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In previous works in this series we focused on Hamiltonian renormalization of free field theories in all
spacetime dimensions. In this paper, we address the Hamiltonian renormalization of the self-interacting scalar
field in two spacetime dimensions with polynomial potential, called P(®),. We consider only the finite volume
case. The P(®), theory is one of the few interacting quantum field theories that can be rigorously constructed
nonperturbatively. We find that our Hamiltonian renormalization flow finds this theory indeed as a fixed point.
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I. INTRODUCTION

Constructing interacting quantum field theories (QFTs)
rigorously in four and higher spacetime dimensions
remains one of the most difficult challenges in theoretical
and mathematical physics [1]. The difficulties come from
the fact that quantum fields are operator-valued distribu-
tions, which means that products thereof as they appear
typically in Hamiltonians are a priori ill defined, being
plagued by both short distance (UV) and large distance (IR)
divergences. In the constructive QFT (CQFT) approach [2],
one tames both types of divergences by introducing both
UV (M) and IR cutoffs (R) to the effect that only a finite
number of degrees survive at finite M, R. For instance, R
could be a compactification radius and M a lattice spacing.
Then, at finite M, R one is in the safe realm of quantum
mechanics. The problem is then how to remove the cutoffs.
Usually one removes first M (continuum limit) and then R
(thermodynamic limit). In this process, the parameters
(coupling constants) are taken to be cutoff dependent
and they are tuned or renormalized in such a way that
the limiting theory is well defined when possible.

Nonperturbative renormalization in CQFT (not to be
confused with renormalization in the perturbative approach
to QFT) has a long tradition [3] and comes in both the
functional integral language and the Hamiltonian language
(see, e.g., [4] and references therein). Focusing on UV
cutoff removal, we consider quantum mechanical systems
labeled by the cutoff M. If these quantum mechanical
systems all descend form a well-defined continuum theory,
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then in the functional integral approach one obtains the
theory at resolution M by integrating out all degrees of
freedom referring to higher resolution, while in the
Hamiltonian approach one projects those out. This, in
particular, implies that if one takes the quantum mechanical
theory at resolution M’ and integrates or projects out the
degrees of freedom at resolutions between M < M’ and M’
one obtains the quantum mechanical theory at resolution
M. Vice versa, when this necessary set of “consistency
conditions” is met, this typically also is sufficient to define
a continuum theory.

The family of theories that one starts with are constructed
making various choices such as representations, factor
orderings, discretization errors, etc. and the aforementioned
consistency conditions are generically violated. However,
one can define a sequence of such quantum mechanical
theory families by defining a new theory at resolution M by
integrating/projecting out the degrees of freedom between
M and M’ (M) of the old theory at resolution M’ (M) > M
where M': M — M'(M) is a fixed function on the set of
resolution scales. Such a process is called a block spin
transformation or coarse graining operation, which typi-
cally leads to a renormalization of the coupling constants.
At a fixed point of this renormalization flow of theories, the
consistency condition is enforced by construction and
therefore fixed points qualify as continuum theories.

In previous parts of this series, we have considered a
Hamiltonian projection scheme [4,5] that is motivated by
the functional integral approach via Osterwalder-Schrader
reconstruction. It was then applied to free QFT in
Minkowski space [6-10] in any dimension and parame-
trized QFT [11] in two dimensions, which shares some
features with the free bosonic string. In all those cases, the
fixed point of the flow could be computed and was shown
to coincide with the known continuum theory. In the
present paper, for the first time we expose the formalism
to interacting QFT, specifically to the self-interacting scalar
quantum field theory in two spacetime dimensions with
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polynomial potential, called P(®), theory [12]. We focus on
the UV part of the renormalization and thus consider the
cylinder spacetime R x [0, R) with periodic boundary con-
ditions where the circumference 2zR of the circle is fixed.
Once the theory is constructed at finite R the thermodynamic
limit R — oo is taken by the methods described in [12] and
references therein should one be interested in the space-
time R2.

This work is organized as follows:

In Sec. II, we introduce the classical and quantum P(®),
model on the cylinder. Its quantum theory is well defined in
the Fock representation selected by the free part of its
Hamiltonian no matter what the polynomial degree of its
potential is, even if it is not bounded from below, as long as
the potential is normal ordered with respect to the same Fock
structure [13,14]. An elementary proof of this astonishing fact
unique to two spacetime dimensions is provided in
Appendix A.

In Sec. III, we introduce the Hamiltonian renormaliza-
tion of this model. We pick the Dirichlet kernel [15] to
define the block spin transformation mentioned above. An
account of Dirichlet kernel renormalization techniques,
which are closely related to wavelet theory [16], may be
found in Appendix B. The Dirichlet kernel is a compromise
between position locality and momentum decay properties;
in particular, it is smooth and therefore has advantages over
the often chosen Schwarz kernel. The Schwarz kernel has
better position locality properties but it has distributional
derivatives that are potentially problematic with respect to
treating the necessarily occurring field derivatives.

In Sec. IV, we derive the flow of the model and show that
its fixed point at finite resolution coincides with blocking
from the known continuum QFT reviewed in Sec. II.

In Sec. V, we summarize and conclude.

II. CLASSICAL AND QUANTUM P(®),
ON THE CYLINDER

In the first subsection, we introduce the classical P(®),
theory and, in the second, we show that its normal ordered
self-interacting Hamiltonian is a densely defined, symmetric
operator in the Fock representation selected by its free part.

A. Classical P(®), on the cylinder

We consider the cylinder spacetime manifold R x [0, R)
where R is any finite, fixed circumference of the circle. For
convenience, we pass from dimensionful coordinates
(cs,y) on that spacetime to dimensionless coordinates X =
(t=%.x=%) sothat x€ [0, 1) with end points identified.
Then the classical action can be rewritten as

@)= [Lar ["as{} 168 - (@ - 07 - P(@) {00

- /RX[OI) d*L(®(x), @' (x), D(X)), (2.1)

where p is the mass, () =09,(.),(.) = 9,(.), and

P@) =) g0t 22)

is any finite polynomial in the fields, i.e., a finite linear
combination of powers @O k=0, ..., N with real-valued,
dimensionless coefficients g, called coupling constants. We
assume that whatever the value of g, is, we have p? =
[MR])?> > 0 where M is the dimensional mass. This can
always be achieved by redefining g, and is done in order to
avoid the special treatment of zero modes. We take @
dimension free and have dropped a constant prefactor from
the action that has the dimension of an action. The
spacetime field @ is subject to periodic boundary con-
ditions ®(z,0) = ®(z, 1) for all € R. Therefore, in all that
follows we never have to worry about boundary terms when
integrating by parts with respect to x.

The Hamiltonian formulation is straightforward: The
real-valued time zero field ¢(x) := ®(0, x) has the real-
valued conjugate momentum z(x) = [0,®](0,x) which
obeys the canonical Poisson brackets

{9p(x). ¢(y)} = {x(x). z(y)} = 0.
{z(x).¢(y)} = 8(x.y).
where 6(x,y) is the periodic delta distribution (see, e.g.,

Appendix B) and the Hamiltonian is obtained by the
Legendre transformation

(2.3)

biga] = oxe,{ [ dvla(a)ute) = L@(). 4.1t

= [{alyw e o,
(2.4)

B. Quantum P(®), on the cylinder

The structure of the Hamiltonian (2.4) suggests the
natural split

h=hy+v, ho—/ldx{%[ﬁ%—qﬁwz-cp}(x),
0

vzéﬂumﬂmy (2.5)

where

@ = p> — A, A=0o (2.6)

is a self-adjoint operator on the one-particle Hilbert space

L =L,([0,1),dx), (2.7)
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with pure point spectrum @2 = p* + [2zin|*>,n € Z. The

corresponding elgenfunctlons are e,(x) = 2’”"”‘, which
define an orthonormal basis of L. For obvious reasons,
hg,v are called the free part and interacting part,
respectively.

We define the unital Weyl * algebra 2 in the usual way via
its generating Weyl elements w[f] = exp(i(f, ). ), w[g] =
exp(i{g, ), ) for real-valued f, g € L that are subject to the
Weyl relations

wlglwlflwl=g] = e @Nw(f],  w[flw[f'] = w[f + f],
wlglwlg] = W[g+g] wlf]" = wl-f].
wlg]* = w[-g]. (2.8)

We define a cychc Fock representation (p, H, Q) of 2 from
the Fock state' o,

wp(w[flwlg)) = et/ emillfe™ Nitlawa] (2.9)

via the Gel'fand-Naimark-Segal (GNS) construction. It is
not difficult to show that (2.9) is unitarily equivalent to
defining annihilation operator-valued distributions corre-
sponding to the algebra element

a(x) = i

7 (@02 ¢ — i~ "% - 7](x),

(2.10)

so that p(a(x))Q = 0 and everything else follows from the
commutation relations of which the nonvanishing ones are

[a(x), a” ()] (2.11)

=6(x,y).

The linear span D of the Fock vector states w =

p({f1,a)").p({fn,a)*)Q for fi,....f, €L together Wlth
Q is dense in the Fock representation space H. The number
n is called the particle number of the Fock vector where we
assign n = 0 to the vacuum € void of particles. We will, in
fact, consider D corresponding to f1, ..., f, € Ly where L,
is the span of the functions e,,. This D is still dense and has
the advantage that finite products of functions in L are still
in L().

We use capital letters in order to denote the operator
representatives of algebra elements, e.g., A(x) = p(a(x)),
AT (x) = p(a*(x)). We use this Fock structure in order
to define both H, and V by their normal ordered
symbols

'Note that the symbol o is reserved for both the covariance
operator and the Fock state introduced in Eq. (2.9); to distinguish
the latter, it is denoted with a subscript F. In contrast, the letters w
and W are used exclusively to denote Weyl elements.

Ho = p(hy) = / ' dxAt () - A] (x).

s (e

Vell) = / dx{w 12 - AT() P w2 - A| ()Y

0

N
V=> aVi
k=0

Vi=p

(2.12)

By construction, D is an invariant, dense domain of
H,. The astonishing fact, unique to two spacetime
dimensions, when m > 0 and only when the spacetime
is spatially compact, is that D is also a dense domain
for V, albeit no longer an invariant one when g; # 0 for
at least one of k=2,...,N. We give an elementary
proof in Appendix A.

III. HAMILTONIAN RENORMALIZATION
OF P(®),

An account of the version of Hamiltonian renormaliza-
tion used below and employing the Dirichlet kernel can be
found in Appendix B; see [4,5] for its motivation.
Furthermore, in the following sections we adopt the
notation introduced in Appendix B: capital letters such
as F, G denote functions in L; capital letters with a
subscript M, such as F;, Gy, refer to functions in L,;
and lowercase letters with a subscript M, such as fy, g,
denote functions in [;,. Elements of the abstract algebra are
still written in lowercase, while their representatives (after
GNS construction) are denoted by capital letters.

The starting point of the renormahzatlon scheme is to
provide a family of theories (p,(w ,HM , 1(8), H (O)) consist-

ing of a Hilbert space HM with cyclic vector Q/(S) that

carries a representation p,<3> of some * algebra 2, and a

(0)

Hamiltonian operator H,,’ densely defined on some sub-

space DI(S) of H(MO) Equivalently, we consider a state wl(‘(}F

) are its GNS data. The

objects 9% y and HY M are to be thought of as discretized
versions of the continuum objects 20 and H. The label M is,
in general, taken from a partially ordered and directed index
set O that describes the (location, momentum, energy, etc.)
resolution at which we probe the theory. In the present case,
the central tool is the Dirichlet kernel

Z en(x_y)’

neZy
M—-1

which can be considered as a tamed version of the & dis-
tribution on the circle. The index set is taken to be the set of

on Ay, for Wthh (p HM

Py(x,y) =

(3.1)
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odd naturals with ordering relation M < M’ if and only if
M’'/M € O. The Dirichlet kernel can be considered as an
orthogonal projection P, in L with image L,,;. We define
the Weyl algebra 2, in analogy to (2.8) as the abstract *
algebra generated by the Weyl elements wy,[F ], wy[Gy]
with real-valued F;, Gy, € L), subject to the relations

—i(Gy F)

[Gulwu[Fulwu[-Gu] = e Luwp [F .,
wy[Fulwu Fiy] = wy[Fy + Flyl,
wy[Gulwu[Gy| = wyu[Gy + Gy,

wy[Ful* = wiy[—Ful,
wy[Gu]" = wy[-Gyl, (32)

where the scalar product on the finite resolution one-

particle Hilbert space L,, coincides with the one on L.

The state a),(g?F is chosen to be in analogy to (2.9) as the

Fock state

oy (Wit [Farwa[Gu])

— e%<FM-GM>LMe 4[(FM (s Fr)ry, (GM,[wﬁ)]-GmLM] )

(3.3)

which requires as a central input the definition of the kernel
wﬁ‘g) on L,,. Note that the unfortunate doubling of symbols
w for both an algebraic state and a kernel on the one-
particle Hilbert space is resolved by attaching an extra

index “F” to the state to indicate ‘“Fock”. To motivate the

choice of a)gf,;), we follow the general prescription of

Appendix B and define /), as a quantization of

hgldus, mu] == hldp, my),

ﬂM:PM'ﬂ',

oy =Py -,
(3.4)

where £ is the classical continuum Hamiltonian (2.5). For
its free part, we find

oas =3 [ drlau? + 0ubu (0P + P ()

+ (0u. 0pu) 1, + P> bt bui)r,,)-

(3.5)

1
= B [<”M7 ﬂM>LM

Integrating the derivative term by parts (note that Py,
preserves the space of periodic L, functions), we obtain

oo =5 [0mss )i, = (s s Bar), + P B )
(3.6)

with the Laplacian
Ay =03, Oy = Py 0- Py (3.7)

We have used the projection property Py, - Py, = P, of the
Dirichlet kernel to obtain (3.7). The specific form of Ay,
suggests a Fock quantization with annihilators

ay(x) = 2_1/2[[60MW2 Py — i[a’M]_l/z <7y (%),

[oy]* = p*ly = Ay (3.8)
which obey nontrivial commutation relations
[ar (%), ap ()] = Pu (), (3.9)

if one defines the Poisson brackets between ¢,,, 7), as the
result of considering these as functions on the continuum
phase space and using the continuum Poisson bracket

{zu (%) du(¥)}

/ / APy (x, 1) Py (. v) (). $(0)}

= Py(x,y). (3.10)
Then we see that (3.3) and (3.8) match, provided that we
interpret wy[Fy] = ¢/ PPus w [Gy] = e/ Oy

We can finish the initialization of the Hamiltonian
renormalization flow by defining

(3.11)

where A,, is the operator representative of a,, and :.:,,
denotes normal ordering of the A M,A,Tw.

IV. HAMILTONIAN RENORMALIZATION
FLOW OF P(®),

In the first subsection, we block the theory from the
continuum in order to determine which fixed point family
the renormalization flow should find. In the second sub-
section, we use projector maps Pj—as defined in
Appendix B—to project from L to the L,, subspaces
and then discretize the fields, work in the [/, spaces of
square summable sequences, and compute the renormali-
zation flow. In the two frameworks, we show that the
renormalization flow of the initial family defined in the
previous section is already at its fixed point. The reason for
displaying the strictly equivalent flows in terms of projec-
tions and discretizations, respectively, is that the former is
in the spirit of renormalization schemes outside a lattice
context, while the latter emphasizes the traditional real
space block spin interpretation of the renormalization flow.
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A. Blocking from the continuum

Blocking from the continuum means to define a state
@p p and a Hamiltonian H , out of the continuum state @
and Hamiltonian H defined in Sec. II via the formulas

Fy]w[Gul).
(WIFy]QHW[GyQ)y,.
(4.1)

op Wy [Fuywu[Gupl) = wp(w]

(Wil FulQ@u HyWy[Gl)yy, =

where (py, Har, Q) and (p, H, Q) are the GNS data of
wpy and wp, respectively, and we have denoted the
operator representatives by capital letters, i.e., Wy [Fy] =
pPu(Wy[Fy]) and W[F] = p(w[F]). On the right-hand side
of (4.1), the elements F,;, G, € L, are to be considered as
elements of the continuum one-particle Hilbert space L by
trivial embedding Fj, > F.
We start with the first line of (4.1) and use (2.9),

wp(WFyuwGy]) =

5 FuGn)r. p=il{Fu@™ Fur) Gy Gyp), ]

(4.2)

We have explicitly @, = /p? + [2zn]? using a resolution
of identity with respect to the orthonormal basis (ONB) e,
of L,

(Fyoo™ - Fi)y = Y (Fy,o™'e,) (e Fiy)y
nez
_ Za)n FM? en,F' >
nez
Z (1) FM7 L <envF;l/[>LM
nezy
= (Fy, @y - Fiy)p,, (4.3)

where we used that F, F), are orthogonal to the
e,,n & Zy. To interpret the operator w,, on L,;, we

explicitly compute
Oy - Fyu = Z enlen Oy Fy)r, = Z enfen.0-Fy)p,

neZy neZy
= - Z en<a' en»FM>L
neZy
= Y [2xinle (e, Fy)y,- (4.4)
neZy

hence
|

where

(P> = Ay Fy = Z anenen Fu)r, (4.5)

neZy

It follows that w,, = \/p?> — A,,, which is, in fact, identical
to the natural choice a),(g> of Sec. III used to define the initial
family of states. Concluding, we find that wp y, coincides
with @}, defined in (3.3).

Considering the second line of (4.1), we use the
elementary identity

A(X)W[F] = W[F|W[F]"' A(x)W[F]
WIF](A(x) = i[{20]7"/2- F, A+ AT) |, A(x)])
WIF)(A(x) +i([20]2 - F)(x)1y,)  (4.6)

to find for the free part
(WIFu]Q. HoW[F),]Q),

/dx/dya)xy (x)W

/dx/dya)x V(2072 - F ) (x)([20] /2

Y WIFy]Q WIF), Q)4

[Fu]Q, A(y)WIEF), Q)4

- %@—1/2 Fy - @2

“For) L W [Fu]Qur, Wi [Fy]Qu)q,,

1
=5 Fars Fap) n,, (WnlF a0, Wi [F ] Q0) 4,
where w(x,y) =), c7 ®,e,(x — ) is the integral kernel

of w and in the step before the last one we used that we

already know that the GNS data of w. ;, are those of a)l@zw

Accordingly, Hy, :HES) is defined in (3.11). For the
interacting part, it suffices to consider a field monomial
of order k,

v, = / dx: {(20] ™ [A + AT ()}

_Z< )2 k/ZVk (1),
Vi(l) = / dx([o™/2 - AJ ()]} (@712 - A (x)]). (4.8)

Using (4.6), it follows that

(4.7)

dx([w™72 + Fy] () (0772 - Fiy) (x) (W [F ] Q. WIF}, Q)

125021-5
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Vi(D)]y /dx([ w2 Al ) (@ - Ay ] (0)])
(4.10)

It follows that the initial family defined in Sec. III coincides
with the family blocked from the continuum. The reason
for this is simply the identity

which is because the derivative operator d preserves the
subspace L,,. This particular feature of the Dirichlet kernel
is not shared by most other kernels, such as the Schwarz
kernel, and in that case the initial family of Sec. I1I does not
coincide with the family blocked from the continuum of
Sec. IVA even for free theories; see [5-8].

B. Renormalization flow in terms of the projected fields

By definition, for M < M’ we consider the trivial
embedding L,; - Lyy; Fy — Fyy which is possible
because the L, are nested subspaces of L. Then the analog
of (4.1) is given by

o5 Wy [Fawu[Gy))
= a’%w’ (WM/ [FM]WM’ [GM])

(Wl Fuly ™ Hy W FL )00 ),

= (War [Fal @0y Hig Wag [FL 100, 0 (4.12)

(n+1) ’H”H, M"H)) and (p(M",),H(") Q(")) are

M =4
the GNS data of wf{f&” and a)%w, respectively, and

we have denoted the operator representatives by capital
letters, i.e., W[(‘ZH) [Ful :pI(‘ZH)(wM [Fy]) and Wy [Fyp] =
P\ (wyr[Fyr]). On the right-hand side of (4.12), the
elements F M,GM,FQ,, are to be considered as elements
of the continuum one-particle Hilbert space L, by trivial
embedding Fy, — F),.

Going through literally the same steps as in Sec. [VA, we
find that the flow is trivial: @}, = @iy = W}y = W
and HZ(J) = Hg‘f,)) = Hj, = Hy; that is, every sequence
element of the family coincides with the initial element,
which is also the element blocked from the continuum and
thus the fixed point element. This is again due to (for
M > M)

where (

C. Renormalization flow in terms of discretized fields

In order to test the version of Hamiltonian renormaliza-
tion method described in this series of papers [4-11] less
trivially for the solvable and self-interacting P(®), theory,

one therefore should use an initial family that deviates from
the natural choice of Sec. IIl. For example, instead of the
position nonlocal momentum ONB e, of L, n € Z;, one
may use the position quasilocal ONB y¥ meN,, =

{0,1,...,M — 1} of L, constructed in Appendix B; see
(B7) and (BS). Indeed, we can alternatively write (4.10) as
k=1
[Vk(l)]M =M* Z IMimy my.....my [Q)ZT/II
my,....,m; €Ny s=1
k
Al*(my) [T [e3f - Aul(my), (4.14)
s=k—I1+1
where the “coupling constant” is given by
gM;m,,m2 ,,,,, my
{ k
—/ dx HX% (x)
0 s=1
k
= Z 5n1+..+nk:0 H eQﬂ'inkx%s
[yl |ng|<(M=1)/2 s=1
k=1
_ e2ﬂink(xﬁ’,’\_—xf‘,’,’k) (415)

[11]sn sy sy [S(M=1) /2 s=1

with x¥ =m/M. If it was not for the constraint

|ny + ..+ ng_y| < (M —1)/2, this would collapse to

H)(m xm,\ Mk 1H5m My (416)
and we have
-1/2 1/2 _
[ - Ayl (m) = (e 0y - Ay, = Gt 07 24),,
(4.17)

because y¥ € L,, and due to (4.11). Then (4.14) could be
considered as the k-fold Riemann sum of the coupling
constant times the displayed polynomial of discretized anni-
hilation and creation operators as ey = xM, | — x}f = M~

However, due to the constraint, the coupling constant
(4.15) is only quasilocal and it is for (4.15) that the flow is
at its fixed point and not for (4.16). However, one could

start from the naive guess (4.16)
(4.18)

and then run the renormalization flow. Already after the first
iterations step one finds that the form (4.18) is not preserved

and that g(l)

Mo, m,....m, takes a more general form. Starting

from this more general form, one sees that (4.15) is a fixed
point of the corresponding renormalization flow equation.

125021-6
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In more detail, we make the general ansatz

k-1
VOOl =M 3" g [ 3
my,..., m €Ny, s=1
k
Ay (my) H [y - Ay (my), (4.19)
s=k—[+1

for the rth renormalization step with initial condition
(4.18). Then, due to w3y i3y = Iy3y®3),; sandwiching
[V (1) between states of the form wsy [Ty 1] @sm

and requiring this to be [V,(crﬂ) (1)]44» we see that we obtain

V@)

k=1
= —k (r)
- (3M) Z g3M;m/ m'2 ..... m’ H[1M3MwM
m',....m, €Ny s=1

(4.20)

.....

(4.21)

It is easy to see that (4.21) has (4.15) as a fixed point

because
! Z <Z3 /s )(m )

ZIM3M m',m)y
= 3(Payxm ) (x) = 3y (%),

3MkZ 2.

nEZ" m eNk s=1

S DIDIDY

where completeness >, yM(x)yM(y) = MPy(x,y) and
M e, C Lsy was used.

We now use (4.16) as the initial condition for the flow
defined by (4.21). We need for m' €Njy, meN,,,

n’ S ZSM? n GZM,

2 il M — M . .
E i x " nxj] < e27m ’6271111

n.n'
T 3M M
_ 2 :62mn[xm, —nx]
n

since Zy; C Z,p. Thus, explicitly

’J(m

(4.23)

(1) 3
gM§m1 ..... my (3M k Z H(anv’/'{/%l ..... m;{

m eNk 5=

Z H(X?’/ ’}(mx

m €Ny 5=

1 oo
TP I G
nek N

s=1

VA
k
—2xingxM ] 5
19 +..4n;,0 (mod 3M)>»
s=1

(4.24)

/ xm\

Z

where in the last step we took care of the fact that summing
over m' €Njyp produces 3M when n; + ..+ n; is an
integer multiple of 3M and zero else. Comparing with
(4.15), we see that the difference between the two expres-
sions consists in the modulo 3M support of the Kronecker
symbol because we can relabel n, — —n, as both sums are
over the reflection invariant domain Z,,.
At the next iteration step, we find

—2zin, X ,]
|:H<){3/ s mY :|6n’+ ~+n,,0 (mod 3(3M))

-y 2zi(ng—nl)xM
|:H em2rinsn ¢ s mé] 5n’+ +n,0 (mod 3%M)
1T

nEZA neZ"meNk s=1

- Z Z [H erini s, :|5n’1+..+n’k,0 (mod 3M)

n GZ" nEZA s=1

nezk, ts=1

E —2mingxM
{He ’ }5nl+..+nk,0<mod32M)’

(4.25)
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where we used that ,/_, omodsm) = Op—no as [0’ —n| <
M=LEM=L < 2M < 3M, i.e., the modulo operation can be
dropped. We see that in the second iteration step the only
change that happened compared to the first is that
the modulo operation is now with respect to 32M rather
than 3'M.

Iterating (formally one proceeds by induction) we find
explicitly for r > 1,

k
(r) _ E —2zingxM
gM;ml ,,,, mp H e o 5n1+..+nk,0 (mod 3"M)-

k Lg—
nezh -s 1

(4.26)

Now |ny + .. + ny| < k(M —1)/2. For fixed resolution M,
the number of steps r required such that the modulo
operation can be dropped is when that estimate is lower
than the smallest possible nonzero integer multiple of 3" M,
ie, k(M —1)/2 <3"M, ie., 3" > k=L Thus, indepen-
dent of M for a polynomial potential of degree k, we

need at most ry :== 1+ [h}%i)} renormalization steps until

would not occur had we not defined w3, = p> — Ay,
|

{n :{1,...,MT‘1},HZZ{_

Ay = 3,0y = I;,d] u but instead had replaced d,, by
some of the more common discrete lattice derivatives {e.g.,
forward derivative (95,1 ) (m)=M|[fy(m+1)—fy(m)]}
because then the intertwining property I3y, - Oy = O3y -
I3 would not hold.

We end this section by illustrating graphically the degree
of nonlocality of the fixed point coupling (4.15) for the case
k = 3. Explicitly, we consider

fM(ylvyz) = M2 eZi("l)'1+"2)'z)’

[y ]s[na |,y +na |<(M=1) /2

(4.27)

which yields

f(yl = ﬂ-{x%l _x%l;]’))Z = ”[X%Z —X%}]) = M_ng;ml,mz.my
(4.28)

which we expect to be a quasilocal version of 8, .6, m, -
The sums in (4.27) can be computed in closed form using
the geometric series summation formula
(z¥ =1)/(z—1). We subdivide the summation domain
into the three sets

N-1 _n _
n=0% =

M—-1 M -1
3 s ey 3 —ny

M-1 M—-1 M-1
U {n :{—1, e —T},n2 = {—T - ny, ,T}}
U {n, :{0},n2={—M_1,... M_l}}. (4.29)
2 2
|
One finds function. For any z; =0 = z; = —z; = z,€jy = L, it re-
duces to
FO.y,) = 1 {CO'S(M(Yl.—)’z)) . congyz) i | | |
PP Csin)sinG) sinG)sin0n—y2) T = gy (M sin(Me) sin(z) + 1
cos(My))
" sin(y,) sin(y; — yz)}' (4.30) — cos(Mz) cos(z)}, (4.32)

Despite its appearance, this function is everywhere smooth
and bounded. Using z; =x; —x;, €y =1 with y, =
X; — X3, Yy = X, — X3, one can write this in the manifestly
permutation invariant form

1 { cos(Mz,)
2M? |sin(z,) sin(z3)
cos(Mz3) }

sin(z;) sin(z,

cos(Mz,)
sin(z3) sin(z;)

f(Zl,Zz, Z3) -
(4.31)

noticing the identity z; + z, + zz3 = 0 that displays the
totally symmetric, smooth, and bounded form (4.15) of this

as one can confirm by using de I’Hdspital’s theorem. Using
I’Hospital’s theorem one more time when taking z — 0, one
can explicitly check that the maximum of this function is
given not by unity but by f(0,0) = f(0) =3+ ;i cor-
responding to the fact that the constraints |n; + n,| <
(M —=1)/2 on ny, n, roughly delete one quarter of the
unconstrained M? points. Away from the maximum, the
function is of order M~ at a generic lattice point, while it is
of order M~! on one of the coordinate axes and on the
diagonal y; =y, (these are precisely the points z; =0,
j =1,2,3), but well away from the origin. This can be seen
analytically noticing that cos(Mz;) = (=1)"" e = 1,
while sin(Mz;) = 0. Accordingly, if all m; — m are of the
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order (M —1)/2, the sin functions in the denominator of
f are close to unity. If, on the other hand, say, m, = m;
corresponding to z; =y, =0,—z:=23=—z, =n(m; —m,)/

M =:m/M, one finds f(z) = %‘W which for
|

TS () and for large M decreases
quasicontinuously from approximatively [27%]~! to [2M?]~!
between m = 1 and m = (M — 1)/2. It is of order z/(2M)
for m ~ /M /x, which is well away from the vicinity of the
origin but for large M is outside of approximately the

fraction /M /M = 1/+/M of the available points.

m odd exceeds

For values:M=11|m3=5

FIG. 1.

For values: M =51 | m3 =25

FIG. 2.

In Figs. 1-3, we illustrate this quasilocality graphically
for a few fixed resolutions M = 11, 21, 51, 71, 111, where
we pick msy =5, 10, 25, 35, 55, respectively, while
my, my €N, take full range. We computed the quasilocal
coupling at the exact lattice points and then let Mathematica
interpolate between those values. One sees the effect that
the maximum = 0.75 becomes more pronounced and
concentrated as the resolution increases, while the function
continues to display nontrivial oscillations in the vicinity of
the maximum and along the coordinate axes and the
diagonal.

For values: M =21 |m3 =10

(a) Coupling for M = 11 and m; = 5. (b) Coupling for M = 21 and m3 = 10.

Coupling parameter for: M =71 | m3 = 35

(a) Coupling for M = 51 and m3 = 25. (b) Coupling for M = 71 and m5 = 35.
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For values: M =111 | m3 = 55

50
m2

(a)

FIG. 3.

M=111|m3 =55

M=111|m3 =55

45 50 % ®

m1

(b)

Coupling for M = 111 and m3 = 55. (a) Full range. (b) Vicinity of maximum.

M=111|m3 =55

FIG. 4. High resolution in the vicinity of the maximum for coupling for M = 111 and m3 = 55. (a) Side view. (b) Top view.

In Fig. 4, we focus on the VM vicinity of the maximum
at m; =my =my =55 for M =111. We cut off the
maximum peak at a convenient value in order not to
suppress the values of the coupling in its vicinity.

V. CONCLUSIONS

We have successfully applied the version of Hamiltonian
renormalization developed in the current sequence of papers

for the first time to an interacting QFT in finite volume in
1 4+ 1 spacetime dimensions and showed that the renorm-
alization flow finds the known rigorous fixed point solution
that is available in this case. The flow, in fact, stabilizes
rather quickly if one uses as coarse graining tools not the
familiar position localized block spin transformations but
rather smooth versions thereof, which compromise between
position and momentum locality and have better smoothness
properties. This demonstrates that the tools developed in the
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course of this series, which so far has focused on free QFT,
are also successfully applicable in the interacting case and
does find the correct continuum Hamiltonian operator.
Extrapolating to interacting QFT in higher, specifically,
four spacetime dimensions, the Hamiltonian H = Hy + V
when quantized in the Fock representation adapted to H|, is
known to be no longer an operator but merely a quadratic
form. Following the steps that we have carried out for the
present model to any interacting QFT with Hamiltonian
H = H, + V onthe D + 1 manifold R x T shows that the
corresponding flow would indeed find that quadratic form
as a fixed point in the Fock representation adapted to H,,.
However, ideally, renormalization is designed to actually
construct a continuum theory with H as an operator rather
than merely a quadratic form which by Haag’s theorem [1]
requires one to leave the realm of Fock representations
adapted to H,. To the best of our knowledge, the single
known example where this actually worked in higher than
1 + 1 dimensions is ®* theory in 2 + 1 dimensions [17]. In
addition to making the coupling constants g, to depend on
M (which in the present model was not necessary), a new
and nontrivial step successfully performed in that seminal
work was to invent invertible “dressing transformations”
T, at resolution M on the cutoff Fock space H,, with
modes confined to n € Zy; such that in H}, := T3/ Hy Ty
those terms are removed that prevent H,, from being an
operator rather than a quadratic form as M — oo (these are
normal ordered monomials in field operator-valued distri-
butions with more than one creation operator). If that is the
case, then D is an invariant domain for H 3,1 where D is the
span of Fock states in the free Fock space H. Then H,,,
defined on the new domain D), = T, D, preserves D),.
The price to pay is that the norm of the vectors in D), with
respect to the inner product (., .) on H diverges as M — oo.
In [17], it was shown that one can define a new inner pro-

duct (., .)}, = m on D), where Q is the Fock vacuum
of Hy, such that one can take M — oo and H), —» H’
becomes on operator densely defined on D), - D’ whose
Hilbert space completion with respect to (.,.)}, = (.,.)
results in a new Hilbert space H’ for the interacting theory.
In order for this to work, the norms of vectors Ty, € D
with respect to (.,.) must all diverge at the same rate. We
expect that similar mechanisms must be invoked in the
present renormalization scheme as well.

In a forthcoming work [18], we will apply the version of
Hamiltonian renormalization developed in this series of
papers to the self-interacting U(1)® model of the weak
Newton constant realm of FEuclidian signature vacuum
quantum gravity in four spacetime dimensions [19]. This
model has two known solutions, one in terms of operators
[20] using a Narnhofer-Thirring type of representation [21]
and one in terms of quadratic forms [22] in Fock represen-
tations [22] in the sense that the full algebra of quantum
constraints (Gauss, spatial diffeomorphism, and Hamiltonian)
closes without anomaly. We will investigate the Hamiltonian

renormalization flow for both types of representations with
the aim to gain new insights into how to renormalize full
quantum gravity, e.g., in the loop quantum gravity repre-
sentation [23] in order to remove or reduce present quanti-
zation ambiguities.
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APPENDIX A: FINITENESS OF P(®), QFT IN
FOCK REPRESENTATIONS

As motivated in Sec. II, we pick the Fock representation
selected by the free part of the Hamiltonian H,. We want to
show that the interaction part V' is densely defined on D, the
linear span of Fock vectors with smearing functions in Ly,
and the L, functions with compact momentum support.
Below we present an elementary proof that requires just first
year’s calculus knowledge.

To show this, consider a general Fock vector y. Then we
have the elementary estimate

|9k
[Vl < 2k/zz V@l

and writing w = > N_ vy, where y,, is a Fock vector of
particle number n, we have further the estimate

(A1)

N
Vi@l <D IViDwally- (A2)

n=lI

Here we used that V; (/) annihilates [ particles and thus the
rhs of (A2) vanishes for N < L. Let then n > [ and yy =
cQ, ¢ = const or y, = [[,_1[(f,»A)]'Q,n > 0. Then for
[ >1 we have

dx[[o1/2 - A ()T T[w~2
IeS,/ l ,1;[1
'fi](x)H<fj,A>*Q,

JEl

(A3)

where S, is the set of subsets of {1,...,n} with / elements

and for / = 0 we have
1
VO = [ o a0l (A4)
0

Using further elementary estimates, it follows that V is
densely defined on D if and only if objects of the form

125021-11



M. RODRIGUEZ ZARATE and T. THIEMANN

PHYS. REV. D 112, 125021 (2025)

/ e F ()07 A0 (AS)

0
are normalizable vectors in the Fock space where F| is
either the constant function equal to unity for / =0 or a
product of [ functions in L for [ > 0. It is understood that
k,n>landk=0,...,N.For k = 0and thus /[ = 0, there is
nothing to show as (A5) just equals (1, 1)y, which is finite
as 1€ L when space is compact. For £k = 1, (A5) equals
(1, A)*y, and (1, F|)y,_,, respectively, which are both
Fock vectors. The interesting terms therefore come
from k > 2.
The norm squared of (AS) is

/dX/ dyF[ Fl )<l//nl’

o2 Al [0V AT 0)F . (A6)

When moving the annihilators to the right, we get a sum of
terms with 0 < r < k — [ factors of

(7' A)(x). (@712 - A7) (y)]

= zé\);len(x - y)’

nez

(A7)

which is the integral kernel of the operator @~! and another
k — | — r factors of functions in Ly (for k — [ — r < 0 that
term vanishes). Altogether we see that V is densely defined
on D if and only if integrals of the form

1 1
[ ax [ arL w6 0o -1y (a8)
0 0

converge with 2<k<N and 0<r<k with F;_,,
Gk ,ELOWhenk—r>0andF0 Go—l LetF =<
e,, FF > be the Fourier transform of F &L, then (AS8)
|

| I -1
wns 5n1+..+n,,K <
ny.....n € ZU{0} s=1

| |a)(r\n\ oyn+..+o.n, K
Opye.0,=F1lny,..., n, €Ny s=

| | ~—1
wnA 6rr|n]+.4+(r,n,,1(

oy,....0,=F1ny,..n €Ny s=1
" [r
=2.(,) X Hw
1=l 4 ny,...,n, €Ny s=

0

x {O(K - )5[711+..+n,]—[n,+1+..+n,+\K\].O +0(-
where we made use of reflection invariance @, = @
permutations of r summation variables nj, ...,
number t = 0,1, ...,

K = 1)00, 4t K[~ 4,10 T OK000, 4 4~y +.+n,.0}5

is either
-1
E Fk o Gkr § O+, +n,KHw
Kez .. n,€Z

for k—r >0 or
(A10)

for k —r =0, where, again, compactness of space was
important as the kernel is translation invariant. As functions
in Ly have compact momentum support, the sum over K in
(A9) is finite and it is sufficient to show that the sums

E 5n1+ +n,.K 1_[60119

(A1)

converge for every 2 < r < N and any finite K € Z.

The intuitive reason why this is, in fact, the case is as
follows: If it was not for the Kronecker symbol, the sums
would decouple into a product of r sums each of which
behaves as the M — oo limit of {,,(1), which diverges as
In(M) and where {,(z) = Y™, n™% is the M cutoff of the
Riemann ¢ function. However, due to the Kronecker
symbol, we only get » — 1 sums over ny, ..., n,_; but still
r factors, one depending on ,n,_; and one
depending on |n| + .. + n,_; — K|, which roughly adds an
£ oL/ (D)

additional factor o . Thus, each of the » — 1 sums
behave as {,(1 + ril), which converges for every r > 1.
Of course, this heuristic argument is not rigorous.

We therefore rigorously estimate the multiple sum in
(A11) as follows: First, we simplify

.
-
H Wy, Oy, K

(A12)

_, and that the product of the inverse eigenvalues is invariant under
n, so that the sum over o, ..0, can be reduced to a summation over the
r of those o, .., which take the value 4+ which can be taken to be the oy, ..., 0.
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The first term vanishes when # = 0 and for 7 = r the sum is constrained by n, ..., n, < |K| as all summation variables are
non-negative. Likewise, the second term vanishes for t = r, and for # = 0 the sum is constrained by #n,...,n, <|K|. Finally,
the third term collapses to n; =..=n,=0for t = 0, t = r. Thus, the terms with ¢ = 0, r are trivially finite and it is sufficient
to consider only the terms O < ¢ < r. For those, in the second term we relabel t — r — f and switch the two groups ny, ..., 1,
and n,y,....n,. As O(K — 1)+ 0(—K — 1) + 6 = 1, we end up with the relevant contribution

r—1 r
<> Z H‘2’;5]5[nl+~+n,]—[m+1+~+m+\K\]~0

Lseenst, €N s=1

= 2;( > z"": Ll Z HWnX Oyt tmy, LH Z ﬁ nglan,+1..+n,,L—|K:|’ (A13)

L=|K| "ny,..., n, €Ny s= Nyiqs.. .0, ENg s=t+1

|
where « := % and w, = +/1+ [Kn]z and m is the mass t =1 this is trivial; hence, in what follows, we consider

parameter. Using the abbreviation for 1 <t <r—-1,M >0, >2.
To this end, we use the basic estimate

13
SI(M) = Z er_pylén1+..+n,,M7 (A14) c 2 1=2¢
nyy...n, €Ny s=1 1—|—x220(1—|—|x|)2© |x|——m + 2m220,
l-c (I-c¢)
which for # = 1 just equals wj,, we have (A16)

S,(K) = m Z( > Z L)s,(L—|K|). (Al5)  Which holds for 0 < ¢ <1 We pick ¢ =} and thus
L=[K|

The idea is now to show that s,(M) decays at least as |[M|~? Wn ‘ (A7)

for some p > 1/2 no matter the value of ¢, for then the sum
over L converges and the sum over ¢ is anyway finite. For It follows:
|

M M—n,

s,(M) <2! Z[] + kny ]! Z 1+ kn,]™!

n;=0 n,=0
M—[n;+..4n,_3] M—[n+..4n,_5]
[+ &n, ]! Z (1t wm o J7' 1+ k(M = [y + oA m )] (A18)

n,_,=0 n,_1=0

To estimate the sum over n,_; we use the abbreviation [ = M — [n; + .. + n,_,] (which is defined to equal M when ¢ = 2),

nzl% +xn] 1 4+ k(1 = n)]™! [1+z<l}—1n21%([1+m]—'+[1+K(1_n) 1+KZZ + k]
ﬂj,d [HE[HK"] } [1+Z/ildk[l+/<n]‘1}
<Tem {”i/ a1+t
=1+2,d {H/O dk[1+f<k}“} :1+2;<1[1 + k(1 + xl)). (A19)

Consider now any 0 < p < 1 and note that z=:1+«[ > 1, then

<zP(1-p), i <zr. (A20)
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Thus, there exists a constant ¢; (depending on py, ) such that (A19) is bounded from above by ¢;[1 + «/]~” for any
0 < p; < 1. It follows that

M M—n,
M) <2 Y (14 xm ™D [T+ xmp]
n;=0 n,=0
M=[ni+..+n,4] M=[ni+..4+n,3]
S [txna™ Y kT4 k(M = [y + . n])] 7P (A21)
n,_3=0 n;_,=0

To estimate the sum over n,_, we use the abbreviation / = M — [n; + .. + n,_3| (which is defined to equal M when 7 = 3)
and use again 77! < z771 for z > 1 to find

, !
Z + kn|™ 1 + k(I — n)] P1<Z +xn| P11+ k(I —n)]™P <1 +«l]” IZ +xen] ™ [T+ k(l=n)] 7P
n=0 n=0 n=0

(A22)

For any two numbers a, b > 0 and p > 0, we have

[a+b]p_<a”[1+b/a]” Cle_<(2a)P a>b

< T <L 2P[aP + bP]. A23
B[l +a/bl? b>a g SVl o] (423)

Therefore, (A22) can be further estimated by

l [
2711 4 kl] ™7 Z{[1+z<n]—1’l+[1+K(l—n)}—1’l}:2'+1’1 +xl] 7Py (1 k]
n=0

2]+P1
I+ Kl P

21+P|

n +:<n—1’1] Tl [1+Z/:dk[1+xn}—m]

|
2:: {an;/ [+ &k]P ]
|

!
I+

1

21+m l 21+p
T 1+A dk[1 + k|~ } —W[I—I—K_l(l—pl)_l([l—l—ld]l_"l -1)]
< 21+p1 1 -1 -1 -
ST H _K(l - +x 1= p)™ 1+« Pl} (A24)

We choose p; so close to 1 that p, := 2p; — 1 still obeys 0 < p, < 1, which is the case for 1/2 < p; < 1. Then p, < p; so
that also [1 + kIt < [1 4 kI]772. Thus, there exists a constant ¢, (depending on py, k) such that (A24) is bounded from
above by ¢,[1 +«l]772 for any 1/2 < p; < 1 with p, =2p, — 1. It follows that

M M—n,
S[(M) S 2tClC2 Z[l +K”l]]_] Z [1 + an]_l...
n;=0 n,=0
M—[n+..4n,_s] M—[n;+..4n,_4]
Z [1+xn, ]! Z [+ kn, 3] 7 L+ k(M = [y + o+ ny5])] 7P (A25)
n,_4=0 n,_3=0
Comparing (A21) and (A25) we see that we can now iterate and define a sequence p, =2p,_1 — L,u=1,...,t—1 of

powers, provided we can keep them in the range 0 < p, < 1. The iteration is easily solved by

pu =201 py — (201 = 1), (A26)
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Pick p; = 1 =277 then

p, = 1-=241-T (A27)
which satisfies0 < p, < 1 foru=1,....,t = 1if T > . As
we have to perform 7 — 1 summations in s,(M), for the
choice T = r we have p,_; = 3/4 and find that for some
constant ¢, we have

s,(M) < ¢,[1 + kM| 734, (A28)
Correspondingly,
r—1 r
S/(K) <m’ [ . ( t>ctcr—t:|
X i ([1+xL][1 +&(L — |K|)]) 734 (A29)

Let ¥’ = min(1,x) so that 1 +«xM > /(1 + M), then for
some constant C,. ,,,

S.(K)<C,,, i (I+L)1+L-|K))>*<C, ¢ G)

L=|K]|

(A30)

where we introduced L — |K| =0,1,2,... as a new sum-
mation variable and estimated 1 + L + |K| > 1 + L so that
the Riemann zeta ((z) appears, which converges for
N (z) > 1 (this fact can, of course, also be proved elemen-
tarily using the above technique to estimate the sum by an
integral). Note that the bound (A30) is, in fact, independent
of K and can certainly be optimized if needed.

APPENDIX B: RENORMALIZATION TOOLS

More details on this appendix, in particular, the relation
to wavelet theory [16], can be found in [15].

We work on spacetimes diffeomorphic to R X ¢. In a first
step, the spatial D manifold ¢ is compactified to TP.
Therefore, all constructions that follow have to be done
directionwise for each copy of S'. On X := S', understood
as [0, 1) with end points identified, we consider the Hilbert
space L = L,([0, 1), dx) with orthonormal basis

e,(x)=e*" nez (B1)
with respect to the inner product
| I
(F,G), = / dxF(x)G(x). (B2)
0

Let O C N be the set of positive odd integers. We equip O
with a partial order, namely,

M/
M<M & —eN. (B3)

M
Note that this is not a linear order, i.e., not all elements of O
are in relation, but O is directed; that is, for each M, M’ € O
we find M” € O such that M, M’ < M", e.g., M" = MM’ .
For each M € O, called a resolution scale, we introduce the
subsets Ny, C Ny, Zy, C Z, X, C X of respective cardinal-
ity M defined by

Ny =40,1,....M -1},
M-1 M-1 M-—1
ZM - _—7 - 5 17 7— b
2 2 2

m
XM_{.xm _M,mENM} (B4)
It is easy to check that we have the lattice relation
The subspace Ly, C L is defined by

Ly =span({e,.n € Zy}). (B6)

On L,; we use the same inner product as on L, hence the
e,, n € Zy; provide an ONB for L,,. An alternative basis for
L, is defined by the functions

ax) =) en(x =),

neZy

(B7)

The motivation to introduce these functions is that, in
contrast to the plane waves e,, they are (1) spatially
concentrated at x = x¥ and (2) real valued. This makes
them useful for renormalization purposes. In addition, in
contrast to characteristic functions that have better spatial
location properties, they are smooth. This is a crucial
feature because quantum field theory involves products of
derivatives of the fields and derivatives of characteristic
functions yield ¢ distributions. More in general, renorm-
alization tools must make a compromise between locali-
zation and smoothness.
The functions y¥ are still orthogonal, but not orthonor-
mal,
<Z%I7)(%>LM = Mam.ﬁt' (BS)
We choose not to normalize them in order to minimize the
notational clutter in what follows. Let [;;, be the space of
square summable sequences fy = (fym)men, With M
members and inner product given by

1 -
(Fu9mh, = M Z S Mm G m- (B9)

me Ny,
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If we interpret fy,, = F(x}), then (B9) is a lattice
approximant of (F,G),. We define

Iyg: Iy = Lags (I - ) (%) = M (%), fan),

=S Fuar). (B10)
meNy
Its adjoint is defined by the requirement that
<17w ) FMng>ZM = <FM’IM : gM>LMa (B11)
which demonstrates
Iy Ly = Ly, (Iy - Fy)yy = <)(%FM>LM~ (B12)
One easily checks, using (BS), that
Ly Iy=1,.  {Iyalyd, = (<. (BI3)

which shows that L), [, are in 1-1 correspondence and
that 7,, is an isometry. Likewise,

We can consider /), also as a map I,;: [, - L with image
Ly and then (I3, .); = (., 1)), shows that I}, L — Iy
is given by the same formula (B12) with F € L, but now
Py i L — Ly, is an orthogonal projection

We have, explicitly,
1
(Pu- F)) = [ dyPule)F(). Pt
=) elx-y). (B16)

neZy

i.e., Py (x,y) is the M cutoff of the & distribution on X, i.e.,
modes |n| > Y=L are discarded.

Given a continuum function F €L, we call fy, = I}, -
Fely or Fyy = Py - F €Ly the discretization of F at
resolution M. In particular, if we have a Hamiltonian field
theory on X with conjugate pair of fields (®,II), i.e., the

nonvanishing Poisson brackets are

{I(x). @)} = 6x(x.y) = Y e,(x—y).  (B17)
nez
then their discretizations obey
{ﬂM,rm ¢M,rh} = M(Sm,rh’ {HM(X)’ q)M(y>}
Py (xy) = sin(Mz(x —y)) (B18)

sin(z(x —y)) -

The latter formula is known as the Dirichlet kernel.

Given a functional H[IT, @] of the continuum fields, we
define its discretization by

hM[”M’ ¢M] = HM[HMv ‘DM] = H[HMv ‘DM}

— (IygH) 7. ). (B19)
where [}, denotes the pullback by I,. That is, in the
continuum formula for H one substitutes IT — I,
® — @), in the formula for H upon which H is restricted
to I1,,, @y, i.e., Hy, is that restriction, and then uses the
identity I1y, = I, - mpy, @y = Iy - Py In order for this to
be well defined, it is important that 7, is sufficiently
smooth as H typically depends on derivatives of I1, ®@. This
is granted by our choice of I,,. In particular, as the
derivative d = % preserves each of the spaces L,, we
have a canonical discretization of the derivative defined by
Oy =1y - 01y, (B20)
which obeys oy, =1;,-0" -1y, because I, -1}, =Py
and [0, Py} = 0.
Concerning quantization, in the continuum we define the
Weyl algebra 2 generated by the Weyl elements
WIF] = e7F®), WI[G] = /(G (B21)
for real valued F, G € L (or a dense subspace thereof with
additional properties such as smoothness and rapid momen-
tum decrease of its Fourier modes (e,,, F),, (e,, G);). That
is, the nontrivial Weyl relations are

W[G|W[G] = W[G + G|
WI0] = 1,
W[F]* = W[-F],
W[G]* = W[-G] (B22)

Cyclic representations (p, H, ) of 2 with Q € H a cyclic
vector [i.e., D := p(A)H is dense] are generated from states
(positive, linear, normalized functionals) @ on 2 via the
GNS construction [24]. The correspondence is given by
o(A) = (2. p(A)Q)s. (B23)
We may proceed analogously with the discretized

objects. For each M we define the Weyl algebra 2,
generated by the Weyl elements

Wy[Fal = e Fu®u) = g [£)] = e~ mbudy

WM[GM] = e—i(GMHM)LM — WM[gM] — e_i<gM'ﬂM>1M’

(B24)
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where Fy =1y fy,Gy =1y gy are real valued.
Accordingly,

]
WulFulWulFyl = WylFy + Fiyl.
WulGulWu(Gyl = WylGy + Gyl
Wyl0] = Ly,
WylFul* = Wy[=Fyl,
WylGul" = Wy[-Gy] (B25)

and completely analogous for ¢y, 7, if we substitute lower
case letters for capital letters in (B25). For each M, we
define a state w,, on A, that gives rise to GNS data
(Par» Har, Q47) and the dense subspace Dy, = A, Q. Note
that 2, is a subalgebra of 2, for M < M’ and that 2, is a
subalgebra of 2. This follows from the identities

Wi [Fu] = Wy[Ful, Wy Fy] = W[Fy] (B26)
dueto Pyy - Py =Py, since Ly, C Lyp and Py, - Py, = Py,
respectively.

The sole reason for discretization is as follows: While
finding states on 2 is not difficult (e.g., Fock states), it is
tremendously difficult to find such states that allow one to
define nonlinear functionals of I1, ® such as Hamiltonians
densely on D due to UV singularities arising from the fact
that T, @ are promoted to operator-valued distributions
whose product is a priori ill defined. In the presence of the
UV cutoff M, this problem can be solved because, e.g.,
®@,,(x)? is perfectly well defined (® is smeared with the
smooth kernel P,,). Suppose then that 4,, or, equivalently,
H,, are somehow quantized on D,,. We denote these
quantizations by py;(hyy, car) or py(Hyy, car), Tespectively,
to emphasize that these operators are (1) densely defined on

|

w(Mk+1)(AM) :

(
k+1 k+1 k+1 k+1 k+1 k k k k k k k
(a2 o™ (g™ )os ™ Ba) Q™) = (ol (Aw) ) ol (Haw i) oig) (Bu) ).

where M': O — O is a fixed map with the property that
M'(M) > M,M'(M) # M. The first relation defines a new
state at the coarser resolution M as the restriction of the old
state at the finer resolution M'(M). This then defines also

new GNS data (p<Mk+l>, H(MH]), Q(Mk+l)) via the GNS con-
struction. The second relation defines the matrix elements
of an operator or quadratic form in that new representation
and with new quantization choices to be made at coarser
resolution in terms of the restriction of the matrix elements
of the old operator or quadratic form with old quantization
choices in the old representation at finer resolution. A fixed
point family (@}, p3(Huy,¢if))pmeo of the flow (B29)

P ()2, (2) correspond to the classical symbol Ay, of
H,,, respectively, and (3) depend on a set of choices c¢,, for
each M such as factor or normal ordering, etc. It is therefore
not at all clear whether the theories defined for each M, in
fact, descend from a continuum theory. By “descendance”
we mean that w,, is the restriction of @ to 2, and that
pu(Hy, cyy) is the restriction of p(H,c) to Dy as a
quadratic form (i.e., in the sense of matrix elements). In
formulas, this means

oy (Ay) = o(Ay),
(Pt (An))Lozs Py (H g CM)PM<BM)QM>HM

= (p(An)Q. p(H. c)p(Brr) Q). (B27)
for all M €O and all Ay, By, € Ay,. If they did, then we
obtain the following identities for M < M’:

wpr (Ay) = oy (Ay),
(Pm(Apt) 1, Py (Hoyg CM)PM(BM)QM>HM

= {par (Apt) Qs prr (Hogr s o )Py (BM)QM’>HM, . (B28)

called consistency conditions. This follows from the fact
that A,y := Ay, By :== By, can be considered as elements
of A, and then using (B27). With some additional work
[4], one can show that (B28) are necessary and sufficient
for w, p(H) to exist (at least as a quadratic form).

In CQFT [2], one proceeds as follows. One starts

with an ansatz of a family of discretized theories

(@47 94 (Hys, € )eo. That ansatz generically vio-

lates (B28). We now define a renormalization flow of

states and quantizations by defining the sequence
(@30 (s €3 Do for k€N, via
= Ojan) ()
M (M)\ M)
NS (B29)

|

solves (B28) at least for M" = M’(M) and all M and thus all
[M'|"(M),neN, and all M. This typically implies that
(B28) holds for all M" < M. In practice, we will work with
M (M) = 3M.

Note that for a general operator or quadratic form O
defined densely on D it is not true that we find an element
a€ such that p(a) = O (e.g., unbounded operators),
which is why the above statements cannot be made just in
terms of the states w. If one tried, one would need to use
sequences or nets a, € 2 whose limits lie outside of 2. On
the other hand, if one prefers to work with the Weyl
elements W, [F),] one may relate the spaces /,;, L, via the
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identities wy [fy] = Wiy [Ful. fu = Ly - Far The wy[far], war [f),] at resolution M, M’, respectively, can be related via
the “coarse graining” map Iy := Iy, - Lygs Ly — Ly such that wyy[Iypg - far] = wi[f ). This map obeys Iy, s, - Iy, m, =
Iy, for My <M, <Mj because the image of [y is Ly which is a subspace of Ly thus, Iy, - Ipym, =
Iy, Pagy Doty = Iy, - Iy, - Then Wi [Fy]l = wip [ Fyl = war [y - Iy - fia]l = war Iy - ] indeed. For the same
reason Wy, [Fy| = Wy [Fy] as Ly, is embedded in L,, by the identity map. The renormalization flow in terms of
Weyl elements wy,[f),] and the coarse graining map /), takes the form

oy ™ Wl fl) = @ War Ly fi))

k k k k k
(a1 Hy ™ ot ™) = O (g Pl Hogwar g Ful 2 ).

4 (B30)
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