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We consider diffeomorphism invariant theories of gravity with arbitrary higher derivative corrections to
the two derivative Einstein’s theory in the presence of Proca fields—vector fields without Uð1Þ gauge
invariance. We prove that, in such theories, the surface gravity remains constant across the Killing horizon
of stationary black hole solutions, without requiring the existence of a bifurcation surface. Our analysis is
carried out within an effective field theory framework, where higher derivative contributions are treated
perturbatively around the two derivative theory. The proof relies on specific components of the coupled
gravity—Proca field equations together with constraints implied by the near horizon boost symmetry of
stationary black hole geometries, analyzed using boost-weight arguments. Implementing these arguments
in the presence of Proca fields introduces new subtleties beyond those encountered in the pure gravity case.
We provide a systematic resolution of these subtleties and demonstrate that the surface gravity remains
constant to all orders in the perturbative expansion, thereby establishing the zeroth law. Finally, we outline
how this framework can be generalized to broader classes of vector theories with four propagating degrees
of freedom, which exhibit qualitative differences from both the Proca and gauge invariant vector theories.
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I. INTRODUCTION

Black holes are fascinating objects, yet in one respect they
behave like ordinary matter: the classical properties of their
horizons admit a thermodynamic interpretation, where geo-
metric quantities are identified with thermodynamic ones.
This correspondence has been rigorously established within
Einstein’s general relativity (GR) [1–3]. Since GR is not a
UV-complete theory of gravity, it is natural to examine black
hole thermodynamics including higher derivative corrections
to the Einstein-Hilbert action. These terms generally modify
black hole solutions and, consequently, alter the geometric
quantities entering thermodynamic relations—thus provid-
ing an intriguing setting to test the validity of the laws of
black hole thermodynamics beyond GR.
In [4,5], the authors demonstrated that the equilibrium

state version of the first law holds universally for arbitrary

diffeomorphism invariant higher curvature theories of grav-
ity using the Noether charge method without relying on
effective field theory (EFT) approximation. They identified
entropy with a geometric quantity which works perfectly
well for stationary situations but suffers from well-known
Jacobson-Kang-Myers (JKM) ambiguities [6] in the dynami-
cal situation. Progress was made in certain restricted cases
[7–9], yet a general proof of the zeroth or second law
remained absent. In recent years, significant advances have
been made. By treating the dynamics as small perturbations
around stationaryblackhole solutions, the authors of [10–12]
have proven the second law for arbitrary higher-curvature
theories of gravity, without relying on EFT approximations.
These results have since been significantly extended in
[13–23], broadening the scope and applicability of the
second law in increasingly general settings.
This article, on the other hand, focuses on the zeroth law of

black hole thermodynamics. The zeroth law of black hole
thermodynamics states that the surface gravity and hence the
temperature of any stationary blackhole is uniformacross its
event horizon. This was proven for Einstein’s GR in [2]. A
fully nonperturbative proof of the zeroth law in arbitrary
higher curvature theories of gravity remains unavailable.
Approaches based on small dynamical perturbations [10–12]
are ill suited, since the law pertains exclusively to strictly
stationary solutions. Instead, one can invoke an effective field
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theory expansion, treating higher derivative terms as pertur-
bative corrections to the two derivative Einstein-Hilbert
action. Within this EFT framework, Bhattacharyya et al.
have recently established the zeroth law for general higher
curvature gravities in vacuum [24], and their proof has been
extended to include scalar and Uð1Þ gauge fields in [25].
The proofs in [24,25] rely heavily on the “boost-weight”

arguments developed in [10–12]. These arguments work
nicely for pure gravity and for theories including scalar or
Uð1Þ gauge fields—but become a bit subtle when applied
to Proca fields (massive vector fields). In this article, we
address the subtlety and thereby establish the zeroth law for
theories that include Proca fields.
In this article, we aim to establish the zeroth law of black

hole thermodynamics for the Einstein-Proca theory, incorpo-
rating higher curvature corrections within the framework of
EFT. If we consider a gauge field Bμ in D dimensions, it has
D − 2 propagating degrees of freedom. Whereas, if we con-
sider a Proca field Aμ that does not enjoy Uð1Þ gauge invari-
ance,onemoredegree of freedomstarts propagating, therefore
inD dimension, Proca fieldAμ hasD − 1 propagating degrees
of freedom—the time component does not propagate [26–31].
Massive gravity and its ghost-free formulations have been
extensively explored as consistent extensions of general
relativity [32]. There has been increasing recent interest in
nongauge vector fields, ranging from the consistency of self-
interacting massive vectors [33] to the cosmological role of
Proca fields with nonminimal couplings [34–37].
To prove the zeroth law, we work in a coordinate system

adapted to the near-horizon geometry. We demonstrate the
constancy of surface gravity on a Killing horizon, defined as
a codimension-one null hypersurfacewhose normal vector is
Killing, without assuming the horizon to be of bifurcate type.
Our strategy involves organizing a specific component of the
equations of motion (EOM) order by order in the EFT
expansion. We show that the off-shell structure of this
component can be expressed in terms of derivatives of the
surface gravitywith respect to horizon coordinates.Although
higher curvature terms can be intricate, we do not require
their explicit forms. Instead, by employing “boost-weight”
arguments as developed in [24], we abstractly show this
particular structure of the off shell component of the equation
of motion within the EFT framework. Finally, imposing the
vanishing of the EOM yields the desired result: the surface
gravity remains constant across the Killing horizon.
We can consider a broader class of vector fields Cμ,

in which all D degrees of freedom are dynamical.1

This generalization allows for additional terms in the
Lagrangian. Within this extended framework, we have
been able to prove the zeroth law of black hole thermo-
dynamics only for a restricted class of Lagrangians. To
avoid confusion and maintain clarity, we refrain from
discussing this broader class of theories outside Sec. IV,
where we elaborate on these issues in detail.
The remainder of this paper is organized as follows. In

Sec. II, we present the effective field theory framework,
introduce the near-horizon coordinate system, and state our
main result. Section III, which forms the core of this article,
contains the inductive argument establishing the zeroth law
to arbitrary perturbative order. In Sec. IV, we discuss the
broader class of vector theories involving Cμ and offer
related observations. Section V summarizes our findings
and outlines possible directions for future research. Finally,
Appendixes A, B, and C provide additional computational
details and a summary of the “boost-weight” arguments.

II. SETUP AND STATEMENT OF THE PROBLEM

We consider arbitrary higher curvature theories of
gravity coupled to a Proca field Aμ. Schematically, we
can write our full effective field theory action as follows,

S ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �X∞
n¼0

αnLðnÞ

�
; ð2:1Þ

where α is the parameter that controls the effective field
theory expansion. The leading-order Lagrangian Lð0Þ has
the standard Einstein-Proca theory form

S ¼
Z

dDx
ffiffiffiffiffiffi
−g

p
Lð0Þ

¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
R −

1

4
FμνFμν −

1

2
m2AμAμ

�
; ð2:2Þ

where

Fμν ¼ ∇μAν −∇νAμ; ð2:3Þ

and we work in a system of units in which 16πGN is set to
unity. All the terms in Lagrangian LðnÞ should be of the
same “strength” in effective field theory expansion. In our
effective field theory expansion, we organize terms accord-
ing to their number of derivatives: the more derivatives a
term has, the weaker its strength. Which implies that in our
starting Lagrangian, the m2AμAμ term is of the same order
as that of R and FμνFμν; therefore, we will treat m2AμAμ

effectively as a two derivative term.
Let us discuss briefly possible higher-order terms. In

pure gravity, every term in the action involves an even
number of derivatives—for example, the lowest-order con-
tribution is the standard two-derivative Einstein-Hilbert

1Throughout this article, we use the notation Cμ to denote a
vector field whose components each correspond to propagating
degrees of freedom. In contrast, Bμ refers to a standard Uð1Þ
gauge field, and Aμ denotes a Proca field. In D dimensional
spacetime, for example, the field Cμ carries D propagating
degrees of freedom, whereas Bμ and Aμ possess D − 2 and
D − 1 propagating degrees of freedom, respectively.
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term, with corrections appearing at the four-derivative
level, six-derivative level, and so on. However, when a
vector field without gauge symmetry is introduced, odd-
derivative terms can also arise. In our case Lð1Þ is a three
derivative term which in general will contain the following
terms [28,29,38]:

Lð1Þ ¼ a1m2A2ð∇μAμÞ þ a2F̃μαF̃ν
α∇μAν

þ a3Rð∇μAμÞ þ a4Rμν∇μAν; ð2:4Þ

where the coefficients ai are dimensionless constants and
F̃μν is dual to Maxwell field strength Fμν.
In the next order, the expansion will include terms with

up to four derivatives. Specifically, the gravitational sector
will include contributions such as

R2; RμνRμν; RμναβRμναβ; ð2:5Þ

while the vector field sector will include terms like
[28,29,38]

m4A4; m2A2FμνFμν; m2A2½ð∇ ·AÞ2− ð∇αAβÞð∇βAαÞ�; � � �
ð2:6Þ

along with mixed contributions involving both the curva-
ture tensor Rμναβ and the vector field Aμ. We do not aim to
provide an exhaustive list here, as the explicit forms of
these terms are not essential for the present discussion.
If we compute the equations of motion from (2.1), they

will take the form of a perturbative expansion in powers of
α. Let us schematically write the equations of motion for
the metric and the vector field as follows:

Eμν ¼ Eð0Þ
μν þ αEð1Þ

μν þ α2Eð2Þ
μν þ � � � ;

Eμ ¼ Eð0Þ
μ þ αEð1Þ

μ þ α2Eð2Þ
μ þ � � � ; ð2:7Þ

where Eð0Þ
μν and Eð0Þ

μ are the part of the equations of motion

coming from Lð0Þ and similarly for all the other EðnÞ
μν

and EðnÞ
μ .

As mentioned earlier in the Introduction, the zeroth
law of black hole thermodynamics pertains to stationary

solutions. Suppose gðbhÞμν and Aμ is a stationary solution

of Eμν ¼ 0 and Eμ ¼ 0. Therefore, gðbhÞμν and Aμ will
also admit expansion in terms of effective field theory
parameter α,

gðbhÞμν ¼ gð0Þμν þ αgð1Þμν þ � � � ;
Aμ ¼ Að0Þ

μ þ αAð1Þ
μ þ � � � : ð2:8Þ

As the metric gðbhÞμν is stationary, it admits an asymptotically
timelike Killing vector field, which we will denote by ξμ.

Let us further assume that the event horizon Σ of gðbhÞμν is
Killing (but not assumed to be of bifurcate type) for
the Killing vector field ξμ. As discussed in [12,24], it is
always possible to choose a coordinate system in which
the metric near the Killing horizon Σ takes the following
form:

ds2 ¼ gðbhÞμν dXμdXν

¼ 2dτdρ − ρXðρ; xiÞdτ2
þ 2ρωiðρ; xiÞdτdxi þ hijðρ; xiÞdxidxj: ð2:9Þ

Here, ξμ ¼ ∂τ is the Killing vector, implying that none of
the metric components depend on τ. In the coordinate
system ðτ; ρ; xiÞ, the Killing horizon Σ is located at ρ ¼ 0,
where the norm of the Killing vector vanishes. The vector
potential Aμ must also satisfy the stationarity condition
LξAμ ¼ 0, which leads to

LξAμ ¼ 0 ⇒ ∂τAμ ¼ 0: ð2:10Þ

Thus, the components of Aμ are independent of τ, and can
be expressed as functions of ρ and xi

Aμ ¼ Aμðρ; xiÞ: ð2:11Þ

To prove that the surface gravity is constant over the Killing
horizon, we start with its definition:

κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

2
ð∇μξνÞð∇μξνÞjρ¼0

r
: ð2:12Þ

By evaluating κ for the metric (2.9), it is found to be

κ ¼ 1

2
Xðρ ¼ 0; xiÞ: ð2:13Þ

To establish the constancy of the surface gravity over the
horizon in our coordinate system, we need to show that

∂τκ ¼ 0 and ∂iκ ¼ 0: ð2:14Þ

Since ∂τ is a Killing vector, none of the metric components
depend on τ. Consequently, X has no dependence on τ, and
hence ∂τκ ¼ 0 is satisfied trivially. To complete the proof of
the zeroth law, it remains to show that ∂iκ ¼ 0; in our
coordinate system we have to show that

∂iXjρ¼0 ¼ 0: ð2:15Þ

We will demonstrate this by utilizing two specific compo-
nents Eτi and Eτ of the equations of motion, analyzed order
by order within the framework of the effective field theory
expansion.
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III. PROOF OF THE ZEROTH LAW

As we have discussed in Sec. II, our goal is to prove
Eq. (2.15) using equation of motion within the framework
of effective field theory. We write our equation of motion in
effective field theory expansion as written in Eq. (2.7),

Eμν ¼ Eð0Þ
μν þ αEð1Þ

μν þ α2Eð2Þ
μν þ � � � ;

Eμ ¼ Eð0Þ
μ þ αEð1Þ

μ þ α2Eð2Þ
μ þ � � � : ð3:1Þ

The solution of Eμν ¼ 0 and Eμ ¼ 0 which we denote by

gðbhÞμν and Aμ can also be written in effective field theory
expansion as we have written in (2.8),

gðbhÞμν ¼ gð0Þμν þ αgð1Þμν þ � � � ;
Aμ ¼ Að0Þ

μ þ αAð1Þ
μ þ � � � : ð3:2Þ

If we write our metric in the horizon adapted coordinate
system as written in (2.9) then Eq. (3.2) implies that X, ωi,
hij, and also Aμ will admit expansion in terms of α,

Xðρ; xiÞ ¼Xð0Þðρ; xiÞþαXð1Þðρ; xiÞþα2Xð2Þðρ;xiÞþ � � � ;
ωiðρ; xiÞ ¼ωð0Þ

i ðρ; xiÞþαωð1Þ
i ðρ; xiÞþα2ωð2Þ

i ðρ;xiÞþ � � � ;
hijðρ; xiÞ ¼ hð0Þij ðρ; xiÞþαhð1Þij ðρ; xiÞþα2hð2Þij ðρ;xiÞþ � � � ;
Aμðρ; xiÞ ¼ Að0Þ

μ ðρ;xiÞþαAð1Þ
μ ðρ; xiÞþα2Að2Þ

μ ðρ;xiÞþ � � � :
ð3:3Þ

At the leading order, i.e., at OðαÞ0, the metric gð0Þμν is an

exact solution to Eð0Þ
μν ¼ 0. Assuming that the equation of

motion at the leading order, Eð0Þ
μν ¼ 0, has been solved, it

follows that gð0Þμν is known exactly. At the first subleading
order, i.e., at OðαÞ1, the equation of motion is

Eð0Þ
μν þ αEð1Þ

μν ¼ OðαÞ2: ð3:4Þ

At this order the metric also has the following form:

gðbhÞμν ¼ gð0Þμν þ αgð1Þμν þOðαÞ2: ð3:5Þ

Here gð0Þμν are some known functions; therefore, the varia-
bles of the equation of motion at the first subleading order

are gð1Þμν . The equation we have to solve to determine gð1Þμν is

½Eð0Þ
μν þ αEð1Þ

μν �½gð0Þμν þ αgð1Þμν � ¼ OðαÞ2: ð3:6Þ

All the terms in the above equation are OðαÞ terms as we
have solved the equation of motion at the leading OðαÞ0
order. The above equation can be written as

Eð0Þ
μν ½gð0Þμν þ αgð1Þμν � þ αEð1Þ

μν ½gð0Þμν � ¼ OðαÞ2: ð3:7Þ

The first part in the above equation represents the

linearization of Eð0Þ
μν around gð0Þμν , treating gð1Þμν as a small

perturbation. We will refer to this as the homogeneous part
of the differential equation. As we will explain below, this
part of the equation is universal when solving the equations
of motion at any arbitrary higher order. However, the
homogeneous part depends on the specific form of Lð0Þ. It
is universal with respect to effective field theory perturba-
tions, meaning that once Lð0Þ is specified, the form of the
homogeneous part will remain the same across all higher
orders.

The term Eð1Þ
μν , on the other hand, depends on the higher

curvature contributions Lð1Þ in the Lagrangian. Once Lð1Þ is

specified, Eð1Þ
μν becomes a known covariant tensor, which

we have to evaluate on the zeroth-order solution gð0Þμν . This
part of the equation will be referred to as the source part
which acts like source in the inhomogeneous partial

differential equations for gð1Þμν . At any arbitrary higher order,
the equation of motion can always be decomposed into two
parts: a homogeneous part and a source part. Unlike the
homogeneous part, the source part is not universal—it
varies depending on the specific theory and the order being
considered. As we will demonstrate, there is no need to
compute the source term directly: it can instead be
addressed using abstract arguments, as developed in [24].
The proof can be systematically extended to arbitrary

higher order using the method of induction. According to
this method, if the proof holds at the leading order, then it
will continue to hold at arbitrary higher orders—provided
we can demonstrate its validity at the (nþ 1)th order
assuming it holds at the nth order. Notably, this method
does not require us to explicitly verify the proof at the first
subleading order. However, for illustrative purposes, we
will present the proof at the first subleading order, which
captures all essential components of our argument in a
simpler setting.
Let us assume that the equations of motion for both the

metric and the vector field have been solved up to order
OðαÞn. At the next order, OðαÞnþ1, the unknown functions

are gðnþ1Þ
μν and Aðnþ1Þ

μ . At this order, the equations of motion
can be systematically decomposed into two parts—one

involving the unknown functions gðnþ1Þ
μν and Aðnþ1Þ

μ , which
possesses a universal structure across all orders and is
referred to as the homogeneous part, and another that
depends on the specific form of the higher-curvature
gravity theory, rendering it nonuniversal and termed as
the source part. It is important to note that the source part is

independent of the unknown functions gðnþ1Þ
μν and Aðnþ1Þ

μ .
The homogeneous part at the order OðαÞnþ1 has the
following structure:
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Eð0Þ
μν ½gð0Þμν þ αnþ1gðnþ1Þ

μν ; Að0Þ
μ þ αnþ1Aðnþ1Þ

μ �; ð3:8Þ

which is essentially the linearization of Eð0Þ
μν around

ðgð0Þμν ; A
ð0Þ
μ Þ assuming αnþ1gðnþ1Þ

μν and αnþ1Aðnþ1Þ
μ as linear-

ized fluctuations.
On the other hand, the source part has the following

structure:

½Eð0Þ
μν þ � � � þ αnþ1Eðnþ1Þ

μν �
½gð0Þμν þ � � � þ αngðnÞμν ; A

ð0Þ
μ þ � � � þ αnAðnÞ

μ �: ð3:9Þ
At the current order OðαÞnþ1, all metric components up to

gðnÞμν and vector field components up to AðnÞ
μ are known

functions. Consequently, once the higher-curvature theory
is specified, the source part is, in principle, determined.
However, explicitly computing these source terms can be
exceedingly tedious. Following [24], we will show that
such a computation is unnecessary; instead, the source part
can be treated abstractly using boost weight arguments.

A. Proof at the leading order

Now, we will prove constancy of surface gravity at the
leading order that is for Einstein-Proca theory defined by
the Lagrangian (2.2). If we compute equations of motion
from (2.2) we get

Eð0Þ
μν ≡ Rμν −

1

2
gμνRþ 1

8
gμνFαβFαβ −

1

2
gαβFμαFνβ

þ 1

4
m2gμνAαAα −

1

2
m2AμAν ¼ 0;

Eð0Þ
μ ≡∇νFνμ −m2Aμ ¼ 0: ð3:10Þ

Following [24], we now consider the τi component of the
equation of motion. In our horizon adapted coordinate
system the zeroth-order metric can be written as

ds2 ¼ 2dτdρ − ρXð0Þðρ; xiÞdτ2 þ 2ρωð0Þ
i ðρ; xiÞdτdxi

þ hð0Þij ðρ; xiÞdxidxj: ð3:11Þ

Now, we would compute the τi component of Eð0Þ
μν on the

horizon ρ ¼ 0,

Eð0Þ
τi ½gð0Þμν ; A

ð0Þ
μ �ρ¼0

¼
�
Rð0Þ
τi −

1

2
gαβFð0Þ

τα F
ð0Þ
iβ −

1

2
m2Að0Þ

τ Að0Þ
i

�
ρ¼0

: ð3:12Þ

We can compute Rτijρ¼0 on the metric (3.11). The answer is

Rτi½gð0Þμν �jρ¼0 ¼ −
1

2
∂iXð0Þ: ð3:13Þ

See Appendix A 1 for details. Using (3.13) and the
stationarity condition (2.10) we get

Eð0Þ
τi ½gð0Þμν ;A

ð0Þ
μ �ρ¼0

¼−
1

2
½∂iXð0Þ− gαβð∂αAð0Þ

τ ÞFð0Þ
iβ þm2Að0Þ

τ Að0Þ
i �

ρ¼0
: ð3:14Þ

Using the expressions of inverse metric (Appendix A 1),
we get

Eð0Þ
τi ½gð0Þμν ; A

ð0Þ
μ �ρ¼0 ¼ −

1

2
½∂iXð0Þ − ð∂ρAð0Þ

τ Þð∂iAð0Þ
τ Þ − hjkð∂jAð0Þ

τ ÞFð0Þ
ik þm2Að0Þ

τ Að0Þ
i �ρ¼0

: ð3:15Þ

To establish the zeroth law τi component of the metric equation of motion alone is not enough; it turns out that we also have
to consider the τ component of the vector equation of motion [second equation in (3.10)]

Eð0Þ
τ ½gð0Þμν ; A

ð0Þ
μ �ρ¼0 ¼ ðhijð0ÞDð0Þ

i Fð0Þ
jτ −m2Að0Þ

τ Þ
ρ¼0

; ð3:16Þ

where Dð0Þ
i is the covariant derivative with respect to the metric hð0Þij (see Appendix A 2 for the derivation of the above

equation). Using ∂τAj ¼ 0 we can write

Fð0Þ
jτ ¼ ∂jA

ð0Þ
τ

¼ Dð0Þ
j Að0Þ

τ : ð3:17Þ

We now multiply (3.16) with
ffiffiffiffiffiffiffiffi
hð0Þ

p
Að0Þ
τ and integrate over a D − 2 dimensional compact spatial manifold C

Z
C
dD−2x

ffiffiffiffiffiffiffiffi
hð0Þ

p
Að0Þ
τ ½hijð0ÞDð0Þ

i Dð0Þ
j Að0Þ

τ −m2Að0Þ
τ �

ρ¼0
¼ 0

⇒
Z
C
dD−2x

ffiffiffiffiffiffiffiffi
hð0Þ

p
½−hijð0ÞðDð0Þ

i Að0Þ
τ ÞðDð0Þ

j Að0Þ
τ Þ −m2ðAð0Þ

τ Þ2�
ρ¼0

¼ 0 ð3:18Þ
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where we have used the fact that the total derivative term
vanishes as we are integrating on a compact manifold. Now,
both terms are full squared terms; therefore, both of them

have to vanish separately. Which gives Að0Þ
τ jρ¼0 ¼ 0 which

in turn implies Að0Þ
τ can be written as

Að0Þ
τ ¼ ρψ ð0Þ

τ ðρ; xiÞ: ð3:19Þ
Similar computations have been used for the proof of the
zeroth law in the context of gauge fields [25]. Substituting
Eq. (3.19) into (3.15), we obtain

∂iXð0Þjρ¼0 ¼ 0; ð3:20Þ

which completes our proof of the zeroth law at the leading
order.

B. Proof at the first subleading order

As we have discussed before, at any particular order, we
will always divide the equation of motion into two parts: an
universal homogeneous part and a theory dependent source
part. Let us first compute the homogeneous part. From
Eq. (3.7), we know that the homogeneous part is given by

Eð0Þ
μν ½gð0Þμν þ αgð1Þμν �. To evaluate this, we will assume that gð0Þμν

satisfies the equation of motion Eð0Þ
μν ¼ 0. In our horizon

adapted coordinate system the metric up to first subleading
order can be written as

ds2 ¼ 2dτdρ− ρðXð0Þðρ; xiÞ þ αXð1Þðρ; xiÞÞdτ2 þ 2ρðωð0Þ
i ðρ; xiÞ þ αωð1Þ

i ðρ; xiÞÞdτdxi þ ðhð0Þij ðρ; xiÞ þ αhð1Þij ðρ; xiÞÞdxidxj:
ð3:21Þ

Now, we would compute the τi component of Eð0Þ
μν on the horizon ρ ¼ 0,

Eð0Þ
τi ½gð0Þμν þαgð1Þμν ;A

ð0Þ
μ þαAð1Þ

μ �ρ¼0 ¼ α∂iXð1Þ −
1

2
αgαβFð0Þ

τα F
ð1Þ
iβ −

1

2
αgαβFð1Þ

τα F
ð0Þ
iβ −

1

2
αm2Að0Þ

τ Að1Þ
i −

1

2
αm2Að1Þ

τ Að0Þ
i þOðαÞ2

¼ α∂iXð1Þ þ 1

2
αð∂ρAð0Þ

τ Þð∂iAð1Þ
τ Þþ 1

2
αhjkð∂jAð1Þ

τ ÞFð0Þ
ik −

1

2
αm2Að1Þ

τ Að0Þ
i þOðαÞ2; ð3:22Þ

where in the second line we have used the expression of Rτi
from Appendix A 1. In the third line, we have used
Eq. (2.10) and Eq. (3.19). This will be the expression of
the homogeneous part at any arbitrary kth order; we just

have to replace the Að1Þ
τ with AðkÞ

τ , that is the reason we call
the homogeneous part universal.
Now, we turn to the computation of the source term. As

previously noted, its structure depends on the details of the
underlying theory. However, by employing abstract argu-
ments based on boost weight, we will demonstrate that the
source termvanishes. In this subsection,wewill illustrate this
result at the first subleading order. In the following sub-
section, we will extend the proof to arbitrary higher orders.
Although it is possible to directly present the general

analysis for arbitrary higher orders without discussing the
first subleading case, we choose to begin with the first
subleading order for clarity and explicitness. For this
discussion, we will closely follow the approach of [24].
Now, from (3.20) we can write Xð0Þ as

Xð0Þðρ; xiÞ ¼ Cð0Þ þ ρFð0Þðρ; xiÞ; ð3:23Þ
where Cð0Þ is some constant. Therefore the zeroth-order
metric becomes

ds2 ¼ 2dτdρ − ρðCð0Þ þ ρFð0Þðρ; xiÞÞdτ2

þ 2ρωð0Þ
i ðρ; xiÞdτdxi þ hð0Þij ðρ; xiÞdxidxj: ð3:24Þ

Now following [11,24], we will do the following coordinate
transformation from xμ ¼ fτ; ρ; xig to x̃μ ¼ fv; r; xig:

v ¼ 2

Cð0Þ exp
�
Cð0Þ

2
τ

�
; r ¼ ρ exp

�
−
Cð0Þ

2
τ

�
; ð3:25Þ

where v is the affine parameter along the null generator of the
Killing horizon. The inverse transformation is the following:

τ ¼ 2

Cð0Þ log
�
Cð0Þ

2
v

�
; ρ ¼ Cð0Þ

2
rv: ð3:26Þ

The infinitesimal distance in this new coordinate take the
following form:

ds2 ¼ 2dvdr − r2Fð0ÞðCð0Þrv=2Þdv2

þ rωð0Þ
i ðCð0Þrv=2Þdvdxi þ hð0Þij ðCð0Þrv=2Þdxidxj:

ð3:27Þ

The vector field Aμ also transforms under this coordinate
change according to

Ãð0Þ
μ ðx̃αÞ ¼ ∂xν

∂x̃μ
Að0Þ
ν ðxαÞ: ð3:28Þ

Component-wise this yields

BISWAS, KAR, and SHAIKH PHYS. REV. D 112, 124027 (2025)

124027-6



Ãð0Þ
v ¼ 2

Cð0Þv
Að0Þ
τ ðCð0Þrv=2; xiÞ þ Cð0Þ

2
rAð0Þ

ρ ðCð0Þrv=2; xiÞ;

Ãð0Þ
r ¼ Cð0Þ

2
vAð0Þ

ρ ðCð0Þrv=2; xiÞ;

Ãð0Þ
i ¼ Að0Þ

i ðCð0Þrv=2; xiÞ: ð3:29Þ

From (3.7), we know that to compute the source part at first

subleading order, we have to compute αEð1Þ
μν ½gð0Þμν �. We have

brought the zeroth-order metric in the particular form (3.27).

Eð1Þ
μν denotes a covariant tensor constructed from theRiemann

tensor, along with its derivatives and contractions. It will
transform according to the way a two index tensor would
transform. Therefore, we have

Eð1Þ
μν ¼ ∂x̃α

∂xμ
∂x̃β

∂xν
Ẽð1Þ
αβ

⇒Eð1Þ
τi ¼ exp

�
Cð0Þ

2
τ

�
Ẽð1Þ
vi − ρ

Cð0Þ

2
exp

�
−
Cð0Þ

2
τ

�
Ẽð1Þ
ri

⇒Eð1Þ
τi jρ¼0 ¼ exp

�
Cð0Þ

2
τ

�
Ẽð1Þ
vi jr¼0: ð3:30Þ

From the boost-weight arguments (see Appendix B), we

know that Ẽð1Þ
vi carries a boost weight of þ1, which in

principle can arise either from a ∂v derivative or from the
presence of Ãv. Nowusing (3.19), at the relevant orderwe are
working here, Ãv has the following structure:

Ãð0Þ
v ¼ rχð0Þτ ðCð0Þrv=2; xiÞ þ Cð0Þ

2
rAð0Þ

ρ ðCð0Þrv=2; xiÞ;
≡ rZð0Þðrv; xiÞ: ð3:31Þ

Therefore, the boost weight of Ãv is effectively carried by
the overall factor of r. Although r carries positive boost
weightþ1, it can not account for positive boost weight when
we are computing some quantities on the horizon r ¼ 0.

Consequently, the positive boost weight þ1 of Ẽð1Þ
vi must be

attributed to the derivative ∂v. Therefore all the boost-weight
arguments will proceed as [24].

Therefore, Ẽð1Þ
vi contains one extra ∂v derivative with

respect to ∂r or Ãr. This extra ∂v acts on quantities
that depend on v through the product rv; therefore we
will bring a factor of r which will vanish once evaluated on

r ¼ 0.2 Hence we conclude that Ẽð1Þ
vi jr¼0 ¼ 0. Therefore,

from (3.30), we obtain:

Eð1Þ
τi jρ¼0 ¼ 0: ð3:32Þ

Using this the total equation of motion at first subleading
order becomes

Eð0Þ
τi ½gð0Þμν þ αgð1Þμν ; A

ð0Þ
μ þ αAð1Þ

μ �ρ¼0 þ αEð1Þ
τi ½gð0Þμν �ρ¼0

¼ α∂iXð1Þ þ 1

2
α∂αA

ð1Þ
τ Fð0Þα

i −
1

2
αm2Að1Þ

τ Að0Þ
i þOðαÞ2:

¼ α∂iXð1Þ þ 1

2
αð∂ρAð0Þ

τ Þð∂iAð1Þ
τ Þ þ 1

2
αhjkð∂jAð1Þ

τ ÞFð0Þ
ik

−
1

2
αm2Að1Þ

τ Að0Þ
i þOðαÞ2: ð3:33Þ

We will now turn to the vector equation of motion Eμ.
Similar to the metric equation of motion, we can decom-
pose Eμ into two parts: an universal homogeneous part and
a theory dependent source part. Up to first subleading order
it will be

Eμ ¼ Eð0Þ
μ ½gð0Þμν þ αgð1Þμν ; A

ð0Þ
μ þ αAð1Þ

μ � þ αEð1Þ
μ ½gð0Þμν ; A

ð0Þ
μ �:
ð3:34Þ

We have to analyze theEτ component of the above equation
at ρ ¼ 0. Let us first consider the homogeneous part

Eð0Þ
τ ½gð0Þμν þ αgð1Þμν ; A

ð0Þ
μ þ αAð1Þ

μ �ρ¼0

¼ ðαhijð0ÞDð0Þ
i Fð1Þ

jτ − αm2Að1Þ
τ Þ

ρ¼0
ð3:35Þ

where we have used the leading-order equation of

motion (3.19) i.e., Að0Þ
τ ¼ 0. See Appendix A 2 [specifically

Eq. (A27)] for computational details.
Now, let us consider the source part

αEð1Þ
τ ½gð0Þμν ; A

ð0Þ
μ �ρ¼0: ð3:36Þ

Using the boost-weight argument (see Appendix B), we
will demonstrate that the source term in Eq. (3.36) van-
ishes. The reasoning closely parallels the derivation of
Eq. (3.32), so we will not elaborate in details. Now, we will
do the coordinate transformation (3.25). Under this coor-

dinate transformation Eð1Þ
μ will transform as

Eð1Þ
μ ¼ ∂x̃α

∂xμ
Ẽð1Þ
α

⇒Eð1Þ
τ ¼ exp

�
Cð0Þ

2
τ

�
Ẽð1Þ
v −ρ

Cð0Þ

2
exp

�
−
Cð0Þ

2
τ

�
Ẽð1Þ
r

⇒Eð1Þ
τ jρ¼0 ¼ exp

�
Cð0Þ

2
τ

�
Ẽð1Þ
v jr¼0: ð3:37Þ

Again, Ẽð1Þ
v carries a positive boost weight ofþ1. Therefore,

every term in Ẽð1Þ
v includes an additional ∂v derivative. As a

result, these terms vanish when evaluated at the horizon
ρ ¼ 0, as previously argued. Thus, by using the τ-component
of the vector equation of motion, Eτ ¼ 0, we obtain

2If we want to construct a positive boost weight þ1 term by
acting ∂v on Ãr, we have to act with two ∂v derivatives which will
again bring an overall factor of r.
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ðαhijð0ÞDð0Þ
i Fð1Þ

jτ − α½mð0Þ�2Að1Þ
τ Þ

ρ¼0
¼ 0: ð3:38Þ

Now, wewill use steps similar to (3.17) and (3.18). Using the
stationarity condition we get

Fð1Þ
jτ ¼ ∂jA

ð1Þ
τ ¼ Dð0Þ

j Að1Þ
τ : ð3:39Þ

We now multiply (3.30) with
ffiffiffiffiffiffiffiffi
hð0Þ

p
Að1Þ
τ and integrate over a

D − 2 dimensional compact spatial manifold C as we did
in (3.18),

Z
C
dD−2x

ffiffiffiffiffiffiffiffi
hð0Þ

p
Að1Þ
τ ½hijð0ÞDð0Þ

i Dð0Þ
j Að1Þ

τ − ½mð0Þ�2Að1Þ
τ �

ρ¼0
¼ 0

⇒
Z
C
dD−2x

ffiffiffiffiffiffiffiffi
hð0Þ

p
½−hijð0ÞðDð0Þ

i Að1Þ
τ ÞðDð0Þ

j Að1Þ
τ Þ −m2ðAð1Þ

τ Þ2�
ρ¼0

¼ 0: ð3:40Þ

Since both terms are manifestly positive definite, they must
vanish separately. This leads to the condition

Að1Þ
τ jρ¼0 ¼ 0: ð3:41Þ

Using (3.41) in (3.33) we finally get

∂iXð1Þjρ¼0 ¼ 0; ð3:42Þ

which completes the proof of the zeroth law at first
subleading order.

C. Proof at arbitrary higher order

In this subsection, we extend our proof to arbitrary orders
in the effective field theory expansion using the method of
induction. According to this method, if the proof holds at
the leading order, and we can demonstrate that it holds at
order (nþ 1) assuming it holds at order n, then the proof is
valid at all higher orders.
As we have already shown that the proof works at the

leading order in Sec. III A, our focus here will be on
establishing this inductive step—namely, showing that the
zeroth law holds at the (nþ 1)th order, provided it holds at
the nth order. Strictly speaking, the proof at the first
subleading order in Sec. III B is not required for the
induction to work. However, we include it as a clear and
illustrative example of how the argument proceeds in
practice. The essential framework required for generaliza-
tion to higher perturbative orders is already embedded
within the first subleading order proof. Therefore, we will
keep this subsection brief.
Under our gauge choice, the metric takes the form given

in Eq. (2.9). For convenience, we explicitly write it out
below:

ds2 ¼ 2dτdρ − ρXðρ; xiÞdτ2
þ 2ρωiðρ; xiÞdτdxi þ hijðρ; xiÞdxidxj; ð3:43Þ

where X, ωi, hij and also the vector field Aμ admit the
effective field theory expansion written in Eq. (3.3). We
will assume that we have solved both the equations of

motion for the metric and also for the vector field up to
order OðαÞn implying

Eð0Þ
μν þ αEð1Þ

μν þ � � � þ αnEðnÞ
μν ¼ OðαÞnþ1;

Eð0Þ
μ þ αEð1Þ

μ þ � � � þ αnEðnÞ
μ ¼ OðαÞnþ1: ð3:44Þ

We will assume that we have already shown that the
extrinsic curvature is constant up to order OðαÞn which
implies

∂iðXð0Þ þ αXð1Þ þ � � � þ αnXðnÞÞ ¼ OðαÞnþ1: ð3:45Þ

Now, we will consider the equations of motion at the
order OðαÞnþ1. As we have discussed at the beginning of
Sec. III, we can divide the equations of motion into two
parts—homogeneous part and the source part. Let us first
consider the homogeneous part,

Eð0Þ
τi ½gð0Þμν þ αnþ1gðnþ1Þ

μν ; Að0Þ
μ þ αnþ1Aðnþ1Þ

μ �ρ¼0: ð3:46Þ

The homogeneous part by definition contains only and all

the terms involving gðnþ1Þ
μν and Aðnþ1Þ

μ . Therefore it has to
have the same structure as that of (3.22) (see also
Appendix D of [24]),

Eð0Þ
τi ½gð0Þμν þ αnþ1gðnþ1Þ

μν ; Að0Þ
μ þ αnþ1Aðnþ1Þ

μ �ρ¼0

¼ αnþ1

�
∂iXðnþ1Þ þ 1

2
ð∂ρAð0Þ

τ Þð∂iAðnþ1Þ
τ Þ

þ 1

2
hjkð∂jAðnþ1Þ

τ ÞFð0Þ
ik −

1

2
m2Aðnþ1Þ

τ Að0Þ
i

�
þOðαÞnþ2:

ð3:47Þ

Similarly, the homogeneous part of the vector equation has
the following form (3.35):

Eð0Þ
τ ½gð0Þμν þαnþ1gðnþ1Þ

μν ;Að0Þ
μ þαnþ1Aðnþ1Þ

μ �ρ¼0

¼αnþ1ðhijð0ÞDð0Þ
i Fðnþ1Þ

jτ −m2Aðnþ1Þ
τ Þ

ρ¼0
þOðαÞnþ2: ð3:48Þ
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We now turn to the computation of the source term. Before
proceeding, we introduce a notation following [24]. Let
YðnÞ denote the coeffecient of αn in the effective field theory
expansion of Y. We will denote the series correct up to
order OðαÞn by

Y ½n� ¼
Xn
k¼0

αkYðkÞ: ð3:49Þ

In this notation, our assumption (3.44) implies

E½n�
μν ½g½n�μν ; A

½n�
μ � ¼ OðαÞnþ1; E½n�

μ ½g½n�μν ; A
½n�
μ � ¼ OðαÞnþ1:

ð3:50Þ

The source parts in the Eτi and Eτ equations of motion are
respectively

E½nþ1�
τi ½g½n�μν ; A

½n�
μ �ρ¼0; and E½nþ1�

τ ½g½n�μν ; A
½n�
μ �ρ¼0; ð3:51Þ

and Eq. (3.50) implies both Eqs. (3.51) are order
OðαÞnþ1 terms.

The truncated metric g½n�μν has the following form:

ds2 ¼ 2dτdρ − ρX½n�ðρ; xiÞdτ2

þ 2ρω½n�
i ðρ; xiÞdτdxi þ h½n�ij ðρ; xiÞdxidxj: ð3:52Þ

The condition (3.45) implies

X½n�ðρ; xiÞ ¼ C½n� þ ρF½n�ðρ; xiÞ ð3:53Þ

where C½n� is a constant and F½n�ðρ; xiÞ denotes an arbitrary
function of ρ and xi.
Now following Sec. III B, we will do the following co-

ordinate transformation from xμ¼fτ;ρ;xig to x̃μ¼fv;r;xig:

v ¼ 2

C½n� exp
�
C½n�

2
τ

�
; r ¼ ρ exp

�
−
C½n�

2
τ

�
; ð3:54Þ

where v is the affine parameter along the null generator of the
Killing horizon. The infinitesimal distance in this new
coordinate take the form

ds2 ¼ 2dvdr − r2F½n�ðC½n�rv=2Þdv2

þ rω½n�
i ðC½n�rv=2Þdvdxi þ h½n�ij ðC½n�rv=2Þdxidxj:

ð3:55Þ

Now, E½n�
μν and E

½n�
μ are covariant tensors of rank two and one,

respectively. Hence, they transform as (3.37) and (3.30)

E½n�
μ ¼ ∂x̃α

∂xμ
Ẽ½n�
α

and E½n�
μν ¼ ∂x̃α

∂xμ
∂x̃β

∂xν
Ẽ½n�
αβ; ð3:56Þ

which gives

E½n�
τ jρ¼0 ¼ exp

�
Cð0Þ

2
τ

�
Ẽ½n�
v jr¼0

and E½n�
τi jρ¼0 ¼ exp

�
Cð0Þ

2
τ

�
Ẽ½n�
vi jr¼0: ð3:57Þ

Since both Ẽ½n�
v and Ẽ½n�

vi carry a positive boost weight ofþ1,
the boost-weight argument from Sec. III B (see also
AppendixB for further details) implies that theymust vanish.
Consequently, we have

E½n�
τ jρ¼0 ¼ 0; and E½n�

τi jρ¼0 ¼ 0: ð3:58Þ

The source terms in both equations of motion vanish, which
implies that the homogeneous parts (3.48) and (3.47) must
vanish independently. Vanishing of (3.48) implies

αnþ1ðhijð0ÞDð0Þ
i Fðnþ1Þ

jτ −m2Aðnþ1Þ
τ Þ

ρ¼0
¼ 0: ð3:59Þ

Using steps similar to (3.39) and (3.40) we get

Aðnþ1Þ
τ jρ¼0 ¼ 0: ð3:60Þ

Using (3.60) in (3.47) we get

∂iXðnþ1Þjρ¼0 ¼ 0: ð3:61Þ

This completes the proof that if we assume the constancy of
surface gravity at order OðαÞn, then it also holds at order
OðαÞnþ1. Therefore, by the principle of the method of
induction, the surface gravity remains constant to all orders
in the effective field theory expansion.

IV. SOME OBSERVATIONS ON MORE GENERAL
VECTOR THEORIES

We now turn to a broader class of theories where gravity
is coupled to a vector field Cμ that has all D degrees of
freedom propagating. Schematically, the effective field
theory action can be written like that in (2.1). However,
the leading-order Lagrangian Lð0Þ contains all possible
kinetic terms that ensureD propagating degrees of freedom
[28,32]. Explicitly, one may write

Lð0Þ ¼ R −
1

2
m2CμCμ þ c1ð∇μCνÞð∇μCνÞ

þ c2ð∇μCμÞð∇νCνÞ þ c3ð∇μCνÞð∇νCμÞ: ð4:1Þ
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This can be further modified to (for a detailed derivation,
see Appendix C 1)

Lð0Þ ¼Rþ c1
2
χμνχ

μν −
1

2
m2CμCμþðc1þ c2þ c3Þð∇μCμÞ2

− ðc1þ c3ÞRμνCμCν; ð4:2Þ
with χμν ¼ ∇μCν −∇νCμ. From now on, let us set c1 ¼
−1=2 so that, in analogy with the Maxwell case, the
coefficient of the χμνχ

μν term becomes −1=4.
Unlike the gauge-invariant case, these additional terms

already appear at the same EFT order as the mass and
Maxwell-like kinetic terms. Their presence generically ren-
ders all D components of Cμ dynamical, so that in four
spacetime dimensions the theory typically propagates four
degrees of freedom. In what follows, we examine the
implications of such generalized vector theories for the zeroth
law of black hole mechanics, and identify the restricted
subclasses for which the law continues to hold consistently.
In order to examine the robustness of the zeroth law in

this generalized setting, we adopt the following strategy:
starting from the full Lagrangian (4.2), we selectively
switch off certain terms and analyze the resulting field
equations near the horizon. This procedure isolates the role
of individual terms in enforcing the constraint ∂iXjρ¼0 ¼ 0,
which guarantees the constancy of the surface gravity. In
particular, we focus on two cases.

A. Case I: c3 = 1
2

In this case, theory reduces to the Einstein-Proca sector
supplemented solely by the divergence term ð∇μCμÞ2

Lð0Þ ¼ R −
1

4
χμνχ

μν −
1

2
m2CμCμ þ c2ð∇μCμÞ2: ð4:3Þ

Evaluating the τi component of the corresponding field
equations on the horizon (see Appendix C 2), we get

Eð0Þ
τi jρ¼0 ¼ Rð0Þ

τi −
1

2
gαβðχð0Þτα χ

ð0Þ
iβ Þ −

1

2
m2Cð0Þ

τ Cð0Þ
i

− c2C
ð0Þ
τ ∂ið∇ · CÞð0Þ: ð4:4Þ

Following the discussion in Sec. III, we now turn to the τ
component of the vector equation of motion. The equation
of motion for the vector field Cμ is

Eð0Þ
μ ¼ ð∇νχνμÞð0Þ −m2Cð0Þ

μ − 2c2∇μð∇νCνÞð0Þ; ð4:5Þ

which implies

Eð0Þ
τ jρ¼0 ¼ ð∇νχντÞð0Þ −m2Cð0Þ

τ − 2c2∇τð∇ · CÞð0Þ;

¼ hijð0ÞD
ð0Þ
i χð0Þjτ −m2Cð0Þ

τ − 2c2 =∂τð∇ · CÞ: ð4:6Þ

The last term does not contribute, as the Killing vector for
our gauge choice is ∂τ. Hence, we obtain an equation
similar to the Einstein-Proca case. We multiply (4.6) byffiffiffi
h

p
Cð0Þ
τ and integrating over the compact horizon cross-

sectionC, total derivatives drop out, and we obtain a sum of
squares

Z
C
dD−2x

ffiffiffiffiffiffiffiffi
hð0Þ

p
½−hij0 ðDiC

ð0Þ
τ ÞðDjC

ð0Þ
τ Þ−m2ðCð0Þ

τ Þ2�ρ¼0¼0;

ð4:7Þ

implying

Cð0Þ
τ jρ¼0 ¼ 0: ð4:8Þ

Inserting (4.8) into (4.4) leaves Eð0Þ
τi jρ¼0 ¼ 1

2
∂iXð0Þ, so

Eð0Þ
τi ¼ 0 implies

∂iXð0Þjρ¼0 ¼ 0 ⇒ ∂iκ ¼ 0;

which establishes the constancy of the surface gravity on
the horizon. Hence, the zeroth law continues to hold in
this case.

B. Case II: c3 =arbitrary

Keeping the nonminimal coupling at leading order, the
quadratic Lagrangian reads

Lð0Þ ¼R−
1

4
χμνχ

μν −
1

2
m2CμCμþ c0ð∇μCμÞ2−d0RμνCμCν:

ð4:9Þ

The mixed Einstein equation then takes the form (for
detailed calculation see Appendix C 2).

Eð0Þ
τi jρ¼0 ¼ −

∂iXð0Þ

2
−
1

2
gαβχð0Þτα χ

ð0Þ
iβ −

1

2
m2Cð0Þ

τ Cð0Þ
i − c0Cð0Þ

τ ½∂ið∇:CÞð0Þ� − d0ð2CiCjRð0Þ
τj þ PCð0Þ

τ þQ∂iC
ð0Þ
τ Þ

¼ −
∂iXð0Þ

2
−
1

2
gαβχð0Þτα χ

ð0Þ
iβ −

1

2
m2Cð0Þ

τ Cð0Þ
i − c0Cð0Þ

τ ½∂ið∇:CÞð0Þ� − d0ð−∂jXð0ÞCiCj þ PCð0Þ
τ þQ∂iC

ð0Þ
τ Þ: ð4:10Þ

Thus, for the zeroth law to hold, all terms except ∂iXð0Þ in the above equation must vanish. This requires imposing the
horizon conditions Cτjρ¼0 ¼ 0. We try to derive this condition by manipulating the τ-component of the vector equation of
motion as we did previously. The equation of motion for the vector field is
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Eð0Þ
μ ¼ ð∇νχνμÞð0Þ −m2Cð0Þ

μ − 2c0∇μð∇νCνÞð0Þ − 2d0Rð0Þ
μν Cν

ð0Þ: ð4:11Þ

Its τ component is

Eð0Þ
τ jρ¼0 ¼ hijð0ÞD

ð0Þ
i χð0Þjτ −m2Cð0Þ

τ − 2d0
�
Cð0Þ
τ M −

1

2
hij∂iXð0ÞCð0Þ

j

�
; ð4:12Þ

where

M ¼ −∂ρXð0Þ −
1

2
ωð0Þ
i ωi

ð0Þ þ
1

2
∂iω

i
ð0Þ −

1

4
∂ρhijhijXð0Þ þ 1

2
Γj
jkω

k
ð0Þ: ð4:13Þ

Multiplying (4.12) by
ffiffiffi
h

p
Cð0Þ
τ and integrating over the

compact cross-section C, we are unable to rearrange the
integrand into whole square terms and, therefore, we are not
able to derive the required constraint on Cτ. Thus, we could
not establish the ∂iXð0Þ in full generality for case II. In
short, fully dynamical vector fields Cμ differ qualitatively
from gauge fields Bμ and massive Proca fields Aμ, and
demanding universal horizon thermodynamics for higher
curvature theories of gravity coupled to vector fields Cμ

might impose nontrivial constraints on admissible higher-
derivative couplings.

V. CONCLUSIONS AND FUTURE DIRECTIONS

In this article, we have shown that the surface gravity
across a Killing horizon (not necessarily of bifurcate type)
remains constant for stationary solutions of Einstein-Proca
theory, includinghigher-order correctionswithin a controlled
EFT expansion. Since surface gravity can be identified with
temperature, this result implies the constancy of temperature
for such solutions in the presence of a Killing horizon—
precisely the statement of the zeroth law. In pure gravity, one
demonstrates this by examining the τi component of the
equations of motion in a specific near horizon coordinate
system (2.9), as described in [24]. When a vector field is
present, however, the τi component alone is insufficient; one
must also include the τ component of the vector equation of
motion [25].
The proof is manifestly perturbative: we expand the

metric and the Proca field in the EFT parameter (2.8) and
isolate at each order of the EOM a universal homogeneous
part and a theory-dependent source part. The homogeneous
part is simple as it has the same universal structure at all
orders, whereas the source part has different complicated
forms in different perturbative orders as it depends on the
details of the particular higher curvature terms. By applying
“boost-weight” arguments, we have shown abstractly that
the source term vanishes at each order (see Sec. III).
Implementing these arguments in the presence of a
Proca field introduces subtleties beyond those encountered
in the pure-gravity case [10,12,24], which we now briefly
discuss.

Consider the metric (3.27) and (3.55) which are written
in the horizon adapted coordinate system x̃μ ¼ fv; r; xig
where ∂v is the null generator of the Killing horizon with v
being the affine parameter. Wewrite the metric here for ease
of referencing in a slightly notationally convenient form

ds2 ¼ 2dvdr − r2Xðrv; xiÞdv2 þ 2rωiðrv; xiÞdvdxi
þ hijðrv; xiÞdxidxj: ð5:1Þ

This metric is invariant under the following boost trans-
formation as discussed in Appendix B,

r → λr; v →
v
λ
; ð5:2Þ

where λ is a constant. Then we can classify different terms
according to their boost weight, e.g., if we consider the Ẽvi
component of the equation of motion, it has boost weight
þ1. In pure gravity, only ∂v carries positive boost weight,
which implies that on the Killing horizon (r ¼ 0), Ẽvi must
include one extra ∂v compared to ∂r. Therefore, for a
stationary solution, since Ẽvi depends on r only through the
product rv, it vanishes once evaluated at r ¼ 0. This
observation forms the core of the abstract argument
presented in [24,25] for the vanishing of the source term.
In the presence of a Proca field, one might naively expect
that the component Av itself can carry positive boost
weight, thereby invalidating the straightforward logic out-
lined above. However, we have shown that even with a
Proca field, in the stationary scenario relevant for our
discussion, it is only ∂v that carries positive boost weight
(see Sec. III).
In Sec. IV, we have considered an even broader class of

theories involving vector field Cμ, where unlike the Proca
theory, the temporal component of the vector field also
propagates. For this general class, we are unable to prove
the zeroth law for the most general Lagrangian, and
succeeded only for a restricted subclass. Our analysis of
the two diagnostic cases discussed in Sec. IV highlights the
central role played by the curvature coupling in this
generalized setup. In Case I, where the nonminimal term
d0RμνCμCν is absent, the zeroth law remains intact: the
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surface gravity is constant across the horizon once the
standard regularity conditions are imposed. In Case II,
however, where curvature coupling is retained at leading
order, we are unable to demonstrate that Cτ ¼ 0, and
therefore cannot establish the zeroth law.
Taken together, these results suggest that the zeroth

law can serve as a practical diagnostic tool for constrain-
ing higher derivative terms. Requiring universal horizon
thermodynamics may act as a filter, ruling out certain
higher curvature contributions. Pursuing this perspective
more systematically—potentially extending it to higher-
spin EFTs—is an important direction for future work. It
would be interesting to investigate whether similar obstruc-
tions arise in massive spin-2 or higher-spin EFTs, and how
these connect to positivity bounds and other consistency
conditions.
It is also well known that these more general theories

typically exhibit Ostrogradsky (ghost) instabilities, but
certain special combinations of Lagrangian terms can
cancel the ghost [28]. It would therefore be interesting
to investigate whether the zeroth law can be established
under those ghost-free restrictions; we leave this question
for future work.
As we have emphasized several times, our proof is

inherently perturbative. A nonperturbative proof of the
zeroth law would be a significant advancement and is left
for future investigation.
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APPENDIX A: SOME COMPUTATIONAL
DETAILS

1. Inverse metric, Christoffel symbols, and Ricci tensor

In this appendix we will compute Christoffel symbols
and Ricci tensor for the metric

ds2 ¼ 2dτdρ − ρXðρ; xiÞdτ2 þ 2ρωiðρ; xiÞdτdxi þ hijðρ; xiÞdxidxj: ðA1Þ

The inverse metric components are

gττ ¼ 0; gτρ ¼ 1; gτi ¼ 0; gρρ ¼ ρX þ ρ2ω2;

gρi ¼ −ρωi; gij ¼ hij; ðA2Þ

where hij is defined as hikhkj ¼ δij, ω
i is defined as ωi ¼ hijωj, and ω2 is defined as ω2 ¼ ωiωi.

We now proceed to the computation of Christoffel symbols. Different components of the Christoffel symbols on the
horizon (ρ ¼ 0) are

Γρ
ρρ ¼ 0; Γρ

τρ ¼ −
1

2
X; Γρ

ρj ¼
1

2
ωj; Γρ

iτ ¼ 0; Γρ
ij ¼ 0; Γρ

ττ ¼ 0; Γτ
ττ ¼

1

2
X; Γτ

τρ ¼ 0;

Γτ
ρρ ¼ 0; Γτ

τi ¼ −
1

2
ωi; Γτ

ij ¼ −
1

2
∂ρhij; Γτ

iρ ¼ 0; Γj
iτ ¼ 0; Γj

ττ ¼ 0; Γi
jρ ¼

1

2
hik∂ρhjk;

Γi
jk ≡ Γ̂i

jk ¼
1

2
himð∂jhkm þ ∂khjm − ∂mhjkÞ; Γi

τρ ¼
1

2
hijωj; Γi

ρρ ¼ 0: ðA3Þ

We will require the following components of the Christoffel symbols off the horizon up to order OðρÞ:

Γρ
iτ ¼ −

ρ

2
½Xωi þ ∂iX�; Γτ

τi ¼ −
1

2
½ωi þ ρ∂ρωi�; Γj

iτ ¼
1

2
ρωjωi −

ρ

2
hjk½∂kωi − ∂iωk�;

Γτ
ττ ¼

1

2
½X þ ρ∂ρX�; Γρ

ττ ¼ 1

2
ρX2; Γj

ττ ¼ −
ρ

2
Xhjkωk þ

ρ

2
hjk∂kX: ðA4Þ

With this, we can compute Ricci tensors, relevant for our analysis.

BISWAS, KAR, and SHAIKH PHYS. REV. D 112, 124027 (2025)

124027-12



Evaluation of Rτi on the horizon reads

Rτi ¼ Rτ
ττi þ Rρ

τρi þ Rj
τji; ðA5Þ

Rτ
ττijρ¼0 ¼ ∂τΓτ

iτ − ∂iΓτ
ττ þ Γτ

τλΓλ
iτ − Γτ

iλΓλ
ττ

¼ −
1

2
∂iX; ðA6Þ

Rρ
τρijρ¼0 ¼ ∂ρΓ

ρ
iτ − ∂iΓ

ρ
ρτ þ Γρ

ρλΓλ
iτ − Γρ

iλΓλ
ρτ

¼ 0; ðA7Þ

Rj
τjijρ¼0 ¼ ∂jΓ

j
iτ − ∂iΓ

j
jτ þ Γj

jλΓλ
iτ − Γj

iλΓλ
jτ

¼ 0: ðA8Þ

Finally we get

Rτijρ¼0 ¼ −
1

2
∂iXjρ¼0: ðA9Þ

Evaluation of Rτρ on the horizon reads

Rτρ ¼ Rτ
ττρ þ Rρ

τρρ þ Rj
τjρ: ðA10Þ

Let us first compute different components of the Riemann
tensor

Rτ
ττρjρ¼0 ¼ ∂τΓτ

ρτ − ∂ρΓτ
ττ þ Γτ

τλΓλ
ρτ − Γτ

ρλΓλ
ττ

¼ −∂ρX −
1

4
ωiω

i; ðA11Þ

Rρ
τρρjρ¼0 ¼ ∂ρΓ

ρ
ρτ − ∂ρΓ

ρ
ρτ þ Γρ

ρλΓλ
ρτ − Γρ

ρλΓλ
ρτ

¼ 0; ðA12Þ

Rj
τjρjρ¼0 ¼ ∂jΓ

j
ρτ − ∂ρΓ

j
jτ þ Γj

jλΓλ
ρτ − Γj

ρλΓλ
jτ

¼ −
1

4
ωiω

i −
1

4
∂ρhijhijX þ 1

2
∂iω

i þ 1

2
Γj
jkω

k:

ðA13Þ

Finally we get

Rτρjρ¼0 ¼−∂ρX−
1

2
ωiωi−

1

4
∂ρhijhijXþ 1

2
∂iω

iþ 1

2
Γj
jkω

k:

ðA14Þ

In this appendix, we have thus far refrained from per-
forming any expansion in the effective field theory param-
eter α. In principle, any of the expressions above can be
expanded to the desired order. For instance, let us compute
hij up to order OðαÞ2. To do this we have to expand
Xðρ; xiÞ;ωiðρ; xiÞ and hijðρ; xiÞ up to order OðαÞ2,

Xðρ; xiÞ ¼ Xð0Þðρ; xiÞ þ αXð1Þðρ; xiÞ þ α2Xð2Þðρ; xiÞ;
ωiðρ; xiÞ ¼ ωð0Þ

i ðρ; xiÞ þ αωð1Þ
i ðρ; xiÞ þ α2ωð2Þ

i ðρ; xiÞ;
hijðρ; xiÞ ¼ hð0Þij ðρ; xiÞ þ αhð1Þij ðρ; xiÞ þ α2hð2Þij ðρ; xiÞ:

ðA15Þ

Then we can compute hij which has the following
expression:

hij ¼ ½hð0Þ�ij þ α½hð1Þ�ij þ α2½hð2Þ�ij ðA16Þ

where ½hð0Þ�ij is the inverse of hð0Þij and

½hð1Þ�ij¼−½hð0Þ�imhð1Þmn½hð0Þ�nj;
½hð2Þ�ij¼½hð0Þ�imhð1Þmk½hð0Þ�klhð1Þln ½hð0Þ�nj− ½hð0Þ�imhð2Þmn½hð0Þ�nj:

ðA17Þ

In a similar manner, we can compute other quantities as
well. Next, we provide the expression of Γ̂i

jk up to order
OðαÞ, as this will be necessary for our further computation,

Γ̂i
jk ¼ ½Γ̂ð0Þ�ijk þ α½Γ̂ð1Þ�ijk; ðA18Þ

where

½Γ̂ð0Þ�ijk ¼
1

2
hilð0Þ½∂jhð0Þkl þ ∂kh

ð0Þ
jl − ∂lh

ð0Þ
jk �;

½Γ̂ð1Þ�ijk ¼
1

2
hilð0Þ½∂jhð1Þkl þ ∂kh

ð1Þ
jl − ∂lh

ð1Þ
jk �

−
1

2
hilð1Þ½∂jhð0Þkl þ ∂kh

ð0Þ
jl − ∂lh

ð0Þ
jk �: ðA19Þ

From (A9) we can write Rτijρ¼0 up to any arbitrary order as

Rτijρ¼0 ¼ −
1

2
∂iðXð0Þðρ; xjÞ þ αXð1Þðρ; xjÞ

þ α2Xð2Þðρ; xjÞ þ � � �Þρ¼0: ðA20Þ

2. Simplification of Eð0Þ
τ

Eð0Þ
μ has the following structure:

Eð0Þ
μ ¼ ∇νFνμ −m2Aμ: ðA21Þ

In this appendix, we will explicitly compute

Eð0Þ
τ ½gð0Þαβ þ αgð1Þαβ ; A

ð0Þ
α þ αAð1Þ

α � up to OðαÞ,

Eð0Þ
τ ¼ ∇νFντ −m2Aτ

¼ gνλ∇λFντ −m2Aτ: ðA22Þ
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Here, the coordinate system is xμ ¼ fτ; ρ; xig. Therefore, we get

Eð0Þ
τ ¼ gρλ∇λFρτ þ giλ∇λFiτ −m2Aτ: ðA23Þ

Now, we evaluate the above equation at ρ ¼ 0,

Eð0Þ
τ jρ¼0 ¼ ð∇τFρτ þ hij∇jFiτ −m2AτÞjρ¼0

¼ ½ =∂τFρτ − Γλ
τρFλτ − Γλ

ττFρλ þ hijð∂jFiτ − Γλ
jiFλτ − Γλ

jτFiλÞ −m2Aτ�ρ¼0

¼ ½−Γρ
τρFρτ − Γi

τρFiτ − Γτ
ττFρτ þ hijð∂jFiτ − Γ̂k

jiFkτ − Γτ
jτFiτÞ −m2Aτ�ρ¼0

¼ ½−Γi
τρFiτ þ hijð∂jFiτ − Γ̂k

jiFkτ − Γτ
jτFiτÞ −m2Aτ�ρ¼0

¼ ½hijð∂jFiτ − Γ̂k
jiFkτÞ −m2Aτ�ρ¼0: ðA24Þ

Now, we will use EFT expansion for the metric and the vector field and expand Eð0Þ
τ in powers of α. Schematically, we

represent this as

Eð0Þ
τ ½gð0Þαβ þ αgð1Þαβ þ � � � ; Að0Þ

α þ αAð1Þ
α þ � � ��

ρ¼0
¼ ðEð0;0Þ

τ þ αEð0;1Þ
τ þ α2Eð0;2Þ

τ þ � � �Þρ¼0: ðA25Þ

Now, we will explicitly compute Eð0Þ
τ up to order OðαÞ,

Eð0Þ
τ ½gð0Þαβ þ αgð1Þαβ þ � � � ; Að0Þ

α þ αAð1Þ
α þ � � ��

ρ¼0

¼ ½½hð0Þ�ij þ α½hð1Þ�ij�½∂jFð0Þ
iτ þ α∂jF

ð1Þ
iτ − ð½Γ̂ð0Þ�ijk þ α½Γ̂ð1Þ�ijkÞðFð0Þ

kτ þ αFð1Þ
kτ Þ�ρ¼0

− ðmð0Þ þ αmð1ÞÞ2ðAð0Þ
τ þ αAð1Þ

τ Þ
¼ ½hð0Þ�ij½∂jFð0Þ

iτ − ½Γ̂ð0Þ�ijkFð0Þ
kτ �ρ¼0

− ½mð0Þ�2Að0Þ
τ þ α½hð1Þ�ij½∂jFð0Þ

iτ − ½Γ̂ð0Þ�ijkFð0Þ
kτ �ρ¼0

þ α½hð0Þ�ijð∂jFð1Þ
iτ − ½Γ̂ð0Þ�kjiFð1Þ

kτ − ½Γ̂ð1Þ�kjiFð0Þ
kτ Þ − 2αmð0Þmð1ÞAð0Þ

τ − α½mð0Þ�2Að1Þ
τ : ðA26Þ

Therefore we finally get

Eð0;0Þ
τ ¼ ½hð0Þ�ij½∂jFð0Þ

iτ − ½Γ̂ð0Þ�ijkFð0Þ
kτ �ρ¼0

− ½mð0Þ�2Að0Þ
τ

¼ ½hð0Þ�ijDð0Þ
j Fð0Þ

iτ − ½mð0Þ�2Að0Þ
τ ;

Eð0;1Þ
τ ¼ ½hð1Þ�ij½∂jFð0Þ

iτ − ½Γ̂ð0Þ�ijkFð0Þ
kτ �ρ¼0

þ ½hð0Þ�ijð∂jFð1Þ
iτ − ½Γ̂ð0Þ�kjiFð1Þ

kτ − ½Γ̂ð1Þ�kjiFð0Þ
kτ Þ − 2mð0Þmð1ÞAð0Þ

τ − ½mð0Þ�2Að1Þ
τ

¼ ½hð1Þ�ijDð0Þ
j Fð0Þ

iτ þ ½hð0Þ�ijDð0Þ
j Fð1Þ

iτ − ½hð0Þ�ij½Γ̂ð1Þ�kjiFð0Þ
kτ − 2mð0Þmð1ÞAð0Þ

τ − ½mð0Þ�2Að1Þ
τ ; ðA27Þ

where Dð0Þ
j is a covariant derivative with respect to hð0Þij .

APPENDIX B: SUMMARY OF BOOST-WEIGHT
ARGUMENTS

The most general near-horizon metric of a stationary
black hole is given by (2.9). If the zeroth law is satisfied,
that is ∂iXjρ¼0 ¼ 0, we can obtain a general solution of the
metric coefficient as Xjρ¼0,

Xðρ; xiÞ ¼ Cþ ρFðρ; xiÞ; ðB1Þ

where C is an integration constant and Fðρ; xiÞ is an
arbitrary function of ðρ; xiÞ. The condition ∂iXjρ¼0 fixes

C ¼ 2κ. With this (2.9) becomes

ds2 ¼ 2dτdρ − ρðCþ ρFðρ; xiÞÞdτ2
þ 2ρωiðρ; xiÞdτdxi þ hijðρ; xiÞdxidxj: ðB2Þ

Here, we can perform a particular coordinate transforma-
tion from ðρ; τ; xiÞ to ðr; v; xiÞ by

v ¼ 2

C
exp

�
C
2
τ

�
;

r ¼ ρ exp

�
−
C
2
τ

�
; ðB3Þ
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to obtain

ds2 ¼ 2dvdr − r2FðCrv=2Þdv2
þ rωiðCrv=2Þdvdxi þ hijðCrv=2Þdxidxj: ðB4Þ

The horizon is now located at r ¼ 0. This choice of metric
is different from the previous one because here ∂v is the
affinely parametrized null generator of the horizon. In the
metric (2.9), the metric components were independent of
the coordinate τ, but here in (B4), they are functions of v,
specifically functions of the product rv. This form of the
metric is useful because, despite fixing thegauge, there is still
some residual freedom to perform a scaling transformation of
the following form (for a more detailed discussion, refer to
Sec. 3 of [14]):

r → λr along with v →
v
λ
; ðB5Þ

where λ is a constant parameter. This particular transforma-
tion keeps (B4) invariant, which we call boost symmetry.
This information about the stationary black holemetric helps
us to understand how any covariant tensor will transform
under this boost transformation. Therefore, the metric
components in a stationary or equilibrium configuration will
be of the form gbhμνðrv; xiÞ, because it respects the boost
symmetry. Any quantity outside this function is out of
equilibrium, and the boost weight explains their stationarity
deviation. Any covariant tensor A will transform in the
following way:

A → Ã ¼ λwA; ðB6Þ
where w is the boost weight of A. A is the positive boost-
weight quantity if

Aðrv;xiÞ→∂
mr
r ∂

mv
v Ãðrv;xiÞjr¼0 whenevermv>mr: ðB7Þ

A being a positive boost-weight quantity of boost-weight
mv −mr means if one operates ∂mr

r ∂
mv
v on Ãðrv; xiÞ, it will

leave behind an extra r, and hence it will vanish on the
horizon r ¼ 0. Thus, positive boost weight quantities will
vanish on a stationary horizon. Thus, we can use this
useful result if we can write in this coordinate system (B4).

Similar discussions have been done for the case of gauged
vector fields in Sec. 4 of [14].

APPENDIX C: CALCULATIONS OF MORE
GENERAL VECTOR THEORIES

1. Derivation of the general non-Proca Lagrangian

The leading-order terms in the most general higher-
curvature gravity theories with nonminimal couplings to
vector fields, particularly nongauge vector fields, can be
represented by

Lð0Þ ¼ R −
1

2
m2CμCμ þ c1ð∇μCνÞð∇μCνÞ

þ c2ð∇μCμÞð∇νCνÞ þ c3ð∇μCνÞð∇νCμÞ: ðC1Þ

The various derivative structures can be simplified. For
instance,

c1ð∇μCνÞð∇μCνÞ ¼ c1
2
χμνχ

μν þ c1∇μCν∇νCμ; ðC2Þ

while

c3ð∇μCνÞð∇νCμÞ¼ c3ð∇μCμÞð∇νCνÞ−c3CμRμνCν: ðC3Þ

Combining these relations and absorbing coefficients into
redefinitions, the final form of the Lagrangian can be
written as

Lð0Þ ¼Rþ c1
2
χμνχ

μν −
1

2
m2CμCμþðc1þ c2þ c3Þð∇μCμÞ2

− ðc1þ c3ÞRμνCμCν ðC4Þ

which is the compact form quoted in Eq. (4.2) of the
main text.

2. Computational details for case I

Lð0Þ ¼ R −
1

4
χμνχ

μν −
1

2
m2CμCμ þ c2ð∇μCμÞ2: ðC5Þ

Equation of motion with respect to the metric gμν,

Eð0Þ
μν ¼ Rμν −

1

2
gμνRþ 1

8
gμνχαβχαβ −

1

2
gαβχμαχνβ þ

1

4
m2gμνCαCα −

1

2
m2CμCν þ c2Hμν; ðC6Þ

where

Hð0Þ
μν ¼ −

1

2
gμν∇αCα∇βCβ þ ð∇μCν þ∇νCμÞ∇αAα −∇μðCν∇αCαÞ −∇νðCμ∇βCβÞ þ gνμ∇σðCσ∇βCβÞ: ðC7Þ

Equation of motion with respect to the vector field Cμ,

Eð0Þ
μ ¼ ∇νχνμ −m2Cμ − 2c2∇μð∇νCνÞ: ðC8Þ
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For the zeroth law, the relevant component of the EOM is the Eτi component,

Eð0Þ
τi ¼ Rτi −

1

2
gτiRþ 1

8
gτiχαβχαβ −

1

2
gαβχταχiβ þ

1

4
m2gτiCαCα −

1

2
m2CτCi þ c2Hτi ðC9Þ

Hð0Þ
τi ¼ −

1

2
=gτi∇βCβ∇αCα þ ð∇τCi þ∇iCτÞ∇bCb þ ½−∇τðCi∇bCbÞ −∇iðCτ∇βCβÞ þ =giτ∇σð∇αCαCσÞ�

¼ ð∇τCi þ∇iCτÞ∇βCβ þ ½−∇τð∇βCβCiÞ −∇iðCτ∇βCβÞ�
¼ ð∂iCτ − 2Γτ

iτCτÞ∇aCa þ Γτ
τiCτ∇bCb − ð∂iðCτ∇bCbÞ − Γτ

iτCτ∇bCbÞÞ
¼ −Cτ½∂ið∇ · CÞ�: ðC10Þ

3. Computational details for case II

Lð0Þ ¼ R −
1

4
Fμνχ

μν −
1

2
m2CμCμ þ c0ð∇μCμÞ2 − d0RμνCμCν: ðC11Þ

Equation of motion with respect to the metric gμν,

Eð0Þ
μν ¼ Rμν −

1

2
gμνRþ 1

8
gμνχαβχαβ −

1

2
gαβχμαχνβ þ

1

4
m2gμνCαCα −

1

2
m2CμCν þ c0Hμν − d0Dμν ðC12Þ

where

Hð0Þ
μν ¼ −

1

2
gμν∇αCα∇βCβ þ ð∇μCν þ∇νCμÞ∇αCα −∇μðCν∇αCαÞ −∇νðCμ∇βCβÞ þ gνμ∇σðCσ∇βCβÞ ðC13Þ

and

Dð0Þ
μν ¼ 1

2
½−CαCβgμνRαβ − ð∇μCν þ∇νCμÞð∇αCαÞ − Cαð∇α∇μCνÞ − Cαð∇α∇νCμÞ

þ Cνð2CαRμα −∇α∇μCα þ∇α∇αCμÞ þ Cμð2CαRνα −∇α∇νCα þ∇α∇αCνÞ
þ Cαgμνð∇α∇βCβÞ − ð∇νCα − 2∇αCνÞð∇αCμÞ − ð∇μCαÞð∇αCνÞ
þ gμνð∇αCαÞð∇βCβÞ þ Cαgμνð∇β∇αCβÞ þ gμνð∇αCβÞð∇βCαÞ� ðC14Þ

Evaluating the Eτi component, we get

Eð0Þ
τi ¼ Rτi −

1

2
gτiRþ 1

8
gτiχαβχαβ −

1

2
gαβχταχiβ þ

1

4
m2gτiCαCα −

1

2
m2CτCi þ c0Cτi − d0Dτi

¼ Rτi −
1

2
gαβχταχiβ −

1

2
m2CτCi þ c0Cτi − d0Dτi

¼ −
∂iXð0Þ

2
−
1

2
gαβχταχiβ −

1

2
m2CτCi þ c0Cτi − d0Dτi: ðC15Þ

So, for the validity of the zeroth law, all the terms except the first must vanish for some constraint on the vector field Cμ.
From (C10)

Hð0Þ
τi ¼ −Cτ½∂ið∇:CÞÞ� ðC16Þ
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Dð0Þ
τi ¼ 1

2
½Cτð2CαRiα þ∇α∇αCi −∇α∇iCαÞ − Cα∇α∇iCτ þ Cið2CαRτα þ∇α∇αCτ −∇α∇τCαÞ

− Cα∇α∇τCi − ð∇αCτÞð−2∇αCi þ∇iCαÞ − ð∇αCiÞð∇τCαÞ − ð∇αCαÞð∇iCτ þ∇τCiÞ�

¼ 1

2
½Cτð2CαRiα −∇α∇iCα þ∇α∇αCiÞ þ Cið2ðCτRτρ þ CjRτjÞ þ ∂jð−∇τCj þ∇jCτÞ

þ Γτ
jτð∇τCj −∇jCτÞÞ − Cτð∇ρ∇iCτ þ∇ρ∇τCiÞ − Cρð−Γτ

ττ∇τCi − Γτ
τi∇τCτ − Γτ

ττ∇iCτ − Γτ
τi∇τCτÞ

− Cjð∂jð∇τCiÞ − Γτ
jτð∇τCiÞ − Γτ

jið∇τCτÞ þ ∂jð∇iCτÞ − Γτ
jτð∇iCτÞÞ

− ð∇iCτ∇τCτ þ∇iCρ∇ρCτ þ∇iCj∇jCτ − 2ð∇τCi∇τCτ þ∇ρCi∇τCτ þ∇jCi∇jCτÞÞ
− ðð∇τCτÞð∇τCiÞ þ ð∇τCρÞð∇τCiÞ þ ð∇τCjÞð∇jCiÞÞ − ð∇τCi þ∇iCτÞð∇αCαÞ�: ðC17Þ

Now, if we look at all the terms of Dð0Þ
τi , all the terms except CiCjRτj have one of the below listed terms:

(i) Cτ,
(ii) ∇τCi ¼ =∂τCi

0 − Γτ
iτCτ,

(iii) ∇iCτ ¼ ∂iCτ − Γτ
iτCτ,

(iv) ∇τCτ ¼ =∂τCτ
0 − Γτ

ττCτ.
Therefore, Dτi can be written schematically as a combination of three types of terms,

Dð0Þ
τi ¼ 2CiCjRð0Þ

τj þ PCð0Þ
τ þQ∂iC

ð0Þ
τ ðC18Þ

where P and Q denote, respectively, the coefficients of Cτ and ∂iCτ, whose explicit forms are algebraically involved.
Therefore, total Eτi becomes

Eð0Þ
τi ¼ −

∂iXð0Þ

2
−
1

2
gαβχð0Þτα χ

ð0Þ
iβ −

1

2
m2Cð0Þ

τ Cð0Þ
i − c0Cð0Þ

τ ½∂ið∇:CÞ�ð0Þ − d0ð2CiCjRð0Þ
τj þ PCð0Þ

τ þQ∂iC
ð0Þ
τ Þ

¼ −
∂iXð0Þ

2
−
1

2
gαβχð0Þτα χ

ð0Þ
iβ −

1

2
m2Cð0Þ

τ Cð0Þ
i − c0Cð0Þ

τ ½∂ið∇:CÞ�ð0Þ − d0ð−∂jXð0ÞCð0Þ
i Cj

ð0Þ þ PCð0Þ
τ þQ∂iC

ð0Þ
τ Þ: ðC19Þ

The equation of motion with respect to the vector field becomes

Eð0Þ
μ ¼ ∇νχνμ −m2Cμ − 2c0∇μð∇νCνÞ − 2d0RμνCν: ðC20Þ

If we evaluate the τ component of the above equation, we obtain

Eð0Þ
τ ¼∇νχð0Þντ −b1m2Cð0Þ

τ − =2c0∇τð∇νCνÞ− 2d0Rð0Þ
τν Cν

ð0Þ:

¼ hijð0ÞD
ð0Þ
i χð0Þjτ −b1m2Cð0Þ

τ −2d0
�
Cð0Þ
τ

�
−∂ρXð0Þ−

1

2
ωð0Þ
i ωi

ð0Þ þ
1

2
∂iω

i
ð0Þ−

1

4
∂ρhijhijXð0Þ þ 1

2
Γj
jkω

k
ð0Þ

�
−
1

2
hij∂iXð0ÞCð0Þ

j

�

¼ hijð0ÞD
ð0Þ
i χð0Þjτ −b1m2Cð0Þ

τ −2d0
�
Cð0Þ
τ M−

1

2
hij∂iXð0ÞCð0Þ

j

�
ðC21Þ

where we have defined

M ¼ −∂ρXð0Þ −
1

2
ωð0Þ
i ωi

ð0Þ þ
1

2
∂iω

i
ð0Þ −

1

4
∂ρhijhijXð0Þ þ 1

2
Γj
jkω

k
ð0Þ ðC22Þ

and we have computed RτνCν using (A9) and (A14)

RτνCν ¼ =RττCν þ RτρCρ þ RτiCi

¼
�
−∂ρX −

1

2
ωiωi −

1

4
∂ρhijhijX þ 1

2
∂iω

i þ 1

2
Γj
jkω

k

�
Cτ −

1

2
∂iXCi: ðC23Þ
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