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We consider diffeomorphism invariant theories of gravity with arbitrary higher derivative corrections to
the two derivative Einstein’s theory in the presence of Proca fields—vector fields without U(1) gauge
invariance. We prove that, in such theories, the surface gravity remains constant across the Killing horizon
of stationary black hole solutions, without requiring the existence of a bifurcation surface. Our analysis is
carried out within an effective field theory framework, where higher derivative contributions are treated
perturbatively around the two derivative theory. The proof relies on specific components of the coupled
gravity—Proca field equations together with constraints implied by the near horizon boost symmetry of
stationary black hole geometries, analyzed using boost-weight arguments. Implementing these arguments
in the presence of Proca fields introduces new subtleties beyond those encountered in the pure gravity case.
We provide a systematic resolution of these subtleties and demonstrate that the surface gravity remains
constant to all orders in the perturbative expansion, thereby establishing the zeroth law. Finally, we outline
how this framework can be generalized to broader classes of vector theories with four propagating degrees
of freedom, which exhibit qualitative differences from both the Proca and gauge invariant vector theories.
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I. INTRODUCTION

Black holes are fascinating objects, yet in one respect they
behave like ordinary matter: the classical properties of their
horizons admit a thermodynamic interpretation, where geo-
metric quantities are identified with thermodynamic ones.
This correspondence has been rigorously established within
Einstein’s general relativity (GR) [1-3]. Since GR is not a
UV-complete theory of gravity, it is natural to examine black
hole thermodynamics including higher derivative corrections
to the Einstein-Hilbert action. These terms generally modify
black hole solutions and, consequently, alter the geometric
quantities entering thermodynamic relations—thus provid-
ing an intriguing setting to test the validity of the laws of
black hole thermodynamics beyond GR.

In [4,5], the authors demonstrated that the equilibrium
state version of the first law holds universally for arbitrary
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diffeomorphism invariant higher curvature theories of grav-
ity using the Noether charge method without relying on
effective field theory (EFT) approximation. They identified
entropy with a geometric quantity which works perfectly
well for stationary situations but suffers from well-known
Jacobson-Kang-Myers (JKM) ambiguities [6] in the dynami-
cal situation. Progress was made in certain restricted cases
[7-9], yet a general proof of the zeroth or second law
remained absent. In recent years, significant advances have
been made. By treating the dynamics as small perturbations
around stationary black hole solutions, the authors of [10-12]
have proven the second law for arbitrary higher-curvature
theories of gravity, without relying on EFT approximations.
These results have since been significantly extended in
[13-23], broadening the scope and applicability of the
second law in increasingly general settings.

This article, on the other hand, focuses on the zeroth law of
black hole thermodynamics. The zeroth law of black hole
thermodynamics states that the surface gravity and hence the
temperature of any stationary black hole is uniform across its
event horizon. This was proven for Einstein’s GR in [2]. A
fully nonperturbative proof of the zeroth law in arbitrary
higher curvature theories of gravity remains unavailable.
Approaches based on small dynamical perturbations [ 10—12]
are ill suited, since the law pertains exclusively to strictly
stationary solutions. Instead, one can invoke an effective field
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theory expansion, treating higher derivative terms as pertur-
bative corrections to the two derivative Einstein-Hilbert
action. Within this EFT framework, Bhattacharyya et al.
have recently established the zeroth law for general higher
curvature gravities in vacuum [24], and their proof has been
extended to include scalar and U(1) gauge fields in [25].

The proofs in [24,25] rely heavily on the “boost-weight”
arguments developed in [10-12]. These arguments work
nicely for pure gravity and for theories including scalar or
U(1) gauge fields—but become a bit subtle when applied
to Proca fields (massive vector fields). In this article, we
address the subtlety and thereby establish the zeroth law for
theories that include Proca fields.

In this article, we aim to establish the zeroth law of black
hole thermodynamics for the Einstein-Proca theory, incorpo-
rating higher curvature corrections within the framework of
EFT. If we consider a gauge field B, in D dimensions, it has
D — 2 propagating degrees of freedom. Whereas, if we con-
sider a Proca field A, that does not enjoy U(1) gauge invari-
ance, one more degree of freedom starts propagating, therefore
in D dimension, Proca field A, has D — 1 propagating degrees
of freedom—the time component does not propagate [26—31].
Massive gravity and its ghost-free formulations have been
extensively explored as consistent extensions of general
relativity [32]. There has been increasing recent interest in
nongauge vector fields, ranging from the consistency of self-
interacting massive vectors [33] to the cosmological role of
Proca fields with nonminimal couplings [34-37].

To prove the zeroth law, we work in a coordinate system
adapted to the near-horizon geometry. We demonstrate the
constancy of surface gravity on a Killing horizon, defined as
a codimension-one null hypersurface whose normal vector is
Killing, without assuming the horizon to be of bifurcate type.
Our strategy involves organizing a specific component of the
equations of motion (EOM) order by order in the EFT
expansion. We show that the off-shell structure of this
component can be expressed in terms of derivatives of the
surface gravity with respect to horizon coordinates. Although
higher curvature terms can be intricate, we do not require
their explicit forms. Instead, by employing “boost-weight”
arguments as developed in [24], we abstractly show this
particular structure of the off shell component of the equation
of motion within the EFT framework. Finally, imposing the
vanishing of the EOM yields the desired result: the surface
gravity remains constant across the Killing horizon.

We can consider a broader class of vector fields C,,
in which all D degrees of freedom are dynamical.1

1Throughout this article, we use the notation C, to denote a
vector field whose components each correspond to propagating
degrees of freedom. In contrast, B, refers to a standard U(1)
gauge field, and A, denotes a Proca field. In D dimensional
spacetime, for example, the field C, carries D propagating
degrees of freedom, whereas B, and A, possess D —2 and
D — 1 propagating degrees of freedom, respectively.

This generalization allows for additional terms in the
Lagrangian. Within this extended framework, we have
been able to prove the zeroth law of black hole thermo-
dynamics only for a restricted class of Lagrangians. To
avoid confusion and maintain clarity, we refrain from
discussing this broader class of theories outside Sec. 1V,
where we elaborate on these issues in detail.

The remainder of this paper is organized as follows. In
Sec. II, we present the effective field theory framework,
introduce the near-horizon coordinate system, and state our
main result. Section III, which forms the core of this article,
contains the inductive argument establishing the zeroth law
to arbitrary perturbative order. In Sec. IV, we discuss the
broader class of vector theories involving C, and offer
related observations. Section V summarizes our findings
and outlines possible directions for future research. Finally,
Appendixes A, B, and C provide additional computational
details and a summary of the “boost-weight” arguments.

II. SETUP AND STATEMENT OF THE PROBLEM

We consider arbitrary higher curvature theories of
gravity coupled to a Proca field A,. Schematically, we
can write our full effective field theory action as follows,

S = /de\/—g<Za"£<n)>,
n=0

where « is the parameter that controls the effective field
theory expansion. The leading-order Lagrangian L has
the standard Einstein-Proca theory form

(2.1)

SZ/dDX\/—g,C(O)
D 1 v 1 2 "
= [ d’x\/=g R_ZFWF —5m AAM ), (22)
where

F,=V,A -V,A, (2.3)
and we work in a system of units in which 167Gy is set to
unity. All the terms in Lagrangian L, should be of the
same “strength” in effective field theory expansion. In our
effective field theory expansion, we organize terms accord-
ing to their number of derivatives: the more derivatives a
term has, the weaker its strength. Which implies that in our
starting Lagrangian, the mzAﬂA” term is of the same order
as that of R and F,, F**; therefore, we will treat mzAﬂA”
effectively as a two derivative term.

Let us discuss briefly possible higher-order terms. In
pure gravity, every term in the action involves an even
number of derivatives—for example, the lowest-order con-
tribution is the standard two-derivative Einstein-Hilbert
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term, with corrections appearing at the four-derivative
level, six-derivative level, and so on. However, when a
vector field without gauge symmetry is introduced, odd-
derivative terms can also arise. In our case L) is a three
derivative term which in general will contain the following
terms [28,29,38]:

E(]) = almzAz(VﬂA”) -+ azF’mF"aVﬂAy
+ asR(V,A*) + a4R, V' A, (2.4)
where the coefficients a; are dimensionless constants and
F w18 dual to Maxwell field strength F,, .
In the next order, the expansion will include terms with
up to four derivatives. Specifically, the gravitational sector
will include contributions such as

R2, R™R,,. RyR",

uvaf (25 )
while the vector field sector will include terms like

[28,29,38]

m*A%, mQAZFMDFI“” m?A%[(V-A)? - (VaAﬁ)(VﬁA“)], .
(2.6)

along with mixed contributions involving both the curva-
ture tensor R,z and the vector field A,. We do not aim to
provide an exhaustive list here, as the explicit forms of
these terms are not essential for the present discussion.

If we compute the equations of motion from (2.1), they
will take the form of a perturbative expansion in powers of
a. Let us schematically write the equations of motion for
the metric and the vector field as follows:

E, = EY) +aEy) + ?ED) + -,

E,=EY +aE" + EY + -, (2.7)

where E,E(,)) and Ef,o)

coming from L and similarly for all the other E,(Zy
and E".

As mentioned earlier in the Introduction, the zeroth
law of black hole thermodynamics pertains to stationary

solutions. Suppose gfﬁh)

are the part of the equations of motion

and A, is a stationary solution

of E,, =0 and E, = 0. Therefore, g,sl,’,h) and A, will
also admit expansion in terms of effective field theory
parameter «,

g = g9 gt 4.

A, =AY +aall) 4+ (2.8)

As the metric g,(f;h) is stationary, it admits an asymptotically

timelike Killing vector field, which we will denote by &*.

Let us further assume that the event horizon X of g,(ff,h) is

Killing (but not assumed to be of bifurcate type) for
the Killing vector field &“. As discussed in [12,24], it is
always possible to choose a coordinate system in which
the metric near the Killing horizon X takes the following
form:

ds? = g dxrdx"

= 2dzdp — pX(p, x')dz?

+ 2pw;(p, x')drdx' + h;;(p, x )dx'dx . (2.9)
Here, & = 0, is the Killing vector, implying that none of
the metric components depend on 7. In the coordinate
system (z, p, x'), the Killing horizon X is located at p = 0,
where the norm of the Killing vector vanishes. The vector
potential A, must also satisfy the stationarity condition
L:A, = 0, which leads to

LA, =0=0A,=0. (2.10)

Thus, the components of A, are independent of z, and can
be expressed as functions of p and x’
A, =A,(p,x"). (2.11)

To prove that the surface gravity is constant over the Killing
horizon, we start with its definition:

K= J VAV, (1)

By evaluating « for the metric (2.9), it is found to be

1 ,
KZEX(pzo,x’). (2.13)
To establish the constancy of the surface gravity over the
horizon in our coordinate system, we need to show that

0.,k =0 and 0;x=0. (2.14)

Since 0, is a Killing vector, none of the metric components
depend on 7. Consequently, X has no dependence on z, and
hence d,x = 0 is satisfied trivially. To complete the proof of
the zeroth law, it remains to show that d;x = 0; in our
coordinate system we have to show that
0:X|,—o = 0. (2.15)

We will demonstrate this by utilizing two specific compo-
nents £ ; and E, of the equations of motion, analyzed order

by order within the framework of the effective field theory
expansion.
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III. PROOF OF THE ZEROTH LAW

As we have discussed in Sec. II, our goal is to prove
Eq. (2.15) using equation of motion within the framework
of effective field theory. We write our equation of motion in
effective field theory expansion as written in Eq. (2.7),

E/,w = Eft(l)/) + (XE,(4L) + azE}(t21J> + -,
0) 2)

E,=E +aE) +@E + - (3.1)
The solution of E,, =0 and E, = 0 which we denote by

g,(flh) and A” can also be written in effective field theory

expansion as we have written in (2.8),

g = 6O 4 aglt) 4.,

0 1
A, =AY +aall) 4+ (3.2)
If we write our metric in the horizon adapted coordinate
system as written in (2.9) then Eq. (3.2) implies that X, w;,

h;;, and also A, will admit expansion in terms of a,

X(p,x') =X (p,x") +aXW (p,x") + X (p,x) +---,
;(p.x) =0 (p.x) + ol (p.x') + ol (p.x) + -
hij(pox') = b (p.x') +ahl]) (p.x') + a®h (p.x) + -
A (p.x) =AY (p.x') + aAl (p.x) + A (p.xi) + -

(3.3)
At the leading order, i.e., at O(a)’, the metric g,(g) is an
exact solution to E,(g) = 0. Assuming that the equation of
motion at the leading order, E,(,(p = (0, has been solved, it
follows that g},?) is known exactly. At the first subleading
order, i.e., at O(a)!, the equation of motion is

EY + aEl) = O(a). (3.4)
At this order the metric also has the following form:
gt = g + agly) + O(a)?. (3.5)

0 . .
Here g,(w) are some known functions; therefore, the varia-

bles of the equation of motion at the first subleading order

are g,(tl,) . The equation we have to solve to determine g,(,]y) is

EX + aEW N[0 + agl)] = O(a)?.

(3.6)
All the terms in the above equation are O(a) terms as we
have solved the equation of motion at the leading O(a)°
order. The above equation can be written as

0)

0 1 1 0
EQ199 + ag)] + aEW[g9] = O(@)2.  (3.7)

The first part in the above equation represents the

linearization of ELO) © (,,> as a small

. around gﬂ(,), , treating g,,1
perturbation. We will refer to this as the homogeneous part
of the differential equation. As we will explain below, this
part of the equation is universal when solving the equations
of motion at any arbitrary higher order. However, the
homogeneous part depends on the specific form of L g). It
is universal with respect to effective field theory perturba-
tions, meaning that once L) is specified, the form of the
homogeneous part will remain the same across all higher
orders.

The term E,(lly) on the other hand, depends on the higher
curvature contributions L ;) in the Lagrangian. Once L ;) is

. 1 . .
specified, E,(,,,) becomes a known covariant tensor, which

we have to evaluate on the zeroth-order solution g,(,(,),). This
part of the equation will be referred to as the source part
which acts like source in the inhomogeneous partial
differential equations for g,(,L). At any arbitrary higher order,
the equation of motion can always be decomposed into two
parts: a homogeneous part and a source part. Unlike the
homogeneous part, the source part is not universal—it
varies depending on the specific theory and the order being
considered. As we will demonstrate, there is no need to
compute the source term directly: it can instead be
addressed using abstract arguments, as developed in [24].

The proof can be systematically extended to arbitrary
higher order using the method of induction. According to
this method, if the proof holds at the leading order, then it
will continue to hold at arbitrary higher orders—provided
we can demonstrate its validity at the (n + 1)th order
assuming it holds at the nth order. Notably, this method
does not require us to explicitly verify the proof at the first
subleading order. However, for illustrative purposes, we
will present the proof at the first subleading order, which
captures all essential components of our argument in a
simpler setting.

Let us assume that the equations of motion for both the
metric and the vector field have been solved up to order
O(a)". At the next order, O(a)"*!, the unknown functions

are gf,',ﬂ’q) and A,(flﬂ). At this order, the equations of motion

can be systematically decomposed into two parts—one

involving the unknown functions g,(,',fﬂ) and Ai,”ﬂ), which
possesses a universal structure across all orders and is
referred to as the homogeneous part, and another that
depends on the specific form of the higher-curvature
gravity theory, rendering it nonuniversal and termed as
the source part. It is important to note that the source part is
independent of the unknown functions g™ and AJ""Y.
The homogeneous part at the order O(a)"! has the
following structure:

124027-4
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Ei(l(l)') [gl(l(l)/) 4 an+lg£l’z+1),A[(¢0) 4 (Z’1+1A/(4n+1)], (38)
which is essentially the linearization of E\ around
(g9, A assuming a*1g\n™" and a*t1A") as linear-
ized fluctuations.

On the other hand, the source part has the following

structure:

) + -+ g A+t arAl] (39)
At the current order O(a)"*!, all metric components up to

g,(fl) and vector field components up to A,(,") are known

functions. Consequently, once the higher-curvature theory
is specified, the source part is, in principle, determined.
However, explicitly computing these source terms can be
exceedingly tedious. Following [24], we will show that
such a computation is unnecessary; instead, the source part
can be treated abstractly using boost weight arguments.

A. Proof at the leading order

Now, we will prove constancy of surface gravity at the
leading order that is for Einstein-Proca theory defined by
the Lagrangian (2.2). If we compute equations of motion
from (2.2) we get

(0) 1 1 af 1 5
E}w = R;uz - Egﬂl/R =+ ggﬂvFaﬂF - Ega FﬂaFyﬁ

1 1
+7 m?g,,A®A, — 5 m?A,A, =0,
EY =V¥F,, —m?A, =0. (3.10)

]

Ti

1 :
E© [g!(g)’Al(lo)]pzo = 0,X©) — (a,,AS”)(aiAﬁO)) _ hf"(ajAﬁo))Fg,?) + m2A§°)A(.°)]

Following [24], we now consider the i component of the
equation of motion. In our horizon adapted coordinate
system the zeroth-order metric can be written as

ds* = 2drdp — pX©) (p, x')de* + 2/)601(-0) (p,x")drdx'

(0) i Ty Jyd
+ h;’ (p, x')dx'dx’. (3.11)

Now, we would compute the zi component of E,(,(,)/) on the
horizon p = 0,

0 0 0
E( ) [g}(HJ) s Al<4 )]/):0

1

1
= (RY - g?FRFY) —-m?a®A" ) . (3.12)
2 2 -

We can compute R;| ,—o on the metric (3.11). The answer is

1
0
R [gp(w)] lpmo = — Eaix(0)~ (3.13)

See Appendix A1 for details. Using (3.13) and the
stationarity condition (2.10) we get

0 0 0
EQ g AL,

Ti

1
=—3[0ix® - 7 (0,AV)FY) +m2A” ALY (3.14)

p=0"

Using the expressions of inverse metric (Appendix A 1),
we get

(3.15)

i 1p=0"

To establish the zeroth law i component of the metric equation of motion alone is not enough; it turns out that we also have
to consider the 7 component of the vector equation of motion [second equation in (3.10)]

0 0 0 ij 0 0 0
EX g A, = (W D F) = mAL)

VF o (3.16)

0

where DEO) is the covariant derivative with respect to the metric hl(- j) (see Appendix A 2 for the derivation of the above

equation). Using d,A; = 0 we can write

0 _ 540
FY) = 0,A¢

_ 040
=D A:". (3.17)
We now multiply (3.16) with V h(°>A§0) and integrate over a D — 2 dimensional compact spatial manifold C
/C "2 WAL (il DO DY ALY — AL =0
= /C 25V hO[=hy (DAY (DAL = m(A)) =0 (3.18)
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where we have used the fact that the total derivative term
vanishes as we are integrating on a compact manifold. Now,
both terms are full squared terms; therefore, both of them

have to vanish separately. Which gives A&‘” |,—o = 0 which

(0)

in turn implies A;’ can be written as

AY = oy (p.x1). (3.19)

Similar computations have been used for the proof of the
zeroth law in the context of gauge fields [25]. Substituting
Eq. (3.19) into (3.15), we obtain

(3.20)
|

(0) |p:0 =0,

ds? =2dzdp — p(X©) (p,x") + aX) (p, x))dz? +2p(a) '(p,

which completes our proof of the zeroth law at the leading
order.

B. Proof at the first subleading order

As we have discussed before, at any particular order, we
will always divide the equation of motion into two parts: an
universal homogeneous part and a theory dependent source
part. Let us first compute the homogeneous part. From
Eq. (3.7), we know that the homogeneous part is given by

E,S?,) [g,(,g) + ag,(,lp)]. To evaluate this, we will assume that g,(f,i)

satisfies the equation of motion E,(,(p = 0. In our horizon
adapted coordinate system the metric up to first subleading

order can be written as

Now, we would compute the 7i component of Efg) on the horizon p = 0,

1
EQ (o) +agh) A + aall),_, = aoxXV) = Sag? FEFL) -

= a0, XM
o, +2

where in the second line we have used the expression of R;
from Appendix A l. In the third line, we have used
Eq. (2.10) and Eq. (3.19). This will be the expression of
the homogeneous part at any arbitrary kth order; we just

have to replace the Ag) with A£k>, that is the reason we call
the homogeneous part universal.

Now, we turn to the computation of the source term. As
previously noted, its structure depends on the details of the
underlying theory. However, by employing abstract argu-
ments based on boost weight, we will demonstrate that the
source term vanishes. In this subsection, we will illustrate this
result at the first subleading order. In the following sub-
section, we will extend the proof to arbitrary higher orders.

Although it is possible to directly present the general
analysis for arbitrary higher orders without discussing the
first subleading case, we choose to begin with the first
subleading order for clarity and explicitness. For this
discussion, we will closely follow the approach of [24].
Now, from (3.20) we can write X(© as

XO(p.x')y=C

where C(© is some constant. Therefore the zeroth-order
metric becomes

©) 4+ pFO) (p, x), (3.23)

ds? = 2drdp — p(CO + pFO) (p, x1))dr?

+ 200" (p, x')drdx' + h,(»;)) (p,x")dxidx/.  (3.24)

Sa(0,47) (04 >> + (@A) -

X))+ ao (p.x1))drdx' + (hg» (p,x') + ahl(-})(p,x"))dxidxj.
(3.21)
Lom2a®@ a0 _1 o
g”‘ FF l/, ——am?A” A — —am?A!! —I—O( )?

1
—am?AVAY L O@@)?,  (3.22)

[
Now following [11,24], we will do the following coordinate
transformation from x* = {z, p, x'} to ¥ = {v, r,x'}:

2 c©) )
U:WEXP(TT>, r = pexp (—TT),

where v is the affine parameter along the null generator of the
Killing horizon. The inverse transformation is the following:

2 c0) c)
szlog <T1)), p:Trv.

(3.25)

(3.26)

The infinitesimal distance in this new coordinate take the
following form:

ds* = 2dvdr — r*FO(COrv/2)dv?
rv/2)dvdx’ + hg-))(C(O) rv/2)dxdx’.

(3.27)

+ ra)go) (c

The vector field Aﬂ also transforms under this coordinate
change according to

0 ey _ O L (0)/ q
AQ () = axﬂAﬁ)(x ). (3.28)

Component-wise this yields

124027-6
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. 2 L CO ,

A — —Aﬁo)(C(O)rv/Z x)+— rAl()O)(Cm)rv/Z, x'),
c)y 2

- c© .

AV ==~ UA(O)(C(O)rv/ZxZ),

r - 2 P
AY = AV (CcOrp/2, ). (3.29)

From (3.7), we know that to compute the source part at first
subleading order, we have to compute aE,(,L) [g,(g)]. We have

brought the zeroth-order metric in the particular form (3.27).

E,(,IJ denotes a covariant tensor constructed from the Riemann
tensor, along with its derivatives and contractions. It will
transform according to the way a two index tensor would
transform. Therefore, we have

(1) _ 0% 0% 1)
H oxt oxy TP

cO) N _ c) cO) N _

cO N .
= E'g) |/):0 = &Xxp <TT> ES) |r:0' (330)

From the boost-weight arguments (see Appendix B), we

know that Eill) carries a boost weight of +1, which in
principle can arise either from a 9, derivative or from the
presence of A,. Now using (3.19), at the relevant order we are
working here, A, has the following structure:

- - co ,
A = 0 (COr/2,x0) + == AP (COro/2,),

= rZO) (rv, x1). (3.31)
Therefore, the boost weight of A, is effectively carried by
the overall factor of r. Although r carries positive boost
weight +1, it can not account for positive boost weight when
we are computing some quantities on the horizon r = 0.
Consequently, the positive boost weight +1 of £ Si.) must be
attributed to the derivative d,.. Therefore all the boost-weight
arguments will proceed as [24].

Therefore, Eill) contains one extra d, derivative with

respect to d, or A,. This extra d, acts on quantities
that depend on v through the product rv; therefore we
will bring a factor of r which will vanish once evaluated on

r = 0. Hence we conclude that ES}Z) |,_o = 0. Therefore,
from (3.30), we obtain:

EY|,_o=0. (3.32)

’If we want to construct a positive boost weight +1 term by
acting d, on A,, we have to act with two 9, derivatives which will
again bring an overall factor of r.

Using this the total equation of motion at first subleading
order becomes

0)r (0 1) 40 (0
E g +ag AL+ arl), o + aEy [g)] g

Ti

1 . 1
= a0, XV + EaaaAﬁ”F(‘” - 5oemzAS)AEO) + O(a)2.

1 .
= ad,xV) + 5oz(a,,Aﬁ‘”) (0.4 + 3 ahi*(0,AM)FY)

- %am%&”AE‘” + O(a). (3.33)

We will now turn to the vector equation of motion E,.
Similar to the metric equation of motion, we can decom-
pose E, into two parts: an universal homogeneous part and
atheory dependent source part. Up to first subleading order
it will be

B = B + ol A9 + aa) a2 A
(3.34)

We have to analyze the £, component of the above equation
at p = 0. Let us first consider the homogeneous part

EX (g + agi AL +ar)l],

_ ij (0) (1) 24(1)
= (ah<0)Di Fi' —amAz )pzo

(3.35)

where we have used the leading-order equation of
motion (3.19)i.e., A = 0. See Appendix A 2 [specifically

Eq. (A27)] for computational details.
Now, let us consider the source part

1 (0) (0

B g AL, 3:36)
Using the boost-weight argument (see Appendix B), we
will demonstrate that the source term in Eq. (3.36) van-
ishes. The reasoning closely parallels the derivation of

Eq. (3.32), so we will not elaborate in details. Now, we will
do the coordinate transformation (3.25). Under this coor-

dinate transformation E,(ll) will transform as

(1 _ 9% =)
En =G b
cO) N _ c) cO) N _
= Eg” = exp <TT) E,(Ul) —pTexp <—Tr> E(rl)

cO N _
= g =exp (o) B (3.37)

Again, E E)]) carries a positive boost weight of +1. Therefore,
every term in EE,” includes an additional 0, derivative. As a
result, these terms vanish when evaluated at the horizon
p = 0, as previously argued. Thus, by using the 7-component

of the vector equation of motion, E, = 0, we obtain

124027-7



BISWAS, KAR, and SHAIKH

PHYS. REV. D 112, 124027 (2025)

DVFY —am©0124) =o.

ij
ah
( JT p=0

0) (3.38)
Now, we will use steps similar to (3.17) and (3.18). Using the

stationarity condition we get

(M _ 5 40 _ 50) 4(1)
F,/ =0jA:" =D; A", (3.39)
We now multiply (3.30) with v h(O)Agl) and integrate over a
D — 2 dimensional compact spatial manifold C as we did
in (3.18),

[ BOAD U, DDA (OPAD) ~0
. .
= L dP 2V hO =il (DO A ) (D AY) - m2 (4] =o. (3.40)

Since both terms are manifestly positive definite, they must
vanish separately. This leads to the condition

AV, =0, (3.41)
Using (3.41) in (3.33) we finally get
0, XW|,_y =0, (3.42)

which completes the proof of the zeroth law at first
subleading order.

C. Proof at arbitrary higher order

In this subsection, we extend our proof to arbitrary orders
in the effective field theory expansion using the method of
induction. According to this method, if the proof holds at
the leading order, and we can demonstrate that it holds at
order (n + 1) assuming it holds at order n, then the proof is
valid at all higher orders.

As we have already shown that the proof works at the
leading order in Sec. IIT A, our focus here will be on
establishing this inductive step—namely, showing that the
zeroth law holds at the (n + 1)th order, provided it holds at
the nth order. Strictly speaking, the proof at the first
subleading order in Sec. IIIB is not required for the
induction to work. However, we include it as a clear and
illustrative example of how the argument proceeds in
practice. The essential framework required for generaliza-
tion to higher perturbative orders is already embedded
within the first subleading order proof. Therefore, we will
keep this subsection brief.

Under our gauge choice, the metric takes the form given
in Eq. (2.9). For convenience, we explicitly write it out
below:

ds?® = 2drdp — pX(p, x')dz?

+ 2pw;(p, x')dedx" + h;;(p, x")dx'dx!,  (3.43)
where X, w;, h;; and also the vector field A, admit the
effective field theory expansion written in Eq. (3.3). We
will assume that we have solved both the equations of

|
motion for the metric and also for the vector field up to
order O(a)" implying

E,(E,) + aELL) + a"E,(ZZ) = O(a)"*!,

EY 4 aE) + .- 4+ aEL) = O(a)™. (3.44)
We will assume that we have already shown that the
extrinsic curvature is constant up to order O(a)" which
implies
0;,(X0 £ ax ... a"XW) = O(a)"+!.  (3.45)
Now, we will consider the equations of motion at the
order O(a)""!. As we have discussed at the beginning of
Sec. III, we can divide the equations of motion into two

parts—homogeneous part and the source part. Let us first
consider the homogeneous part,

ED[g) + art gt AL + artiagt] .

Tl

(3.46)

The homogeneous part by definition contains only and all

the terms involving g\~ and A"""). Therefore it has to

have the same structure as that of (3.22) (see also
Appendix D of [24]),

EO[D + art1gD a0 4 griialh)

! n
— q"t! aix(n-kl) + E(apAE—O))(alAg +1))

L 1,
+5 hi* (94" ) FY) — 5mzAﬁ A+ O(a)2.

(3.47)

Similarly, the homogeneous part of the vector equation has
the following form (3.35):

EOL® +ariglt) aD 1 grialh)

— gt (héé)D§0>F5'Z+l) _mzAgnH))p:O +0(a)"t2. (3.48)
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We now turn to the computation of the source term. Before
proceeding, we introduce a notation following [24]. Let
Y denote the coeffecient of o in the effective field theory
expansion of Y. We will denote the series correct up to
order O(a)" by

vl =3 "oy, (3.49)
k=0

In this notation, our assumption (3.44) implies

El g ALY = O(a).
(3.50)

Epllgn, AlY] = O(a)™,

The source parts in the E,; and E, equations of motion are
respectively

Ey gl AL

Ti

oo and EXTUgl Al 0 (351)

and Eq. (3.50) implies both Egs. (3.51) are order
O(a)"*! terms.
[n]

The truncated metric g, has the following form:

ds® = 2dzdp — pX" (p, x')de?
+ pr[n] (p,x")drdx" + h%f] (p,x)dx'dx!. (3.52)

The condition (3.45) implies

XW(p, x') = Cl"l + pFll (p, x7) (3.53)
where C"l is a constant and FI"!(p, x') denotes an arbitrary
function of p and x'.

Now following Sec. III B, we will do the following co-
ordinate transformation from x* = {z,p,x'} to ¥ = {v,r,x' }:

2 cl cll
v:dn]exp<2r>, r = pexp <— 7 T>, (3.54)

where v is the affine parameter along the null generator of the
Killing horizon. The infinitesimal distance in this new
coordinate take the form
ds® = 2dvdr — r*F" (C" ry/2)dv?
+ rwgn](C[”] rv/2)dvdx’ + hg?](C[”Jrv/Z)dxidxj.
(3.55)

Now, E| ,[,"D] and E,[," ] are covariant tensors of rank two and one,
respectively. Hence, they transform as (3.37) and (3.30)

gl — g i
nd £l =250 g (3.56)
which gives
BV, = exp (C;) L
and E" |)—0 = €Xp (? 1> EM . (3.57)

Since both £/ and EEZ] carry a positive boost weight of +1,
the boost-weight argument from Sec. IIIB (see also
Appendix B for further details) implies that they must vanish.
Consequently, we have

EM,g=0, and EY| _,=0.  (3.58)
The source terms in both equations of motion vanish, which
implies that the homogeneous parts (3.48) and (3.47) must
vanish independently. Vanishing of (3.48) implies

@t (il DY —m2AlY) =0 (3.59)
Using steps similar to (3.39) and (3.40) we get
A" =0, (3.60)
Using (3.60) in (3.47) we get
0, Xl o =0. (3.61)

This completes the proof that if we assume the constancy of
surface gravity at order O(a)", then it also holds at order
O(a)"*!. Therefore, by the principle of the method of
induction, the surface gravity remains constant to all orders
in the effective field theory expansion.

IV. SOME OBSERVATIONS ON MORE GENERAL
VECTOR THEORIES

We now turn to a broader class of theories where gravity
is coupled to a vector field C, that has all D degrees of
freedom propagating. Schematically, the effective field
theory action can be written like that in (2.1). However,
the leading-order Lagrangian L, contains all possible
kinetic terms that ensure D propagating degrees of freedom
[28,32]. Explicitly, one may write

Loy=R- %mZCﬂC" +0y(V,C,)(VECY)

+(V,O)(V,C) + ¢3(V,C) (V). (4.1)
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This can be further modified to (for a detailed derivation,
see Appendix C 1)

€1
Loy=R+—=
(0 =R+

—(c1+c3)R,CHCY,

1
){ﬂy)(/w —EmzCﬂC" + (C1 + Cy + 63)(VMC")2
(4.2)

with y,, = V,C, —V,C,. From now on, let us set ¢; =
—1/2 so that, in analogy with the Maxwell case, the
coefficient of the y,,** term becomes —1/4.

Unlike the gauge-invariant case, these additional terms
already appear at the same EFT order as the mass and
Maxwell-like kinetic terms. Their presence generically ren-
ders all D components of C, dynamical, so that in four
spacetime dimensions the theory typically propagates four
degrees of freedom. In what follows, we examine the
implications of such generalized vector theories for the zeroth
law of black hole mechanics, and identify the restricted
subclasses for which the law continues to hold consistently.

In order to examine the robustness of the zeroth law in
this generalized setting, we adopt the following strategy:
starting from the full Lagrangian (4.2), we selectively
switch off certain terms and analyze the resulting field
equations near the horizon. This procedure isolates the role
of individual terms in enforcing the constraint 9;X|,_o = 0,
which guarantees the constancy of the surface gravity. In
particular, we focus on two cases.

A. Case I: ¢;=

In this case, theory reduces to the Einstein-Proca sector
supplemented solely by the divergence term (V,C*)?

1 m 1 2 " w\2

Loy =R — Hwk = 5m C,C' 4 c(V,CH)%.

Evaluating the zi component of the corresponding field
equations on the horizon (see Appendix C2), we get

(4.3)

1
RO L) -}

—,C00,(V - ),

o |p:0 — m2C’([0) CI(O)

(4.4)

Following the discussion in Sec. III, we now turn to the 7
component of the vector equation of motion. The equation
of motion for the vector field C,, is

0 a,X(O) 1 o 0 0 0 0
E‘<ri)|/):0 = _T —59 ﬁxga)xg/;) ——mzcg )CE ) _
_ _aX© 1 a0, _ L 200)H0)

2 _Eg )(‘ra)(l'ﬁ

'c[0,(V.0) 0] —d' (0

= (V)0 = m2CY = 2¢,V,(V,c) O, (4.5)
which implies
EVo = (V2,0) 0 = m*C = 26,V,(V - O)©

= hih DOy = m>C = 20,0,(V~T).  (4.6)

The last term does not contribute, as the Killing vector for
our gauge choice is d,. Hence, we obtain an equation
similar to the Einstein-Proca case. We multiply (4.6) by

\/Ecﬁ") and integrating over the compact horizon cross-
section C, total derivatives drop out, and we obtain a sum of
squares

K VRO =1 (D, (D, ) = m2 ()], =0,
(4.7)

implying
¥, = 0. (4.8)

Inserting (4.8) into (4.4) leaves EE?)LD:O :%O,X(O), SO
Ei?) = 0 implies

0, X0| s =0= 0Kk =0,

which establishes the constancy of the surface gravity on
the horizon. Hence, the zeroth law continues to hold in
this case.

B. Case II: c; =arbitrary

Keeping the nonminimal coupling at leading order, the
quadratic Lagrangian reads

! 1
Lo =R =t =5mC, 0 +¢ (V0" = d'R,, C+C".

4
(4.9)

The mixed Einstein equation then takes the form (for
detailed calculation see Appendix C 2).

'c10,(v.0)0) - &' (2, R + PCY + 00,CY)

X0 c,ci 4+ PC? + 0o,cY).  (4.10)

Thus, for the zeroth law to hold, all terms except 0;,X(?) in the above equation must vanish. This requires imposing the
horizon conditions C,| p—o = 0. We try to derive this condition by manipulating the z-component of the vector equation of
motion as we did previously. The equation of motion for the vector field is
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E = (V7,)® = m2CY) =26V, (V1) — 24 R CY, . (4.11)
Its 7 component is
O, = 1 D% — w2 20 |9 - % HioxOC? |, (4.12)
where
_ (0) Lo ; [ 1 ijy(0) |
M =—-9,X" — 7@ @) + Eaia)(o) - Za/,hijh X +§ij“’(0)' (4.13)

Multiplying (4.12) by \/Ec£°> and integrating over the
compact cross-section C, we are unable to rearrange the
integrand into whole square terms and, therefore, we are not
able to derive the required constraint on C,. Thus, we could
not establish the 9,X(*) in full generality for case IL In
short, fully dynamical vector fields C,, differ qualitatively
from gauge fields B, and massive Proca fields A,, and
demanding universal horizon thermodynamics for higher
curvature theories of gravity coupled to vector fields C,
might impose nontrivial constraints on admissible higher-
derivative couplings.

V. CONCLUSIONS AND FUTURE DIRECTIONS

In this article, we have shown that the surface gravity
across a Killing horizon (not necessarily of bifurcate type)
remains constant for stationary solutions of Einstein-Proca
theory, including higher-order corrections within a controlled
EFT expansion. Since surface gravity can be identified with
temperature, this result implies the constancy of temperature
for such solutions in the presence of a Killing horizon—
precisely the statement of the zeroth law. In pure gravity, one
demonstrates this by examining the zi component of the
equations of motion in a specific near horizon coordinate
system (2.9), as described in [24]. When a vector field is
present, however, the zi component alone is insufficient; one
must also include the 7 component of the vector equation of
motion [25].

The proof is manifestly perturbative: we expand the
metric and the Proca field in the EFT parameter (2.8) and
isolate at each order of the EOM a universal homogeneous
part and a theory-dependent source part. The homogeneous
part is simple as it has the same universal structure at all
orders, whereas the source part has different complicated
forms in different perturbative orders as it depends on the
details of the particular higher curvature terms. By applying
“boost-weight” arguments, we have shown abstractly that
the source term vanishes at each order (see Sec. III).
Implementing these arguments in the presence of a
Proca field introduces subtleties beyond those encountered
in the pure-gravity case [10,12,24], which we now briefly
discuss.

124027-

Consider the metric (3.27) and (3.55) which are written
in the horizon adapted coordinate system ¥ = {v,r,x'}
where 0, is the null generator of the Killing horizon with v
being the affine parameter. We write the metric here for ease
of referencing in a slightly notationally convenient form

ds? = 2dvdr — r*X(rv,x")dv? + 2rew;(rv, x')dvdx’

+ h;;(rv. x')dx'dx’. (5.1)
This metric is invariant under the following boost trans-
formation as discussed in Appendix B,

r— Ar,

(5.2)

where 1 is a constant. Then we can classify different terms
according to their boost weight, e.g., if we consider the E,;
component of the equation of motion, it has boost weight
+1. In pure gravity, only d, carries positive boost weight,
which implies that on the Killing horizon (r = 0), E,; must
include one extra d, compared to d,. Therefore, for a
stationary solution, since E,; depends on  only through the
product rv, it vanishes once evaluated at r = 0. This
observation forms the core of the abstract argument
presented in [24,25] for the vanishing of the source term.
In the presence of a Proca field, one might naively expect
that the component A, itself can carry positive boost
weight, thereby invalidating the straightforward logic out-
lined above. However, we have shown that even with a
Proca field, in the stationary scenario relevant for our
discussion, it is only d, that carries positive boost weight
(see Sec. III).

In Sec. IV, we have considered an even broader class of
theories involving vector field C,, where unlike the Proca
theory, the temporal component of the vector field also
propagates. For this general class, we are unable to prove
the zeroth law for the most general Lagrangian, and
succeeded only for a restricted subclass. Our analysis of
the two diagnostic cases discussed in Sec. IV highlights the
central role played by the curvature coupling in this
generalized setup. In Case I, where the nonminimal term
d’RM,,C”C” is absent, the zeroth law remains intact: the
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surface gravity is constant across the horizon once the
standard regularity conditions are imposed. In Case II,
however, where curvature coupling is retained at leading
order, we are unable to demonstrate that C, =0, and
therefore cannot establish the zeroth law.

Taken together, these results suggest that the zeroth
law can serve as a practical diagnostic tool for constrain-
ing higher derivative terms. Requiring universal horizon
thermodynamics may act as a filter, ruling out certain
higher curvature contributions. Pursuing this perspective
more systematically—potentially extending it to higher-
spin EFTs—is an important direction for future work. It
would be interesting to investigate whether similar obstruc-
tions arise in massive spin-2 or higher-spin EFTs, and how
these connect to positivity bounds and other consistency
conditions.

It is also well known that these more general theories
typically exhibit Ostrogradsky (ghost) instabilities, but
certain special combinations of Lagrangian terms can
cancel the ghost [28]. It would therefore be interesting
to investigate whether the zeroth law can be established
under those ghost-free restrictions; we leave this question
for future work.

As we have emphasized several times, our proof is
inherently perturbative. A nonperturbative proof of the
zeroth law would be a significant advancement and is left
for future investigation.

|

ds* = 2drdp — pX(p, x')de* 4 2pw,(p. x')dedx' + h;;(p, x")dx'dx/ .

The inverse metric components are

gTT — 0’

¢ = —par, gl = hil,

where ' is defined as h'*hy; = 5;, ' is defined as o' = h'w;, and * is defined as w
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APPENDIX A: SOME COMPUTATIONAL
DETAILS

1. Inverse metric, Christoffel symbols, and Ricci tensor

In this appendix we will compute Christoffel symbols
and Ricci tensor for the metric

(A1)

0, ¢”=pX+po
(A2)

2 =olw,.

We now proceed to the computation of Christoffel symbols. Different components of the Christoffel symbols on the

horizon (p = 0) are

1 1
D=0, Ty = 5% = 5@ I =0,
1 1
5 =0, 5= —5 @i I = _Eaphijv Iy, =0,
i (i 1 im i 1 ii
=0 = 5h (0 + Okhjy — Ohjn), ri, = Eh"""f’

We will require the following components of the Christoffel symbols off the horizon up to order O(p):

it

= —g X, + 0,X],

1 1 ;
F;T == [X +p0px], F/T)'r = —PX2, F']rr

2 2

1
e, = -5 [@; + pd,w;],

I,=0, T%=0 TIi= %X, Iz, =0,
=0, Il =0, r, = %hikaphjka
I, = 0. (A3)
F{r = %ijwi - g W [0gw; — 0;00],
- _/5’ Xhi*ay, + %’hikakx. (Ad)

With this, we can compute Ricci tensors, relevant for our analysis.
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Evaluation of R,; on the horizon reads

R =R+ Rﬂrpi + Rj‘rji? (AS)
er\,):o = ()TF?T - ail—z‘r + F;AF?T - Ff/lrif
1
=——09X, A6
30, (A6)
Rp‘rpi|/):0 = apré)r - airzf + F//;lr‘f‘t - Fllozlrjﬂ
=0, (A7)
Rj‘rji|p:0 = ajF{T - airj'r + F‘?ﬂ,r‘?’[ - F{AF;II
=0. (A8)
Finally we get
1
R‘ri|p=0 == EaiX|p=0' (A9)
Evaluation of R, on the horizon reads
RT/) = RTTT/) + Rp‘r/)/) + Rjrj/)' (AlO)

Let us first compute different components of the Riemann
tensor

RTTTPl/):O - arr;[)f - apl—‘;r + F;lrfn' - F/T)/lri‘r

= —apX—Za)ia)i, (All)

Rp‘[/)p|p:0 - aprgf - aﬂrz‘f + Fﬁll—‘?"r - ngrfn

=0, (A12)

Rl jpl,mg = 0;Tpe = 9,1, + T, — T, T,

1 1 . 1 A
= —Zw,a) —Zaph,jh JX"’E&,(I) +§F§kwk
(A13)

Finally we get

1 . 1 - 1 o1
R‘L’p|p:0 = —apX—ECO O)i —Zaphuh jX"‘EalCU +§F§ka)k

(A14)

In this appendix, we have thus far refrained from per-
forming any expansion in the effective field theory param-
eter a. In principle, any of the expressions above can be
expanded to the desired order. For instance, let us compute
hi up to order O(a)% To do this we have to expand
X(p.x"), w;(p,x") and h;;(p, x") up to order O(a)?,

X(p.x') = XO(p,x) + axW(p,x) + a*X 2 (p,x"),

oi(p.x') = 0" (p. x) + 2o (p. x) + 2o (p, x7),
i 0 i 1 i 2 i
hij(p.x') = b)) (p.x') + ah)) (p.x') + & (p. x1).

(A15)

Then we can compute A" which has the following
expression:

hii = [hO)J 4 a[h(] + a?[hP)]1 (A16)

where [1(9)]7 is the inverse of h,(»?) and

[h(D)iJ = —[pO]im p (D (O]
ij imyp,(1 1 nj imy,(2 nj
(YT = (B g O gy (WO = (RO iy (WO,
(A17)
In a similar manner, we can compute other quantities as

well. Next, we provide the expression of lA“j-k up to order
O(a), as this will be necessary for our further computation,

A A

;’k = [F(O)]j’k + “[f<1)}§kv (A18)
where
AT 0 0 0
[FO), = 5 0) (071 + Oh'y) — 0,hy),
N 1 1 1
(O, = 3 At [0;h()) + oh'y) — 0,h)]
1. 0 0 0
= S0 + 0 = o nG)). (AL9)

From (A9) we can write R ;| ,—0 Up to any arbitrary order as

1 . )
R‘L'i|/):0 - —Eal(X(O)(p, )CJ> + aX“)(p,xl)

+ XD (p,x) + ) . (A20)
2. Simplification of E.”
E,(f)) has the following structure:
EY) = V'F,, — m?A (A21)
woo= v u
In this appendix, we will explicitly compute
0)r (0 1) 40 1
EY )[9243) + aggﬂ),Afx) + aAl >] up to O(a),
EY) = V¥F,, — m?A,
= gV, F,. —m?A,. (A22)
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Here, the coordinate system is x* = {z,p, x'}. Therefore, we get
g/) v/l pT + ng/lFiT - mzAT' (A23)
Now, we evaluate the above equation at p = 0,

EE'O) |p=0 - (VTF/)‘L' + hijijit - m2Ar)‘p=0
= [Q’prT - FipF/h' - Fierﬁ + hij(ajFir - ijiF/lr - Fjl'fFiﬁ) - m2A‘L’]p=0
= [_F‘/E)prf - F‘l;pFi‘r - F;‘:pr + hij(ajFi‘r - 1ﬁ‘fiF‘k‘r - F;rFir) - mzA‘L']/):()
[_FipFir + hij(ajFir - IAﬂ;giFkT - F;rFiT) - mzAT]/):O
= [hij(ajFiT - IAﬂ;{iFkT) - mzAT]/J:O' (A24)

Now, we will use EFT expansion for the metric and the vector field and expand E£°> in powers of a. Schematically, we
represent this as

Eﬁo)[g((,(,)}+ag£,};>+"',Aé°)+aA§,1)+"‘} - (Ego,o)+aE£o,1)+a2E£o,2)+”_)p:0' (A25)

p=0

(0)

Now, we will explicitly compute E; "~ up to order O(a),

0 0 1 0 1
EVgy) +agyl + - A +aal) +-
= [[KO)7 + alnV])7][0;Fy) + ad;Fyl) = (PO}, + o[V (FS +aFy))] = (m® + am D24 + aar)

= (KO0 FY — PO FY) = [mO2AL + a0, FY — [FO) Y

Jtir —0 Jo T =0
+ alh )i (9,7} = [POR FL) = [PORFD) = 2amOmO AL - alm @A, (A26)
Therefore we finally get
0,0 ; £0)7i (0 0
EY = O, = PO R, = mOPAL

_ [h(o)]iij )FET _ [m(o)]zAQO)’

0.1 i 0) A0 =00 py 1 o 1 o 0 0 1
EXY = W), — PO FD) o+ WOV 0 = [PORFY = PR FY) = 2mOm DAL — [m 24
= DY FY + [hOTDP F — OO FY - 2mOm DAL — [mOPAY, (A27)
|
where DE.O) is a covariant derivative with respect to h,(?). C = 2k. With this (2.9) becomes
APPENDIX B: SUMMARY OF BOOST-WEIGHT ds* = 2dzdp — p(C + pF(p, x'))d7*
ARGUMENTS + 2pw;(p, x')dedx' + hij(p, x")dx'dx).  (B2)

The most general near-horizon metric of a stationary

black hole is given by (2.9). If the zeroth law is satisfied,  Here, we can perform a particular coordinate transforma-
that is 9;X|,_o = 0, we can obtain a general solution of the  tion from (p, z,x') to (r,v,x") by
metric coefficient as X|,_,

X(p,x') = C+ pF(p,x'), (B1) __CXP<E )
C
2"

where C is an integration constant and F(p,x') is an - pexp< > (B3)
arbitrary function of (p,x'). The condition d;X|,_, fixes
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to obtain

ds* = 2dvdr — r*F(Crv/2)dv?

+ rw;(Crv/2)dvdx' + h;;(Crv/2)dx'dx’ . (B4)
The horizon is now located at » = 0. This choice of metric
is different from the previous one because here 9, is the
affinely parametrized null generator of the horizon. In the
metric (2.9), the metric components were independent of
the coordinate z, but here in (B4), they are functions of v,
specifically functions of the product rv. This form of the
metric is useful because, despite fixing the gauge, there is still
some residual freedom to perform a scaling transformation of
the following form (for a more detailed discussion, refer to
Sec. 3 of [14]):

r— Ar along with » — %, (B53)
where 4 is a constant parameter. This particular transforma-
tion keeps (B4) invariant, which we call boost symmetry.
This information about the stationary black hole metric helps
us to understand how any covariant tensor will transform
under this boost transformation. Therefore, the metric
components in a stationary or equilibrium configuration will
be of the form gb”(rv, x’), because it respects the boost
symmetry. Any quantity outside this function is out of
equilibrium, and the boost weight explains their stationarity
deviation. Any covariant tensor A will transform in the
following way:

Ao A=A, (B6)

where w is the boost weight of A. A is the positive boost-
weight quantity if

A(rv,x') = o/ d) A(rv,x')|,_, wheneverm,>m,. (B7)
A being a positive boost-weight quantity of boost-weight
m, — m, means if one operates d,7d," on A(rv, x'), it will
leave behind an extra r, and hence it will vanish on the
horizon r = 0. Thus, positive boost weight quantities will
vanish on a stationary horizon. Thus, we can use this

useful result if we can write in this coordinate system (B4).
|

0 1 1 1
Efw) =R _gm/R + _g,uy)(a/i)(lﬁ - _g”)(

) 8 2

where

Similar discussions have been done for the case of gauged
vector fields in Sec. 4 of [14].

APPENDIX C: CALCULATIONS OF MORE
GENERAL VECTOR THEORIES
1. Derivation of the general non-Proca Lagrangian

The leading-order terms in the most general higher-
curvature gravity theories with nonminimal couplings to
vector fields, particularly nongauge vector fields, can be
represented by

1
;C(()) =R - EmZCMC" + cl(VﬂCy)(V”C”)
+ CZ(VﬂC”)<vvCD) + C3<v/4cv)(vycﬂ)' (Cl)

The various derivative structures can be simplified. For
instance,

c1(V,C,)(VHCY) = %mx"” + VRO, VVC,,  (C2)

while
c3 (VMCD)(V”C”) = c3(VﬂC”)(V,,C”) —c3C'R,,C". (C3)

Combining these relations and absorbing coefficients into
redefinitions, the final form of the Lagrangian can be
written as

2
2
- (cl + c3)RMDCﬂCD

1
Loy =R+ S xur" =5m* C,C" + (e1+ 24 ¢3)(V,C")°
(C4)

which is the compact form quoted in Eq. (4.2) of the
main text.

2. Computational details for case I

1 1
Loy =R~ Z)(/w)(”” - §m2CﬂC" + CZ(VﬂC”)z. (C5)
Equation of motion with respect to the metric g,,,
1 2 o 1 2
waXup + Zm g;wC Ca - Em C/,tcv + CZHﬂw (C6)

1
H/E'?/) = _Eg;wvacavﬁcﬂ + (vﬂCIJ + vucu)vaAa - vﬂ(cuvaca) - vv(cﬂvﬂcﬁ) + gvﬂvor(co'vﬁcﬂ)' (C7)

Equation of motion with respect to the vector field C,,

EY =V, —m2C, —26,V,(V,C).

(C8)
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For the zeroth law, the relevant component of the EOM is the E,; component,

0) _ 1 1 ap 1 B 1, o 1,
EYV— R _Za0.R+=q. - L , - ‘ H..
Ti Ti 297:1 + Sg‘n){a/})( 2ga XX ip + 4m ngC C(l Zm C‘[Cl + Cold g
1
Hy = =2 9V, C 4 (V. + ViC)VyCP 4 [V, (CV4CP) = Vi(CY40) + gV (V,CC, )]

= (V.G + V,C)VCP + [V (V4O Cy) = Vi(C.V,CF)]
= (aic‘r - ngrcr)vaca + ngc‘rvhcb - (ai<c‘rvbcb) - Ffrcrvbcb))
=-C.[0:(V-C)].

3. Computational details for case II

1

1
Loy =R=7 Furx" - EmZC”C” +(V,C")?* = d'R,,C'Cv.

Equation of motion with respect to the metric g,,,

1 1 1 1 1
E/(l(l)/) = Rﬂv - Egpr + ggyy)(a/)’)(aﬁ - Egaﬂ)(mx)(uﬂ + Zngﬂycaca - Emzcﬂcv + C/H/w - d,Dm/
where
1
0 o] o] o] c
H/E”/) = _Egﬂbv(lc v/icﬁ + (vﬂcl/ + vucﬂ)vac - vﬂ(cyvac ) - vu(cﬂvﬁcﬁ) + guuv (Co—vﬂcﬁ)
and

DY — % = C P Roy — (V,C, + V,C,) (VaC) = C9(V,,C,) — CH(V,V,C,)
+C,(2C7R, — VY, C + V9V, C,) + C,(2CR,, — V,V,C% + V4V, C,)
+ C%g,,(V,VpCP) = (V,C, —2V,C,)(V*C,) - (V,C,)(V°C,)
+ G (VaC)(V4CP) 4 Cg,, (VV . CF) + g,, (Vo Cp) (VP C))

Evaluating the E,; component, we get

0 1 1 1 1 1
Eii) =Ry - EgriR + ggri)(aﬁ)(aﬁ - Egaﬂ)(m)(i/} + Zng‘ricaca - Emchci +Cy —d'Dy

1 1
= RTi - Egaﬂ}(fra){lﬁ - Emch;ci + C/Cﬂ' - d/DTi

0.X© 1 1
= =5 59" %eatip =3 C:Ci + ¢'Cpi = d'Dy.

(€9)

(C10)

(C11)

(C12)

(C13)

(C14)

(C15)

So, for the validity of the zeroth law, all the terms except the first must vanish for some constraint on the vector field C,,.

From (C10)

HY = —C,[3,(V.C))]
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1
DY) = S[C2C R+ VoVCi = VoV,C%) = €OV, T,C, + G20 Ry + Y, 97C, = V, V()

— C'V,V.C; = (VC,)(-2V,C; + V,C,) = (VIC;)(V.Cp) = (V. C)(ViC. + V.Cy)]
1
51
+ F}T(V,Cf -Vic,)-C.(V,V.C,+V,V.C)-C,(-T:V.C, -T;V.C, - T, V,C, -TLV.C,)

= C/(0;(V.C) = T5.(V.C;) = T5(V.C,) + 9;(V,C,) = T (Vi C,))

- (V.C,V°C, +V,C,VrC, +V,C;ViC, - 2(V,.C;V°C, +V,C;V,C. 4+ V,C;VIC,))

= ((V.C)(VTC)) + (V.C,)(V.Ci) + (V.C))(VIC})) = (V.C; + V,C,) (V. C)]. (C17)

C.(2C*R;y — V, V,C* +VV,C;) + Ci(2(C,R,, + C'R;;) + 0,(-V.C/ + VIC,)

(0)

Ti

Now, if we look at all the terms of D_.’, all the terms except C;C/ R.; have one of the below listed terms:

@ C,
(i) V.C; = 9,67 ~T%.C,,
(111) viCT = aic‘r . F‘i[rcr’
(iv) V.C, =0 -T%C.,.
Therefore, D,; can be written schematically as a combination of three types of terms,

DY =2¢,0/RY + P + 0o,c (C18)

where P and Q denote, respectively, the coefficients of C, and 9;C,, whose explicit forms are algebraically involved.
Therefore, total E,; becomes

2,X0 1 1 .
Ey = =0 =gy —5m Y = CO0,(V.0)|0) —d QCOR + PCY + 00,CL")
X0 1 1
= -3 FPrxy) ~ 5mzcﬁ(”cf.‘” —9,(v.0)O - d'(-0,x0C ) + PC” + 0a,c”).  (C19)

The equation of motion with respect to the vector field becomes
= V% —m*C, =2V, (V,C*) - 2d'R,,C". (C20)
If we evaluate the 7 component of the above equation, we obtain
O = vt —bym>CY — 20V (V64— 2d'RY)
— }id D(O) (0) —b C( ) —2d C( ) 0.x0) 1 ) i la i la h..hiix(0) IF 1hija X(O)c(o)
=hoPi Xy —om O AT =5 @i @) 5010 ) = 5 pij +5 5o | =5 h70X0C;
h” ) (0) 2 ' 1 ij3 v (0) ~0)

where we have defined

1 1 .
—0 h::h' <)+—Fj.a)k

Lo ; L
M =-9,X0 - 7 @i W)+ 50:() = 7 0,hy; ) (C22)
and we have computed R, C* using (A9) and (A14)
R, C" =Bz C" +R,,C*" + R,,»Ci
=|-0,X 1 ah h‘X+16 +1F’ C 10XC" (C23)
—\ T T T g% 2%ty PRl
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