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The Ishibashi-Kawai-Kitazawa-Tsuchiya matrix model, from the holographic perspective, arises at the
p ¼ −1 end point of the family of dualities relating type II supergravities on near-horizon Dp brane
geometries to (pþ 1)-dimensional super Yang-Mills theories with 16 supercharges. In this work, we detail
and expand results reported in a recent paper by establishing the holographic dictionary between gauge-
invariant operators in the lowest Bogomol’nyi-Prasad-Sommerfield multiplet of the matrix model and the
corresponding Kaluza-Klein fluctuations of Euclidean IIB supergravity compactified on the Dð−1Þ instanton
background. The full nonlinear dynamics of these fluctuations can be encoded in a one-dimensional maximal
gauged supergravity, which we construct explicitly. We provide its complete Lagrangian, up to second order
in fermions, together with the corresponding supersymmetry transformations. We further discuss real forms
of the theory for noncompact gauge groups and their embeddings into ten-dimensional supergravities with
Lorentzian signature. From the analysis of the one-dimensional Killing spinor equations, we derive different
classes of half-supersymmetric solutions, and discuss their uplifts as well as their relations to known
solutions.
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I. INTRODUCTION

Holographic dualities continue to serve as one of the
most powerful tools for probing the nonperturbative regime
of gauge theories. Among the wide landscape of such
dualities, a particularly rich although technically challeng-
ing sector arises from the correspondence between the near-
horizon backgrounds of Dp branes and the nonconformal
field theories living on their worldvolumes. In contrast to
the maximally symmetric AdS/CFT correspondence, where
the conformal symmetry severely constrains the dynamics
on both sides of the duality, the Dp brane systems exhibit
scale-dependent behavior closer to realistic quantum field
theories. Although nonconformal, these dualities retain
sixteen supercharges. On the field-theory side, they are
governed by the reduction of ten-dimensional SUðNÞ super
Yang-Mills to pþ 1 dimensions, which is conformal only
in the special case p ¼ 3.
This article provides a detailed account of the results

reported in [1], pushing this correspondence to the extremal
limit p ¼ −1, where the worldvolume theory reduces to

the zero-dimensional Ishibashi-Kawai-Kitazawa-Tsuchiya
(IKKT) matrix model which has by itself been proposed as
a candidate for a nonperturbative formulation of type IIB
superstring theory [2]. The dual supergravity background in
this case is the half-supersymmetric Dð−1Þ instanton
solution of Euclidean IIB supergravity with a flat spacetime
metric but nontrivial dilaton/axion [3–6]. The study of
nonconformal dualities goes back to the early days of
holography [7,8] and has evolved into a well-defined
computational framework [9–11], enabling the quantitative
analysis of such dualities. Recent tests of these dualities for
correlation functions for general p have been reported
in [12].
Over the years, the IKKT matrix model has been

extensively studied using a variety of numerical and
analytical methods, providing important insights into its
structure and dynamics. Early Monte Carlo simulations
highlighted the crucial role of supersymmetry in ensuring
convergence of the partition function and suggested a
striking dependence on the arithmetic divisor function
σ2ðNÞ [13], as initially conjectured in [14] and later
confirmed for arbitrary N via an exact computation using
supersymmetric localization [15]. Subsequent numerical
studies [16–18] also provided evidence for the spontaneous
breaking of the SOð10Þ R symmetry and for the dynamical
emergence of spacetime structures. Despite these compel-
ling results, the IKKT model has remained, until recently,
largely unexplored through the lens of holography. Yet this
perspective offers a new angle on the large N limit of the
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model and on the long-standing question of how space and
time can emerge from pure matrix integrals. In the past few
years, however, the maximally supersymmetric mass defor-
mation of the IKKT model [19] has attracted considerable
attention, enabling the first concrete tests of so-called
“timeless holography” [20–24].
In this paper, we detail and expand results reported in [1]

and establish the holographic dictionary between single
trace operators in the lowest Bogomol’nyi-Prasad-
Sommerfield (BPS) multiplet of the matrix model and
the corresponding Kaluza-Klein fluctuations of Euclidean
IIB supergravity compactified on the Dð−1Þ instanton
background. The full nonlinear dynamics of these fluctua-
tions can be encoded in a one-dimensional maximal gauged
supergravity, which we present in detail.
Concretely, the rest of this paper is organized as follows.

In Sec. II, we outline the IKKT model and the spectrum of
its SUðNÞ invariant single trace operators. We review the
results of [25], showing that this spectrum organizes into
infinite towers of long and short supermultiplets. The latter
are the BPS multiplets which are in one-to-one correspon-
dence with the fluctuations of the dual IIB supergravity
around the round sphere S9. We focus on the lowest BPS
multiplet which combines 129 bosonic and 128 fermionic
degrees of freedom, after properly accounting for the
“gauge” degrees of freedom of SOð10Þ R symmetry and
supersymmetry. We spell out the corresponding operators
and their supersymmetry transformation rules. The main
part of the paper is then devoted to the construction of the
bulk realization of this multiplet. In analogy to the higher-
dimensional cases [8], this leads to a maximal SOð10Þ-
gauged supergravity theory in one dimension.
In Sec. III, we start by constructing a bosonic subsector

of this theory, which can be directly obtained by consistent
truncation of the ten-dimensional dilaton-axion system on
a nine-sphere S9, upon properly adapting the standard
techniques of [26–29]. The scalar target space of the
resulting one-dimensional theory is given by a gauged
coset space SLð10Þ=SOð10ÞK , coupled to one-dimensional
dilaton gravity. In one dimension, neither gravity nor
vector fields have kinetic terms, but couple algebraically
through an einbein and gauge fields acting as Lagrange
multipliers. We give the explicit uplift formulas to ten,
and, following [30], further to 12 dimensions. Finally, we
discuss in detail the generalization of the construction to
internal hyperboloid spaces and different spacetime sig-
natures. The former implies a change of the gauge group
SOð10Þg → SOðp; qÞg, while the latter induces a different
(indefinite) scalar target space SLð10Þ=SOðs; tÞK , of the
one-dimensional theory.
In Sec. IV, we construct the full maximally supersym-

metric one-dimensional theory, by adding the full field
content of the supermultiplet, and imposing supersymmetry
of the action. In particular, the bosonic field content of the
previous subsector is enhanced by 120 axion fields, which

are expected to arise from reduction of the ten-dimensional
p-form fields. We determine the action and supersymmetry
transformation rules to quadratic order in the fermions and
in particular determine the scalar potential which is a fourth
order polynomial in the axion fields. While most of the
discussion is focused on the SOð10Þg-gauged model,
descending from reduction of the (complex) Euclidean
IIB supergravity, we also discuss in some detail the real
forms of the theory which feature a scalar target space
SLð10Þ=SOð9; 1ÞK and are expected to uplift to the exotic
IIB’ and IIB� theories of [31,32].
Finally, in Sec. V, we study 1=2-BPS solutions of the

one-dimensional theory. In absence of axion fields, we
determine the most general 1=2-BPS solution which is
characterized by ten real constants. We present the uplift to
a ten-dimensional solution with flat spacetime metric. For
coinciding constants, this solution reduces to the half-
supersymmetric Dð−1Þ instanton solution of Euclidean IIB
supergravity [3–6]. With nonvanishing axion fields we
reproduce the 1=2-BPS spherical brane solutions of
[33,34], preserving an SOð7Þ subgroup of the gauge group.
We conclude with three Appendixes that collect con-

ventions and some technical details.

II. IKKT MODEL

In this section, we review the definition and some
properties of the IKKT matrix model, proposed in [2] as
a nonperturbative definition of IIB superstring theory. The
model is given by an action

SIKKT ¼ −Tr
�
1

4
½Xa; Xb�½Xa; Xb� − 1

2
Ψ̄Γa½Xa;Ψ�

�
; ð2:1Þ

where Xa and Ψα are bosonic and fermionic suðNÞ-valued
matrices, respectively. Vector indices a ¼ 1;…; 10, are
contracted in Euclidean signature, and the Γa denote the
SOð10Þ Γ matrices. The spinors Ψα, α ¼ 1;…; 32, are
complex and satisfy the chirality condition

Γ�Ψ ¼ Ψ; Γ� ≡ −iΓ1Γ2 � � �Γ10: ð2:2Þ

We summarize our spinor conditions in Appendix A; in
particular, we choose a basis in which the chirality matrix
Γ� is block diagonal. In (2.1), we suppress explicit spinor
indices, and define the charge-conjugated spinors as

Ψ̄α ≔ ΨβCαβ; ð2:3Þ

with the charge conjugation matrix C ¼ −iΓ10Γ�, cf. (A8).
In particular, the Hermitian conjugate of Ψα does not
appear in the (complex) action SIKKT. This is a standard
property of spinorial actions in Euclidean signature [13,35].
The above formulas match those of [20,22] up to a change
of conventions for the gamma and charge conjugation
matrices. Let us note that the Lorentzian version of the
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IKKT sigma model is obtained by sending

Γ10 → −iΓ10; X10 → −iX10; ð2:4Þ

replacing SOð10Þ by SOð9; 1Þ. Accordingly, the chirality
matrix is given by Γ� ≡ Γ1Γ2 � � �Γ10 and spinors can be
equipped with a reality condition, such that the action (2.1)
is real. The Lorentzian model is obtained by dimensional
reduction of ten-dimensional super Yang-Mills theory
down to zero dimensions.
The equations of motion that follow from varying the

action (2.1) with respect to Xa andΨ are algebraic, and take
the form

½Xb; ½Xa; Xb�� þ 1

2
fΨ̄;ΓaΨg ¼ 0;

Γa½Ψ; Xa� ¼ 0: ð2:5Þ

The action (2.1) is invariant under SOð10Þ, SUðNÞ, and
supersymmetry transformations.1 The latter act as

δϵXa ¼ ϵ̄ΓaΨ;

δϵΨ ¼ 1

2
Γabϵ½Xa; Xb�; ð2:6Þ

where the supersymmetry parameter ϵ satisfies the same
chirality condition (2.2). The supersymmetry algebra closes
on shell into

½δϵ1 ; δϵ2 � ¼ δSUðNÞ
λ ; ð2:7Þ

with the SUðNÞ parameter λ ¼ 2ϵ̄2Γaϵ1Xa. Closure on the
fermions Ψ requires Fierzing and the fermionic field
equations from (2.5). We also note the scaling symmetry

Xa → λXa; Ψα → λ3=2Ψα; ð2:8Þ

under which the action (2.1) scales homogeneously.

A. Single trace operators and Polya counting

In this section, we will discuss the “gauge invariant,” i.e.,
SUðNÞ singlet operators of the model. As in the higher
dimensional gauge/gravity dualities, we expect the super-
gravity states to be dual to certain single trace operators,
built as

O ¼ Tr½XX � � �Ψ � � �X � � �Ψ � � ��: ð2:9Þ
from the basic fields Xa and Ψα. The latter transform under
SOð10Þ as

101 ⊖ 16s3
2
: ð2:10Þ

The subscript here refers to the charge under rescaling
(2.8), and⊖ refers to the direct sum, however keeping track
of the fermionic statistics of the spinor components. The
representation content and structure of the gauge invariant
single-trace operators (2.9) has been computed in [25].
Enumerating the set of independent single trace operators
amounts to counting the cyclic words in an alphabet made
from the letters fXa;Ψαg and subtracting the algebraic field
equations (2.5). Let us illustrate this at the lowest levels.
Single letter operators Tr½Xa�, Tr½Ψα� vanish since we are

considering SUðNÞ matrices. The lowest gauge invariant
operators are thus built from two letters and fill the
symmetric tensor product

ð2:11Þ

which expands into

ð2:12Þ

These representations capture all operators built from two
letters: Tr½XaXb�, Tr½XaΨα�, and Tr½ΨαΨβ�.
At three letters, the gauge invariant operators fill the

tensor product

ð2:13Þ

since three-letter words with hook symmetry are incompatible with the cyclicity of the trace. The full representation
content of these tensor products is given by

ð2:14Þ

1Although all of these transformations are global symmetries in zero dimensions, we still refer to SUðNÞ as “gauge symmetries” in
accordance with their higher-dimensional origin.
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In order to identify the nontrivial operators, one further
needs to subtract all operators that are constructed by
contracting the field equations (2.5) transforming in

103 ⊖ 16c5=2; ð2:15Þ
with a single letter (2.10) before tracing over SUðNÞ
indices. This yields the representations

⊖16c5
2
⊗ ð101⊖16s3

2
Þ¼⊖16s7

2
⊖144c7

2
⊕14⊕454⊕2104;

103⊗ ð101⊖16s3
2
Þ¼14⊕454⊕544⊖16c9

2
⊖144s9

2

ð2:16Þ

to be subtracted. The two 454 on the rhs of the two equations
correspond to two different cubic structures of type Tr½XΨΨ�
obtained by projection of the field equations which must
both be subtracted. In contrast, it is important to note that
among the cubic terms there is only one singlet structure
Tr½XaΨ̄ΓaΨ� which can be obtained either by contraction of
the bosonic field equations in (2.5) with a X, or alternatively
by contraction of the fermionic field equations with anΨ. Its
appearance in both lines of (2.16) thus is an overcounting of
subtractions that must be corrected.2

Putting everything together, a concise counting of single
trace gauge invariant operators over all lengths is achieved
by using Polya theory [36–38] to count the cyclic words
constructed from an alphabet given by the partition
function

Z1ðtÞ≡ 10t − 16st3=2 þ 16ct5=2 − 10t3 þ 1t4; ð2:17Þ
where we keep track of the scaling charge by the weight
variable t. In this single letter partition function, the first
two representations correspond to the elementary single
letter fields (2.10), the two subsequent representations
implement the subtraction of the field equations (2.15),
while the final 14 corrects for the overcounting of sub-
tractions as discussed after (2.16). Cyclic words in the
alphabet (2.17) are counted by Polya’s formula

ZIKKTðtÞ ¼ −
X∞
m¼1

φðmÞ
m

log ½1 − Z1ðtmÞ�; ð2:18Þ

with Euler’s totient function φðmÞ. The full SOð10Þ
representation content can be extracted from this formula
upon replacing the 10, 16, in (2.17) by the corresponding
character polynomials, cf. formula (B7).

B. BPS multiplets

The sum (2.18) has been evaluated in [25] where it was
also shown that the resulting operators fit into infinite
towers of long and short supermultiplets. The supersym-
metry algebra (2.7) shows that supersymmetry transforma-
tions anticommute on gauge invariant operators (2.9). Long
multiplets are obtained in the standard way by the uncon-
strained action of all supercharges, transforming in the 16c,
onto a given SOð10Þ representation R, with the full
representation content

R ⊗ ð1 ⊖ 16c ⊕ 16c ∧ 16c ⊖ 16c ∧ 16c ∧ 16c ⊕ � � �Þ;
ð2:19Þ

carrying 215 · dimR bosonic and 215 · dimR fermionic
states, respectively.
Apart from the long multiplets (2.19), the sum (2.18)

also contains an infinite tower of short BPS multiplets

⨁
∞

n¼2

Bn: ð2:20Þ

Their respective lowest weight state are particular operators
(2.9) of the type

Oa1���an ¼ Tr½Xðða1Xa2 � � �XanÞÞ�; ð2:21Þ

where ðð� � �ÞÞ denotes traceless symmetrization, such that
the operator transforms in the ½n; 0000� representation of
SOð10Þ, see Appendix B for our SOð10Þ notations. The
BPS multiplet Bn combines the SOð10Þ representations
collected in Table I. Counting their dimensions via (B3),
shows that the multiplet Bn carries

nf ¼ 128 dimR½n−2;0;0;0� fermionic; and

nb ¼ 1þ 128 dimR½n−2;0;0;0� bosonic; ð2:22Þ

degrees of freedom, where

dimR½n−2;0;0;0� ¼
1

4 · 7!
ðn − 1Þnðnþ 1Þðnþ 2Þ2ðnþ 3Þ

× ðnþ 4Þðnþ 5Þ: ð2:23Þ

The universal mismatch (2.22) between bosonic and
fermionic degrees of freedom appears somewhat mysteri-
ous but persists for all the BPS multiplets. It may be taken
as an indication that the notion of degrees of freedom
becomes more subtle in low dimensions.
For small values of n, the generic structure of Table I

degenerates and formally includes representations of neg-
ative Dynkin labels, which contribute as states of negative
multiplicity, cf. (B4). Specifically, the lowest “singleton”
multiplet B1 coincides with the single letter partition
function Z1 of (2.17). As discussed above, the states of

2The appearance of the 16c9
2
in (2.16) may appear surprising

as no such contribution arises in the three-letter words (2.12).
Closer inspection shows that the corresponding cubic term in
the contraction of the bosonic field equations in (2.5) with a
Ψ vanishes, such that this contribution only becomes visible in
the quartic terms.
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negative multiplicity here account for the subtraction of
field equations (2.15). Note that those negative multiplic-
ities occur with negative and positive signs for bosons and
fermions, respectively.
For the BPS multiplet B2, the structure of Table I

degenerates into

B2 ¼ 542 ⊖ 144s5
2
⊕ 1203 ⊖ 454 ⊕ 16c9

2
; ð2:24Þ

consistent with the counting of dimensions (2.22). Here, the
states of negative multiplicity account for the global
SOð10Þ symmetry and supersymmetry, respectively. In
zero dimensions, these symmetries can be used to eliminate
scalar and spinor degrees of freedom, respectively. The first
three terms in (2.24) correspond to the explicit operators

Oab ¼ Tr½XaXb� − 1

10
δabTr½XcXc�;

Oa ¼ Tr½XaΨ� − 1

9
Tr½XbΓabΨ�;

Oabc ¼ Tr½Xa½Xb; Xc�� − 1

8
Tr½Ψ̄ΓabcΨ�; ð2:25Þ

where the relative coefficients in the first two operators are
determined by irreducibility of the SOð10Þ representations,
while the relative coefficient in Oabc is fixed by supersym-
metry. Specifically, under supersymmetry (2.6) δεOab ¼
9
5
ε̄ΓðaObÞ these operators transform into each other as

δϵOab ¼ 9

5
ϵ̄ΓðaObÞ;

δϵOa ¼ 1

18
ð7ΓbcϵOabc − ΓabcdϵObcdÞ;

δϵOabc ¼ 0; ð2:26Þ

consistent with the nilpotent structure of the supersymmetry
algebra (2.7) on gauge invariant operators.
In analogy to the higher-dimensional holographic dual-

ities, one expects the states in the tower of BPS multiplets
(2.20) to be dual to the fluctuations of IIB supergravity
around the near-horizon S9 geometry. Indeed, counting the

spherical harmonics around the coset space S9 ¼
SOð10Þ=SOð9Þ by standard Kaluza-Klein techniques [39],
the IIB fluctuations can be shown to precisely match the field
content of (2.20) [25]. In particular, the lowest BPS multiplet
B2 (2.24) in the IKKT spectrum is realized as the lowest
Kaluza-Klein supergravity multiplet in the bulk. In the
higher-dimensional dualities, the dynamics of this lowest
multiplet is described by a maximal gauged supergravity in
(pþ 2) dimensions, with gauge group SOð9 − pÞ [8]. Here,
the associated bulk theory for IKKT corresponds to a one-
dimensional maximal SOð10Þ-gauged supergravity [1]. It
combines the lowest Kaluza-Klein fluctuations around the
Dð−1Þ instanton background, realizing the field content of
(2.24). In the following sections, we give a detailed account
of the construction of [1].

III. CONSISTENT TRUNCATION OF IIB
SUPERGRAVITY ON S9

In this and the following section, we will construct the
one-dimensional maximal supergravity theory that
describes the bulk realization of the lowest BPS multiplet.
Obtaining the full theory directly by sphere compactifica-
tion of IIB supergravity is still out of reach due to the high
degree of nonlinearity of the expected reduction formulas.
A systematic derivation of such formulas would require the
embedding of the reduction into some exceptional field
theory, as has been realized in other dimensions [40–42].
Instead, we will proceed by explicitly constructing in a first
step the consistent truncation of a subsector of IIB super-
gravity on the sphere S9 along the lines of similar
constructions in other dimensions [27–29]. Within the full
BPS multiplet (2.24), this construction will account for
54 scalar fields together with 45 vector fields. The latter act as
constraints or Lagrange multipliers in the one-dimensional
theory, in accordance with their negative multiplicity in
(2.24). In the next section, imposing maximal supersymmetry
in one dimension, we will then extend the one-dimensional
theory to a maximal supergravity, realizing the full field
content of the multiplet (2.24).

A. Consistent truncation

Our starting point is the bosonic Lagrangian,

L10 ¼ jEj
�
R −

1

2
∂μΦ∂

μΦþ 1

2
e2Φ∂μX∂

μX
�
; ð3:1Þ

in ten-dimensional Euclidean spacetime. It describes the
axion/dilaton sector of IIB supergravity.3 Note that in
Euclidean signature the sign of the axion kinetic term
changes. Consequently, the coset parametrized by Φ and X

TABLE I. BPS multiplet Bn. Supercharges act vertically from
top to bottom.

½n; 0000�n
½n − 1; 0001�nþ1

2

½n − 2; 0100�nþ1

½n − 3; 1010�nþ3
2

½n − 3; 0020�nþ2 ⊕ ½n − 4; 2000�nþ2

½n − 4; 1010�nþ5
2

½n − 4; 0100�nþ3

½n − 4; 0001�nþ7
2

½n − 4; 0000�nþ4

3The corresponding action in the Einstein frame is defined as
S10 ¼ 1

ð2πÞ7g2s l8s
R
d10xL10, where ls and gs denote the string length

and the string coupling constant, respectively.
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is SLð2Þ=SOð1; 1Þ. Throughout this section, we treat all ten-
dimensional fields of (3.1) as real. In the full Euclidean IIB
supergravity, the reality properties of fields become more
subtle, as Euclidean signature requires a self-dual five-form
to be complex, and the absence of Majorana-Weyl spinors
requires a complex spinorial action. We will come back to
this in the next section, when we extend the construction to a
full maximally supersymmetric theory. Let us note here
already, that in other spacetime signatures [specifically (9,1)
and (5,5)], the Lagrangian (3.1) can be embedded into the
exotic IIB’ and IIB� theories [31,32], in which all fields can
be taken to be real, but certain kinetic terms exhibit sign
flips; see [43,44], for a careful discussion.
Euclidean IIB supergravity (3.1) admits a half-super-

symmetric instanton solution [3,4]. The Einstein frame
metric, the axion X , and the dilaton Φ for this solution are
given by

ds210 ¼ dt2 þ t2dΩ2
9; eΦ ¼ HðtÞ ¼ −X−1; ð3:2Þ

while all the other p forms vanish. Here,

dΩ9 ¼ dμidμi; i ¼ 1;…; 10 ð3:3Þ
is the line element on the sphere S9 of unit radius given the
embedding coordinates μiμi ¼ 1. The metric (3.2) is flat
with isometry group SOð10Þ. The harmonic function HðtÞ
in (3.2) reads

H ¼ hþ Q
t8
: ð3:4Þ

The constant Q is related to the instanton charge,4 while the
constant h can be shifted by the global SLð2;RÞ symmetry
of the IIB theory [5]. The string frame metric describes a
wormhole geometry, but becomes flat in the near-horizon
limit [6]. The relative sign among the kinetic terms in (3.1)
is essential for ensuring that the energy momentum tensor

of the flat space solution (3.2) vanishes, as required by the
Einstein equations.
When expanded around the sphere S9, the ten-dimen-

sional theory (3.1) admits a consistent truncation to a finite
set of Kaluza-Klein modes described by a one-dimensional
theory. The truncation Ansatz is inspired by the construc-
tions around spheres in other dimensions [27–29] and takes
the form

ds210 ¼ e9ϕΔe2dt2 þ g−2eϕðT−1ÞijDμiDμj;

eΦ ¼ e−4ϕΔ−1;

X ¼ −
1

2ge

�
ðT−1ÞijDtTkjμiμk − ϕ̇

�
: ð3:5Þ

Here, the μi denote the embedding coordinates of S9 from
(3.3). The one-dimensional fields parametrizing the Ansatz
(3.5) are an einbein e, a dilaton ϕ, together with 54 scalar
fields parametrizing a symmetric positive definite SLð10Þ
matrix Tij, and 45 vectors Aij ¼ −Aji. All of these fields
are functions of the (Euclidean) time t and derivatives are
denoted by a dot, ϕ̇ ¼ ∂tϕ, etc. The vector fields only
appear via covariant derivatives

Dμi ¼ dμi − gAjiμjdt;

DtTij ¼ Ṫij − 2gAkðiTjÞk; ð3:6Þ

with gauge coupling constant g. The warp factor Δ is
given by

Δ ¼ Tijμiμj: ð3:7Þ

Plugging the Ansatz (3.5) into the ten-dimensional field
equations obtained from varying (3.1), these equations
reduce to a set of ordinary differential equations in t for the
one-dimensional fields fe;ϕ; Tij; Aijg,

20ϕ̇2 −
1

2
ðT−1ÞikðT−1ÞjlDtTklDtTij ¼ −g2e2e8ϕ

�
2TijTij − ðTiiÞ2

�
; ∂tðe−1ϕ̇Þ ¼ −

1

5
g2ee8ϕ

�
2TijTij − ðTiiÞ2

�
;

Dt

�
e−1ðT−1ÞkiDtTjk

�
¼ 2 g2ee8ϕ

�
2TkððiTjÞÞk − TððijÞÞTkk

�
; ðT−1ÞkiDtTjk ¼ ðT−1ÞkjDtTik; ð3:8Þ

where brackets ðð� � �ÞÞ denote traceless symmetrization. In turn, these equations are obtained from variation of the one-
dimensional Lagrangian,

L1 ¼ 10e−1ϕ̇2 −
1

4
e−1ðT−1ÞikðT−1ÞjlDtTklDtTij −

1

2
eg2e8ϕ

�
2TijTij − ðTiiÞ2

�
: ð3:9Þ

Consistency of the reduction Ansatz (3.5) is shown by straightforward computation. As an intermediate result, we give the
derivative of the ten-dimensional axion in the form

4More specifically the solution (3.2) describes the backreaction of N coincident Dð−1Þ branes located at t ¼ 0. Quantization of the
Ramond-Ramond nine-form flux (dual to Fð1Þ ¼ dX ) through S9 fixes Q ¼ 48ð2πÞ3g2sNl8s .
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Fð1Þ ¼ dX

¼ −gee8ϕUdt −
1

ge
ðT−1ÞijDtTjkμkDμi; ð3:10Þ

with

U ¼ 2TikTjkμiμj − TiiΔ; ð3:11Þ

which is obtained from (3.5) upon using the one-dimensional
field equations (3.8). The dual field strength then takes the
form

Fð9Þ ¼ e2Φ �Fð1Þ

¼ 1

9!g8
Δ−2εi1���i10

�
UDμi1 ∧ � � � ∧Dμi9μi10

− 9Tji10DtTki1dt ∧Dμi2 ∧ � � � ∧Dμi9μjμk
�
: ð3:12Þ

It is then a straightforward algebraic exercise to show the
field equation of the ten-dimensional axion in the form

dFð9Þ ¼ 0: ð3:13Þ

Let us also give the combination

Fð1Þ ∧ Fð9Þ ¼ −g2e8ϕΔ−3U2ω10 þ e−2Δ−3ð∂tΔÞ2ω10

− e−2Δ−2μkμpðT−1ÞmnDtTnpDtTkmω10;

ð3:14Þ

with

ω10 ¼
1

9!g9
εi1���i10eΔdt ∧ Dμi1 ∧ � � � ∧ Dμi9μi10 ; ð3:15Þ

which shows up in the ten-dimensional dilaton equation.
This equation may be shown—analogously to the axion
equation, and similar to other dimensions [28,29]—to hold
as a consequence of the one-dimensional field equations.
The following identity proves useful:

�ðTijμ
iDμjÞ ¼ e

8!g7
e−8ϕϵi1���i10Tilμ

i

× ðΔTi1l − Ti1jTklμ
jμkÞμi2Dμi3 ∧ � � �

∧ Dμi10 ∧ dt: ð3:16Þ

As for the ten-dimensional Einstein equations, we follow
the tradition set in [28], and have not explicitly checked
their reduction. Their consistency has been confirmed in all
of the explicit solutions that we have examined. Moreover,
the Ansatz (3.5) is consistent with an extrapolation of all
previously established special cases. Let us finally point out
that the reduction Ansatz (3.5) can be generalized to the
reduction of the Lagrangian (3.1) in D dimensions, on an

SD−1 sphere, again down to a one-dimensional theory. The
general formulas have been given in [1].

B. One-dimensional theory

Let us now discuss in more detail the Lagrangian (3.9) of
the one-dimensional theory. The 54 scalar fields parametriz-
ing the symmetric matrix Tij are governed by a gauged coset
space sigma model G=K ¼ SLð10Þ=SOð10Þ. To describe
their couplings to the fermionic fields later on, it is useful to
introduce the coset representative Vi

a, defined by

Tij ¼ Vi
aVj

a; ð3:17Þ

up to local SOð10ÞK gauge freedom

δVi
a ¼ Vi

bhba; h∈ soð10ÞK: ð3:18Þ

We have introduced a subscript in the denominator group of
the coset space SOð10ÞK in order to distinguish it from the
SOð10Þg gauge group, under which the fields transform as

δλVi
a ¼ gλjiVj

a; δλTij ¼ 2gλkðiTjÞk;

δΛAij ¼ Dtλij: ð3:19Þ

This local SOð10Þg symmetry has its origin in the isometry
group of the sphere S9. From the coset representative Vi

a,
one builds the (gauge-covariant) Maurer-Cartan current,

Jab ¼ ðV−1ÞaiDtVi
b ¼ ðV−1ÞaiðV̇i

b − gAjiVj
bÞ∈ slð10Þ;

ð3:20Þ

which decomposes into

Pab ¼ JðabÞ; Qab ¼ J½ab� ∈ soð10ÞK: ð3:21Þ

In particular, the scalar kinetic term can be written as

1

4
ðT−1ÞikðT−1ÞjlDtTklDtTij ¼ PabPab: ð3:22Þ

The scalar potential for the Tij in (3.9) is of the form typical
for the truncations on spheres [27,28].
The 45 vector fields Aij ¼ −Aji do not have a kinetic

term in one dimension, and contribute a negative degree of
freedom. They appear only within the covariant derivatives
of the Lagrangian (3.9) and act as Lagrange multipliers that
give rise to the last equation of (3.8). All gravitational
couplings are carried by the einbein e, such that the action
comes with one-dimensional diffeomorphism symmetry,

t → t̃; e → e=∂tt̃: ð3:23Þ

There is no Einstein-Hilbert term in one dimension, and
the graviton accounts for a negative degree of freedom,
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as manifest by the constraint that is obtained by variation of
(3.9) with respect to the einbein e. In counting, this
compensates the degree of freedom carried by the dilaton
field ϕ. In total, the Lagrangian (3.9) thus realizes 54–45 of
the degrees of freedom of the BPS multiplet (2.24).
The gauge symmetry (3.19) can be fixed by bringing Tij

into diagonal form Tij ¼ δijeφj , with
P

i φi ¼ 0. In this
gauge, the field equations (3.8) take the form

40ϕ̇2 ¼
X
i

φ̇2
i − 2 g2e2e8ϕV0;

5∂tðe−1ϕ̇Þ ¼ −g2ee8ϕV0;

∂tðe−1ðφ̇i − ϕ̇ÞÞ ¼ 2 g2ee8ϕ
�
2e2φi −

X
k

eφiþφk

�
; ð3:24Þ

with

V0 ¼ 2
X
k

e2φk −
�X

k

eφk

�
2
: ð3:25Þ

Moreover, the gauge fields Aij are set to zero by their own
field equations, or decouple from the dynamics.
The field equations (3.24) admit a distinguished SOð10Þ

invariant solution, given by

φi ¼ 0 ⇔ Tij ¼ δij; eϕ ¼ g2t2; e ¼ g−9t−9:

ð3:26Þ
Plugging this into the reduction Ansatz (3.5) precisely
yields the Dð−1Þ instanton solution (3.2) of Euclidean IIB
supergravity, with h ¼ 0 and Q ¼ g−8. We will show below
that this solution is also half supersymmetric in the one-
dimensional theory and actually belongs to a larger class of
half-supersymmetric solutions.

C. Uplift to 12D

Following [30], the Euclidean axiodilaton gravity model
(3.1) can be obtained by dimensional reduction of pure
Einstein gravity in twelve dimensions with signature (1,11)
on a (1,1) torus. The truncation Ansatz for the Lorentzian
metric in 12 dimensions is

ds212 ¼ −e−Φdτ2 þ eΦðdyþ ðcþ XÞdτÞ2 þ ds210; ð3:27Þ
where τ and y denote, respectively, the time and space
coordinates of the (1,1) torus, and c is an integration
constant. The Dð−1Þ instanton solution (3.2) with h ¼ 0
uplifts to the following SOð10Þ-invariant pp wave:

ds212 ¼ −H−1dτ2 þ dy2 þHðdyþ ðcþH−1ÞdτÞ2
þ dt2 þ t2dΩ2

9; ð3:28Þ

with HðtÞ ¼ Q
t8. For c < 0, the metric can be written in the

standard pp-wave form,

ds212 ¼ dudvþ fðtÞdu2 þ dt2 þ t2dΩ2
9; ð3:29Þ

with

u ¼ ffiffiffiffiffiffi
−c

p �
1

c
dy − dτ

�
; v ¼ ffiffiffiffiffiffi

−c
p �

1

c
dyþ dτ

�
;

fðtÞ ¼ −1 − cH: ð3:30Þ

D. Noncompact gauge groups

The previous construction can be generalized to com-
pactifications in which the sphere S9 is replaced by a
hyperboloid. In this case, the resulting one-dimensional
theory (3.9) features a noncompact or even nonsemisimple
gauge group similar to the analogous constructions in
higher dimensions [45,46]. This generalization is straight-
forwardly obtained from the above results upon the
introduction of a symmetric constant embedding tensor
θij, by means of which the reduction formulas (3.5), (3.6),
as well as the one-dimensional Lagrangian (3.9) are recast
in a form that is formally invariant under an SLð10Þ action
on the indices i; j;…, i.e.,

δTij ¼ 2κðikTjÞk; δAij ¼ −2κ½ikAj�k;

δθij ¼ −2κkðiθjÞk; δμi ¼ κi
jμj: ð3:31Þ

For example, the reduction Ansatz takes the following
explicit form:

ds210 ¼ e9ϕΔe2dt2 þ g−2eϕðT−1ÞijDμiDμj;

eΦ ¼ e−4ϕΔ−1;

X ¼ −
1

2ge

�
ðT−1ÞijDtTkjμiμlθ

kl − ϕ̇
�
; ð3:32Þ

where the embedding coordinates μi are now defined by

μiμjθ
ij ¼ 1; ð3:33Þ

defining a hyperboloid. Covariant derivatives are defined as

Dμi ¼ dμi − gAjiθ
kjμkdt;

DtTij ¼ Ṫij − 2gAkðiθklTjÞl; ð3:34Þ

and the warp factor Δ is given by

Δ ¼ Tijθ
ikθjlμkμl: ð3:35Þ

Consistency of this reduction Ansatz then directly follows
from covariantization of the previous results. The resulting
one-dimensional theory is given by
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L1 ¼ 10e−1ϕ̇2 − e−1PabPab

−
1

2
eg2e8ϕ

�
2θikθjlTijTkl − ðθijTijÞ2

�
; ð3:36Þ

likewise invariant under (3.31). For θij ¼ δij, the construc-
tion reproduces the above sphere compactification with
gauge group SOð10Þ. In the general case, without loss of
generality, we may assume θij to be of diagonal form with
eigenvalues in f0;�1g. With

θij ¼ diagðþ1;…;þ1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
p

;−1;…;−1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
q

; 0;…; 0|fflfflffl{zfflfflffl}
r

Þij; ð3:37Þ

the gauge group of the one-dimensional theory is the group
CSOðp; q; rÞg. For r ¼ 0, this is the noncompact group
SOðp; qÞg. Note that for any choice of θij, the ten-dimen-
sional metric (3.32) remains Euclidean. With (3.37), the
internal space (3.33) is a product of r noncompact
directions and a hyperboloid that following [45] we denote
by Hp;q. Let us also point out that, for generic values of p,
q, r, setting the matrix of scalar fields to Tij ¼ δij no longer
describes a solution of the theory (3.36). Consequently, in
this case, (3.32) with Tij ¼ δij is no longer a solution of the
Euclidean IIB theory. Yet, (3.32) continues to describe a
consistent truncation of the IIB theory.

E. Spacetime signatures

So far, we have described the consistent truncation of the
Euclidean theory (3.1). The same truncation procedure may
be extended to theories defined with different spacetime
signatures.
Let us first consider the standard Lorentzian IIB super-

gravity, which contains the dilaton-axion subsector,

L10;Lor ¼ jEj
�
R −

1

2
∂μΦ∂

μΦ −
1

2
e2Φ∂μX∂

μX
�
; ð3:38Þ

in Lorentzian spacetime. This differs from (3.1) by the sign
in front of the axion kinetic term. The former truncation
Ansatz (3.32) can be adapted by formally sending e → ie,5

ds210 ¼ −e9ϕΔe2dt2 þ g−2eϕðT−1ÞijDμiDμj;

eΦ ¼ e−4ϕΔ−1;

X ¼ −
1

2ge

�
ðT−1ÞijDtTkjμiμlθ

kl − ϕ̇
�
; ð3:39Þ

such that the ten-dimensional metric is of signature (1,9),
and an imaginary factor has been absorbed into the axion in
order to achieve the sign flip in (3.38). Accordingly, the
one-dimensional Lagrangian is given by

L1;Lor ¼ 10e−1ϕ̇2 − e−1PabPab

þ 1

2
eg2e8ϕ

�
2θikθjlTijTkl − ðθijTijÞ2

�
; ð3:40Þ

which differs from (3.36) by the sign in front of the
potential term. The gauge group of the one-dimensional
theory is still determined by the choice of the embedding
tensor θij, and given by CSOðp; q; rÞg for a θij of the form
(3.37). In particular, for θij ¼ δij, the theory still possesses
the local SOð10Þg gauge symmetry (3.19) in accordance
with the isometry group of S9. However, in this case the
truncation no longer carries an SOð10Þ invariant solution
Tij ¼ δij. This is a consequence of the signs in the field
equation for the einbein e,

10ϕ̇2 þ 40e2g2e8ϕ ¼ 0: ð3:41Þ

In contrast, for θij ¼ diagð1; 1; 1; 1; 1;−1;−1;−1;−1;−1Þ,
i.e., for p ¼ q ¼ 5, the SOð5; 5Þ gauged theory (3.40)
admits a solution with constant scalars Tij ¼ δij, running
dilaton eϕ ¼ g2t2, and e ¼ 1

2
g−9t−9. Its uplift (3.39) cor-

responds to a solution of Lorentzian IIB supergravity,
whose internal space is a Euclidean hyperboloid H5;5.
Finally, we will also be interested in embedding the

Lagrangian (3.1) with its “wrong” sign in front of the
kinetic axion term into spacetimes of different signature. As
mentioned above, this includes the exotic IIB’ and IIB�
theories [31,32], of spacetime signature (9,1) and (5,5), in
which all fields can be taken real, while some kinetic terms,
in particular that of the axion, acquire opposite signs. In this
case, the internal space in the reduction to one dimension is
of indefinite signature, which results in a scalar target space
of indefinite signature. Specifically, the reduction of (3.1)
in a ten-dimensional spacetime of signature ðs; tÞ yields
a one-dimensional theory (3.36) with the coset space
SLð10Þ=SOð10Þ replaced by a different real form
SLð10Þ=SOðs; tÞK . The matrix Tij is then realized as

Tij ¼ Vi
aVj

bηab; ð3:42Þ

in terms of the coset representative Vi
a, with the symmetric

SOðs; tÞK invariant tensor ηab. The Maurer-Cartan currents
are built as

Jab ¼ ηacðV−1ÞciDtVi
b

¼ ηacðV−1Þci
�
V̇i

b − gAjiθ
jkVk

b
�
∈ slð10Þ; ð3:43Þ

which decomposes into

Pab ¼ JðabÞ; Qab ¼ J½ab� ∈ soðs; tÞK: ð3:44Þ

The reduction Ansatz remains identical (3.32), and the
resulting one-dimensional theory is given as

5Equivalently, one could rescale g → ig, Aij → −iAij and flip
the sign of the ten-dimensional metric.
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L1 ¼ 10e−1ϕ̇2 − e−1PabPcdηacηbd

−
1

2
eg2e8ϕ

�
2θikθjlTijTkl − ðθijTijÞ2

�
: ð3:45Þ

To summarize, the one-dimensional Lagrangian (3.45)
depends on the choice of the two tensors ηab and θij. The
first one defines the scalar coset space and captures the
signature of the ten-dimensional spacetime, whereas the
latter defines the gauge group of the one-dimensional
theory and defines the shape and isometries of the internal
space. For η ¼ θ, i.e., p ¼ s and q ¼ t, the field equations
of (3.45) admit a solution analogous to (3.26):

Vi
a ¼ δi

a ⇔ ðT−1Þij ¼ θij; eϕ ¼ g2t2; e ¼ g−9t−9:

ð3:46Þ

The corresponding ten-dimensional solution (3.32) still
features a flat metric, but now of signature ðp; qÞ. For
p ¼ 9, q ¼ 1, i.e., Lorentzian ten-dimensional spacetime
and gauge group SOð9; 1Þ, the solution (3.46) corresponds
to the solution of IIB� supergravity, considered in [47].

IV. MAXIMAL SUPERGRAVITIES IN
ONE DIMENSION

In this section, we construct the maximally supersym-
metric extension of the one-dimensional Lagrangian
(3.45), allowing for an arbitrary θij, while restricting
ηab to have signature (10,0) or (9,1). The resulting
CSOðp; q; rÞg-gauged supergravities6 are expected to
describe Kaluza-Klein truncations of the Euclidean type
IIB supergravity and of the Lorentzian type IIB’=IIB�
supergravities, respectively. As explained in [43,44], the
former should be treated as a complex theory, while the
latter correspond to real sections distinguished by different
reality conditions of the fields. For a uniform discussion of
all cases, we treat all one-dimensional fields and symmetry
parameters as complex in this section. This is possible
because the supersymmetric Lagrangian does not involve
complex conjugation. The dependence of this Lagrangian
on the fields is said to be holomorphic, and the corre-
sponding supersymmetry transformations are viewed as
holomorphic transformations on a complex space [35].7

The real forms of the theory, available in signature (9,1),
will be discussed in Sec. IV C. Let us stress that,
throughout this work, our main interest lies in the bulk
realization of the Euclidean IKKT model, which is based

on one-dimensional supergravity with CSOðp; q; rÞg ¼
SOð10Þg and SOðs; tÞK ¼ SOð10ÞK .
In addition to the fermionic fields which will be

discussed shortly, maximal supersymmetry also necessi-
tates enlarging the bosonic sector by adding 120 axionic
scalar fields aijk ¼ a½ijk�. This is in accordance with the
representations of the BPS multiplet (2.24) in the IKKT
model. In the following, we will refer to these scalars
simply as “axions”; however, they should not be confused
with the type IIB supergravity axion field X in ten
dimensions. In particular, the latter is nonzero (3.32) even
for vanishing aijk. Nonvanishing aijk will rather trigger
p-form gauge fields in ten dimensions. For later conven-
ience, we introduce the SOðs; tÞK covariant combinations
of scalar fields,

T ab ≔ θijVi
aVj

b;

aabc ≔ Vabc
ijkaijk; ð4:1Þ

where in this, and in the following, we abbreviate
ðV−1Þai ≕Va

i, and use the notation

Va1���an
i1���in ≔ Va1

½i1 � � �Van
in�: ð4:2Þ

Note that from now on, we also lower and raise the indices
a; b ¼ 1;…10, using implicitly the SOðs; tÞK invariant
tensor ηab and its inverse ηab. We have in particular,

Va
iVib ¼ ηab: ð4:3Þ

Because of the triviality of the tangent space in one
dimension, the fermionic fields of the theory consist of
Grassmann variables that transform in different SOðs; tÞK
representations. These include the gravitino ψα and a dilatino
λα, which both transform as spinors under SOðs; tÞK, as well
as the vector-spinor χαa. Here, we employ a generalization of
the spinor notations introduced in (2.1) for the specific case
of SOð10Þg and SOð10ÞK. In particular, we define charge-
conjugated spinors using a symmetric charge conjugation
matrix C, such that we have, for instance,

ψ̄α ≔ ψβCαβ: ð4:4Þ
It is important to note however that, unlike the chiral spinor
Ψα in the IKKT model, a supergravity spinor such as the
gravitino ψα (or the supersymmetry parameter ϵα) carries
here 32 independent components. Likewise, the vector-
spinor χαa satisfies the trace condition,

ðΓaÞαβχβa ¼ 0; ð4:5Þ

and carries 2 × 144 components. The SOðs; tÞK gamma
matrices satisfy

fΓa;Γbg ¼ 2ηabI32: ð4:6Þ

6Although there is no notion of propagating gravitational
degrees of freedom in one dimension, we still refer to the one-
dimensional theory as a supergravity theory. We emphasize,
however, that its Lagrangian encodes the dynamics of the lowest
fluctuations of a genuine gravitational theory in ten dimensions.

7Strictly speaking, the one-dimensional theory constructed in
this section should therefore be viewed as a consistent truncation
of complex type IIBC supergravity [43,44].
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Their symmetry properties are summarized in Appendix A.
As mentioned previously, the reality conditions that can be
imposed on the spinors depend on the signature of ηab and
will be discussed later on. For the time being, all spinor
components are treated as complex.
The couplings of the scalars to the fermionic fields

involve the SOðs; tÞK covariant projection of the Maurer-
Cartan current Pab, defined in (3.44), as well as the dressed
current for the axions,

pabc ≔ Vabc
ijkDtaijk ¼ Vabc

ijkðȧijk − 3gθlmAl½iajk�mÞ:
ð4:7Þ

The second component Qab of the Maurer-Cartan current
(3.44) is a composite connection which enters the definition
of the SOðs; tÞK covariant derivative Dt. The latter acts on
the fermionic fields as

Dtψ
α ¼ ψ̇α þ 1

4
QabðΓabÞαβψβ;

Dtχ
α
a ¼ χ̇αa þ

1

4
QbcðΓbcÞαβχβa þQabχαb; ð4:8Þ

and analogously on λα. Note that we have so far kept spinor
indices explicit, but in the following they will be often
suppressed to avoid cluttering.

A. Lagrangian and supersymmetry transformations

The Lagrangian of gauged maximal supergravity, up to
second order in the fermionic fields, can be decomposed as
follows:

LSUGRA ¼ L0 þ gLtop þ gLYukawa þ g2Lpot: ð4:9Þ
The first term depends on the gauge coupling constant only
implicitly through the covariant derivatives and currents. Its
expression is given by

L0 ¼ 10e−1ϕ̇2− e−1PabPab−
1

12
e−1e−2ϕpabcpabc

þ 20λ̄Dtλþ 2χ̄aDtχa− 20e−1ψ̄Γ�λϕ̇þ 2e−1ψ̄ΓbχaPab

−
1

2
e−1e−ϕχ̄aΓbcψpabc−

1

12
e−ϕχ̄aΓbcdχapbcd

− e−ϕχ̄aΓbχcpabc−
1

6
e−1e−ϕλ̄ΓabcΓ�ψpabc

− e−ϕλ̄Γabcλpabc− e−ϕχ̄cΓabΓ�λpabc; ð4:10Þ

where the first line comprises the kinetic terms for the
various fields, while the rest consists of Noether-type
couplings between the fermions and the scalar currents.
Note that there is no kinetic term for the gravitino, as the
standard Rarita-Schwinger term vanishes in one dimension.
The various terms in L0 are determined in parallel with the
supersymmetry transformations of the fields, by starting
from the bosonic kinetic terms (3.45) and imposing
supersymmetry at zeroth order in g.8 For the bosonic
fields, the supersymmetry variations read

δϵe ¼ ϵ̄ψ ;

δϵϕ ¼ ϵ̄Γ�λ;

δϵVi
a ¼ Vibϵ̄ΓðaχbÞ;

δϵaijk ¼ −eϕVijk
abcð3ϵ̄Γabχc þ ϵ̄ΓabcΓ�λÞ; ð4:11Þ

while those of the fermions take the form

δϵψ ¼ Dtϵþ
1

24
e−ϕpabcΓabcϵþ egAϵ;

δϵλ ¼
1

2
e−1ϕ̇Γ�ϵþ

1

240
e−1e−ϕpabcΓabcΓ�ϵþ gBϵ;

δϵχ
a ¼ 1

2
e−1PabΓbϵþ

7

80
e−1e−ϕpbcdΓ̃ab;cdϵþ gCaϵ;

ð4:12Þ

where in the last variation we have introduced the gamma
matrix combinations,

Γ̃a1a2;a3���an ≔ ηa1a2Γa3���an −
1

11 − n
Γa1���an ; ð4:13Þ

for n > 2, which satisfy Γa1 Γ̃
a1½a2;a3���an� ¼ 0. The tensors

A;B;Ca appearing in the variations (4.12) are known as the
fermion shifts. They depend on the scalar fields and gamma
matrices and, as such, carry spinor indices which we have
suppressed. Their expressions, together with the variation
of the gauge field Aij, are determined in a second step by
imposing supersymmetry of the Lagrangian at order g.
The second term in the Lagrangian (4.9) corresponds to a

purely bosonic “topological” term. Its expression is inde-
pendent of the einbein and involves a single derivative,

Ltop ¼
iðs−1Þ

1152
εa1a2a3a4a5a6a7a8a9a10T bcaba1a2aca3a4aa5a6a7pa8a9a10 ; ð4:14Þ

8The initial Ansatz for the supersymmetry variations is strongly constrained by the symmetry properties of the fields and the gamma
matrices, as well as by the requirement that they close according to a standard gauged supergravity algebra, cf. Eq. (4.2).
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with εa1���a10 the SOðs; tÞK Levi-Civita tensor. Because of
the power of i, this is the only term in the Lagrangian that
depends explicitly on the ðs; tÞ signature. The third term in
(4.9) describes Yukawa-type couplings between fermions
and scalars. It decomposes into the following spinor
bilinears:

LYukawa ¼ −40λ̄Bψ − 4χ̄aCaψ þ eλ̄Eλþ eλ̄Eaχa

þ eχaEabχb; ð4:15Þ

with the new tensors E;Ea; Eab and the fermion shifts
B;Ca that appear in (4.12). Both Ltop and LYukawa, as well
as the variation of the gauge field, are completely deter-
mined by requiring the supersymmetry variations of the
Lagrangian to vanish at order g. This imposes a number
of linear relations between the Yukawa tensors
A;B;Ca; E; Ea; Eab which we gather in Appendix C. As
an example, we provide here the relations imposed by the
vanishing of variations proportional to gϕ̇ϵ̄αψβ and gϕ̇ϵ̄αχβa,

ðCΓ�BÞðαβÞ ¼ 0;

8

�
C
∂Ca

∂ϕ

�
αβ

þ ðCΓ�EaÞβα ¼ 0; ð4:16Þ

where Cαβ is the charge conjugation matrix. The full set of
linear relations between the Yukawa tensors are solved to
obtain

A ¼ −
1

4
bΓ� þ

1

8
babcΓabcΓ� −

1

32
babcdΓabcdΓ�;

B ¼ b
10

þ 3

80
babcΓabc þ

1

160
babcdΓabcd;

Ca ¼ −
1

2
babΓbΓ� −

�
7

80
bbcd −

1

6
bb;cd

�
Γ̃ab;cdΓ�

þ 3

40
bbcdeΓ̃ab;cdeΓ�;

E ¼ −21bΓ� − 7babcΓabcΓ� −
9

8
babcdΓabcdΓ�;

Ea ¼ −16babΓb þ
�
3babc − 4ba;bc

�
Γbc − 2babcdΓbcd;

Eab ¼ −
�
4bab −

1

10
ηabb

�
Γ� −

1

4
ηabbcdeΓcdeΓ�

þ 1

3

�
3bacb − 4bc;ab

�
ΓcΓ�

þ 1

16
ηabbcdefΓcdefΓ� −

3

2
babcdΓcdΓ�; ð4:17Þ

in terms of the irreducible SOðs; tÞK tensors,

b ¼ e4ϕT a
a;

bab ¼ e4ϕ
�
T ab −

1

10
ηabT c

c

�
;

babc ¼ e3ϕT d½aabc�d;

ba;bc ¼ e3ϕ
�
T daabcd − T d½bac�ad

�
;

babcd ¼ e2ϕT efae½abacd�f; ð4:18Þ

transforming respectively in the 1, 54, 120, 320, and 210.
Note in particular that b½a;bc� ¼ 0 ¼ ba;ac. Furthermore,
the gauge field variation reads

δϵAij ¼ e4ϕVij
abðϵ̄ΓabΓ�ψ þ 4eϵ̄Γabλ − 2eϵ̄ΓaΓ�χbÞ

þ e3ϕVij
bcaabcðϵ̄ΓaΓ�ψ þ 3eϵ̄Γaλþ eϵ̄Γ�χaÞ:

ð4:19Þ

The last term in the Lagrangian (4.9) describes the scalar
potential, which contains interaction terms up to quartic
order in the axion fields and can be written compactly as

Lpot ¼ −eVpot

¼ −e
�
babbab −

2

5
b2 −

1

4
babcbabc

þ 2

9
ba;bcba;bc þ

3

16
babcdbabcd

�
: ð4:20Þ

It is fixed by requiring supersymmetry variations of the
Lagrangian to vanish at order g2. This requires the Yukawa
tensors A;B;… to satisfy a set of redundant quadratic
relations which we again gather in Appendix C. Finally, a
more explicit form of the scalar potential is obtained by
substituting the expressions for the tensors (4.18),

Vpot ¼
1

2
e8ϕ

�
2T abT ab − ðT a

aÞ2
�

−
1

4
e6ϕ

�
2T acT bdaabeacde − T acT b

caadeabde
�

þ 3

16
e4ϕT efT ghae½abacd�fagabacdh: ð4:21Þ

This expression contrasts with the scalar potential of
CSOðp; q; rÞg gauged supergravity in two spacetime
dimensions [48], which contains couplings involving up
to eight axions. In the present case, it is the interplay
between the variations of the topological term (4.14) and
those of the potential that ensures the iterative super-
symmetric construction of the Lagrangian terminates at
quartic order in the axions.
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B. Supersymmetry algebra

The supersymmetry variations (4.11), (4.12), and (4.19)
close on the bosonic fields of the theory,9 up to second
order in fermions, into a standard gauged supergravity
algebra,

½δϵ1 ; δϵ2 � ¼ δcgctξ þ δSOðs;tÞKΩ þ δ
CSOðp;q;rÞg
Λ ; ð4:22Þ

where δcgctξ denotes a covariant general coordinate (time)
transformation with parameter ξ, combining a one-dimen-
sional diffeomorphism (3.23) with gauge transformations
of the form

Ω̂ab ¼ −ξQab; Λ̂ij ¼ −ξAij: ð4:23Þ
On the einbein and the dilaton, it simply reduces to a
diffeomorphism, giving δcgctξ e ¼ ∂tðξeÞ and δξϕ ¼ ξϕ̇,
while on the coset representative, the axions and the gauge
fields, the combined transformations lead to

δcgctξ Vi
a ¼ ξPabVib; δcgctξ aijk ¼ ξDtaijk;

δcgctξ Aij ¼ 0: ð4:24Þ

The parameters of the gauge transformations appearing on
the rhs of (4.22) are given by

ξ ¼ e−1ϵ̄2ϵ1;

Ωab ¼ −ge4ϕT c½a
�
ϵ̄2Γb�

cΓ�ϵ1 þ e−ϕab�cdϵ̄2ΓdΓ�ϵ1
�
;

Λij ¼ e4ϕVij
bc
�
ϵ̄2ΓbcΓ�ϵ1 þ e−ϕϵ̄2ΓaΓ�ϵ1aabc

�
: ð4:25Þ

Closure on the einbein and the dilaton is straightforward
to check, given that the fermion shifts among (4.17) satisfy

ðCAÞðαβÞ ¼ 0 ¼ ðCΓ�BÞðαβÞ; ð4:26Þ

as a direct consequence of the symmetries of the gamma
matrices (A10). For the coset representative, successive
supersymmetry variations lead to

½δϵ1 ; δϵ2 �Vi
a ¼ ξPabVib þ gKabVib; ð4:27Þ

where Kab depends on the fermion shift Ca, and can be
written as

Kab ¼ ϵ̄2ΓðaCbÞϵ1 − 1 ↔ 2

¼ −e4ϕT cða
�
ϵ̄2ΓbÞ

cΓ�ϵ1 þ e−ϕabÞcdϵ̄2ΓdΓ�ϵ1
�

¼ −Λijθ
jkVj

aVbi − g−1Ωab; ð4:28Þ

where the first step follows directly from using the first
relation in (C2). This shows that the second term in (4.27)
coincides precisely with the combination of CSOðp; q; rÞg
and SOðs; tÞK on the rhs of (4.22). Applying the super-
symmetry commutator of the axions leads to

½δϵ1 ; δϵ2 �aijk ¼ ξDtaijk − 3 g e−ϕVijk
abc

×

�
ϵ̄2ΓabCcϵ1 þ

1

3
ϵ̄2ΓabcΓ�Bϵ1 − 1 ↔ 2

�
:

ð4:29Þ
By making use of the first relation in (C4), one readily
checks that the second term indeed corresponds to the last
gauge transformation on the rhs of (4.22). Finally, upon
evaluating the commutator on the gauge fields, a lengthy
algebra shows that the fermion shift contributions cancel,
leaving only the expected gauge transformations,

½δϵ1 ; δϵ2 �Aij ¼ DtΛij: ð4:30Þ
We recall that, so far, no reality conditions have been

specified for the fields or the symmetry parameters. Real
forms of the one-dimensional theory are discussed in the
next section.

C. Real forms in (9,1) signature

We now consider specifically one-dimensional
CSOðp; q; rÞg gauged supergravity with ηab of (9,1)
signature. In this case, we can choose a Weyl representation
where all the SOð9; 1ÞK gamma matrices are real. The latter
are simply obtained from SOð10ÞK gamma matrices by
rescaling Γ10 → −iΓ10; see Appendix A. In particular, the
symmetric charge conjugation matrix and the block diago-
nal chirality matrix Γ� are now given by

Γ� ¼ Γ1Γ2 � � �Γ10; C ¼ Γ10Γ�: ð4:31Þ
Given this real representation for the gamma matrices, it
becomes straightforward to identify real sections of the
complex Lagrangian (4.9). There exists two such sections
which are specified by different reality conditions on the
spinors and the axions. In both cases the einbein e, the
scalars ϕ and Vi

a, and the gauge field Aij are real, as they
describe the aijk ¼ 0 subsector of the one-dimensional
theory, which uplifts via (3.32) to the axion-dilaton sub-
sectors of the real Lorentzian type IIB’=IIB� supergravities.
For the one-dimensional spinor fields and axions, the
following choices of reality conditions,

ð1Þ ψ� ¼ ψ ; λ� ¼ λ;

χ�a ¼ χa; aijk ∈R;

ð2Þ ψ� ¼ −iΓ�ψ ; λ� ¼ −iΓ�λ;

χa� ¼ iΓ�χa; aijk ∈ iR; ð4:32Þ
9We do not discuss closure on the fermionic fields, which, as

usual in maximal supergravity, would require using the field
equations.
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ensure that all the terms in the Lagrangian (4.9) are real.
Note that in the second case the terms in the Lagrangian
quadratic in the axions effectively flip sign.
Since we have not worked out the uplift formulas for the

axionic sector, it remains a priori unclear which of the reality
conditions in (4.32) correspond to the one-dimensional
theories arising from the Kaluza-Klein truncations of type
IIB’ and type IIB� supergravity, respectively. The distinction
between these ten-dimensional theories lies in the fact that
either the Neveu-Schwarz-Neveu-Schwarz or the Ramond-
Ramond two-form is purely imaginary, resulting in an
effective sign flip of the associated kinetic term. In
Sec. V B, we analyze supersymmetric solutions of the
one-dimensional models characterized by the above reality
conditions. For the first choice, we show that the resulting
solution makes contact with the so-called spherical brane
solutions of type II� supergravity [33,34]. We therefore
conclude that the first and second choices in (4.32) corre-
spond, respectively, to the one-dimensional theories describ-
ing truncations of Lorentzian IIB� and IIB’ supergravity.

V. BPS EQUATIONS, SOLUTIONS AND UPLIFT

In this section, we study supersymmetric solutions in the
case when θij and ηab both have signature (10,0) or (9,1).
The analysis is first restricted to the aijk ¼ 0 subsector of
the one-dimensional theory, and subsequently extended to
solutions with a single nonvanishing axion.

A. Supersymmetric solutions without axions

We consider the supersymmetry transformations of the
one-dimensional fields and set the axions aijk ¼ 0. In this
case, the Killing spinor equations,

δλ¼! 0; δχa ¼! 0; ð5:1Þ

obtained from (4.12) with (4.17) simply reduce to the
following differential equations:

0 ¼ e−1ϕ̇þ 1

5
ge4ϕT a

a;

0 ¼ e−1Pab − ge4ϕ
�
T ab −

1

10
ηabT c

c

�
; ð5:2Þ

together with the projection condition on the Killing spinor,

ðI − Γ�Þϵ ¼ 0: ð5:3Þ

We have verified that the first-order BPS equations (5.2)
imply all of the field equations of the one-dimensional
theory. Specifically, taking their derivative leads to the
second-order field equations for ϕ and the coset scalars Vi

a,
while squaring them yields the first-order equation that
results from varying the Lagrangian with respect to the
einbein. The field equation for the gauge field Aij follows

from dressing the second BPS equation by the coset
representative and projecting on the 45. The bosonic
configurations satisfying (5.2) therefore correspond to
1=2-BPS solutions of the theory, i.e., preserve 16 of the
32 supersymmetries. To satisfy the remaining Killing

equation, δψ¼! 0, the 16 Killing spinors defined by (5.3)
must be dressed by a t-dependent factor. Note finally that
other solutions with vanishing axions would necessarily
break all supersymmetries.
The supersymmetric solutions turn out to uplift to ten-

dimensional solutions with flat spacetime geometry and a
nontrivial axion-dilaton profile given by harmonic func-
tions. To make this explicit, let us introduce new coor-
dinates xa, which are related to the embedding coordinates
μi satisfying θijμiμj ¼ 1 and t by

xa ¼ g−1eϕ=2Va
iμi: ð5:4Þ

This implies in particular,

g2T abxaxb ¼ eϕ: ð5:5Þ

By using the BPS equations (5.2), the relation between
covariant differentials can be written as

Dxa ¼ g−1eϕ=2Va
iDμi − ee9ϕ=2θijμiVjadt; ð5:6Þ

where the expression forDμi ¼ Dtμidtwas given in (3.34),
while

Dxa ¼ dxa þQa
cxcdt; ð5:7Þ

with the composite SOðs; tÞK connection Qab defined in
(3.44). Substituting (5.6) in the truncation Anzatz (3.32)
yields the following class of supersymmetric ten-dimen-
sional solutions:

ds210 ¼ DxaDxa;

e−Φ ¼ g2e3ϕT acT b
cxaxb ¼ −X ; ð5:8Þ

where the one-dimensional fields T ab and ϕ satisfy (5.2).
In order to derive the explicit form of the supersymmetric

solutions, we fix the gauge e ¼ 1 and pick10

Vi
a ¼ δai e

φa=2; ð5:9Þ

as in (3.24) above. Together with Aij ¼ 0 this implies that
Qab ¼ 0. Furthermore, upon redefining

ϕa ≔ φa − ϕ; eϕ ¼
Y
a

e−ϕa=10; ð5:10Þ

10For the theory with (10,0) signature, this is a gauge choice. In
the (9,1) signature, however, the gauge symmetries are not
sufficient to bring Vi

a to a diagonal form.
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the first order BPS equations (5.2) reduce to

∂τϕa ¼ −eϕa ⇒ eϕa ¼ 1

τ þ ca
; ð5:11Þ

with real constants ca, and where τðtÞ is a redefined time
coordinate that satisfies τ̇ ¼ −2 g e5ϕ. It is straightforward
to verify that this yields a solution to the one-dimensional
field equations for any choice of the ca. Let us again
emphasize that θij and ηab are assumed to both have
signature (10,0) or (9,1). The ten-dimensional uplifts (5.8)
then read

ds210 ¼ dxadxa;

e−Φ ¼ g2e5ϕ
X
a

e2ϕaxaxa ¼ −X ; ð5:12Þ

with the explicit form of the functions ϕa in (5.11). The
metric describes Rs;t and the ten-dimensional dilaton eΦ

satisfies Laplace’s equation. When all of the constants ca
are equal, the solution reduces to (3.46), though expressed
in a different gauge for the one-dimensional diffeomor-
phisms. For the (10,0) signature, it corresponds to the (near-
horizon geometry) of the Dð−1Þ brane solution. More
generally in this signature, for I sets of nI ≥ 2 equal
constants, we expect these solutions to be the analogs of
the smeared D3-brane solutions studied in [49], describingQ

I SOðnIÞ-invariant distributions of N instantons spread
across the nine transverse directions. The precise distribu-
tions of the instantons are encoded in the expression of the
dilaton eΦ.

B. Supersymmetric solutions with axions

Let us now consider supersymmetric solutions in the
presence of nonvanishing axion fields. A nonvanishing
axion field aijk necessarily breaks the gauge symmetry. In a
minimal setting, we may switch on a single axion field, say
y ¼ a8;9;10, thus breaking the gauge group down to

SOð10Þg ⟶ SOð7Þ × SOð3Þ;
SOð9; 1Þg ⟶ SOð7Þ × SOð2; 1Þ; ð5:13Þ

for the two cases when θij and ηab both have signature
(10,0) or (9,1). The smaller symmetry groups also allow for
a nontrivial scalar matrix Tij of the form

Tij ¼ diagðe−3x; e−3x; e−3x; e−3x; e−3x; e−3x; e−3x; e7x; e7x;
� e7xÞ: ð5:14Þ

On the other hand, all vector fields are set to zero. In the rest
of this discussion we restrict to the case of (9,1) signature,
i.e., to the theories descending from IIB� and IIB’ super-
gravity, cf. Sec. IV C. In this truncation, the Lagrangian

(4.9) reduces to

L ¼ 10e−1ϕ̇2 −
105

2
e−1ẋ2 þ 1

2
e−1e−2ϕ−21xẏ2

þ 1

2
eg2e8ϕ

�
35e−6x þ 42e4x þ 3e14x

�

−
3

2
eg2e6ϕ−7xy2; ð5:15Þ

for the remaining fields fe;ϕ; x; yg. In the gauge e ¼ 1, the
Killing spinor equations,

δλ¼! 0; δχa ¼! 0; ð5:16Þ

obtained from (4.12) with (4.17) yield the differential
equations,

0 ¼ 100e7x
�
exþ2ϕðe10x þ 3Þ2 − y2

�
ẋ2

− g2e6ϕ
�
2exþ2ϕ

�
e10x − 1

��
e10x þ 3

�
þ y2

�
2
;

0 ¼ 20y
�
3e10x þ 1

�
e11xþ2ϕϕ̇

−
�
9y2 − 4ðe10x þ 3Þð3e10x þ 7Þexþ2ϕ

�
ẏ;

0 ¼ 20y
�
3e10x þ 1

�
e11xþ2ϕẋ

−
�
2y2 þ 4ðe10x − 1Þðe10x þ 3Þexþ2ϕ

�
ẏ; ð5:17Þ

together with the following projection condition on the
Killing spinor

Pϵ ¼ 0;

P≡ 1

2
ðI − Γ�Þ

�
I þ e−ϕ−21x=2ð9 g e7xþ4ϕyþ ẏÞ

4ðgð3e7x þ 7e−3xÞe4ϕ − 5ϕ̇Þ Γ̂
�
;

ð5:18Þ

with Γ̂ ¼ Γ8Γ9Γ10. It is straightforward to check that P is
indeed a projector

P2 ¼ P; trP ¼ 16; ð5:19Þ

showing that solutions of (5.17) preserve half of all super-
symmetries.11 Finally, one can show that equation (5.17) also
implies that

δϵψ ¼ 0; ð5:20Þ

upon dressing the Killing spinors defined by (5.18) with a
further appropriate t-dependent factor. In order to analyze the

11The journal version of Ref. [1] over-restrictively stated that
1=2-BPS solutions with nonvanishing axions were excluded.
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space of solutions of (5.17), it is useful to relate our
equations to the analysis of [33,34]. To this end, we define
the fields

X ¼ e10x; Y ¼ eϕþx=2y; η ¼ 7

2
ðxþ 2ϕÞ; ð5:21Þ

in terms of which the Lagrangian (5.15) turns into

L ¼ −
1

2
e−1

Ẋ2 − Ẏ2

X2
−
1

7
e−1

XẊ − YẎ
X2

η̇

þ 10

49
e−1ð1þ Y2X−2Þη̇2

þ 1

2
g2ee8η=7

35þ 42X þ 3X2 − 3Y2

X
: ð5:22Þ

This is precisely the Lagrangian of [34], Eq. (B.1), extrapo-
lated to d ¼ 0. Its equations of motion are implied by the
first order BPS equations given in (B.8) in [34],

dY
dX

¼ −
Yð7X2 − Y2 þ 8X þ 9Þ

2Xð2ð1 − XÞðX þ 3Þ − Y2Þ ;

dη
dX

¼ 7ððX þ 3Þ2 − Y2Þ
2Xð2ð1 − XÞðX þ 3Þ − Y2Þ ; ð5:23Þ

upon setting e ¼ 1, together with

ð3þ X − YÞð3þ X þ YÞẊ2

¼ g2e
8η
7X

�
2XðX þ 2Þ þ Y2 − 6

�
2
; ð5:24Þ

to recover the original coordinate t. With (5.21), these
equations indeed coincide with the Killing spinor equa-
tions (5.17) above. We thus find perfect agreement with the
equations of [34].
Let us stress that the BPS equations (5.23) and (5.24)

admit solutions with real or purely imaginary Y field. The
former correspond to solutions of the Lagrangian (5.15)
with a real axion y ¼ a8;9;10, and reproduce the configu-
rations analyzed in [34], which uplift to the p ¼ −1
analytic continuation of the spherical Dp brane solutions
of type IIB� supergravity. Instead, the theory described by
the Lagrangian (5.15) with an imaginary axion y descends
from the truncation of type IIB’ supergravity. This estab-
lishes the lower-dimensional identification of Lorentzian
IIB’ versus IIB� supergravity in terms of the reality
properties of the axions aijk, cf. Sec. IV C.
Finally, the above analysis can be repeated for the one-

dimensional theory with (10,0) signature, descending from
Euclidean type IIB supergravity. The theory also admits
supersymmetric solutions defined by (5.23) and (5.24).

VI. CONCLUSIONS AND OUTLOOK

In this paper we have presented the detailed construction
of maximal SOð10Þg gauged supergravity in one dimension
which is expected to arise from consistent truncation of
Euclidean IIB supergravity on a sphere S9. We have
provided the explicit reduction Ansätze for the bosonic
SLð10Þ=SOð10ÞK subsector of the one-dimensional theory
which uplifts to the ten-dimensional dilaton-axion system.
Starting from this subsector, we have constructed the full
one-dimensional theory by imposing maximal supersym-
metry. The field content of this theory precisely matches the
lowest BPSmultiplet of single trace operators from (2.25), as

T ab ↔ Oab ¼ Tr½XaXb� − 1

10
δabTr½XcXc�;

χa ↔ Oa ¼ Tr½XaΨ� − 1

9
Tr½XbΓabΨ�;

aabc ↔ Oabc ¼ Tr
h
Xa½Xb; Xc�

i
−
1

8
Tr
h
Ψ̄ΓabcΨ

i
; ð6:1Þ

for the propagating fields. The one-dimensional theory
provides the starting point for setting up the procedure of
holographic renormalization following [9–11], thereby pre-
paring the ground for the holographic computation of
correlation functions in the IKKT model. It would be most
interesting to compare these results with numerical studies of
the model.
An open question concerns the existence of an analogous

framework for the holographic description of the Lorentzian
IKKT model. The dual background corresponds to the flat
SOð9; 1Þ-invariant solution discussed in [47], which sits in
the hyperboloid truncation of IIB� supergravity; see (3.46).
In particular, such a framework would have to capture the
qualitative differences of the Lorentzian matrix model,
revealed in recent numerical simulations [50–52].
By itself, the one-dimensional maximal supergravity

stands out as the first of its kind, while supergravity
theories in all higher dimensions d have been systemati-
cally explored.12 A systematic analysis of one-dimensional
maximal supergravities remains a challenging task. In
particular, the SOð10Þg gauged model has been constructed
directly from its subsector (3.9) obtained from reduction on
the sphere S9. The limit of vanishing coupling constant
g → 0 presents a number of subtleties. Although the
Lagrangian (4.9) at first view appears to admit a smooth
limit g → 0, in this limit the constraints arising as the gauge
field equations disappear from the theory, thus altering the
number of propagating degrees of freedom. The resulting
theory no longer admits an immediate higher-dimensional
origin. This is quite different from the situation in higher

12An exception is the d ¼ 2case, where only maximal super-
gravities arising from consistent Kaluza–Klein truncations of IIA/
IIB supergravity have been constructed [53].
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dimensions, where the ungauged limit of all supergravities
recovers the toroidally reduced theory with its characteristic
symmetry enhancement to the full exceptional symmetry
group E11−d;ð11−dÞ. If this pattern were to persist down to
one dimension, the resulting theory should provide a
concrete realization of the hyperbolic group E10ð10Þ in
accordance with the longstanding conjecture of [54], and
related constructions in [55,56].
An embedding of our construction into the structures of

exceptional geometry should also streamline the derivation
of the explicit uplift formulas to higher dimensions.
Here, we have given explicit uplift formulas for the
SLð10Þ=SOð10ÞK subsector, but for nonvanishing axions
aijk we expect highly nonlinear reduction Ansätze for the
ten-dimensional p forms. A derivation of these formulas
would require the embedding of the reduction into some
exceptional field theory, as has been realized in other
dimensions [40,42]. The master formulation [57] may
provide valuable guidance for this endeavor. In the longer
term, such a construction may ultimately reveal the
imprints of the exceptional symmetry in the spectrum of
the matrix model along the lines established in higher
dimensions [58].
Through the analysis of the one-dimensional Killing

spinor equations, we have identified two main classes of
1=2-BPS solutions. The first uplifts to a class of IIB
solutions with flat spacetime metric and axion/dilaton
profiles governed by harmonic functions, while all other
p forms vanish. This class contains the near-horizon limit of
the Dð−1Þ instanton as a distinguished SOð10Þ-invariant
solution. More generally, we expect these solutions to
describe continuous distributions of D instantons along
the nine transverse directions, thereby generically breaking
SOð10Þ, in direct analogy with the patterns observed in
higher-dimensional Dp brane holographic setups; see, for
instance, [49]. The second class of 1=2-BPS solutions in the
one-dimensional theory involves nonvanishing axions aijk,
and is expected to uplift to IIB configurations with non-
trivial profiles for the p-form gauge fields. For the real forms
of the theory in (9,1) signature, these solutions preserve an
SOð7Þ × SOð2; 1Þ isometry. We have shown that a subset of
them corresponds to (an analytic continuation of) the
spherical brane solutions analyzed in [33,34], which are
known to holographically describe supersymmetric mass
deformations of the dual boundary theory. It would be
interesting to explore in more detail the analogous solutions
of the theory in (10,0) signature, and to investigate potential
connections to the supersymmetric backgrounds of
Euclidean IIB supergravity constructed in [21], which are
dual to vacua of the polarized IKKT matrix model [19] and
have recently served as the basis for concrete tests of
“timeless holography” [20–22]. It would also be worthwhile
to examine potential relations to the geometries of [59].
Another interesting direction would be to explore connec-
tions to the holographic setup based on the Dð−1Þ=D7

system [60], whose near-horizon background exhibits
similarities with some of our solutions [61].
We hope to come back to some of these issues in the

future.
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APPENDIX A: Γ-MATRICES CONVENTIONS

We start by considering 32 × 32 complex gamma matri-
ces Γa satisfying the standard SOð10Þ Clifford algebra:

fΓa;Γbg ¼ 2δabI32: ðA1Þ

It is useful to have an explicit representation of these
gamma matrices. Following Appendix A of [22], we
choose a Weyl basis in which

Γa ≔
�

0 γa

γ̄a 0

�
; ðA2Þ

and where γa are 16 × 16 symmetric matrices. The bar
denotes complex conjugation. In particular, we have

γ10 ≔ −iI16 ðA3Þ

while the SOð9Þmatrices γp, with p ¼ 1;…; 9, are real and
satisfy

fγp; γqg ¼ 2δpqI16: ðA4Þ

We can pick

γ1 ≔ σ2 ⊗ σ2 ⊗ σ1 ⊗ I;

γ2 ≔ σ2 ⊗ σ3 ⊗ I ⊗ σ2;

γ3 ≔ −σ3 ⊗ I ⊗ I ⊗ I;

γ4 ≔ −σ2 ⊗ σ1 ⊗ I ⊗ σ2;

γ5 ≔ σ2 ⊗ I ⊗ σ2 ⊗ σ3;

γ6 ≔ σ1 ⊗ I ⊗ I ⊗ I;

γ7 ≔ σ2 ⊗ σ2 ⊗ σ2 ⊗ σ2;

γ8 ≔ −σ2 ⊗ I ⊗ σ2 ⊗ σ1;

γ9 ≔ σ2 ⊗ σ2 ⊗ σ3 ⊗ I; ðA5Þ
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where the σ’s denote Pauli matrices. Overall, this means
that we have

Γ†
a ¼ Γa; γ†p ¼ γp: ðA6Þ

In this Weyl basis, the chirality gamma matrix Γ� is block
diagonal,

Γ� ¼ −iΓ1 � � �Γ10 ¼
�
I16 0

0 −I16

�
: ðA7Þ

It anticommutes with all gamma matrices and satisfies
Γ2� ¼ I32. Finally, we choose a symmetric13 charge con-
jugation matrix,

C ¼ −iΓ10Γ� ¼
�

0 I16
I16 0

�
; ðA8Þ

which satisfies

C ¼ C̄ ¼ CT ¼ C−1; C2 ¼ I32; ΓT
a ¼ CΓaC−1:

ðA9Þ

The last equation implies the following symmetry proper-
ties for antisymmetric products of gamma matrices con-
tracted with C:

symmetric∶ C; CΓa; CΓaΓ�; CΓabΓ�; CΓabcd; CΓabcde;

antisymmetric∶ CΓ�; CΓab; CΓabc; CΓabcΓ�; CΓabcdΓ�:

ðA10Þ

In Secs. IV and V, which deal with one-dimensional
supergravities, we work with 32-component spinors ψα that
decompose as

ψα ¼
�
ψ I

ψ I

�
; ðA11Þ

with α; β ¼ 1;…; 32 and I; J ¼ 1;…; 16. We also define
the charge conjugated spinor as

ψ̄α ≔ ψβCβα; such that ψ̄α ¼ ðψ I ψ I Þ: ðA12Þ

The spinor components are anticommuting Grassmann
numbers. Together with the symmetry properties (A10),
this leads to identities of the form

ψ̄λ ¼ −λ̄ψ ; ψ̄Γ�λ ¼ λ̄Γ�ψ ; ψ̄Γabcλ ¼ λ̄Γabcψ ;…

ðA13Þ

for the fermions bilinears. In contrast to the supergravity
spinors, the SOð10Þ spinor matrix of the IKKT model
in Sec. II satisfies the chirality constraint Γ�Ψ ¼ Ψ. This
implies

Ψα ¼
�
ΨI

0

�
; Ψ̄α ¼ ð 0 ΨI Þ: ðA14Þ

With explicit indices, the antisymmetric products of
SOð10Þ gamma matrices and the charge conjugation read

ðΓ�Þαβ ¼
�
δIJ 0

0 −δIJ

�
; Cαβ ¼

�
0 δIJ

δIJ 0

�
;

ðΓaÞαβ ¼
�

0 γa
ðIJÞ

γ̄aðIJÞ 0

�
;

ðΓabÞαβ ¼
�
γab

I
J 0

0 γ̄abI
J

�
;…; ðA15Þ

where γab ≔ γ½aγ̄b� satisfies γTab ¼ −γ̄ab. Note also that,
under an SOð10Þ transformation with parameter ωab, we
have

δωψ
α ¼ ωabðΓabÞαβψβ; and δωψ̄α ¼ −ωabψ̄βðΓabÞβα;

ðA16Þ

such that the following bilinears are obviously invariant:

ψ̄λ ¼ ψ IλI þ ψ Iλ
I;

ψ̄Γ�λ ¼ −ψ IλI þ ψ Iλ
I: ðA17Þ

Let us also discuss our conventions for SO(9,1) gamma
matrices. They satisfy

fΓa;Γbg ¼ 2ηabI32; ðA18Þ

with ηab ¼ diagðþ;þ;…;−Þ. An explicit Weyl represen-
tation is obtained from the above SO(10) gamma matrices
by sending

Γ10 ⟶ −iΓ10 ¼
�

0 −I16
I16 0

�
; ðA19Þ

such that now Γ†
10 ¼ −Γ10. Note that in this Weyl repre-

sentation all of the matrices are real. The expression of the
charge conjugation matrix (A8) and the chirality matrix
(A7) remain the same, and are now given in terms of the
SOð9; 1Þ gamma matrices by

C ¼ Γ10Γ�; Γ� ¼ Γ1 � � �Γ10: ðA20Þ

The symmetry properties (A9) and (A10) still hold for the
SOð9; 1Þ matrices.

13This differs from [22], where the charge conjugation is
antisymmetric and imaginary Cthere ¼ iChereΓ�.
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Finally, the duality relations between the above SOðs; tÞ
gamma matrices, both for s ¼ 10, t ¼ 0 and s ¼ 9, t ¼ 1,
can be summarized by

Γa1���apΓ� ¼
iðsþ1Þð−1Þ½p=2�
ð10 − pÞ! εa1���apapþ1���a10Γ

apþ1���a10 ; ðA21Þ

where ½·� takes the integer part, and with the SOðs; tÞ Levi-
Civita tensor ε1���10 ¼ 1.

APPENDIX B: SOð10Þ REPRESENTATIONS

In the main text, we specify SOð10Þ representations by
their Dynkin labels

½n1n2n3n4n5�; ni ∈N: ðB1Þ

For the representations of lowest dimensions, we will
equivalently denote them by their dimension:

½00000�∶1;
½10000�∶10;
½20000�∶54;
½01000�∶45;
½00100�∶120;
½00001�∶16s;
½00010�∶16c;
½10010�∶144c: ðB2Þ

The generic representations that appear in the tower of
BPS multiplets (2.20) have dimensions

½n; 0000�∶ 1

20160
ðnþ 1Þðnþ 2Þðnþ 3Þðnþ 4Þ2ðnþ 5Þðnþ 6Þðnþ 7Þ;

½n; 0001�∶ 1

2520
ðnþ 1Þðnþ 2Þðnþ 3Þðnþ 4Þðnþ 5Þðnþ 6Þðnþ 7Þðnþ 8Þ;

½n; 0100�∶ 1

720
ðnþ 1Þðnþ 2Þðnþ 4Þðnþ 5Þ2ðnþ 6Þðnþ 8Þðnþ 9Þ;

½n; 1010�∶ 1

360
ðnþ 1Þðnþ 3Þðnþ 4Þðnþ 5Þðnþ 6Þðnþ 7Þðnþ 8Þðnþ 10Þ;

½n; 2000�∶ 1

576
ðnþ 1Þðnþ 4Þðnþ 5Þðnþ 6Þ2ðnþ 7Þðnþ 8Þðnþ 11Þ;

½n; 0020�∶ 1

576
ðnþ 1Þðnþ 2Þðnþ 3Þðnþ 4Þðnþ 6Þðnþ 7Þðnþ 8Þðnþ 9Þ: ðB3Þ

Formally, these dimension formulas can be extended to
negative Dynkin weights and suggest the identifications

½−3; 2000�∶ − 10;

½−2; 2000�∶ − 45;

½−2; 1010�∶ − 16c;

½−3; 0100�∶1: ðB4Þ

The identification (B4) can in fact be taken beyond mere
numerology and extends to the level of the full character
polynomials. In the main text, we will see that these
identifications capture the concrete physical realization
of the lowest BPS multiplets.
The character polynomials for the lowest SOð10Þ rep-

resentations are given by

χ10 ¼
X5
i¼1

ðyi þ y−1i Þ; χ16s ¼
X16
α¼1

yqα ;

χ16c ¼
X16
α¼1

y−qα ; ðB5Þ

with

yqα ¼
Y5
i¼1

yqαii ;

qα∈




�1

2
;�1

2
;�1

2
;�1

2
;�1

2

�����with even number ofþ
�
;

ðB6Þ

in terms of the five charges yi. The full Polya formula for
counting cyclic words is then given by

ZIKKTðt; yiÞ ¼ −
X∞
m¼1

φðmÞ
m

log ½1 − Z1ðtm; ymi Þ�; ðB7Þ

with the full single letter partition function

Z1ðt; yiÞ≡ χ10t − χ16s t
3=2 þ χ16c t

5=2 − χ10t3 þ t4: ðB8Þ

Expansion of (B7) allows to determine the full SOð10Þ
representation content of the spectrum of single trace
operators.
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APPENDIX C: LINEAR AND QUADRATIC RELATIONS AMONG YUKAWA TENSORS

We start by collecting the linear relations among the Yukawa tensors A;B; Ca; E; Ea; Eab that follow from requiring the
supersymmetry variations of the Lagrangian (4.9) to vanish at order g. These variations always contain a single derivative
acting on a bosonic field and a fermion bilinear involving the supersymmetry parameter together with one of the fermions ψ , λ,
or χa.
The variations proportional to ϕ̇ lead to the relations

40
∂B
∂ϕ

− 20Γ�Aþ EΓ� ¼ 0; ðCΓ�BÞðαβÞ ¼ 0; 8

�
C
∂Ca

∂ϕ

�
αβ

þ ðCΓ�EaÞβα ¼ 0; ðC1Þ

where in the last equation one must bear in mind the trace condition (4.5) on the indices a
α coming from the implicit

contraction with χαa. For the variations proportional to the current Pab, we get

ðCΓðaCbÞÞðαβÞ þ
1

2
e4ϕT cða

�
ðCΓbÞ

cΓ�Þαβ þ e−ϕabÞcdðCΓdΓ�Þαβ
�
¼ 0;

EðaΓbÞ þ 80

�
∂B
∂Σab þ 3acdða

∂B
∂abÞcd

�
− 16e4ϕT cða

�
ΓbÞ

c −
3

4
e−ϕabÞcdΓd

�
¼ 0

PbcΓcEba þ 2PabΓbA − 4Pbc

�
∂Ca

∂Σbc þ 3aefb
∂Ca

∂acef

�

þ 4e4ϕPc½bT a�
cΓbΓ� þ 2e3ϕPbcT dcaabdΓ� ¼ 0: ðC2Þ

Note that in the first two equations the indices ðabÞ are projected onto the 54 by the current. In the last equation, which is
implicitly acted upon by χ̄a from the left, we kept the current explicit for clarity. The terms that do not involve Yukawa
tensors may be viewed as “source terms,” arising from the variation of the gauge fields inside the ∼PabPab kinetic term of
the Lagrangian. We also introduced the SOðs; tÞK covariant variation ∂=∂Σab with respect to the 54 coset scalars, where Σab

is defined by

δVi
a ≕ΣabVib: ðC3Þ

Finally, for the variations proportional to the current pabc, we find

2ðCΓbcCaÞðαβÞ þ
2

3
ðCΓabcΓ�BÞðαβÞ − e3ϕT deaeab

�
ðCΓcdΓ�Þαβ þ e−ϕacdfðCΓfΓ�Þαβ

�
¼ 0;

80eϕ
∂B

∂aabc
−
1

3
ΓabcΓ�A − 4ΓabcBþ 2ΓabΓ�Cc −

10

3
BΓabc þ 1

60
DΓabcΓ�

þ 7

40
EdΓ̃da;bc − 4e3ϕT deaeab

�
Γcd þ 3

4
e−ϕafdcΓf

�
þ 1

24
bdefgΓabcdefg ¼ 0;

�
16eϕ

�
C
∂Ca

∂abcd

�
αβ

−
2

3
ðCfΓbcd; CagÞαβ þ

7

10
ðCEa

eΓ̃eb;cdÞαβ þ
1

60
ðCΓbcdΓ�EaÞβα

�
pbcd

−
�
2ðCΓbcAÞαβ þ 4ðCΓbcΓ�BÞαβ þ 8ðCΓbCcÞαβ

�
pa

bc þ 4e3ϕpbc½dT a�eaebcðCΓdΓ�Þαβ

þ 2e2ϕpbcdT efaaebacdfðCΓ�Þαβ þ
1

3
pbcdbaefgðCΓbcdefgΓ�Þαβ −

1

4
pabcbdefgðCΓbcdefgΓ�Þαβ ¼ 0; ðC4Þ

where Γ̃eb;cd and babcd are respectively defined in (4.13) and (4.18). In the first two equations, antisymmetrization over
½abc� is understood. In the last one, which is implicitly contracted with χαa, we have kept the currents explicit. The source
terms, which do not involve Yukawa tensors, come from the variation of the gauge field in the ∼pabcpabc kinetic term, but
also from the variation of the topological term. In the latter we have dualized the gamma matrices using (A21).
Subsequently imposing supersymmetry of the Lagrangian (4.9) at order g2 leads to an additional set of quadratic relations

among the Yukawa tensors, which we list below for completeness:
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40ðCBÞγαðBÞγβ þ 4ðCCaÞγαðCaÞγβ þ CαβVpot

−
iðs−1Þ

384
e4ϕεa1���a10T bcT deaba1a2aca3a4aa5a6a7ada8a9ðCΓa10eΓ�Þαβ ¼ 0; ðC5Þ

− 40ðCBAÞαβ þ 2ðCEÞ½αγ�ðBÞγβ þ ðCEaCaÞαβ þ
∂Vpot

∂ϕ
ðCΓ�Þαβ − eϕ

∂Vpot

∂aabc
ðCΓabcΓ�Þαβ

þ iðs−1Þ

96
e4ϕεa1���a10T bcT deaba1a2aca3a4aa5a6a7ada8a9ðCΓa10eÞαβ ¼ 0; ðC6Þ

− 4ðCCaAÞαβ − ðCBÞγβðEaÞγα þ 2ðCEabÞðαγÞðCbÞγβ þ
∂Vpot

∂T bc

�
δϵT bc

�
a

αβ

− 3eϕ
∂Vpot

∂aabc
ðCΓbcÞαβ

þ iðs−1Þ

192
e4ϕεa1���a10T bcT d

eaba1a2aca3a4aa5a6a7ada8a9ðCΓ½a10Γ�Þαβδe�a ¼ 0; ðC7Þ

where the scalar potential Vpot was defined in (4.20). The terms proportional to the Levi-Civita tensor arise from the
variations of the gauge field hidden in the current in the topological term Ltop. After a lengthy algebra, one can verify that
these relations are indeed satisfied.
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