mulas for the spectrum of states and the widths of radiative
transitions. Next, we fix the parameters of the model based
on experimental data and then obtain predictions for
D� → Dγ, D�

s → Dsγ, B� → Bγ, and B�
s → Bsγ. In addi-

tion, we obtain quantitative predictions for the magnitude
of the hyperfine splitting in the bs̄ system and compare
them with recently available experimental data [32,33]. The
conclusion formulates the main results of the work.

II. HYPERFINE STRUCTURE IN THE
SYSTEM cs̄, cū, AND cd̄

Let us first consider the ground state of the cs̄ system,
corresponding to the Dsð1968Þ meson and having the
orbital angular momentum L ¼ 0 and spin Stot ¼ 0, where
Stot ¼ Ss̄ þ Sc. The first excited state, corresponding to the
D�

sð2112Þ meson, has L ¼ 0 and Stot ¼ 1 with a small
admixture of a component having L ¼ 2, Stot ¼ 1, and
J ¼ 1, where J ¼ Stot þ L. Below we neglect this compo-
nent, since it is unimportant for our problem. The difference
in the masses of D�

s and Ds is Ω ¼ 144 MeV. In the

nonrelativistic approximation, the magnetic moment oper-
ator μ of the system cs̄ for L ¼ 0 is

μ ¼
�
es̄
ms

Ss̄ þ
ec
mc

Ss̄

�
¼ 1

2

�
es̄
ms

þ ec
mc

�
Stot

þ 1

2

�
es̄
ms

−
ec
mc

�
Σ; ð2Þ

where ms and es̄ ¼ e=3 are the mass and charge of the s̄
quark, mc and ec ¼ 2e=3 are the mass and charge of the c
quark, e is the charge of the proton, the operator Σ ¼
Ss̄ − Sc has nonzero matrix elements between states with
different values of Stot, and the system of units ℏ ¼ c ¼ 1 is
used. The width ΓðD�

s → DsγÞ in the nonrelativistic
approximation is described by the usual formula for the
M1 transition,

ΓnrðD�
s →DsγÞ ¼

4

3
Ω3jt0j2; t0 ¼

1

2

�
es̄
ms

−
ec
mc

�
: ð3Þ

This result is independent of the structure of the cs̄ pair wave
function. Substituting for the estimate ms ¼ 0.5 GeV and
mc ¼ 1.7 GeV, we obtain the value ΓnrðD�

s → DsγÞ ¼
0.547 KeV, which contradicts the experiment, ΓðD�

s →
DsγÞ ∼ 0.114þ0.066

−0.050 KeV. The reason is that in the expression
for t0 there is a strong compensation between the contribu-
tions of the s̄ and c quarks, t0 ≈ es̄=6ms. Therefore, it is
necessary to take into account relativistic effects, which are
important since the relative momentum of quarks is

TABLE I. Decay widths of ΓðD�
ðsÞ → DðsÞγÞ in KeV. The table is taken from Ref. [23].

Ref. ΓðD�þ → DþγÞ ΓðD�0 → D0γÞ ΓðD�þ
s → Dþ

s γÞ
CCQM [23] 1.21(48) 18.4(7.4) 0.55(22)
LCSR (NLO) [24] 0.96þ0.58

−0.62 27.83þ9.23
−9.50 2.36þ1.49

−1.41
LQCD [20,21] 0.8ð7Þ† 27ð14Þ† 0.066ð26Þ�
HQETþ CQM [19] 0.9� 0.3 22.7� 2.2 � � �
Bag Model [14] 1.73 7.18 � � �
NJL Model [13] 0.7 19.4 0.09
RQM [12] 0.46 23.05 0.38
RQM [15] 0.56 21.69 � � �
RQM [16] (0.94–1.42) (26.0–32.0) (0.2–0.3)
RQM [17] 1.04 11.5 0.19
LFQM [18] 0.90(2) 20.0(3) 0.18(1)
QCDSR [6] 0.23(10) 12.9(2.0) 0.13(5)
LCSR [7] 1.50 14.40 � � �
QCDSR [4] 0.22(6) 2.43(21) 0.25(8)
HQETþ VMD [25] 0.51(57) 16.0(10.8) 0.24(24)
NRQM [26] 1.8 32 0.2
Bethe-Salpeter [27] 0.84 19.4 � � �
EMS [28] 0.815 11.731 0.130
PM [28] 1.785 35.506 0.284
NRQM [29] 1.4 20.54 0.272
Experiment [2] 1.33(36) 19.0(1.0) 0.114þ0.066

−0.050
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comparable to ms. A similar effect was discussed in our
recent work [34] when considering the electric dipole
transition ΓðDs1 → DsγÞ, where Ds1 is the cs̄ state of the
system with L ¼ 1, Stot ¼ 1 and J ¼ 1. We will show that
taking into account relativistic effects will lead to a strong
decrease in the radiativewidth, compared to (3), and to better
agreement between the predictions and experimental data.
To derive the operator responsible for the hyperfine

splitting, consider a particle with spin 1=2, charge e, and
mass m in a magnetic field. We use the identity

ðσ · πÞ2 ¼ π2 − eσ ·Hðr; tÞ; π ¼ p − eAðr; tÞ;

where σ are the Pauli matrices, p is the momentum operator,
Aðr; tÞ is the vector potential, and Hðr; tÞ is the corre-
sponding magnetic field. Let us perform the expansion of
the operator

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ðσ · πÞ2

p
for small, compared to m2,

characteristic values of π2,

h¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ðσ · πÞ2

q
¼mþ ðσ · πÞ2

2m
−
ðσ · πÞ4
8m3

þ � � �

¼mþ π2

2m
−
ðπ2Þ2
8m3

−
e
2m

σ ·Hþ e
8m3

fπ2;σ ·Hgþ � � � ;
ð4Þ

where fB;Cg ¼ BCþ CB and we have taken into account
the terms linear in H. Thus, we have obtained the
Hamiltonian of the Pauli equation taking into account
the first relativistic correction in π2=m2. Let us now expand

h in the parameter σ ·H=ðm2 þ π2Þ, assuming that the
change in the magnetic field is small at δr≲ 1=m, but the
characteristic values of π2 are not small compared to m2.
We have

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ π2

p
−
e
2

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 þ π2
p ; s ·H

�
þ � � � ; ð5Þ

where s ¼ σ=2 is the spin operator. To derive the contri-
bution of the spin-spin interaction to the hyperfine splitting,
we consider two particles with spin 1=2, charges e1 and e2,
and masses m1 and m2. To calculate the energy correction,
we use the noncovariant perturbation theory,

ΔE ¼
X
n

jhnjδHj0ij2
E0 − En

; ð6Þ

where δH is the perturbation. LetΦðpÞ be the wave function
of the bound state of the two-particle system in the momen-
tum representation. There exists a spin-dependent energy
correction ΔES and a spin-independent correction ΔE0.
Although ΔE0 does not affect the hyperfine splitting and
the corresponding transition probabilities, its inclusion is
important for us, since it allows us to fix the parameters of the
model and, in particular, the mass of the heavy quark. In the
Izgur-Godfrey model and other similar models, the mass of
the heavy quark is fixed in another way. Therefore, in these
models, there is no need to take into accountΔE0 correction.

A. Calculation of the correction ΔES

It follows from Eqs. (5) and (6) that

ΔES ¼ 2e1e2

ZZ
d3pd3p0

ð2πÞ6
Φ†ðp0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2 þ p02
p 4π

2q
½q × s1� · ½q × s2�

ð−qÞ
ΦðpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ p2
p ; ð7Þ

where

q ¼ p − p0; E − En ¼ −q; Hλ ¼ −i

ffiffiffiffiffiffi
4π

2q

s
½q × eλ�;

X
λ¼1;2

eaλe
b
λ ¼ δab −

qaqb

q2
;

eλ is the photon polarization, λ is its helicity, the factor “2” in front of the integral takes into account the contribution of two
equal amplitudes (the first particle emits and then the second absorbs and vice versa). We rewrite (7) as

ΔES ¼
4πgel
3

ZZ
d3pd3p0

ð2πÞ6
Φ†ðp0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2 þ p02
p �

2s1 · s2 þ
�
s1 · s2 − 3

ðs1 · qÞðs2 · qÞ
q2

��
ΦðpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ p2
p ; ð8Þ

where gel ¼ −e1e2 > 0. Using the identity

2s1 · s2 þ
�
s1 · s2 − 3

ðs1 · qÞðs2 · qÞ
q2

�
¼

Z
d3r

�
2ðs1 · s2ÞδðrÞ −

3

4π
½ðs1 · s2Þ − 3ðs1 · nÞðs2 · nÞ�

�
e−iq·r; ð9Þ
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where n ¼ r=r, we can rewrite (8) in coordinate representation,

ΔES ¼ gel

Z
d3rΞ†ðr; m2Þ

�
8π

3
δðrÞðs1 · s2Þ þ

1

r3
½3ðs1 · nÞðs2 · nÞ − ðs1 · s2Þ�

�
Ξðr; m1Þ;

Ξðr; mÞ ¼
Z

d3p
ð2πÞ3

ΦðpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p eip·r: ð10Þ

For L ¼ 0 we have

ΔES ¼
4πgel
3

Ξ†ð0; m2Þ
�
S2tot −

3

2

�
Ξð0; m1Þ: ð11Þ

From this formula we find an expression for the hyperfine splitting Ωel in a system of interacting charges with different
masses,

Ωel ¼
8πgel
3

Ξ†ð0; m2ÞΞð0; m1Þ: ð12Þ

B. Calculation of the correction ΔE0

The correction ΔE0 is the sum of two contributions, ΔE0 ¼ ΔE01 þ ΔE02. From the expansion

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ π2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

q
−
e
2

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 þ p2
p ;A · p

�
þ � � � ð13Þ

and Eq. (6), we find similarly to (7),

ΔE01 ¼ 2gel

ZZ
d3pd3p0

ð2πÞ6
Φ†ðp0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2 þ p02
p 4π

2q
1

ð−qÞp
0i
�
δij −

qiqj

q2

�
pj ΦðpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
1 þ p2

p ; ð14Þ

where q ¼ p − p0. It is convenient to represent this
formula as

ΔE01 ¼ −
gel
2

Z
d3rΞ†ðr; m2Þpi

�
δij

r
þ rirj

r3

�
pjΞðr; m1Þ:

ð15Þ
The correction ΔE02 (the so-called Darwin term), although
independent of spin, exists only for particles with spin. It is
easy to obtain that

ΔE02 ¼
πgel
2

½Ξ†ð0; m1ÞΞð0; m1Þ þ Ξ†ð0; m2ÞΞð0; m2Þ�:
ð16Þ

In our work we use a potential model in which the quark
interaction potential UðrÞ is described by the sum

UðrÞ¼UgðrÞþUconfðrÞ; UgðrÞ¼−
g
r
; UconfðrÞ¼ br;

ð17Þ

where g and b are the parameters of the model. The
potential UgðrÞ is the zeroth component of the Lorentz

vector, and UconfðrÞ is a Lorentz scalar [35]. The energy
corrections associated with UgðrÞ are obtained from the
above formulas for electrodynamics by replacing gel → g.
The potentials UgðrÞ and UconfðrÞ enter the quark–anti-
quark interaction Hamiltonian differently. In particular,
there is a correction ΔE0b to the spin-independent energy
shift associated with the potential UconfðrÞ. This correction
is analogous to (16) and has the form

ΔE0b ¼
b
2

Z
d3r

�
Ξ†ðr; m1Þ

�
1

2r
− pirpi

�
Ξðr; m1Þ

þ Ξ†ðr; m2Þ
�
1

2r
− pirpi

�
Ξðr; m2Þ

�
: ð18Þ

The correction ΔE0 is absent in the Izgur-Godfrey model
[35] but is consistent with the Breit Hamiltonian in
quantum electrodynamics. The latter is obtained from
the above formulas for the corrections by replacingffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
with m for both quarks. Note that ΔE0 does

not contribute to the hyperfine splitting but determines the
overall level shift for states with Stot ¼ 0, 1.
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Since UgðrÞ is the zero component of the Lorentz vector, the hyperfine splitting in the cs̄ system is given by Eq. (12),
where m1 ¼ ms, m2 ¼ mc, and g is the parameter of potential.

C. Calculation of radiation widths

From Eq. (5) it follows that ΓðD�
s → DsγÞ in the leading approximation has the form

ΓðD�
s → DsγÞ ¼

4

3
Ω3jt1j2; t1 ¼

1

2

�
es̄
ms

Fs −
ec
mc

Fc

�
;

Fs ¼ ms

Z
d3rj0ðqsrÞΞ†ðr;msÞΨðrÞ; Fc ¼ mc

Z
d3rj0ðqcrÞΞ†ðr; mcÞΨðrÞ;

qs ¼
MR

ms
Ω qc ¼

MR

mc
Ω; j0ðxÞ ¼

sin x
x

; MR ¼ msmc

ms þmc
: ð19Þ

Note that for L ¼ 0 the functions Ξ†ðr; mÞ and ΨðrÞ are independent of the direction of r.
There is also a relativistic correction δt1 to the amplitude t1 in Eq. (19), which follows from Eq. (21) of our paper [34] and

is related to the influence of the quark-antiquark interaction on the radiation process. The corrections δFs and δFc to the
corresponding form factors in (19), following from the amplitude δt1, read

δFs ¼ −MR

Z
d3r

j1ðqsrÞ
qsr

Ξ†ðr;msÞ
�
1

2

�
br −

g
r

�
Ξðr;msÞ þ

g
r
Ξðr;mcÞ

�
;

δFc ¼ −MR

Z
d3r

j1ðqcrÞ
qcr

Ξ†ðr;mcÞ
�
1

2

�
br −

g
r

�
Ξðr;mcÞ þ

g
r
Ξðr;msÞ

�
;

j1ðxÞ ¼
sin x
x2

−
cos x
x

: ð20Þ

If we neglect the retardation effect and tend qs → 0 and qc → 0, then we get (20) with the replacement j1ðxÞ=x → 1=3.

In order to obtain predictions for the hyperfine splitting
and the transition width, it is necessary to know the wave
function, which we will discuss in the next section.

III. WAVE FUNCTION

The wave function in the leading approximation in our
model satisfies the equation

EΦðpÞ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
s þ p2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

c þ p2
q

−
g
r
þ br

�
ΦðpÞ: ð21Þ

Here r and 1=r are integral operators. It is convenient to
solve this equation using the variational principle. For
L ¼ 0 we represent ΦðpÞ as

ΦðpÞ ¼
ffiffiffiffiffiffi
N
4π

r
χ exp

�
−

p2

2ω2
0

�
; N ¼ 32π5=2

ω3
0

; ð22Þ

where χ is the spin part of the wave function and ω0 is the
variational parameter. Although the variational approach to
calculating the wave functions and the corresponding
matrix elements is approximate, we have verified that
the accuracy of predictions for all quantities, not just for

energy levels, does not exceed 10%. However, our ansatz
has the advantage that all calculations can be carried out
analytically with its help.
The wave function in the coordinate representation,

corresponding to Eq. (22), is

ΨðrÞ ¼
ffiffiffiffiffiffi
N
4π

r
χ exp

�
−
ω2
0r

2

2

�
; N ¼ 4ω3

0ffiffiffi
π

p : ð23Þ

For such wave functions, the average value E0 of the
Hamiltonian in Eq. (21) is

E0¼msF 0

�
m2

s

2ω2
0

�
þmcF 0

�
m2

c

2ω2
0

�
þ 2ffiffiffi

π
p

�
b
ω0

−gω0

�
;

F 0ðxÞ¼
ffiffiffiffiffi
2x
π

r
exK1ðxÞ; ð24Þ

where KnðxÞ is the modified Bessel function of the third
kind. The variational parameter ω0 is found from the
equation ∂E0=∂ω0 ¼ 0 or
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ms

ω0

�
F 0

�
m2

s

2ω2
0

�
− F 1

�
m2

s

2ω2
0

��
þmc

ω0

�
F 0

�
m2

c

2ω2
0

�
− F 1

�
m2

c

2ω2
0

��
−

2ffiffiffi
π

p
�
b
ω2
0

þ g

�
¼ 0;

F 1ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
ð2xÞ3
π

r
ex½K1ðxÞ − K0ðxÞ�: ð25Þ

Note that F 0ðxÞ → 1, F 1ðxÞ → 1, and F 0ðxÞ − F 1ðxÞ →
3=ð4xÞ for x → ∞. For x → 0 we have F 0ðxÞ →

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ðπxÞp

and F 1ðxÞ →
ffiffiffiffiffiffiffiffiffiffi
8x=π

p
.

It is interesting that Eq. (25) in the limit ms → 0 and
mc → ∞ has no singularities and its solution and the
corresponding energy E0 for g < 1 are

ω0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
b

1 − g

s
; E0 ¼ mc þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − gÞb

π

r
: ð26Þ

Here the singularity for g > 1 is similar to that which exists
in the solution of the Dirac equation in the Coulomb field.
This singularity is absent for a large but finite massmc. The
singularity in the solution of the Dirac equation in the
Coulomb field at g ¼ 1 is related to the singularity of the
potential at r ¼ 0. However, for example, for the field of a
nucleus with a finite radius, such a singularity at g ¼ 1 is
absent since the potential at r ¼ 0 is not singular. In our
case of a system of two quarks with a finite mass of the
heavy quark, the regulator of the potential is the Compton
wavelength of the heavy quark. So the value of g close to
unity is not a limitation.

IV. HYPERFINE SPLITTING AND FORM
FACTORS

Using variational functions, for the function Ξðr; mÞ
defined in Eq. (8), we obtain

Ξðr;mÞ ¼ 1

m

ffiffiffiffiffiffi
N
4π

r
2ffiffiffi
π

p
Z

∞

0

ds

ð1þ 2ω2
0s

2=m2Þ3=2

× exp

�
−s2 −

ω2
0r

2

2ð1þ 2ω2
0s

2=m2Þ
�
: ð27Þ

Then, for the hyperfine splitting Ω (12) we find

Ω ¼ 8gω3
0

3
ffiffiffi
π

p
msmc

F 1

�
m2

s

4ω2
0

�
F 1

�
m2

c

4ω2
0

�
; ð28Þ

where the function F 1 is defined in (25). In the limit of
small ms and large mc, the hyperfine splitting Ω is

Ω ¼ 8
ffiffiffi
2

p
gb

3πð1 − gÞmc
: ð29Þ

It is seen that the asymptotics of Ω is independent of ms.

The spin-independent correction ΔE0 to the energy level is

ΔE0 ¼ ΔE01 þ ΔE02 þ ΔE0b;

ΔE01 ¼ −
gω0

π3=2

Z
∞

0

dye−yezsþzcK0ðzsÞK0ðzcÞ;

ΔE02 ¼
gω3

0

2
ffiffiffi
π

p
�
1

m2
s
F 2

1

�
m2

s

4ω2
0

�
þ 1

m2
c
F 2

1

�
m2

c

4ω2
0

��
;

ΔE0b ¼
b

8ω0π
3=2

Z
∞

0

dye−yfe2zs ½2K2
0ðzsÞ − y2½K0ðzsÞ þ K1ðzsÞ�2� þ e2zc ½2K2

0ðzcÞ − y2½K0ðzcÞ þ K1ðzcÞ�2�g;

zs ¼
1

4

�
yþm2

s

ω2
0

�
; zc ¼

1

4

�
yþm2

c

ω2
0

�
: ð30Þ

Finally, for energy levels with Stot ¼ 0 and Stot ¼ 1 we have

A. E. BONDAR and A. I. MILSTEIN PHYS. REV. D 112, 054037 (2025)

054037-6



EðS ¼ 0Þ ¼ E0 þ ΔE0 −
3

4
Ω;

EðS ¼ 1Þ ¼ E0 þ ΔE0 þ
1

4
Ω: ð31Þ

For the form factors Fs and Fc in Eq. (19) we obtain

Fs ¼
2msffiffiffi
π

p
ω0

Z
∞

0

ds

ðs2 þ 1Þ3=2 exp
�
−
m2

s

ω2
0

s2 −Q2
s
2s2 þ 1

4ðs2 þ 1Þ
�
;

Fc ¼
2mcffiffiffi
π

p
ω0

Z
∞

0

ds

ðs2 þ 1Þ3=2 exp
�
−
m2

c

ω2
0

s2 −Q2
c
2s2 þ 1

4ðs2 þ 1Þ
�
;

Qs ¼
MRΩ
msω0

; Qc ¼
MRΩ
mcω0

: ð32Þ

In the limit Qs → 0 and Qc → 0 (that is, without the retardation effect taken into account) we have

Fs ¼ F 1

�
m2

s

2ω2
0

�
; Fc ¼ F 1

�
m2

c

2ω2
0

�
: ð33Þ

Let us now discuss the corrections δFs and δFc to the form factors defined in (20). Using the representation (27), we
obtain the corrections without the retardation effect taken into account.

δFs ¼ −
MR

3ω0π
3=2

Z
∞

0

dye−y
�
1

2
e2zs

�
−gK2

0ðzsÞ þ
by
4ω2

0

½K0ðzsÞ þ K1ðzsÞ�2
�
þ gezsþzcK0ðzsÞK0ðzcÞ

�
;

δFc ¼ −
MR

3ω0π
3=2

Z
∞

0

dye−y
�
1

2
e2zc

�
−gK2

0ðzcÞ þ
by
4ω2

0

½K0ðzcÞ þ K1ðzcÞ�2
�
þ gezsþzcK0ðzsÞK0ðzcÞ

�
;

zs ¼
1

4

�
yþm2

s

ω2
0

�
; zc ¼

1

4

�
yþm2

c

ω2
0

�
: ð34Þ

Taking the retardation effect into account, we obtain for the correction δFðretÞ
s ,

δFðretÞ
s ¼ −

8MR

ω0π
3=2

ZZ
∞

0

dt1dt2
expð−t21=2 − t22=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t21 þm2
s=ω2

0

p �
g

�
−

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t22 þm2

s=ω2
0

p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t22 þm2

c=ω2
0

p �
G1

�
t1
Qs

;
t2
Qs

�

þ b

2ω2
0Q

2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t22 þm2

s=ω2
0

p G2

�
t1
Qs

;
t2
Qs

��
: ð35Þ

The following functions are used here

G1ðx; yÞ ¼ f1ðx; yÞ þ f1ð−x;−yÞ − f1ðx;−yÞ − f1ð−x; yÞ þ
1

3
xy;

G2ðx; yÞ ¼ f2ðx; yÞ þ f2ð−x;−yÞ − f2ðx;−yÞ − f2ð−x; yÞ;

f1ðx; yÞ ¼
1

48
ð2 − x − yÞð1þ xþ yÞ2 lnð1þ xþ yÞ2;

f2ðx; yÞ ¼
1

8
ðxþ yÞ lnð1þ xþ yÞ2: ð36Þ

The correction δFðretÞ
c is obtained from δFðretÞ

s by replacing ms ↔ mc and Qs → Qc. For all reasonable values of the

parameters, the corrections δFðretÞ
s and δFðretÞ

c from Eq. (35) differ slightly from δFs and δFc from Eq. (34). The difference in
predictions of the form factor values due to retardation does not exceed 5%.
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V. PARAMETERS OF THE MODEL AND
NUMERICAL RESULTS

Using obtained expressions for EðS ¼ 0Þ and Ω, we fix
the parameters of the model. In total, we have five
parameters: the mass of the light quark ml, the mass of
the strange quark ms and the mass of the heavy quark mQ

forDmesons and Bmesons, the dimensionless parameter g
proportional to αs, and the parameter b characterizing the
confinement potential. For a preselected value of ml in
the range from 20 to 300 MeV, we choose the values of the
parameters ms, mQ, g, and b so that the values of EðS ¼ 0Þ
andΩ correspond to the experimental values for the masses
Dþ,D�þ,Dþ

s , and D�þ
s . In this case, the parameters mQ, g

and b are universal for all four mesons. Examples of the
values of the resulting parameters and the corresponding
meson masses in our model are given in Table II.
For the parameters of the model fixed in this way, we

calculate the widths of the radiative transitions, the results
are given in Table III.
From the comparison of the obtained values for the

radiative widths, we can conclude that the best agreement
with the experiment in our model is achieved at the
minimum value of the light quark mass. It is interesting
to note that the model is stable forml tending to zero, which

was expected from the asymptotics of (29). Note, however,
that the radiative width for D�þ predicted by us for all sets
of model parameters is noticeably lower than the result of
the CLEO collaboration [36] obtained many years ago. The
difference between our prediction with set I of parameters
and the CLEO results is about two standard deviations and
is probably explained by large errors in the experiment.
Therefore, it would be desirable to repeat this measurement
at a qualitatively new level of accuracy, which is possible
on the BELLE-II and BES-III detectors.
We can apply our model to B mesons, assuming that the

masses of the light quarks ml, ms, and the parameter b
remain the same as for Dmesons, and the parameters g and
mQ are chosen so as to reproduce the experimental values
of the B0 and B�0 meson masses. In this case, we are
already able to predict the Bs mass and the hyperfine
splitting of the Bs and B�

s meson masses (Table IV). At the
time of writing, at the EPS-HEP25 conference, the CMS
collaboration presented new, more precise measurements of
the hyperfine splitting of the BðsÞ meson masses [32,33].
We compare the results of our calculations with the result
of [32,33].
Comparison of the results obtained in the model with the

experiment shows that the masses of the Bs and B�
s mesons

are overestimated by 9–10 MeV, which seems quite natural,
since the effective mass of a quark is not a constant and
depends on the size of the quark wave function in the
meson. Since the reduced mass of the s quark for the B
meson is larger than for the D meson, one can expect that
the effective mass will be slightly smaller. At the same time,
the hyperfine splitting depends much less on the mass of
the light quark and is in remarkable agreement with the
experimental value. We believe that this success of the

TABLE II. Values of the parameters in our model.

Parameters ml (MeV) mQ (MeV) g b (GeV2) MðDðsÞÞ (MeV) MðD�
ðsÞÞ (MeV)

cd̄ I 20 1805 0.934 0.100 1870 2010
cs̄ I 270 1805 0.934 0.100 1971 2113
cd̄ II 133 1749 0.91 0.110 1869 2009
cs̄ II 320 1749 0.91 0.110 1970 2113
cd̄ III 300 1646 0.896 0.110 1869 2009
cs̄ III 454 1646 0.896 0.110 1969 2112
cd̄ Experiment 1869.5� 0.4 2010.26� 0.05
cs̄ Experiment 1968.35� 0.4 2112.2� 0.4

TABLE III. Values of the obtained radiative widths in KeV.

Parameters ΓðD�0Þ ΓðD�þÞ ΓðD�þ
s Þ

I 19.0 0.570 0.250
II 17.0 0.430 0.150
III 13.0 0.140 0.030
Experiment 19.0� 1.0 1.33� 0.36 0.114þ0.066

−0.050

TABLE IV. Values of the obtained masses and hyperfine splitting values for B mesons in MeV.

Parameters MðB0Þ MðB�0Þ MðB0
sÞ MðB�0

s Þ ΔMðB�0Þ ΔMðB�0
s Þ

I 5281 5326 5377 5425 45.0 48.1
II 5279 5325 5376 5425 45.5 48.6
III 5280 5326 5376 5425 46.0 49.2
Experiment 5279.6� 0.2 5325.2� 0.2 5366.9� 0.11 5416.3� 0.2 45.47� 0.07 49.41� 0.15
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model is completely nontrivial. As is known, in the heavy
quark approximation in QCD, mass relations were obtained
that relate the hyperfine splitting values for D�

ðsÞ and B�
ðsÞ

mesons [37–39],

ðMðB�0
s Þ −MðB0

sÞÞ − ðMðB�0Þ −MðB0ÞÞ
ðMðD�þ

s Þ −MðDþ
s ÞÞ − ðMðD�þÞ −MðDþÞÞ ¼

mcχðmbÞ
mbχðmcÞ

;

ð37Þ

ððMðB�þÞ−MðBþÞÞþ 2ðMðB�0
s Þ−MðB0

sÞÞÞ
ððMðD�0Þ−MðD0ÞÞ þ 2ðMðD�þ

s Þ−MðDþ
s ÞÞ

¼mcχðmbÞ
mbχðmcÞ

;

ð38Þ

where mc and mb are the masses of the c and b quarks, and
χðmQÞ is a slowly varying function of the arguments. The
above relations are obtained up to expansion terms of
the order of Oð1=m3

QÞ,Oðα=m2
Q),Oðm3=2

l Þ and Oðml=m2
QÞ

[38]. According to these relations, the difference in the
hyperfine splittings for Bs and B0 mesons is expected to be
approximately three times smaller than the corresponding
difference for D mesons. Now, thanks to the CMS
measurements, it can be seen that these relations cannot
be simultaneously reconciled with the experiment,

ð3.936� 0.15 MeVÞ
ð3.2� 0.4 MeVÞ ¼ mcχðmbÞ

mbχðmcÞ
;

ð144.1� 0.28 MeVÞ
ð429.6� 0.8 MeVÞ ¼ mcχðmbÞ

mbχðmcÞ
: ð39Þ

Our model reproduces the difference in hyperfine split-
tings for B mesons with an accuracy of 0.8 MeV regardless
of the choice of ml.
It is useful to compare the hyperfine splitting ratio for

B�0 and B�0
s obtained in our model with experiment [32,33]

and with the results of lattice calculations [40],

R ¼ ðMðB�0Þ −MðB0ÞÞ
ðMðB�0

s Þ −MðB0
sÞÞ

;

Rthis work ¼ 0.935ð10Þ; Rlat ¼ 0.993ð33Þð5Þ;
Rexp ¼ 0.920ð3Þð0.7Þ: ð40Þ

In Table V we compare our calculated values for the
widths of the radiative M1 transitions of B�

ðsÞ mesons with
the results of other authors. It is worth noting that in our
model the sensitivity of the B�

ðsÞ meson radiative decay
widths to the parameters of the model is significantly
smaller than in the case of D�

ðsÞ mesons.

VI. CONCLUSION

In our work, we propose a relativistic generalization of
the potential quark model. This model allows us to
calculate the radiative widths of heavy-light mesons and
predict the hyperfine splitting value in the bs̄ quark system.
The obtained hyperfine splitting value is in perfect agree-
ment with the results of the CMS [32,33] detector.
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