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We study the equation of motion of the Euclidean Ishibashi-Kawai-Kitazawa-Tsuchiya matrix model, and
realize a new type of classical saddle that only exists in the N — oo limit. Under the assumption that the
matrices are the generators of 8o(n, m), we identify a unique solution, that is, 80(1, 3). Even though it has 6
generators and thus 6 nonzero matrices, they are not independent due to the 2 Casimir constraints in 80(1, 3).
Exploiting the Lie-algebraic structure and the Casimir constraints, we derive a four-dimensional space that a
test scalar propagates on. The associated metric possesses SU(2) isometry, which is closely related to the
Taub—Newman-Unti-Tamburino/Bolt geometry and may, more broadly, be related to black hole physics.
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I. INTRODUCTION

As a promising proposal toward a nonperturbative
formulation of type IIB superstring theory, the Ishibashi-
Kawai-Kitazawa-Tsuchiya (IKKT) matrix model [1,2] is
expected to describe nonperturbative objects such as a D3-
brane on which we live. In fact, this zero-dimensional
matrix model suggests a picture that four-dimensional
spacetime can emerge dynamically [3—6]. In addition, its
low energy effective theory is closely related to general
relativity and can be unitary [7].

There are other attempts to understand the IKKT matrix
model. A holographic dictionary between type IIB super-
gravity and the IKKT matrix model has been established
[8.9]. For the so-called polarized IKKT matrix model [10], in
which special deformations are added while preserving
maximal supersymmetry, there are similar discussions
[11-15]. For other types of deformations, various studies
have shown the emergence of four-dimensional near-realistic
spacetime, which has an Friedmann-Lemaitre—Robertson—
Walker metric [16—18] or even chiral fermions [19,20].

Among these various developments, from the viewpoint
of describing the real world in which we live, the original
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IKKT matrix model without mass deformations is the most
suitable for detailed analysis. This is because the IKKT
matrix model is derived either (1) by the large-N reduction
of ten-dimensional N =1 supersymmetric Yang-Mills
theory [21-23], or (2) by matrix regularization of the
Green-Schwarz action of type IIB superstring theory [1]
(for type IIA superstring theory, see also [24,25]), and in
both derivations no mass term is present.

However, for the massless theory, only a limited number of
classical solutions are currently known [1,26-28], let alone
solutions describing four-dimensional spacetime. Motivated
by this situation, we try to find a new saddle of the original
IKKT matrix model, which is defined in Euclidean signature.
More concretely, we examined whether configurations of the
form A, = M, constructed from the generators M, of
8o(n, m), satisfy the equations of motion (2). As a result, we
found that among these cases, 30(1, 3) is the only solution.
Furthermore, we analyzed what geometry emerges from such
a saddle. It turns out that the resulting geometry describes a
four-dimensional Euclidean spacetime with SU(2) isometry,
which bears a strong resemblance to the Taub—Newman-
Unti-Tamburino/Bolt geometry [29,30]. Since such a geom-
etry may be related to black hole physics, the 8o(1,3)
solution could provide the first example of this kind of
connection in the IKKT matrix model.

At the beginning of Sec. II, we briefly mention our setup,
and show the action and the equation of motion in the
IKKT matrix model. Then, we present a theorem stating
that, as long as the matrix size is finite, the solutions to
the equations of motion are restricted to diagonal
matrix configurations. This is not necessarily true for
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infinite-dimensional matrices, and several nontrivial non-
commutative matrix configurations are in fact known to
satisfy the equations of motion. This motivates us to
consider, in Sec. IIC, an ansatz in which the matrices
are infinite-dimensional. More specifically, they are gen-
erators of 80(n, m) with n, m > 1, which have only infinite-
dimensional unitary representations.l We find that, under
our ansatz, 8o(1, 3) is the only possibility. This forms a new
class of solutions of the massless model; see Sec. II B.
To analyse its emergent geometry, we consider a test scalar
matrix to find the effective metric in the semiclassical limit.
This procedure aligns with that in [31], and we provide the
details in Sec. III. Then, we conclude in Sec. IV.

II. CLASSICAL SADDLES OF THE EUCLIDEAN
BOSONIC IKKT MATRIX MODEL

In the Euclidean IKKT matrix model, the action of the
bosonic sector reads

1
SIKKT,B = - Z tr(éypéua [A”7 AD} [Ap7 AGD' (1)
Here, the matrices A# are Hermitian. The equation of
motion for A* is given by

SuplA", [A7, A%]] = 0, (2)

which can also be regarded as the equation of motion of
the full IKKT matrix model under the assumption that
the fermionic matrices are set to 0. Note that during the
derivation, we have assumed that the cyclic property of the
trace is always valid, and this is assumed throughout
this paper.

A. Necessity of infinite-dimensional A*

If the matrices A, are finite-dimensional, the solutions to
the equation of motion (2) are restricted to diagonal
matrices. This can be shown as follows: Starting with
(2), we multiply from the left by 6,,A" and take the trace,
which yields

0 = t(8,,4%5,,[A%, [A7, A°]))
= _tr((sﬂp(sva [A”’ AD] [A,D’ AGD
= tw((i[A,. A (i[A, A))). 3)
Since the A, are Hermitian matrices, the combination
i[Aﬂ,Ay] is also Hermitian; for each pair of u, v,
i[A,.A,] has real eigenvalues and thus tr(i[A,,A,])? is

non-negative. Hence, the last line of (3) can only vanish if
all eigenvalues of i [A”, A,] vanish for all 4, v, meaning that

'The algebra 80(n, m) is different from the spacetime Lorentz
symmetry in general.

the A# commute. This is essentially the same as the proof
given in Appendix A of [16].

It should be noted that this proof is valid only for finite-
dimensional A,. In fact, it is clear that the Heisenberg
algebra, which is defined by [X,Y] =72, [X,Z] =0 and
[Y,Z] =0, is a solution of (2). Moreover, some nilpotent
and solvable Lie algebras are solutions as well [27]. This
apparent contradiction originates from the fact that the trace
can be ill-defined for infinite-dimensional matrices. In all of
the examples above, the Hermitian A” realize the algebras
as their unitary representations, which are infinite dimen-
sional. Therefore, they do not fall within the scope of the
proof. What we consider in this study is precisely such
infinite-dimensional unitary representations.

B. Classification of the IKKT saddles

Before discussing our solution, we make a brief detour to
discuss the classification of the saddles that can occur in (2).

By simple observation, (2) contains three operations:
(a) the inner commutator, (b) the outer commutator and
(c) the summation over spacetime indices. To satisfy the
equation of motion (2), the expression can vanish at any one
of the steps, leading to three different categories of solutions.

The solutions mentioned previously fall either into (a) or
(b). In particular, the case where [X, Y] = 0 falls into (a),
while the cases of Heisenberg, solvable and nilpotent Lie
algebras are contained in (b). There is no known third class
of solution so far. In particular, the solution we found below
is the first known example of the class (c) in the IKKT
matrix model.

C. 30(n,m) solution

In general, it is difficult to control matrices of infinite
size. To make this possible, we consider a Lie algebra
ansatz for A#, which allows us to manipulate commutators
algebraically without specifying the representation a priori.
The size of matrices is then determined by specifying the
unitary representation of the chosen Lie algebra ansatz. In
particular, we are seeking matrices of infinite size that solve
(2). A convenient and physical choice is to consider the
case of the Lorentz algebra with signature (n, m). Since the
corresponding unitary representations are infinite-dimen-
sional when n, m > 1 [32], we expect that, if solutions
exist, n, m > 1 is required.

The convention we use to define the Lorentz algebra is as
follows

My M g] = =i(hgaMpe + hpeM gg — hoyeM g — hpgM )
(4)

where a,b=1,...,d with d=n+m, and h,, is the
signature matrix with n entries equal to +1 and m entries
equal to —1. Next, we assume that the A, have a one-to-one
correspondence with the generators M,, without any
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further linear combinations. That is, the dimension of

spacetime is aligned with that of the algebra, which is

d(d-1)
2

, and the explicit ansatz is written as

(Al,Az, ...,A@) = (M1, Moy, ... Mg_rya)). (5)

In terms of the generators of the Lorentz algebra, the
equation of motion (2) now reads

Z[Malw[Mavain =0. (6)

a.b
After applying (4) twice, we obtain

2(hy + hy;)(te(h) = hyy — hj;)M

ji 0 (7)

ij =
for all i,j =1, ...,d. The equality holds when one of the
following two situations is true:

() hi; = —hy;

The generators of the Lorentz algebra correspond to either
boosts or rotations.

For the case of boosts, we have one timelike index and
one spacelike index for i, j, namely, h;; = —h; j.2 Hence, the
boost generators automatically satisfy the equation of
motion.

On the other hand, the rotation generators do not satisfy
the first case and are restricted by the second one. Since i, j
can be both timelike or both spacelike for rotation gen-
erators, we have two equations

tr(h) = +2 8)
tr(h) = -2, (9)

where the first one is the equation for rotations in timelike
directions, while the second one is the equation for
rotations in spacelike directions. Obviously, we cannot
satisfy them simultaneously. Hence, the only possibility to
remove the contradiction is to have only one timelike or one
spacelike index, which means we only have to satisfy one
of them. Below, we consider the case of a single timelike
index, meaning we set 30(n, m) to 8o(1,m). That means
we only need to satisfy (9), which reads

l-m=-2 (10)

implying m = 3. Hence, we get 30(1, 3) generators as our
solution. By a similar calculation for the case of a single
spacelike index, we obtain 80(3,1). Overall, within our
ansatz with 8o(n, m), the only solution is 8o(1, 3).

’An index i is called timelike or spacelike, if h; = +1 or
h;; = —1, respectively. This terminology is not related to space-
time.

Unlike the case of 80(3), for which S? is naturally
interpreted as the emergent geometry, it is not intuitive to
argue for the emergent geometry of this 8o(1, 3) solution.
In fact, we cannot even argue that the emergent geometry
possesses SO(1,3) isometry, since the ambient metric is
Euclidean. Hence, in the following, we proceed to discuss
how a metric can emerge from this solution in the
Euclidean IKKT matrix model. We note that the use of
Lie-algebra generators to construct classical solutions in
IKKT-type matrix models was pioneered in [33,34], where
saddle points of the mass-deformed Lorentzian IKKT
matrix model were studied; in particular, the solutions of
[34] include those based on the SO(n, m) group.

III. EMERGENT GEOMETRY FROM THE 80(1,3)
MATRIX BACKGROUND

To obtain the geometric properties of the 8o(1,3)
background, we follow the approach of [31] and introduce
a test scalar matrix whose semiclassical equation of motion
allows us to read off the effective metric. In the following,
we provide a detailed derivation for the effective metric to
demonstrate how a nontrivial curved geometry emerges
from the 80(1,3) matrix configuration.

A. Poisson structure of 3o0(1,3)

In the semiclassical limit, we expect commutators to be
approximated by Poisson brackets and the matrices A* to
become position or embedding coordinates a*. Hence, it is
crucial to find the Poisson structure that realizes the
80(1,3) commutation relations, and the general form is
analyzed by Kirillov, Kostant, and Souriau (KKS) [35].

Concretely, we demand that the embedding coordinates
satisfy

{a", a"} = f* a’, (11)

where f*, are the structure constants of 8o(1,3). The
remaining task is to define a nondegenerate Poisson tensor
so that the Poisson bracket in (11) is well defined.

Naively, we have a Poisson tensor o = f** ,a” defined
on the six-dimensional embedding space. However, o is
degenerate due to the presence of the two Casimirs in
80(1,3). This degeneracy can be eliminated by fixing the
values of the Casimirs, thereby restricting us to a four-
dimensional subspace M,. Note that the detailed con-
struction of M, is explained in Sec. III B.

The Poisson bracket is thus understood as the induced
Poisson bracket on My, that is,

{F(s5),G(s)} m, = @ (5)9F(5)90G(s),  (12)
where s¢ are coordinates on M, (a = 1, ...,4), and 0™ is

the nondegenerate Poisson tensor, i.e., the inverse of
the symplectic two-form w,, on My,. In particular, the
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left-hand side of (11) is understood as
{a'(s), a"(s)} p, = @ (s)0.at (s)opa*(s). (13)
Equating it to the right-hand side of (11), we have
w?(s)0at (s)0pa*(s) = f*,a’ (s). (14)

Given the explicit embedding (see Sec. III B), (14) deter-
mines the nondegenerate Poisson tensor w® on M,.

B. Construction of M,

In the 80(1,3) algebra, we have two Casimirs

3
Ci=> X-v1?, (15)
i=1
3
C =) XY, (16)
i=1

where X; and Y; are boostlike and rotationlike generators of
SO(1,3). In the semiclassical limit, these matrices (as a
unitary representation of 8o(1,3)) become embedding
coordinates x; and y;, respectively; the Casimirs become
constraints that define the four-dimensional surface M,
where the induced Poisson bracket lives. Concretely, M, is
obtained for fixed values of (C;, C,) by the constraints

3
G = lez - i
i=1
3
G = inyi' (17)
i=1

Note that these two quantities are the familiar invariants in
electrodynamics, that is, E> — B and E - B.

The parametrization of M, can be obtained straightfor-
wardly by exploiting the symmetry of the constraints. First,
since both constraints are invariant under simultaneous
rotations of both x; and y;, we can separate two coordinates
(out of four) that parametrize an S>. Next, there is an
additional S' symmetry, that is, the rotation of y; about x;.
Then, our chart takes the following explicit form.

First, we introduce the local coordinates s (a = 1, ...,4)
on M,. Explicitly, we have

st = (r.0,9.5), (18)

where r € [r,, 00) with r, being the lower bound that will be
made explicit below, (6, @) parametrize an S?, and yx
parametrizes an S'. The chart is then given by

X =/C, + r’i,

(&) . 5 ¢
y:\/ﬁu—k r —mw, (19)
where
it = (sin@cos @, sin@sin @, cos ),
W = cos y&; + sinyé,, (20)
and
¢, = (cosfcos ¢, cosfsin @, —sin ),
&, = (—sing,cos @, 0). (21)
In this chart, the boundary is at \/r2 - CICErZ = 0, which
gives

_ 2 4 2
r*:\/C1+V§1+C2>o. (22)

By construction, i, &;, &, form an orthonormal frame on S2,
and W is a unit vector orthogonal to .

C. Test scalar and effective metric on M,

Following the strategy of [31], we extract the emergent
geometry associated with the 8o(1,3) background by
introducing a test scalar matrix @ in the adjoint represen-
tation. Concretely, we add

So = %tr(éw[A”, ®[AY, D)) (23)

to the bosonic action (1). The equation of motion for
D is

8, A%, [A¥, @] = 0. (24)

In the semiclassical limit, commutators are replaced by i
times the Poisson brackets on My, as defined in (13). Also,
the matrix A* is mapped to the embedding function a* of
M, as determined by the semiclassical limit of (17); the
matrix @ corresponds to a scalar field ¢y that propagates on
M,. Hence, the semiclassical limit of (24) is

—Ou{d(s),{a"(s), #(s)} s, I, =0 (25)

Expanding the left-hand side in local coordinates yields a
second-order differential equation on M, of the form

G (5)0,05(s) + ... = 0, (26)

where the ellipsis denotes terms with at most one derivative
of ¢. The tensor G () hence defines the effective inverse
metric on which ¢(s) propagates.

026021-4



NEW TYPE OF SADDLE IN THE EUCLIDEAN IKKT MATRIX ...

PHYS. REV. D 114, 026021 (2026)

Cy +1?

Gqp ~ diag(co, 1,m,

0)

]Rp X Sssquash
~ Cyclinder
Nothing within

—Cy + c{ +4C3

2

H 1
Radius of Sy

r<r,=

FIG. 1.

Geometry of the effective metric (29). Here, we
emphasize the relation between the radius in the y direction
and r, so each point in the plot represents an quuash parametrized

by 6, @. Note that one can easily check that the curvature is finite
everywhere.

To make the structure of this emergent geometry explicit,
it is convenient to use the SU(2) left-invariant one-forms ¢’
(i=1,2,3) to express G, (the matrix inverse of G).
They are defined as

o' = cos ydf + siny sin Odg,

6% = sin yd6 — cos y sin Odg,

o® = dy + cos Ode, (27)

and we also define the shifted one-forms

5l =o'l + Cor dr,
(Cr+ )/ +CP=C
C
& =0 - 2 2, (28)

O
NCESr==re:
In the basis (dr, &', 6%,5), G, takes a diagonal form,

(7 B(r)
Gap = diag <A(r) O ’B(r)C(r)>’ (29)

where
Alr)=r*+Cr? - C3, (30)
B(r) = C, + r?, (31)
C(r)=C, +2r%. (32)

Since the effective metric G, (29) only depends on r, G,
has manifest SU(2) isometry.

There are two asymptotic regions that are useful to
understand the geometry. First, in the limit » — oo, the
metric becomes

1 11
limG,, = di —,1,=,=), 33
ringolo ab 1ag <r2 P 2 2) ( )

which, upon taking p =logr, describes R, X quuash;
hence, it is asymptotically cylindrical. Second, as we
approach the boundary r = r,, the radius of the dy? part
of the metric shrinks to zero, which makes the metric

singular. More specifically, the metric becomes

. . Cl + r*z
}LI%Gab = dlag <00, 1,@,0) (34)

with finite curvatures. We summarize these features
in Fig. 1.

IV. CONCLUSION AND OUTLOOK

In this letter, we have discussed an unexpected and
interesting solution of the Euclidean IKKT matrix model,
namely the 80(1,3) solution. It forms a new class of
solutions in the theory, since it satisfies the equation of
motion (2) only after the summation is performed, see
Sec. II B.

To read off the effective metric of the 8o0(1,3) back-
ground, we introduce a test scalar matrix as in [31] to
identify how it propagates in the semiclassical limit. The
resulting geometry is four-dimensional, since the Lie
algebra 80(1,3) has six generators and two Casimir
constraints. Furthermore, such a geometry, described in
Fig. 1, has SU(2) isometry, which is closely related to the
Taub—Newman-Unti-Tamburino/Bolt geometry and thus
could be related to black hole physics.

In the following, we discuss several unresolved issues in
the present study, as well as possible directions for future
research, from various perspectives.

(i) Effective metric We used the KKS form to read off the
effective metric as in [31], but this is not the only possible
approach. For example, there are approaches that attempt to
extract geometry by interpreting the matrices as covariant-
derivative operators [36,37], as well as an approach that
defines a metric by utilizing block-diagonal configurations
of matrices [38]. It is not yet clear how such differences in
the extraction procedure affect the resulting effective
metric, and further investigation will be required.

(ii) Stability of the saddle All analyses in this paper are
based on tree-level calculations; however, the stability of
the saddle should be discussed with quantum effects taken
into account. According to [39], as long as the emergent
spacetime has dimension at most four, the fermionic sector
of the IKKT matrix model ensures that no one-loop
divergences arise. Therefore, we expect that this saddle
is stable at the one-loop level.

(iii) Numerical computations Beyond the one-loop
analysis around the 80(1,3) saddle, understanding how
dominant this configuration is within the full matrix
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integral will require summing over the contributions of the
infinitely many other saddles as well. Such calculations will
in practice require numerical analysis, for which methods
such as the generalized Lefschetz-thimble approach
[40,41], the complex Langevin method [42,43] as in
[4,44], or the bootstrap method [45,46] may be useful.

(iv) Relation to holography For the massless IKKT
matrix model, the holographic dictionary was put forward
in [8,9]. Since our 80(1,3) saddle is an exact solution of
this model, it is expected that the corresponding super-
gravity solution can be constructed by invoking the holo-
graphic principle.

At the same time, the 30(1,3) generators cannot be a
solution of the polarized IKKT matrix model, even in the
large-N limit. In [11,14], the authors calculated the parti-
tion function of the polarized IKKT matrix model.
Furthermore, a conjecture to define the IKKT matrix model
through the massless limit of the polarized counterpart has
been made in [14], where they proved it for N =2, 3.
However, as we have demonstrated in this work, there can
be nontrivial saddles in the N — oo limit, which may alter
the calculation in their work.

(v) Lorentzian vs. Euclidean Throughout this study, we
have consistently worked with the Euclidean IKKT matrix
model and obtained emergent geometries with Euclidean
signature. On the other hand, obtaining Lorentzian geom-
etries may require starting from the Lorentzian IKKT
matrix model. Although the definition of the Lorentzian
IKKT matrix model had long remained ambiguous, a
proposal for defining the theory was recently put forward
[47]. Furthermore, the corresponding numerical studies

appear to suggest the emergence of (1 4+ 3)-dimensional
spacetime [48-50]. In particular, recent complex
Langevin simulations of the Lorentzian model with a
supersymmetry-inspired deformation, analogous to the
one used to define the polarized IKKT matrix model in
the Euclidean case, exhibit a phase in which a (1 + 3)-
dimensional expanding spacetime emerges with both
space and time being smooth and real [50]. On the other
hand, it is not yet understood whether these results persist
in the undeformed massless limit, nor how the Euclidean
and Lorentzian formulations are precisely related to each
other—for instance, whether saddles of the Euclidean
model, such as the one found in this work, have
Lorentzian counterparts. Further investigation is neces-
sary to clarify how realistic (1 4 3)-dimensional space-
time can emerge.
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