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We derive the pertinent chiral potentials for charmed vector meson interactions with light pseudoscalar
bosons in a relativistic U(3) chiral effective field theory up to next-to-leading order. Predictions for the
S- and P-wave scattering lengths are obtained for all the relevant elastic channels. A comparison with the
most recent—and currently the sole—lattice QCD data on the S-wave I = 1/2 D*r scattering length at a
pion mass of 391 MeV reveals good agreement, thereby validating the estimation of low-energy constants
via heavy quark spin symmetry. Within the relativistic formalism, we confirm that the D,;(2460) can be
identified with a bound-state pole, while the D, (2430) corresponds to the interplay of two poles: a lower
one on the second Riemann sheet and a higher one on the third Riemann sheet. We show that the Dy, (2460)
and the lower D;(2430) pole originate from the same flavor SU(3) triplet, whereas the higher D, (2430)
pole belongs to the SU(3) sextet. All these states are not of gq nature, as they flow to complex infinity in the
large N limit. Our results provide quantitative benchmarks for future lattice QCD and experimental

studies, particularly those using femtoscopy.

DOI: 10.1103/gl5b-hvbm

I. INTRODUCTION

The discovery of the charm-strange scalar (/© = 0*) and
axial-vector (1*) mesons Dj (2317) [1] and Dy, (2460) [2]
has triggered intensive studies of hadronic interactions
involving charmed mesons, owing to their masses being
significantly lower than the quark model expectation [3,4].
A variety of interpretations have been proposed to explain
the nature of these two states, including c3 state with
quenching effect, compact tetraquark, and hadronic mol-
ecule, see, e.g., Refs. [5-9] for reviews. The subsequent
observation of Dj(2300) [10] and D;(2430) [11] has made
the classification of open-charm states even more puzzling,
as their masses are comparable to those of their charm-
strange counterparts, respectively. In addition, the descrip-
tion of the broad Dj(2300) and D;(2430) resonances is
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challenging, like the f((500) and K;(700) in the light
scalar meson sector [12,13]. For instance, the standard
Breit-Wigner (BW) parametrization [14], valid only for
narrow resonances yet commonly used in experimental
analyses, is inadequate for broad resonance due to unavoid-
able coupled-channel effects. Moreover, it fails to satisfy
the chiral symmetry constraints that the amplitudes for
reactions involving these resonances must respect [15]. A
natural framework for describing the above open-charm
excited excitations is provided by chiral perturbation theory
(ChPT) for heavy mesons [16—18] together with unitariza-
tion approaches [19-22] (see, e.g., Refs. [13,23] for
reviews).

Chiral perturbation theory [24-26], as the effective field
theory of quantum chromodynamics (QCD) at low ener-
gies, is a powerful tool for investigating the nonperturbative
strong interactions with pseudoscalar Nambu-Goldstone
bosons (pNGBs, ¢€{r,K,K,n}) in a systematically
controlled manner. It was demonstrated in Refs. [27-36]
that its unitarized version, known as unitarized ChPT
(UChPT), does offer a compelling resolution to the
mass-ordering puzzle of the lightest strange and nonstrange
scalars, as well as axial vectors. Moreover, the D{;(2300)
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can be naturally interpreted as the interplay of two
dynamically generated poles [33,35,36]—see also
Ref. [37] for a review of two-pole structures in QCD.
The success of UChPT in this context stems not only from
its automatic preservation of QCD symmetries, such as
chiral symmetry, but also from its systematic incorporation
of coupled-channel effects through chiral potentials. In
addition, unitarity can be conveniently realized by various
unitarization methods, which take the chiral potentials as
input kernels. Thus, chiral potential is at the heart of
UChHPT. For scatterings of pNGBs off charmed pseudo-
scalar mesons (P € {D, D,}), chiral potentials have been
derived at tree [27-31,38,39] and one-loop levels [40—46],
based on the chiral effective Lagrangians constructed, e.g.,
in Ref. [47]. The low-energy constants (LECs) involved in
the P¢ potentials can be well determined by fitting to
lattice QCD data accumulated in recent years [39,48-53].
Positivity bounds are also derived for the P¢ LECs with the
help of the axiomatic S-matrix, such as unitarity, analy-
ticity, and crossing symmetry [54]. The well-determined
LECs enable one to make reliable predictions of various
physical observables for other decay processes via final-
state interactions [34,55].

So far, the potentials for interactions between charmed
vector mesons (P* € {D*, D;}) and pNGBs are less devel-
oped. Though the Weinberg-Tomazawa (WT) term of
leading order (LO) is entirely fixed by chiral symmetry,
the currently available lattice QCD data [56,57] are rare and
insufficient to pin down the relevant LECs appearing in
P*¢ scatterings at next-to-leading order (NLO) and
beyond. Instead, the so-called heavy quark spin symmetry
(HQSS) [58] is usually used to estimate the P*¢ LECs from
those of P¢ interactions. Nevertheless, the validity of
HQSS-based estimation of the LECs in P*¢ scatterings
has not yet been thoroughly tested. Given the recent
emergence of both lattice QCD [56,57] and experimental
[59] data concerning the P*¢ interactions, it is now timely
to make such a justification. Specifically, on the one hand,
Hadron Spectrum Collaboration (HSC) has recently per-
formed the extractions of charmed axial-vector mesons in
the I = 1/2 D*x [56] and D*z-D*-D:K [57] amplitudes
from lattice simulations at a pion mass of 391 MeV, from
which the S-wave scattering lengths can be readily
obtained. On the other hand, by using the femtoscopy
technique [60] (see also Ref. [8] for a comprehensive
review), the first measurement of the residual strong P*)¢
interactions has been conducted by ALICE Collaboration
[59]. The I = 1/2 and I = 3/2 D"z scattering lengths are
extracted from the measured two-particle correlation func-
tions. Unexpectedly, tensions have been found between
these experimental extractions with predictions from both
ChPT and lattice QCD calculations. One of the primary
objectives of this work is to test the HQSS-based pre-
dictions against HSC data within U(3) ChPT for the P*¢
system, and to examine whether the tension persists when

the NLO P*¢ potentials are utilized as the unitarization
kernel.

In this work, we derive the P*¢ scattering amplitudes in
a relativistic U(3) ChPT up to NLO. The 7, is included
as an active U(1) singlet. Compared to the usual SU(3)
framework with 7, K, K, and 5g used in Refs. [27,61-64],
the inclusion of 7, yields a more realistic description of the
physical n and #’ states, since they are admixtures of 77g and
no- It also allows us to explore the large-N- (number of
colors in QCD) behavior of dynamically generated poles,
since the 7, corresponds to the ninth pNGB in the large N
limit [65-68]. The obtained interaction potentials consist of
the WT term, NLO contact terms, as well as explicit DE?;-
meson exchanges in the s- and w-channels. After a
relativistic partial wave decomposition in the helicity basis,
the amplitudes are unitarized with the on-shell Bethe-
Salpeter equation (BSE) [69] to restore unitarity above
thresholds. The NLO LECs &} (i =0, 2, 3, 4, 5), which
cannot be fixed by experimental inputs, are set equal to
their corresponding well-established P¢ LECs [32] in
accordance with HQSS. The formalism is applied to four
elastic and three coupled channels, classified by strange-
ness (S) and isospin (/). We calculate elastic S- and P-wave
scattering lengths and their pion mass dependence, and
compare them with HSC lattice extractions [57] and
ALICE femtoscopic measurements [59]. Our prediction
of the S-wave D*x (I = 1/2) scattering length, calculated
at unphysical pion mass M, = 391 MeV, is in remarkable
agreement with the HSC result, strongly supporting the
validity of HQSS. However, as forthe I = 1/2and I = 3/2
D*z scattering lengths, tensions persist between the ALICE
extractions and our determinations with NLO potentials.
The meson-exchange contribution is found to be negligible
for the S-wave scattering lengths, yet it exerts a significant
influence on the P-wave scattering lengths in the (S,1) =
(1,0) and (0, 1/2) coupled channels. This is attributed to
the presence of the s-channel meson exchange, which is
allowed exclusively in these channels by the conservation
of angular momentum (J) and parity (P).

We search for dynamically generated 1" poles in the
unitarized amplitudes on different Riemann sheets (RSs) of
complex s plane. Specifically, a bound-state pole is found
at /Sy = 2455.2537 MeV, located below the D*K
threshold, which can be identified with the experimentally
observed Dy;(2460) state [70]. Furthermore, a two-pole
picture of the iso-doublet axial-vector D;(2430) [70], the
HQSS partner of Dg(2300), is likewise established.
Namely, the D (2430) resonance corresponds to the super-
position of two poles: a lower pole on the 2nd RS at
VSpole = 2255.6133 — i112.5770 MeV, and a higher one
on the 3rd RS at  /Spgc = 2558.17337 — i207.21{F MeV.
The properties of these poles are further explored by tracing
their trajectories as functions of M, N, and the parameter
x, which characterizes the deviation from the flavor
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SU(3)-symmetric limit toward the physical case. Our
primary findings are as follows. The evolution with x
reveals that the D (2460) and the lower D;(2430) pole
originate from the same flavor SU(3) triplet, namely the 3
irreducible representation (irrep), while the higher
D,(2430) pole arises from 6 irrep. Upon increasing M,
up to 670 MeV, the D,;(2460) and the higher D,(2430)
poles retain their characters as a bound state and a
resonance, respectively. In contrast, the lower D;(2430)
pole involves from a resonance to a bound state, as a
consequence of its steadily increasing coupling strength to
the D*z channel. The existence of a D; bound-state pole at
large M, is supported by the recent HSC result [57].
Finally, all these poles flow to complex infinity as
N¢ — o0, indicating that they are not of gg nature.

The manuscript is organized as follows. In Sec. II we
introduce the U(3) chiral Lagrangians and derive the P*¢
potentials, partial wave amplitudes, and unitarized scatter-
ing amplitudes. Numerical inputs, scattering lengths, and S-
matrix parameters are presented in Sec. III. Section IV is
devoted to pole extractions, SU(3) analysis, and pole
trajectories with varying M, and N.. We summarize in
Sec. V. Explicit expressions for some of the coefficients
appearing in the chiral potentials and for the Lorentz
invariant amplitudes are relegated to Appendixes A and
B, respectively.

II. THEORETICAL FORMALISM

A. Chiral effective Lagrangians

The chiral effective Lagrangian relevant to our calcu-
lation up to NLO can be organized as [16-18]

1 1 1 1 2
Lot = Lpy+ L)+ L)y + Ly + L5 (1)

with the numbers in the superscripts denoting the chiral
orders. The first two pieces are kinematic terms, which read

LY}, = =D, PiDP 4 M3 PP, (2)
L5}, = D,PD*P' — i3 PP, (3)

where Mp- and Mp are the masses of the charmed vector
mesons P* = (D*°, D**, Di*) and pseudoscalar charmed
mesons P = (D°, D*, D) in the chiral limit, respectively.
The covariant derivative D, acting on the charmed meson
fields is defined by

DX=X(0,+T}), DX =(0,+)X", (4
where X € {P,P*} and the chiral connection is defined
by T, =3[u’0,u + ud,u’]. In the UQ3) framework, the
pNGBs are nonlinear parametrized in the matrix U,

U = u® = exp(iv2¢/F,).

7° Ui i K+
= P s KO +—=n9. (5)
\/5_0 NG 5 V3
- _ 2
K K 76

Here, the parameter F, is the axial decay constant of the
pNGBs in the chiral limit. The U-matrix has been extended
to a U(3) version by adding the term proportional to the
singlet 7. The reason for this extension is twofold. On
the one hand, it completes the low-energy QCD spectrum in
the large N limit, wherein the singlet 7, emerges as a
relevant degree of freedom. On the other hand, it enables a
more realistic description of the physical # state, which
arises from the mixing between #g and 7, as does the 7.
Furthermore, the QCD U(1), anomaly, scaling as 1/N¢
[65-68], is responsible for the massive 7, in the physical
situation, which tends to massless as N- — oo and chiral
limit. Therefore, in reality, the LO chiral Lagrangian for the
light pNGBs should be generalized to

F? F? F?
L, = Io () +TO<Z+> +1_20M(2)X27

X =In(detU) = \@Fino +On}). (6)
0

where the symbol (---) represents the trace in the flavor
space. The definition of y, is given by y, = u'yu’ + uy'u,
with y = 2Bdiag{, fir, m, }, where 7 is the average mass
of the light u and d quarks, and m denotes the mass of the
strange quark. The factor B is a constant related to the quark
condensate. M, is the LO mass of 7, which is suppressed
by 1/N¢ in QCD but kept finite in the U(3) construction.
The physical 7 and #’ are related to the singlet-octet basis
(n3,79) by an orthogonal rotation,

n cos —sinf g
()= (s w)C)
n sinf cosd Mo
with the mixing angle 8. The masses and mixing angle are
given by
-1

M? R . s?
:M%(‘F—O:l:—, sinf = — 1+W .

272
(8)

where 3R = \/OM{ — 12M3A? + 36A* and S =3M3 -
2A% + 3R with A? =M% — M2. In the limit M, — oo,
one has sin@ — 0 and cos @ — 1. Thus, the 7, ¢ decouple
according to Eq. (7). In this limit, the physical n can be
identified as the octet 5g in the SU(3) ChPT [26], and its
mass reduces to

2
Mﬂ’/ n

074027-3



LIANG, XIAO, GUO, and YAO

PHYS. REV. D 114, 074027 (2026)

M3 R A? A*
M2 =="L4 M} - = =M} +—+0<—)
L) K2 k3 M}
4M% — M2
= ©)
3
in alignment with the Gell-Mann-Okubo relation [71]. For
completeness, we also derive the LO pion and kaon masses
from Eq. (6), which are

M2 = 2B, M% = B(in + my). (10)

The LO P*P¢ and P*P*¢ interactions are described by

L5)ps = igo(PyutPT = Pur Py, (11)

Ly, = % (P, D, Py = D, Pou, Py e, (12)

where g, and g, are coupling constants and e is the
Levi-Civita tensor. The building block u, has the
form u, = i[u’0,u — uo,u').

The Lagrangian at NLO reads [38]

2 % * * QL
LF), = =Pa(=hs(rs) — g )Pt
— P (s (u,ut) — hiu,ut )Pt
— D,/ Py (hy(u,u) — hi{u", u D, P, (13)

where h(i =0,1,...,5) are unknown LECs, which are
usually determined by experimental results or lattice data.
These operators yield NLO corrections to the charmed
vector meson masses and the contact P*¢ interactions.

B. Potentials

The Feynman diagrams for our calculation are displayed
in Fig. 1. Diagrams (a) and (d) correspond to the s-channel
exchanges of charmed vector and pseudoscalar mesons,
respectively, diagrams (b) and (e) are the corresponding
u-channel exchanges, and diagrams (c) and (f) denote the
LO and NLO contact interactions. The potentials for

the processes of Pi(p1)¢i(p2) = P3(p3)¢2(pa) can be
expressed as

V(s,1) = Vals, 1) + Vex(s,1), (14)

where the first term corresponds to the contribution from
the contact diagrams (c) and (f), while the second term
accounts for that from the exchange diagrams (a), (b), (d),
and (e). The explicit expressions of V and V. read

A 4 ~ ’ ~ ’

\\ " “S l" “\ ,"
A I' \x‘ '¢' s\ 'a
(@) (®) (c)
A , \~ 'l -~ .
\\ I’ AN 7 ~‘\ "'
“ ,' \x‘ '¢' \\ "
(d) (e) ()
FIG. 1. P*¢ scattering up to NLO. The thick solid, dashed and

thin solid lines represent the P* mesons, pNGBs, and P mesons,
in order. The numbers in the circles indicate the chiral dimensions
of the vertices. (a) s-channel exchange of charmed vector meson,
(b) u-channel exchange of charmed vector meson, (c) LO contact
interaction, (d) s-channel exchange of charmed pseudoscalar
meson, (e) u-channel exchange of charmed pseudoscalar meson,
and (f) NLO contact interaction.

s—u 1
V(s 1) = —e; - €§{CL0 22 B2 [4h3Co — 2h1C,

0 0

+ 2Cp4Hay — 20357‘{35]}’ (15)
C
Vel =37 (53Gp(5.1) = iGp- (5.1
C

+37 (899000 = i (0], (10

where the coefficients C; (i = LO,0,1,24,35,S,U) are
compiled in Table I. The conservation of charm, strange-
ness, and isospin enforces Cg = 0 for the (S,1) = (—1,0),
(-1,1),(2,1/2),(0,3/2),and (1, 1) channels. Here, ¢, and
€3 are polarization vectors of the incoming and outgoing
vector P* mesons, respectively. The Mandelstam variables
s, t, u are defined by

u=(p - P4)2,
(17)

s=(p1 + pa2)*, t=(p—p3)*

which fulfill the constraint s+ 7+ u = m} + m3+
m% + mﬁ, with p% = m,2 (i=1, 2, 3, 4). The functions
in the above potentials are given by
Hau(s,1) =2h3ps - ps

+ hy(p1 - PaP3 - P4+ P pap2-p3),  (18)

Hss(s.t) = hipy - pa
+hi(py - p2pP3- Pa+P1-Pap2-p3).  (19)
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TABLE I. The coefficients involved in the chiral U(3) potentials (15) and (16). In the table, we use the abbreviations ¢y = cos € and
sg = sin 8. The chiral SU(3) potentials can be obtained as a limiting case by taking cy = 1, sy = 0, and switching off all channels that

involve the 7' meson. Furthermore, some coefficients, e.g., cﬁl*‘”"”, are not shown explicitly—their explicit expressions can be found in
Appendix A.

(S, I) Channels CLO CS CU CO C] 024 C35
(-1,0) D*K - D*K -1 0 —6 M2 M3 1 -1
(-1,1) DK - D*K 1 0 6 M% -M% 1 1
(2.3) D;K — D;K 1 0 M3 -M% 1 1
(0.3) D*n - D'z 1 0 M2 -M2 1 1
(1,1) Diz—Dn 0 0 0 M2 0 1 0
DK —» DK 0 0 0 M3 0 1 0
D*K - Dirn 1 0 6 0 _Mimd 0 1
(1,00 DK — DK -2 12 0 M3 —2M>% 1 2
D'K—Din =3¢y  2v/6(V2co+s9)  =2V3(co—V2sp) 0 ik 0 7”*’*2‘?"9
Dsn — Dsn 0 2(V2cq + ) 2(V2¢ + 50)* Cél’o)m C(ll'o)”'7 1 2(ﬂc‘3ﬁ»+5e>2
D'K =Dl —V3s, —2v6lcg-V2s) 2V3(V2eo+sy) O ¢ 0
* * a0l 1,0)ny’ 1,0)ny' 1,0y’ 1,0y’ 1,0)nn'
Din — Din 0 C(S ) C(U ) Cé ) C(l ) 0 Cgs )
Din' — Dy’ 0 2(co — V2sg)? 2(co — V2sp)? Cf)l’°>”” Cﬁl’o)" ! 1 Cglgo)””
(0.9) D'z — D*rn -2 9 -3 M2 -M: 1 1
D*i7 - D*i’{ 0 (Cg — \/ES@)Z (CH — \/550)2 CE)O%)'M CEO’%)U’? 1 Cg(;%)'m
D:K - DK -1 6 0 M3 -M% 1 1
D'n— D'z 0 3(co — V2sp) 3(co — V2s0) 0 M2 (V25 — c) 0 cg—V2sg
D*K — D*& _g 3v6 0 0 VoM +M3) 0 JTE
4
DiK - D' _fscy  6(cy—V2s9)  —2V3(V2ey+s9) O (0% 0 K
D'y — D'z 0 3(V2¢ + 59) 3(V2¢o + 59) 0 ~M3(V2¢o+59) 0 59+ V2¢
D* D/ 0 (0.5 (03) 03)m’ (03)m’ 0 (03w’
’_7 - ! (cg-50) (co.59) C() " C] 'j’? C35 ;jn
DiK =Dy _&s,  V6(V2cg+s)  2V3(co— V2sy) 0 Dk 0 claky
D* / D* / 0 2 2 (04,%)’, / (0-%) " 1 <0'%) '
=P (V2¢q + 59) (V2¢q + 59) Co " ¢, Cys""
. C. Helicity amplitudes
P2 €1py €3 .. . .
Gp(s.1) = P+ pa) =My (20) The helicity formalism was first proposed by Ref. [72]
PrT P2 h for scatterings of particles with spin, facilitating both partial
wave decomposition and the connection to experimental
G (s, 1) = 1 observables [73]. In our case, the helicity amplitudes for the
e (p1 + p2)* = Mj, scattering processes of Py(p1)¢i(p2) = P3(p3)da(ps)
. are defined by
X {Pl ~€5[p2 - paps €1 — P2 p3ps €l
. _ HT .
+ €1 €3p2 P3p1 - Pa— P1-P3D2- P4]}, with the 4, 3 € {0, £1} being the helicities of the initial or
(21) final vector mesons. The rank-2 tensor amplitude

with M, (M) the mass of the intermediate pseudoscalar
(vector) charmed meson that appears in the exchange
diagrams.

V#(p,, ps; X) can be further decomposed as

Vi =V, (g" - ﬁ”ﬁ”) + Vzi’liy + Vﬁ"l?i T+ V4pgT2y

+ VsphrPhr (23)

074027-5



LIANG, XIAO, GUO, and YAO

PHYS. REV. D 114, 074027 (2026)

where =¥ = (p, 4 p4)* and ¥ = 3¥/v/X2, and the trans-
verse momenta p;r are defined by

piZ
2

Pa=pi =% i=2,4. (24)

The coefficients V; (i =1,...,5) are Lorentz invariant
functions. Their explicit expressions can be derived with
the help of the chiral potentials shown in the preceding
subsection, which are relegated to Appendix B.

For P*¢ scattering, there are in total nine helicity
amplitudes. However, only five of them are independent
because strong interaction is invariant under parity inver-
sion P and time reversal T. Specifically, one has

PV = (D54, (25)

T:V = (=D)5"4V, ., (26)

whichleadtoV,, =V__,V, =V_,, V,g=-V_g and
Vor =—=Vy_, where + are shorthands for =£1. The
helicity amplitude V is itself invariant under P and T
transformations.

In fact, the five independent helicity amplitudes can
be expressed in terms of the five covariant amplitudes
Vi-1.. 5, defined in Eq. (23). In the center-of-mass (CM)
frame, the relevant four-momenta can be expressed as

Py = (a)l’o’ 0’ pcm)T’ pg - ((02,0,0, _pcm)T7

p3 = (a)S’ pcm sin @, O? pcm Cos (p)T’

plz{ = (w4’ —Pem SiN@, 0, =Py €OS (p)T’ (27)
with w; being the CM energies. In the above, ¢ stands for

the scattering angle between the incoming and outgoing
states. The CM momenta p., and p., are given by

A(s,m3, m3)
2s

with  A(a,b,c) = a® + b* + ¢* —2ab — 2bc — 2ca  the
Kaillén function. In the CM frame, the polarization vectors
of the vector charmed mesons can be expressed as

_ /ﬁ(s,m%,m%)

Pem 27\/3’ Dem = (28)

Fl —i r
6” - 0’—7_’0 3
ulp) < V2 V2 >
Pem (] T
e = -
0(1’1) (’”1 ’0707m1> )
Fcosgp —i Esing\T
6# - 0’ s )
:tl(p3) < \/i \/E \/z >
Dem @38ing  wycosp\T
€’6(p3)=<—, 0,22 ) . (29)
ms ms ms

Substituting the momenta and polarization vectors into
Egs. (22) and (23), one obtains the relations between the
helicity amplitudes and the covariant amplitudes,

1 _
V++ B V__ - _E |:(Zy + I)Vl + pcmpcm(l - Z%)V5:|’
1 _

V+_ = V_+ = 5 |:(Zs - l)vl + pcmpcm(l - Z?)VS}’
Vi = =V ———(1_Z%)%[0)V—p2v—zwp[) V]

+0 -0 \/§m1 V1 cm Y 4 sWIPemPem Y 5|

= — = — | — FMcm — Z;@W3PcmPem ’
0+ 0 \/§m3 3Vi— P 3 3PcmP 5
1 _ _
Voo = . [Zspgma)3v4 + 2,01 (PemV3 = @3V1) + PemPem(Va + Z%UOIQSVS)}’ (30)

with z, = cos ¢. Consequently, chiral expressions of the
above helicity amplitudes follow from those of the invariant
amplitudes V; (i = 1,...,5), see Egs. (B2)—(B6).

D. Partial wave amplitudes

The partial wave decomposition of the helicity ampli-
tudes has the following form:

Vi (s,1) = 27+ 1)V, ()d] , (z,), (31)
J=max{|43].|2;[}

where d/{l 4,(2) is the standard Wigner d function and the
partial waves are given by

1 1
V0 =5 [ daVis(stts )l @) (2
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The Mandelstam variable ¢ is related to z, through

(s + mf — m3)(s + m3 — m3)
2s

1(s,z,) = m} +m} +

+ 2PemPem?s: (33)
with p., and p., given by Eq. (28). However, helicity
states are not eigenstates of parity reflection. As a result, the
partial wave helicity amplitudes do not possess definite
parity quantum numbers.

To obtain partial wave amplitudes with definite J*, one
can employ the so-called JLS basis, where J, L, and S
denote the total angular momentum, orbital angular
momentum, and total spin, respectively. This can be
achieved via the following transformation:

_ JLSY/J JLs |t
Vs = E Uro Vi [uzlo} ,
Aid3

(34)

with S =8, =853 =1 and J =L + S. The parity of the
above amplitude is P = (—1)L. Note that since the total
spin of the P*¢ system is always S = 1, the abbreviation
Vo (s) will be used hereafter. The components of the
matrix 4’15 are given by

2L + 12
JLS — LOSA|JA)(S;4,00|S4 35
= (Geiy ) oSt sa00ls. (9

with i =1 or 3, whose values are determined by the
pertinent Clebsch-Gordan coefficients.

For S wave with L = 0 and J = S = 1, the transforma-
tion matrix reads

1 1 1
7575%)' (36)

Consequently, the S-wave amplitude with definite quantum
numbers J” = 17 takes the general form

o = @) =

1
Viciimo(s) =3 [2V4(8) +2Vio(s) +2VE(s)

+ 2V}, (5) + Vin(s)|. (37)

where VL ,, are the partial wave helicity amplitudes
defined in Eq. (32). For elastic scattering processes at
threshold, the CM momenta satisfy p.n, = pem = 0,
and the corresponding S-wave amplitudes become
independent of z; and the potentials V,;45(s,?). This
yields the simplified expression V;_;;_o(sgq) =
—Vi(sm. 1(sm))-

Likewise, for the P wave with L = 1, the total angular
momenta can be J =0, 1, 2, and the corresponding
transformation matrices can be derived as

UM = @O UG U0y = (0.-1,0), (38)

UM = U U Ut = (-1/v2,0,1/v2),

Wt = .3 2y = (V3710.7/275.4/3710).

(40)

(39)

Then, the P-wave amplitudes in JLS basis are given by

Vicor=1(s) = V80(S), (41)

VJ:I,L:I(S) = VL+(S) - VL—(S)v (42)
Vicaana(s) =  [2VAo(5) + 302 () 4 V3_(s))

+2V3(V3,(5) + V3(s))]. (43)

corresponding to J¥ = 07, 17,27, respectively.

E. Unitarization

The partial wave amplitudes derived from chiral effective
field theory respect only perturbative unitary. In order to
scrutinize dynamically generated pole structures, the uni-
tarity must be restored. A popular manner is to conduct
unitarization using the BSE under on-shell approximation
[21,69]. Specifically, the formulation of the BSE approach
reads

-1

T3 () = Vi () - [1=6() Vi (0] @4

Here, V&%[)(S) and G(s) are expressed in the matrix
notation and take the form

S S,

VT v,
A I S

Ve e o VR,

G(s) = diag{gi(s), ..., gi(s). -}, (45)

where i and j are channel indices, and VS%I) represents
the L-wave projection of the O(p?) scattering potential
with strangeness S and isospin /. Taking the processes
with (S,7) = (1,1), for example, there are two chan-
nels: 1 =D}z and 2= D*K. The L-wave potential
matrix reads

1,1 1,1
(1.1) [V(JL )]DﬁneDﬁn [V(JL >]D§n—>D*K
Ve’ =

1,1) 1,1)
Vi ok VS pkonk

074027-7



LIANG, XIAO, GUO, and YAO

PHYS. REV. D 114, 074027 (2026)

Note that, for single channels with (S,I) = (-1,0),
(=1.1), (2.3), and (0,3) (see Table I), the above matrix
Eq. (44) reduces to a simple algebraic equation.

The two-point one-loop function g;(s) in Eq. (45) is
defined by [22]

[ d*% 1
gi(s) =i 22 12 — M2 iell(k + P2 — M2 10
(2r)* [k* — Plf—i—ze][( + P)? = M, + ie]
|

. s—M%mLM;l M2
1 ’n

with s = P? and e an infinitesimal positive number.
gi(s) collects unitary cuts generated by the two-particle
intermediate states, i.e., P;¢; states, in the ith channel.
It can be calculated in dimensional regularization by
replacing the ultraviolet divergence with a constant,
leading to

Pi

(5) =1 1 '
9i(s 6 )+ n > o 2s M3,
ln (s — M, +M2* +0,(s)) = In(=s + M}, —M%lf +0,(s))
+1In(s + M} — M%’T +0;(s)) = In(—s — M}, +M2T + a,-(s))] }, (46)

with o;(s) = 2"2(s, M}, M, ). Here, the constant a;(u)

depends on the renormalization scale p, which is
usually set equal to the chiral symmetry breaking scale:
u=4rnF,~1 GeV. Nevertheless, the g;(s) is u inde-
pendent, since the y dependences of the first two terms
in the first line of Eq. (46) cancel with each other.

III. NUMERICAL SETUP AND SCATTERING
LENGTHS

A. Parameters

The physical masses used in this work are tabulated
in Table II. We work in the exact isospin limit, which
implies that the states in an isospin multiplet are mass
degenerate. Therefore, the pion masses are uniformly
set to M, = 138.04 MeV, the average of the physical
masses of charged and neutral pions in the pion triplet.
The mass values of K, K, D, and D* are obtained in
the same manner. Furthermore, following Ref. [39], we
take Fo= F, with the pion decay constant F, =
92.2 MeV [70].

The LECs h} (i =0, ...,5) involved in the NLO contact
‘P*¢ scattering potentials have not yet been determined so
far, due to the lack of experimental data and insufficient
lattice QCD data. The value of h] can be fixed by the

TABLE II. Physical masses used in this work.

4) Mﬂ MK Mr/ M;]’
Mass [MeV] 138.04 495.16 547.86 957.78
P[P Mp- Mp, Mp Mp,
Mass [MeV] 2008.55 21122 1867.24 1968.34

physical mass difference between D* and Dj}. Specifically,
the NLO D* and Dj; masses read

M3y, = W +2(hy + h})M2 + AhgMY.,  (47)

M3, = Mp. + 2(hi — hi)M7 + 4(hi + b)) M, (48)

which yield

2 2
M3, — M3,

A -
P 4(M - M2)

= 0.47. (49)

For the remaining 47, the HQSS leads to

hi=h; 1=0,2,3,4,5, (50)
where h; are the NLO LECs appearing in P¢ scattering.
With HQSS, the scatterings of pNGBs off vector P*
mesons and off pseudoscalar P mesons are related to each
other. Fortunately, the HQSS appears to be reasonably well
satisfied [34], even at a large unphysical pion mass of
~391 MeV [56], ensuring that the relations in Eq. (50)
hold well.'

For the P¢ interactions, the NLO LECs h; were first
estimated in Ref. [38] by means of 1/N. arguments and
naturalness assumptions. Later, they were better deter-
mined by fitting to lattice QCD data using SU(3) chiral
potentials of NLO [39,74] and next-to-next-to leading order

'In fact, h; can be alternatively estimated by the physical mass
difference between D and D, in the same way as Eq. (49) for A7,
and the resulting value is h; = 0.43. Therefore, the breaking
effect of HQSS is roughly § = |h} — h;|/|h}| ~ 8.5%.
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TABLE III.  Values of the NLO LECs appearing in the P*¢ contact interaction.
LECs hj hy s n n h
Value 0.033 047 0.0843! 379704 00614 0487033

(NNLO) [42,43]. Further, stringent positivity bounds on
those LECs were derived based on the general principles of
S-matrix theory, including analyticity, crossing symmetry,
and unitarity [54]. The SU(3) ChPT study of low-energy
P¢ scatterings was extended to the U(3) framework in
Ref. [32]. Here, since we also work in U(3) ChPT, we take
the values of /; from Ref. [32] (Fit-6C of Table III therein)
to estimate those of /] via Eq. (50). The NLO P*¢ LEC
results are summarized in Table III, where the quoted errors
are statistical. Note that, in what follows, we employ a
common subtraction constant a(u) in g;(s) of Eq. (46)
for all the scattering channels, whose value is set
to a(p=1GeV)=-1.88(6), taken from Fit-6C of
Table III of Ref. [32].

As for the coupling constant g, in the meson-exchange
diagrams, its value can be extracted from the decay width of
D*"(2010) — D°z*. At LO, the decay width is

2 3
P(D*(2010)  DOx+) = %014

_ 4" (5
ez, OV

with g, the pion three-momentum in the rest frame of
the mother particle D**. Together with the total decay
width I'=83.4+ 1.8 keV and the branching fraction
Br(D**(2010) — D°z") = (67.7 +0.5)% [70], the gy is
estimated to be gy = 1095.0 £ 15.8 MeV. For g;, the

coupling of P*P*¢ interaction, we impose the HQSS
relation g;Mp- = gy [47] to determine its value.

B. Prediction of S- and P-wave scattering lengths

Once the values of all the involved parameters are pinned
down, one can make predictions for the scattering lengths.
For the elastic process of P;¢; — P; ¢;, the corresponding
scattering length is related to its unitarized scattering
amplitude through

(8.1)
S.0) (o " 1 ) TJL,P;,‘¢,-—>P?(/)K. (s)
aSL )(Pi¢i_’7)i¢i):—8” o lim s
th 57 5n i,cm
(52)

where s/, = (Mp: + M 4,)* denotes the threshold in the ith
channel. In the above, the sign convention is chosen such
that a negative (positive) scattering length corresponds to
an attractive (repulsive) interaction.

Our predictions for the S-wave scattering lengths are
given in Table IV, where the errors are obtained by varying
the LECs in their 1-o uncertainties. The most attractive
channel is D*K — D*K with (S,I) = (1,0), for which
the scattering length is the most negative, i.e.,
aly = —0.8679%. As will be discussed in Sec. TVA, this
channel is sufficiently attractive to form a bound state,

TABLE IV. S-wave scattering lengths for the elastic scattering channels in units of fm. The results determined in

HMChPT [75] are also shown for easy comparison.

(S,1) Process CT CT + Ex HMChPT [75]

(-1,0) D*K - D*K 0.41(2) 0.41(2) 0.29 +i5.2 x 107

(-1, 1) D*K — D*K -0.18(1) —0.18(1) —0.19 = il.7 x 107°

(2,1) D:K — DK -0.17(1) -0.17(1) -0.14

(0.3) D'z — D'z —0.10(1) —-0.10(1) —-0.13 - i3.6 x 10~

(1, 1) Din — Din -0.001(1) —0.004(1) ~0.039
D*K = D*K 0.01(1) +i0.07(1) 0.01(1) +i0.05(1) -0.022 + i0.10

(1, 0) DK —» D'K -0.8619% —0.857047 0.76 — i5.2 x 107
Din — Din —0.22(1) + i0.04(1) —0.22(1) + i0.04(1) 0.18 + i0.19
Dy — Diyf -0.24(2) +i0.03(1) -0.26(2) + i0.04(1) -

0.3) D'z — D'zn 0.35(1) 0.36:00! 027 — 3.6 x 10~
D*n — D*y —0.03(2) + i0.04(1) —0.05(2) + i0.04(1) 0.051 + i0.094
DiK — DiK —0.12(3) + i0.1815% —0.14150% +i0.161005 0.35 +i0.27
D'y — D*yf -0.16(2) + i0.01(1) -0.16(2) + i0.01(1) -
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TABLE V. P-wave scattering lengths at physical masses for the elastic scattering channels in units of 100 fm?. The P waves are
distinguished by the quantum numbers J” together with the standard spectroscopic notation >5*!L .

0™ [Py 17 PPy 27 [Py
(S.1) Process CT CT + Ex CT CT + Ex CT CT + Ex
(-1,0) D'K-DK —4.914 4743 —4.6114 —4.44) —4.611¢ -5.8M1%
(-1.1) DK—DK 44203 42103 4.1(7) 3.9(7) 4.1(7) 53(7)
(2,1/2) D:iK — DK 4.2(7) 4.0(7) 3.9(7) 3.6(7) 3.9(7) 6.1(7)
(0,3/2) D'm— D'z 42108 ~101.8+98 4.0(7) 106.1(7) 4.0(7) -93.0(7)
(L)  Diz—Dix —0.4708 =0.5(7) -0.410% -32.9%97 —0.4708 —6.4107
DK — DK 0.6(7) +i1.0(2) 0.5(7) 4+ i0.9(2) 0.5(7) +i0.9(2)  04(7)+i0.7(2)  0.5(7) +i0.9(2) 14797 +2.0(3)
(1,00 DK - DK 13.3(1.6) 54113 14.15)6 10.7(1.9) 13.91]6 13.2(1.4)
Din—Din 35807 +i02(1)  2.6507 +i0.04(0) 34757 +i04(1)  2.8507 +i0.02(0)  3.4107 +i0.4(1) 43507 +i0.2(1)
Dy’ — Dy =557 +i7.9120  —2.9128 1+ 12,6728 —4717 4053717 48t T 471133 —49H 8 452t 64720 6677
(0,1/2) D'z — D'z 7.9(1.0) 57.911¢ 8.471) -16.1133 8.2(1.0) 554104
D'n— D' 0.610F+i8257 34101 +i5.0017  —02107 +i7.5H¢ 24707 +i5.957  —041)9 +i7.61]%  —0.61]2 +i10.8(1.9)
DiK - D:K  1.5(7) +i5.1709 3.1(3) +i3.01]4 09709 +i5.1(9) 24704 +i4.1(1.0) 08105 +i5.1(9) 1.3(8) +i5.4(9)
D — D'y —42813 + 26708 —4.6H5 +i3.810% 3557 420107 =393 425108 —3.6113 119707 —4.5015 423108

which can be identified as Dy, (2460). For each scattering
length in the table, the contribution from the contact term
(CT) is shown in the second column, while the sum of the
contact term and meson-exchange contributions (Ex) is
displayed in the third column. It can be found that the
meson-exchange diagrams contribute negligibly in all
scattering channels.

For comparison, we also show the S-wave P*¢ scatter-
ing lengths derived within heavy meson ChPT (HMChPT)
at NNLO [75].2 Therein, the LECs are either estimated via
the resonance saturation model or assumed to be zero under
the naturalness ansatz. Our predictions for the single
channels, I =0 D*K, I =1 D*K, 1 =1/2 DK, and I =
3/2 D*r, are more or less comparable to the HMChPT
ones. However, the scattering lengths in the (S,7) = (1,0)
coupled channels exhibit large deviations, which might be
caused by the poor chiral convergency due to large kaon
and eta masses. That is, higher-order terms beyond NNLO
in chiral perturbation expansion may contribute sizably. A
resummation of the higher-order terms is required in light
of the existence of the D,;(2460) state near threshold.
Nevertheless, all those terms are dropped in the perturbative
HMChHPT calculation [75]. In our case, their contributions

*Such a comparison is very rough and must be taken with
caution. Our results are obtained in a nonperturbative way in the
sense that an infinite number of the s-channel bubble loops are
considered via the BSE unitarization, while those in Ref. [75]
come from a perturbative HMChPT calculation truncated at
NNLO.

have been partially taken into account by means of the on-
shell BSE unitarization approach.

Very recently, the two-particle momentum correlation
functions between vector charm meson and light-pseudo-
scalar bosons have been measured by ALICE Collaboration
[59]. This has enabled the first experimental extraction
of D*z and D*K scattering lengths. The extracted residual
strong interaction between D* and z is found to be
negligible, yielding ap:, =0.05+0.04(stat) £0.02(syst)
for (S,1)=1(0,3/2) and ap-, = —0.03 + 0.05(stat) £+
0.02(syst) for (S,I)=(0,1/2). A tension emerges
between the experimental results and our NLO predictions.
A similar problem is also observed in the Dz scattering
lengths [53].

The P-wave scattering lengths are also calculated using
Eq. (52) and the results are summarized in Table V. For
L =1, the allowed J¥ assignments are 0=, 1~, and 27,
corresponding to the spectroscopic labels 3P, 3P, and *P,,
respectively. The discrepancies between “CT” and “CT +
Ex” results for the channels with (S,7) = (-1,0), (-1, 1),
(2,1/2),(0,3/2), and (1, 1) are entirely attributable to the
u-channel exchanges. The s-channel contributions to these
channels, by contrast, are identical to zero, as they are
prohibited by the conservation of additive quantum num-
bers like strangeness. Conversely, in the (1, 1) and (0, 1/2)
channels, the s-channel exchanges of pseudoscalar and
vector charmed mesons contribute significantly to the
P-wave scattering lengths for the 0~ and 17 cases,
respectively. Additionally, the u-channel contribution is
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found to be sizeable for interactions involving a pion, such
as D*z with I = 1/2,3/2 and Diz with I = 1. As seen
from the scattering lengths in Tables IV and V, meson-
exchange diagrams have a negligible effect on the S-wave
scattering lengths, whereas they can considerably modify
the P-wave ones. Accordingly, in what follows we confine
our analysis to the S-wave sector and retain only the contact
term contribution.

We further emphasize that restricting the on-shell BSE
kernel to the contact terms [diagrams (c¢) and (f) in Fig. 1]
is not only numerically well motivated by the S-wave
results above, but also necessary to avoid unphysical cuts.
Under the on-shell approximation, the u-channel
exchanges [diagrams () and (e)] generate left-hand cuts
that may overlap with the right-hand unitary cut. Taking
elastic D*x scattering as an example, the left-hand cuts
arising from the wu-channel D* and D exchanges are,
respectively,

. M2, — M2)?
Cch = {(DM—2”)’2M’2[+M2*]
D
(M3, — M2)?
and C?I |:DM—12-5;T,2M,2[+2M2*—M2D .

One sees that the cut C? overlaps with the right-hand cut
Cr = [(Mp + M,)?, ), thereby introducing unphysical
singularities into the on-shell algebraic BSE and spoiling
unitarity and real analyticity. Using only the contact
potentials in Eq. (44) avoids these unphysical cuts. A more
rigorous treatment of the meson-exchange contributions
would require solving the off-shell BSE [31,76-80]. Such
an extension, however, lies beyond the scope of the present
work. For the elastic scattering lengths themselves, the
corresponding thresholds lie outside the region of these
artificial cuts, so that the “CT” versus “CT + EX”
comparison in Tables IV and V remains a meaningful
estimate of the numerical importance of the exchange
diagrams.

C. Pion mass dependence of the scattering lengths

Extensive lattice QCD studies of scatterings involving
pNGBs and charm mesons already exist in the literature
[39,48-53,56,57,81]. While the vast majority of these
works have focused on the P¢ sector, investigations into
the P*¢ interactions have only recently become available
for the (S,1) = (0, 1/2) channel [56,57]. More simulations
are certainly needed to fully understand the interactions
between pNGBs and vector charm mesons, which are
crucial for unveiling the nature of the Dy, (2460) and other
1™ states. To this end, in this subsection we provide
predictions for the S-wave scattering lengths at unphysical
pion masses, which are suitable for direct comparison with
existing and future lattice QCD results.

Given that the strange quark mass is fixed, the pion mass
dependence of the K, D*, and D} masses can be derived
from Eqgs. (10), (47), and (48), resulting in

. 1

M3, = Mp, + 4hgM2.,

M3, = M3 + 202k + hi)M2,
(53)

where My = Bm,, Mp. = M3 +4hiMy, and Msz =
M. + 4(hi + h)M% are the masses of K, D*, and D}
mesons in the limit of M, — 0, or equivalently, /i — 0.
Their values are determined, by using the physical masses
as inputs, to be AO/IK = 486.3 MeV, I\O/ID* = 2003.5 MeV,
and Mp. =2111.6 MeV. In addition, we use Eq. (8) to
extrapolate the 77/%#' masses and their mixing angle 6, with
M, = 835.7 MeV taken from Ref. [82].

The predicted S-wave scattering lengths of P*¢ inter-
actions as functions of M, up to 650 MeV are shown in
Fig. 2. Also displayed for comparison are the S-wave P¢
scattering lengths from Ref. [32], which clearly reveal the
symmetry breaking effects caused by the differences of
heavy meson masses. The figure shows that, except for the
D*z channel with 7 = 1/2, the scattering lengths in all
other elastic channels generally increase or decrease to
some extent without changing signs. A completely different
trend is observed in the (0, 1/2) channel, where the D*x
scattering length grows rapidly toward positive infinity,
then abruptly turns toward negative infinity. This behavior
is closely related to the evolution of the (0, 1/2) poles in the
complex energy plane, to be discussed in detail in
Sec. IV C. The scattering length diverges to negative
infinity, which is a clear signature of a strongly attractive
interaction. This behavior typically indicates that the
system forms a bound state close to the threshold.

Figure 2 also includes currently available lattice QCD
data to facilitate direct comparison. The hollow and filled
markers denote the existing P¢ [39,48-53] and P*¢
[49,57] data, respectively. Notably, our result for the
D*r scattering length with 7 = 1/2 is in excellent agree-
ment with the most recent lattice QCD determination by the
HSC [57]. The HSC value, @ ~ —2.9173 fm at pion mass
M, = 391 MeV, is indicated by the magenta triangle in the
figure.3 This agreement confirms the reliability of the
values of LECs obtained from HQSS, as presented in
Table III.

D. The S-matrix parameters

In addition to the scattering lengths, physical observables
such as phase shifts and inelasticity, collectively referred to
as S-matrix parameters, can provide important information

3This value is extracted from the K. -matrix parametrization of
the charmed axial-vector D*z-D*n-Ds K amplitude given in that
work.
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FIG. 2. Pion mass dependence of S-wave P*¢ scattering lengths of elastic channels. The error bands are obtained by varying the NLO
LECs within their 1-¢ uncertainties. The olive dashed vertical line denotes physical pion mass. For comparison, we also show lattice
QCD data: Liu-2012 [39], Mohler-I [48], Mohler-1I [49], HSC-2016 [50], RQCD-2017 [51], HSC-2021 [52], CLQCD-2025 [53], and

HSC-2025 [57].

on the scattering amplitudes. The S-matrix is related to the
T-matrix via

1
. .12 1/2 -
Sij(s)=6i;+2ip; " Ty(s)p;/", Tij= —ETU’ (54)
where p;(s) = o;(s)/s, and the subscripts i, j label the
corresponding channels. We stress that the 7-matrix differs
with the unitarized amplitude 7 [cf. Eq. (44)] by an overall

factor —1/(16x). One can parametrize the diagonal matrix
elements as

Sii = n;e*, (55)

where 7; and §; are inelasticity and phase shift, respectively.
Both of them are real numbers. In view of the unitary
condition (S7S); = >_;|S;|* =1, one immediately has
0 <#; = |S;| < 1. In practice, the inelasticity and phase
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(8.1) = (~1,0), (-1,

shift can be conveniently extracted from the 7-matrix using
the following formulae:

1 —n;

2i

) 6; = Arg { + /)iTii:| . (56)

n; = |1+ 2ip,T;

The moduli of amplitude squared and phase shifts for the
four single-channel processes are shown in Fig. 3. For the

2.65 2.55

1 1
2.6 2.65 2.7

V5 [GeV] Vs [GeV]

Moduli of amplitude squared and phase shifts for the four single channels at physical masses. The channels with
1), (2.1/2), and (0,3/2) are shown from left to right.

coupled channels, namely, (1, 1), (1, 0), and (0, 1/2), we
present the moduli of amplitude squared, phase shifts, and
inelasticities in Figs. 4-6, respectively. The uncertainties
are propagated from the errors of LECs. Such quantities are
essential for high-precision Dalitz plot analyses of B-meson
decays, which can be measured at LHCb and Belle II.
Moreover, the line shapes encode vital information about
the underlying structure of the amplitudes, including direct

(S,I)=(1,1)

T T T T T T

[k

d; [Degree]

_20 L1 T R
2.4 2.5

Vs [GeV]

Vs [GeV]

FIG. 4. Moduli of amplitude squared, phase shifts, and inelasticity for the (1, 1) coupled channels at physical masses.
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FIG. 5.

manifestations of dynamically generated poles (see, e.g.,
Ref. [83]). For instance, the leftmost panels of Fig. 3 show
a cusp structure at the D*K (I = 0) threshold, suggesting
the presence of a possible subthreshold resonance. As
another example, in Fig. 6, the broad bump of 7| ; between
the D*z and D*# thresholds, together with the sharp rise of

Moduli of amplitude squared, phase shifts, and inelasticity for the (1, 0) coupled channels at physical masses.

the phase shift §; past 90 degrees, provide a strong
indication of a near-threshold resonance. In the next
section, we will perform a detailed pole analysis of the
‘P*¢ interactions and scrutinize the nature of the poles by
studying their trajectories as functions of, e.g., the pion
mass M, and N.
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FIG. 6. Moduli of amplitude squared, phase shifts, and inelasticity for the (0, 1/2) coupled channels at physical masses.
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IV. DYNAMICALLY GENERATED POLES AND
THEIR TRAJECTORIES

A. Poles corresponding to positive-parity
charmed mesons

According to the S-matrix theory, unstable resonances
and stable bound states manifest as pole singularities of the
unitarized amplitudes when analytically continued to the
appropriate RS. In this section, we investigate the 17 states
that are dynamically generated in the S-wave charmed
vector mesons and pNGB scattering amplitudes, with the
aim of elucidating their physical interpretation and inner
structure. The various RSs can be classified by the signs of
the imaginary part of g;(s) in Eq. (45). Specifically, for N
coupled channels, an RS is labeled by an N-tuple
[E1&, - - - Ey] with & € {0, 1}. In this labeling, £; = 0 means
that the g;(s) is used, whereas &; = 1 indicates that the g;(s)
is replaced by ¢!(s) = g;(s) — 2Im]g;(s)]. Consequently,
the index n of the nth RS is determined by
n=1+> N, &2~ For instance, for a three-coupled-
channel case, the Ist RS, also called the physical RS,
corresponds to [000], while the 2nd and 3rd RSs are
denoted by [100] and [110], respectively. Furthermore,
the nth RS is often labeled using Roman numerals (cf.
Table VI). In addition to the pole positions, the associated
residues also possess direct physical interpretations. In the
neighborhood of a given pole s, the unitarized amplitude
T ;; admits a Laurent series as 7 ;; = g;9;/ (5 = Spote) + - - -
where g; and g; denote its couplings to the ith and jth
channels.

Our results of pole positions, quoted as M — iI'/2, and
moduli of the couplings |g;| are compiled in Table VI. For
the D*K single channel with (S,7) = (—1,0), a resonance
pole at /sy = (2362.1 —i111.0) MeV is found in the
second RS. As can be seen from Fig. 3, the pole would only
induce a moderate threshold cusp structure in the D*K
invariant mass distribution, making it difficult to resolve
experimentally. Its counterpart in the P¢ sector is a virtual

TABLE VI
of MeV, and the couplings are in units of GeV.

state [32], which belongs to the scalar 6 multiplet and has
been found on lattice in Ref. [52]. By HQSS, this state
corresponds to the isoscalar member of the axial-vector
sextet in the exact flavor SU(3) symmetry limit, which is a
pure 6 state without any mixture from other multiplets (3
and 15). We will verify this in the next subsection by
carrying out an SU(3) study.

For the (S,7) = (1, 1) case, we find two broad resonance
poles. One pole is located above the D*K threshold on the
second RS, while the other lies below the D*K threshold on
the third RS. The former resides deep in the complex +/s
plane and should be interpreted as the shadow pole [84] of
the latter.

For the coupled-channel scattering with (S,7) = (1,0),a
bound-state pole, /Sy = 2455.2372 MeV, appears just
below the D*K threshold and exhibits a strong coupling to
the D*K channel. This pole can be identified with the
D,;(2460) state, as its mass is consistent with the PDG
average [70] for the Dy, (2460) within 1-¢ uncertainty (see
Table VII). In Table VII, a comparison is also made with the
pole results obtained from the NLO SU(3) chiral potentials
(see the fourth column), as reported in Ref. [34]. Lattice
QCD also provides a first-principle study of the charmed-
strange state with high statistics [51]. The mass of the
Dy, (2460) obtained therein is 2451 £4 MeV at M, =
150 MeV [51], which is already close to the physical pion
mass. Our prediction is in agreement with the lattice QCD
determination.

In the (0, 1/2) channel, an intriguing phenomenon is the
two-pole structure of the axial-vector charmed state
D{(2430), analogous to that of its HQSS partner, the
scalar charmed meson D((2300). The two-pole structure
of D{(2300) occurs naturally in the framework of UChPT,
simultaneously implementing chiral symmetry, unitarity,
and coupled-channel effects, and has been extensively
identified in many works [33-36,64,85]. For an instructive
review on the two-pole structures in QCD, we refer the
readers to Ref. [37]. Based on the current U(3) UChPT

Predicted poles and moduli of their couplings to the different channels. The pole positions are given as M — iI"/2 in units

|Residues| (GeV)

(s.0) RS poles (M — i) 91 92 93 94
(-1.0) I 23621713 —i111.0733 11.27,2(D*K) - - -
(LD i 2576.71507 —i323.713% 6.370% (D;m) 118193 (D*K) - -
11 2347.1174 —i227.47133 71493 (D) 56105 (D*K) - -
CHUNE 24552433 0693(D°K)  7090(Di) 068D -
0.3 I 2255.6133 —i112.573 103591 (D* ) 2.0103(D*n) 52101 (DiK) 44108 (D*y)
11 2558.115310 —i207.217% 58100 (D*m) 5.3104(D*n) 122702 (D:K) 23804 (D)
IV 2307.175% —i186.47792 74103 (D*x) 5.0103(D*n) 5.0107(DEK) 47723 (D)
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TABLE VIL
PDG averages [70].

Comparison of our predictions with previous UChPT results taken from Refs. [34,64], along with the

(S.I) RS poles (M —i%) SU(3)-HQSS [34] Guo [64] PDG [70]
(1, 0) I 24552132 245611 2431(36) 2459.5 £ 0.6
(0.3 Il 2255.6133 —i112.5728 224773 — 1071} 222878 — 18215 2412(9) +i314(29)

I 255817319 — 207.2473

255515) — i2031§

260673 — i59+13

framework for the 'P*¢ interactions, the resulting
two I(JP)=1(1*) poles are located at 2255.6133 —
i112.5728 (RS 1) and 2558.17319 —i207.21]% (RS 1),
respectively, which are in good agreement with the
findings of Ref. [34]. The relevant results from
Ref. [64] are listed in the penultimate column of
Table VII. Despite the large uncertainties, a noticeable
difference remains in the higher pole. The lower pole lies
approximately 110 MeV above the D*z threshold and
predominantly couples to this channel. The higher pole
resides slightly above the D*y threshold, but exhibits its
strongest coupling to the DK channel. In addition, a
shadow pole emerges on the fourth RS, residing between
the D*z and D*n threshold.

B. Fate of the poles in SU(3) limit

From the perspective of the flavor SU(3) group, the
vector charmed mesons (cg with ¢ = u, d, s) form an
antitriplet irrep (3), whereas the pNGBs (7, K, K, and #g)
belong to the octet irrep (8). Their interactions can there-
fore be classified according to the direct-product reduction
IR8=15060 3, whose weight diagrams are dis-
played in Fig. 7. In practice, however, it is more appropriate
to characterize the P*¢ interactions using the subgroup
SU(2) ® U(1) € SU(3), labeled by isospin I and strange-
ness S, respectively, owing to the hierarchy m, ~ m, < m;.
In the following, we shall identify the poles found in
various (S, ) channels (see Table VI) with their counter-
parts in the SU(3) irrep classification.

For this purpose, we will first reduce the U(3) scattering
amplitudes to the SU(3) ones by imposing the limit of

15
S=2
S=1
S=0
S= -1
' i — Iy
—1 0 1

My — oo and neglecting all the channels involving 7.
Meanwhile, the values of the various LECs will be kept the
same as those used in the U(3) studies. Then, we restore the
SU(3) symmetry by enforcing the degenerate quark-mass
limit m,, = m,; = m;. In this limit, the pNGB and charmed
meson masses acquire the common values M, and Mp-,
respectively. In our numerical computation, we use M, =
0.49 GeV for the pNGBs and Mp. = 2.04 GeV for the
vector charmed mesons. Following Ref. [33], we interpo-
late between the physical and SU(3) symmetric cases by
continuously varying the meson masses via

My=MYY +x(My-ME™),  ¢e{r.K.K.n},

Mp =M 4 x(Mp —MBY), P e{D*.D:}, (57)
with the physical masses taken from Table II. The inter-
polation parameter x ranges from O to 1, where x = 0 and
x =1 correspond to the physical and SU(3) symmetric
limits, respectively. A subtle issue arises regarding the
number of RSs. In the SU(3) limit, where all channels
share a common threshold, only two RSs exist. However,
for x # 1 with symmetry breaking, a N-coupled channel
interaction gives rise to 2V RSs, labeled by [€,&, - - - Ey]. In
the SU(3) limit where all the P* masses become the same
and 7, K, n are degenerate, there are only two relevant RSs,
namely, the [00...0] and [11...1] ones. In Ref. [33], the
physical point at x = 0 in the pole trajectory by varying x
from O to 1 for a specific state is taken as the most
responsible pole relevant to the physical amplitude. If such
relevant pole appears on the [£;&, -+ - Ey] RS, which does
not correspond to [00...0] or [11...1], the [£,&, - - - Ey] RS is

6 3
D, (2460)
lower D,
13 —_— 13
—1 0 1 —-1/2 0 1/2

FIG. 7. SU(3) weight diagrams of 15, 6, and 3 irreps.
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FIG.8. Evolution of the (1, 0) bound-state and the (0, 1/2) RS-II poles, with | /5,;c = M — iT'/2, from the physical case (x = 0) to the
SU(3) symmetric limit (x = 1). The circles and diamonds mark the lower D (2430) and the D, (2460) poles, respectively. At x = 1, the
poles merge into an SU(3) triplet pole. Left: pole trajectories in the complex plane. Right: real parts of pole positions as functions of x.

The olive dash-dotted lines indicate the relevant thresholds.

then continued into either the [00...0] sheet or the [11...1]
sheet by gradually changing &; to look for the pole position
in the SU(3) limit. In this work, we take a different
procedure to plot the SU(3) trajectories of various poles.
We focus on the poles that reside on, or can move to, the
[00...0] and [11...1] RSs and track the trajectories of these
poles by varying x from O to 1.

Figure 8 shows the evolution of the D, (2460) and
the lower D;(2430) poles with respect to x. The
D,;(2460) pole remains on the first RS and gradually
evolves into a bound state belonging to the 3 irrep in
the SU(3) symmetric limit. The lower D;(2430) pole
and its conjugate partner traverse the D*z threshold on
RS-II, move downwards on the real axis, and eventually
coalesce into a pair of virtual states. One of the virtual
states (indicated by the blue circles in the figure) then
approaches to the threshold, transforms into a bound-
state pole (red dots) on the first RS, and ultimately
merges with the D,;(2460) pole at x = 1. Thus, the
isoscalar D;(2460) and the lower isodoublet D;(2430)
poles can be identified as flavor SU(3) partners,
together forming a triplet under SU(3).

Analogously, Fig. 9 displays the paths followed by
the (—1,0) RS-II, the (1, 1) RS-III, and the (0,1/2) RS-
IV poles. The trajectories of the higher D;(2430) pole
at /s = 2558.1 —i207.2 MeV and the (1, 1) RS-II pole
at /s =2576.7—i323.7 MeV are omitted, as their
evolution is taken over by their corresponding shadow
poles, i.e., the (1, 1) RS-III and the (0,1/2) RS-IV

poles.* As the parameter x increases, the poles converge
to the same point /s = 2386.2 — i137.0 MeV on RS-II,
thereby constituting a sextet under SU(3). One finds
that the sextet pole resides below the degenerate P*¢
threshold (cf. the Djz threshold in the figure), and
hence corresponds to a subthreshold resonance in the
ideal case of exact SU(3) symmetry. Being located
below the lowest relevant threshold, this subthreshold
resonance does not manifest as a BW peak in the
physical scattering amplitude. Instead, it appears as a
virtual-state-like enhancement in the near-threshold
region, and can only be accessed indirectly through
coupled-channel effects. The poles in the physical
situation, with SU(3) breaking turned on, inherit this
common feature, reflecting the persistent weakness of
the attraction in the 6 irrep channel.

C. Pole trajectory with varying pion mass

In this part, we investigate the trajectories of the
poles as the pion mass M, varies, up to approximately

5M2™. The pion mass dependence formulae for the
pNGB masses, the charmed vector masses, and the #-#’

*It was first proposed in Ref. [84] that resonances correspond
not to a single pole, but to a dominant pole with a series of
shadow poles on different RSs. Therein, it is also argued that the
evolution of the dominant pole can be taken over by one of the
shadow poles as the symmetry breaking effect is gradually
switched off.
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pole. Left: pole trajectories in the complex plane. Right: real parts of pole positions as functions of x. The olive dash-dotted line indicates

the Dz threshold.

mixing angle are the same as the ones used in
Sec. III C. For the Dy, (2460) state in the (1, 0) channel,
its evolution with respect to M, is illustrated in Fig. 10.
This state remains a bound state below the D*K
threshold throughout the entire considered M, region,
with its binding energy increasing slightly. The RQCD
results for the D, state, extracted at two different
unphysical pion masses M, = 150 and 290 MeV but in
the same finite volume L/a = 64 (see Table III of
Ref. [51]), are shown as red crosses in the figure for
comparison, and a good agreement is found.

The trajectory of the lower pole in the (0, 1/2) channel,
which lies below the D*5 threshold, follows a more exotic
pattern. As shown in Fig. 11, this pole (blue dots) and its
conjugation (green dots) keep as a pair of resonances in the

F T T T T T T T T
2800 F | P
— - ’
> L P
2 2700 ' i - .... '
% [ I - - ... ]
= 2600} | R :
Lo ..
= Lo .o‘.. ]
o L = o0 ® D, (2460) ]
A~ 2500 .....‘. - — - Threshold ]
[ e0® X RQCD-2017 ]
2400 I T T S S B
0.1 0.2 0.3 0.4 0.5 0.6 0.7
M, |GeV|

FIG. 10. Pole trajectory of the (1, 0) bound state as a function of
M . The lattice QCD data are taken from Ref. [51] and shown as
red crosses for easy comparison.

complex energy plane for M, <?288.8 MeV. At
M, = 288.8 MeV, the pair of resonance states falls onto
the real axis below the D*z threshold on RS-1I and becomes
a pair of virtual states. One virtual state (green diamonds)
runs along the negative real axis toward negative infinity,
while the other moves toward the threshold, hits the D*x
threshold at M, = 338 MeV, and becomes a bound state
(magenta diamonds) on the first RS. The existence of a
bound state for M, > 338 MeV is also supported by a
recent result from HSC [57], indicated by the red cross in
the figure. Namely, based on finite volume energy levels
from lattice QCD simulation performed at M, = 391 MeV,

150 7" T ]
I @ RS-II Resonance 1
100 B @ RS-II Resonance 1
S t [ RS-II Virtual state ]
< [ 4@ RS-IBound state 1
= 0 b X HSC-2025 M, = 301 MoV ]
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<2 0f oo

o L ]
o [ ]
=50 F 7
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-100 | ]
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0.7 0.8 0.9 1.0 1.1

Rev spole/v Sth
FIG. 11. Pole trajectory of the (0,1/2) RS-II resonance as a

function of M,. The integers n denote the multiples of the

physical pion mass, i.e., M, = nM®™" . The red cross represents
the lattice QCD result by Hadron Spectrum Collaboration [57]:

Shole = 2395.6 + 1.4 MeV at M, = 391 MeV. The olive dash-

dotted vertical line denotes the D*z threshold.
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FIG. 12. Pole trajectory of the (0,3) RS-II resonance as a
function of M. The numbers within the circular markers indicate
the multiples of the physical pion mass. The olive dash-dotted

vertical line denotes the D*n threshold.

they identified an axial-vector bound state with /5,5 =
(2395.6 & 1.4) MeV just below the D*x threshold. The M,
behavior of the lower pole can be understood as follows. As
M, increases, the D*x interaction of derivative form,
proportional to pion momentum and M,, becomes more
attractive. Since the D*z interaction dominates the formation
of the lower D;(2430) pole, its increasing strength ulti-
mately drives the resonance state into a bound state.

On the other hand, the broad resonance on RS-III in the
(0, 1/2) channel moves along a simple trajectory, persisting
as a resonance with a nearly constant half-width, as shown
in Fig. 12. For M, = 391 MeV, the pole position from our
study is | /Spoe = 2592.81319 — i209.6154 MeV, which is
26 MeV below the D*5 threshold. Compared to the HSC
lattice QCD result of , /5q1c = 2737(79) —i221(88) MeV
[57], the imaginary parts agree well within uncertainties,
whereas our real part is about 144 MeV lower than the
lattice simulation. It was pointed out in Ref. [85] that,
concerning the two-pole structure of D{;(2300), the higher
pole relies strongly on the parametrization adopted in
fitting to lattice QCD data [50]. Specifically, the higher
pole, which is lost in the traditional K-matrix analysis
[50], emerges again when an improved K-matrix incor-
porating SU(3) symmetry constraints is utilized. However,
even with this improved treatment, a higher pole con-
sistent with our UChPT prediction has not yet been
established [57]. A further refined K-matrix approach
incorporating correct chiral behavior, as proposed in
Ref. [86], may hopefully provide a final resolution to
this issue.

D. Pole trajectory with varying N

The large N behaviors of the dynamically generated
poles encode information on their inner structure. For
instance, if the N trajectory of a pole on the energy plane
approaches the real axis when N~ — oo, the pole is most

likely a BW resonance with a dominant gg component
[87-90]. To that end, the N, counting of the relevant
parameters in the pNGB-vector-charmed-meson scattering
amplitudes are assigned as follows. First, the mass of any
gq meson scales as a constant when N varies, as pointed
out in Refs. [91,92]. Therefore, the N counting for the
meson masses, M,, My, and Mp-, are of O(1). Second,
the N scaling of the pNGB decay constant constant F in
the chiral limit is O(y/N¢) [66,67]. Third, the singlet 7
mass squared, M%, scales as O(1/N¢), due to the fact that
the QCD U(1), is responsible for the massive #, and is of
O(1/N¢) [65-68]. Fourth, the N counting rule of the
NLO P*¢ LECs hi_, 5 can be assigned analogously to
those in P¢ scattering [32,38]. Each trace in the chiral
operators leads to one more power of 1/Ng, see, e.g.,
Refs. [68,93] for more details. By counting the number of
flavor traces in the LO and NLO Lagrangians, cf. Egs. (2)
and (13), one straightforwardly obtains hj ;5 ~ O(1) and
hi o4 ~O(1/Nc). Finally, it is natural to assume the N
scaling of the subtraction constant a;(u) in Eq. (46) to be
O(1) in the large N expansion, as illustrated in Ref. [94].
Note that in this work we confine ourselves to the leading
N counting of the parameters.

With the above N, counting rules of all the involved
parameters, the N dependence of the D, (2460) pole can
be obtained, which is shown in Fig. 13. As N increases,
the bound-state pole approaches toward the D*K threshold,
hits the branch point at around N ~ 7, and converts into a
virtual-state pole on the RS-II. This pole collides with
another pole, moving from negative real infinity, and
becomes a pair of conjugated resonance poles. These
two poles move to infinity on the complex plane, rather
than falling onto the positive real axis, indicating the
Dy (2460) is not of gg nature.

03F € RS-1Bound state
B RS-l Virtual state ]
02 L @ RS-IIResonance 1
. H R ]

S-1II Virtual state
0.1f ]

Im /5 [GeV]
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FIG. 13. Pole trajectory of the (1, 0) pole as a function of N.
The bound, virtual, and resonance states are represented by
diamonds, squares, and circles, respectively. The physical case
corresponds to N. = 3. The olive dash-dotted vertical line
denotes the D*K threshold.
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denotes the D*z (D*1) threshold for the RS-II (RS-III) pole. Right panel: mass and width N behavior of the (0, 1/2) resonances,
normalized to their respective values at N = 3, denoted by M5 and T';. Three typical N scaling rules, N, /N, and 1/N, are shown

as red dashed lines for reference.

The RS-II and RS-III poles in the (0,1/2) channel are
also numerically traced. The evolution of the pole positions
in the complex energy plane is shown in the left panel of
Fig. 14, where the leftmost points correspond to the
physical case with N = 3. Analogous to the Dy, (2460)
pole, both of the (0, 1/2) poles go to complex infinity as
N — o0. The right panel of Fig. 14 shows the mass M and
width I', defined via V/Spole = M —il'/2, as functions of
N, normalized respectively to their No = 3 values. For
both poles, the masses scale as Mpole~N°C, while the
widths follow I'yg &x N¢& with 1/2 <a <1 rather than
a = —1. This N, pattern for the axial-vector charmed
resonances, analogous to that observed for the scalar
f0(500) and K{(700) resonances in Refs. [87,95], is in
conflict with a gg interpretation while suggesting possible
tetraquark or molecular nature.

We stress that, although no explicit gg degrees of
freedom are introduced in the amplitudes, the NLO
LECs can in principle encode the dynamics of higher-mass
resonances. As illustrated by the p(770) generated from
unitarized NLO zz amplitudes [87,89], a gg-like large-N ¢
behavior can emerge even without explicit ¢gg seeds. The
non-gq trajectories found here are therefore a genuine
outcome of the concrete N analysis rather than a mere
consistency check of the unitarization scheme.

V. SUMMARY

With the aim of clarifying the nature of axial-vector
charmed mesons, P*¢ scattering has been studied in a
relativistic U(3) chiral effective field theory at NLO. The
obtained scattering amplitudes are organized into four elastic
and three coupled channels according to strangeness S and

isospin /. The BSE under on-shell approximation is
employed to construct the unitarized amplitudes, with only
the contact potentials retained in the kernel in order to avoid
unphysical cuts associated with u-channel exchanges, as
discussed in Sec. I1I. The NLO LECs showing up in the P*¢
potentials are estimated by HQSS through the well-estab-
lished P¢ LECs. Consequently, both S- and P-wave
scattering lengths are predicted. The meson-exchange con-
tributions are found to be negligible for the former but
sizable in the P-wave channels with (S,7/) = (1,0) and
(0,1/2). We show the M, dependence of the S-wave
scattering lengths, which facilitates direct comparison with
lattice QCD at large unphysical pion masses. Phase shifts
together with inelasticities are presented for all elastic
channels as well.

Particular emphasis is placed on dynamically generated
S-wave JP =17 states, above all the D, (2460) and
D;(2430). Poles are extracted by analytical continuation
of the unitarized amplitudes on the appropriate RSs. In the
(—1,0) channel, a broad resonance is found. The (1, 1)
coupled-channel amplitude accommodates two broad res-
onances, located above and below the D*K threshold on
RS-II and RS-III, respectively. In the (1, 0) channel, a
bound-state pole appears just below D*K threshold at
V/Spole 2455 MeV  and is naturally identified with
Dy (2460), in agreement with previous SU(3) ChPT
determinations [34,64] and lattice QCD results [51]. In
the (0,1/2) channel, a characteristic two-pole structure
emerges, with the experimentally observed D,;(2430)
interpreted as their interference.

To further unveil the nature of Dy, (2460) and D, (2430),
their pole trajectories are examined as functions of M, N,
and the SU(3) symmetry breaking parameter x. In the SU(3)
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flavor-symmetric limit, D; (2460) and the lower D (2430)
pole belong to the same flavor SU(3) 3 irrep, whereas the
higher D,(2430) pole originates from the 6 irrep. Upon
increasing M, the bound-state character of D (2460) and
the resonance nature of the higher D,(2430) pole persist,
while the lower D;(2430) pole evolves from a resonance
into a bound state—a trend compatible with a recent HSC
lattice QCD finding [57]. In the large-N limit, all these
poles move to complex infinity, disfavoring a conventional
gq assignment and supporting a hadronic molecule
interpretation.

The P*¢ scattering amplitudes obtained in the present
work provide inputs for high-precision Dalitz plot analy-
ses of B-meson decays at LHCb and Belle II, and are
likewise essential for the description of final-state inter-
action phenomena. Future advances will require more
precise lattice QCD and experimental data in more
channels.
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APPENDIX A: EXPLICIT EXPRESSIONS FOR
THE COEFFICIENTS ABBREVIATED IN
TABLE I

In this appendix, we show the coefficients that are
not given explicitly in Table I. For the D*K-Dn-Din/
coupled channels with (S,7) = (1,0), the relevant coef-
ficients read

c0Kn _ ~M5 (5cq + 4v/2sy) +3M7cy
1 2\/§ s

(A1)

1
clom _ 3 [cg(4M§< — M2) + 4V2¢p59(M% — M2)

+ 532M3 + M3)|, (A2)
citom _ 2(M7 - 2M%<;(\/§Ce + 50)° L (A3)
clLomr _ My (4v/2¢h = 55) + 3M721Sa7 (A4)

2V3

(LO)Ky S — 2v/2¢y

Gs =% (AS)

V3
Cgl O’ _ —2(\/565 —CySp— \/isg), (A6)
CE}’O)W’ = —2(\/§C§ — CySp — \/Esg), (A7)

2(M?% - M%) (\/Ecg T \/Esg,)
1.0\ T
o = : . (A8)
o 2(2M% - M2) (\/zcg —cySg — \/isg)
oo = . (A9)
3
. 22(V2 = cosp— V/2S2

cpom ~ 224 — Y29 (a0)

U 1
O 2 [s§(4M%< — M2) + 4v2cys(M%: — M%)

+ My + M2)] (Al1)
cpromi 2z = 2M%<;(ﬁse =<0l (ar2)
ctionn _ 2250 = co)* (A13)

35 3
For the D*n-D*5-D:K-D*i coupled channel with
(S,1) = (0,1/2), they are

1 1
clom _ 3 {c§(4M% = M2) + 4V 2cosy (M} — M3)

+ HM3 + M3)|, (Al4)
C(IO%)’W _ —M%(V/2s9 — cp)? ’ (A15)
3
PRY
Cgos%)’?”l _ (\/§S93 Cl‘)) ) (A16)
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Ok co(SM% —3M2) + 4/ 25)M% OHky 2v2¢y — s

7= . Al7 Cys? A24
1 2\/6 ( ) 35 \/6 ( )
LAWY 1
Dk _ —(2V2s9 + ¢) (A18) CE)O’;”” =z [s?)(4M%( — M2) + 4V2cp59(M3 — M%)
357 = /6 ’ 3
+ HaMy + M2)] (A25)
©0d
C = V2¢% — cysg — V253 (A19)
(cous 0~ CoSo 0
") C(IO%M’H’ _ _Mzzz(\/i;a + Sa)z’ (A26)
o 2002 = M) (V3G - coso = V25}) o
0 = ’ JRN, 2 2
: Cys" =7(f693+ o (A27)
M (—ﬁcg + 5o+ ﬁsg)
o . (a21)
3 APPENDIX B: EXPLICIT EXPRESSIONS OF THE
LORENTZ INVARIANT AMPLITUDES
Ohm _ V25 = cosg = V25
Cs' = 3 ) (A22) In this appendix, the chiral expressions of the Lorentz
invariant functions V;_; _ s(s, 1), defined in Eq. (22), are
. SM2 — 3M2)s, — A/ IM2 shown explicitly. For brevity, we denote the contribution
C(lo’é)K” = (SMk )s0 — 4v/2M5 . (A23)  originating from the contact terms by V(s,f), whose
2v/6 expression reads

4h(*)co _2miCy n (2h5Cp4 = h3C3s) (m3 + mj — 1)

C
Ve(s. ) = =2 (= -25—1) + 2 7 7

4F; 2
HiCas — hiCas

S {m%mﬁ + m3(m3 + 2m3 + m3) + m3(m3 +2m3) + 25> + 2st + 1> — (25 + t)Z} . (BI)
0

where the abbreviation £ = mf} + m3 + m3 + mj is the sum of mass squared.
The amplitudes V(s,¢) and V,(s,) include contributions from both contact diagrams and exchange diagrams. For
Vi(s,t), one has

2
_ 91 Cs
Vils.1) = V(s 1) + 12F2 | M2 =5 [A12A34 + 5% +5(21 = 3)]
Cy

+ [+ 5sZ— 52 = (Z=2m3)t + A3Ar4]], (B2)

(Z-M: -5—1)
with A;; = m? —m . For V,(s,t), one has

9% Cy

Vo(s, 1) = V.(s,t
(s 8) = Vel )+ Sy (5T =5

|33 (A = ) = (2 + 5)(m3 = 25 = 1)
+ m3(mj + 65 = 1)] = (m3 + mj = 25 — 1)[m3(Ass + 5) + 5(Ayg — 5 = 2t)]}

2
9 Cy 2 2 ApAzy 45Cg
$-2 . B3
+12F(2){Z—M%l—s—t< (mitm3) +s+ =)+ (B3)

At NLO, the V;_345(s,t) functions stem solely from the exchange diagrams, which are given by
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V(s t):—g—(z) Cu (A, —5) + fi Cy
I 6F2\/s(E-M2i—s—1)" " 12F \/s(T—M2: —s—1)
X [(s = m3)(m3 + m? = 2s — t) + m3(m3 + m3 + 25 — 1)], (B4)
2 2
9 Cy g1 Cy
Va(s, t) = ——5 Asyy —
0 =g e == M T T R SR —s -1
X [m3(Ass + ) = (m] = s)(m3 =25 — 1) + m3(m] + 25 — 1)), (B5)
3 C 2sCs  Cy(ms +m3—1t
V5(S,t) :g—()2 2U =L 2S S _ U(m2;—m4 ) ) (B6)
3FGE—-M; —s—t OF; Mj.—s X—-Mj. —s—t
It is worth noting that, when exchange diagrams are neglected, the above expressions are simplified to
V](S, t) = Vz(S, t) = VC(S’ t)7 V3(S’ t) = V4(S, t) = VS(S’ t) =0. (B7)
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