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In previous works in this series we focused on Hamiltonian renormalization of free field theories in all
spacetime dimensions. In this paper, we address the Hamiltonian renormalization of the self-interacting scalar
field in two spacetime dimensions with polynomial potential, calledPðΦÞ2. We consider only the finite volume
case. The PðΦÞ2 theory is one of the few interacting quantum field theories that can be rigorously constructed
nonperturbatively. We find that our Hamiltonian renormalization flow finds this theory indeed as a fixed point.
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I. INTRODUCTION

Constructing interacting quantum field theories (QFTs)
rigorously in four and higher spacetime dimensions
remains one of the most difficult challenges in theoretical
and mathematical physics [1]. The difficulties come from
the fact that quantum fields are operator-valued distribu-
tions, which means that products thereof as they appear
typically in Hamiltonians are a priori ill defined, being
plagued by both short distance (UV) and large distance (IR)
divergences. In the constructive QFT (CQFT) approach [2],
one tames both types of divergences by introducing both
UV (M) and IR cutoffs (R) to the effect that only a finite
number of degrees survive at finite M, R. For instance, R
could be a compactification radius and M a lattice spacing.
Then, at finite M, R one is in the safe realm of quantum
mechanics. The problem is then how to remove the cutoffs.
Usually one removes first M (continuum limit) and then R
(thermodynamic limit). In this process, the parameters
(coupling constants) are taken to be cutoff dependent
and they are tuned or renormalized in such a way that
the limiting theory is well defined when possible.
Nonperturbative renormalization in CQFT (not to be

confused with renormalization in the perturbative approach
to QFT) has a long tradition [3] and comes in both the
functional integral language and the Hamiltonian language
(see, e.g., [4] and references therein). Focusing on UV
cutoff removal, we consider quantum mechanical systems
labeled by the cutoff M. If these quantum mechanical
systems all descend form a well-defined continuum theory,

then in the functional integral approach one obtains the
theory at resolution M by integrating out all degrees of
freedom referring to higher resolution, while in the
Hamiltonian approach one projects those out. This, in
particular, implies that if one takes the quantum mechanical
theory at resolution M0 and integrates or projects out the
degrees of freedom at resolutions betweenM < M0 andM0
one obtains the quantum mechanical theory at resolution
M. Vice versa, when this necessary set of “consistency
conditions” is met, this typically also is sufficient to define
a continuum theory.
The family of theories that one starts with are constructed

making various choices such as representations, factor
orderings, discretization errors, etc. and the aforementioned
consistency conditions are generically violated. However,
one can define a sequence of such quantum mechanical
theory families by defining a new theory at resolutionM by
integrating/projecting out the degrees of freedom between
M and M0ðMÞ of the old theory at resolution M0ðMÞ > M
where M0: M ↦ M0ðMÞ is a fixed function on the set of
resolution scales. Such a process is called a block spin
transformation or coarse graining operation, which typi-
cally leads to a renormalization of the coupling constants.
At a fixed point of this renormalization flow of theories, the
consistency condition is enforced by construction and
therefore fixed points qualify as continuum theories.
In previous parts of this series, we have considered a

Hamiltonian projection scheme [4,5] that is motivated by
the functional integral approach via Osterwalder-Schrader
reconstruction. It was then applied to free QFT in
Minkowski space [6–10] in any dimension and parame-
trized QFT [11] in two dimensions, which shares some
features with the free bosonic string. In all those cases, the
fixed point of the flow could be computed and was shown
to coincide with the known continuum theory. In the
present paper, for the first time we expose the formalism
to interacting QFT, specifically to the self-interacting scalar
quantum field theory in two spacetime dimensions with
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polynomial potential, called PðΦÞ2 theory [12]. We focus on
the UV part of the renormalization and thus consider the
cylinder spacetime R × ½0; RÞ with periodic boundary con-
ditions where the circumference 2πR of the circle is fixed.
Once the theory is constructed at finite R the thermodynamic
limit R → ∞ is taken by the methods described in [12] and
references therein should one be interested in the space-
time R2.
This work is organized as follows:
In Sec. II, we introduce the classical and quantum PðΦÞ2

model on the cylinder. Its quantum theory is well defined in
the Fock representation selected by the free part of its
Hamiltonian no matter what the polynomial degree of its
potential is, even if it is not bounded from below, as long as
the potential is normal ordered with respect to the same Fock
structure [13,14]. An elementary proof of this astonishing fact
unique to two spacetime dimensions is provided in
Appendix A.
In Sec. III, we introduce the Hamiltonian renormaliza-

tion of this model. We pick the Dirichlet kernel [15] to
define the block spin transformation mentioned above. An
account of Dirichlet kernel renormalization techniques,
which are closely related to wavelet theory [16], may be
found in Appendix B. The Dirichlet kernel is a compromise
between position locality and momentum decay properties;
in particular, it is smooth and therefore has advantages over
the often chosen Schwarz kernel. The Schwarz kernel has
better position locality properties but it has distributional
derivatives that are potentially problematic with respect to
treating the necessarily occurring field derivatives.
In Sec. IV, we derive the flow of the model and show that

its fixed point at finite resolution coincides with blocking
from the known continuum QFT reviewed in Sec. II.
In Sec. V, we summarize and conclude.

II. CLASSICAL AND QUANTUM PðΦÞ2
ON THE CYLINDER

In the first subsection, we introduce the classical PðΦÞ2
theory and, in the second, we show that its normal ordered
self-interacting Hamiltonian is a densely defined, symmetric
operator in the Fock representation selected by its free part.

A. Classical PðΦÞ2 on the cylinder

We consider the cylinder spacetime manifold R × ½0; RÞ
where R is any finite, fixed circumference of the circle. For
convenience, we pass from dimensionful coordinates
ðcs; yÞ on that spacetime to dimensionless coordinates X ¼
ðt ¼ cs

R ; x ¼ y
RÞ so that x∈ ½0; 1Þ with end points identified.

Then the classical action can be rewritten as

S½Φ� ¼
Z
R
dt

Z
1

0

dx

�
1

2
½½Φ̇�2 − ½Φ0�2 − p2Φ2�− PðΦÞ

�
ðXÞ

≕
Z
R×½0;1Þ

d2LðΦðxÞ;Φ0ðxÞ; Φ̇ðXÞÞ; ð2:1Þ

where p is the mass, ð:Þ
·
¼ ∂tð:Þ; ð:Þ0 ¼ ∂xð:Þ, and

PðΦÞ ¼
XN
k¼0

gkΦk ð2:2Þ

is any finite polynomial in the fields, i.e., a finite linear
combination of powers Φk; k ¼ 0;…; N with real-valued,
dimensionless coefficients gk called coupling constants. We
assume that whatever the value of g2 is, we have p2 ¼
½MR�2 > 0 where M is the dimensional mass. This can
always be achieved by redefining g2 and is done in order to
avoid the special treatment of zero modes. We take Φ
dimension free and have dropped a constant prefactor from
the action that has the dimension of an action. The
spacetime field Φ is subject to periodic boundary con-
ditions Φðt; 0Þ ¼ Φðt; 1Þ for all t∈R. Therefore, in all that
follows we never have to worry about boundary terms when
integrating by parts with respect to x.
The Hamiltonian formulation is straightforward: The

real-valued time zero field ϕðxÞ ≔ Φð0; xÞ has the real-
valued conjugate momentum πðxÞ ¼ ½∂tΦ�ð0; xÞ which
obeys the canonical Poisson brackets

fϕðxÞ;ϕðyÞg ¼ fπðxÞ; πðyÞg ¼ 0;

fπðxÞ;ϕðyÞg ¼ δðx; yÞ; ð2:3Þ

where δðx; yÞ is the periodic delta distribution (see, e.g.,
Appendix B) and the Hamiltonian is obtained by the
Legendre transformation

h½ϕ; π� ¼ extru

�Z
1

0

dx½πðxÞuðxÞ − LðϕðxÞ;ϕ0ðxÞ; uðxÞÞ�
�

¼
Z

1

0

dx

�
1

2
½π2 þ ½ϕ0�2 þ p2ϕ2� þ PðϕÞ

�
ðxÞ:

ð2:4Þ

B. Quantum PðΦÞ2 on the cylinder

The structure of the Hamiltonian (2.4) suggests the
natural split

h ¼ h0 þ v; h0 ¼
Z

1

0

dx

�
1

2
½π2 þ ϕω2 · ϕ

�
ðxÞ;

v ¼
Z

1

0

dxPðϕðxÞÞ; ð2:5Þ

where

ω2 ≔ p2 − Δ; Δ ¼ ∂
2
x ð2:6Þ

is a self-adjoint operator on the one-particle Hilbert space

L ¼ L2ð½0; 1Þ; dxÞ; ð2:7Þ
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with pure point spectrum ω̂2
n ¼ p2 þ ½2πin�2; n∈Z. The

corresponding eigenfunctions are enðxÞ ¼ e2πinx, which
define an orthonormal basis of L. For obvious reasons,
h0; v are called the free part and interacting part,
respectively.
We define the unitalWeyl * algebraA in the usual way via

its generating Weyl elements w½f� ¼ expðihf;ϕiLÞ; w½g� ¼
expðihg; πiLÞ for real-valued f; g∈L that are subject to the
Weyl relations

w½g�w½f�w½−g� ¼ e−ihg;fiLw½f�; w½f�w½f0� ¼ w½f þ f0�;
w½g�w½g0� ¼ w½gþ g0�; w½f�� ¼ w½−f�;

w½g�� ¼ w½−g�: ð2:8Þ

We define a cyclic Fock representation ðρ;H;ΩÞ of A from
the Fock state1 ωF,

ωFðw½f�w½g�Þ ≔ e
i
2
hf;giLe−1

4
½hf;ω−1·fiLþhg;ω·giL� ð2:9Þ

via the Gel'fand-Naimark-Segal (GNS) construction. It is
not difficult to show that (2.9) is unitarily equivalent to
defining annihilation operator-valued distributions corre-
sponding to the algebra element

aðxÞ ≔ 1ffiffiffi
2

p ½ω1=2 · ϕ − iω−1=2 · π�ðxÞ; ð2:10Þ

so that ρðaðxÞÞΩ ¼ 0 and everything else follows from the
commutation relations of which the nonvanishing ones are

½aðxÞ; a�ðyÞ� ¼ δðx; yÞ: ð2:11Þ

The linear span D of the Fock vector states ψf1;…;fn ≔
ρðhf1; ai�Þ::ρðhfn; ai�ÞΩ for f1;…; fn ∈L together with
Ω is dense in the Fock representation space H. The number
n is called the particle number of the Fock vector where we
assign n ¼ 0 to the vacuum Ω void of particles. We will, in
fact, consider D corresponding to f1;…; fn ∈L0 where L0

is the span of the functions en. This D is still dense and has
the advantage that finite products of functions in L0 are still
in L0.
We use capital letters in order to denote the operator

representatives of algebra elements, e.g., AðxÞ ¼ ρðaðxÞÞ;
A†ðxÞ ¼ ρða�ðxÞÞ. We use this Fock structure in order
to define both H0 and V by their normal ordered
symbols

H0 ≔ ρðh0Þ ¼
Z

1

0

dxA†ðxÞ½ω · A�ðxÞ; V ¼
XN
k¼0

gkVk;

Vk ≔ ρðvkÞ ¼ 2−k=2
Xk
l¼0

�
k

l

�
VkðlÞ;

VkðlÞ ≔
Z

1

0

dxf½ω−1=2 · A†�ðxÞgk−l½ω−1=2 · A�ðxÞgl:

ð2:12Þ

By construction, D is an invariant, dense domain of
H0. The astonishing fact, unique to two spacetime
dimensions, when m > 0 and only when the spacetime
is spatially compact, is that D is also a dense domain
for V, albeit no longer an invariant one when gk ≠ 0 for
at least one of k ¼ 2;…; N. We give an elementary
proof in Appendix A.

III. HAMILTONIAN RENORMALIZATION
OF PðΦÞ2

An account of the version of Hamiltonian renormaliza-
tion used below and employing the Dirichlet kernel can be
found in Appendix B; see [4,5] for its motivation.
Furthermore, in the following sections we adopt the
notation introduced in Appendix B: capital letters such
as F, G denote functions in L; capital letters with a
subscript M, such as FM, GM, refer to functions in LM;
and lowercase letters with a subscript M, such as fM, gM,
denote functions in lM. Elements of the abstract algebra are
still written in lowercase, while their representatives (after
GNS construction) are denoted by capital letters.
The starting point of the renormalization scheme is to

provide a family of theories ðρð0ÞM ;Hð0Þ
M ;Ωð0Þ

M ;Hð0Þ
M Þ consist-

ing of a Hilbert space Hð0Þ
M with cyclic vector Ωð0Þ

M that

carries a representation ρð0ÞM of some * algebra AM and a

Hamiltonian operator Hð0Þ
M densely defined on some sub-

space Dð0Þ
M of Hð0Þ

M . Equivalently, we consider a state ωð0Þ
M;F

on AM for which ðρð0ÞM ;Hð0Þ
M ;Ωð0Þ

M Þ are its GNS data. The

objects Að0Þ
M and Hð0Þ

M are to be thought of as discretized
versions of the continuum objectsA andH. The labelM is,
in general, taken from a partially ordered and directed index
set O that describes the (location, momentum, energy, etc.)
resolution at which we probe the theory. In the present case,
the central tool is the Dirichlet kernel

PMðx; yÞ ¼
X
n∈ZM

enðx − yÞ;

ZM ¼
�
n∈Z; jnj ≤ M − 1

2

�
; ð3:1Þ

which can be considered as a tamed version of the δ dis-
tribution on the circle. The index set is taken to be the set of

1Note that the symbol ω is reserved for both the covariance
operator and the Fock state introduced in Eq. (2.9); to distinguish
the latter, it is denoted with a subscript F. In contrast, the letters w
and W are used exclusively to denote Weyl elements.
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odd naturals with ordering relation M < M0 if and only if
M0=M∈O. The Dirichlet kernel can be considered as an
orthogonal projection PM in L with image LM. We define
the Weyl algebra AM in analogy to (2.8) as the abstract *
algebra generated by the Weyl elements wM½FM�; wM½GM�
with real-valued FM;GM ∈LM subject to the relations

wM½GM�wM½FM�wM½−GM� ¼ e−ihGM;FMiLMwM½FM�;
wM½FM�wM½F0

M� ¼ wM½FM þ F0
M�;

wM½GM�wM½G0
M� ¼ wM½GM þG0

M�;
wM½FM�� ¼ wM½−FM�;
wM½GM�� ¼ wM½−GM�; ð3:2Þ

where the scalar product on the finite resolution one-
particle Hilbert space LM coincides with the one on L.

The state ωð0Þ
M;F is chosen to be in analogy to (2.9) as the

Fock state

ωð0Þ
F;MðwM½FM�wM½GM�Þ
¼ e

i
2
hFM;GMiLM e−

1
4

�
hFM;½ωð0Þ

M �−1·FMiLMþhGM;½ωð0Þ
M �·GMiLM

�
; ð3:3Þ

which requires as a central input the definition of the kernel

ωð0Þ
M on LM. Note that the unfortunate doubling of symbols

ω for both an algebraic state and a kernel on the one-
particle Hilbert space is resolved by attaching an extra
index “F” to the state to indicate “Fock”. To motivate the

choice of ωð0Þ
M , we follow the general prescription of

Appendix B and define hM as a quantization of

hM½ϕM; πM� ≔ h½ϕM; πM�; ϕM ¼ PM · ϕ;

πM ¼ PM · π; ð3:4Þ

where h is the classical continuum Hamiltonian (2.5). For
its free part, we find

h0;M ¼ 1

2

Z
1

0

dx½πMðxÞ2 þ ½∂xϕMðxÞ�2 þ p2ϕMðxÞ2�

¼ 1

2
½hπM; πMiLM

þ h∂ϕM; ∂ϕMiLM
þ p2hϕM;ϕMiLM

�:
ð3:5Þ

Integrating the derivative term by parts (note that PM
preserves the space of periodic L2 functions), we obtain

h0;M ¼ 1

2
½hπM;πMiLM

− hϕM;ΔM ·ϕMiLM
þp2hϕM;ϕMiLM

�;
ð3:6Þ

with the Laplacian

ΔM ≔ ∂
2
M; ∂M ¼ PM · ∂ · PM: ð3:7Þ

We have used the projection property PM · PM ¼ PM of the
Dirichlet kernel to obtain (3.7). The specific form of h0;M
suggests a Fock quantization with annihilators

aMðxÞ ¼ 2−1=2½½ωM�1=2 · ϕM − i½ωM�−1=2 · πM�ðxÞ;
½ωM�2 ¼ p21M − ΔM; ð3:8Þ

which obey nontrivial commutation relations

½aMðxÞ; aMðyÞ�� ¼ PMðx; yÞ; ð3:9Þ

if one defines the Poisson brackets between ϕM; πM as the
result of considering these as functions on the continuum
phase space and using the continuum Poisson bracket

fπMðxÞ;ϕMðyÞg

≔
Z

du
Z

dvPMðx; uÞPMðy; vÞfπðuÞ;ϕðvÞg

¼ PMðx; yÞ: ð3:10Þ

Then we see that (3.3) and (3.8) match, provided that we
interpret wM½FM� ¼ eihFM;ϕMiLM ; wM½GM� ¼ eihGM;πMiLM .
We can finish the initialization of the Hamiltonian

renormalization flow by defining

Hð0Þ
M ¼ Hð0Þ

0;M þ Vð0Þ
M ;

Hð0Þ
0;M ¼

Z
1

0

dxA†
MðxÞ½ωð0Þ

M · AM�ðxÞ;

VM ¼
Z

1

0

dx∶ Vð½½2ωð0Þ
M �−1=2 · ½AM þ A†

M��ðxÞÞ∶M;

ð3:11Þ

where AM is the operator representative of aM and ∶:∶M
denotes normal ordering of the AM; A

†
M.

IV. HAMILTONIAN RENORMALIZATION
FLOW OF PðΦÞ2

In the first subsection, we block the theory from the
continuum in order to determine which fixed point family
the renormalization flow should find. In the second sub-
section, we use projector maps PM—as defined in
Appendix B—to project from L to the LM subspaces
and then discretize the fields, work in the lM spaces of
square summable sequences, and compute the renormali-
zation flow. In the two frameworks, we show that the
renormalization flow of the initial family defined in the
previous section is already at its fixed point. The reason for
displaying the strictly equivalent flows in terms of projec-
tions and discretizations, respectively, is that the former is
in the spirit of renormalization schemes outside a lattice
context, while the latter emphasizes the traditional real
space block spin interpretation of the renormalization flow.
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A. Blocking from the continuum

Blocking from the continuum means to define a state
ωF;M and a Hamiltonian HM out of the continuum state ωF

and Hamiltonian H defined in Sec. II via the formulas

ωF;MðwM½FM�wM½GM�Þ≔ωFðw½FM�w½GM�Þ;
hWM½FM�ΩM;HMWM½GM�iHM

≔ hW½FM�Ω;HW½GM�ΩiH;
ð4:1Þ

where ðρM;HM;ΩMÞ and ðρ;H;ΩÞ are the GNS data of
ωF;M and ωF, respectively, and we have denoted the
operator representatives by capital letters, i.e., WM½FM� ¼
ρMðwM½FM�Þ and W½F� ¼ ρðw½F�Þ. On the right-hand side
of (4.1), the elements FM;GM ∈LM are to be considered as
elements of the continuum one-particle Hilbert space L by
trivial embedding FM ↦ F.
We start with the first line of (4.1) and use (2.9),

ωFðw½FM�w½GM�Þ ≔ e
i
2
hFM;GMiLe−1

4
½hFM;ω−1·FMiLþhGM;ω·GMiL�:

ð4:2Þ

We have explicitly ω̂n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ½2πn�2

p
using a resolution

of identity with respect to the orthonormal basis (ONB) en
of L,

hFM;ω−1 · F0
MiL ¼

X
n∈Z

hFM;ω−1eniLhen; F0
MiL

¼
X
n∈Z

ω̂−1
n hFM; eniLhen; F0

MiL

¼
X
n∈ZM

ω̂−1
n hFM; eniLM

hen; F0
MiLM

≕ hFM;ω−1
M · F0

MiLM
; ð4:3Þ

where we used that FM; F0
M are orthogonal to the

en; n ∉ ZM. To interpret the operator ωM on LM, we
explicitly compute

∂M · FM ¼
X
n∈ZM

enhen; ∂M · FMiLM
¼

X
n∈ZM

enhen; ∂ · FMiLM

¼ −
X
n∈ZM

enh∂ · en;FMiLM

¼
X
n∈ZM

½2πin�enhen;FMiLM
; ð4:4Þ

hence

½p2 − ΔM� · FM ¼
X
n∈ZM

ω̂2
nenhen; FMiLM

: ð4:5Þ

It follows that ωM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − ΔM

p
, which is, in fact, identical

to the natural choiceωð0Þ
M of Sec. III used to define the initial

family of states. Concluding, we find that ωF;M coincides

with ωð0Þ
F;M defined in (3.3).

Considering the second line of (4.1), we use the
elementary identity

AðxÞW½F� ¼W½F�W½F�−1AðxÞW½F�
¼W½F�ðAðxÞ− i½h½2ω�−1=2 ·F; AþA†iL; AðxÞ�Þ
¼W½F�ðAðxÞþ ið½2ω�−1=2 ·FÞðxÞ1HM

Þ ð4:6Þ
to find for the free part

hW½FM�Ω; H0W½F0
M�ΩiH

¼
Z

dx
Z

dyωðx; yÞhAðxÞW½FM�Ω; AðyÞW½F0
M�ΩiH

¼
Z

dx
Z

dyωðx; yÞð½2ω�−1=2 · FMÞðxÞð½2ω�−1=2

· F0
MÞðyÞhW½FM�Ω;W½F0

M�ΩiH
¼ 1

2
hω−1=2 · FM;ω · ω−1=2

· F0
MiLhWM½FM�ΩM;WM½F0

M�ΩMiHM

¼ 1

2
hFM; F0

MiLM
hWM½FM�ΩM;WM½F0

M�ΩMiHM
; ð4:7Þ

where ωðx; yÞ ¼ P
n∈Z ω̂nenðx − yÞ is the integral kernel

of ω and in the step before the last one we used that we

already know that the GNS data of ωF;M are those of ωð0Þ
F;M.

Accordingly, HM ¼ Hð0Þ
M is defined in (3.11). For the

interacting part, it suffices to consider a field monomial
of order k,

Vk ¼
Z

dx∶fð½2ω�−1=2 · ½Aþ A†�ÞðxÞgk

≔
Xk
l¼0

�
k

l

�
2−k=2VkðlÞ;

VkðlÞ ¼
Z

dxð½ω−1=2 · A�†ðxÞ�Þk−lðω−1=2 · A�ðxÞ�Þl: ð4:8Þ

Using (4.6), it follows that

hW½FM�Ω; VkðlÞW½F0
M�ΩiH ¼ il−ðk−lÞ

Z
dxð½ω−1=2 · FM�ðxÞÞk−lð½ω−1=2 · F0

M�ðxÞÞlhW½FM�Ω;W½F0
M�ΩiH

¼ il−ðk−lÞ
Z

dxð½ω−1=2
M · FM�ðxÞÞk−lð½ω−1=2

M · F0
M�ðxÞÞlhWM½FM�ΩM;WM½F0

M�ΩMiHM

¼ hWM½FM�ΩM; ½VkðlÞ�MWM½F0
M�ΩMiHM

; ð4:9Þ

where
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½VkðlÞ�M ¼
Z

dxð½ω−1=2
M · AM�†ðxÞ�Þk−lðω−1=2

M · AM�ðxÞ�Þl:

ð4:10Þ
It follows that the initial family defined in Sec. III coincides
with the family blocked from the continuum. The reason
for this is simply the identity

ω · PM ¼ PM · ωM; ð4:11Þ
which is because the derivative operator ∂ preserves the
subspace LM. This particular feature of the Dirichlet kernel
is not shared by most other kernels, such as the Schwarz
kernel, and in that case the initial family of Sec. III does not
coincide with the family blocked from the continuum of
Sec. IVA even for free theories; see [5–8].

B. Renormalization flow in terms of the projected fields

By definition, for M < M0 we consider the trivial
embedding LM → LM0 ;FM ↦ FM0 which is possible
because the LM are nested subspaces of L. Then the analog
of (4.1) is given by

ωðnþ1Þ
F;M ðwM½FM�wM½GM�Þ
≔ ωðnÞ

F;M0 ðwM0 ½FM�wM0 ½GM�Þ;
hWM½FM�Ωðnþ1Þ

M ;Hðnþ1Þ
M WM½F0

M�Ωðnþ1Þ
M iHðnþ1Þ

M

≔ hWM0 ½FM�ΩðnÞ
M0 ; H

ðnÞ
M0 WM0 ½F0

M�ΩðnÞ
M0 iHðnÞ

M0
; ð4:12Þ

where ðρðnþ1Þ
M ;Hðnþ1Þ

M ;Ωðnþ1Þ
M Þ and ðρðnÞM0 ;H

ðnÞ
M0 ;ΩðnÞ

M0 Þ are

the GNS data of ωðnþ1Þ
F;M and ωðnÞ

F;M0 , respectively, and
we have denoted the operator representatives by capital

letters, i.e.,Wðnþ1Þ
M ½FM�¼ρðnþ1Þ

M ðwM½FM�Þ andWM0 ½FM0 �¼
ρðnÞM0 ðwM0 ½FM0 �Þ. On the right-hand side of (4.12), the
elements FM;GM; F0

M are to be considered as elements
of the continuum one-particle Hilbert space LM0 by trivial
embedding FM ↦ FM.
Going through literally the same steps as in Sec. IVA, we

find that the flow is trivial: ωðnÞ
F;M ¼ ωð0Þ

F;M ¼ ω�
F;M ¼ ωF;M

and HðnÞ
M ¼ Hð0Þ

M ¼ H�
M ¼ HM; that is, every sequence

element of the family coincides with the initial element,
which is also the element blocked from the continuum and
thus the fixed point element. This is again due to (for
M0 > M)

ωM0 · PM ¼ PM · ωM: ð4:13Þ

C. Renormalization flow in terms of discretized fields

In order to test the version of Hamiltonian renormaliza-
tion method described in this series of papers [4–11] less
trivially for the solvable and self-interacting PðΦÞ2 theory,

one therefore should use an initial family that deviates from
the natural choice of Sec. III. For example, instead of the
position nonlocal momentum ONB en of LM; n∈ZM one
may use the position quasilocal ONB χMm ;m∈NM ¼
f0; 1;…;M − 1g of LM constructed in Appendix B; see
(B7) and (B8). Indeed, we can alternatively write (4.10) as

½VkðlÞ�M ¼ M−k
X

m1;…;mk ∈NM

gM;m1;m2;…;mk

Yk−l
s¼1

½ω−1
M

· AM��ðmsÞ
Yk

s¼k−lþ1

½ω−1
M · AM�ðmsÞ; ð4:14Þ

where the “coupling constant” is given by

gM;m1;m2;…;mk

¼
Z

1

0

dx
Yk
s¼1

χMms
ðxÞ

¼
X

jn1j;…;jnkj≤ðM−1Þ=2
δn1þ::þnk¼0

Yk
s¼1

e2πinkx
M
ms

¼
X

jn1j;…;jnk−1j;jn1þ::þnk−1j≤ðM−1Þ=2

Yk−1
s¼1

e2πinkðx
M
ms−x

M
mk

Þ ð4:15Þ

with xMm ¼ m=M. If it was not for the constraint
jn1 þ ::þ nk−1j ≤ ðM − 1Þ=2, this would collapse to

Yk−1
s¼1

χMms
ðxMmk

Þ ¼ Mk−1
Yk−1
s¼1

δms;mk
ð4:16Þ

and we have

½ω−1=2
M · AM�ðmÞ ¼ hχMm ;ω−1=2

M · AMiLM
¼ hχMm ;ω−1=2AiLM

;

ð4:17Þ
because χMm ∈LM and due to (4.11). Then (4.14) could be
considered as the k-fold Riemann sum of the coupling
constant times the displayed polynomial of discretized anni-
hilation and creation operators as ϵM ¼ xMmþ1 − xMm ¼ M−1.
However, due to the constraint, the coupling constant

(4.15) is only quasilocal and it is for (4.15) that the flow is
at its fixed point and not for (4.16). However, one could
start from the naive guess (4.16)

gð0ÞM;m1;m2;…;mk
¼ Mk−1

Yk−1
s¼1

δms;mk
; ð4:18Þ

and then run the renormalization flow. Already after the first
iterations step one finds that the form (4.18) is not preserved

and that gð1ÞM;m1;m2;…;mk
takes a more general form. Starting

from this more general form, one sees that (4.15) is a fixed
point of the corresponding renormalization flow equation.
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In more detail, we make the general ansatz

½VðrÞ
k ðlÞ�M ¼ M−k

X
m1;…;mk ∈NM

gðrÞM;m1;m2;…;mk

Yk−l
s¼1

½ω−1
M

· AM��ðmsÞ
Yk

s¼k−lþ1

½ω−1
M · AM�ðmsÞ; ð4:19Þ

for the rth renormalization step with initial condition
(4.18). Then, due to ω−1

3MIM3M ¼ IM3Mω
−1
3M sandwiching

½VðrÞ
k ðlÞ�3M between states of the form w3M½IM3MfM�Ω3M

and requiring this to be ½Vðrþ1Þ
k ðlÞ�M, we see that we obtain

½Vðrþ1Þ
k ðlÞ�M

¼ ð3MÞ−k
X

m0
1
;…;m0

k ∈N3M

gðrÞ
3M;m0

1
;m0

2
;…;m0

k

Yk−l
s¼1

½IM3Mω
−1
M

· AM��ðm0
sÞ

Yk
s¼k−lþ1

½IM3Mω
−1
M · AM�ðm0

sÞ; ð4:20Þ

which produces the flow equation

gðrþ1Þ
M;m1;…;mk

¼ 3−k
X

m0
1
;…;m0

k

	Yk
s¼1

IM3Mðm0
s; msÞ



gðrÞ
3M;m0

1
;…;m0

k
:

ð4:21Þ
It is easy to see that (4.21) has (4.15) as a fixed point
becauseX
m0

IM3Mðm0; mÞχ3Mm0 ðxÞ ¼ M−1
X
m0

hχ3Mm0 ; χMm iχ3Mm0 ðxÞ

¼ 3ðP3Mχ
M
m ÞðxÞ ¼ 3χMm ðxÞ;

ð4:22Þ

where completeness
P

m χMm ðxÞχMm ðyÞ ¼ MPMðx; yÞ and
χMm ∈LM ⊂ L3M was used.
We now use (4.16) as the initial condition for the flow

defined by (4.21). We need for m0 ∈N3M;m∈NM;
n0 ∈Z3M; n∈ZM,

hχ3Mm0 ; χMm i ¼
X
n;n0

e2πi½n
0x3M

m0 −nxMm � < e2πn
0·; e2πin·

¼
X
n

e2πin½x
3M
m0 −nxMm � ð4:23Þ

since ZM ⊂ ZM0 . Thus, explicitly

gð1ÞM;m1;…;mk
¼ 1

ð3MÞk
X

m0 ∈Nk
3M

Yk
s¼1

hχ3Mm0
s
; χMms

igð0Þ
3M;m0

1
;…;m0

k

¼ 1

3M

X
m0 ∈N3M

Yk
s¼1

hχ3Mm0 ; χMms
i

¼ 1

3M

X
n∈Zk

M

X
m0 ∈N3M

Yk
s¼1

e2πins½x
3M
m0 −xMms �

¼
X
n∈Zk

M

	Yk
s¼1

e−2πinsx
M
ms �


δn1þ::þnk;0 ðmod 3MÞ;

ð4:24Þ

where in the last step we took care of the fact that summing
over m0 ∈N3M0 produces 3M when n1 þ ::þ nk is an
integer multiple of 3M and zero else. Comparing with
(4.15), we see that the difference between the two expres-
sions consists in the modulo 3M support of the Kronecker
symbol because we can relabel ns → −ns as both sums are
over the reflection invariant domain ZM.
At the next iteration step, we find

gð2ÞM;m1;…;mk
¼ 1

ð3MÞk
X

m0 ∈Nk
3M

Yk
s¼1

hχ3Mm0
s
; χMms

igð1Þ
3M;m0

1
;…;m0

k

¼ 1

ð3MÞk
X

n0 ∈Zk
3M

X
m0 ∈Nk

3M

	Yk
s¼1

hχ3Mm0
s
; χMms

ie−2πin
0
sx3Mm0

s
�


δn0

1
þ::þn0k;0 ðmod 3ð3MÞÞ

¼ 1

ð3MÞk
X

n0 ∈Zk
3M

X
n∈Zk

M

X
m0 ∈Nk

3M

	Yk
s¼1

e−2πinsx
M
m e

2πiðns−n0sÞx3Mm0
s
�


δn0

1
þ::þn0k;0 ðmod 32MÞ

¼
X

n0 ∈Zk
3M

X
n∈Zk

M

	Yk
s¼1

e−2πinsx
M
m δns;n0s



δn0

1
þ::þn0k;0 ðmod 32MÞ

¼
X
n∈Zk

M

	Yk
s¼1

e−2πinsx
M
m



δn1þ::þnk;0 ðmod 32MÞ; ð4:25Þ
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where we used that δn0−n;0ðmod3MÞ ¼ δn0−n;0 as jn0 − nj ≤
3M−1þM−1

2
< 2M < 3M, i.e., the modulo operation can be

dropped. We see that in the second iteration step the only
change that happened compared to the first is that
the modulo operation is now with respect to 32M rather
than 31M.
Iterating (formally one proceeds by induction) we find

explicitly for r ≥ 1,

gðrÞM;m1;…;mk
¼

X
n∈Zk

M

	Yk
s¼1

e−2πinsx
M
m



δn1þ::þnk;0 ðmod 3rMÞ:

ð4:26Þ

Now jn1 þ ::þ nkj ≤ kðM − 1Þ=2. For fixed resolution M,
the number of steps r required such that the modulo
operation can be dropped is when that estimate is lower
than the smallest possible nonzero integer multiple of 3rM,
i.e., kðM − 1Þ=2 < 3rM, i.e., 3r > kM−1

2M . Thus, indepen-
dent of M for a polynomial potential of degree k, we
need at most rk ≔ 1þ ½lnðk=2Þlnð3Þ � renormalization steps until

gðrÞM;m1;…;mk
¼ gM;m1;…;mk

for all r ≥ rk, where ½:� denotes the
Gauss bracket. Note that this quick convergence of the flow
would not occur had we not defined ω2

M ¼ p2 − ΔM;

ΔM ¼ ∂
2
M; ∂M ¼ I†M∂IM but instead had replaced ∂M by

some of the more common discrete lattice derivatives {e.g.,
forward derivative ð∂þMfMÞðmÞ¼M½fMðmþ1Þ−fMðmÞ�}
because then the intertwining property IM3M · ∂M ¼ ∂3M ·
IM3M would not hold.
We end this section by illustrating graphically the degree

of nonlocality of the fixed point coupling (4.15) for the case
k ¼ 3. Explicitly, we consider

fMðy1; y2Þ ≔ M−2
X

jn1j;jn2j;jn1þn2j<ðM−1Þ=2
e2iðn1y1þn2y2Þ;

ð4:27Þ

which yields

fðy1 ¼ π½xMm1
− xMm3

�; y2 ¼ π½xMm2
− xMm3

�Þ ¼ M−2gM;m1;m2;m3
;

ð4:28Þ

which we expect to be a quasilocal version of δm1;m3
δm2;m3

.
The sums in (4.27) can be computed in closed form using
the geometric series summation formula

P
N−1
n¼0 z

n ¼
ðzN − 1Þ=ðz − 1Þ. We subdivide the summation domain
into the three sets

fn1 ¼
�
1;…;

M − 1

2

�
; n2 ¼

�
−
M − 1

2
;…;

M − 1

2
− n1

��

∪ fn1 ¼
�
−1;…;−

M − 1

2

�
; n2 ¼

�
−
M − 1

2
− n1;…;

M − 1

2

��

∪ fn1 ¼f0g; n2 ¼
�
−
M − 1

2
;…;

M − 1

2

��
: ð4:29Þ

One finds

fðy1; y2Þ ¼
1

2M2

�
cosðMðy1 − y2ÞÞ
sinðy1Þ sinðy2Þ

þ cosðMy2Þ
sinðy1Þ sinðy1 − y2Þ

−
cosðMy1Þ

sinðy2Þ sinðy1 − y2Þ
�
: ð4:30Þ

Despite its appearance, this function is everywhere smooth
and bounded. Using zj ¼ xk − xl; ϵjkl ¼ 1 with y1 ¼
x1 − x3; y2 ¼ x2 − x3, one can write this in the manifestly
permutation invariant form

fðz1; z2; z3Þ ¼ −
1

2M2

�
cosðMz1Þ

sinðz2Þ sinðz3Þ
þ cosðMz2Þ
sinðz3Þ sinðz1Þ

þ cosðMz3Þ
sinðz1Þ sinðz2Þ

�
; ð4:31Þ

noticing the identity z1 þ z2 þ z3 ¼ 0 that displays the
totally symmetric, smooth, and bounded form (4.15) of this

function. For any zj ¼ 0 ⇒ zk ¼ −zl ¼ z; ϵjkl ¼ 1, it re-
duces to

f̃ðzÞ ¼ 1

2M2 sin2ðzÞ fM sinðMzÞ sinðzÞ þ 1

− cosðMzÞ cosðzÞg; ð4:32Þ
as one can confirm by using de l’Hôspital’s theorem. Using
l’Hôspital’s theorem one more timewhen taking z → 0, one
can explicitly check that the maximum of this function is
given not by unity but by fð0; 0Þ ¼ f̃ð0Þ ¼ 3

4
þ 1

4M2, cor-
responding to the fact that the constraints jn1 þ n2j ≤
ðM − 1Þ=2 on n1, n2 roughly delete one quarter of the
unconstrained M2 points. Away from the maximum, the
function is of orderM−2 at a generic lattice point, while it is
of order M−1 on one of the coordinate axes and on the
diagonal y1 ¼ y2 (these are precisely the points zj ¼ 0;
j ¼ 1, 2, 3), but well away from the origin. This can be seen
analytically noticing that cosðMzjÞ ¼ ð−1Þmk−ml ; ϵjkl ¼ 1,
while sinðMzjÞ ¼ 0. Accordingly, if all mj −mk are of the
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order ðM − 1Þ=2, the sin functions in the denominator of
f are close to unity. If, on the other hand, say, m2 ¼ m3

corresponding to z1¼y2¼0;−z≔ z3¼−z2¼πðm1−m2Þ=
M≕ m=M, one finds f̃ðzÞ ¼ 1−ð−1Þm cosðmπ=MÞ

2M2 sin2ðmπ=MÞ which for

m odd exceeds 1
2M2 sin2ðmπ=MÞ and for large M decreases

quasicontinuously from approximatively ½2π2�−1 to ½2M2�−1
between m ¼ 1 and m ¼ ðM − 1Þ=2. It is of order π=ð2MÞ
for m ≈

ffiffiffiffiffiffiffiffiffiffi
M=π

p
, which is well away from the vicinity of the

origin but for large M is outside of approximately the
fraction

ffiffiffiffiffi
M

p
=M ¼ 1=

ffiffiffiffiffi
M

p
of the available points.

In Figs. 1–3, we illustrate this quasilocality graphically
for a few fixed resolutions M ¼ 11, 21, 51, 71, 111, where
we pick m3 ¼ 5, 10, 25, 35, 55, respectively, while
m1; m2 ∈NM take full range. We computed the quasilocal
coupling at the exact lattice points and then letMathematica
interpolate between those values. One sees the effect that
the maximum ≈ 0.75 becomes more pronounced and
concentrated as the resolution increases, while the function
continues to display nontrivial oscillations in the vicinity of
the maximum and along the coordinate axes and the
diagonal.

FIG. 1. (a) Coupling for M ¼ 11 and m3 ¼ 5. (b) Coupling for M ¼ 21 and m3 ¼ 10.

FIG. 2. (a) Coupling for M ¼ 51 and m3 ¼ 25. (b) Coupling for M ¼ 71 and m3 ¼ 35.
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In Fig. 4, we focus on the
ffiffiffiffiffi
M

p
vicinity of the maximum

at m1 ¼ m2 ¼ m3 ¼ 55 for M ¼ 111. We cut off the
maximum peak at a convenient value in order not to
suppress the values of the coupling in its vicinity.

V. CONCLUSIONS

We have successfully applied the version of Hamiltonian
renormalization developed in the current sequence of papers

for the first time to an interacting QFT in finite volume in
1þ 1 spacetime dimensions and showed that the renorm-
alization flow finds the known rigorous fixed point solution
that is available in this case. The flow, in fact, stabilizes
rather quickly if one uses as coarse graining tools not the
familiar position localized block spin transformations but
rather smooth versions thereof, which compromise between
position and momentum locality and have better smoothness
properties. This demonstrates that the tools developed in the

FIG. 3. Coupling for M ¼ 111 and m3 ¼ 55. (a) Full range. (b) Vicinity of maximum.

FIG. 4. High resolution in the vicinity of the maximum for coupling for M ¼ 111 and m3 ¼ 55. (a) Side view. (b) Top view.
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course of this series, which so far has focused on free QFT,
are also successfully applicable in the interacting case and
does find the correct continuum Hamiltonian operator.
Extrapolating to interacting QFT in higher, specifically,

four spacetime dimensions, the Hamiltonian H ¼ H0 þ V
when quantized in the Fock representation adapted to H0 is
known to be no longer an operator but merely a quadratic
form. Following the steps that we have carried out for the
present model to any interacting QFT with Hamiltonian
H ¼ H0 þ V on theDþ 1manifoldR × TD shows that the
corresponding flow would indeed find that quadratic form
as a fixed point in the Fock representation adapted to H0.
However, ideally, renormalization is designed to actually
construct a continuum theory with H as an operator rather
than merely a quadratic form which by Haag’s theorem [1]
requires one to leave the realm of Fock representations
adapted to H0. To the best of our knowledge, the single
known example where this actually worked in higher than
1þ 1 dimensions is Φ4 theory in 2þ 1 dimensions [17]. In
addition to making the coupling constants gk to depend on
M (which in the present model was not necessary), a new
and nontrivial step successfully performed in that seminal
work was to invent invertible “dressing transformations”
TM at resolution M on the cutoff Fock space HM with
modes confined to n∈ZM such that in H0

M ≔ T−1
M HMTM

those terms are removed that prevent HM from being an
operator rather than a quadratic form as M → ∞ (these are
normal ordered monomials in field operator-valued distri-
butions with more than one creation operator). If that is the
case, then D is an invariant domain for H0

M, where D is the
span of Fock states in the free Fock space H. Then HM,
defined on the new domain D0

M ¼ TMD, preserves D0
M.

The price to pay is that the norm of the vectors in D0
M with

respect to the inner product h:; :i onH diverges asM → ∞.
In [17], it was shown that one can define a new inner pro-
duct h:; :i0M ≔ h:;:i

hTMΩ;TMi onD
0
M, whereΩ is the Fock vacuum

of H0, such that one can take M → ∞ and H0
M → H0

becomes on operator densely defined on D0
M → D0 whose

Hilbert space completion with respect to h:; :i0M → h:; :i0
results in a new Hilbert space H0 for the interacting theory.
In order for this to work, the norms of vectors TMψ ;ψ ∈D
with respect to h:; :i must all diverge at the same rate. We
expect that similar mechanisms must be invoked in the
present renormalization scheme as well.
In a forthcoming work [18], we will apply the version of

Hamiltonian renormalization developed in this series of
papers to the self-interacting Uð1Þ3 model of the weak
Newton constant realm of Euclidian signature vacuum
quantum gravity in four spacetime dimensions [19]. This
model has two known solutions, one in terms of operators
[20] using a Narnhofer-Thirring type of representation [21]
and one in terms of quadratic forms [22] in Fock represen-
tations [22] in the sense that the full algebra of quantum
constraints (Gauss, spatial diffeomorphism, and Hamiltonian)
closes without anomaly. We will investigate the Hamiltonian

renormalization flow for both types of representations with
the aim to gain new insights into how to renormalize full
quantum gravity, e.g., in the loop quantum gravity repre-
sentation [23] in order to remove or reduce present quanti-
zation ambiguities.
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APPENDIX A: FINITENESS OF PðΦÞ2 QFT IN
FOCK REPRESENTATIONS

As motivated in Sec. II, we pick the Fock representation
selected by the free part of the Hamiltonian H0. We want to
show that the interaction part V is densely defined onD, the
linear span of Fock vectors with smearing functions in L0,
and the L2 functions with compact momentum support.
Below we present an elementary proof that requires just first
year’s calculus knowledge.
To show this, consider a general Fock vector ψ. Then we

have the elementary estimate

kjVψkH ≤
jgkj
2k=2

Xk
l¼0

�
k

l

�
kVkðlÞψkH; ðA1Þ

and writing ψ ¼ P
N
n¼0 ψn, where ψn is a Fock vector of

particle number n, we have further the estimate

kVkðlÞψkH ≤
XN
n¼l

kVkðlÞψnkH: ðA2Þ

Here we used that VkðlÞ annihilates l particles and thus the
rhs of (A2) vanishes for N < l. Let then n ≥ l and ψ0 ¼
cΩ; c ¼ const or ψn ¼

Q
r¼1½hfr; Ai�†Ω; n > 0. Then for

l ≥ 1 we have

VkðlÞψn ¼
X
I ∈ Sl

Z
1

0

dx½½ω−1=2 · A��ðxÞ�k−l
Y
i∈ I

½ω−1=2

· fi�ðxÞ
Y
j∉I

hfj; Ai�Ω; ðA3Þ

where Sl is the set of subsets of f1;…; ng with l elements
and for l ¼ 0 we have

Vkð0Þψn ¼
Z

1

0

dx½½ω−1=2 · A��ðxÞ�kψn: ðA4Þ

Using further elementary estimates, it follows that V is
densely defined on D if and only if objects of the form

HAMILTONIAN RENORMALIZATION. VIII. PðΦÞ2 … PHYS. REV. D 112, 125021 (2025)

125021-11



Z
1

0

dxFlðxÞ½½ω−1=2 · A��ðxÞ�k−lψn−l ðA5Þ

are normalizable vectors in the Fock space where Fl is
either the constant function equal to unity for l ¼ 0 or a
product of l functions in L0 for l > 0. It is understood that
k; n ≥ l and k ¼ 0;…; N. For k ¼ 0 and thus l ¼ 0, there is
nothing to show as (A5) just equals h1; 1iψn, which is finite
as 1∈L when space is compact. For k ¼ 1, (A5) equals
h1; Ai�ψn and h1; F1iψn−1, respectively, which are both
Fock vectors. The interesting terms therefore come
from k ≥ 2.
The norm squared of (A5) is

Z
1

0

dx
Z

1

0

dyF�
l ðxÞFlðyÞ < ψn−l;

½½ω−1=2 · A�ðxÞ�k−l½½ω−1=2 · A��ðyÞ�k−lψn−l: ðA6Þ

When moving the annihilators to the right, we get a sum of
terms with 0 ≤ r ≤ k − l factors of

½ðω−1=2 · AÞðxÞ; ðω−1=2 · A�ÞðyÞ�
¼ ω−1ðx; yÞ ¼

X
n∈Z

ω̂−1
n enðx − yÞ; ðA7Þ

which is the integral kernel of the operator ω−1 and another
k − l − r factors of functions in L0 (for k − l − r < 0 that
term vanishes). Altogether we see that V is densely defined
on D if and only if integrals of the form

Z
1

0

dx
Z

1

0

dyF�
k−rðxÞGk−rðyÞ½ω − 1ðx; yÞ�r ðA8Þ

converge with 2 ≤ k ≤ N and 0 ≤ r ≤ k with Fk−r;
Gk−r ∈L0 when k − r > 0 and F0 ¼ G0 ¼ 1. Let F̂n ¼<
en; F > be the Fourier transform of F∈L, then (A8)

is either

X
K ∈Z

F̂�
k−rðKÞĜk−rðKÞ

X
n1;…;nr ∈Z

δn1þ::þnr;K

Yr
s¼1

ω̂−1
ns ðA9Þ

for k − r > 0 or

X
n1;…;nr ∈Z

δn1þ::þnr;0

Yr
s¼1

ω̂−1
ns ðA10Þ

for k − r ¼ 0, where, again, compactness of space was
important as the kernel is translation invariant. As functions
in L0 have compact momentum support, the sum over K in
(A9) is finite and it is sufficient to show that the sums

X
n1;…;nr ∈Z

δn1þ::þnr;K

Yr
s¼1

ω̂ns ðA11Þ

converge for every 2 ≤ r ≤ N and any finite K ∈Z.
The intuitive reason why this is, in fact, the case is as

follows: If it was not for the Kronecker symbol, the sums
would decouple into a product of r sums each of which
behaves as the M → ∞ limit of ζMð1Þ, which diverges as
lnðMÞ and where ζMðzÞ ¼

P
M
n¼1 n

−z is the M cutoff of the
Riemann ζ function. However, due to the Kronecker
symbol, we only get r − 1 sums over n1;…; nr−1 but still
r factors, one depending on jnsj; s ¼ 1;…; nr−1 and one
depending on jn1 þ ::þ nr−1 − Kj, which roughly adds an

additional factor of ω̂1=ðr−1Þ
ns . Thus, each of the r − 1 sums

behave as ζMð1þ 1
r−1Þ, which converges for every r > 1.

Of course, this heuristic argument is not rigorous.
We therefore rigorously estimate the multiple sum in

(A11) as follows: First, we simplify

X
n1;…;nr ∈Z

Yr
s¼1

ω̂−1
ns δn1þ::þnr;K ≤

X
n1;…;nr−1 ∈Z∪f0g

Yr
s¼1

ω̂−1
ns δn1þ::þnr;K

¼
X

σ1;…;σr¼�1

X
n1;…;nr ∈N0

Yr
s¼1

ω̂−1
σsnsδσ1n1þ::þσrnr;K

¼
X

σ1;…;σr¼�1

X
n1;…;nr ∈N0

Yr
s¼1

ω̂−1
ns δσ1n1þ::þσrnr;K

¼
Xr

t¼0

�
r

t

� X
n1;…;nr ∈N0

Yr
s¼1

ω̂−1
ns

× fθðK − 1Þδ½n1þ::þnt�−½ntþ1þ::þnrþjKj�;0 þ θð−K − 1Þδ½n1þ::þntþjKj�−½ntþ1þ::þnr�;0 þ δK;0δ½n1þ::þnt�−½ntþ1þ::þnr�;0g; ðA12Þ

where we made use of reflection invariance ω̂n ¼ ω̂−n and that the product of the inverse eigenvalues is invariant under
permutations of r summation variables n1;…; nr so that the sum over σ1; ::σr can be reduced to a summation over the
number t ¼ 0; 1;…; r of those σ1; ::σr which take the value þ which can be taken to be the σ1;…; σt.
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The first term vanishes when t ¼ 0 and for t ¼ r the sum is constrained by n1;…; nr ≤ jKj as all summation variables are
non-negative. Likewise, the second term vanishes for t ¼ r, and for t ¼ 0 the sum is constrained by n1;…;nr≤ jKj. Finally,
the third term collapses to n1¼ ::¼nr¼0 for t ¼ 0, t ¼ r. Thus, the terms with t ¼ 0; r are trivially finite and it is sufficient
to consider only the terms 0 < t < r. For those, in the second term we relabel t → r − t and switch the two groups n1;…; nt
and ntþ1;…; nr. As θðK − 1Þ þ θð−K − 1Þ þ δK;0 ¼ 1, we end up with the relevant contribution

SrðKÞ ≔
Xr−1
t¼1

�
r

t

� X
n1;…;nr ∈N0

Yr
s¼1

ω̂−1
ns δ½n1þ::þnt�−½ntþ1þ::þnrþjKj�;0

¼ mr
Xr−1
t¼1

�
r

t

� X∞
L¼jKj

	 X
n1;…;nt ∈N0

Yt
s¼1

w−1
ns δn1þ::þnt;L


	 X
ntþ1;…;nr ∈N0

Yr
s¼tþ1

w−1
ns δntþ1::þnr;L−jKj



; ðA13Þ

where κ ≔ 2π
m and wn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½κn�2

p
and m is the mass

parameter. Using the abbreviation for 1 ≤ t ≤ r − 1;M ≥ 0,

stðMÞ ¼
X

n1;…;nt ∈N0

Yt
s¼1

w−1
ns δn1þ::þnt;M; ðA14Þ

which for t ¼ 1 just equals w−1
M , we have

SrðKÞ ¼ mr
Xr−1
t¼1

�
r
t

� X∞
L¼jKj

stðLÞsr−tðL − jKjÞ: ðA15Þ

The idea is now to show that stðMÞ decays at least as jMj−p
for some p > 1=2 no matter the value of t, for then the sum
over L converges and the sum over t is anyway finite. For

t ¼ 1 this is trivial; hence, in what follows, we consider
t ≥ 2.
To this end, we use the basic estimate

1þ x2 ≥ cð1þ jxjÞ2 ⇔
	
jxj− c

1− c
m



2

þ 1− 2c
ð1− cÞ2m

2 ≥ 0;

ðA16Þ

which holds for 0 < c ≤ 1
2
. We pick c ¼ 1

4
and thus

w−1
n ≤

2

1þ κn
: ðA17Þ

It follows:

stðMÞ ≤ 2t
XM
n1¼0

½1þ κn1�−1
XM−n1

n2¼0

½1þ κn2�−1…

XM−½n1þ::þnt−3�

nt−2¼0

½1þ κnt−2�−1
XM−½n1þ::þnt−2�

nt−1¼0

½1þ κnt−1�−1½1þ κðM − ½n1 þ ::þ nt−1�Þ�−1: ðA18Þ

To estimate the sum over nt−1 we use the abbreviation l ¼ M − ½n1 þ ::þ nt−2� (which is defined to equalM when t ¼ 2),

Xl

n¼0

½1þ κn�−1½1þ κðl − nÞ�−1 ¼ ½1þ κl�−1
Xl

n¼0

ð½1þ κn�−1 þ ½1þ κðl − nÞ�−1Þ ¼ 2

1þ κl

Xl

n¼0

½1þ κn�−1

¼ 2

1þ κl

	
1þ

Xl

n¼1

½1þ κn�−1


¼ 2

1þ κl

	
1þ

Xl

n¼1

Z
n

n−1
dk½1þ κn�−1




≤
2

1þ κl

	
1þ

Xl

n¼1

Z
n

n−1
dk½1þ κk�−1




¼ 2

1þ κl

	
1þ

Z
l

0

dk½1þ κk�−1


¼ 2

1þ κl
½1þ κ−1 lnð1þ κlÞ�: ðA19Þ

Consider now any 0 < p < 1 and note that z≕ 1þ κl ≥ 1, then

lnðzÞ
z

≤ z−pð1 − pÞ−1; z−1 ≤ z−p: ðA20Þ
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Thus, there exists a constant c1 (depending on p1; κ) such that (A19) is bounded from above by c1½1þ κl�−p1 for any
0 < p1 < 1. It follows that

stðMÞ ≤ 2tc1
XM
n1¼0

½1þ κn1�−1
XM−n1

n2¼0

½1þ κn2�−1…

XM−½n1þ::þnt−4�

nt−3¼0

½1þ κnt−3�−1
XM−½n1þ::þnt−3�

nt−2¼0

½1þ κnt−2�−1½1þ κðM − ½n1 þ ::þ nt−2�Þ�−p1 : ðA21Þ

To estimate the sum over nt−2 we use the abbreviation l ¼ M − ½n1 þ ::þ nt−3� (which is defined to equal M when t ¼ 3)
and use again z−1 < z−p1 for z ≥ 1 to find

Xl

n¼0

½1þ κn�−1½1þ κðl − nÞ�−p1 ≤
Xl

n¼0

½1þ κn�−p1 ½1þ κðl − nÞ�−p1 ≤ ½1þ κl�−p1

Xl

n¼0

½½1þ κn�−1 þ ½1þ κðl − nÞ�−1�p1 :

ðA22Þ

For any two numbers a, b > 0 and p > 0, we have

½aþ b�p ¼
�
ap½1þ b=a�p a ≥ b

bp½1þ a=b�p b ≥ a
≤
� ð2aÞp a ≥ b

ð2bÞp b ≥ a
≤ 2p½ap þ bp�: ðA23Þ

Therefore, (A22) can be further estimated by

2p1 ½1þ κl�−p1

Xl

n¼0

f½1þ κn�−p1 þ ½1þ κðl − nÞ�−p1g ¼ 21þp1 ½1þ κl�−p1

Xl

n¼0

½1þ κn�−p1

¼ 21þp1

½1þ κl�p1

	
1þ

Xl

n¼1

½1þ κn�−p1



¼ 21þp1

½1þ κl�p1

	
1þ

Xl

n¼1

Z
n

n−1
dk½1þ κn�−p1




≤
21þp1

½1þ κl�p1

	
1þ

Xl

n¼1

Z
n

n−1
dk½1þ κk�−p1




¼ 21þp1

½1þ κl�p1

	
1þ

Z
l

0

dk½1þ κk�−p1



¼ 21þp1

½1þ κl�p1
½1þ κ−1ð1 − p1Þ−1ð½1þ κl�1−p1 − 1Þ�

≤
21þp1

½1þ κl�p1

	����1 − 1

κð1 − p1Þ
����þ κ−1ð1 − p1Þ−1½1þ κl�1−p1



: ðA24Þ

We choose p1 so close to 1 that p2 ≔ 2p1 − 1 still obeys 0 < p2 < 1, which is the case for 1=2 < p1 < 1. Then p2 < p1 so
that also ½1þ κl�−p1 < ½1þ κl�−p2 . Thus, there exists a constant c2 (depending on p1; κ) such that (A24) is bounded from
above by c2½1þ κl�−p2 for any 1=2 < p1 < 1 with p2 ¼ 2p1 − 1. It follows that

stðMÞ ≤ 2tc1c2
XM
n1¼0

½1þ κn1�−1
XM−n1

n2¼0

½1þ κn2�−1…

XM−½n1þ::þnt−5�

nt−4¼0

½1þ κnt−4�−1
XM−½n1þ::þnt−4�

nt−3¼0

½1þ κnt−3�−1½1þ κðM − ½n1 þ ::þ nt−3�Þ�−p2 : ðA25Þ

Comparing (A21) and (A25) we see that we can now iterate and define a sequence pu ¼ 2pu−1 − 1; u ¼ 1;…; t − 1 of
powers, provided we can keep them in the range 0 < pu < 1. The iteration is easily solved by

pu ¼ 2u−1p1 − ð2u−1 − 1Þ: ðA26Þ
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Pick p1 ¼ 1 − 2−T then

pu ¼ 1 − 2u−1−T; ðA27Þ

which satisfies 0 < pu < 1 for u ¼ 1;…; t − 1 if T ≥ t. As
we have to perform t − 1 summations in stðMÞ, for the
choice T ¼ t we have pt−1 ¼ 3=4 and find that for some
constant ct we have

stðMÞ ≤ ct½1þ κM�−3=4: ðA28Þ

Correspondingly,

SrðKÞ ≤ mr

	Xr−1
t¼1

�
r

t

�
ctcr−t




×
X∞
L¼jKj

ð½1þ κL�½1þ κðL − jKjÞ�Þ−3=4: ðA29Þ

Let κ0 ¼ minð1; κÞ so that 1þ κM ≥ κ0ð1þMÞ, then for
some constant Cr;m,

SrðKÞ ≤ Cr;m

X∞
L¼jKj

ð½1þL�½1þL− jKj�Þ−3=4 ≤ Cr;mζ

�
3

2

�
;

ðA30Þ

where we introduced L − jKj ¼ 0; 1; 2;… as a new sum-
mation variable and estimated 1þ Lþ jKj ≥ 1þ L so that
the Riemann zeta ζðzÞ appears, which converges for
ℜðzÞ > 1 (this fact can, of course, also be proved elemen-
tarily using the above technique to estimate the sum by an
integral). Note that the bound (A30) is, in fact, independent
of K and can certainly be optimized if needed.

APPENDIX B: RENORMALIZATION TOOLS

More details on this appendix, in particular, the relation
to wavelet theory [16], can be found in [15].
Wework on spacetimes diffeomorphic toR × σ. In a first

step, the spatial D manifold σ is compactified to TD.
Therefore, all constructions that follow have to be done
directionwise for each copy of S1. On X ≔ S1, understood
as [0, 1) with end points identified, we consider the Hilbert
space L ¼ L2ð½0; 1Þ; dxÞ with orthonormal basis

enðxÞ ≔ e2πinx; n∈Z ðB1Þ

with respect to the inner product

hF;GiL ≔
Z

1

0

dxFðxÞGðxÞ: ðB2Þ

Let O ⊂ N be the set of positive odd integers. We equip O
with a partial order, namely,

M < M0 ⇔
M0

M
∈N: ðB3Þ

Note that this is not a linear order, i.e., not all elements ofO
are in relation, butO is directed; that is, for eachM;M0 ∈O
we find M00 ∈O such that M;M0 < M00, e.g., M00 ¼ MM0.
For eachM∈O, called a resolution scale, we introduce the
subsets NM ⊂ N0;ZM ⊂ Z; XM ⊂ X of respective cardinal-
ity M defined by

NM ¼ f0; 1;…;M − 1g;

ZM ¼
�
−
M − 1

2
;−

M − 1

2
þ 1;…;

M − 1

2

�
;

XM ¼
�
xMm ≔

m
M

;m∈NM

�
: ðB4Þ

It is easy to check that we have the lattice relation

XM ⊂ XM0 ⇔ M < M0: ðB5Þ

The subspace LM ⊂ L is defined by

LM ≔ spanðfen; n∈ZMgÞ: ðB6Þ

On LM we use the same inner product as on L, hence the
en; n∈ZM provide an ONB for LM. An alternative basis for
LM is defined by the functions

χMm ðxÞ ≔
X
n∈ZM

enðx − xMm Þ: ðB7Þ

The motivation to introduce these functions is that, in
contrast to the plane waves en, they are (1) spatially
concentrated at x ¼ xMm and (2) real valued. This makes
them useful for renormalization purposes. In addition, in
contrast to characteristic functions that have better spatial
location properties, they are smooth. This is a crucial
feature because quantum field theory involves products of
derivatives of the fields and derivatives of characteristic
functions yield δ distributions. More in general, renorm-
alization tools must make a compromise between locali-
zation and smoothness.
The functions χMm are still orthogonal, but not orthonor-

mal,

hχMm ; χMm̂ iLM
¼ Mδm;m̂: ðB8Þ

We choose not to normalize them in order to minimize the
notational clutter in what follows. Let lM be the space of
square summable sequences fM ¼ ðfM;mÞm∈NM

with M
members and inner product given by

hfM; gMilM ≔
1

M

X
m∈NM

fM;m gM;m: ðB9Þ
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If we interpret fM;m ¼ FðxMm Þ, then (B9) is a lattice
approximant of hF;GiL. We define

IM∶ lM → LM; ðIM · fMÞðxÞ ≔ hχM· ðxÞ; fMilM
¼ 1

M

X
m∈NM

fM;mχ
M
m ðxÞ: ðB10Þ

Its adjoint is defined by the requirement that

hI�M · FM; gMilM ¼ hFM; IM · gMiLM
; ðB11Þ

which demonstrates

I�M∶ LM → lm; ðI�M · FMÞm ¼ hχMm ; FMiLM
: ðB12Þ

One easily checks, using (B8), that

I�M · IM ¼ 1lM ; hIM:; IM:iLM
¼ h:; :ilM ; ðB13Þ

which shows that LM, lM are in 1-1 correspondence and
that IM is an isometry. Likewise,

PM ≔ IM · I�M ¼ 1LM
: ðB14Þ

We can consider IM also as a map IM∶ lM → L with image
LM and then hI�M:; :ilM ¼ h:; IMiL shows that I�M∶ L → lM
is given by the same formula (B12) with F∈L, but now
PM∶ L → LM is an orthogonal projection

PM · PM ¼ PM; P�
M ¼ PM: ðB15Þ

We have, explicitly,

ðPM · FÞðxÞ ¼
Z

1

0

dyPMðx; yÞFðyÞ; PMðx; yÞ

¼
X
n∈ZM

enðx − yÞ; ðB16Þ

i.e., PMðx; yÞ is the M cutoff of the δ distribution on X, i.e.,
modes jnj > M−1

2
are discarded.

Given a continuum function F∈L, we call fM ¼ I�M ·
F∈ lM or FM ¼ PM · F∈LM the discretization of F at
resolution M. In particular, if we have a Hamiltonian field
theory on X with conjugate pair of fields ðΦ;ΠÞ, i.e., the
nonvanishing Poisson brackets are

fΠðxÞ;ΦðyÞg ¼ δXðx; yÞ ¼
X
n∈Z

enðx − yÞ; ðB17Þ

then their discretizations obey

fπM;m;ϕM;m̂g ¼ Mδm;m̂; fΠMðxÞ;ΦMðyÞg

¼ PMðx; yÞ ¼
sinðMπðx − yÞÞ
sinðπðx − yÞÞ : ðB18Þ

The latter formula is known as the Dirichlet kernel.

Given a functional H½Π;Φ� of the continuum fields, we
define its discretization by

hM½πM;ϕM� ≔ HM½ΠM;ΦM� ¼ H½ΠM;ΦM�
¼ ðI0MHÞ½πM;ϕM�; ðB19Þ

where I0M denotes the pullback by IM. That is, in the
continuum formula for H one substitutes Π → ΠM;
Φ → ΦM in the formula for H upon which H is restricted
to ΠM, ΦM, i.e., HM is that restriction, and then uses the
identity ΠM ¼ IM · πM;ΦM ¼ IM · ϕM. In order for this to
be well defined, it is important that IM is sufficiently
smooth asH typically depends on derivatives of Π, Φ. This
is granted by our choice of IM. In particular, as the
derivative ∂ ¼ ∂

∂x preserves each of the spaces LM, we
have a canonical discretization of the derivative defined by

∂M ≔ I�M · ∂ · IM; ðB20Þ

which obeys ∂
n
M ¼ I�M · ∂n · IM because IM · I�M ¼ PM

and ½∂; PM� ¼ 0.
Concerning quantization, in the continuum we define the

Weyl algebra A generated by the Weyl elements

W½F� ¼ e−ihF;ΦiL ; W½G� ¼ e−ihG;ΠiL ðB21Þ

for real valued F;G∈L (or a dense subspace thereof with
additional properties such as smoothness and rapid momen-
tum decrease of its Fourier modes hen; FiL; hen; GiL). That
is, the nontrivial Weyl relations are

W½G�W½F�W½−G� ¼ e−ihG;FiLW½F�;
W½F�W½F0� ¼ W½F þ F0�;
W½G�W½G0� ¼ W½Gþ G0�

W½0� ¼ 1A;

W½F�� ¼ W½−F�;
W½G�� ¼ W½−G�: ðB22Þ

Cyclic representations ðρ;H;ΩÞ of A with Ω∈H a cyclic
vector [i.e.,D ≔ ρðAÞH is dense] are generated from states
(positive, linear, normalized functionals) ω on A via the
GNS construction [24]. The correspondence is given by

ωðAÞ ¼ hΩ; ρðAÞΩiH: ðB23Þ

We may proceed analogously with the discretized
objects. For each M we define the Weyl algebra AM
generated by the Weyl elements

WM½FM� ¼ e−ihFM;ΦMi ¼ wM½fM� ¼ e−ihfM;ϕMilM ;

WM½GM� ¼ e−ihGM;ΠMiLM ¼ wM½gM� ¼ e−ihgM;πMilM ; ðB24Þ
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where FM ¼ IM · fM;GM ¼ IM · gM are real valued.
Accordingly,

WM½GM�WM½FM�WM½−GM� ¼ e−ihGM;FMiLMWM½FM�;
WM½FM�WM½F0

M� ¼ WM½FM þ F0
M�;

WM½GM�WM½G0
M� ¼ WM½GM þ G0

M�;
WM½0� ¼ 1AM

;

WM½FM�� ¼ WM½−FM�;
WM½GM�� ¼ WM½−GM� ðB25Þ

and completely analogous for ϕM; πM if we substitute lower
case letters for capital letters in (B25). For each M, we
define a state ωM on AM that gives rise to GNS data
ðρM;HM;ΩMÞ and the dense subspaceDM ¼ AMΩM. Note
thatAM is a subalgebra ofAM0 forM < M0 and thatAM is a
subalgebra of A. This follows from the identities

WM0 ½FM� ¼ WM½FM�; WM½FM� ¼ W½FM� ðB26Þ

due to PM0 ·PM¼PM, since LM ⊂ LM0 and PM · PM ¼ PM,
respectively.
The sole reason for discretization is as follows: While

finding states on A is not difficult (e.g., Fock states), it is
tremendously difficult to find such states that allow one to
define nonlinear functionals of Π, Φ such as Hamiltonians
densely on D due to UV singularities arising from the fact
that Π, Φ are promoted to operator-valued distributions
whose product is a priori ill defined. In the presence of the
UV cutoff M, this problem can be solved because, e.g.,
ΦMðxÞ2 is perfectly well defined (Φ is smeared with the
smooth kernel PM). Suppose then that hM or, equivalently,
HM are somehow quantized on DM. We denote these
quantizations by ρMðhM; cMÞ or ρMðHM; cMÞ, respectively,
to emphasize that these operators are (1) densely defined on

ρMðAMÞΩM, (2) correspond to the classical symbol hM of
HM, respectively, and (3) depend on a set of choices cM for
eachM such as factor or normal ordering, etc. It is therefore
not at all clear whether the theories defined for each M, in
fact, descend from a continuum theory. By “descendance”
we mean that ωM is the restriction of ω to AM and that
ρMðHM; cMÞ is the restriction of ρðH; cÞ to DM as a
quadratic form (i.e., in the sense of matrix elements). In
formulas, this means

ωMðAMÞ ¼ ωðAMÞ;
hρMðAMÞΩM; ρMðHM; cMÞρMðBMÞΩMiHM

¼ hρðAMÞΩ; ρðH; cÞρðBMÞΩiH; ðB27Þ

for all M∈O and all AM; BM ∈AM. If they did, then we
obtain the following identities for M < M0:

ωM0 ðAMÞ ¼ ωMðAMÞ;
hρMðAMÞΩM; ρMðHM; cMÞρMðBMÞΩMiHM

¼ hρM0 ðAMÞΩM0 ; ρM0 ðHM0 ; cM0 ÞρM0 ðBMÞΩM0 iHM0 ; ðB28Þ

called consistency conditions. This follows from the fact
that AM0 ≔ AM; BM0 ≔ BM can be considered as elements
of AM and then using (B27). With some additional work
[4], one can show that (B28) are necessary and sufficient
for ω; ρðHÞ to exist (at least as a quadratic form).
In CQFT [2], one proceeds as follows. One starts

with an ansatz of a family of discretized theories

ðωð0Þ
M ; ρð0ÞM ðHM; c

ð0Þ
M ÞÞM∈O. That ansatz generically vio-

lates (B28). We now define a renormalization flow of
states and quantizations by defining the sequence

ðωðkÞ
M ; ρðkÞM ðHM; c

ðkÞ
M ÞÞM∈O for k∈N0 via

ωðkþ1Þ
M ðAMÞ ≔ ωðnÞ

M0ðMÞðAMÞ;
hρðkþ1Þ

M ðAMÞΩðkþ1Þ
M ; ρðkþ1Þ

M ðHM; c
ðkþ1Þ
M Þρðkþ1Þ

M ðBMÞΩðkþ1Þ
M iHðkþ1Þ

M
¼ hρðkÞM0 ðAMÞΩðkÞ

M0 ; ρ
ðkÞ
M0 ðHM0 ; cðkÞM0 ÞρðkÞM0 ðBMÞΩðkÞ

M0 iHðkÞ
M0
; ðB29Þ

where M0∶ O → O is a fixed map with the property that
M0ðMÞ > M;M0ðMÞ ≠ M. The first relation defines a new
state at the coarser resolutionM as the restriction of the old
state at the finer resolution M0ðMÞ. This then defines also

new GNS data ðρðkþ1Þ
M ;Hðkþ1Þ

M ;Ωðkþ1Þ
M Þ via the GNS con-

struction. The second relation defines the matrix elements
of an operator or quadratic form in that new representation
and with new quantization choices to be made at coarser
resolution in terms of the restriction of the matrix elements
of the old operator or quadratic form with old quantization
choices in the old representation at finer resolution. A fixed
point family ðω�

M; ρ
�
MðHM; c�MÞÞM∈O of the flow (B29)

solves (B28) at least forM0 ¼ M0ðMÞ and allM and thus all
½M0�nðMÞ; n∈N0 and all M. This typically implies that
(B28) holds for allM0 < M. In practice, we will work with
M0ðMÞ ≔ 3M.
Note that for a general operator or quadratic form O

defined densely on D it is not true that we find an element
a∈A such that ρðaÞ ¼ O (e.g., unbounded operators),
which is why the above statements cannot be made just in
terms of the states ω. If one tried, one would need to use
sequences or nets an ∈A whose limits lie outside of A. On
the other hand, if one prefers to work with the Weyl
elementsWM½FM� one may relate the spaces lM, LM via the
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identities wM½fM� ¼ WM½FM�; fM ¼ I�M · FM. The wM½fM�; wM0 ½f0M� at resolution M, M0, respectively, can be related via
the “coarse graining”map IMM0 ≔ I�M0 · IM; lM → lM0 such that wM0 ½IMM0 · fM� ¼ wM½fM�. This map obeys IM2M3

· IM1M2
¼

IM1M3
for M1<M2<M3 because the image of IM is LM which is a subspace of LM0 ; thus, IM2M3

·IM1M2
¼

I�M3
·PM2

·IM1
¼ I�M3

·IM1
. Then WM0 ½FM� ¼ wM0 ½I�M0FM� ¼ wM0 ½I�M0 · IM · fM� ¼ wM0 ½IMM0 · fM� indeed. For the same

reason WM0 ½FM� ¼ WM½FM� as LM is embedded in LM0 by the identity map. The renormalization flow in terms of
Weyl elements wM½fM� and the coarse graining map IM;M0 takes the form

ωðkþ1Þ
M ðwM½fM�Þ ≔ ωðkÞ

M0 ðwM0 ½IM;M0f0M�Þ
hwM½f0M�Ωðkþ1Þ

M ;Hðkþ1Þ
M wM½fM�Ωðkþ1Þ

M iHðkþ1Þ
M

≔ hwM0 ½IM;M0f0M�ΩðkÞ
M0 ; H

ðkÞ
M0wM0 ½IM;M0fM�ΩðkÞ

M0 iHðkÞ
M0
: ðB30Þ
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