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We examine scattering amplitudes for an arbitrary number of photons in a class of nonnull background
electromagnetic fields, studying tree-level and one-loop amplitudes in scalar and spinor quantum-
electrodynamics in backgrounds defined by a gauge field Aμðn · xÞ for n2 ≠ 0. Motivated to account
for more physically realistic laser-plasma dispersive properties, our approach overcomes prior work
studying such amplitudes in a constant background field and relaxes the familiar null criterion assumed for
plane waves. Master formulas for the N-photon amplitudes dressed by the nonnull background are
constructed using the first-quantized worldline formalism, which can systematically account for all orders
in the nonnull parameter, n2, treated here as an expansion parameter. These are derived from worldline
representations of the coordinate and momentum space propagators (and their LSZ-truncated amplitudes)
and the effective action, each incorporating the nonnull background nonperturbatively. We then outline a
partial resummation of their expansions in n2. A special exactly solvable case of nonnull constant crossed
fields without photon insertion in the effective action is explored to test the master formulas that result. The
validity of the presented master formulas is further checked against known expressions for the wave
function and nonlinear Compton scattering in a nonnull background to lowest order in the nonnull
parameter.
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I. INTRODUCTION

Theoretical studies of quantum field theory in electro-
magnetic backgrounds [i.e., strong-field quantum electro-
dynamic (SFQED)] have long relied on approximating the
electromagnetic backgrounds as being some combination
of constant and/or plane wave fields [1], which have
become central analytics tools. In such fields, the Dirac
and Klein-Gordon equations admit closed-form (Volkov)
solutions [2–5], from which the field-dressed matter wave
functions and propagator can be derived exactly. This
allows standard S-matrix techniques to be applied to
determine scattering amplitudes analytically (for arbitrary
background profiles, these are integral representations)
and nonperturbatively in the background coupling
strength [6,7]. The earliest studies go back almost to the

birth of quantum field theory itself, considering the
quantum effective action [8,9], light-by-light scattering
[10–15], and the Sauter-Schwinger pair creation effect
[16,17]—for a contemporary review of these developments
see [18–21].
In particular, amplitudes in a plane-wave background,

characterized by a gauge field of the form Aμðn · xÞ with
n2 ¼ 0 null, play a role in strong-field QED analogous to
the hydrogen atom in quantum mechanics: they provide a
rare, highly symmetric setting in which nonlinear inter-
actions can be treated exactly, and they supply benchmark
results against which approximations and numerical
methods can be tested. Much of our present understanding
of strong-field processes—nonlinear Compton scattering
[22,23], nonlinear Breit-Wheeler pair creation [24], and
the nonlinear trident process [25]—derives from this
exceptional solubility.
More recently, the so-called worldline formalism of

quantum field theory [26,27] has been extended to incor-
porate constant fields [28–35] and plane wave backgrounds
[36–39]. This first quantized approach, initially proposed
in [40–42], is known for its calculational efficiency,
allowing derivation of “master formulas” that simultane-
ously represent amplitudes for an arbitrary number of
scattering photons. It is especially well adapted to studying
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higher-multiplicity scattering processes, because the master
formulas turn out to combine multiple Feynman diagrams
related by permutation of external legs [37,43,44], thereby
better representing the physical characteristics and gauge
structure of the amplitudes. Its success is well illustrated by
the recent discovery of previously overlooked 1PR con-
tributions to scattering amplitudes in homogeneous back-
grounds [45–47], which it corroborated and generalized to
tree-level processes. Much less has been done beyond this
constant- or plane-wave field limit (but see [48,49]).
In parallel to theoretical developments, modern high-

intense laser facilities [50–55] are pushing into regimes
where the idealization of the background field as a pure
plane-wave vacuum-solution to the Maxwell equations may
no longer suffice [56–59]. In realistic ultraintensity laser
experiments, the laser often interacts with residual gas,
ionized matter, or even intentionally injected plasmas—
leading to nontrivial medium responses such as dispersion,
refractive index shifts [60], and collective effects [61,62]. In
particular, when propagating through a plasma, the phase-
four vector describing the field wave fronts ceases to be
strictly null, and the field no longer behaves as a classical
plane wave in vacuum. As a result, the background vector
potential can often be better modeled by a form akin to
eAμðxÞ ¼ δ⊥μ a⊥ðn · xÞ, with n2 ≠ 0 even though the wave
fronts remain planar [60,63,64] and perpendicular to the
light-front directions (see below); such gauge fields we
refer to as non-null fields. This departure from nullness, in
turn, encodes the medium’s dispersive properties (effective
photon “mass,” refractive index, group velocity effects,
etc.), thereby capturing some of the realistic physics of
laser-plasma interactions in strong-field regimes [65,66].
The exact analytic machinery of vacuum plane-wave

QED, however, ceases to work in these nonnull back-
grounds. Our central idea is to exploit the fact that these
backgrounds can still be viewed as controlled perturbations
of a plane wave, with the nonnullness n2 ≡ ρ2, serving as
an expansion parameter. The plane wavelike part of the
background can still be treated exactly (in this case, to all
orders in ρ2). An obvious advantage of this approach is that
it preserves much of the analytic structure and clarity of the
plane-wave case, while revealing how key physical quan-
tities are modified once the null condition is relaxed.
Physically, the approach can be thought of as retaining
nonperturbative dressing of charged particles by the back-
ground through a Volkov-type exponentiation to ensure that
part of the all-order interactions with the strong background
is resummed [56,64,67,68], while incorporating effects
such as medium-induced dispersion only at the perturbative
level (see Fig. 1.)
From a methodological standpoint, our analysis is

carried out using the worldline path integral formalism,
which allows background-field effects to be incorporated in
a transparent and often remarkably compact way
[26,27,69]. In this approach, propagators, amplitudes,

and other relevant objects are represented as path integrals
over relativistic point particle trajectories. Over the past
decade, the worldline formalism has seen significant
development in the context of strong-field processes,
including exact and near-exact treatments of plane-wave
backgrounds [36–39], where it reproduces Volkov physics
in a natural and economical manner. In particular, the
integrability of the plane-wave background shows up in the
worldline formalism as a hidden Gaussianity of the path
integral, making it semiclassically exact (see [36,70]).
These features make the worldline approach especially
well suited for the present problem: it allows nonperturba-
tive plane-wave effects to be treated exactly, while accom-
modating systematic perturbative insertions associated with
deviations from null propagation.
More broadly, the framework we present here fits within

a larger effort to extend strong-field QED to realistic
electromagnetic backgrounds by exploiting the unique
analytic control afforded by plane waves. In this perspec-
tive, the exact plane-wave amplitudes—already resumming
the dominant nonperturbative dynamics–serve as an ana-
lytic core from which amplitudes in more general, non-
plane-wave fields can be generated through systematic
deformations. A recent example in this direction was taken
in [49], where amplitudes in pp-wave backgrounds were
expressed as statistical averages over plane-wave ones. The
present work represents another concrete step in this
program—systematically incorporating small deviations
from the nullness of phase directions—and motivates the
long-term goal of extending the framework to fields with
even more realistic features like transverse structure or
finite spatial extent.
The organization of this manuscript is as follows. In

Sec. II, we introduce the class of nonnull plane-wave
backgrounds considered here, establish our conventions,
and discuss their physical interpretation as controlled
deformations of vacuum plane waves. Section III is devoted
to scalar QED, where we develop the worldline represen-
tation of the N-photon-dressed propagator and effective
action in nonnull backgrounds, extending earlier plane-
wave results to incorporate systematic corrections away

FIG. 1. Schematic representation of the background propagator
(black double line) in a possible realization of a nonnull plane
wave background, treated as plane waves in a dispersive medium.
The thick red represents particles in the medium. The leading-
order propagator, which ignores interactions between photons
and medium particles, corresponds to the plane-wave propagator.
Higher-order correlations, as shown here, result from the scatter-
ing of photons off the medium particles.
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from the null limit. In Sec. IV, we conduct the correspond-
ing analysis for spinor QED, highlighting both the simi-
larities to and differences from the scalar case. We conclude
in Sec. V with a summary of our results and discuss
possible extensions to more general backgrounds and
phenomenological applications. Some lengthy calculations
and comparison of our results with prior literature are
included in the appendixes.

II. NONNULL BACKGROUND FIELDS

Plane waves are solutions to Maxwell’s equations
characterized by wave fronts that are three-dimensional
planes. The normal to these planes is therefore n ∝ dϕ,
where ϕ ∝ n · x is the wave front phase. The symmetry of
this background suggests a convenient set of coordinates
and a choice of gauge, whereby the plane wave vector
potential can be written as eAμðxÞ ¼ aμðn · xÞ ¼ δ⊥μ a⊥ðxþÞ
with light-front direction xþ ¼ n · x defined to align with
the phase, the normal nμ is null (n2 ¼ 0), and the trans-
versality to the direction of propagation of the plane wave is
manifest (the “⊥” direction is orthogonal to n so that
n · a ¼ 0). Fields with such a gauge potential have a field
strength tensor

fμνðxþÞ ¼ nμa0νðxþÞ − nνa0μðxþÞ ð1Þ

with field invariants

F 1 ¼ −
1

2
fμνfμν ¼ jEj2 − jBj2 ¼ 0; ð2Þ

F 2 ¼ −
1

4
fμνf̃

μν ¼ E · B ¼ 0; ð3Þ

where f̃μν ¼ 1
2
ϵμναβfαβ is the dual field strength tensor. So

the electric and magnetic fields are orthogonal (“crossed”)
and of equal magnitude (in natural units); with our
convention, the fields point only in the transverse directions
to the light-front coordinates. Such plane wave fields are
relevant to SFQED because, as outlined in the Introduction,
the fields of high-intensity lasers are often approximately
modeled as plane waves [2,71]; moreover, boosting an
arbitrary electromagnetic field from the lab frame to the rest
frame of an ultrarelativistic electron results in it seeing
transverse fields significantly enhanced by the Lorentz
factor, such that the electric and magnetic field are
approximately perpendicular and of almost equal magni-
tude:

E0 ·B0

jE0jjB0j ∼
1

2γ2
E ·B
jEjjBj ∼ 0;

jE0j2 − jB0j2
jE0jjB0j ∼

1

2γ2
jEj2 − jBj2
jEjjBj ∼ 0 ð4Þ

(where we are omitting dimensionless constants). One
approximation regularly applied in QED calculations in
very strong background fields is the “locally constant field
approximation” (LCFA [4,72–74]) in which the (often
exact) rates for given processes in crossed constant fields
(of equal magnitude) are integrated over the true, varying
electromagnetic field profile. This models the process as
taking place in a field that is instantaneously constant and
generally works well when the variation of the fields is
slow with respect to the Compton wavelength of particles
participating in the process and its formation scale [75–77].
The LCFA is not, however, universally applicable and it is
well known that it can miss important physical effects
[78–81].
Although it is possible to add derivative corrections to

the LCFA [82–84], this does not always lead to a sensible
expansion that reliably improves numerical results [85].
Going beyond the plane-wave limit, here we instead
examine electromagnetic waves whose wave fronts remain
planar, but whose normal one-form dϕ ∝ n is no longer
null (n2 ≠ 0). This means we can still choose to maintain
eAμðxÞ ¼ δ⊥μ a⊥ðx△Þ as transverse and depending on a
single combination of coordinates, x△ ≡ n · x, but relax
the condition that this be a null direction. To describe this
generalization of a plane wave background field, it will be
convenient to retain a reference null vector, n · a ¼ 0,
defined such that in the limit n2 → 0, we recover
n → n. This ensures that the background can be viewed
as a well-defined deformation of a given plane wave. Our
overall aim is then to extend the first-quantized worldline
formulation of QFT to this class of backgrounds and to
obtain Bern-Kosower–type master formulas for scattering
amplitudes in these nonnull background fields, building on
existing developments for the plane-wave case.
To describe our deformation of the plane wave fields

in a covariant way, it is useful to introduce a complemen-
tary null vector, n̄ with n̄2 ¼ 0, normalized such that
n · n̄ ¼ 2. This allows us to define the corresponding
light-cone coordinate x− ≡ n̄ · x. For example, we may
choose a coordinate system where nμ ¼ ð1; 0; 0; 1Þ and
n̄μ ¼ ð1; 0; 0;−1Þ. We can then express our nonnull direc-
tion as x△ ¼ n · x, with

nμ ¼ nμ þ
ρ2

4
n̄μ; ρ2 ≡ n2; ð5Þ

which further leads to n · n ¼ ρ2=2 and n · n̄ ¼ 2. In the
choice of coordinate system suggested above we then have
nμ ¼ ð1þ ρ2=4; 0; 0; 1 − ρ2=4Þ. As such, ρ2 (which can be
positive or negative) serves as the deformation parameter
away from a plane wave field, which satisfies
limρ2→0nμðρ2Þ ¼ nμ. Note additionally that ρ2 → ∞ also
corresponds to a plane-wave limit, although the normal
one-form for the wave fronts, in this limit, is proportional to
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n̄ rather than n. Therefore, without loss of generality, we
can restrict −4 ≤ ρ2 ≤ 4 and still cover the full space of
deformations, as going outside of this range is equivalent to
relabeling n ↔ n̄. Consequently, jρ2=4j is bounded by
unity, providing a well-defined deformation of the under-
lying plane wave.
To illustrate the above characterization of our deformed

plane-wave backgrounds, consider, as an example, trans-
verse plane waves in a homogeneous cold plasma. The
Maxwell equation relevant to this case (see, e.g., [86]) can
be reduced to

∂
2A⊥ −Ω2

pA⊥ ¼ 0; n · A ¼ n̄ · A ¼ ∂
⊥A⊥ ¼ 0; ð6Þ

where Ωp is the plasma frequency. The above equation can
be solved exactly, for instance, by

eA⊥ðxþ; x−Þ ¼
eE0

Ω
sin

�
Ω
�
xþ þ Ω2

p

4Ω2
x−
��

ϵ⊥; ð7Þ

where E0 is a constant and ϵ⊥ is a constant transverse
polarization vector. Comparing the above to the general
form eAμðxÞ ¼ δ⊥μ a⊥ðx△Þ, we recognize that the field
varies along a nonnull direction of the same class, with
the deformation parameter given explicitly by ρ2 ¼ Ω2

p=Ω2.
Then ρ2 ≪ 1 limit, in this context, translates to the case of
the transverse wave’s frequency Ω, in the rest frame of the
plasma, far exceeding the plasma-frequency Ωp.
Denoting the phase momentum of the background field

as ωμ ¼ Ωnμ, the parameter ρ2 quantifies the smallness of
ω2. However, this notion of smallness is not unique, since
the physical problem at hand may involve several other
dimensionful parameters that can also set relevant scales. In
the example above, denoting the four-velocity of plasma by
uμ, the relevant smallness condition may be stated cova-
riantly as

ω2

ðω · uÞ2 ∼ ρ2 þOðρ4Þ ≪ 1: ð8Þ

However, as noted for example in [56], a careful analysis of
the corrections to the Volkov wave function in such nonnull
fields leads to a less restrictive criterion [64], namely

ω2

ω · p
≪ 1; ð9Þ

where pμ is the typical momentum of the charged probe

particle, and in which case it is natural to choose ω2

ω·p ∼
ð Ω
p△Þρ2 as the expansion parameter. Another possible small

parameter emerges from an ultrarelativistic-type approxi-
mation in which

ω2m2

ðω · pÞ2 ≪ 1; ð10Þ

corresponding to the expansion parameter ω2m2

ðω·pÞ2 ∼
m2

pþ2 ρ2 þOðρ4Þ.
In all of these cases, although the specific expansion

parameters may vary, ρ2 conveniently serves as a book-
keeping parameter for the expansion. Therefore, to cover a
wider range of physical situations within our class of
nonnull plane waves, we formally treat ρ2 as the expansion
parameter; the correct physical scaling can always be
reinstated at the end of the analysis through an appropriate
rescaling of ρ2 [i.e., ρ2 → ð Ω

p△Þρ2, ρ2 → m2

pþ2 ρ2 þOðρ4Þ, and
so on, as the case may be]. This approach allows us, for
example, to remain agnostic about the precise notion of
smallness and instead focus on the strong-field QED
consequences for scattering processes with arbitrary
photon multiplicity in backgrounds of the form
eAμðxÞ ¼ δ⊥μ a⊥ðx△Þ. We will also have the opportunity
to provide a worldline-centric perspective on what con-
stitutes a small parameter and show how this relates to the
physical, spacetime quantities discussed above.

A. Nonnull coordinates and fields

Analogous to how light-front coordinates simplify cal-
culations in a plane-wave background, aligning one coor-
dinate with x△ renders computations in the deformed
plane-wave background considerably more tractable.
Specifically, it is convenient to change the coordinates to

ðxþ; x−; x⊥Þ → ðx△; x−; x⊥Þ; ð11Þ

where the “minus” and transverse coordinates are carried
over from the (limiting) plane-wave case [so x− ¼ n̄ · x and
x⊥ ¼ ðx1; x2Þ]. This coordinate choice offers a notable
simplification in the worldline path-integral approach. As
we present below, the kinematic term in the worldline
action arises from the line element, which in these
coordinates is given by

ds2 ¼ dx△dx− −
ρ2

4
ðdx−Þ2 − dx⊥ · dx⊥; ð12Þ

or equivalently, from the Minkowski metric written in this
nonstandard coordinate chart,

ημν ¼
1

2
ðnμn̄ν þ nμn̄νÞ −

ρ2

4
n̄μn̄ν −

X2
i¼1

ðϵ⊥iμϵ⊥iνÞ; ð13Þ

where ϵ⊥i denotes the two orthonormal unit transverse
vectors. As we will use these coordinates throughout, let us
briefly examine how our characteristic vectors defining the
electromagnetic field are represented in this coordinate
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system. The following components can be straightfor-
wardly derived:

ðn△;n−;n⊥Þ¼ ð1;0;0Þ; ðn△;n−;n⊥Þ¼ ðρ2;2;0Þ;
ðn̄△; n̄−; n̄⊥Þ¼ ð0;1;0Þ; ðn̄△; n̄−; n̄⊥Þ¼ ð2;0;0Þ; ð14Þ

from which the nonzero components of the inverse metric
can be found to be η△− ¼ η−△ ¼ 4, η△△ ¼ ρ2, and
ηij ¼ −δij, where i ¼ 1, 2 indicate the transverse coordi-
nates. For an arbitrary four vector, p, with the contravariant
and covariant components given respectively by pμ ¼
ðp0; p1; p2; p3Þ and pμ ¼ ðp0; p1; p2; p3Þ in the standard
Minkowski coordinates, the corresponding components in
the nonnull coordinate system are given in terms of the
familiar components adapted to the null frame by

ðp△;p−Þ ¼ ðn ·p; n̄ ·pÞ ¼
�
pþ þ ρ2

4
p−;p0−p3

�
; ð15Þ

ðp△; p−Þ ¼
�
1

2
p−;

1

2
p△ −

ρ2

4
p−
�

¼
�
pþ;

1

2
pþ −

ρ2

8
p−
�

¼
�
pþ;

1

2
pþ −

ρ2

4
pþ

�
; ð16Þ

where pþ ¼ n · p and p− ¼ n̄ · p etc. The mass shell
condition in the nonnull coordinates then takes the form

p△ ¼ p2 þm2

p− þ ρ2

4
p−; ð17Þ

or indeed p− ¼ 2
ρ2
ðp△ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p△2 − ρ2ðp2 þm2Þ

q
Þ, being the

solution with the correct limit as ρ → 0.
With the coordinates and conventions established, we

now return to a discussion of the background field. As
mentioned above, the choice of dependence for the gauge
potential [eAμðxÞ ¼ δ⊥μ a⊥ðx△Þ, absorbing the electromag-
netic coupling to the background into a⊥] leads to a one-
parameter family of fields deforming the plane waves. The
corresponding physical fields remain transverse, with the
field strength tensor now taking the form

fμνðx△Þ ¼
�
nμ þ

ρ2

4
n̄μ

�
a0νðx△Þ −

�
nν þ

ρ2

4
n̄ν

�
a0μðx△Þ

ð18Þ

¼ nμa0νðx△Þ − nνa0μðx△Þ: ð19Þ

As such the field invariants are now

F 1 ¼ −ρ2a02; ð20Þ

F 2 ¼ 0; ð21Þ

so that the electric and magnetic fields remain orthogonal
but are no longer of equal magnitude. In fact we can give
closed formulas for arbitrary products of f with itself:

f2kμν ¼ ðρ2a02⊥Þk−1f2μν; ð22Þ

f2k−1μν ¼ ðρ2a02⊥Þk−1fμν; ð23Þ

where f2μν ¼ ðnμ þ ρ2

4
n̄μÞðnν þ ρ2

4
n̄νÞa02⊥ − ρ2a0μa0ν.

At the level of the physical fields, in the transverse
subspace, we have

E⊥ðx△Þ ¼
�
1þ ρ2

4

�
ða01ðx△Þ; a02ðx△ÞÞ; ð24Þ

B⊥ðx△Þ ¼
�
1 −

ρ2

4

�
ða02ðx△Þ;−a01ðx△ÞÞ; ð25Þ

so that

E ·B
jEjjBj ¼ 0;

jEj2 − jBj2
jEjjBj ¼ ρ2

1 − ðρ2
4
Þ2
: ð26Þ

The second equality above establishes a field-centric
interpretation of the deformation parameter ρ2. Note that
the expression on the right-hand side acts as a bijection in
the range −4 ≤ ρ2 ≤ 4 which, as we already established, is
enough to describe all possible deformations, modulo a
coordinate change.1 The fields are constant along the lines

of fixed x△, pointing in the ðn̄ − ρ2

4
nÞ direction, and these

can be spacelike (ρ2 > 0) or timelike (ρ2 < 0). As defor-
mations of the plane wave fields, we have

Eðx△Þ ¼ E0ðxþÞ þ
ρ2

4
ðE0ðxþÞ þ x−E0

0ðxþÞÞ þOðρ4Þ;

Bðx△Þ ¼ B0ðxþÞ −
ρ2

4
ðB0ðxþÞ − x−B0

0ðxþÞÞ þOðρ4Þ;
ð27Þ

where the fields labeled with argument xþ and subscript
zero are exactly those that would appear in the plane wave
case. Hence, we can also interpret our nonnull parameter,
ρ2, as characterizing the mixing of the two light-front
directions in the electromagnetic fields and their difference
in a squared magnitude. In this sense, the chosen coordinate
dependence of the field allows us to relax the strict
vanishing of field invariants assumed by plane waves by
allowing a nonzero difference in the fields’magnitudes and
include all orders of derivative corrections relative to
the constant field case (within the chosen family of fields).

1We note in passing that the right-hand side is invariant under
ρ2 → −16ρ−2, under which ½−4; 4� maps to ð−∞;−4� ∪ ½4;∞Þ.
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Let us also point out that the fields above establish that our
deformation does not just include higher-derivative cor-
rections but also a variation in the zeroth-order fields in
order to satisfy the nonvanishing field invariant.
To illustrate this, we give the example, which we will

return to again below, of constant crossed fields. For a plane
wave such fields are described by aμðxþÞ ¼ a0δμ⊥xþ so
that with respect to a standard coordinate system E ¼
a0ð1; 1; 0Þ and B ¼ a0ð1;−1; 0Þ [constant, orthogonal
fields of equal magnitude, which is the ρ2 → 0 limit of
(27)]e natural extension to the nonnull case is for the gauge
potential to be a linear function of x△. Such a field arises,
for instance, in the Ω → 0 limit (keeping ρ2 ¼ Ω2

p=Ω2

fixed) of (7). Alternatively, writing aμðx△Þ ¼ a0δμ⊥x△ ¼
a0δμ⊥xþ þ ρ2=4a0δμ⊥x−, the same potential can also be
thought of as describing the field of two counterpropagat-
ing plane waves in the constant crossed field (CCF) limit.
So with aμðx△Þ ¼ a0δμ⊥x△ we have the (constant) fields

E ¼ a0

�
1þ ρ2

4

�
ð1; 1; 0Þ;

B ¼ a0

�
1 −

ρ2

4

�
ð1;−1; 0Þ: ð28Þ

This deviation from the CCF has important physical
consequences—for instance, unlike the null plane wave,
the nonnull field can generate pairs via the Schwinger
effect, which manifests, for example, in a nonzero imagi-
nary part of the effective action (see below).
Before proceeding, let us note that the above discussion

presented the fields in a fixed but arbitrary reference frame.
However, it is known [64,65] that, depending on the sign of
ρ2, it may be convenient to Lorentz transform to a frame in
which the field takes a specific form. Consider first the case
that ρ2 > 0: then there is a Lorentz boost along the x3

direction (boost parameter γ ¼ 1þρ2

4

ρ ) such that the character-
istic nonnull direction is purely timelike, n0

μ ¼ ðρ; 0; 0; 0Þ.
The electromagnetic field is then a spatially homogeneous
but time-dependent electric field (“electric case”). If, on the
other hand, ρ2 < 0 there is a Lorentz transformation (along

x3, γ ¼ 1−ρ2

4

jρj ) such that n0
μ ¼ ð0; 0; 0; ρÞ is purely spacelike

and the electromagnetic field is a static but spatially varying
magnetic field (“magnetic case”).2 This classification will
be useful when we discuss the Schwinger effect in our
nonnull fields below.

In the following section, we present a systematic
framework for analyzing such effects in our class of
nonnull deformed plane waves, by examining how the
photon-dressed amplitudes are modified at both tree and
loop level. We do this by forming the worldline represen-
tations of the matter propagator and the one-loop effective
action dressed by both the nonnull background field and
external scattering photons.

III. SCALAR QED IN NONNULL BACKGROUNDS

Having established the class of nonnull plane-wave
backgrounds and fixed our conventions, we now turn to
the analysis of scattering processes in such fields. As
outlined in the Introduction, our primary tool will be the
worldline path-integral formalism, which provides a uni-
fied framework for treating both propagators and ampli-
tudes in background-field QED, and treats scalar and spinor
matter fields in a more similar way. In this section, we focus
on scalar QED and we begin by reviewing the worldline
approach to calculating the “N-photon-dressed propagator”
and “N-photon-dressed effective action” in the presence of
an additional semiclassical electromagnetic background
defined by the vector potential eAμðxÞ ¼ aμðxÞ. The
photon-dressed propagator is the correlation function
involving two scalar field insertions and N (already LSZ
truncated) photon lines and upon LSZ reduction yields the
tree-level N þ 2 particle scattering amplitude describing
the interaction of N-photons with two external matter legs.
The effective action corresponds to the one-loop N-particle
scattering amplitude of the N-photons mediated by a virtual
matter loop. In [38], building on [87–89] (respectively
[36,37,39], building on [29,90]), worldline representations
for these objects in an exactly plane-wave background were
derived. In particular, the condition n2 ¼ 0 implied par-
ticular simplifications that allowed for the analytic calcu-
lation of the worldline path integral. Here we return to the
derivation of this result and show how the method can be
systematically adapted to go beyond the null-field limit.

A. N-photon dressed propagator and effective action

The worldline representation of the matter propagator in
scalar QED, as presented in [38], is the following path
integral over open worldlines propagating between fixed
endpoints in arbitrary proper time:

Dx0x½A� ¼
Z

∞

0

dTe−im
2T

Z
xðTÞ¼x0

xð0Þ¼x
DxðτÞeiS½xðτÞ;A�; ð29Þ

where S½xðτÞ; A� denotes the action for a particle worldline,
xμðτÞ, propagating in proper-time T, minimally coupled to
the gauge field Aμ, and is given by

S½xðτÞ;A� ¼−
Z

T

0

dτ

�
ẋ2

4
þeAðxðτÞÞ · ẋðτÞ

�
; ð30Þ

2The field for ρ2 > 0 is in the same Lorentz class of fields as
that of a plane wave propagating through a medium with
refractive index n < 1; for ρ2 < 0 we are in the class in which
belongs a plane wave traveling in a medium with refractive index
n > 1 or that of a magnetic undulator/wiggler. For a more detailed
discussion of charge dynamics in these fields, see [64].
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with dots denoting proper-time differentiation, i.e.,
ẋðτÞ ≔ d

dτ xðτÞ. Similarly, as in [36], a worldline represen-
tation of the one-loop effective action (here adapted to
Minkowski signature) involves a path integral over closed
worldlines

Γ½A� ¼ −i
Z

∞

0

dT
T

e−im
2T

Z
xð0Þ¼xðTÞ

DxðτÞeiS½xðτÞ;A�: ð31Þ

Equations (29)–(31) make clear that the worldline
formalism naturally accommodates both open and closed
trajectories, depending on whether one is considering
tree- or loop-level objects (and the formalism extends to
higher loop order [26,27,31,91]). Moreover, this struc-
ture allows us to systematically incorporate background
fields and scattering photons by splitting the gauge
potential and treating interactions in a controlled expan-
sion, as follows.
In our cases of interest, the gauge potential AμðxÞ is

decomposed as eAμðxÞ ¼ aμðx△Þ þ eAγ
μðxÞ, in which aμ is

the nonnull plane-wave background field as defined in
Sec. II, for which the coordinate dependence enters
solely through n · x ¼ x△ and n · a ¼ 0, and Aγ

μðxÞ ¼P
N
i¼1 εiμe

iki·x represents the external (scattering) photons.
The interaction with the scattering photons is then treated
by expanding to multilinear order in the photon polariza-
tion vectors, leading to the N-photon dressed propagator
and effective action in the background:

Dx0x
N ½a� ¼ ð−ieÞN

Z
∞

0

dT e−im
2T

×
Z

xðTÞ¼x0

xð0Þ¼x
DxðτÞeiS½xðτÞ;A�

YN
i¼1

Vx0x½εi; ki�; ð32Þ

ΓN ½a� ¼ −ið−ieÞN
Z

∞

0

dT
T

e−im
2T

×
Z
xð0Þ¼xðTÞ

DxðτÞeiS½xðτÞ;A�
YN
i¼1

Vx0x½εi; ki�; ð33Þ

where the scattering photons are represented by the vertex
operator (as in string theory)

Vx0x½ε; k� ≔
Z

T

0

dτ ε · ẋðτÞeik·xðτÞ: ð34Þ

The presence of the vertex operators seems to spoil the
otherwise standard structure of the path integral. To return
to a more amenable path integral, we first exponentiate the
prefactors in the vertex operators as

Vx0x½ε; k� ¼
Z

T

0

dτ eik·xðτÞþε·ẋðτÞjlinN; ð35Þ

where the instruction linN simply means that the result
should be projected onto the contribution linear in ε. From a
path integral viewpoint, this exponentiated representation
incorporates the interaction with the N-photons simply by
adding a linear source term −

R
T
0 J ð0ÞðτÞ · xðτÞdτ, directly

into the action, where

J μ
ð0ÞðτÞ≡ i

XN
i¼1

�
ikμi − εμi

d
dτ

�
δðτ − τiÞ ð36Þ

is supported at the insertion points of the photons along the
worldline. Next, to facilitate the integral over xðτÞ, it is
convenient to expand the worldline trajectories as
xðτÞ ¼ xcl:ðτÞ þ qðτÞ, where xcl:ðτÞ is the classical solution
to the worldline equations of motion and boundary con-
ditions in vacuum, specifically

1

2
ẍμcl:ðτÞ ¼ J μ

ð0ÞðτÞ&
(
xcl:ð0Þ ¼ x; xðTÞ ¼ x0 ðlineÞ;
xcl:ð0Þ ¼ xðTÞ ¼ x0 ðloopÞ:

ð37Þ
For the open line, this classical solution is a straight line
between theendpoints, and for the loop,wechoose the solution
corresponding to expansion about the loop center of mass.
Finally, we note that for arbitrary gauge potential,

aμðx△Þ, the path integral is not, apparently, Gaussian in
q△. In order to deal with the functional integral over q△, we
follow [39] and introduce two auxiliary worldline fields
ξðτÞ and χðτÞ such that the nontrivial interaction term can
be rewritten as

e−i
R

dτaðx△cl:ðτÞþq△ðτÞÞ·q̇ðτÞ

¼
Z

DξðτÞDχðτÞei
R

dτ½χðτÞðξðτÞ−q△ðτÞÞ−aðx△cl:ðτÞþξðτÞÞ·q̇ðτÞ�:

ð38Þ

The point is that the path integral over qðτÞ is then
Gaussian, so can be computed analytically. We now turn
to the details of this calculation, beginning with the space-
time representation of the N-photon dressed propagator.

1. N-photon dressed propagator: Space-time
representation

For the open line, we have Dirichlet boundary conditions
(DBC) on qðτÞ, and we consider the following part of the
path integral in qðτÞ:Z

DBC
DqðτÞei

R
T

0
dτ½−q̇2

4
−δJ ·q�

¼ −ið4πTÞ−2 exp
�
−i
Z

T

0

dτdτ0δJ μðτÞΔðτ; τ0ÞδJ μðτ0Þ
�
;

ð39Þ
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with current δJ μðτÞ ≔ aμðx△cl:ðτÞ þ ξðτÞÞ d
dτ þ χðτÞnμ and

worldline Green’s function

Δij ≔ Δðτi; τjÞ ¼
1

2
jτi − τjj −

1

2
ðτi þ τjÞ þ

τiτj
T

: ð40Þ

We have singled out the term in (39), because—apart
from the factor expði R T0 ξðτÞχðτÞdτÞ—it is the only other
contribution that carries χ dependence and is therefore
relevant for the subsequent integration over χ. However,
additional terms arise in the evaluation of (32). First,
because the path integral is expanded about the
classical trajectory xcl:ðτÞ, we acquire an analogous
contribution to (39) with δJ replaced by J ð0Þ (as
discussed above this encodes the interaction with the
scattering photons) which originates from evaluating the
vacuum limit of the worldline action on the classical
trajectory xcl:ðτÞ. In this light, δJ μðτÞ plays an analogous
role, acting as an effective current that captures the
interaction with the nonnull background field. Second,
there is also a term in the exponential that is proportional
to
R
T
0 dτaðx△cl:ðτÞ þ ξðτÞÞ · ẋcl:ðτÞ, which similarly arises

from expanding the action about the classical path. These
are the usual contributions one would obtain from the
worldline path integral, well treated in previous literature
in a plane wave background [36–38], which are simply
appended to (39).
It remains to integrate over χðτÞ and ξðτÞ, as in [38,39],

though here we relax the condition that ρ2 ¼ 0. To this end,
we return to the argument of the exponential in (39), which
expands toZ

T

0

dτdτ0 δJ ðτÞμΔðτ; τ0ÞδJ μ

¼
Z

T

0

dτdτ0 aðx△cl:ðτÞ þ ξðτÞÞ

· aðx△cl:ðτ0Þ þ ξðτ0ÞÞ•Δ•ðτ; τ0Þ þ ρ2

×
Z

T

0

dτdτ0 χðτÞχðτ0ÞΔðτ; τ0Þ ð41Þ

in which •Δij ≔ ∂

∂τi
Δij, Δ•

ij ≔ ∂

∂τj
Δij etc.—the notation

defined in [69]. Note that the first term in the above
equation combines with the previously mentioned χ-

independent contributions to reproduce essentially the
plane-wave result, but with the replacement aðxþcl:ðτÞÞ →
aðx△cl:ðτÞ þ ξðτÞÞ. This replacement occurs repeatedly in
what follows, making it central to the structure of the
deformation from nullness, and thus it is convenient to
introduce a compact notation. Given a functional
F ½a� ¼ F ½aðxþcl:ðτÞÞ�, we denote

F ½að•þ ξÞ�≡ F ½aðx△cl:ðτÞ þ ξðτÞÞ�: ð42Þ

By contrast, the second term in (41) constitutes a genuinely
nontrivial correction due to the deviation from nullness,
and, as we shall see shortly, the above replacement of the
argument to the gauge field will play a key role in handling
these corrections.
One may directly evaluate the path integral3 over χðτÞ;

however to facilitate computing the integral over ξðτÞ (note
that this variable enters the path integral inside the argu-
ment of an arbitrary gauge field) it is convenient to rewrite
the path integral over χðτÞ as (integrals in the exponent run
from τ; τ0 ¼ 0 to τ; τ0 ¼ T)

Z
DχðτÞe−iρ2

R
dτdτ0χðτÞχðτ0ÞΔðτ;τ0Þþi

R
dτχðτÞξðτÞ

¼ e
iρ2
R

dτ0dτ00Δðτ0;τ00Þ δ
δξðτ0Þ

δ
δξðτ00Þδ½ξðτÞ�: ð43Þ

Then, we may integrate by parts under the path integral to
shift the functional derivatives onto the remaining terms in
the integrand. This frees up the functional δ-function, and it
is easy to see that integrating over ξðτÞ then effects the
subsequent replacement

aμðx△cl:ðτÞ þ ξðτÞÞ ⟶ aμðτÞ ≔ aμðx△cl:ðτÞÞ; ð44Þ

where

xμcl:ðτÞ ¼ xμ þ zμ
τ

T
þ 2i

XN
j¼1

½Δ•ðτ; τjÞεμj þ iΔðτ; τjÞkμj �;

ð45Þ

and zμ ¼ x0μ − xμ. The path integration has been formally
completed, resulting in

Dx0x
N ½a�¼ ið−ieÞN

Z
∞

0

dTð4πiTÞ−2
Z

T

0

YN
i¼1

dτie
iρ2
R
dτ0dτ00Δðτ0;τ00Þ δ

δξðτ0Þ
δ

δξðτ00ÞeiS
tr:
pw:½að•þξÞ�

����ξðτÞ→0

linN
; ð46Þ

where að•þ ξÞ indicates the replacement rule introduced in (42), and after straightforward evaluation, the on-shell action
Str:
pw:½a� is, in fact, the corresponding exponential for the (null) plane wave background at tree level, given explicitly by

3For a different, more direct evaluation of this path integral, see Appendix A.
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iStr:
pw:½a� ¼ −iM2ðaÞT − i

z2

4T
− iz · ⟪a⟫þ i

XN
j¼1

�
kj ·

�
xþ z

τj
T

�
− iεj ·

z
T

�

þ 2
XN
j¼1

½ð⟪a⟫ − aðτjÞÞ · εj − iIðτjÞ · kj� − i
XN
i;j¼1

½Δijki · kj − 2i•Δijεi · kj − •Δ•
ijεi · εj�; ð47Þ

and the instructions on the far right (namely, ξ → 0 and
linN) are to be imposed after taking functional derivatives.
Also, we introduced the periodic function IμðτÞ ≔R
τ
0 dτ

0½aμðτ0Þ − ⟪aμ⟫� and M2ðaÞ≡m2 − ⟪a2⟫þ ⟪a⟫2,
which is the worldline analogy to the Kibble mass, and
defined as a worldline average through

⟪f⟫ ≔
1
T

Z
T

0
dτ fðτÞ ð48Þ

which can be meaningfully evaluated once the limit
ξðτÞ → 0 is taken (see [38] for how the worldline averages
in M2ðaÞ can be converted to the space-time averages that
appear in the Kibble mass). In fact, Str:

pw:½a� is really the
classical worldline action, which reflects the nontrivial
semiclassical exactness of theworldline path integral in plane
wave backgrounds as discussed for instance in [36,38,92].
In (46), then, we have formally dealt with the nonnull

parameter, ρ2, to all orders. This manifests itself, however, in
two ways: the differential operators have an explicit ρ2

dependence which we will treat further in the following
sections, and an implicit dependence through the argument
of aμðx△cl:Þ. The latter corresponds to a partial resummation in
ρ2, in the part that retains the functional form of the semi-
classically exact action in a null plane wave background.

2. N-photon dressed propagator: Momentum-space
representation

The preceding discussion has outlined the techniques
required to handle worldline path integrals in a

nonnull plane-wave background, focusing on the
space-time representation of the N-photon dressed
propagator Dx0x

N ½a�. For the computation of scattering
amplitudes—which are ultimately the quantities of
interest—it is more natural to work in momentum

space. We therefore turn next to Dp0p
N ½a�, the momen-

tum-space representation of the N-photon dressed
propagator, defined as

Dp0p
N ½a� ¼

Z
d4xd4x0eip0·x−ip·xDx0x

N ½a�: ð49Þ

A direct, brute-force approach to computing Dp0p
N ½a�

would be to evaluate the Fourier transform above. In
a nonnull background, however, performing these
Fourier integrals is considerably more subtle than in
the plane-wave case, and, moreover, the intermediate
steps are largely superfluous. For this reason, we
delegate the explicit calculation to Appendix B for
completeness.
Alternatively, and more elegantly, we can instead per-

form the worldline path integral with a mixed-boundary
condition to first compute Dp0x

N ½a� so that the desired
momentum space propagator can be written in the form

Dp0p
N ½a� ¼ R e−ip·xDp0x

N ½a�d4x, in direct analogy with the
approach outlined in [38]. Both approaches ultimately lead
to the representation

Dp0p
N ½a�¼ ið−ieÞN

Z
d4x
Z

∞

0

dT
Z YN

i¼1

dτie
iρ2
R
dτ0dτ00Δ̃ðτ0;τ00Þ δ

δξðτ0Þ
δ

δξðτ00ÞeiS̃
tr:
pw:½að•þξÞ�

����ξðτÞ→0

linN
; ð50Þ

where the worldline Green’s function with mixed boundary conditions is this time [69]

Δ̃ij ≔ Δ̃ðτi; τjÞ ¼
1

2
jτi − τjj −

1

2
ðτi þ τjÞ; ð51Þ

and the exponential is changed to (recall that the plane-wave path integral is semiclassically exact)

iS̃tr:
pw:½a� ¼ i

Z
T

0

ðPN · PN −m2Þdτ − iðp0 þ K − pÞ · x ð52Þ

with the dressed worldline momentum given by
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PN ¼ p̃0 − aðn · x̃cl:ðτÞÞ −
XN
i¼1

½•Δ̃•ðτ; τiÞεμi þ i•Δ̃ðτ; τiÞkμi �

ð53Þ
and the appropriate classical solution x̃cl:ðτÞ is given by

x̃μcl:ðτÞ ¼ xμ þ 2p0μτ −
XN
i¼1

½jτ − τij − ðτ þ τiÞ�kμi

− 2i
XN
i¼1

Θðτ − τiÞϵμi : ð54Þ

While obvious, we also emphasis that the transformation
að•þ ξÞ in this context translates to

F ½að•þ ξÞ� ¼ F ½aðx̃Δcl: þ ξÞ�: ð55Þ

Interestingly, when viewed in light of the spacetime
representation (46) discussed earlier, the momentum-
space expression in (50) takes precisely the form one
would naturally expect once the change in boundary
conditions of the worldline path integral is properly
accounted for.

3. N-photon dressed effective action

For closed trajectories, qðτÞ is periodic and the expan-
sion about the loop center of mass (x0 ≔ ⟪x⟫) requires that

it integrates to zero (“string inspired” boundary conditions:
SI), and we have

Z
SI
DqðτÞei

R
T

0
dτ½−q̇2

4
−δJ ·q�

¼ −ið4πTÞ−2 exp
�
−
i
2

Z
T

0

dτidτjδJ μðτiÞGijδJ μðτjÞ
�
;

ð56Þ

where now the (bosonic) worldline Green’s function is

Gij ≔ Gðτi; τjÞ ¼ jτi − τjj −
ðτi − τjÞ2

T
−
T
6
: ð57Þ

Then, repeating the same steps as for the propagator, we
arrive at a similar replacement

aμðx△cl: þ ξðτÞÞ ⟶ aμðτÞ ≔ aμðx△cl:ðτÞÞ; ð58Þ

where this time the classical solution is given by

xμcl:ðτÞ ¼ xμ0 − i
XN
j¼1

½Ġðτ; τjÞεμj − iGðτ; τjÞkμj �; ð59Þ

and integrating over the position of the loop center of mass,
one finds that the path integral for the scalar effective action
evaluates to

ΓN ½a� ¼ ð−ieÞN
Z

d4x0

Z
∞

0

dT
T

ð4πiTÞ−2
Z

T

0

YN
i¼1

dτie
i
2
ρ2
R

dτ0dτ00Gðτ0;τ00Þ δ
δξðτ0Þ

δ
δξðτ00ÞeiS

lp:
pw:½að•þξÞ�

����ξðτÞ→0

linN
: ð60Þ

Here Slp:
pw:½a�, like in the open-line case, is the corresponding on-shell action for the null plane wave at one loop, given

explicitly by

iSlp:
pw:½a� ¼ −iM2ðaÞT þ i

XN
j¼1

kj · x0 þ 2
XN
j¼1

½ð⟪a⟫ − aðτjÞÞ · εj þ iðIðτjÞ − ⟪I⟫Þ · kj�

−
i
2

XN
i;j¼1

½Gijki · kj − 2iĠijεi · kj þ G̈ijεi · εj�: ð61Þ

In fact, in direct analogy to Dp0p
N , the above term can be

written equivalently as

iSlp:
pw:½a� ¼ i

Z
T

0

ðQN ·QN −m2Þdτ − iK · x0 ð62Þ

where now the dressed momentum QN takes the form

Qμ
NðτÞ ¼ ⟪aμ⟫ − aμðτÞ − 1

2

XN
i¼1

½Ġðτi; τÞkμi þ iG̈ðτi; τÞϵμi �:

ð63Þ

Note that three components of the integral over loop center
of mass can still be computed:
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Z
d4x0eiK·x0 ¼ δ̂ðK−Þδ̂2ðKÞ 1

2

Z
dx△0 e

iK△x△0 ; ð64Þ

although now δðK−Þ ∼ δðKþ − ρ2

2
K−Þ with K ≔

P
N
j¼1 kj.

The last integral cannot be computed without specifying the
field dependence on x△. However, in the Bern-Kosower
part of the exponent in (60) [the double sum in the
second line of (62)], we can further replace Gðτi; τjÞ →
GBðτi; τjÞ ¼ jτi − τjj − ðτi−τjÞ2

T , since the constant part
drops out by momentum conservation in the − and ⊥
directions: for on-shell photons due to (17) imposing
momentum conservation also in the △ direction, but also
for off-shell photons due to the line element (12).
To summarize, a unified picture emerges for both the

photon-dressed propagator and the photon-dressed effec-
tive action in a nonnull plane-wave background. To make
this structure explicit, we introduce the abstract notation
XN ½a� to denote either the dressed propagator or the dressed
effective action, so that

XN ½a�¼
Z

DX½…�eiρ2
R
dτ0dτ00GXðτ0;τ00Þ δ

δξðτ0Þ
δ

δξðτ00ÞeiS
X
pw:½að•þξÞ�

���ξðτÞ→0

linN
:

ð65Þ

where

Z
DX½…� ¼

(R
d4x

R∞
0 dT

R
T
0

Q
N
i¼1 dτi

−i
R
d4x0

R∞
0

dT
T

R
T
0

Q
N
i¼1 dτi

;

GX ¼
(
Δ̃
G
2

& SX
pw: ¼

(
S̃tr:
pw:

Slp:
pw:

; ð66Þ

respectively, forX ¼ Dp0p andX ¼ Γ. Despite the compact
forms, the expressions above are still formal and must be
unpacked before they can be used for explicit calculations
at a given order in ρ2. In what follows, we focus on the
leading-order contributions induced by the nonnull back-
ground, starting with the tree-level amplitudes. From this
point forward, for simplicity, we will take the gauge of the
external photons to be such that ε△j ¼ 0, simplifying the
implicit dependence in both the propagator and effective
action and greatly facilitating the expansion to multilinear
order in these photon polarizations.

B. Multiphoton tree-level scattering: LSZ, amplitudes,
and wave function

The above analysis, while treating the nonnull field
exactly, does so at the expense of expressing the dressed
propagator and effective action in functional derivative
form. To arrive at expressions more amenable to phenom-
enological applications, we now turn to a resummed
expansion in the nonnull parameter, ρ2. Led by our success
in treating the gauge field’s dependence on ρ2 through its

argument exactly, our expansion scheme dictates that
implicit ρ2 dependence, i.e., in the background field
dependence for (44), (58), be kept to all-orders, whereas
the explicit dependence in ρ2, such as it appears along with
functional derivative terms in either the propagator or
effective action, be treated perturbatively. We will apply
the same approach when dealing with spin degrees of
freedom below.
We will later return to the issue of the physical

interpretation of the small parameter ρ2 and to the question
of how it is rendered dimensionless so as to justify such an
expansion; it suffices to note—and we will demonstrate this
explicitly in what follows—that the coupling of the back-
ground and the photons to the classical worldline velocity,
ẋðτÞ, effectively reorganizes the expansion parameter into
the dimensionless combination ρ2=jẋcl:ðτÞj. For the time
being, we assume the validity of this perturbative expansion
in ρ2 and proceed to explore its consequences for tree-level
amplitudes. In practice, expressing the N-photon dressed
propagator in this resummed scheme amounts to the
following simplification:

e
iρ2
R
dτ0dτ00Δ̃ðτ0;τ00Þ δ

δξðτ0Þ
δ

δξðτ00Þ

→1þ iρ2
Z

T

0

dτ0dτ00Δ̃ðτ0;τ00Þ δ

δξðτ0Þ
δ

δξðτ00ÞþOðρ4Þ; ð67Þ

in (50) and with an analogous replacement for the effective
action in Eq. (60), obtained by substituting, of course,
Δ̃ðτ0; τ00Þ → 1

2
Gðτ0; τ00Þ. We now turn to the evaluation of

scattering processes on the open line and on the loop; the
former, which we address first, requires LSZ truncation and
involves some additional technical subtleties.
The appropriate object Ap0p

N for describing tree-level
scattering of scalar particles in nonnull background fields,
following [38], is defined as

Ap0p
N ¼ lim

p02;p2→m2
− ðp02 −m2Þðp2 −m2ÞDp̃0p

N ; ð68Þ

where p̃ ¼ pþ a∞ here is the kinetic momentum of the
scattered particle at asymptotic infinity [we are denoting
a∞ ¼ aðxþ → ∞Þ and choose að−∞Þ ¼ 0]. The corre-
sponding momentum-space propagator is given in (50). In
principle, the Oðρ2Þ correction to the amplitude can be
obtained directly by applying the expansion (67) and
subsequently performing the LSZ reduction. However, it
is advantageous to first simplify the linear order in ρ2

expression for Dp̃0p to a convenient form before the LSZ
reduction. This alternative representation, derived in
Appendix B, reads
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Dp̃0p
N ¼ ð−ieÞN δ̂−⊥ðp − K − p̃0Þ

Z
∞

0

dTeiðp02−m2þi0þÞT 1
2

Z
dx△eiðp̃0þK−pÞ△x△

YN
i¼1

Z
T

0

dτi½1þ ρ2IN þOðρ4Þ�

× e−2iTp
0·⟪δa⟫þiT⟪δa2⟫þ2

P
N
i¼1

½ai·εiþi
R

τi
0

dτaðτÞ·ki�þið2p̃0þKÞ·gþiSBKN

����
linN

; ð69Þ

where the first-order correction in the nonnull parameter, Oðρ2Þ, to the propagator integrand is

IN ¼ −2i
Z

T

0

dτ
Z

T

0

dτ0jτ − τ0jPNðτÞ · a0ðτÞPNðτ0Þ · a0ðτ0Þ; ð70Þ

with PNðτÞ → p̃0 − aðτÞ þPN
i¼1½Θðτi − τÞki − δðτi − τÞiεi� corresponding to an effective Green’s function coinciding with

that of the inifinite line; cf. (53). The Bern-Kosower portion of the action of the momentum space propagator now reads

SBKN ≔ −
XN
i;j¼1

�
1

2
jτi − τjjki · kj − isgnðτi − τjÞεi · kj þ δðτi − τjÞεi · εj

	
: ð71Þ

Lastly, the implicit field dependence (containing the exact resummed nonnull dependence) now becomes

aμi ¼ aμðx△ þ g△ þ ðp̃0△ þ p△Þτi −
XN
j¼1

k△j jτi − τjjÞ: ð72Þ

Surprisingly, despite the boundary conditions for the line
manifestly breaking the translational invariance of the
worldline theory, the Oðρ2Þ contribution is written here
in terms of functions depending only on the relative
separation of the insertion points of external photons or
the coupling to the background [this is not the case at Oð1Þ
in our expansion until after the LSZ prescription draws the
external matter legs to asymptotic infinity].
Having recast the propagator into this more convenient

form, we are now in a position to carry out the LSZ
truncation and thereby obtain the amplitude (68). In
background fields that asymptotically approach constant
values, it was found that truncating matter lines amounts to
a projection of the Schwinger proper-time integral onto
T → ∞ and T → −∞ for outgoing state wave function and
incoming state wave functions respectively [38,49]. We
now illustrate how this reduction proceeds in the present
case of nonnull background fields.
We begin with the truncation of the outgoing leg. Using

the relation and standard Feynman regulation [38]

lim
p02→m2−i0þ

− iðp02 −m2 þ i0þÞ
Z

∞

0

dTeiðp02−m2þi0þÞTFðTÞ

¼ lim
p02→m2

Fð∞Þ; ð73Þ

where FðTÞ represents the integrand of the propagator [e.g.,
in (69), but the relation is valid to all orders in ρ2] excluding
the free part of the action, we can see that truncation on the
outgoing left projects the proper-time argument of the
integrand in the propagator expression onto the limit

T → ∞. While the object thus obtained—as a result of
applying the LSZ truncation (once) to the outgoing leg—
serves here as an intermediate step in the computation of
the Ap0p

N , it can also be thought of as the N-photon-dressed
generalization of the momentum-space wave function. In
fact, in Appendix C 1 we explicitly verify that in the case
N ¼ 0, this intermediate object reproduces the known wave
function in the nonnull plane wave background [61,62,64].
We next turn to the truncation of the incoming leg.

Following the method introduced in [93], we define a
collective proper-time coordinate

τ0 ≔
1

N

XN
i¼1

τi; τ̄i ≔ τi − τ0; ð74Þ

which satisfies the constraint
P

N
i¼1 τ̄i ¼ 0. As a result, only

N − 1 of the τ̄i are independent, with the constraint enforced
later via a delta function. Completing the change of variables
to τ0 and the N − 1 independent τ̄i, the Jacobian yields a
factor of N, and the integration ranges are constrained by
τ0 þ τ̄i ≥ 0 and τ0 −

P
N−1
i¼1 τ̄i ≥ 0. This leads to

YN
i¼1

Z
∞

0

dτi→N
Z

dτ0
YN−1

i¼1

dτ̄i
Y∞
j

Θðτ0þ τ̄jÞΘ
 
τ0−

XN−1

i¼1

τ̄i

!
:

ð75Þ

Introducing the final coordinate τ̄N via a delta function
δðPN

j¼1 τ̄jÞ, the external proper-time integrations may be
written in the compact form
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YN
i¼1

Z
∞

0

dτi ¼
Z

∞

0

dτ0
YN
i¼1

Z
∞

−τ0
dτ̄iδ

 XN
j¼1

τ̄j
N

!
: ð76Þ

The redefinition supplies us with an additional global
Schwinger proper-timelike integral which performs (in an
analogous way to the outgoing state) truncation on the
incoming state, extending the range of integration to the

entire real line. We facilitate this step through the redefinition
x̄△≔x△þðp0 þpþKÞ△τ0þg△ðfτ̄igÞ with g≡ gðfτigÞ ≔P

N
i¼1ðkiτi − iεiÞ. After rearranging terms and applying (73)

to the τ0 integral—which now projects τ0 → ∞ and extends
the integration range from

R∞
0 dτ to

R∞
−∞ dτ—we arrive at the

final expression for the scalar amplitude dressed with N
photons,

Ap0p
N ¼ ð−ieÞN

Z
d4xeiðKþp̃0−pÞ·x

Z
∞

−∞

YN
i¼1

dτiδ

�XN
j¼1

τj
N

�
½1þ ρ2IN �eiðp̃0þpÞ·gþiSBKN

× e−i
R

0

−∞
dτ½2p̃0·aðτÞ−a2ðτÞ�−i

R
∞
0

dτ½2p0·δaðτÞ−δa2ðτÞ�−2i
P

N
i¼1

½
R

τi
−∞

dτki·aðτÞ−iεi·aðτiÞ�
���
linN

; ð77Þ

where now the explicit ρ2-dependent correction, IN , is given
in (70) but with

R
T
0 dτ →

R
∞
−∞ dτ. Also, the implicit depend-

ence finally reads

aμðτÞ ¼ aμðx△ þ ðp0△ þ p△Þτ −
XN
i¼1

k△i jτ − τijÞ; ð78Þ

where, for simplicity, we have relabeled τ̄ → τ. Note that, as
in the plane wave case, the momentum conservation in the
“minus” and transverse directions, ðK þ p̃0 − pÞ−⊥ ¼ 0,
remains manifest.
In this compact worldline representation, the ampli-

tude encodes tree-level scattering with an arbitrary
number N of external photons. One may determine
nonnull deviations at arbitrary order in ρ2 away from
the idealistic plane wave profile useful for phenom-
enological studies as are relevant for current and
upcoming high-powered laser facilities. One may also
easily make the connection to the plane wave case [38]
by setting ρ2 → 0. As a further nontrivial check of
our result, we have explicitly verified our formula for
N ¼ 1 against the nonlinear Compton amplitude com-
puted from the standard Feynman diagrammatic approach
(see Appendix C). We emphasize that this exercise of
verification—which involves a chain of nontrivial algebraic
tricks to recast ourworldline parameter integrals into the form
of integrals over the field’s phase—more than serves the
purpose of a cross-check; it demonstrates that the worldline
method that we adopted is significantly more efficient at
arriving at a convenient, ready-to-use expression for the
amplitude.
While this concludes our main results for the case of

open worldlines, we now briefly return to the question of
the formal expansion parameter, before moving to the
discussion at one loop order.

1. ρ2 as an expansion parameter

Going through the conversion from the proper-time
representation to spacetime coordinates, while cumber-
some, serves the dual purpose of providing a check on
the wave function and nonlinear Compton scattering, and
furnishing us with a reliable expansion parameter. Since ρ2

actually arises fromω2, which carries with it a dimension of
momentum squared, we must carefully identify the roots of
different dimensionless factors that appear in the calcu-
lations. For instance, in Appendix C, we show that doing a
change of variables from proper time to spacetime, the
(nonnull) wave front phase direction is extracted, giving us
the expansion parameter is proportional to ρ2=ð2p0△Þ2 in
the case of the wave function, (C4)—the correct dimen-
sionless factor would be ω2=ð2p0△Þ2. Likewise, for non-
linear Compton scattering, both the combinations
ρ2=ð2p0△Þ2 and ρ2=ð2p△Þ2 (conservation of momentum)
were found to arise. And indeed in [64] a similar parameter
was found to be the suitable expansion parameter for the
resummed wave function after a slowly varying envelope
approximation [56] (see also [67,68]).
In addition to furnishing compact formulas, the world-

line form for the scattering amplitude further provides a
succinct criterion for the expansion parameter for any
number of external photons. Whether explicit, such as is
written for the IN , (70), or implicit in the background field
definition, (78), to extract the spacetime-dependent proper-
ties one need only compare to the classical ẋ△cl:. Let us see
how this is accomplished for IN. We would like to change
variables from τ to

φ ¼ x△cl:ðτÞ ¼ x△ þ ðp0△ þ p△Þτ −
XN
i¼1

k△i jτ − τij; ð79Þ

and to do so let us break up the proper-time integral into
ordered segments, i.e.,
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Z
∞

−∞
dτ →

YN
i;j¼1;i≠j

½Θðτi − τjÞ þ Θðτj − τiÞ�
Z

∞

−∞
dτ
YN
i¼1

½Θðτ − τiÞ þ Θðτi − τÞ�: ð80Þ

And then for each N3 segment we can see that there exists an inverse such that τðxcl:Þ may be found, e.g., τ ¼
ðx△cl:ðτÞ − x△Þ=ðp0△ þ p△Þ for N ¼ 0. The key point is that one may accomplish the variable transform to the light-front
spacetime coordinate by breaking up the integral, and in so doing, after reassembling, an expansion parameter may be
determined. Then one may reexpress IN after reassembly as

ρ2IN ¼ −2i
Z

∞

−∞
dφ

�
ρ2

φ̇

�Z
∞

−∞
dφ0
�
1

φ̇0

�
jτðφÞ − τðφ0ÞjPNðφÞ · a0ðφÞPNðφ0Þ · a0ðφ0Þ; ð81Þ

where the integrals over φ are understood to be defined
piecewise over the segments in which τðφÞ is well defined.
To express this factor in a more covariant way, we can now
reinstate the phase-momentum ω ¼ Ωn of the background
field, as we introduced it in Sec. II and state the condition
for the perturbative expansion to be reliable as

ω2

jω · ẋcl:ðφÞj
≪ 1; ð82Þ

which provides a concrete realization of the condition in
(9). An equivalent way of expressing this requirement is

Ωρ2

jẋ△cl:ðτÞj
¼ Ωρ2

jẋþcl:ðτÞj
þOðρ4Þ ≪ 1; ð83Þ

with the understanding that this is evaualted at points τ
away from where ẋ△cl:ðτÞ is discontinuous.
In summary, the small ρ2 expansion for the tree-level

amplitudes appears to correspond to a kind of large

transverse momentum expansion. One may then ask
whether satisfying the above condition imposes a restric-
tion on the kinematics. This restriction can be stated as4

jẋþcl:ðτÞj ≫ 1=ðΩρ2Þ or p0þ;p0þþPi∈U k
þ
i ≫1=ðΩρ2Þ ∀

U⊆f1;2;…;Ng. To gain some intuition for this require-
ment, note that when the incoming transverse
momentum is large [i.e., pþ ≫ 1=ðΩρ2Þ] the above
kinematic condition is automatically satisfied in the
cases where all photons are either incoming or out-
going. The full set of kinematic configurations satisfy-
ing this bound is, of course, broader than these simple
examples.

C. Multiphoton one-loop scattering

For the one-loop amplitudes, the procedure is similar,
although we no longer have the complications of LSZ
reduction (and in the worldline formalism, external photon
legs are already properly amputated). We again apply (67)
to arrive at the analogous equation to (69)

ΓN ½a� ¼
1

2
ð−ieÞN δ̂ðK−Þδ̂2ðK⊥Þ

Z
∞

0

dT
T

ð4πiTÞ−2
Z

∞

−∞
dx△0 e

iK△x△0
YN
i¼1

Z
T

0

dτie−iM
2ðaÞT ½1þ ρ2J N �

× e
2
P

N
j¼1

½ð⟪a⟫−aðτjÞÞ·εjþiðIðτjÞ−⟪I⟫Þ·kj�−i
2

P
N
i;j¼1

½Gijki·kj−2iĠijεi·kjþG̈ijεi·εj�
���
linN

; ð84Þ
where now

J N ¼ i
2

Z
T

0

dτ0
Z

T

0

dτ00Gðτ0; τ00Þ
h
−4QNðτ0Þ · a0ðτ0ÞQNðτ00Þ · a0ðτ00Þ − 2iQNðτ0Þ · a00ðτ00Þδðτ0 − τ00Þ

þ ia0ðτ0Þ · a0ðτ00ÞG̈ðτ0; τ00Þ
i
; ð85Þ

withQN defined as in (63) and aμðτÞ given in (58). Note that, unlike for the open line, the functional derivative [with respect
to ξðτÞ] acting on QðτÞ has produced a nonzero contribution, recorded in the second and final terms in square brackets
of (85).

4We remark this is quite similar to the case of the master formula for N-scattered photons of an impulsive PP wave to be
identified with the amplitude of the free N þ 1 case in [49], in which a “positivity constraint” [or ẋþcl:ðτÞ > 0 or
p0þ; p0þ þPi∈U k

þ
i > 0 ∀ U ⊆ f1; 2;…; Ng] was used.

COPINGER, EDWARDS, and RAJEEV PHYS. REV. D 114, 016015 (2026)

016015-14



Let us now specialize to the effective action, whereby
N ¼ 0, and consider the renormalization of the theory in
the nonnull background. Fixing N ¼ 0 the classical sol-
ution, xcl:ðτÞ ¼ x≡ ⟪x⟫, is just the constant loop center of
mass. In this case, then, ⟪aðτÞ⟫ ¼ aðx△Þ, so that M2ðaÞ ¼
m2 and Q0 ¼ 0. With this

J 0 ¼ −
1

2
a0ðx△Þ2

Z
T

0

dτ0
Z

T

0

dτ00Gðτ0; τ00ÞG̈ðτ0; τ00Þ

¼ T2

6
a0ðx△Þ2: ð86Þ

The bare effective action contains a standard UV divergence
produced from the T → 0 region of the proper-time integral.
This divergence splits into a field-independent part which we
remove by subtracting Γ0½0� (corresponding to normal
ordering). This equates with the renormalization in the null
field case and cancels the Oð1Þ part of the effective action
(this agrees with the fact that the renormalized effective
action in a plane wave vanishes). We are left, then, with

ΓR½a� ≔ Γ0½a� − Γ0½0� ¼
ρ2

12
V3

Z
∞

0

dT
T1−D

2

ð4πiÞD2 e
−im2T

×
Z

∞

−∞
dx△a0ðx△Þ2 þOðρ4Þ ð87Þ

¼ ρ2

12
V3ðm2Þd2−2Γ

�
2 −

d
2

� Z
∞

−∞
dx△a0ðx△Þ2 þOðρ4Þ ð88Þ

where V3 ¼ δ̂3ð0Þ and we have used dimensional regulari-
zation to control a UV divergence. This divergence is clearly
associated with (on-shell) charge renormalization once we
recall that −ρ2a02 ¼ − 1

2
fμνfμν [see (20)] so we are obtaining

something proportional to the Maxwell term in the bare
action.

1. Nonnull CCF meets Euler-Heisenberg

In this section, we revisit what is probably the most
well-understood problem in strong-field QED—the
Euler-Heisenberg effective action—through the lens of
the nonnull field framework introduced in this work. We
do this in two ways: we show that the effective action
for a constant crossed field provides an example in
which the ρ2 expansion of (60) can be formally
resummed, reproducing the familiar one-loop Euler-
Heisenberg result [9,94], and then we consider the
Oðρ2Þ contribution from our master formula and how
it can be obtained from the original worldline path
integral in our nonnull field.
We start by taking N ¼ 0 in (60), leading to

Γ½a� ¼
Z

d4x0

Z
∞

0

dT
T

ð4πiTÞ−2ei
2
ρ2
R

dτ0dτ00Gðτ0;τ00Þ δ
δξðτ0Þ

δ
δξðτ00ÞeiS

lp:½að•þξÞ�
���
ξðτÞ→0

; ð89Þ

where

Slp:½að•þ ξÞ� ¼
Z

T

0

dτðha2ðxΔ þ ξÞi − haðxΔ þ ξÞi2 −m2Þ ð90Þ

is the appropriate worldline action in the N ¼ 0 limit. So with aμðx△Þ ¼ a0δμ⊥x△ the effective action simplifies to

Γ½a� ¼
Z

d4x0

Z
∞

0

dT
T

ð4πiTÞ−2ei
2
ρ2
R

T

0
dτ0
R

T

0
dτ00Gðτ0;τ00Þ δ

δξðτ0Þ
δ

δξðτ00Þe−im
2T−i2a2

0

R
T

0
dτ
R

T

0
dτ0ξðτÞδðτ−τ0Þξðτ0Þ: ð91Þ

Then one may formally complete the functional derivative to determine that5

Γ½a� ¼
Z

d4x0

Z
∞

0

dT
T

ð4πiTÞ−2e−im2T ½Detð1 − 4ρ2a20ĜÞ�−1=2: ð92Þ

In fact, expanding the determinant, using detðÔÞ ¼ expðTrðlog ÔÞÞ, reveals explicitly how an infinite set of one-loop
worldline diagrams is resummed into the compact expression above,

½detð1 − 4ρ2a20ĜÞ�−1=2 ¼ exp

�
1

2

X∞
l¼1

1

l
ð4ρ2a20ÞlTrðĜlÞ

�
; ð93Þ

ð94Þ

5We used the identity e
1
2
Aij∂i∂jðe−xTBxÞjx→0 ¼ ½det ð1þ 2ABÞ�−1=2. See Appendix D for details.
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where we introduce the blue-dot vertex to represent the
perturbative nonnull correction factor 4ρ2a20 and the lines
represent worldline propagators, G. To perform the resum-
mation, we first note that

TrðĜlÞ ¼ 2l
X∞
s¼1

�
iT
2πs

�
2l
¼ 2

�
−T2

2π2

�
l

ζð2lÞ; ð95Þ

¼ −
T2l2lþ1B2l

ð2lÞ! ; ð96Þ

where the Riemann ζ-function is given as ζðlÞ≡P∞
s¼1 s

−l,
and Bn are the Bernoulli numbers. Now, these terms can be
summed using the identity derived from their generating
function (see 4.19.9 of [95])

−
X∞
l¼1

22lB2lx2l

2lð2lÞ! ¼ log

�
x

sinh x

�
ð97Þ

to arrive at the effective action in a nonnull CCF back-
ground, given by

Γ½a� ¼
Z

d4x0

Z
∞

0

dT
T

ð4πiTÞ−2e−im2T

ffiffiffiffiffiffiffi
2ρ2

p
Ta0

sinhð
ffiffiffiffiffiffiffi
2ρ2

p
Ta0Þ

:

ð98Þ

One can obtain the same result from the crossed field limit
of the Euler-Heisenberg action [9,94], prior to renormal-
ization. On the worldline, this is achieved by absorbing the
constant background into the worldline kinetic term so that
the worldline path integral in the constant nonnull fields
considered here takes the formZ

d4x
Z
SI
DxðτÞe−i

4

R
T

0
dτxμ½−ημν∂2τþ2fμν∂τ�xν ð99Þ

¼ −
Z

d4xDet0−1
2½η − 2f∂−1τ � ð100Þ

¼ −
Z

d4x det−
1
2

�
sinhðefTÞ

efT

�
; ð101Þ

where the 0 indicates that the determinant is taken on the
space of functions orthogonal to the normal mode present
for periodic boundary condition (PBC). The matrix whose
determinant we seek can be written to all orders in ρ by
using the formula (22), and yields

det−
1
2

�
sinhðefTÞ

efT

�

¼−det−1
2

"
ηþ 1

ρ2T2a2⊥

�
sinhðT

ffiffiffiffiffiffiffiffiffiffi
ρ2a2⊥

p
Þ

T
ffiffiffiffiffiffiffiffiffiffi
ρ2a2⊥

p − 1

�
f2
#
: ð102Þ

The determinant can be evaluated in closed form to
reproduce the integrand in (98).
Expanding the effective action in the combination ρ2a2⊥,

one encounters ultraviolet divergences, which can be
treated in complete analogy with the constant electromag-
netic background case. At Oð1Þ in the nonnull correction,
the divergence corresponds to the usual vacuum energy
contribution. At Oðρ2Þ one finds

ð103Þ

¼
Z

d4x0

Z
∞

0

dT
T
ð4πiTÞ−2e−im2T

�
1−

1

3
ρ2a20T

2þOðρ4Þ
�
;

ð104Þ

since TrðĜÞ ¼ −T2=6. The Oðρ2Þ term is likewise diver-
gent; however, it is proportional to the Maxwell action
(again, 2ρ2a20 ¼ −ρ2a02 ¼ − 1

2
fμνfμν) and agrees with the

charge renormalization in (88) when restricted to the
nonnull CCF. It can therefore be absorbed into a renorm-
alization of the classical electromagnetic term, yielding the
renormalized effective action,

ΓR½a� ¼
Z

d4x0

Z
∞

0

dT
T

ð4πiTÞ−2e−im2T

×

" ffiffiffiffiffiffiffi
2ρ2

p
Ta0

sinhð
ffiffiffiffiffiffiffi
2ρ2

p
Ta0Þ

− 1þ 1

3
ρ2a20T

2

#
: ð105Þ

The effective action obtained above smoothly interpolates
between the purely electric and purely magnetic limits for
−4 ≤ ρ2 ≤ 4, as is evident from the field configuration
given in (28). This interpolation acquires a clear physical
interpretation when one examines the stability of the
vacuum via the pair-creation rate, which is determined
by the imaginary part of the effective action. Performing the
rotation Te−i0

þ
→ −iT converts the oscillatory phase

e−im
2Te−i0

þ
into the exponentially damped factor e−m

2T,
allowing the real and imaginary parts of the effective
action to be identified from the analytic structure of the
integrand. If poles lie on the new Euclidean contour, they
generate a nonvanishing imaginary contribution, signaling
vacuum instability.
In the purely electric limit, ρ2 ¼ 4, such poles yield

the standard nonperturbative pair-production rate. More
generally, for 0 < ρ2 < 4, the electric field dominates
(as discussed at the end of Sec. II A) and the poles
remain on the imaginary proper-time axis, leading again
to vacuum instability and a nonvanishing pair-creation
probability. Wick rotating and summing over (half) the

COPINGER, EDWARDS, and RAJEEV PHYS. REV. D 114, 016015 (2026)

016015-16



residues of these poles leads to a Ritus-like result for
our nonnull field:

ℑLð1Þ ¼ −
2ρ2a20
16π3

X∞
n¼1

ð−1Þn
n2

e
− nπm2ffiffiffiffi

2ρ2
p

a0 : ð106Þ

In contrast, when −4 ≤ ρ2 < 0, the magnetic field
dominates (again see end of Sec. II A). The poles are then
shifted onto the real axis, implying that the imaginary part
of the effective action is zero, so that the vacuum remains
stable and pair production is again absent. Finally, as ρ → 0
one approaches the null (plane-wave) limit of constant
crossed fields with equal electric and magnetic magnitudes.
In this case, the effective action reduces to a constant
contribution corresponding solely to vacuum energy
renormalization, and no pair creation occurs.

2. ρ2 as an expansion parameter

Here we demonstrate, as anticipated from our discussion
of the open line in Sec. III B 1, that also on the loop we may
use the ratio of the nonnull parameter to the classical
velocity as an expansion parameter. To do this, we make the
following change of variables:

φ ¼ x△cl:ðτÞ ¼ x△0 −
XN
j¼1

Gðτ; τjÞk△j ; ð107Þ

where we have applied the gauge choice of ε△j ¼ 0. Then,
applying the above change of variables to the explicit ρ2

term in the photon amplitude, we find that

ρ2J N ¼ 1

2

I
dφ0
I

dφ00 ρ2

φ̇0φ̇00 Gðτ0ðφ0Þ; τ00ðφ00ÞÞ

×
h
Qðφ0Þ · a0ðφ0ÞQðφ00Þ · a0ðφ00Þ þQðφ0Þ

· a00ðφ00Þδðτ0ðφ0Þ − τ00ðφ00ÞÞ

−
i
T
a0ðφ0Þ · a0ðφ00ÞG̈ðτ0ðφ0Þ; τ00ðφ00ÞÞ

i
; ð108Þ

where we now have that

φ̇ ¼ ẋ△cl:ðτÞ ¼ −
XN
j¼1

Ġðτ; τjÞk△j

¼ −
XN
j¼1

�
sgnðτ − τjÞ −

2

T
ðτ − τjÞ

�
k△j : ð109Þ

Following a similar argument as we did for the tree-level
scattering case, we find the same expansion parameter of
(83), Ωρ2=jẋ△cl:ðτÞj ≪ 1, for all τ and fτ0jg away from
τ ¼ τi. However, in contrast to the tree-level case—where
this condition is related to a clear restriction on the space-

time kinematics—it does not translate into a concrete
kinematic constraint at loop level. On the other hand,
the condition in (8) can still be satisfied, provided ρ2 is
sufficiently small such that the term in (108) is perturbative.
This discussion completes our treatment of scalar QED

in this class of nonnull backgrounds. There remains much
that could be done, such as extending the calculation of the
wave function (tree level, N ¼ 0) or nonlinear Compton
amplitude (N ¼ 1) to higher order in ρ2, or looking at the
double nonlinear Compton amplitude (N ¼ 2). On the
loop, one could consider higher order corrections to
the effective action (N ¼ 0) in a generic background or,
for example, consider the vacuum polarization (N ¼ 2). We
leave this for future work and in the following sections, we
move on to consider the same processes in spinor QED.

IV. SPINOR QED IN NONNULL BACKGROUNDS

The spinor QED version of the preceding discussion
proceeds in a largely analogous manner, with the new
feature being the coupling of spin degrees of freedom to the
background field (and, of course, the external photons as
usual). We incorporate these effects within the worldline
formalism by introducing Grassmann variables. In particu-
lar, one finds that the worldline path integrals in nonnull
backgrounds again give rise to exact formal relations
analogous to (65), for appropriately defined quantities.
However, explicitly deriving the spinor analog of (65)
would largely amount to a repetition of the steps already
carried out in the scalar case. Accordingly, in this section,
we focus on highlighting the spin-dependent technical
aspects, rather than reproducing the direct analog of (65)
step by step. For concreteness, we illustrate these points
explicitly using the leading-order nonnull corrections to
both one-loop and tree-level quantities in spinor QED.

A. N-photon dressed propagator and effective action

Let us first record the worldline path integral represen-
tation of the matter propagator in spinor QED dressed with
N photons. For an arbitrary background, the worldline
approach appeals to the second-order formalism of the
Dirac field by using the Gordon identity to arrive at the
propagator in the form [88]

Sx0x½A� ¼ ð−i =Dx0 −mÞKx0x½A�; ð110Þ

whose kernel, Kx0x½A�, is given by the worldline path
integral

Kx0x½A� ¼
Z

∞

0

dT e−im
2T

Z
xðTÞ¼x0

xð0Þ¼x
DxðτÞeiS½xðτÞ;A�spin½F�:

ð111Þ

The spin factor, spin½F� serves as an augmentation to the
scalar propagator, (29), whose action reappears in the same
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form here, to include the spin degrees of freedom along a
trajectory:

spin½F� ¼ Pe−
ie
2

R
T

0
dτFμνðxðτÞÞσμν ; ð112Þ

where σμν ¼ i
2
½γμ; γν� are the Lorentz generators for the

spinor representation and P indicates path ordering of the
matrix-valued potential along the trajectories. It has a path
integral representation in terms of Grassmann fields

spin½F� ¼ symb−1W½F�; ð113Þ

W½F� ¼ 2−
D
2

I
A=P

DψðτÞei
R

T

0
dτ½i

2
ψ ·ψ̇þieψηðτÞ·FðxðτÞÞ·ψηðτÞ�;

ð114Þ

with antiperiodic boundary conditions (A=P) on the field,
ψμðτÞ. The kernel is Dirac matrix-valued so as to produce
the Dirac structure of the propagator; to account for that,
another Grassmann variable has been introduced via
ψηðτÞ ≔ ψðτÞ þ η, which is acted on by a symbolic
map, converting Grassmann variables to antisymmetrized
products of Dirac matrices,

symbfγ½μ1γμ2���γμn � g ¼ ð−i
ffiffiffi
2

p
Þnημ1ημ2 � � � ημn ð115Þ

(see [88,96,38] for specifics as they pertain to our notations
and (3þ 1)-dimensions). Similarly, we may also record the
one-loop effective action as

Γ̄½A� ¼ i
2

Z
∞

0

dT
T

e−im
2T

Z
xð0Þ¼xðTÞ

DxðτÞeiS½xðτÞ;A�tr spin½F�:

ð116Þ

One advantage of this representation is that the scalar and
spinor calculations are more closely related than in the
standard formalism of their respective QFTs (e.g., by the
inclusion of the spin factor and a Dirac trace/operator).
Moreover, this treatment of the orbital and spin degrees of
freedom naturally leads to a convenient “spin-orbit decom-
position” outlined in [88].
As before, we may arrive at the N-photon dressed

representation for both the propagator and effective action
by decomposing the gauge field as eAμðxÞ ¼ aμðxÞ þ
eAγ

μðxÞ and expanding to multilinear order in
Aγ
μðxÞ ¼PN

i¼1 εiμe
iki·x. Employing the linearization oper-

ator, we may similarly decompose the propagator into a
“leading” and “subleading” part [88]

Sx0x
N ½a� ¼ ð−i=∂x0 þ =aðx0Þ −mÞKx0x

N ½a� þ
XN
i¼1

e=εieiki·x
0
Kx0x

N−1½a�; ð117Þ

Kx0x
N ½a� ¼ ð−ieÞN

Z
∞

0

dT
Z YN

i¼1

dτi e−im
2T

Z
xðTÞ¼x0

xð0Þ¼x
DxðτÞeiS½xðτÞ;a�−i

R
T

0
dτJ 0·xðτÞSpinN ½f�

����
linN

; ð118Þ

where, under the sum, in KN−1 we omit the ith

photon. Here, the N-photon dressed spin factor is deter-
mined by

WN ½f� ¼ e
P

N
i¼1

δ
δθðτiÞ·f̃i·

δ
δθðτiÞΨθ½f�jθ¼0; ð119Þ

Ψθ½f� ¼ 2−
D
2

I
A=P

DψðτÞei
R

T

0
dτ½i

2
ψ ·ψ̇þiψη·f·ψηþiθ·ψη�; ð120Þ

with Grassmann source θðτÞ and we introduced the
scattering photons’ field strength tensors by
f̃μν ¼ kμεν − kνεμ. Likewise the N-photon dressed effec-
tive action can be found as

Γ̄N ½a�¼
i
2
ð−ieÞN

Z
∞

0

dT
T

Z YN
i¼1

dτie−im
2T

×
Z
xð0Þ¼xðTÞ

DxðτÞeiS½xðτÞ;a�−i
R

T

0
dτJ 0·xðτÞtrSpinN ½f�

����
linN

:

ð121Þ

The above representations show that in the worldline
formalism treating spinors at the level of the kernel and
effective action amounts to a simple insertion of the spin
factor. Moreover, for the nonnull plane-wave fields con-
sidered in this work, the appearance of the spin factor under
the coordinate path integral does not inhibit the “hidden
Gaussianity” [39] uncovered for the scalar case. However,
unlike the scalar case whose ρ2 dependence in a partial
resummation can be entirely characterized as a differential
operator, (43), acting on the propagator or effective action,
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we now show that there is an additional ρ2 dependence
explicit in the background field strength. It should be noted
that an exact solution for the spinor Green’s function on the
worldline is available for this background [38]; however it
proves convenient to rather separate the ρ2 dependence in
the spin factor and evaluate the Grassmann path integral
exactly about the plane wave portion (let us stress that an
implicit nonnull field dependence will remain the plane-
wave field strength). We write for the nonnull field strength

fμνðx△Þ ¼ fμνðx△Þ þ
ρ2

4
f̄μνðx△Þ ð122Þ

where now the plane-wave part and the complementary part
of the field strength are

fμνðx△Þ ≔ nμa0νðx△Þ − nνa0μðx△Þ; ð123Þ

f̄μνðx△Þ ¼ n̄μa0νðx△Þ − n̄νa0μðx△Þ: ð124Þ
Such a decomposition leads to the following representation
that expands about the plane:

WN ½f� ¼ e
P

N
i¼1

δ
δθðτiÞ·f̃i·

δ
δθðτiÞ−

ρ2

4

R
T

0
dτ δ

δθðτÞ·f̄ðτÞ· δ
δθðτÞΨθ½f�

����
θ¼0

;

ð125Þ

where fðτÞ denotes (123) but should be interpreted
distinctly depending on whether the orbital path integral
has/has not been completed. Before completion, fðτÞ
depends on the varying path integration variable fðxðτÞÞ
under the integral; after the path integral over orbital
degrees of freedom has been completed, this argument is
simply replaced by the classical trajectory, xcl:ðτÞ, given
in, e.g., (44) on the line in coordinate space (or as is
appropriate for loop or line in momentum space). From
here, a reliable partial resummation of ρ2 can be
accomplished.
The Grassmann path integral defining Ψθ½f� has a

known exact solution [38], since ½fðτÞ; fðτ0Þ� ¼ 0 and
fðτÞfðτ0Þfðτ00Þ by virtue of n2 ¼ n · a ¼ 0 [note that even
though we have a⊥ðx△Þ, this decomposition is still possible
since a is orthogonal to x△]. We find

Ψθ½f� ¼ e−
R

T

0
dτ½η·fðτÞ·ηþθðτÞ·η�−

R
T

0
dτdτ0½η·fðτÞ·Gðτ;τ0Þ·θðτ0Þþ1

4
θðτÞ·Gðτ;τ0Þ·θðτ0Þ�; ð126Þ

with the spinor Green’s function in the background reading

Gðτ; τ0Þ ¼ sgnðτ − τ0Þ
�
1 − 2

Z
τ

τ0
dσ fðσÞ þ 2

�Z
τ

τ0
dσ fðσÞ

�
2
�
þ T⟪f⟫

�
1 − 2

Z
τ

τ0
dσ fðσÞ

�
; ð127Þ

where we have made use of a matrix representation for the spacetime indices.
Equipped with the above evaluation of the spin factor, we may immediately solve for the full perturbative in ρ2

expressions for the nonnull kernel of the N-photon dressed propagator and effective action. We focus our attention here to
just the kernel, and this is because, as we will show below, the spinor amplitude only depends on the kernel in the worldline
master formulas after truncation on both sides. Moreover, since the “hidden” Gaussianity still persists even with the spin
factor, all the steps taken to arrive at the scalar propagator may be applied here as well, and we find that

Kx0x
N ½a� ¼ ið−ieÞN

Z
∞

0

dTð4πiTÞ−2
YN
i¼1

Z
T

0

dτie
iρ2
R

dτ0dτ00Δðτ0;τ00Þ δ
δξðτ0Þ

δ
δξðτ00Þ

�
e−iM

2ðaÞT−iz2
4T−iz·⟪a⟫þi

P
N
j¼1

½kj·ðxþz
τj
T Þ−iεj·zT�

× e2
P

N
j¼1

½ð⟪a⟫−aðτjÞÞ·εj−iIðτjÞ·kj�−i
P

N
i;j¼1

½Δijki·kj−2i•Δijεi·kj−•Δ•
ijεi·εj�SpinN ½f�

	����ξðτÞ→2i
P

N
j¼1

½Δ•ðτ;τjÞε△j þiΔðτ;τjÞk△j �

linN
; ð128Þ

in close analogy to the scalar case of (46). The implicit dependence for the gauge field still remains the same as for the scalar
case, as shown in (44), and here there is also an implicit dependence in fμν of (123). Likewise, the full N-photon dressed
effective action may be immediately inferred from the scalar case, and we find that

Γ̄N ½a� ¼−
1

2
ð−ieÞN

Z
∞

0

dT
T

ð4πiTÞ−2
YN
i¼1

Z
T

0

dτi

Z
d4x0e

i
2
ρ2
R
dτ0dτ00Gðτ0;τ00Þ δ

δξðτ0Þ
δ

δξðτ00Þ

�
e−iM

2ðaÞTþi
P

N
j¼1

kj·x0

×e2
P

N
j¼1

½ð⟪a⟫−aðτjÞÞ·εjþiðIðτjÞ−⟪I⟫Þ·kj�−i
2

P
N
i;j¼1

½Gijki·kj−2iĠijεi·kjþG̈ijεi·εj�trSpinN ½f�
	����ξðτÞ→i

P
N
j¼1

½Ġðτ;τjÞε△j −iGðτ;τjÞk△j �

linN
; ð129Þ
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where likewise the implicit dependence here is given by
(58). Taking the trace of the spin factor projects onto the
sector with zero factors of the Grassmann variables ημ and
produces a factor of 4 for that contribution (the trace of the
antisymmetric products of γ-matrices spanned by the image
of the inverse symbol map is zero). The above representa-
tions are exact in the nonnull parameter, albeit formally so,
and in the next section we carry out a perturbative
expansion in the explicit dependence on ρ2.

B. Multiphoton scattering on the loop and line

To arrive at an explicit representation for scattering
amplitudes for spinor particles, we again employ a partial
resummation with explicit expansion about small ρ2 as was
accomplished for scalars. For illustration we again truncate
up toOðρ2Þ, which for the orbital contributions is shown in
(67). There is of course now an additional explicit trunca-
tion arising from the spin factor:

WN ½f� ¼
�
1 −

ρ2

4

Z
T

0

dτ
δ

δθðτÞ · f̄ðτÞ ·
δ

δθðτÞ
	

× e
P

N
i¼1

δ
δθðτiÞ·f̃i·

δ
δθðτiÞΨθ½f�

����
θ¼0

þOðρ4Þ; ð130Þ

where we recall that the spin factor here still must be acted
upon by the functional derivatives with respect to ξðτÞ
given in (67). However, since we have truncated toOðρ4Þ, it
is immediate that the functional derivatives will not need to
act on the ρ2 term in the brackets to this order.

We next turn our attention to the scattering of N photons
on the matter line for spinors. Let us start by noting that we
will find that much like the plane-wave case [38], and
shock-wave case [49], the on-shell scattering amplitude
will only depend on the spinor kernel, KN ½a�. To see this,
the scattering amplitude may be written down for the
nonnull background as

Mp0p
Ns0s¼ i lim

p02;p2→m2

1

2m

Z
d4x0d4xeip̃0·x0−ip·xūs0 ðp0Þðp02−m2Þ

×

��
−1þ 1

2m
δ=aðx0þÞÞ

�
Kx0x

N þ e
2m

XN
i¼1

=εieiki·x
0
Kx0x

N−1

	

×ðp2−m2ÞusðpÞ; ð131Þ

where we have made use of the free spinor on-shell
solutions, e.g, ūs0 ðp0Þð=p0 þmÞ−1 ¼ ūs0 ðp0Þð2mÞ−1 [87],
and likewise for usðpÞ, corresponding to spin 1=2
fermions with spin state s. The factors (1), with the
δ=aðx0þÞ term and (2), with the summation over the
N photons are on the same level as “subleading” factors
in the plane wave and nonnull backgrounds. They
vanish after LSZ truncation on either side; we refer
to the plane wave case [38] [see, for example, Eq. (81)
and the surrounding discussion for details] as the
asymptotic setup is essentially identical for the
nonnull case discussed here. We find that after factors
(1) and (2) vanish, the LSZ-reduced amplitude becomes
simply

Mp0p
Ns0s ¼ −i lim

p02;p2→m2

1

2m
ūs0 ðp0Þðp02 −m2ÞKp̃0p

N ðp2 −m2ÞusðpÞ; ð132Þ

where we can now see that one needs only to treat the kernel.
To arrive at the Fourier transformed kernel, one need only follow the steps as provided in Appendix B for the scalar

propagator. The difference between the two amounts to the inclusion of the spin factor and the spin factor only contains
implicit end-point, x△ and x0△, dependence. Therefore, all the steps taken for the Fourier transform of the scalar propagator
apply here as well, and one may immediately write down the kernel in momentum space as

Kp̃0p
N ¼ −ið−ieÞN δ̂−⊥ðp − K − p̃0Þ

Z
∞

0

dT eiðp02−m2þi0þÞT 1
2

Z
dx△eiðp̃0þK−pÞ△x△

YN
i¼1

Z
T

0

dτi½1þ ρ2IN �

× e−2iTp
0·⟪δa⟫þiT⟪δa2⟫−2

P
N
i¼1



ai·εiþi

R
τi
0

dτaðτÞ·ki
�
þið2p̃0þKÞ·gþiSBKN Spinρ2N ½f�

���
linN

: ð133Þ

In this equation, we must determine the has explicit ρ2 dependence of the spin factor, which is produced by the functional
derivatives in (130) and by the functional derivatives with respect to ξðτÞ in (67). However, the latter act under the ψðτÞ path
integral to simply pull down a derivative of the nonnull field strength tensor sandwiched between two factors of ψηðτÞ, viz.

δ

δξðτÞ e
−
R

T

0
dτ0eψηðτ0Þ·fðτ0Þ·ψηðτ0Þ ¼ −eψηðτÞ · f0ðτÞ · ψηðτÞe−

R
T

0
dτ0eψηðτ0Þ·fðτ0Þ·ψηðτ0Þ ð134Þ

¼ −e
δ

δθðτÞ · f
0ðτÞ · δ

δθðτÞ e
−
R

T

0
dτ0eψηðτ0Þ·fðτ0Þ·ψηðτ0Þ−

R
T

0
dτ0θðτ0Þψηðτ0Þ

����
θ¼0

; ð135Þ
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so these derivatives (acting on the spin factor) are expressible in terms of the functional derivatives, δ=δθðτÞ. Putting these
contributions together we find

Wρ2N ½f� ¼ ½1þ ρ2I sp
N �e
P

N
i¼1

δ
δθðτiÞ·f̃i·

δ
δθðτiÞΨθ½f�

���
θ¼0

; ð136Þ

where

I sp
N ¼ i

2

Z
T

0

dτ
Z

T

0

dτ0jτ − τ0j
�

δ

δθðτÞ · f
0ðτÞ · δ

δθðτÞ
δ

δθðτ0Þ · f
0ðτ0Þ · δ

δθðτ0Þ

þ 4iPNðτ0Þ · a0ðτ0Þ
δ

δθðτÞ · f
0ðτÞ · δ

δθðτÞ
	
−
1

4

Z
T

0

dτ
δ

δθðτÞ · f̄ðτÞ ·
δ

δθðτÞ : ð137Þ

It is understood further that contributions like INI
sp
N are omitted since they come with a factor of ρ4. Last, after taking the

functional derivatives, the implicit dependence in the arguments of the gauge field/field strength is the same as it was for the
scalars (72).
All the steps involving truncation are identical to the scalar case, with the exception of the functional derivatives acting on

the spin factor. Let us go ahead then and record the amplitude as

Mp0p
N ¼ ð−ieÞN

Z
d4x eiðKþp̃0−pÞ·x

Z
∞

−∞

YN
i¼1

dτiδ

 XN
j¼1

τj
N

!
½1þ ρ2IN �eiðp̃0þpÞ·gþiSBKN

× e−i
R

0

−∞
dτ½2p̃0·aðτÞ−a2ðτÞ�−i

R
∞
0

dτ½2p0·δaðτÞ−δa2ðτÞ�−2i
P

N
i¼1

½
R

τi
−∞

dτki·aðτÞ−iεi·aðτiÞ� 1

2m
ūs0 ðp0ÞSpinρ2N ½f�usðpÞ

����
linN

: ð138Þ

The only modification to the spin factor of (136) and (137) is the replacement
R
T
0 dτ →

R∞
−∞ dτ for all proper-time integrals.

As in the scalar case, the implicit dependence also shifts as (78). So apart from the additional complications of evaluating
the spin factor at the desired multiplicity N, the spinor amplitude is qualitatively similar to the scalar case, (77). As before
with the scalar case, we take the opportunity to check the above truncation process on one side against known expressions
for the spinor Volkov wave function; we reserve this discussion for the Appendix C 3.
Let us finally turn our attention to the case of light-by-light scattering in QED in a nonnull background for small ρ2. Since

the calculation proceeds in close similarity to the scalar case (and indeed for the spinor scattering on the line), we may
immediately write down the expression for the one-loop photon scattering amplitude from (129) as

Γ̄N ½a� ¼ −
1

4
ð−ieÞN δ̂ðK−Þδ̂2ðK⊥Þ

Z
∞

0

dT
T

ð4πiTÞ−2
Z

∞

−∞
dx△0 e

iK△x△0
YN
i¼1

Z
T

0

dτi e−iM
2ðaÞT tr

�
½1þ ρ2J N �

× e2
P

N
j¼1

½ð⟪a⟫−aðτjÞÞ·εjþiðIðτjÞ−⟪I⟫Þ·kj�−i
2

P
N
i;j¼1

½Gijki·kj−2iĠijεi·kjþG̈ijεi·εj�SpinN ½f�
����
linN

	
; ð139Þ

where the spin factor takes the form of that on the line, (136), but with the ρ2 corrections now reading

I sp
N ¼ i

2

Z
T

0

dτ
Z

T

0

dτ0Gðτ; τ0Þ
�

δ

δθðτÞ · f
0ðτÞ · δ

δθðτÞ
δ

δθðτ0Þ · f
0ðτ0Þ · δ

δθðτ0Þ

þ 4iQNðτÞ · a0ðτÞ
δ

δθðτ0Þ · f
0ðτ0Þ · δ

δθðτ0Þ
	
−
1

4

Z
T

0

dτ
δ

δθðτÞ · f̄ðτÞ ·
δ

δθðτÞ : ð140Þ

And we finally remark that the same justifications for small ρ2 as were employed for the scalar case apply here as well (see
Secs. III B 1 and III C 2).

C. Effective action—nonnull CCF

For the case of a nonnull CCF, the worldline path integral can be calculated exactly (again, to all orders in ρ). For the
orbital degrees of freedom, we did this in Sec. III C 1. The contribution from the spin factor, (114), is calculated analogously
to the worldline calculation presented in that section [35,46], by completing the square in ψ .
Evaluating the integral over ψ in this way for the general case of open worldlines, we obtain a functional determinant and

boundary term,
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W½F� ¼ 2−
D
2Det
ABC

1
2½∂τ þ 2eF�e−η·F·ηþe2η·F·°G°

F ·F·η; ð141Þ

where °G°
F ≡ R T0 dτ

R
T
0 dτ0GFðτ; τ0Þ is the integrated fer-

mionic worldline Green’s function in the background F.
Since for us Fμν ¼ fμν ¼ a0ðnμδν⊥ − δμ⊥nνÞ is constant,
we can calculate the Green’s function and its functional
determinant as

Det
ABC

½∂τ þ 2eF� ¼ 2
D
2 det½coshðeFTÞ� ð142Þ

GFðτ; τ0Þ ¼ σðτ − τ0Þ e
−ieFTĠBðτ;τ0Þ

cosðeFTÞ ð143Þ

°G°
F ¼ T2

ðeFTÞ2 ½eFT − tanhðeFTÞ� ð144Þ

so that

W½F� ¼ det
1
2½coshðeFTÞ�eη·tanhðeFTÞ·η: ð145Þ

We can then use the results (22) and (23) to obtain

coshðeFTÞ ¼ ηþ
�
coshðeT

ffiffiffiffiffiffiffiffiffiffi
ρ2a02⊥

p
Þ − 1

eT
ffiffiffiffiffiffiffiffiffiffi
ρ2a02⊥

p �
f2 ð146Þ

det½coshðeFTÞ� ¼ −cosh2
�
eT

ffiffiffiffiffiffiffiffiffiffi
ρ2a02⊥

q �
ð147Þ

tanhðeFTÞ ¼
tanh

h
eT

ffiffiffiffiffiffiffiffiffiffi
ρ2a02⊥

p i
ffiffiffiffiffiffiffiffiffiffi
ρ2a02⊥

p f: ð148Þ

For the effective action, then, we take the trace, which,
when combined with the orbital contribution, provides us
with an effective Lagrangian

LðaÞ ¼ −2
Z

∞

0

dT
T

ð4πiTÞ−D
2e−im

2Tdet−
1
2

�
tanhðeFTÞ

eFT

�
ð149Þ

¼ −2
Z

∞

0

dT
T

ð4πiTÞ−D
2e−im

2T

" ffiffiffiffiffiffiffi
2ρ2

p
Ta0

tanhð
ffiffiffiffiffiffiffi
2ρ2

p
Ta0Þ

− 1 −
2

3
ρ2T2a20

#
; ð150Þ

where we have again implemented renormalization about
D ¼ 4, showing that the first order nonnull correction
corresponds to charge renormalization. Note that in the
electric-dominated case (−4 ≤ ρ2 < 0) the poles remain
in the same place on the imaginary time axis so, after
Wick rotation, we obtain a corresponding Ritus-like
formula,

ℑLð1Þ ¼ 2ρ2a20
8π3

X∞
n¼1

1

n2
e
− nπm2ffiffiffiffi

2ρ2
p

a0 : ð151Þ

To obtain this from our expansion in the parameter
ρ2 we start from (139) and restrict to aμðx△Þ ¼
a0δμ⊥x△ evaluating on N ¼ 0. The orbital and spin
contributions do not mix at Oðρ2Þ (the first cross term
would be ρ4J NI

sp
N ). Since the field strength tensor is

constant in this case, the prefactor to the exponential
in (139) is

tr
n
ρ2½J 0 þ I sp

0 �
o

ð152Þ

where J 0 ¼ T2

6
a0ðx△Þ2 as in (86). From the spin factor,

we obtain only

I sp
0 ¼ 1

4

Z
T

0

dτ
δ

δθðτÞ · f̄ðx
△Þ · δ

δθðτÞΨθ½f�
����
θ¼0

ð153Þ

¼ −
1

8

Z
T

0

dτf̄μνðx△ÞGμνðτ; τÞ ð154Þ

¼ −
T2

8
f̄μν⟪fμν⟫: ð155Þ

Again, with a constant field strength tensor this further
reduces to

I sp
0 ¼ −

T2

2
a0ðx△Þ2: ð156Þ

Putting these together we obtain trfρ2½J 0 þ I sp
0 �g ¼

2ð1
3
− 1ÞT2ρ2a0ðx△Þ2 and evaluating the remaining

exponential factors we arrive at

Γ̄0½a�jρ2=V4 ¼ −
4

3

Z
∞

0

dT
T

ð4πiTÞ−2e−im2Tρ2T2a20; ð157Þ

which agrees with the charge renormalization contri-
bution in (150). Of course, higher order corrections
could be determined in a straightforward algebraic way
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from the master formulas provided above—and this is,
as is known, well adapted for implementation in
computer algebra systems.

V. CONCLUSIONS

In this work, we have developed a systematic framework
for describing scattering processes in strong-field QED in
the presence of nonnull plane-fronted electromagnetic
backgrounds, i.e., backgrounds whose wave fronts remain
planar but whose phase direction satisfies n2 ≠ 0. Such
fields arise naturally as effective descriptions of laser
propagation in dispersive media, for instance, plasmas,
and therefore provide a controlled step beyond the idealized
vacuum plane-wave backgrounds that underpin much of
the existing strong-field QED literature.
Our central technical result is the construction of

N-photon-dressed master formulas for both tree-level
propagators and one-loop effective actions in scalar and
spinor QED, valid to all orders in the background field and
systematically expandable in the nonnullness parameter
ρ2 ¼ n2. By exploiting the worldline path-integral formal-
ism, we were able to retain the nonperturbative resumma-
tion characteristic of plane-wave (Volkov) physics while
incorporating deviations from null propagation as con-
trolled insertions acting on corresponding plane-wavelike
expressions. In this way, the familiar plane-wave results
emerge smoothly in the ρ2 → 0 limit, while dispersive
effects are captured order by order beyond it.
A key conceptual feature of our approach is that results

in the nonnull background can be expressed entirely in
terms of classical solutions to the worldline equations of
motion in vacuum, a property shared with the case of exact
plane-wave backgrounds. This structure naturally leads to
both space-time and momentum-space representations of
dressed propagators, as well as their LSZ-truncated ampli-
tudes, thereby providing a unified description of scattering
processes at both tree and loop level [see (65)]. The
fundamental reason behind this is the semiclassical
exactness of the worldline path integral in our class of
backgrounds.
As a nontrivial checks on our framework, we have shown

that known results are recovered in appropriate limits,
including the exact plane-wave expressions and previously
derived leading-order nonnull corrected wave functions and
scattering amplitudes. We also examined a special exactly
solvable case of constant crossed fields with ρ2 ≠ 0,
illustrating how the nonnull deformation leads to qualita-
tive new physical effects—most notably the appearance of
a nonvanishing imaginary part of the effective action,
reflecting the (known) fact that pair production may no
longer be forbidden once the null condition is relaxed.
The formalism developed here is also well suited to

extending the by now long-running efforts to find closed-
form expressions for the low energy limit of the N-photon
scattering amplitudes (see [97–101]). This limit

corresponds to projecting onto the multilinear contribution
to the amplitudes in the external photon momenta, ki, valid
when their characteristic energy, ωi=m ≪ 1, with m the
mass of the matter particles represented by the line or loop.
This is significant because it generally allows for the
remaining worldline parameter integrals to be computed
in closed form.
The approach presented opens several natural directions

for further investigation. On the phenomenological side, it
provides a systematic tool for assessing the impact of
medium-induced dispersion and nonvanishing field invar-
iants on strong-field processes such as nonlinear Compton
scattering and Breit-Wheeler pair production in laser–
plasma environments. One might also use this formalism,
as it stands, to determine (at least perturbatively in ρ2) the
one-loop vacuum polarization in our class of nonnull fields
and test whether the 1 particle reducible contributions to
processes (known to be present in constant fields but
corresponding simply to an additional renormalization in
a pure plane wave [47]) are relevant in a nonnull back-
ground. On the theoretical side, it would be interesting to
extend the present analysis to backgrounds with additional
structure, such as slowly varying transverse profiles, finite-
duration pulses, or focusing effects, using the plane-wave
sector as an analytic core around which further deforma-
tions are organized. More broadly, our results contribute to
an ongoing effort to bridge the gap between exactly
solvable strong-field QED models and the increasingly
realistic electromagnetic fields encountered in modern
high-intensity experiments and those expected in the future.
Finally, there are no fundamental obstacles to going

beyond one-loop order. The worldline formalism extends
naturally to higher loop calculations [26,27,91,102] whilst
retaining its favourable properties such as summing over
sets of Feynman diagrams related by exchange of photon
insertions around the loop. Here we would expect the
worldline path integral to be computable in closed form,
although the contributions arising from the expansion in ρ2

will no doubt be more complicated than their tree-level or
one-loop counterparts presented here.

ACKNOWLEDGMENTS

We would like to thank Anton Ilderton for fruitful
discussions that have led to the improvement of this work,
and Ivan Ahumada for providing helpful comments on a
draft manuscript. The authors are supported by the EPSRC
Standard Grants No. EP/X02413X/1 (P. C., J. P. E.) and
No. EP/X024199/1 (K. R.), the STFC Consolidated Grant
No. ST/X000494/1 “Particle Theory at the Higgs Centre”
(K. R.), and the WPI program “Sustainability with Knotted
Chiral Meta Matter (WPI-SKCM2)” at Hiroshima
University (P. C.). P. C. would further like to acknowledge
support from the Research Start-up Support Fund
of WPI-SKCM2.

SCATTERING IN STRONG FIELD QED IN A NONNULL … PHYS. REV. D 114, 016015 (2026)

016015-23



DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: PATH INTEGRAL OVER
AUXILIARY VARIABLES

Here we outline a different approach to dealing with the
path integral over the auxiliary variables χðτÞ and ξðτÞ
defined appearing in (43), to conclude with (46).
We start with the fact that (43) remains quadratic in χ and

so the path integral over χ can still be computed in closed
form to give N expð− i

4ρ2

R
T
0 dτ ξ̇ðτÞ2Þ where N ¼R

DχðτÞ expð−iρ2 R dτdτ0 χðτÞχðτ0ÞΔðτ; τ0ÞÞ is a normali-
zation constant that ensures that in the limit ρ2 → 0 the
right-hand side of (43) reduces to δ½IðτÞ�. The path integral
measure is defined by the continuum limit by

R
DχðτÞ ¼

limN→∞
Q

N
k¼1

R
dχk T

N with det½Δðτi; τjÞ� scaling as N−N .
Now, to obtain (46) from this exact path integral, one

should linearize the exponent that is quadratic in the gauge
field with respect to ξðτÞ:

e−i
R

T

0
dτ
R

T

0
dτ0aðτÞ·aðτ0Þ•Δ•ðτ;τ0Þ

¼ e
R

T

0
ξðτÞ δ

δθðτÞe−i
R

T

0
dτ
R

T

0
dτ0að•þθÞ·að•þθÞ•Δ•ðτ;τ0Þ

���
θ¼0

ðA1Þ

and then rescale ξðτÞ → ρξðτÞ. The integral over ξðτÞ can
then be computed by completing the square using the
worldline Green’s function and results in (46), with θðτÞ
playing the role of ξðτÞ. However, an alternative approach
to an expansion in ρ could also be developed prior to
integrating over ξðτÞ by implementing the rescaling only,
leading to

Z
DBC

DqðτÞei
R

T

0
dτ½−q̇2

4
−δJ ·q�

¼ð4πiTÞ−3
2

Z
DξðτÞei

R
T

0
dτ½−ξ̇2

4
�−i
R

T

0
dτ
R

T

0
dτ0að•þρξÞ·að•þρξÞ•Δ•ðτ;τ0Þ;

ðA2Þ

and then expanding the gauge potential in the explicit
factors of ρ. Insertions of ξðτÞ under the path integral are
then dealt with using Wick’s theorem and the worldline
Green’s function (with an odd number of insertions
vanishing).

APPENDIX B: SCALAR PROPAGATOR FOURIER
TRANSFORM

In this appendix, we present more details of the
Fourier transform of the scalar propagator used in the
main text, keeping explicit terms up to Oðρ2Þ. This
derivation complements the approach in Sec. III, where
the momentum-space form of the dressed propagator
was derived in a complementary way. The steps closely
parallel those appearing in the Fourier transform of the
spinor kernel; we therefore emphasize the points at
which ρ2-dependent structures arise, since these are
essential for understanding the resummation scheme
employed throughout the paper.
We begin from the defining representation

Dp̃0p
N ¼

Z
d4x0d4x eip̃0·x0−ip·xDx0x

N ; ðB1Þ

where Dx0x
N is the resummed propagator. The integrals

over the transverse and minus light-cone components,
x⊥; x0⊥ and x−; x0−, can be performed immediately.
Schematically the relevant Gaussian and delta-function
integrals evaluate to

Z
dx0⊥dx⊥ � � � ¼ 4πiTδ̂⊥ðp − K − p̃0Þe−iT½p̃0þ1

Tg�⊥2þiT⟪a⟫2−2iTðp̃0þ1
TgÞ·⟪a⟫; ðB2Þ

Z
dx0−dx− � � � ¼ f1 − iρ2T∂2

z△
gδ̂
�
p̃0
− −

1

4T
z△ þ 1

T
g−

�
δ̂

�
p− −

1

4T
z△ − K− þ 1

T
g−

�
; ðB3Þ

where the ellipses represent the exponential factor
relevant to each of the integrals above. Next, we can
perform an integration by parts to formally move the
∂
2
z△

off the delta function to the exponential factor. In
fact one finds that the ∂z△ then acts only on the implicit
dependence inside the argument to the gauge field. This
in turn allows us to write

∂z△

Z
dτaðτÞ¼ 1

T

Z
dτ

�
−
T
2
þτ

�
δ

δξðτÞ
Z

dτ0aðτ0Þ; ðB4Þ

where the implicit dependence in the argument to the
gauge field is still given as (44). Now we may complete
one of the delta functions, performing the x0− integral,
which turns the argument of the gauge field into
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aμðτiÞ ¼ aμ
�
x△ þ g△ þ ðp̃0△ þ p△Þτi −

XN
j¼1

jτi − τjjk△j þ ξðτiÞ − ρ2
�
p̃0
△
þ p△ − K−

△
þ 1

T
g−
�
τi

�
; ðB5Þ

from which it is clear that an additional Oðρ2Þ contribution appears in the argument of the background field. Now
we see in contrast to (B4), we have

∂x△

Z
dτaðτÞ ¼

Z
dτ

δ

δξðτÞ
Z

dτ0aðτ0Þ ðB6Þ

which allows us to reorganize the expression entirely in terms of functional derivatives acting on ξðτÞ. Expanding
the ρ2-dependent term in (B5) and subsequently recasting all explicit Oðρ2Þ contributions in terms of δ=δξðτÞ then
leads directly to the final form:

Dp̃0p
N ¼ ð−ieÞN δ̂−⊥ðp − K − p̃0Þ

Z
∞

0

dTeiðp02−m2þi0þÞT 1
2

Z
dx△eiðp̃0þK−pÞ△x△

YN
i¼1

Z
T

0

dτi

×
Z

Dξδ½ξ�
�
1þ iρ2

Z
T

0

dτ
Z

T

0

dτ0
1

2
jτ − τ0j δ

δξðτ0Þ
δ

δξðτÞ
	

× e−2iTp
0·⟪δa⟫þi

R
T

0
dτδa2−2

P
N
i¼1

½ai·εiþi
R

τi
0

dτaðτÞ·ki�þið2p̃0þKÞ·gþiSBKN

����
linN

; ðB7Þ

where now the remaining argument to the gauge field reads

aμðτiÞ ¼ aμ
 
x△ þ g△ þ ðp̃0△ þ p△Þτi −

XN
j¼1

jτi − τjjk△j þ ξðτiÞ
!
: ðB8Þ

Note that up to this point, the derivation is insensitive to the inclusion of additional background-dependent
structures, such as the spin factor. Consequently, the same steps apply directly to the spinor kernel discussed in the
main text.

1. Rewriting in the main-text representation

At this stage, the Fourier-transformed propagator is expressed in a form in which the ρ2 dependence appears both
explicitly and implicitly through the background-field argument. While this representation follows naturally from the
Fourier transform, it differs in appearance from the form adopted in the main text, which was obtained via a different
derivation. To make the equivalence manifest, we now show how the expression derived above can be rewritten into the
representation used in the main text.
Using momentum conservation ðp − K − p̃0Þ− ¼ 0, the argument to the gauge field becomes

aμðτiÞ ¼ aμ
�
x△ þ 2p̃0△τi −

XN
j¼1

Δ̃ijk△j þ ρ2½p − K − p̃0�△τi þ ξðτiÞ
�
: ðB9Þ

Expanding the ρ2 contribution in a power series as a functional derivative gives

Dp̃0p
N ¼ ð−ieÞN δ̂−⊥ðp − K − p̃0Þ

Z
∞

0

dTeiðp02−m2þi0þÞT 1
2

Z
dx△eiðp̃0þK−pÞ△x△

YN
i¼1

Z
T

0

dτi ðB10Þ

×
Z

Dξδ½ξ�
�
1þ iρ2

Z
T

0

dτ
Z

T

0

dτ0
1

2
jτ − τ0j δ

δξðτ0Þ
δ

δξðτÞ þ ρ2½p − K − p̃0�△
Z

T

0

dτ0τ0
δ

δξðτ0Þ
	

ðB11Þ

× e−2iTp
0·⟪δa⟫þi

R
T

0
dτδa2−2

P
N
i¼1

½ai·εiþi
R

τi
0

dτaðτÞ·ki�þið2p̃0þKÞ·gþiSBKN

����
linN

: ðB12Þ
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The factor ½p − K − p̃0�△ above can be generated from the exponential as −i∂x△ , then integrated by parts, and finally
expressed as a functional derivative, ∂x△ →

R
T
0 dτδ=δξðτÞ. This yields the alternate representation

Dp̃0p
N ¼ ð−ieÞN δ̂−⊥ðp − K − p̃0Þ

Z
∞

0

dTeiðp02−m2þi0þÞT 1
2

Z
dx△eiðp̃0þK−pÞ△x△

YN
i¼1

Z
T

0

dτi

×
Z

Dξδ½ξ�
�
1þ iρ2

Z
T

0

dτ
Z

T

0

dτ0
1

2
Δ̃ττ0

δ

δξðτ0Þ
δ

δξðτÞ
	

× e−2iTp
0·⟪δa⟫þi

R
T

0
dτδa2−2

P
N
i¼1

½ai·εiþi
R

τi
0

dτaðτÞ·ki�þið2p̃0þKÞ·gþiSBKN

����
linN

; ðB13Þ

which matches precisely with the representation employed
in the main text.

APPENDIX C: CROSS-CHECK

In this appendix, we perform a series of nontrivial checks
on the formalism developed in the main text. In particular,
we verify that our worldline expressions reproduce known
results obtained via the standard diagrammatic approach in
the Furry picture. These checks are not required for the
derivations presented earlier, but serve to validate both the
resummation procedure and the treatment of the nonnull
deformation parameter ρ2.

We focus on two complementary tests: the recovery of
known wave functions in nonnull plane-wave backgrounds,
and the verification of nonlinear Compton scattering
amplitudes at low photon multiplicity.

1. Wave function

We begin by examining the matter wave function
obtained from the LSZ truncation of the dressed propaga-
tor. As discussed in the main text, truncation on a single
external leg is sufficient to extract the outgoing wave
function. Explicitly, we show that the following relation
holds:

lim
p02→m2−i0þ

Z
d4x e−ip·xϕout

p0 ðxÞ ¼ lim
p02→m2−i0þ

− iðp02 −m2 þ i0þÞDp̃0p
0 ¼ lim

p02→m2
Kð∞Þ ðC1Þ

where Dp̃0p
0 denotes the zero-photon sector of the momentum-space propagator. Using (73), the right-hand side

reduces to

Z
d4x½1þ ρ2I0�eiðp̃

0−pÞ·x−i 1

p0△þp△

R
∞
x△

½2p0·δaðφÞ−δa2ðφÞ�dφ ðC2Þ

with

I0¼−i
1

ðp0△þp△Þ3
�
½δa2ðx△Þ−2p0 ·δaðx△Þ�

Z
∞

x△
dφ½δa2ðφÞ−2p0 ·δaðφÞ�−

Z
∞

x△
dφ½δa2ðφÞ−2p0 ·δaðφÞ�2

	
: ðC3Þ

Next, using the fact that p0△ − p△ ¼ ρ2

2
ðp0− − p−Þ, and imposing momentum conservation p0

− ¼ p−, we retain terms up to
Oðρ2Þ in accordance with the resummed scheme. After an integration by parts in the p0− − p− term, we arrive at a Fourier
representation for the outgoing wave function:

Z
d4xe−ip·xφout

p0 ðxÞ ¼
Z

d4x

�
1þ ρ2

1

ð2p0△Þ2 ½δa
2ðx△Þ − 2p0 · δaðx△Þ�

þ iρ2
1

ð2p0△Þ3
Z

∞

x△
dφ½δa2ðφÞ − 2p0 · δaðφÞ�2

�
e
iðp̃0−pÞ·x−i 1

2p0△
R

∞
x△

½2p0·δaðφÞ−δa2ðφÞ�dφ
: ðC4Þ
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The wave function under the integral agrees6 with the known resummed expression calculated using the standard formalism
of QFT [61,62,64].
Analogously, the ingoing wave function can be obtained by shifting the integration variable τ → τ þ T, then

x△ → x△ þ ðp0 þ pÞ△T, followed by truncation with respect to the ingoing momenta p.

2. Nonlinear Compton

Let us next confirm the N ¼ 1 nonlinear Compton scattering expression; here the amplitude reduces to

Ap0p
1 ¼ −ie

Z
d4x eiðk1þp̃0−pÞ·x½1þ ρ2I1�eiðp̃0þpÞ·g

× e−i
R

0

−∞
dτ½2p̃0·aðτÞ−a2ðτÞ�−i

R
∞
0

dτ½2p0·δaðτÞ−δa2ðτÞ�−2i

R

0

−∞
dτk1·aðτÞ−iε1·aðτ1Þ

�����
lin 1

; ðC5Þ

with implicit dependence on rho2 through the argument to the gauge field, aðτÞ ¼ aðx△ þ ðp0△ þ p△Þτ − k△1 jτjÞ. To
proceed we split this argument into τ ≶ 0. We may use a change of variables for either plus or minus proper time, as
appropriate, to convert proper-time dependent quantities to their spacetime equivalents. In this way one can determine the
components present in I1 to be

− 2i
Z

0

−∞
dτ
Z

0

−∞
dτ0jτ − τ0jfp − aðτÞg · a0ðτÞfp − aðτÞg · a0ðτ0Þ

¼ −i
1

ð2p△Þ3
�
fa2ðx△Þ − 2p · aðx△Þg

Z
x△

−∞
dφfa2ðφÞ − 2p · aðφÞg −

Z
x△

−∞
dφfa2ðφÞ − 2p · aðφÞg2

	
; ðC6Þ

− 4i
Z

∞

0

dτ
Z

0

−∞
dτ0jτ − τ0jfp0 − δaðτÞg · a0ðτÞfp − aðτÞg · a0ðτ0Þ

¼ −i
1

2p0△
1

2p△

�
−fa2ðx△Þ − 2p · aðx△Þg

Z
∞

0

dτfδa2ðτÞ − 2p0 · δaðτÞg

− fδa2ðx△Þ − 2p0 · δaðx△Þg
Z

0

−∞
dτ0fa2ðτ0Þ − 2p · aðτ0Þg

	
; ðC7Þ

−2i
Z

∞

0

dτ
Z

∞

0

dτ0jτ−τ0jfp0−δaðτÞg ·a0ðτÞfp0−δaðτÞg ·a0ðτ0Þ

¼−i
1

ð2p0△Þ2
�
fδa2ð0Þ−2p0 ·δað0Þg

Z
∞

0

dτfδa2ðτÞ−2p0 ·δaðτÞg−
Z

∞

0

dτfδa2ðτÞ−2p0 ·δaðτÞg2
	
; ðC8Þ

4ε1 · a0ðx△Þ
�Z

0

−∞
dττfp − aðτÞg · a0ðτÞ −

Z
∞

0

dττfp0 − δaðτÞg · a0ðτÞ
	

¼ 2ε1 · a0ðx△Þ
�

1

ð2p△Þ2
Z

x△

−∞
dφfa2ðφÞ − 2p · aðφÞg − 1

ð2p0△Þ2
Z

∞

x△
dφfδa2ðφÞ − 2p0 · δaðφÞg

	
: ðC9Þ

Next we expand out the Oðρ2Þ parts after a redefinition to spacetime coordinates to find both of the following factors:

e−i
R

0

−∞
½2p̃0·aðτÞ−a2ðτÞ�dτ−2i

R
0

−∞
k1·aðτÞdτ

¼
�
1þρ2

1

ð2p△Þ2 ½a
2ðx△Þ−2p ·aðx△Þ�þρ2

1

ð2p△Þ2
Z

x△

−∞
½a2ðφÞ−2p ·aðφÞ�dφ

×

�
−i

1

2p△
½2p ·aðx△Þ−a2ðx△Þ�þ i

1

2p0△ ½2p0 ·δaðx△Þ−δa2ðx△Þ�−2ε1 ·a0ðx△Þ
	�

e
−i 1

2p△

R
x△

−∞
½2p·aðφÞ−a2ðφÞ�dφ

; ðC10Þ

6While [61,62] provides spinor wave functions, the corresponding scalar expressions follow by omitting factors proportional to the γμ
matrices and the free spinors.
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e−i
R

∞
0
½2p0·δaðτÞ−δa2ðτÞ�dτ

¼
�
1−ρ2

1

ð2p0△Þ2 ½2p
0 ·δaðx△Þ−δa2ðx△Þ�þρ2

1

ð2p0△Þ2
Z

∞

x△
½2p0 ·δaðφÞ−δa2ðφÞ�dφ

×

�
−i

1

2p△
½2p ·aðx△Þ−a2ðx△Þ�þ i

1

2p0△ ½2p0 ·δaðx△Þ−δa2ðx△Þ�−2ε1 ·a0ðx△Þ
	�

e
−i 1

2p0△
R

∞
x△

½2p0·δaðφÞ−δa2ðφÞ�dφ
: ðC11Þ

We have performed an integration by parts to arrive at the expressions on the RHS, where it is assumed that the above
factors are present under the integral in (C5). Then gathering everything together, our representation of the N-photon
dressed nonnull amplitude agrees with the known diagrammatic expression (see [61,62] for the spinor case in nonnull
fields) using standard techniques:

Ap0p
1 ¼ −ie

Z
d4xeiðk1þp̃0−pÞ·xε1 · ðp̃0 þ p − 2aðx△ÞÞ

×

�
1þ ρ2

�
1

ð2p△Þ2 ½a
2ðx△Þ − 2p · aðx△Þ� − 1

ð2p0△Þ2 ½2p
0 · δaðx△Þ − δa2ðx△Þ�

þ i
1

ð2p△Þ3
Z

x△

−∞
dφfa2ðφÞ − 2p · aðφÞg2 þ i

1

ð2p0△Þ3
Z

∞

x△
dφfδa2ðφÞ − 2p0 · δaðφÞg2

	�

× e
−i 1

2p△

R
x△

−∞
½2p·aðφÞ−a2ðφÞ�dφ−i 1

2p0△
R

∞
x△

½2p0·δaðφÞ−δa2ðφÞ�dφ ðC12Þ

¼ −ie
Z

d4x½p̃0 þ p − 2aðx△Þ� · ε1eik1·xφout
p0 ðxÞφin

p ðxÞ: ðC13Þ

The checks presented here serve a dual purpose. First, they confirm that the master formulas derived in the main text
correctly interpolate between the plane-wave limit and its nonnull deformation. Second, it highlights the efficiency of the
worldline approach: while the diagrammatic derivation requires careful bookkeeping of multiple contributions, the
worldline representation yields a compact, ready-to-use expression at an early stage.

3. Spinor wave function

Having shown the form of the wave function and nonlinear Compton scattering for the scalar theory, let us consider the
wave function for the spinor theory. Many of the steps here are similar to those above, therefore we focus on spin specific
quantities in what follows. As a check of our formalism, let us confirm that it reproduces the known expression for the
Volkov spinor wave function in a nonnull background [61,62,64]. For the wave function we need not truncate from both
side but just one—we compute the out wave function, truncating at positive asymptotic infinity. Let us first write down the
wave function as

ϕout
p0;sðxÞ ¼ −

Z
d4x eip̃

0·xūsðp0Þð=p0 −mÞSx0x
0 ðC14Þ

¼ −
Z

d4x eip̃
0·xūsðp0Þð=p0 −mÞð=p0 − δ=aðxþÞ þmÞ

Z
∞

0þ
dTKx0x

0 : ðC15Þ

Then following the exact same steps as used to reduce the amplitude, namely that the prefactor term proportional to δaðxþÞ
will vanish after truncation, we can determine the Fourier transformed wave function becomes

lim
p02→m2−i0þ

Z
d4x e−ip·xϕout

p0;sðxÞ ¼ lim
p02→m2−i0þ

− ūsðp0Þðp02 −m2 þ i0þÞKp̃0p
0 ; ðC16Þ

and like the amplitude one need only consider the Fourier transformed kernel.
Following the same truncation process for the scalar wave function, after truncation, we find that the limits of proper-time

integration become
R
∞
0 dτ and the argument to the gauge field becomes aðτÞ ¼ aðx△ þ ðp0 þ pÞ△τÞ. The major difference

computationally wise compared to the scalar wave function is the evaluation of the spin factor, which we treat now. The
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Oðρ2Þ contribution from (140) becomes for N ¼ 0

I sp
0 ¼ 2

ðp0 þ pÞ△3
ðδa2x − 2p0 · δaxÞηþδax · η −

4

ðp0 þ pÞ△3

Z
T

0

dτðδaðτÞ2 − 2p0 · δaðτÞÞηþȧðτÞ · η

−
1

ðp0 þ pÞ△2

1

2
δa2x

�
1þ 2

ðp0 þ pÞ△ ηþδax · η
�
−
1

4

Z
T

0

dτ ηGT ðτÞf̃ðτÞGðτÞηe2ηþδaðx△Þ·η; ðC17Þ

where

GðτÞμν ¼
�
1 −

Z
∞

0

dτ0fðτ0Þ
�
sgnðτ − τ0Þ

�
1 − 2

Z
τ

τ0
dσfðσÞ

�
þ
Z

∞

0

dσfðσÞ
�	

μν

ðC18Þ

¼ ημν þ
1

ðp0 þ pÞ△ nμðδax − 2δaðτÞÞν −
1

ðp0 þ pÞ△ ðδax − 2δaðτÞÞμnν þ 2
½δax − δaðτÞ� · δaðτÞ

ðp0 þ pÞ△2
nμnν: ðC19Þ

Then after a few manipulations we can recast this in the formZ
T

0

dτ ηGT ðτÞf̃ðτÞGðτÞη ¼ −2η−δax · ηþ 16

Z
∞

0

dτ½δa2ðτÞ − δax · δaðτÞ�a0 · ηηþ: ðC20Þ

At this point in order to make the connection with the expression for the wave function in [60,63] let us adopt a similar
gauge choice of aμðxþÞ ¼ ϵLμaðxþÞ for spacetime independent laser polarization ϵLμ. With this choice we obtain

I sp
0 ¼ 4

ðp0 þ pÞ△3
ðδa2x − 2p0 · δaxÞηþδax · η −

1

ðp0 þ pÞ△2

1

2
δa2x

�
1þ 2

ðp0 þ pÞ△ ηþδax · η
�
þ 1

2ðp0 þ pÞ△ η−δax · η:

ðC21Þ

Carrying out the remaining manipulations that are the same as those done for the orbital degrees of freedom, we can find the
right side of (C16) becomes

ūsðp0Þsymb−1
Z

d4x

�
ð1þ ρ2I0Þ

�
1þ 2

ðp0 þ pÞ△ ηþδax · η
�
þ ρ2I sp

0

�
e
iðp̃0−pÞ·x−i 1

p0△þp△

R
∞
x△

½2p0·δaðφÞ−δa2ðφÞ�dφ
: ðC22Þ

Then using p0△ − p△ ¼ ρ2

2
ðp0− − p−Þ and expanding the ρ2 contributions, and then rewriting them in terms of partial

derivative with respect to x△, we can finally confirm the known spacetime representation for the Volkov spinor wave
function,

Z
d4x e−ip·xϕout

p0;sðxÞ ¼ ūsðp0Þ
Z

d4x

(�
1þ ρ2

1

ð2p0△Þ2 ½δa
2ðx△Þ − 2p0 · δaðx△Þ�

þ iρ2
1

ð2p0△Þ3
Z

∞

x△
dφ½δa2ðφÞ − 2p0 · δaðφÞ�2 − ρ2

½2p0△�2
1

2
δa2ðxþÞ

��
1þ 1

2p0△ δ=axγ△
	

þ ρ2

ð2p0△Þ3 fδa
2
x − 2p0 · δaxgδ=axγ△ − i

ρ2

ð2p0þÞ2 =a
0
xγ

△

)
e
iðp̃0−pÞ·x−i 1

2p0△
R

∞
x△

½2p0·δaðφÞ−δa2ðφÞ�dφ
; ðC23Þ

in agreement with the known expression [61,62,64]. Note that in addition to the explicit and implicit ρ2-dependent terms
there is also one term containing γ△ that is unpaired with a ρ2 factor that is indeed too proportional to ρ2.

APPENDIX D: ACTION OF QUADRATIC DIFFERENTIAL OPERATORS ON GAUSSIAN FUNCTIONS

In this appendix, we derive a useful identity for the action of the exponential of a quadratic differential operator on a
Gaussian function. The functional generalization of this result is used to arrive at (91).
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1. The result

Let A and B be symmetric, positive-definite matrices. Then

e
1
2
Aij∂i∂jðe−xT ·B·xÞ

���
x¼0

¼
�
det

�
A−1 þ 2B

A−1

��
−1=2

: ðD1Þ

2. Proof

We start with the “Fourier representation” of the Gaussian operator:

exp

�
1

2
Aij∂i∂j

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detð2πAÞp Z
Dq exp

�
−
1

2
qTA−1q

�
exp ðqi∂iÞ: ðD2Þ

Now applying the above operator on to fðxÞ ¼ e−x
TBx and using eqi∂ifðxÞ ¼ fðxþ qÞ leads to

e
1
2
Aij∂i∂jðe−xTBxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detð2πAÞp Z
Dq exp

�
−
1

2
qTA−1q − ðxþ qÞTBðxþ qÞ

�
: ðD3Þ

Evaluating this expression at x ¼ 0 yields

e
1
2
Aij∂i∂jðe−xTBxÞ

���
x¼0

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð2πAÞp Z

Dq exp

�
−
1

2
qTðA−1 þ 2BÞq

�
: ðD4Þ

The remaining integral is a standard Gaussian integral, giving

Z
Dq exp

�
−
1

2
qTðA−1 þ 2BÞq

�
¼
�
det

�
2π

A−1 þ 2B

��
1=2

: ðD5Þ

Combining terms, we arrive at

e
1
2
Aij∂i∂jðe−xTBxÞ

���
x¼0

¼
�
det

�
A−1 þ 2B

A−1

��
−1=2

; ðD6Þ

which completes the proof.
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