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What can be measured by an observer in a cosmological universe? We address this question by
constructing an algebra of gravitationally dressed observables accessible to a comoving observer in
Friedmann-Lemaitre-Robertson-Walker spacetimes that are asymptotically de Sitter in the past, describing
an inflationary epoch. The key feature of this model, compared to previous work, is that it captures the time
dependence of an expanding cosmology. An essential quantized degree of freedom is the zero mode of the
inflaton, which leads to fluctuations in the effective cosmological constant during inflation and prevents the
existence of a maximum entropy state in the semiclassical limit. Because of the inaccessibility of
measurements beyond our cosmological horizon, we demonstrate that all states are mixed with well-
defined von Neumann entropy (up to a state-independent constant). For semiclassical states, the von
Neumann entropy corresponds to the generalized entropy of the observer’s causal diamond, a fine-grained
quantity that is sensitive to the initial conditions of the Universe.
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I. INTRODUCTION

Our Universe is, to a very good approximation, well
described by a spatially homogeneous and isotropic space-
time [1]. Indeed, the ACDM model of cosmology success-
fully accounts for structure formation [2], the abundance of
light elements [3], and cosmic acceleration [4,5], as well as
the statistical properties of the cosmic microwave back-
ground seeded from inflation [6,7]. The cosmological

ansatz of isotropy and homogeneity leads to the
Friedmann-Lemaitre-Robertson-Walker (FLRW) space-
times with metric

ds* = —d* + a(t)*(dr* + r?dQ?), (1)

where a(r) is the dimensionless scale factor.

We are cosmological observers, traveling approximately
on a geodesic through a continuously evolving spacetime.
In principle, we are able to measure all quantum field
observables along our timelike worldline y (see Fig. 1). For
observers in Minkowski spacetime, the ability to make all
measurements along an infinitely extended worldline
implies the ability to measure the global wave function
of the Universe [8—10]. However, the positivity of the
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cosmological constant in our Universe implies that we
experience a cosmological horizon H™, beyond which we
cannot, even in principle, make measurements. This
uncertainty in our knowledge of the Universe can be
quantified by an entropy. It is, therefore, fundamental to
ask, what is the class of observables that we can measure
along our worldline and what is the associated entropy? In
this paper, we address this question in the context of
semiclassical quantum gravity by constructing an explicit
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FIG. 1. The Penrose diagram for FLRW spacetimes that model
our Universe seeded from inflation. & is the domain of
dependence for the observer y, H™ is the future horizon of y,
Hy is the past horizon, and X is a Cauchy surface for 2.
We display only the portion of the (asymptotically) de Sitter
diagram relevant to the observer; the remainder is causally
inaccessible to y.
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algebra of gravitationally dressed observables localized to
the observable Universe, ¥, and demonstrate that the
entropy is given by a finite “generalized entropy,” consist-
ing of the sum of the area of the cosmological horizon (in
Planck units with 7 = kg = ¢ = 1) during inflation and the
von Neumann entropy of quantum fields

Area(0X)

o S(®). )

S observer —

This formula is consistent with general expectations
regarding entropy in quantum gravity [11], though it
has yet to be derived from first principles for cosmological
spacetimes.

We take a bottom-up approach, quantizing the gravita-
tional fluctuations, matter fields, and a simple model of the
observer in perturbation theory. In quantum gravity, there
are nontrivial constraints between the metric and matter
fields due to Einstein’s equations. By imposing these
constraints, we obtain an algebra of gravitationally dressed
observables in Z with a novel structure. Unlike nongravita-
tional quantum field theory algebras where traces do not
exist and von Neumann entropies diverge (see, e.g., [12] for
areview), the algebra of gravitationally dressed observables
that we obtain has a well-defined trace and associated finite
von Neumann entropies. Our construction generalizes
recent developments on the algebra of observables that
emerge in semiclassical quantum gravity [13-18]. In
particular, our analysis clarifies the algebraic structure of
quantum gravitational observables in general backgrounds.
The novel ingredient is the quantization of a “zero mode”
that labels a continuous family of solutions to Einstein’s
equations (e.g., the amplitude of a gravitating electromag-
netic wave [18] or the mass of a black hole [15,17]). In
cosmological spacetimes, we find that this zero mode is
straightforwardly understood as fluctuations in the value of
the inflaton field at the beginning of inflation, which is
directly related to fluctuations in the effective cosmological
constant.

We emphasize that our aim is not to model our Universe
in all of its complexity but to extend the algebra-of-
observables framework from the static, exactly de Sitter
backgrounds studied previously [14] to a genuinely time-
dependent cosmology. The time independence of the de
Sitter background, a globally timelike Killing field in R
and a static horizon, was central to that analyses. Time
dependence is the defining feature of any realistic cosmol-
ogy, and overcoming the technical obstacles it presents is
both the principal advance and the physical motivation of
this work. Accordingly, our results should be understood as
a step toward describing observables and entropy in
cosmologies more like our own and not as a literal
model of it.

II. SETUP AND CLASSICAL BACKGROUND

To give a complete description of the Universe accessible
to the observer, we should consider all cosmologically
relevant degrees of freedom including the standard model,
the inflaton, and dark matter. However, as we will see, the
essential features of the algebra of observables can be
obtained in a minimal cosmological model composed of
only the metric g,,, the inflaton ¢, and an observer with
energy & Incorporating other degrees of freedom is
straightforward and is detailed in the Appendixes A and
B. Thus, the model we consider is governed by equations of
motion

Gap + Agap, = 87GNT 4, (3)
Oy =04 V(¢). (4)
u'V,r = -1, u’V,e =0, (5)

where 7 is the proper time of the observer, A is a
cosmological constant, V is the potential of the inflaton,
u“ is the unit-normalized tangent vector to y, V, is the
covariant derivative, and 0, = ¢**V,V,. The first equation
in (5) is manifestly reparametrization invariant, and the
second equation states that the energy is constant along the
observer worldline. The stress-energy tensor 7'y, on the
right-hand side of (3) is given by the sum of the inflaton
stress energy

g 1
18 = 9.0V~ 4 (5V0VD V@) (6)
and the observer stress energy
TEfb) = eu,uyb,, (7)

where 6, is a delta function along the worldline.

We now define our classical background, by solving
(3)—(5) at leading order as Gy — 0. As in the semiclassical
treatments of de Sitter and black-hole horizons [14,15,17],
this limit is the controlled expansion in which the observ-
er’s algebra and its trace are defined. Of course, in our
Universe, Gy is finite, which has observable consequences
that cannot be fully captured in this model. This provides
the background value of fields, whose fluctuations will
subsequently be quantized. During inflation, the Universe
was approximately de Sitter, so we will restrict to back-
ground FLRW metrics g,;, that are asymptotically de Sitter
in the far past [i.e., a(f) — o' as t - —oo], where H| is
the Hubble parameter. In this model, we will be agnostic to
the physics prior to inflation such as, e.g., the details of the
big bang; such asymptotically de Sitter spacetimes are past
incomplete [19]. We adopt this infinite inflationary past
only as an idealization that fixes the initial data and the
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FIG. 2. Sketch of an inflaton potential with slow-roll region
(shaded in gray).

distinguished state on H~. Under the cosmological ansatz,
the background inflaton field ¢ depends on only time, so
the background stress energy is

1 = 01 = (-3 0B V@)

where ¢, = V,t. We note that any slowly rolling solution ¢
lie, ¢ satisfying (0,)> < V()] acts as an effective
cosmological constant in Einstein’s equations. We assume
the potential to behave as

A
= 294 vig+0(\/Gy)  (earlytimes)  (9)
87Z'GN

Vig)
as ¢ — —oo. Here, V' is a constant parameter which
determines the slope of the potential (see Fig. 2). In this
regime, this ensures that both slow-roll parameters, € ~
(0,V/V)?/Gy and 5y ~ 93V /(GNV), are suppressed by Gy.
This yields the early time Hubble parameter

A+A
Hy= ,/%. (10)

The observer energy is naturally O(GY) and so does not
backreact in the semiclassical limit. Thus, the observer’s
worldline is a geodesic on g,;,, u® = t“, and the observer
proper time is the FLRW time (i.e., 7 = 7).

The Klein-Gordon equation (4) then becomes

07+ 3Ho0,p = =0,V (). (11)
which, indeed, admits slow-roll solutions’

'Whether ¢ has a limit as Gyt — —oo depends on the details of
the potential at large negative values of ¢. The future evolution of
the background is also potential dependent, with some choices
leading to reheating occurring in O(GY,) time, while others result
in a time that inversely scales with Gy.

/

" 3H,

P(t) ~ t+¢(0) (early times). (12)

We note that our analysis is unaffected by the complicated
details of reheating [20], and our results depend only on the
early time behavior of ¢ given by (12).

ITII. QUANTUM FLUCTUATIONS AND
THE ZERO MODE

With a classical background in hand, we can now
analyze quantum fluctuations. We will focus on the
quantization of scalar fluctuations in spatially flat gauge.
The quantization of (decoupled) linearized gravitons
can be straightforwardly included and is treated in the
Appendixes A and B to avoid repetition. Their inclusion—
along with any other matter fields—does not affect our
main points in any significant way.

We consider small fluctuations d¢p about the spatially
homogeneous classical solution ¢, i.e., [21]

h(x. 1) = (1) + 6 (x, 1), (13)

where we work in spatially flat gauge. The sense in which
these are “small” is that they are quantum fluctuations with
typical size O(A'/?H,) in one Hubble time [22-24], which
is much smaller than the field distance traveled by the
background of O(V’/H3). This is directly related to setting
conditions such that eternal inflation does not occur [25].
We can, thus, treat § formally as an #'/2 expansion. The
perturbation obeys

O6(x.1) = V' (§)3p (x. 1), (14)

where [J; is the wave operator on g,,. By (9), V" — 0 as
t — —oo and so d¢ satisfies a massless, minimally coupled
wave equation at asymptotically early times.

We now quantize ¢ on an FLRW background. In the
algebraic approach, the quantum observables form an
algebra <7, which is generated by the (smeared) Klein-
Gordon field 6¢h acting on a Hilbert space that is associated
to a chosen vacuum which we will specify shortly (see, e.g.,
[26,27] for more details). Since the quantum field satisfies
well-posed equations of motion, we may quantize the
field in terms of the algebra 7y~ of “initial data” on
any Cauchy surface. The standard quantization of the
inflaton perturbation and its conjugate momentum is
usually done on any ¢ = const Cauchy surface. It is
convenient for us to instead perform the equivalent quan-
tization on the past null boundary corresponding to the past
horizon H~ = H; U Hg, which is a Cauchy surface for the
spacetime. Choosing coordinates (U, x*) on H~, where U
is the retarded time U := ¢ — r and x* are arbitrary angular
coordinates, then 8¢y~ = ®(U,x*) corresponds to the
value of the scalar field on ™. The initial data on H~ are
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endowed with a symplectic structure with (conserved)
symplectic form, which on H~ takes the form

1
Q- (@), @) = E/H_ dUdQ, [@0y D, — D0y Dy]. (15)

On H~ the conjugate momentum to @ is
IT:= 0,. (16)

We will first consider the quantization of initial data on H~
which decays as U — £o0. These initial data correspond to
the set of modes that fully “fall through” the past horizon
and can be entirely expressed in terms of I1. This condition
excludes any zero modes, which shall be treated separately.
The standard bulk canonical commutation relations
restricted to the horizon are

[M(x,), M(xy)] = i6'(Uy, Us)ds (xf, x9)1,  (17)

where Il € o753, x€H™, and S is the delta function on

the two-sphere. The algebra .73~ admits a distinguished,

translation-invariant quantum state Qpp (the “Bunch-

Davies state™) [28-32] on H~ corresponding to a

Gaussian state with vanishing one-point function and
. . . 3

two-point function given by~ [33]

2 aultod)
ﬂ'(Ul - U2 - i0+)2 )

(Qpp [T (x ) )TI(x2)[Qpp) = — (18)
Given the vacuum Qgp, a Fock space, which we denote by
Z, may be constructed.

To obtain the initial data for the state restricted to &, we
choose coordinates (u,x?) where U = —e~fo", These
coordinates cover the region U < 0, which we denote as
Hg. If I(w, x*) is the Fourier transform of I (u, x*) with
respect to u, it is straightforward to show that the two-point
function restricted to Hj can be expressed in Fourier
space as

2w,6 Seo (XA XA
<H(w1»x?)n(a)2,x§‘)>g :70)1 (wl,a)z) SZ(Xl, 2)
BD pu For _ |

(19)

where # = 2z/H,. Thus, Qgp is thermal and satisfies the
Kubo-Martin—Schwinger (KMS) condition with respect to
translations in u.

The above quantization neglected any zero modes in the
initial data which correspond to solutions of the form

2Stn'ctly, “Bunch-Davies” refers to the de Sitter—invariant
vacuum on exact de Sitter spacetime; we use the term for the
translation-invariant state on H~, which reduces to it in the exact
de Sitter limit. A rigorous construction in the asymptotically de
Sitter setting is given in [28].

This state yields the (nearly) scale-free spectrum of density
perturbations predicted by inflation.

S¢ho (1) that satisfy

07¢po + 3HO,5pg = V" ()¢ H:=9d,a/a. (20)
In the asymptotic past V” vanishes and the only4 solution to
(20) which satisfies the slow-roll conditions at early times
is a mode which asymptotically approaches a constant on
H~. Different constant modes g := 8¢y~ correspond to
different values of the scalar during inflation and are a
physical mode that must be quantized. The constant mode
has a nontrivial symplectic product with any (nondecaying)
solution ®,, whose integral

p= / dUdQ,0, D, (1)
"

is nonvanishing [i.e., Q- (q,CI)p) #0 if g, p#0]. On
phase space, the charge p generates a unit shift in the zero
mode 6¢ — 6¢p + 6¢pg, where  Spgly- =1 [34-36].
Quantization of this extended space of solutions has been
extensively studied in the literature and is analogous to the
“infrared representations” one encounters when dealing
with massless fields in flat spacetimes, e.g., [35—40]. Here,
we summarize the basic results as they pertain to the
quantization of the zero mode. The Fock space %
constructed above corresponds to decaying solutions,
and all states in % have vanishing p [35]. A (unitarily
inequivalent) Fock space .%, of nonvanishing p can be
obtained by shifting the operator Il — Il + d;,®,1 for a
®, with p #0. The unique representation that has an
action of p and its conjugate is the direct integral

H = %:B dp7,,  (wpw(p)) =6p-p). (22)

A state |y ) €/ is defined by specifying |y(p)) € 7,
together with a square-integrable wave function g(p) on R.
The operator p acts as a multiplication operator which shifts
the conjugate zero mode ¢ := i(d/dp) by a constant and
satisfies [¢,p] = i1. We note that the vacuum |Qpp) € .7,
has a uniform distribution in the zero mode ¢ and is
therefore non-normalizable, which has been previously
noted by, e.g., [41-45].

Finally, we canonically quantize the observer’s energy

[e,7] = i1, (23)

which is represented on L?(R). Following [14], we impose
that the observer has energy greater than its rest mass m.
This can be straightforwardly achieved by conjugating all
physical operators on L?(R) by P, which projects onto the
subspace with € > m.

“There also exists another linearly independent solution which
exponentially diverges in the past and thus is not slowly rolling.
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A. Gravitational charges and constraints

Matter and geometry are intrinsically coupled through
Einstein’s equations, which involve constraints; therefore,
the physical Hilbert space and algebra of observables are
the subspaces which satisfy these constraints.

The gravitational charge, on a constant U cross section
Sy of H~, associated to any diffeomorphism &“ which
agrees with u translation when restricted to the horizon, i.e.,
&y = (9/0u)?, is given by [46-48]

QU,§ - AU - / dSUH, (24)
Sy

where 6 is the expansion, Ay, is the area of Sy, and dS is the
induced measure on Sy;. We denote the U — £oo limits of
the charge as Q. . The first-order perturbed stress energy is
given by

STy = 261,V 1) — gup(P1<V 5 + V' (B)Sh),  (25)

where ¢ = d,¢p. We note that the first-order energy flux
O0Tyy through H~ vanishes, since it is the limit of
ST ypt°t? o g pt“t? to H~, where #* is null. Therefore, by
Raychauduri’s equation, the modes that fall through the
horizon do not affect the horizon area at this order.
However, the fluctuations of the zero mode result in order
O(G\V'q) fluctuations of the effective cosmological con-
stant which, in turn, yield stationary fluctuations of the
first-order area [49]

9671'2GNV/ . SHGN q

o =60_ = =
0 =20- (A4 Agr)? =" 0

(26)

At second order, the observer energy reduces the “incom-
ing” area and is, therefore, identified with the second-order
perturbed charge at the quantum level [14,17]:

877.'GN
——E&.

50 =
Y H,

(27)
The energy flux through H~, 8Tyl = :1:, is non-
vanishing at second order, and integrating Raychauduri’s

equation on A~ yields a nontrivial second-order constraint
[46,48]

87TGN

Hy

52Q+ - 52Q_ - SﬂGN/ dUszU&zTUU = - F57
H-

(28)

where F generates infinitesimal translations in u. The zero

mode does not contribute at this order, because V" (¢) — 0
as t —» —oo.

IV. CROSSED PRODUCT ALGEBRA AND
GENERALIZED ENTROPY

We are now in a position to consider the algebra of
dressed observables associated to the observer, i.e., those
accessible to the observer and commuting with the gravi-
tational constraints. The observer has access to the quantum
fields and the charges located in %. The first-order
constraint, (26), tells us that 6Q_ is identified with the
zero mode (and 6Q. ), while the second-order constraint
(27) identifies 5°Q_ and . We are not yet done, because
50 . is spacelike separated to Z; however, 6¢p does not
commute with §*Q, due to the second-order constraint
(28). The subalgebra of operators in & that satisfy the
constraints is

A gross = P {e" T 5l g e}'P. (29)

where the prime is the commutant, i.e., the set of bounded
operators on the Hilbert space that commute with the
algebra. To make the algebra a so-called von Neumann
algebra, we took the commutant twice. The reason to use
von Neumann algebras is that they enable us to compute
von Neumann entropy. We will only introduce the essential
elements of von Neumann algebra theory (see, e.g., Sec. 3.2
of [17] or [12,50] for more details).

This algebra has an interesting structure. The first thing
to note is that it has a center; § commutes with all other
elements. The second important feature is that the algebra
has the structure of a crossed product, o =
(2 ,) @ /5. Since there exists a state on the

quantum field theory (QFT) operators that is thermal with
respect to time translations by Fg, (19), a theorem of
Takesaki [51] tells us that the algebra is type II,. The
reason this is important is that type II algebras—unlike the
type III algebras that arise in nongravitational QFT—admit
traces. Namely,

Tr(a) = (Qpp. 0|00 a|Qpyp, 0,) (30)

is a trace for @€ .4/, where |0.) is the (improper)
eigenstate of 7 with zero eigenvalue [13]. That the algebra
is type I, rather than type II; means that the trace of the
identity is infinite. Because of the center, the trace is unique
only up to functions of . As we will see, the specific choice
of (30) will imply that the von Neumann entropy of any
semiclassical state is the generalized entropy. We expect
that working to higher orders in perturbation theory will
render the trace unique and equivalent to (30) up to the
standard, constant multiplicative ambiguity present in any
type I, algebra.

With a trace, we can define density matrices and von
Neumann entropies for states via the defining relations

S (py) = =Trpylogpy. (31)
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Taking |¥) = [def(e)|w,)|e), the density matrix is given
by [14,16]

pw = fle)e eI NG 1 e Fif(e),  (32)

= g ;
oly = Sw‘wsm\y/ 18
the relative modular operator, which is defined in terms of

the relative Tomita operator which satisfies [52]

where, for any two states w,y € 7, A

Supalw) =d'lo) ¥V aed. (33)
Assuming f is slowly varying in its argument, the von
Neumann entropy is then [14,53]

2

SVN()O‘I’) = 77 <q - £>‘}’ - Srel(l//g"Q'BD) + Sf’ (34)
H,

where the first term is the change in entropy due to the
O(Gy) change of area of the horizon, the second term is the
relative entropy, Sy == —(@|log A, |®), of the quantum
fields, and the final term is the Shannon entropy of the
probability distribution [f|>. All terms are finite. The
ultraviolet finiteness is structural, reflecting the type II
(rather than type III) nature of the dressed algebra: The
potentially divergent contribution enters (34) only through
the relative entropy S, a difference of two states on the
same algebra and, hence, finite. There remains no upper
bound on the entropy, however, because § is R valued, a
manifestation of the type Il nature of the algebra. One
may heuristically rewrite the relative entropy term such
that the right-hand side of (34) takes the more familiar form
of the generalized entropy associated to the comoving
observer (2) up to a state-independent constant [15,17,54].
Interestingly, this entropy has been recently given a
(relative) state-counting interpretation [55].

V. DISCUSSION

In this paper, we have constructed the algebra of
observables for an observer in a universe like our own,
assuming an initial period of inflation driven by a scalar
field. For the sake of clarity, we described a simplified
model consisting only of the metric, inflaton, and observer,
though all of our conclusions fully generalize to interacting
fields, such as the full field content of the standard model
(see Appendixes A and B for details). We found that, due to
the presence of the cosmological horizon, the observer has
an entropy equaling the generalized entropy of their causal
diamond 2, which is sensitive to the area of the horizon
and initial conditions of the field content at the beginning of
inflation.

We reiterate that this model is not a literal description of
our Universe. The semiclassical (G — 0) limit, the spe-
cific linear form of the inflaton potential, and the asymp-
totically de Sitter infinite past are idealizations. What

distinguishes our analysis, and what we regard as its
principal contribution, is that it applies to a time-dependent
cosmological background rather than a static one. We view
this as an essential step in extending the study of observ-
ables and entropy from maximally symmetric toy models
toward realistic, evolving cosmologies.

Our analysis of FLRW spacetimes is suggestive that, for
all spacetimes with horizons, the algebra associated to an
observer is type II. In the exceptional case of empty de
Sitter without a dynamical cosmological constant, the
algebra is type II; [14] and there exists a state of maximum
entropy, but, in all other cases, we believe it is reasonable to
hypothesize that the algebra is type I, and the entropy is
unbounded, as discussed in [18] and demonstrated in [17]
and the present paper.

It is interesting to speculate if and how the story is
modified when working to higher orders in gravitational
perturbation theory and eventually nonperturbative physics.
In perturbation theory, we expect that the resulting gauge
invariant algebras will remain type I, but will not have a
center, rendering the trace unique. We hope this will lead to
a better understanding of cosmological observables.

Note added. The submission of this paper to arXiv has been
coordinated with the submission of [56], which considers
the algebra of observables in a spacetime where (9) holds
for all times, such that inflation is eternal and the back-
ground is exact de Sitter. In this special case, one can
construct dressed observables by using the full rolling field
as a “clock.”
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APPENDIX A: RELATION TO EXISTING
LITERATURE

Here, we briefly comment on papers with some relation
to this work (see also [57-59]).

(1) [14]. In this work, the algebra of gravitationally
dressed observables is constructed for pure de Sitter
space. The background is sourced by a nonfluctuat-
ing cosmological constant, so there is no zero mode
and the algebra is type II;. If one were to quantize
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the zero mode of a scalar field in this background,
the energy due to fluctuations of this mode would be
O(V"g?). For any stable field theory, V" > 0, so the
energy is positive and the algebra will not be
deformed.

(i) [16]. In this work, the algebra of gravitationally
dressed observables is constructed for general
spacetime regions under the following set of as-
sumptions.

(A1) There exists a quantum field theory algebra
of observables, o7, associated to a causally complete
region, 7, that is type III;.

(A2) There is an auxiliary type I, algebra of an
observer associated to 7.

(A3) The physical algebra arises from imposing
the gravitational constraint that operators commute

(A4) The flow generated by F coincides with the
modular flow for some state on the QFT algebra.

(AS5) The gravitational constraints hold on a
Cauchy surface.

(A6) The energies of observers are bounded from
below.

(A7) The region Z can be defined in a diffeo-
morphism-invariant way.

(A8) There are no other algebras of observables
associated to the region.

While (A7) and (A8) were not explicitly
written in [16], it was implicit. From these
assumptions, the authors demonstrated that, for
bounded subregions, the algebra is type II;. While
assumptions (A1)—(A7) hold in the cosmological
spacetimes that we analyze, assumption (A8) does
not. The additional algebra of observables is, of
course, the zero mode, which leads to a type Il
algebra. (A8) similarly did not hold in [17] for the
algebra of Schwarzschild—de Sitter. It is reason-
able to expect that (A8) always fails when the
background geometry is a member of a continu-
ous family of solutions to Einstein’s equations.
As emphasized in [18], we expect that quantum
fluctuations in this continuous family will gen-
erally yield a type Il algebra.

(iii) [18]. In this work, an algebra of dressed observables
was constructed for an observer without the speci-
fication of a spacetime background. It was suggested
that for closed universes, where the Hartle-Hawking
state is a normalizable state, the algebra is type II;
and for spacetimes, where it is non-normalizable, it
is type Il,. Motivation for this came from consid-
erations of Schwarzschild—de Sitter and back-
grounds with leading-order backreaction from
matter. The conclusions are consistent with the
current paper.

APPENDIX B: QUANTUM GRAVITATIONAL
PERTURBATIONS AND GENERAL MATTER

The observations we have made of our Universe appear
to be well described by ACDM together with the standard
model. However in the main text, for simplicity, we
considered a minimal model of a cosmological spacetime
with metric ¢g,,, an observer y, and inflaton field ¢.
Furthermore, we explicitly considered the effects of
O(h) fluctuations of the inflaton field and their back-
reaction on the spacetime geometry. This analysis ignored
all other effects in the early Universe due to the standard
model as well as any other cosmologically relevant fields.
In this section, we will illustrate that, under minimal
assumptions, the inclusion of any other fields does not
fundamentally change the conclusion of this paper. In
particular, we continue to assume that the other fields have
O(GY,) stress energy only in the asymptotic past (i.e., the
only degree of freedom with large backreaction is the
inflaton prior to reheating).

1. Free fields

Prior to analyzing the effects of general matter, we note
that the analysis in the main text considered the leading-
order backreaction effects of the inflaton and neglected any
contributions due to gravitational fluctuations which are
present even in our minimal model. In particular, we must
also consider small O(A!/2GY/?) fluctuations in the metric

Yab = f_]ab + 6gab7 (Bl)
where g, is the O(R°GY) “background metric.”
These metric fluctuations satisfy the linearized Einstein
equations

1
2

1
+ 5 vcvh5gca - A‘Sguh = O’

1 1
Dgégab - E vavbégcc + 5 vcvaégcb
(B2)

where indices are raised and lowered with the background
metric g,,. It is straightforward to quantize the perturbed
metric which we denote as dg,;, (see, e.g., Appendix C of
[17] for more details). The initial data for the graviton
perturbations on 7~ correspond to the algebra .o7OR
generated by the perturbed shear on the horizon d6,p,
where capital indices refer tensor indices on the two-sphere
cross sections of the horizon. The commutation relations
are given by

i
(66 45(x1),66cp(x,)] 255'(U1’U2)5§2 (xf.x3)

1
X <QA(CQD)B_§‘]ABQCD)17 (B3)
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where ¢, is the round metric on the sphere. The initial data
admit a distinguished, translation-invariant, Gaussian quan-
tum state QSR which corresponds to the analog of the
Bunch-Davies state for gravitational perturbations [60].
The two-point function in this state on H~ is

<Qg§|50'AB (x1)d0cp(x,) |Qgg>

1 (qa(cqp)s — 3 9489cp)s2 (51, x5)
! )% . (B4)
r (U, = U, —i0")

which is analogous to (28). By the same arguments as in the
main text, the restriction of QSR to Hy is a thermal state
with respect to |- = (d/0u)® with inverse temperature
27z/H,. Given this vacuum, one can construct the corre-
sponding Fock space of gravitons .ZOR so that the full
Hilbert space .77 in the main text is changed only by
A ® FOR. Furthermore, any “zero mode” of the graviton
is pure gauge [61-64], and so the gravitational constraints
considered in the main text now get an additional con-
tribution to (28) due to the energy flux FER of gravitons
through the horizon:

H
FOR = -2 / dUdQ,U :66 43668 . (B5)

4 GN

Imposing the gravitational constraints on the algebra imply
that the graviton perturbations are gravitationally dressed

by conjugating g, by e’F P and the full dressed algebra
becomes ([ ® sz{%%]mz{e) ® /. By the thermality

of the vacuum QSR this algebra is again a type 1, algebra
and the generalized entropy of any semiclassical state is
given by (2).

We now consider the effects of additional matter
fields. While we largely focus on standard model fields,
the present discussion applies, in principle, to any
degrees of freedom present in the early Universe. As
emphasized in the main text, the algebra of observables
in & can be straightforwardly obtained by considering
the algebra of observables on the past horizon H~ which
is essentially5 a Cauchy surface for 2. We will first, for
simplicity, neglect their interactions and simply consider
the contribution in the free field approximation. We will
then illustrate that the conclusions remain valid in the
interacting theory.

At the earliest moments of inflation, the temperature of
the Universe was far greater than the quark-hadron phase
transition (i.e., T > 150 MeV), and, therefore, the quarks
and gluons are deconfined at these temperatures. The

>We note that H~ does not admit the strict requirements of a
Cauchy surface, since there exist timelike curves which hit past
timelike infinity and never pass through H~. However, H™ is a
good initial data surface for wave propagation, since all modes
eventually fall through the past horizon.

commutation relations of any Yang-Mills fields EY with
any (semisimple) gauge group G on H' are given by [36]

. in .
[E} (x1), Ep(x2)] = =58 (Uy, Un)ds: (', %9k qap1,
(B6)

where i, j denote Lie-algebra indices, k;; = —c';.c*}; is the
Killing-Cartan metric, and c'; ; are the structure constants of

the Lie algebra g. The two-point function for the Bunch-
Davies vacuum is

i i kijQAB5§2 (xi‘, x?)
<Q§]I§[|EA('X1)E2('X2)|Q§%/I> = - (Ul _ U2 _ i0+)2 .

(B7)

For gluon fields the relevant gauge group is SU(3), whereas
for electromagnetic fields the gauge group is U(1). The
quantization of any free spinor fields (e.g., quarks or
electrons) can be treated similarly (see Sec. 4.1 of [54]
for details). As in the case of gravitons, the corresponding
Fock space is straightforwardly included in the Hilbert
space. These fields contribute to the second-order gravita-
tional constraints via their energy fluxes given by F ?M and
F gM as well as the spinor fluxes through H~. These fluxes
generate time translations on H~ on their respective Hilbert
spaces, and the vacua are thermal with respect to these
translations. These fluxes contribute to the gravitational
constraints (28) and imply that each field is dressed to the
observer in an analogous manner as described above.

2. Interacting fields

Up until now, we have considered the effects of any free
quantum fields in a cosmological spacetime. The inter-
actions of the fields initially present in the early Universe
are, of course, relevant to describe the Universe we observe,
such as reheating as the inflaton energy is converted into
radiation, the hadronization of quarks and gluons, and
structure formation. However, the above arguments must be
slightly modified if one wishes to consider any interacting
quantum field theory. The main technical ingredients for
our arguments in the main text were the gravitational
constraint (28) and the existence of a translation-invariant
state Qpp. The existence of such a state directly implies
that, when restricted to the algebra 7' 7 of initial data on

HR, such a state is thermal with respect to the “boostlike”
vector field & on H~ considered in the main text. By
Takesaki’s theorem [51], these two ingredients directly
imply that the “dressed algebra” is type II. The main
technical hurdle in directly applying these arguments to any
interacting theory is that one cannot define an algebra of
observables on H~ simply by the restriction® of fields to the

®As noted in [54], any superrenormalizable theory can be
directly restricted to a null surface.

045007-8



ALGEBRAIC OBSERVATIONAL COSMOLOGY

PHYS. REV. D 114, 045007 (2026)

null surface, since operators restricted in this way will
generally have infinite fluctuations [54]. This issue was
recently addressed in our present context by Faulkner and
Speranza [65] using arguments by Casini, Teste, and
Torroba [66] as well as Witten [67]. We now sketch the
basic arguments of these constructions (see, e.g., Sec. 3.1 in
[65] for details).

To present the argument, it will be technically convenient
to first extend the spacetime in the following way. We note
that the spacetimes (M, g) considered in this paper are not
past complete—past-directed null geodesics reach H~ in
finite affine time. Since, the spacetime is asymptotically de
Sitter approaching H~, we can (nonuniquely) extend the
spacetime to a smooth, complete spacetime M which
remains globally hyperbolic. While the particular choice
of extension will not be relevant to our arguments, one
could, for example, smoothly attach the “bottom” Poincaré
patch of de Sitter spacetime at H™, 2' U & to M (see
Fig. 3). The surface H~ is a Cauchy surface for the
completed spacetime, and so all quantum states initially
defined in M are regular on H~ and so the state on M is
uniquely defined by evolution.

In order to define an algebra of operators associated to a
null surface, we first analyze integrals of the (renormalized)
energy flux through H~. The (second-order) averaged null
energy condition (ANEC) and boost operators are

F(x) = /_ " AUST yy (U, <)

(o)

and F, = / " dUAQUST (U, x4).  (BS)

o)

Even though these operators are localized to the horizon,
they are well-defined elements of the algebra that translate
or boost operators localized to H~. If the quantum field
theory satisfies the average null energy condition, then
F(x%) is a positive operator and the Bunch-Davies vacuum
|Qgp) is defined as the ground state which is annihilated by
this operator for any x*. F(x*) and F: commute, and [Qpp)
will also be annihilated by F.. The ANEC has been proven
for interacting quantum field theories in flat spacetime
[68,69] and, in curved spacetime, is expected to hold on any
Killing horizon.

While a general algebra element cannot be restricted to
‘H~, one can associate an algebra of operators to the horizon

i s if
F
’3{«
@ > 7
a2 B
i 7 iv

FIG. 3. Anexample of a globally hyperbolic extension M of the
spacetime M considered in this paper such that i/ is geodesically
complete. This can be achieved by gluing the de Sitter region
PVPtoM=FU.

by noting that matrix elements of all horizon-localized
operators’ are well defined. If ., is the set of such

operators, then its commutant .7 is the algebra of
R

(bounded) operators localized in the causal complement
of ¥ which we denote as %’. Taking an additional
commutant yields a (von Neumann) algebra ./, of
operators in Z. Thus, the operators . localized on
the horizon generate the algebra in &. Furthermore, since
F; generates boosts, it is straightforward to show that it
preserves o7 5. Using this fact, one can show that Qg is
thermal® on the elements of fH]; [65,70,71].

Thus, we have succeeded in obtaining a state |Qgp)
which is translation invariant on A~ and thermal with
respect to boosts on Hy. The existence of F; implies that
the gravitational constraints (28) are well defined, and
imposing these constraints yields an algebra of dressed
observables which is again type II. Thus, assuming that the
ANEC is satisfied, the addition of any other matter fields
does not change the conclusions of this paper. Because of
the zero mode of the inflaton, the algebra will remain type
I, and the von Neumann entropy of any semiclassical
state is the generalized entropy (2).

"These are more precisely referred to as sesquilinear forms.
More precisely, the modular Hamiltonian of |Qgp) on <7,
coincides with Fz on H™.
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