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Traditional SUðNÞ lattice gauge theories (LGTs) can be formulated using an orthonormal basis
constructed from the irreducible representations (irreps) Vλ of the SUðNÞ gauge symmetry. On a lattice, the
elements of this basis are tensor networks comprising dimer tensors on the links labeled by a set of irreps
fλlg and monomer tensors on sites labeled by fλsg. These tensors naturally define a local site Hilbert space,
Hg

s , on which gauge transformations act. Gauss’s law introduces an additional index αs ¼ 1; 2;…;DðHg
sÞ

that labels an orthonormal basis of the gauge-invariant subspace of Hg
s . This monomer-dimer tensor-

network (MDTN) basis, jfλsg; fλlg; fαsgi, of the physical Hilbert space enables the construction of new
qubit-regularized SUðNÞ gauge theories that are free of sign problems while preserving key features of
traditional LGTs. Here, we investigate finite-temperature confinement-deconfinement transitions in a
simple qubit-regularized SU(2) and SU(3) gauge theory in d ¼ 2 and d ¼ 3 spatial dimensions, formulated
using the MDTN basis, and show that they reproduce the universal results of traditional LGTs at these
transitions. Additionally, in d ¼ 1, we demonstrate using a plaquette chain that the string tension at zero
temperature can be continuously tuned to zero by adjusting a model parameter that plays the role of the
gauge coupling in traditional LGTs.
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I. INTRODUCTION

Quantum field theories are a special class of quantum
systems defined on infinite-dimensional Hilbert spaces.
Qubit regularization of a quantum field theory (QFT) is
the idea of formulating these theories through a limiting
process, starting from quantum mechanical systems defined
on finite-dimensional Hilbert spaces [1]. Such a regulariza-
tion, particularly in a Hamiltonian formulation, is well suited
for studying QFTs using quantum technologies [2–4].
While the Hamiltonian lattice regularization of a QFT

with infinite-dimensional local Hilbert spaces is well
known [5], the idea of starting with a finite-dimensional
Hilbert space for both spin and gauge theories was
originally proposed in the D-theory approach [6–9] and
has recently gained popularity [10–13]. Most studies
assume that in the limiting process, the local Hilbert space
on each lattice site will need to be extended indefinitely to

formulate asymptotically free QFTs, such as Yang-Mills
theories and quantum chromodynamics. For this reason, in
the D-theory approach, an extra dimension (or equivalently,
a flavor index) was introduced at each spatial lattice site,
allowing for a systematic increase in the local Hilbert space.
This common belief that recovering asymptotic freedom

ultimately requires increasing the local lattice Hilbert space
dimension to infinity was challenged by the discovery of two
examples, where asymptotic freedom emerged in qubit-
regularized d ¼ 1 Oð3Þ and Oð2Þ spin-models with just a
four-dimensional local Hilbert space [14,15]. Such a pos-
sibility had been suggestedwithin theD-theory approach [7],
but a concrete realization had not been found until these
examples were discovered. From a renormalization group
(RG) perspective, this is not particularly surprising, since
QFTs emerge near fixed points of RG flows, which can be
accessed by tuning the couplings of lattice models to
appropriate quantum critical points. If only a few relevant
parameters exist at the fixed point, one should be able to tune
a small number of lattice parameters nonperturbatively to
reach the critical point. In this approach, the finiteness of the
local lattice Hilbert space does not preclude an infinite-
dimensional Hilbert space in the QFT because the length
scales of the emerging QFT are scaled by the diverging
correlation length of the lattice theory.
The QFTs studied in [14,15] had only one relevant

parameter and, surprisingly, could be reached even without
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fine-tuning. However, the RG flow was markedly different
from traditional expectations. At the quantum critical point,
the infrared physics was governed by a completely different
conformal field theory. However, when a small relevant
perturbation was introduced, the desired asymptotically
free quantum field theory emerged as a crossover phe-
nomenon. These discoveries are exciting, as they suggest
that qubit regularization has the potential to reveal new
types of RG flows through which QFTs can emerge,
particularly for gauge theories.
The motivation behind our current work is to establish

a foundation for a more systematic exploration of qubit-
regularized SUðNÞ gauge theories, starting with the Hilbert
space of traditional lattice gauge theories in a basis that iswell
suited for qubit regularization while preserving gauge
invariance. This basis is the well-known irreducible repre-
sentation (irrep) basis of the SUðNÞ gauge group. A
systematic approach to constructing this basis was outlined
in [16], which we use to develop a pictorial representation of
the basis states as a tensor network of monomer and dimer
tensors. Thismonomer-dimer tensor-network (MDTN) basis
not only provides a natural framework for qubit regulariza-
tion but also enables the construction of new types of lattice
gauge theories beyond the widely studied Kogut-Susskind
(KS) Hamiltonians often explored in this context [5].
Qubit regularization of asymptotic freedom in gauge

theories is likely to be trickier than in the d ¼ 1 spin model
examples that we mentioned above, especially since gauge
symmetries are not symmetries acting on the physical
Hilbert space of the theory, but are rather constraints
defining the physical Hilbert space. As we study this
new class of theories, we may encounter different situa-
tions. One possibility is that the universality class of the
fixed points of the RG flow may depend on the chosen
qubit regularization scheme. Another possibility is that the
fixed point that governs the original QFT may still be
present in the RG flow diagram, but can only be reached
through a careful choice and tuning of the microscopic
lattice model. While there is a lot of recent work that
explores simple truncated lattice gauge theories on quan-
tum computers [17–22], questions about quantum critical
points in these qubit regularized theories and how the
continuum limits can emerge continues to be an active area
of research [23,24]. A systematic exploration, especially in
two and three spatial dimensions, will be challenging even
with powerful new techniques like the tensor-network
methods.
Since our motivation stems from the study of RG flows

in qubit-regularized theories, we consider the popular
KS Hamiltonian [5] as just one of several possible
formulations to explore. The MDTN basis of lattice
gauge theories (LGTs) enables the construction of sign-
problem-free quantum Hamiltonians, allowing these mod-
els to be studied using standard Markov Chain Monte Carlo
(MCMC) methods. Here, we demonstrate that these new
Hamiltonians successfully capture key qualitative features

of traditional gauge theories, such as confinement, decon-
finement, and finite-temperature transitions between these
phases. Additionally, we find that a simple plaquette
operator—analogous to that in the KS Hamiltonian but
constructed within the MDTN basis—can lower the string
tension, potentially inducing quantum phase transitions
where asymptotic freedom may emerge.
Our work is organized as follows. In Sec. II, we construct

the orthonormal basis of the physical Hilbert space for
traditional SUðNÞ lattice gauge theories based on the irreps
of the gauge group. We show that the elements of this basis
can be viewed as a network of monomer and dimer tensors,
which we refer to as the MDTN basis. Qubit regularization
then becomes a straightforward step in this basis. In Sec. III,
we construct a new class of qubit regularized gauge theory
Hamiltonians using the MDTN basis, consisting of two
terms: a term that is diagonal in the MDTN basis, and hence
is essentially classical, and a noncommuting term that
introduces quantum fluctuations in the theory. Leveraging
the similarity between our qubit-regularized gauge theories
and the transverse field Ising model, in Sec. IV, we define
classical gauge theories, similar to the classical Ising model,
that we argue can capture the confinement-deconfinement
physics of traditional gauge theories at finite tempera-
tures. In Sec. V, using MCMC methods, we confirm this
expectation by reproducing the well-known confinement-
deconfinement results at finite temperatures in SU(2) and
SU(3) gauge theories. In particular, we verify the univer-
sality of these transitions in both d ¼ 2 and d ¼ 3. In
Sec. VI, we demonstrate how the term that induces quantum
fluctuations in our Hamiltonian has the ability to lower the
string tension of the classical term in the confined phase.We
achieve this by studying the ground state of an SU(2)
plaquette chain with two heavy matter particles. Finally,
in Sec. VII, we conclude by summarizing our findings and
outlining a vision for future research.

II. MONOMER-DIMER TENSOR-NETWORK

One of the key insights provided by qubit regularization
in LGTs is the interpretation of the physical Hilbert space
through the lens of irreps of the gauge symmetry (see
Ref. [16]). While the irrep-based approach was fundamen-
tal to the D-theory framework [6,8] and has been widely
used in recent studies of gauge theories motivated by
quantum computation [25–28], we argue in this work that it
offers a fundamentally new perspective on LGTs—one that
extends beyond its original motivation in qubit regulari-
zation and quantum computation. In this section, we
construct the irrep basis and provide a pictorial represen-
tation in the form of a monomer-dimer tensor network. In
the next section, we utilize this framework to construct new
Hamiltonians for LGTs.
In order to understand the irrep basis, let us begin with

the full Hilbert space of traditional SUðNÞ LGTs, HTrad, in
the Hamiltonian formulation, before imposing Gauss’s law.
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This full Hilbert space is the direct product of Hilbert
spacesHTrad

l on the oriented links l of the lattice andHTrad
s

on the sites of the lattice,

HTrad ¼ ⨂
l
HTrad

l ⨂
s
HTrad

s : ð1Þ

Each link Hilbert space HTrad
l is associated with gauge

degrees of freedom that describe a quantum particle moving
on the surface of the SUðNÞ manifold, while each site
Hilbert space HTrad

s corresponds to matter degrees of
freedom that transform according to some representation
of the gauge group.
Traditionally,HTrad

l is constructed using the orthonormal
“position basis” jgi, where g represents a point on the
SUðNÞ manifold. However, as explained in Ref. [16], for
qubit regularization, it is often more useful to construct
HTrad

l using a “momentum basis,” which in this case is the
orthonormal irrep basis of the gauge symmetry.
If λ labels an irrep of SUðNÞ, and Vλ denotes the

corresponding Hilbert space with dimension dλ, then by
the Peter-Weyl theorem, we can express [16]

HTrad
l ¼ ⨁

λl

Vλl ⊗ V λ̄l
; ð2Þ

where Vλl ⊗ V λ̄l
forms a d2λl -dimensional subspace

spanned by the orthonormal basis states jDλl
ij i, with

i; j ¼ 1; 2;…; dλl . Each SUðNÞ irrep λl appears exactly
once in the direct sum. Here, λ̄l denotes the conjugate
representation of λl.
In the orthonormal basis states jDλl

ij i associated with a
link oriented from left to right, the index i corresponds to
the degrees of freedom transforming under Vλl at the left
lattice site, while j corresponds to those transforming under
V λ̄l

at the right lattice site. The basis states jDλl
ij i at each

link can be collectively interpreted as a tensor associated
with an oriented dimer, labeled by λl. A pictorial repre-
sentation of this dimer-tensor is illustrated in Fig. 1 (top).
In contrast to the link Hilbert space, the site Hilbert space

HTrad
s is associated with matter degrees of freedom that

transform according to some representation of the gauge
group and can naturally be written as

HTrad
s ¼ ⨁

λs

Vλs ; ð3Þ

where each irrep label λs corresponds to the representation
Vλs , which is spanned by the basis states jψλs

k i for
k ¼ 1; 2;…; dλs . Collectively, these basis states can be
interpreted as a tensor associated with a monomer on the
site, labeled by λs. A pictorial representation of this
monomer-tensor is also illustrated in Fig. 1 (bottom).

For every fixed set of dimer-tensors and monomer-
tensors, labeled as fλlg and fλsg, respectively, one obtains
the subspace

H½fλsg;fλlg� ¼ ⨂
l
ðVλl ⊗ V λ̄l

Þ⨂
s
Vλs ð4Þ

of the full traditional Hilbert space HTrad. However, the
physical Hilbert space of the LGT, Hphys, is obtained by
projecting H½fλsg;fλlg� onto the space of gauge-invariant
states, thereby imposing Gauss’s law.
Gauge transformations act on the oriented dimer-tensors

(i.e., jDλl
ij i) depending on whether the transformation is

associated with the left site or the right site. In contrast, the
monomer-tensors (i.e., jψλs

k i) are associated with sites and
transform as Vλs .
From these transformation properties, we observe that

gauge transformations at a lattice site s act on the Hilbert
space Hg

s, which is the direct product of all irreps Vλ

associated with the dimer-tensors and monomer-tensors at
that site. An illustration ofHg

s is shown in Fig. 2. Imposing
Gauss’s law involves constructing the singlet subspace of
Hg

s, whose dimension we denote as DðHg
sÞ. An orthonor-

mal basis for this singlet space is obtained through
appropriate tensor contractions (or fusion rules) on the
indices of the Vλ’s within Hg

s. Instead of specifying
the precise form of these contractions, we simply label
the orthonormal basis states at each site using an index
αs ¼ 1; 2;…;DðHg

sÞ.
The set of dimer-tensors and monomer-tensors, labeled

by fλlg and fλsg, respectively, along with the indices fαsg
that label the gauge-invariant states at lattice sites, forms an
orthonormal basis for a traditional SUðNÞ LGT. These
states can be pictorially represented as MDTN, which we
denote as jfλsg; fλlg; fαsgi.
While the dimension of the physical Hilbert space in

LGTs with discrete gauge groups can be computed exactly
[29], the calculation becomes more challenging for con-
tinuous gauge groups. However, the MDTN basis states

FIG. 1. Pictorial representation of the two kinds of tensors that
form the MDTN basis. The top shows the oriented dimer-tensor
associated with the links, while the bottom shows the monomer-
tensor at sites.
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provide a useful framework for making progress. For a
given set of monomer-dimer tensors, which we denote as
½fλsg; fλlg� without specifying the labels αs, the dimension
of Hphys can be expressed in closed form as

dimðHphysÞ ¼
Y
s

DðHg
sÞ: ð5Þ

In a traditional gauge theory, the total dimension of the
physical Hilbert space is given by the formal expression

dimðHTrad
physÞ ¼

X
½fλsg;fλlg�

Y
s

DðHg
sÞ; ð6Þ

which, due to the unrestricted sum over the representations
fλsg and fλlg, is infinite even on a finite lattice. The goal of
qubit regularization is to make this dimension finite.
Qubit-regularized LGTs can be naturally constructed

using the MDTN basis states by restricting the allowed
values of λl and λs in jfλsg; fλlg; fαsgi. With this
restriction, the dimension of the physical qubit-regularized
Hilbert space, HQ

phys, is given by

dimðHQ
physÞ ¼

X0

½fλsg;fλlg�

Y
s

DðHg
sÞ; ð7Þ

which is finite because the sum runs over a restricted set of
monomer-dimer configurations, as indicated by the prime
symbol.
An antisymmetric qubit regularization (ASQR) for

SUðNÞ gauge theories was introduced in [16], which
restricts λl and λs to antisymmetric irreps corresponding

FIG. 2. Pictorial representation of Hg
s involving four dimer-

tensors and a monomer-tensor. In this illustration, Hg
s ¼ V λ̄1

⊗
Vλ2 ⊗ V λ̄3

⊗ Vλ4 ⊗ Vλs and the physical Hilbert space is ob-
tained by projecting on to SUðNÞ singlets of Hg

s . The various
singlets are labeled by αs ¼ 1; 2;…;DðHg

sÞ.

FIG. 3. Illustration of a MDTN configuration in a qubit-
regularized SU(2) pure gauge theory within the ASQR scheme,
with nondynamical source matter fields located at sites x and y.
Blue circles represent λ ¼ 1 (singlets), while red circles denote
λ ¼ 2 (doublets). Monomer tensors in the trivial irrep are not
shown, whereas those in the doublet irrep are displayed at sites x
and y. On all sites, DsðHg

sÞ ¼ 1, except at sites x and y, where
DsðHg

sÞ ¼ 2. The label αs is suppressed in this illustration.

FIG. 4. Illustration of a MDTN configuration in a qubit-
regularized SU(3) pure gauge theory within the ASQR scheme,
with nondynamical source matter fields located at sites x and y.
Blue circles represent λ ¼ 1 (singlets), while red and yellow
circles denote λ ¼ 3 (triplets) and λ ¼ 3̄ (antitriplets), respec-
tively. Monomer tensors in the trivial irrep are not shown,
whereas those in the triplet and anti-triplet irreps are displayed
at sites x and y. On all sites, DsðHg

sÞ ¼ 1, except at site x, where
DsðHg

sÞ ¼ 2. The label αs is suppressed in this illustration.
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to single-column Young diagrams. In this scheme, the
allowed representations for both λl and λs are {1,2} for
SUð2Þ and f1; 3; 3̄g for SUð3Þ LGT.
Figure3 illustrates anSUð2Þmonomer-dimer configuration

on a honeycomb lattice, where all sites have λs ¼ 1 except for
two sites, x and y, which host nondynamical source matter
fields with λs ¼ 2. Similarly, Fig. 4 shows an SUð3Þ con-
figuration, where site x has a matter field in the λs ¼ 3̄ irrep,
while site y hosts a matter field in the λs ¼ 3 irrep.
In a primitive form, MDTN basis states have appeared

in the condensed matter literature as monomer-dimer
models, where they have been linked to Z2 and Uð1Þ
gauge theories [30–32].

III. QUBIT REGULARIZED GAUGE THEORIES

Since the MDTN basis states jfλsg; fλlg; fαsgi form an
orthonormal basis of the physical Hilbert space HQ

phys of
qubit-regularized LGTs, a variety of local Hamiltonians can
immediately be constructed by defining matrix elements in
this basis. The traditional KS Hamiltonian [5] is just one
such possibility. However, a key challenge with analyzing
the KS Hamiltonian is that the matrix elements of its
plaquette terms depend on Clebsch-Gordan coefficients
and other complex group-theoretic factors [33,34]. This
often leads to sign problems, making it difficult to apply
MCMC methods to study qubit regularization effects,
particularly in higher dimensions. While sign problems
may not pose an issue for quantum computation, gaining
deeper insight into qubit-regularized gauge theories
requires the ability to study their physics on large systems
not accessible to quantum computations today. This moti-
vates the exploration of new Hamiltonians, beyond those
proposed by KS, inspired by the MDTN basis states.

The KS Hamiltonian is often regarded as the key
Hamiltonian to study in LGT [35,36], though much of its
motivation is the fixed point amenable to perturbation theory.
In the traditional formulation, the infinite-dimensional
Hilbert space allows for an exact solution of the KS
Hamiltonian in the limit of vanishing gauge coupling. In
this limit, the Hamiltonian describes free gluons, and the
lattice theory flows to the Gaussian ultraviolet (UV) fixed
point of the continuum Yang-Mills theory. However, with
qubit regularization, this exact solvability—particularly at
weak couplings—is no longer available. In fact, it would
indeed be surprising if the infinite-dimensional local Hilbert
space of the continuum theory could be recovered simply by
taking the perturbative weak-coupling limit of a qubit-
regularized theory with a strictly finite-dimensional local
Hilbert space.
The above discussion suggests that the KS Hamiltonian

may not be as central as traditionally assumed, making
the exploration of alternative Hamiltonians worthwhile.
Fortunately, using the MDTN basis states, we can system-
atically construct a broad class of LGTs that serve as
natural starting points for studying qubit-regularized gauge
theories. The focus of these explorations is to determine
whether continuum gauge theories can emerge at critical
points beyond the reach of perturbation theory.
In this work, we propose a simple LGT Hamiltonian of

the form

HQ ¼
X
l

Êl − δ
X
P

ðÛP þ Û†
PÞ; ð8Þ

where the first term is a sum of local link operators, Êl,
such that the MDTN basis states jfλsg; fλlg; fαsgi form an
eigenbasis of these operators with eigenvalues given by
EðλlÞ, i.e.,

FIG. 5. Illustration of the action of ÛP. Here, we assume that the states jfλsg; fλlg; fαsgi are restricted according to the ASQR
scheme, where λþ denotes the irrep obtained by adding a box to the Young tableau of λ, while λ− represents the irrep obtained by
removing a box, following the cyclic property of modulo N-boxes. The orientation of the plaquette, shown on the left, sets the
convention for how the irreps change. Notably, this construction preserves the N-ality. Thus, every plaquette action generates allowed
states in the physical Hilbert space, although the singlet spaces and their dimensions before and after the action may differ. The complete
definition of how singlet spaces are mapped is encoded in the coefficients cðfλsg; fλlg; fαsg; fα0sg; PÞ, introduced in the definition of
ÛP in Eq. (10).
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Êljfλsg; fλlg; fαsgi ¼ EðλlÞjfλsg; fλlg; fαsgi: ð9Þ

The second term ðÛP þ ÛP
†Þ is defined on lattice pla-

quettes, as illustrated in Fig. 5. When ÛP acts on
jfλsg; fλlg; fαsgi, it changes the SUðNÞ irreps fλlg on
the links of the plaquette P to fλ0lg. It also modifies the
singlet states on the vertices of the plaquette, transforming
αs → α0s according to specific rules. These rules are
encapsulated in the following definition:

ÛP ¼
X

fλlg;fαsg
fλ0
l
g;fα0sg

;P

cðfλlg; fαsg; fλ0lg; fα0sg; PÞ

× jfλsg; fλ0lg; fα0sgihfλsg; fλlg; fαsgj ð10Þ

Û†
P ¼

X
fλlg;fαsg
fλ0
l
g;fα0sg

;P

c�ðfλlg; fαsg; fλ0lg; fα0sg; PÞ

× jfλsg; fλlg; fαsgihfλsg; fλ0lg; fα0sgj ð11Þ

where the complex coefficients c give the matrix elements
between gauge-invariant states related by changes occur-
ring on the plaquette P due to the action of ÛP. We allow
the coefficients c to depend on the location P of the
plaquettes, but to maintain translational and rotational
invariance, this dependence needs to be appropriately
periodic.
In the KS Hamiltonian, the first term, Êl, would be

proportional to the quadratic Casimir of the link represen-
tation, and be interpreted as the square of the electric field,
analogous to the kinetic energy of a particle on a group
manifold. In our generalization, we allow it to be any
function of the link representation, as all such expressions
are allowed by the symmetries of the problem. In particular,
for this preliminary study, we will choose a simple
expression given in Eqs. (9) and (15), which differs from
the expression in the KS Hamiltonian whenever the
allowed Hilbert space contains nonsinglet representations
with different quadratic Casimirs.
The second term is a sum over operators, ÛP þ Û†

P,
defined on the lattice plaquettes, similar in spirit to the trace
of the plaquette operator that appears in the KS
Hamiltonian. We emphasize that while ÛP is very similar
to the trace of plaquette operators in the KS Hamiltonian,
its explicit representation in terms of the traditional link
operators Û used in LGTs is nontrivial.1 For this reason, it is
preferable not to rewrite ÛP in terms of Û, and work
directly with the coefficients c given in Eq. (10). In the
large N limit, similar simplifications of the plaquette
operators seem to emerge naturally [28].

While Eq. (8) defines a valid Hamiltonian even in the
traditional infinite-dimensional Hilbert space, it is particu-
larly useful in the context of qubit regularization. In this
work, we employ it within the ASQR scheme.
Importantly, if δ ≥ 0 and the coefficients c are real and

non-negative, all off-diagonal terms in Eq. (8) are non-
positive. Consequently, the quantum LGT remains free of
sign problems [37], allowing its physics to be studied using
well-known Hamiltonian MCMC methods.

IV. CLASSICAL LATTICE GAUGE THEORIES

Can qubit-regularized LGTs, such as the one intro-
duced in the previous section in Eq. (8), recover the
physics of continuum gauge theories, including asymp-
totic freedom? This is a challenging question to answer,
as perturbative methods commonly used to analyze
traditional lattice gauge theories are no longer applicable
near the critical points of qubit-regularized LGTs.
Moreover, while Hamiltonian Monte Carlo methods
may be employed to study the physics described by
Eq. (8) for certain classes of plaquette operators, as
discussed in the previous section, identifying quantum
critical points and analyzing their universality classes will
require significant effort. A much simpler question that
we can address more easily is whether the Hamiltonian in
Eq. (8) exhibits at least the qualitative physics of
confinement and deconfinement. For example, can it
reproduce some of the features of traditional lattice gauge
theories related to finite-temperature confinement-decon-
finement transitions?
Finite-temperature physics is often more accessible

because the quantum nature of physical systems becomes
less significant at temperatures much higher than the
energy level spacing of a theory. As a result, finite-
temperature critical phenomena can often be captured by
classical statistical mechanics. As an example, consider the
finite-temperature Ising phase transition starting from the
transverse field quantum Ising model,

HTFI ¼ −
X
hiji

SziS
z
j þ δ

X
i

Sxi ; ð12Þ

where the first term alone results in a classical Ising
model, while the second term introduces quantum fluc-
tuations through a transverse field. However, to study the
finite-temperature Ising transition, we can set δ ¼ 0 and
analyze just the classical model. The quantum fluctua-
tions introduced by the δ term are irrelevant for capturing
the universal finite-temperature critical behavior.
Note that the Ising Hamiltonian Eq. (12) bears a

striking resemblance to the gauge theory Hamiltonian
Eq. (8). The first term of the gauge theory Hamiltonian
can also be interpreted as a classical Hamiltonian in the
MDTN basis, while the second term introduces quantum
fluctuations. Drawing on this analogy with the Ising

1These traditional link operators Û form a complete basis for
the local operator algebra [16], and hence ÛP can be expressed in
terms of them.
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model, we propose a class of “classical lattice gauge
theories” defined by Hamiltonians whose eigenbasis
coincide with the MDTN basis. One such Hamiltonian
is given by

Hcl
Q ¼

X
l

Êl; ð13Þ

obtained by setting δ ¼ 0 in Eq. (8). A natural question is
whether Eq. (13) can capture the universal features of finite-
temperature phase transitions in traditional lattice gauge
theories. This question can be addressed in any dimension
using powerful loop algorithms [38,39], aswe discuss below.

V. CONFINEMENT-DECONFINEMENT
TRANSITION

The finite-temperature confinement-deconfinement tran-
sition in d ¼ 2 and d ¼ 3 spatial dimensions has been
extensively studied over the years using traditional lattice
gauge theories. However, similar studies in qubit-regularized
gauge theories, particularly in higher dimensions, remain
scarce. Recently, a few studies in both Abelian and non-
Abelian gauge theories have begun to emerge [40–42].
Here, we will focus on pure gauge theories, where we

expect to observe a confined phase at low temperatures and
a deconfined phase at high temperatures. Furthermore, it is
expected that the universality class of the associated
confinement-deconfinement transition can be understood
through spin models that are invariant under center sym-
metry [43,44]. In pure SUðNÞ gauge theories, these are
expected to be Zn spin models, where the confined phase
corresponds to the symmetric phase and the deconfined
phase corresponds to the broken phase. Focusing on N ¼ 2
and N ¼ 3, the transitions in Z2 spin models can be second
order in both d ¼ 2 and d ¼ 3 dimensions, while Z3 spin
models exhibit second-order transitions only in d ¼ 2
dimensions and always show first-order transitions in
d ¼ 3 dimensions [45]. Extensive studies in traditional
LGTs have confirmed these general expectations [46–58].
As proposed in the previous section, we wish to explore

whether these universal features of finite-temperature con-
finement-deconfinement transitions can be reproduced using
qubit-regularized classical LGTs given byEq. (13).We focus
on pure gauge theory by setting λs ¼ 1 everywhere. If we
label the corresponding MDTN states as jfλlg; fαsgi, the
classical partition function is given by

ZQ ¼
X

fλlg;fαsg

Y
l

e−βEðλlÞ

¼
X
fλlg

Y
l

e−βEðλlÞ
Y
s

DðHg
sÞ; ð14Þ

where in the last step we summed over fαsg for a fixed set of
dimer-tensors fλlg.

For simplicity, we will study the model with the link
eigenvalues given by

EðλlÞ ¼ 1 − δλl;0: ð15Þ

This essentially assigns a unit of energy to all non-trivial
dimer-tensors, while the energy of trivial dimer-tensors
vanishes. This ensures that the theory is in the confined
phase at zero temperature, since test matter sources with
fundamental (or antifundamental) λs will need to be
accompanied by a string of λl ≠ 1 dimer-tensors, which
incurs an energy cost.
In order to quantitatively study the finite temperature

confinement-deconfinement transition, we study the parti-
tion for the pure gauge theory, but with nondynamical
matter fields at precisely two locations x and y in the irreps
λx and λy, respectively. If we label these MDTN states as
fλlg; fαsg; λx; λy, this partition function is given by

Zðx;yÞ
Q ¼

X
½fλlg;λx;λy�

Y
l

e−βEðλlÞ
Y
s

DðHg
sÞ; ð16Þ

where we have already performed the sum over fαsg like in
Eq. (14). We expect the ratio of this partition function to the
one without the matter fields to behave as

Zðx;yÞ
Q =ZQ ∼ e−βFðx;yÞ; ð17Þ

where Fðx; yÞ is the excess free energy of introducing two
heavy particles located at x and y in the pure gauge theory.
For large separations, in the confined phase we expect

Fðx; yÞ to grow linearly for large jx − yj, while in the
deconfined phase it does not grow indefinitely. We can
detect this difference in the behavior of Fðx; yÞ through the
susceptibility in a finite lattice with volume Ld defined as

χ ¼ 1

Ld

X
x;y

Zðx;yÞ
Q

ZQ
: ð18Þ

Using the above expectations for Fðx; yÞ we can show that

χ ∼L≫1

�
χ0 confined phase

ALd deconfined phase
ð19Þ

Further, if the confinement-deconfinement phase tran-
sition is second order, we expect

χ ∼L≫1 f0L2−η ð20Þ

where η is the universal critical exponent associated with
the transition. Since the partitions functions Eqs. (14) and
(16) do not suffer from sign problems, we can use
well-known loop cluster methods to generate the required
dimer configurations ½fλlg� and ½fλlg; λx; λy� distributed
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according to their classical Boltzmann weights [38,39].
These loop algorithms also allow us to measure χ easily.
Using these loop algorithms we have computed χ in both

d ¼ 2 and d ¼ 3 for several values of β and L. In d ¼ 2 we
use a honeycomb lattice while in d ¼ 3we use the diamond
lattice. The details these lattice geometries are explained in
Appendix A.
Let us first focus on our results in d ¼ 2. We find clear

evidence for the expected confinement-deconfinement
transitions as a function of β. In Fig. 6 we plot our results
for χ as a function of L for three different values of β close
to the transition for SU(2) (left plot) and SU(3) (right plot).

Consistent with the expectations from Eq. (19), we see a
deconfined phase at β ¼ 0.54 and a confined phase at β ¼
0.555 for SU(2). In the case of SU(3) we find β ¼ 0.625 is
deconfined while β ¼ 0.635 is confined.
In d ¼ 2, these transitions seem second order with the

susceptibility satisfying the scaling form [45]

χ ¼ L2−ηfððβ − βcÞL1=νÞ ð21Þ

near the critical point. In the case of SU(2) we expect the
second order transition to satisfy the two-dimensional Ising
universality class with η ¼ 1=4 and ν ¼ 1 [59]. For SU(3),

FIG. 6. Our MCMC results for the susceptibility χ in d ¼ 2. In the top row we show the plots of χ as a function of L at three different
values of β for SU(2) (left) and SU(3) (right). The straight lines are fits to the form χ ∼ AL2. The fit is excellent if we use data with
L > 100 and gives A ¼ 1.039ð2Þ and A ¼ 1.210ð2Þ for SU(2) and SU(3), respectively. These transitions are consistent with second
order. In the bottom row we show our MCMC data for χ scaled according to Eq. (21) for SU(2) (left) and SU(3) (right). For SU(2) we use
the two dimensional Ising critical exponents η ¼ 1=4 and ν ¼ 1 with βc ¼ 0.54929, while for SU(3) we use the three-state Potts model
critical exponents η ¼ 4=15 and ν ¼ 5=6with βc ¼ 0.63096. The critical values of β are obtained using a fit to Eq. (21) assuming fðxÞ is
a fourth-order polynomial. In this fit, we only use data close to x ≈ 0 and obtain the coefficients shown in the first two rows of Table I.
The fit functions are shown as lines in the two graphs in the bottom row.
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a second order transition is possible within the three-
state Potts model universality class where η ¼ 4=15 and
ν ¼ 5=6 [59]. Near the transition, we find that our values of
χ are indeed consistent with this scaling behavior if we
assume fðxÞ ≈ f0 þ f1xþ f2x2 þ f3x3. We fit our data
to this form to extract βc. We show our results in the
bottom row of Fig. 6. The values of the four coefficients are
shown in Table I.
Focusing on our results in d ¼ 3, we again find clear

evidence for the confinement-deconfinement transition. In
the case of SU(2), the transition seems to be continuous, in
agreement with traditional lattice gauge theories [50,52].
In Fig. 7, on the left, we plot χ as a function of L for
four different values of β in the transition region. When
β ¼ 1.04, we find a deconfined phase and χ grows as AL3

where a fit gives A ¼ 0.2400ð7Þ with a χ2=d.o.f. ∼ 1

including data for L ≥ 48. On the other hand, when
β ¼ 1.05, we see χ saturates for large values of L.
Assuming the transition to be second order, we expect χ
to again obey the scaling relation Eq. (21) in the three
dimensional Ising universality class with η ¼ 0.0366ð8Þ
and ν ¼ 0.6298ð5Þ [60]. Fixing these critical exponents to
their central values and βc ¼ 1.04530 obtained from a fit of
fðxÞ to a fourth-order polynomial, we plot the scaling
function in Fig. 7 on the right.
Finally we focus on SU(3) in d ¼ 3. In Fig. 8, we plot χ

as a function of L for three different values of β. When
β ¼ 1.11 our data fits to the form AL3 with A ¼ 1.209ð1Þ
for all our data L ≥ 12 showing our model is in a
deconfined phase. On the other hand when β ¼ 1.14, χ
saturates quickly indicating that we are in a confined phase.
The transition between the two phases in this case turns out
to be first order. We can see this clearly at β ¼ 1.13where χ
initially increases for L ≤ 32 but then falls to a much lower
value and saturates for L ≥ 48. This change occurs via large
fluctuations in the Monte Carlo estimate of χ for L ∼ 32 as
expected for a system near a first-order transition. For small
lattices, the system can tunnel to the deconfined phase and
hence χ, being proportional to L3, is much larger than in the
confined phase. Eventually, the tunneling is suppressed and
the χ saturates to a much smaller value. The first-order
transition is consistent with studies in traditional SU(3)
lattice gauge theories [53].

TABLE I. First four Taylor coefficients for the scaling function
fðxÞ and βc in Eq. (21) for d ¼ 2, SU(2) (first row), d ¼ 2, SU(3)
(second row), and d ¼ 3, SU(2) (third row). The χ2=d.o.f. ∼ 1
for all these fits.

βc f0 f1 f2 f3

0.54929(1) 2.120(2) −1.74ð1Þ −0.46ð3Þ 0.04(3)
0.63096(2) 2.584(4) −1.69ð2Þ −0.50ð5Þ −0.05ð3Þ
1.04530(1) 2.92(1) −3.94ð6Þ 1.95(7) −0.38ð2Þ

FIG. 7. Our MCMC results for χ in d ¼ 3 for the SU(2) case. In the left plot, we show χ as a function of L at four different values of β.
The deconfined phase is clearly visible at β ¼ 1.04, where the data fits the form χ ∼ AL3 when using data with L > 32, yielding
A ¼ 0.240ð1Þ. The confined phases are also evident at both β ¼ 1.047 and β ¼ 1.05. The transition is consistent with being second
order. In the right figure, we show our MCMC data for χ scaled according to Eq. (21), using the three-dimensional Ising critical
exponents η ¼ 0.0366 and ν ¼ 0.6298, with βc ¼ 1.04530ð1Þ. The critical value of β was obtained by fitting to Eq. (21), assuming fðxÞ
is a fourth-order polynomial. In this fit, we use only data near x ≈ 0, obtaining the coefficients shown in the third row of Table I. The fit
function is represented by the line in the right graph.
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VI. QUANTUM LATTICE GAUGE THEORIES

Our ultimate goal is to investigate quantum critical points
in qubit-regularized gauge theories, where continuum
quantum field theories emerge. To achieve this, we need
to explore the physics of the coupling δ in Eq. (8). While
such an exploration is challenging in higher dimensions, it
can be carried out more easily in d ¼ 1, as we demon-
strate below.
Consider a one-dimensional qubit-regularized SU(2)

pure gauge theory, where the lattice geometry consists of
a square plaquette chain with L plaquettes. Such a plaquette
chain has been studied previously using the more tradi-
tional KS Hamiltonian [61]. To investigate how confine-
ment is affected by the parameter δ, we introduce heavy
matter fields at two sites, x ¼ 0 and x ¼ w, and compute
the corresponding ground state energy as a function of the
separation distance w between them.

The physical Hilbert space of the plaquette chain is
straightforward to understand. We assign either a 1 or 2
irrep of SU(2) to each link. At sites where we introduce a
heavy matter field, we use the representation 2. Each
assignment of irreps on links and sites corresponds to an
MDTN state on the chain, as illustrated in Fig. 9.
In the pure gauge theory, DðHg

sÞ ¼ 1 for all MDTN
states, allowing us to ignore the index αs. In the presence of
matter, DðHg

sÞ can be either 1 or 2, depending on the dimer
tensors on the links connected to the sites with matter.
Nevertheless, as we will discuss below, choosing c ¼ 1 for
all plaquettes in the definition of Eq. (10) ensures that one
of the states decouples from the dynamics, allowing us,
once again, to ignore the index αs.
Note that our plaquette chain is equivalent to a ladder,

and for convenience, we introduce heavy matter fields at
sites x ¼ 0 and x ¼ w on the lower chain as shown in
Fig. 9. It is easy to see that in the absence of matter
fields, the 2 links form closed loops, including those
that may close around the boundary of the circle. In
fact, the Hilbert space splits into a direct sum of two
Hilbert spaces representing distinct topological classes
of gauge field lines: HE

phys (even) and HO
phys (odd).

Locally, we can distinguish these two sectors of the
Hilbert space by simply looking at the link irreps on the
bottom and top links. Focusing on just these two links
of a given plaquette P, there are four possible basis kets:
j11i, j12i, j21i, and j22i, where the first label is the link
irrep on the top chain and the second label, on the
bottom chain. We will refer to this as the local plaquette
Hilbert space HP for later convenience. If there are no
matter fields, neighboring plaquette states impose
unique restrictions on the representations allowed on
the rung. It is easy to argue that in the pure gauge
theory, every plaquette can either be in the even sector
with basis states j11i and j22i, or in the odd sector with
basis states j12i and j21i.
A single site with a matter field in the fundamental

representation induces a jump between the even and odd
sectors on the two plaquettes on either side of it. In the
discussion below, we will assume that Px labels the
plaquette between sites x and xþ 1. It is then easy to

FIG. 8. Our MCMC results for χ in d ¼ 3 in the SU(3) case as a
function of L at three different values of β. The deconfined phase
is clearly visible at β ¼ 1.11 where the data fits to the form
χ ∼ AL3 for all our data from L ≥ 12 and gives us A ¼ 1.209ð1Þ.
The confined phase is visible at β ¼ 1.14. The strange behavior
of χ as a function of L at β ¼ 1.13 is consistent with being in the
vicinity of a first-order transition as explained in the text.

FIG. 9. Pictorial representation of a basis state in Hphys for plaquette chain with SU(2) gauge fields. Heavy matter fields have been
introduced at sites on the lower rungs of x ¼ 0 and x ¼ w.
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see that, in the illustration of Fig. 9, the Hilbert spaces of
plaquettes Px for x < 0 and x ≥ w are in the even sector,
while for x ≥ 0 and x < w, they are in the odd sector. We
will refer to the physical Hilbert space of such a plaquette
chain with matter fields on the lower rungs at x ¼ 0 and
x ¼ w as Hw

phys, where 0 ≤ w ≤ L, with the definitions
Hw¼0

phys ≡HE
phys for the even sector and Hw¼L

phys ≡HO
phys for

the odd sector.
Coming to the discussion of the Hamiltonian, there are

several possible choices, depending on cðfλsg; fλlg; fαsg;
fα0sg; PÞ. In this work, we will assume

cðfλsg; fλlg; fαsg; fα0sg; PÞ ¼ 1: ð22Þ

With this choice, it is easy to argue that, even when
DðHg

sÞ ≠ 1, a unique local singlet projection always
participates in the dynamics. The plaquette operator anni-
hilates all other orthogonal states. Thus, when labeling the
MDTN states, we can assume that αs ¼ 1 describes the
state that participates in the dynamics and ignore the αs > 1
states, as those belong to a different super-selection sector
that is not of interest to us. In the discussion below, we will
focus on the Hilbert space with αs ¼ 1, effectively assum-
ing that DðHg

sÞ ¼ 1.
Note that the Hamiltonian of the plaquette chain is block-

diagonal within eachHw
phys space, whose basis states can be

written as a product of Plaquette Hilbert spaces HP. The
Hamiltonian can be written more concisely using the
diagonal plaquette operators

γðPÞ1 ≡ j11ih11j; γðPÞ2 ≡ j22ih22j;
γðPÞ3 ≡ j12ih12j; γðPÞ4 ≡ j21ih21j; ð23Þ

and the off-diagonal plaquette operators

σðPÞ1;e ≡ ðj22ih11j þ j11ih22jÞ;
σðPÞ1;o ≡ ðj21ih12j þ j12ih21jÞ: ð24Þ

For convenience, we also define

γðPÞe ≡ γðPÞ1 þ γðPÞ2 ; γðPÞo ≡ γðPÞ3 þ γðPÞ4 : ð25Þ

Using these, we define four nearest-neighbor plaquette
Hamiltonians,

He
x ¼ f2 − δðσðPxÞ

e γðPxþ1Þ
e þ γðPxÞ

e σðPxþ1Þ
e Þ − 2γðPxÞ

1 γðPxþ1Þ
1 g;

ð26Þ

Ho
x ¼ f2 − δðσðPxÞ

o γðPxþ1Þ
o þ γðPxÞ

o σðPxþ1Þ
o Þ − γðPxÞ

3 γðPxþ1Þ
3

− γðPxÞ
4 γðPxþ1Þ

4 g; ð27Þ

Heo
x ¼

�
5

2
− δðσðPxÞ

e γðPxþ1Þ
o Þ − δðγðPxÞ

e σðPxþ1Þ
o Þ

− 2ðγðPxÞ
1 γðPxþ1Þ

3 Þ − ðγðPxÞ
e γðPxþ1Þ

4 Þ
�
; ð28Þ

Hoe
x ¼

�
5

2
− δðγðPxÞ

o σðPxþ1Þ
e Þ − δðσðPxÞ

o γðPxþ1Þ
e Þ

− 2ðγðPxÞ
3 γðPxþ1Þ

1 Þ − ðγðPxÞ
4 γðPxþ1Þ

e Þ
�
; ð29Þ

which connect plaquettes Px and Pxþ1. In terms of these

operators, we can define the quantumHamiltoniansHðwÞ
Q that

act on each of the Hilbert spaces Hw
phys. In the even Hilbert

space sector (i.e., H0
phys), the Hamiltonian is given by

Hð0Þ
Q ¼

X
x

He
x; ð30Þ

in the odd Hilbert space sector (i.e., HL
phys), by

HðLÞ
Q ¼

X
x

Ho
x; ð31Þ

whereas, for every value of w in the range 0 < w < L, the
Hamiltonian is given by

HðwÞ
Q ¼ Heo

L−1 þHoe
w−1 þ

Xw−2
x¼0

Ho
x þ

XL−2
x¼w

He
x; ð32Þ

as is easy to verify. Note that, in Eq. (32), the δ-independent
pieces come from the first term of Eq. (8), while the
δ-dependent pieces come from the second. The diagonal
operators defined in Eq. (23) contribute to the δ-independent
pieces, while those defined in Eq. (24) contribute to the
δ-dependent pieces. Without the δ-dependent pieces we
would essentially have a classical theory.
In our current discussion, a natural observable to detect

confinement is the average energy

EβðwÞ ¼
TrHw

phys
ðHðwÞ

Q e−βH
ðwÞ
Q Þ

TrHw
phys

ðe−βHðwÞ
Q Þ

: ð33Þ

At zero temperature, EβðwÞ gives the ground state energy
EgðwÞ, and in the confined phase, one expects

EgðwÞ ¼ E0 þ σw ð34Þ

for large separations w, where σ is the string tension. In the
deconfined phase, we expect σ ¼ 0.
We have implemented a Hamiltonian MCMC method in

continuous imaginary time to compute EβðwÞ as a function
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of w for L ¼ 100 and β ¼ 10 at various values of δ ≤ 5.
Increasing β has only a small effect on the values of EβðwÞ,
suggesting that β ¼ 10 effectively captures the physics of
zero temperature.
Our results are shown in Fig. 10. The figure demon-

strates that EβðwÞ is consistent with the expected behavior
of the ground state energy given in Eq. (34), and we
observe that σ decreases as δ increases. The fitted values of
E0 and σ are provided in Table II.
Using the fact that our Hamiltonian is exactly solvable

when δ ¼ ∞ and that the ground state is nondegenerate,
we can compute E0 and σ as a power series in 1=δ
using nondegenerate perturbation theory. The details of
this calculation up to third order are provided in
Appendix C. We obtain

E0 ≈ −2Lδþ 3L
2

−
9L
32

δ−1 −
L − 1

8
δ−2; ð35Þ

σ ≈
1

4
δ−1 þ 1

8
δ−2: ð36Þ

The values of E0 and σ for L ¼ 100 are listed in columns
five and six of Table II.
We observe that δ ¼ ∞ corresponds to a deconfined

quantum critical point, as the string tension vanishes in this
limit. At this critical point, the parameter 1=δ acts as a
dimensionful (relevant) parameter, which, when intro-
duced, leads to a nonzero string tension. This is analogous
to the role of gauge couplings in d ¼ 1 in traditional lattice
gauge theories. A similar but slightly more intricate
deconfined critical point was recently discovered even in
the presence of dynamical matter fields in a Z2 gauge
theory [62].

VII. CONCLUSIONS

In this work, we have argued that an orthonormal basis
for the physical Hilbert space of traditional lattice gauge
theories can be constructed using the irreps of the gauge
group. Each basis state can be given a pictorial represen-
tation as a network of monomer and dimer tensors. This
MDTN basis state can be represented as jfλsg; fλlg; fαsgi,
where the set fλlg labels the dimer tensors, fλsg labels the
monomer tensors, and the index fαsg labels the different
orthonormal gauge singlet states that can arise on the sites.
We then argued that the MDTN basis states can be used

to construct new types of qubit regularized gauge theories
that are free of sign problems, and can be explored using
MCMC methods in any dimension. We introduced one
simple Hamiltonian in Eq. (8). To show the richness of
the physics of this simple Hamiltonian, we studied SU(2)
and SU(3) gauge theories within the simple ASQR
scheme [16].
We first introduced and studied classical lattice gauge

theories by setting the parameter δ ¼ 0 in Eq. (8), ensuring
that the Hamiltonian involves only local commuting
operators that are diagonal in the jfλsg; fλlg; fαsgi basis.
We argued that these classical gauge theories can effec-
tively capture the physics of quantum gauge theories at
finite temperatures. Using MCMC methods, we demon-
strated that the universal physics of finite-temperature
confinement-deconfinement phase transitions in qubit-
regularized SU(2) and SU(3) gauge theories in d ¼ 2
and d ¼ 3 dimensions is the same as that observed in
traditional lattice gauge theories.
We then introduced quantum fluctuations by allowing a

nonzero δ and studied the full physics of Eq. (8). However,
in this case, we focused on the d ¼ 1 case and demon-
strated that the string tension in an SU(2) plaquette chain
can be tuned to zero by increasing δ. The KS Hamiltonian
consists of two terms, traditionally interpreted as the

FIG. 10. Plot of EβðwÞ − E0 as a function of w, obtained for
L ¼ 100 and β ¼ 10. The values of E0 and the string tension σ
are given in Table II.

TABLE II. Parameters E0 and σ in Eq. (34) computed using
two different methods at L ¼ 100 and β ¼ 10. The values in
columns two and three are obtained by fitting the MCMC data for
EβðwÞ as a function of w at L ¼ 100 and β ¼ 10. In these fits, we
exclude the values of EβðwÞ at w ¼ 0 and w ¼ L, as these
correspond to energy values in the pure-gauge sector. The values
in columns five and six are computed using Eq. (36), derived
from perturbation theory, as explained in Appendix C.

Monte Carlo PT Eq. (36)

δ E0 σ χ2=d.o.f. E0 σ

0.5 −24.17ð2Þ 0.6805(3) 0.34 −55.75 1.000
1.0 −89.04ð4Þ 0.3608(6) 0.40 −90.50 −0.375
2.0 −267.36ð8Þ 0.158(2) 0.40 −267.16 0.156
5.0 −856.1ð2Þ 0.055(2) 0.51 −856.12 0.055
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electric and magnetic field terms. From the standpoint of
confinement–deconfinement physics, the electric field term
enhances confinement, while the magnetic field term
promotes deconfinement. These qualitative features are
expected to persist across all dimensions. The observed
vanishing of the string tension in d ¼ 1 as the plaquette
term (with coefficient δ) is increased provides evidence
that the δ term in our Hamiltonian successfully reproduces
the expected physics of the plaquette term in the KS
Hamiltonian. It appears highly likely that this behavior
of the plaquette term will extend to higher dimensions. If
the string tension vanishes continuously with increasing δ,
one may ask whether this behavior can be used to define a
continuum limit of the confined phase. Would the resulting
continuum field theory then correspond to Yang-Mills
theory?
We view the Hamiltonian Eq. (8), which we proposed in

this work, as a starting point for such explorations. It is, of
course, entirely possible that the desired fixed points of
Yang-Mills theories will only emerge when higher irreps
are included. This is straightforward within the general
framework of the MDTN basis states and would only
mildly increase the complexity.
It is also possible that simply adding extra layers in the

ASQR scheme could already lead to good effective field
theories, similar to what was discovered in [63] within the
context of theOð4Þ spin model in d ¼ 1. This is essentially
the main idea behind D theory. Finally, the MDTN basis
states introduced in this work appear similar to the graph-
theory-based formulation of SUðNÞ gauge theories pro-
posed recently in [27].
While our MCMC calculations have focused on pure

gauge theories, Sec. II outlines how matter fields can be
incorporated within the MDTN framework. Notably, both
staggered and Wilson fermions in the Hamiltonian formu-
lation fit naturally into this framework. For instance, in an
SUðNÞ gauge theory, a single flavor of staggered fermions
leads to a 2N-dimensional Hilbert space at each lattice site.
In the MDTN approach, this space is naturally interpreted
as a direct sum of several irreducible representations
labeled by λs. Gauge-invariant local fermionic hopping
Hamiltonians connecting MDTN states can be constructed
with relative ease. However, dealing with sign problems
becomes more challenging in the presence of fermionic
matter. Addressing these issues will either require the
development of new fermion algorithms that work in the
Hamiltonian framework (see for example [64–66]) or await
the advent of reliable quantum computers.
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APPENDIX A: LATTICE GEOMETRIES

In this appendix, we explain the geometry of the lattices
used in our study of the confinement-deconfinement
transition in Sec. V. Since the complexity of DðHg

sÞ
depends on the coordination number of the lattice, keeping
it small simplifies the calculations. For this reason, we
consider lattices with a coordination number of dþ 1,
where d is the spatial dimension of the lattice. The explicit
construction of the lattice geometry is discussed below.
We construct our lattice by starting with two periodic

lattices of length L in each direction, which we refer to as A
(even) and B (odd). We define the lattice sites of the A
sublattice using the relation

nA ¼ n1e1 þ n2e2 þ � � � þ nded; ðA1Þ

where ni ¼ 0; 1; 2;…; L − 1 and ei (i ¼ 1; 2;…; d) are
independent crystal lattice vectors in d dimensions. We
then define the B sublattice as

nB ¼ nA þ α; ðA2Þ
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where α is a constant shift vector for all lattice sites nA. The
dþ 1 nearest neighbors of the A-sublattice site nA are
given by nA þ α, nA þ α − e1, nA þ α − e2;…;nA þ
α − ed. Similarly, the dþ 1 nearest neighbors of the
B-sublattice site nB are given by nB − α, nB − αþ e1,
nB − αþ e2;…;nB − αþ ed.
The exact choice of α; e1; e2;…; ed is not essential for

defining the gauge theory, but they can be selected to
maximize the spatial symmetry of the system. In particular,
with an appropriate choice of these vectors, it is easy to see
that our lattice corresponds to the usual one-dimensional
linear lattice for d ¼ 1, the honeycomb lattice for d ¼ 2,
and the diamond lattice for d ¼ 3.
With our definition of the lattice, MDTN configurations

½fλlg� and ½fλlg; λx; λy� are well defined once all link and
site representations are specified. Using this information,
we can compute DðHg

sÞ at all sites. For example, in d ¼ 2,
each lattice site connects to three neighboring sites, andHg

s

is a direct product of three link and one site Hilbert spaces.
Similarly, in d ¼ 3, it is a direct product of four link and
one site Hilbert spaces.
In the ASQR scheme, each λs and λl can take only the

values 1 or 2 for SU(2), and 1, 3, or 3̄ for SU(3). This
constraint limits the possible values of DðHg

sÞ, and we
summarize all the nonzero values in Table III.

APPENDIX B: TESTS OF THE MONTE
CARLO ALGORITHMS

In this section, we provide evidence from small lattices
that our MCMC results agree with exact results. We test

both our classical MCMC algorithm, which was used to
obtain results in Sec. V, and our quantum MCMC algo-
rithm, which was used to obtain results in Sec. VI.
For the classical algorithms, we tested results on an 8-site

lattice shown in Fig. 11 for both the SU(2) and SU(3) cases.
We computed several observables but show results for the

TABLE III. Dimension of the local singlet space DðHs
gÞ for

various possible choices of Hg
s within our ASQR on the d ¼ 2

honeycomb and d ¼ 3 diamond lattices. Since DðHs
gÞ is permu-

tation invariant and depends only on the representation label,
permutations of the Hg

s are not shown. For those Hs
g that cannot

be obtained by these rules, DðHs
gÞ ¼ 0.

SU(2) SU(3)

Hg
s DðHg

sÞ Hg
s DðHg

sÞ
Honeycomb lattice

1 ⊗ 1 ⊗ 1 ⊗ 1 1 1 ⊗ 1 ⊗ 1 ⊗ 1 1
1 ⊗ 1 ⊗ 2 ⊗ 2 1 1 ⊗ 1 ⊗ 3 ⊗ 3̄ 1
2 ⊗ 2 ⊗ 2 ⊗ 2 2 1 ⊗ 3 ⊗ 3 ⊗ 3 1

1 ⊗ 3̄ ⊗ 3̄ ⊗ 3̄ 1
3 ⊗ 3 ⊗ 3̄ ⊗ 3̄ 2

Diamond lattice
1 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 1 1 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 1
1 ⊗ 1 ⊗ 1 ⊗ 2 ⊗ 2 1 1 ⊗ 1 ⊗ 1 ⊗ 3 ⊗ 3̄ 1
1 ⊗ 2 ⊗ 2 ⊗ 2 ⊗ 2 2 1 ⊗ 1 ⊗ 3 ⊗ 3 ⊗ 3 1

1 ⊗ 1 ⊗ 3̄ ⊗ 3̄ ⊗ 3̄ 1
1 ⊗ 3 ⊗ 3 ⊗ 3̄ ⊗ 3̄ 2
3̄ ⊗ 3 ⊗ 3 ⊗ 3 ⊗ 3 3
3 ⊗ 3̄ ⊗ 3̄ ⊗ 3̄ ⊗ 3̄ 3

FIG. 11. 8-site periodic lattice used for the comparison between
exact and classical Monte Carlo results. The coordinates shown
correspond to the 2 × 2 A sublattice. The tested algorithm was
used to obtain the results presented in Sec. V.

TABLE IV. Comparision of exact versus MCMC results for χ
defined in Eq. (18) on an 8-site lattice shown in Fig. 11 for SU(3)
gauge theory in the ASQR scheme.

χ

β Exact MC

0.0 12.6667 12.667(2)
0.2 11.3841 11.384(2)
0.4 9.9179 9.918(2)
0.6 7.9592 7.958(2)
0.8 5.5678 5.567(2)
1.0 3.5094 3.510(1)

TABLE V. Comparison of exact versus MCMC results for an
12-plaquette chain shown in Fig. 9. These values are for δ ¼ 0.3
and β ¼ 1.0. The energy EβðwÞ was defined in Sec. VI.

EβðwÞ EβðwÞ
w Exact MC w Exact MC

0 −0.10842 −0.111ð1Þ 1 1.0291 1.026(1)
2 2.1704 2.170(1) 3 3.2768 3.277(1)
4 4.3512 4.349(1) 5 5.4052 5.405(1)
6 6.4478 6.446(1) 7 7.4845 7.484(1)
8 8.5184 8.517(1) 9 9.5516 9.551(1)
10 10.586 10.585(1) 11 11.601 11.601(1)
12 12.263 12.262(1) � � � � � � � � �
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susceptibility χ, as defined in Eq. (18), in Table IV for the
SU(3) case.
For the quantum MCMC we tested our results on a

L ¼ 12 plaquette chain similar to the one shown in Fig. 9.
Our results are given in Table V.

APPENDIX C: LARGE δ PERTURBATION
THEORY

In this appendix, we calculate the ground state energy Eg

of the chain Hamiltonian HðwÞ
Q given in Eq. (32) using

large-δ perturbation theory. Since each plaquette Px
uniquely belongs to either the even or the odd sector

depending on x, we define σðPxÞ
1 ¼ σðPxÞ

1;e or σðPxÞ
1 ¼ σðPxÞ

1;o

accordingly. Similarly, we define σðPxÞ
3 ¼ γðPxÞ

2 − γðPxÞ
1 in

the even sector and σðPxÞ
3 ¼ γðPxÞ

4 − γðPxÞ
3 in the odd sector.

With these definitions, we can express HðwÞ
Q as

HðwÞ
Q ¼ δH0 þ V; ðC1Þ

where

H0 ¼ −2
X
x

σðPxÞ
1 ; ðC2Þ

and

V ¼ 3

2
L −

X
x

�
1

2
σðPxÞ
3 σðPxþ1Þ

3 − θðxÞσðPxÞ
3

�
; ðC3Þ

with θðxÞ ¼ 1 for w ≤ x < L and vanishing otherwise. In
this notation, our system resembles the transverse-field
Ising model with a uniform magnetic field in the
region w ≤ x < L.
Since H0 consists of decoupled terms, we can easily

diagonalize it. To construct the eigenstates, let j↑i and j↓i
be the normalized eigenkets of σðPÞ3 with eigenvalues þ1

and −1, respectively. The normalized eigenstates of σðPÞ1

with eigenvalues �1 are then given by

j � 1i ¼ j↑i � j↓iffiffiffi
2

p : ðC4Þ

We can label the 2L eigenstates of H0 using the spin
configuration fsg ¼ fs0; s1;…; sL−1g, where jsxi (with
sx ¼ �1) represents the state of the plaquette Px. For
convenience, we uniquely label spin configurations using
an index k, defined via the binary representation

k ¼
XL−1
i¼0

1

2
ð1 − siÞ2i; ðC5Þ

so that the corresponding eigenstates are

jki ≔ ⊗
L−1

i¼0
jsii; ðC6Þ

with eigenvalues

εk ¼ −2
XL−1
i¼0

si: ðC7Þ

Since the ground state ofH0 is nondegenerate, we compute

the ground state energy of HðwÞ
Q using nondegenerate

Rayleigh-Schrödinger perturbation theory. Up to the third
order, we have

Eg ≈ δEð0Þ
g þ Eð1Þ

g þ Eð2Þ
g

δ
þ Eð3Þ

g

δ2
; ðC8Þ

where Eð0Þ
g ¼ ε0 ¼ −2L is the ground state energy of H0,

obtained by setting si ¼ þ1 for all i. The first-order
correction is

Eð1Þ
g ¼ h0jVj0i ¼ 3

2
L: ðC9Þ

The second-order correction is

Eð2Þ
g ¼

X
k≠0

jhkjVj0ij2
ε0 − εk

¼ −
9L
32

þ w
4
; ðC10Þ

where the final result follows from choosing jki such that
only one or two consecutive spins are −1. The third-order
correction is

Eð3Þ
g ¼

X
k≠0

X
k0≠0

h0jVjkihkjVjk0ihk0jVj0i
ðε0 − εkÞðε0 − εk0 Þ

− h0jVj0i
X
k≠0

jhkjVj0ij2
ðε0 − εkÞ2

; ðC11Þ

which requires some effort to calculate, but the final result
is simple and is given by

Eð3Þ
g ¼ −

L − 1

8
þ w

8
: ðC12Þ

Combining all these results, we obtain

Eg ≈ −2Lδþ 3L
2

−
�
9L
32

−
w
4

�
1

δ
−
�
L − 1 − w

8

�
1

δ2
:

ðC13Þ

By writing Eg ¼ E0 þ σw, we identify the expressions for
E0 and σ given in Eq. (36).
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