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Following the recent Atacama Cosmology Telescope results, we consider hilltop inflation where the
inflaton is coupled to a curvaton, simultaneously addressing two main challenges faced by conventional
hilltop inflation models: the initial-value problem; and their viability for sub-Planckian field values. In
standard single-field hilltop inflation, the inflaton must start extremely close to the maximum of the
potential, raising concerns about the naturalness of the initial conditions. We demonstrate that the curvaton
field not only significantly relaxes the initial-value tuning required for hilltop inflation but also opens up
parameter space through modifying the curvature perturbation power spectrum, reviving the quartic hilltop
inflation model in the sub-Planckian regime. We find viable parameter space consistent with the recent
cosmological observations.
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I. INTRODUCTION

Precision measurements of primordial curvature pertur-
bations have established a spectrum that is almost scale-
invariant, predominantly adiabatic, and close to Gaussian,
with a small red tilt [1–3]. This strongly favors the
inflationary paradigm, in which a scalar field (the inflaton)
slowly rolls along a very flat region of its potential [4–7].
Recently, the most up-to-date Atacama Cosmology

Telescope (ACT) DR6 analysis has reported a spectral
index of ns ¼ 0.9743� 0.0034 based on a joint fit with
Planck and the Dark Energy Spectroscopic Instrument
(DESI) DR1 data [8]. This value differs from the original
Planck18 (TT, TE, EEþ lowE) result ns ¼ 0.9649�
0.0044 [2] by about 2σ and has triggered a lot of
discussions on inflationary models; see, e.g., Refs. [9–30].

In the context of inflationary model building, hilltop
inflation [6,7,31–33] constitutes an attractive class of
models, in which inflation is driven by a scalar field ϕ
rolling down from the vicinity of an unstable local
maximum of the potential, which can be parametrized
near the hilltop as

VðϕÞ ¼ Λ4ð1 − ϕp=μp þ � � �Þ; ð1Þ

where Λ and μ are characteristic energy scales and p ≥ 2
denotes an integer. Recently, it has been shown that hilltop
inflation can be realized in a modular-invariant framework
if the inflaton is identified with a modulus field [34,35].
The quadratic case (p ¼ 2) is viable only as a large-field
inflation model with μ≳MPl. By contrast, for the “cubic”
(p ¼ 3) and “quartic” (p ¼ 4) hilltop potentials, the entire
sub-Planckian regime (μ ≲MPl) already lies outside the
95% confidence level (C.L.) region of the Planck con-
straints [2].
On the other hand, since the inflation is required to start

extremely close to the hilltop of the potential, hilltop
inflation clearly faces an initial condition problem. In
Ref. [36], this problem was addressed by introducing a
pre-inflationary stage during which a matter field under-
goes classical slow-roll evolution and dynamically drags
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the inflaton toward the suitable initial position for the
subsequent hilltop inflationary phase.
In this work, motivated by these problems, we consider a

curvaton-assisted hilltop scenario in which the inflaton is
coupled to a light scalar field σ, whose dynamics in the pre-
inflationary era is dominated by quantum diffusion. We
track the evolution of σ and ϕ during the pre-inflationary
stage by solving the Langevin equations in the quantum-
diffusion region, and derive analytically a characteristic
onset window for hilltop inflation that is only weakly
sensitive to the initial value of σ. Once hilltop inflation
starts, σ becomes effectively frozen and plays the role of a
curvaton [37–41], modifying curvature perturbations upon
the curvaton decay at later times after inflation and
alleviating the tension of conventional hilltop models with
current Cosmic Microwave Background (CMB) observa-
tions. We perform an illustrative Bayesian analysis based
on a simplified likelihood constructed from the Planck and
ACT results, assessing and comparing how well our model
is supported by each of them. From the resulting posterior
distributions, we further present the model predictions for
the tensor-to-scalar ratio and primordial non-Gaussianity.
We demonstrate that the curvaton field not only signifi-
cantly relaxes the initial-value tuning of hilltop inflation,
but also opens up parameter space through modifying the
curvature perturbation power spectrum, reviving the quartic
hilltop inflation models in the sub-Planckian regime.
The layout of the remainder of this paper is as follows.

We construct our model in Sec. II. In Sec. III, we derive the
initial conditions for hilltop inflation. In Sec. IV, we discuss
how the curvaton mechanism modifies the primordial
observables in hilltop inflation. In Sec. V, we show the
results of our Bayesian analysis and discuss their implica-
tions. We summarize our main conclusions in Sec. VI. In
Appendixes A and B, we provide additional technical
details of Langevin equations and the δN formalism. In
Appendix C, we discuss the viability of the cubic hill-
top case.

II. HILLTOP INFLATION WITH A CURVATON

We consider a two-field scalar potential involving an
inflaton ϕ and a curvaton σ. ϕ drives hilltop inflation during
the slow-roll phase, whereas σ modifies the power spectrum
of primordial perturbations after inflation. The scalar
potential can be expressed in a general form as

V ¼ VHT þ VS þ VC; ð2Þ

where VHT denotes the primary hilltop potential [6,7]

VHT ¼ Λ4

�
1 −

ϕp

2μp

�
2

; ð3Þ

where a factor of 2 is added in the denominator to be
consistent with Eq. (1). In this paper, we focus on two

specific examples: p ¼ 3 (cubic hilltop inflation) and
p ¼ 4 (quartic hilltop inflation).
The soft term in Eq. (2) is given by

VS ¼ −
1

2
m2

ϕϕ
2 þ 1

2
m2

σσ
2; ð4Þ

with mϕ and mσ being the bare masses of ϕ and σ,
respectively. Note that m2

σ should be much smaller than
the Hubble parameter H2 ≈ V=ð3M2

PlÞ during inflation to
ensure that the curvaton σ is effectively frozen.
Finally, we use VC to represent the cross term between ϕ

and σ, which is chosen to be

VC ¼ λ2

2M2
Pl

ϕ2σ4; ð5Þ

where λ is a dimensionless coupling constant and MPl ≡
2.435 × 1018 GeV is the reduced Planck mass. VC con-
tributes to the effective mass of ϕ and modulates the shape
of the potential along the ϕ-direction. To be more specific,
we assume that σ starts from a sufficiently large value, so
that the effective mass m2

ϕ;eff ¼ λ2σ4=M2
Pl −m2

ϕ > 0 and
ϕ ¼ 0 is a minimum in the ϕ-direction. As σ moves close to
the critical value σc ¼ ðmϕMPl=λÞ1=2, ϕ ¼ 0 transitions
from a local minimum to a saddle point, which naturally
sets the stage for the subsequent hilltop inflation.
Before going to the next section, we shall mention that

the scalar potential discussed above could originate from
supersymmetry. To be more specific, VHT and VC can be
derived from the following superpotential:

W ¼ Ŝ1

�
Φ̂p

Mp−2 − Λ2

�
þ 2λ

MPl
Ŝ2Φ̂X̂2; ð6Þ

where Ŝ1, Ŝ2, Φ̂, and X̂ are the superfields, andM is a mass
parameter. These superpotential terms are enforced by
arranging S1 and S2 to have R-charge 2 and imposing
an additional Zp symmetry with suitable charges for Ŝ2, Φ̂,
and X̂. It is straightforward to identify that VHT ¼
j∂W=∂Ŝ1j2 and VC ¼ j∂W=∂Ŝ2j2 given the relations
ϕ ¼ ffiffiffi

2
p

ReΦ, σ ¼ ffiffiffi
2

p jXj (with Φ and X being the scalar
components of Φ̂ and X̂, respectively) and
μp ¼ 2p=2−1Mp−2Λ2, whereas VS is attributed to soft
supersymmetry breaking corrections.

III. INITIAL CONDITIONS FOR HILLTOP
INFLATION

In the vicinity of ϕ ¼ 0, the evolution of ϕ is dominated
by the quantum fluctuations, giving rise to a quantum
diffusion region whose width depends on the value of σ.
Within one Hubble time, the typical displacement of ϕ
induced by quantum diffusion is given by δϕq ≃H=ð2πÞ,
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while the displacement due to the classical drift can be
estimated as δϕcl ≃ jVϕj=ð3H2Þ with Vϕ ≡ ∂V=∂ϕ. The
boundary ϕb of the diffusion region can be roughly
determined by equating δϕq and δϕcl, namely,

H
2π

¼ M2
Pl

����Vϕ

V

����
ϕb

; ð7Þ

where

Vϕ ¼ m2
ϕ

�
σ4

σ4c
− 1

�
ϕ − pΛ4

ϕp−1
μp

þ � � � ; ð8Þ

and “� � �” denotes higher-order corrections. We identify the
onset of hilltop inflation with the exit of ϕ from the
diffusion region. The first step is therefore to determine
the value of σ at which ϕ leaves the diffusion region and its
dynamics becomes classical.
The evolution of ϕ and σ inside the diffusion region is

described by the following Langevin equations [42–44]:

dϕ
dN

¼ −
Vϕ

3H2
þ H
2π

ξϕðNÞ; ð9Þ

dσ
dN

¼ −
Vσ

3H2
þ H
2π

ξσðNÞ; ð10Þ

where Vσ ≡ ∂V=∂σ, and we use the number of e-folds N as
the time variable. The first terms on the right-hand sides
represent classical drift, and the second terms are the
stochastic “kicks” from quantum diffusion with ξϕðNÞ
and ξσðNÞ being independent Gaussian white noise
terms with zero mean and unit variance, i.e.,
hξiðNÞξjðN0Þi ¼ δijδðN − N0Þ. It should be mentioned
that, unlike Ref. [36] where the pre-inflationary direction
is taken as a slow-roll direction dominated by classical drift,
the curvaton direction of interest can be dominated by
quantum diffusion since we require mσ ≪ H. In this case,
quantum fluctuations may occasionally kick σ back to
larger field values, so that in certain Hubble patches
inflation could keep taking place, leading to the paradigm
of eternal inflation [45]. In the present work, we treat
eternal inflation as an open question, noting that such
behavior is in fact already a generic feature of single-field
hilltop inflation models [46].
The Langevin equations given in Eqs. (9) and (10) can be

numerically solved using a Markov-chain Monte Carlo
(MCMC) approach. To be specific, we start a large
ensemble of trajectories from an initial point with ϕ0 ¼ 0
and σ0 ≳ σc. We track these trajectories until the first time
they cross the diffusion boundary defined by Eq. (7), with
the additional constraint that Vϕ < 0 to ensure the onset of
hilltop inflation. Taking the quartic hilltop model for
instance, we show the simulation results in Fig. 1. All
the gray trajectories presented in Fig. 1 start from the same

point (ϕ0 ¼ 0; σ0 ¼ 3σc), and terminate once they first
reach the diffusion boundary satisfying Eq. (7). Since we
are particularly interested in the paths that cross into the
classical region at earlier times, we highlight the fastest
escaped trajectory in red.
By averaging Langevin equations over many realizations

of the stochastic process, one can obtain equations for the
mean-square values of the fields hϕ2i and hσ2i as

dhϕ2i
dN

¼ −
2

3H2
hVϕ · ϕi þ

�
H
2π

�
2

; ð11aÞ

dhσ2i
dN

¼ −
2

3H2
hVσ · σi þ

�
H
2π

�
2

: ð11bÞ

For the parameter region of interest, the covariance between
ϕ and σ can be safely neglected. Furthermore, given that the
fields start with ϕ0 ≈ 0 and σ0 ≳ σc, the above equations
can be approximated by

dhϕ2i
dN

≈ −
2

3H2
ðC1hϕ2i þ C2hϕ2i2Þ þ

�
H
2π

�
2

; ð12aÞ

dhσ2i
dN

≈ −
2m2

σ

3H2
hσ2i − 4λ2hϕ2ihσ4i

3H2M2
Pl

þ
�
H
2π

�
2

; ð12bÞ

where

FIG. 1. Comparison between the stochastic paths of fields using
the Markov-chain Monte Carlo (MCMC) simulation and the root-
mean-square (RMS) approximation in the quartic hilltop model,
where we set Λ ¼ 3 × 10−4MPl, μ ¼ 0.7MPl, λ ¼ 2 × 10−4,
mϕ ¼ 3 × 10−11MPl and mσ ¼ 5 × 10−12MPl. The gray lines
depict the field trajectories initialized at the yellow point
(ϕ0 ¼ 0; σ0 ¼ 3σc), and terminated once they cross into the
classical region ½M2

PljVϕ=Vj > H=ð2πÞ�, indicated by the orange
shading. The solid red line denotes the fastest escaped trajectory.
The dashed blue curve represents the RMS-approximated path,
obtained by solving the Langevin equations in terms of mean-
square values of the fields.
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C1 ¼ m2
ϕ

�hσ4i
σ4c

− 1

�
; C2 ¼ −

27Λ8

m2
ϕμ

6

�hσ4i
σ4c

− 1

�−1

ð13Þ

for p ¼ 3, and

C1¼m2
ϕ

�hσ4i
σ4c

−1

�
; C2¼−

12Λ4

μ4
ð14Þ

for p ¼ 4. A detailed derivation of Eqs. (11a)–(14) can be
found in Appendix A. Note that here we take hσ4i ≃ hσ2i2,
provided that σ starts from a large value and follows an
approximate Gaussian distribution.
In this formalism, the explicit noise dependence can be

removed, and the competition between the diffusive source
term and the classical drift term becomes manifest. We can
approximately regard the positions of ϕ and σ at a given
time as their respective root-mean-square (RMS) values,
namely, ϕ ≃ ϕrms ¼

ffiffiffiffiffiffiffiffiffi
hϕ2i

p
and σ ≃ σrms ¼

ffiffiffiffiffiffiffiffiffi
hσ2i

p
. Taking

the quartic hilltop model as an example, we numerically
solve Eqs. (12a) and (12b), and obtain an RMS-approxi-
mated path, which is denoted by the blue dashed curve in
Fig. 1. The RMS-approximated path agrees well with the
successfully escaped paths obtained from MCMC, in
particular the fastest one, indicating that it can be used
to represent the stochastic behavior of the fields in the
diffusion region.
We further present the RMS-approximated paths starting

from different points in Fig. 2. It is easy to see that for
starting points with σ0 ≲ 1.1σc, ϕ rapidly diffuses to the
boundary, while σ diffuses slowly. Nevertheless, if we start
at some points where σ0 ≳ 1.1σc, we can clearly observe an
“L-shaped” path: when σ is large, ϕ is trapped near ϕ ¼ 0
by its large positive effective mass, and its evolution is
strongly suppressed; once σ approaches 1.1σc, ϕ starts to

diffuse rapidly. It is interesting that such transitions occur
before σ reaches σc, because the second term on the right-
hand side of Eq. (8) can provide a sizable negative
contribution for large ϕ, given the large value of Λ in
our model. In this case, even if the effective mass of ϕ at
ϕ ¼ 0 remains positive, large quantum fluctuations can
push the field over the barrier into the hilltop inflationary
region, known as stochastic tunneling [47–51].
In fact, the L-shaped transition can be understood from

the properties of Langevin equations for the field mean-
square values. Before the turning point of the L-shaped
trajectory, ϕ ≃ 0. Then for the evolution of σ, the first term
on the right-hand side of Eq. (12b) is dominant due to a
large σ0. As a result, we have σ ≈ σ0 exp ð−ασNÞ with
ασ ≡m2

σ=ð3H2Þ. As we focus on the case where ασ ≪ 1,
the evolution of σ should be slow. Meanwhile, the slow
growth of ϕ in the regime σ ≳ σc indicates the presence of a
stable fixed point of Eq. (12a), where the classical drift and
quantum diffusion compensate with each other. More
specifically, we have

fðhϕ2i; σÞ≡ C1hϕ2i þ C2hϕ2i2 − 3H4

8π2
¼ 0: ð15Þ

According to the bifurcation theory of differential equa-
tions, the critical condition at which the fixed point ceases
to be stable is given by ∂fðhϕ2i; σÞ=∂hϕ2i ¼ 0, which
yields the following equation for hϕ2i:

hϕ2i ¼ −
C1

2C2

: ð16Þ

Substituting Eq. (16) into Eq. (15), we arrive at the value of
σt at the turning point as

σt
σc

¼
�
1þ Bp

m2
ϕ

�1
4

; ð17Þ

with

B3 ¼
�

9Λ16

2π2μ6M4
Pl

�1
3

; B4 ¼
ffiffiffi
2

p
Λ6

πμ2M2
Pl

: ð18Þ

In quartic hilltop inflation, with the help of Eq. (17), we
find that for the parameter values used in Fig. 2, the
transition emerges at σt ≈ 1.1σc, in excellent agreement
with the numerical result. A similar consistency can also be
observed in the case of cubic hilltop model.
After the turning point, ϕ grows rapidly, while the term

proportional to −hϕ2ihσ4i in Eq. (12b) further drives σ
downward. As a result, the value of σ at the exit from the
diffusion region is slightly smaller than σt.
Equation (17) predicts a characteristic value for the exit

of ϕ from the diffusion region that is only weakly sensitive
to the initial-field values, apart from the unavoidable

FIG. 2. The RMS-approximated paths for different starting
points in the quartic hilltop model. Model parameters in the scalar
potential take the same values as those in Fig. 1.
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stochasticity induced by quantum fluctuations, provided
that σ0 ≳ σt and ϕ0 ≈ 0. Different pre-inflationary histories
are driven into a relatively narrow onset window for hilltop
inflation, which makes the corresponding initial condition
considerably less fine-tuned. Moreover, as indicated by the
numerical Langevin evolution, the actual value of σ when
the system exits the diffusion region is typically slightly
smaller than the estimate σt obtained from Eq. (17). We
therefore parametrize the effectively frozen curvaton field
value during the subsequent hilltop inflationary stage as
σinf ≃ ξσt, with ξ being anOð1Þ factor slightly smaller than
unity. Throughout the analysis we set ξ ¼ 0.75, as moti-
vated by our numerical results for the Langevin trajectories.
We have further checked that the fit to the inflationary
observables is not sensitive to small changes in ξ.

IV. PREDICTIONS FOR INFLATIONARY
OBSERVABLES

A. Single-field slow-roll inflation

In the inflationary picture, quantum vacuum fluctuations
on subhorizon scales induce small anisotropies in the
otherwise homogeneous background. During inflation,
the comoving Hubble radius ∼1=ðaHÞ (with a being the
scale factor) decreases and eventually becomes smaller than
the comoving wavelength of a given mode. As a result, the
quantum fluctuations are stretched to superhorizon scales
and become effectively frozen until the end of inflation. For
a mode with comoving wave number k, its perturbations
after horizon exit can be described by a classical probability
distribution, whose statistical properties are determined by
the power spectrum evaluated at horizon crossing k ¼ aH.
In the single-field inflationary scenario, the power spectrum
for scalar perturbations can be expressed as

Pinf
ζ ¼ H2

4π2
H2

ϕ̇2

����
k¼aH

; ð19Þ

which relates to the primordial curvature perturbations. For
tensor perturbations, we have

Pinf
T ¼ 2

π2
H2

M2
Pl

����
k¼aH

: ð20Þ

By convention, the primordial power spectra are usually
parametrized as power laws, namely,

Pinf
ζ ðkÞ ¼ As

�
k
k�

�
ns−1þ���

; ð21aÞ

Pinf
T ðkÞ ¼ rAs

�
k
k�

�
ntþ���

; ð21bÞ

where k� is a chosen pivot scale, As denotes the amplitude
at k�, ns ≡ 1þ d lnPinf

ζ =d ln k refers to the spectral index, r
represents the tensor-to-scalar ratio, and nt is the tensor tilt.

The observational results from Planck [2], ACT [8], and
BICEP/Keck [52] indicate that the scalar spectrum is nearly
scale invariant with a mild red tilt, and the tensor-to-scalar
ratio is sufficiently close to zero. This supports the picture
that the primordial fluctuations may be generated during a
slow-roll inflationary epoch. One can define the following
parameters:

ϵ≡M2
Pl

2

�
Vϕ

V

�
2

; η≡M2
Pl

Vϕϕ

V
; ð22Þ

where Vϕϕ ≡ ∂
2V=∂ϕ2. Then the slow-roll conditions turn

out to be ϵ ≪ 1 and jηj ≪ 1. In this case, the inflationary
observables can be derived as

r ≈ 16ϵ�; ns − 1 ≈ 2η� − 6ϵ�; As ≈
1

24π2M4
Pl

V
ϵ�

;

ð23Þ

where ϵ� and η� are calculated at k�. Meanwhile, the
number of e-foldsNe ≡ logðae=a�Þ from the time when the
k� mode exits the horizon to the end of inflation can be
computed as

Ne ¼
1

M2
Pl

Z
ϕ�

ϕe

V
Vϕ

dϕ; ð24Þ

where ϕe denotes the value of ϕ at which either ϵ or jηj
becomes greater than one. For the typical CMB pivot scale
k� ¼ 0.05 Mpc−1, we have Ne ≃ 50–60, depending on the
post-inflationary reheating history. Hereafter, we takeNe ¼
55 for definiteness unless specified otherwise.
In the quadratic hilltop inflation model with p ¼ 2, the

slow-roll parameter jηj ¼ 2M2
Pl=μ

2 is independent of ϕ.
The slow-roll condition jηj ≪ 1 therefore requires μ ≳MPl,
implying that the inflaton-field excursion is necessarily
trans-Planckian. For p > 2 with sub-Planckian excursion,
the slow-roll inflation terminates when jηj ≃ 1, correspond-
ing to a field value ϕe satisfying

pðp − 1Þϕp−2
e ≃ μp=M2

Pl; ð25Þ

and the number of e-folds Ne during inflation can be
approximated as

Ne ≈
μp

pðp − 2ÞM2
Pl

ϕ2−p
� : ð26Þ

For a given Ne, this yields

ϵ� ∝
�

1

Ne

�2p−2
p−2

�
μ

MPl

� 2p
p−2
; ð27Þ

indicating that r ≈ 16ϵ� is negligibly small. Meanwhile,

CURVATON-ASSISTED HILLTOP INFLATION PHYS. REV. D 114, 076002 (2026)

076002-5



ns ≈ 1 −
2ðp − 1Þ
p − 2

1

Ne
; ð28Þ

which leads to ns ≈ 0.927 and 0.945 (assuming Ne ¼ 55)
for the cubic and quartic hilltop models, respectively, both
of which lie outside the 95% C.L. regions in the latest
Planck [2] and ACT [8] results.

B. The curvaton mechanism

The above picture can change if we introduce a curvaton
field σ [37–41]. Since mσ ≪ H during inflation, the
curvaton is effectively frozen at σinf . Its quantum fluctua-
tions at the horizon exit are promoted to classical
perturbations with a nearly flat spectrum. At this stage,
however, its contribution to the total curvature perturba-
tions is negligible because of its tiny energy density,
ρσ ≃m2

σσ
2
inf=2.

1 After inflation ends, the Hubble para-
meter H decreases as the Universe expands. When
H2ðtoscÞ≡H2

osc ≃m2
σ, which gives Tosc ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mσMPl

p
,

the curvaton starts oscillating around its minimum and
behaves as nonrelativistic matter with an isocurvature
density perturbation. Using the condition H2

osc ≃m2
σ ,

we have ρrðtoscÞ ≃ 3m2
σM2

Pl. Since σinf ≪ MPl, we see
that at the oscillation time tosc, the ratio of the curvaton
energy density to the radiation energy density satis-
fies ðρσ=ρrÞjtosc ≃ ðσinf=MPlÞ2=6 ≪ 1.
However, as ρσ ∝ a−3 while ρr ∝ a−4, the curvaton

energy density becomes significant after sufficiently many
Hubble times, provided that the oscillations last long
enough before the curvaton decays. The final curvature
perturbations then depend on the ratio between the curvaton
energy density and the radiation energy density at the
curvaton decay time tdec defined as

R≡ ρσ
ρr

����
tdec

≃
1

6

�
σinf
MPl

�
2
�
Tosc

Tdec

�
; ð29Þ

where Tdec denotes the curvaton decay temperature, which
depends on the decay rate of the curvaton Γcurv through
Γcurv ≃HðTdecÞ. We can in turn get

Γ2
curv ≃

ð1þ RÞρrðTdecÞ
3M2

Pl

≈
m2

σσ
2
inf

6M2
Pl

�
Tdec

Tosc

�
3

; ð30Þ

where in the second step we have assumed that R ≫ 1 so
that the curvaton gives rise to large modifications to
primordial observables in our model. With the help of

Eq. (30), Tdec can be written as

Tdec ≃ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mσMPl

p �
MPl

σinf

�2
3

�
Γcurv

mσ

�2
3

: ð31Þ

Meanwhile, using Eqs. (29) and (30), we can estimate the
magnitude of Γcurv in the large R regime, namely,

Γcurv

mσ
≃ 6 × 10−24

�
σinf

1014 GeV

�
4
�
500

R

�3
2

: ð32Þ

Substituting this back into Tdec, we obtain

Tdec ≃ 1 GeV

�
σinf

1014 GeV

�
2
�
500

R

��
mσ

106 GeV

�1
2

: ð33Þ

Assuming an instant energy transfer from the curvaton to
radiation, we obtain a temperature after the decay
TRH ∼ R1=4Tdec. Taking σinf ∼ 1014 GeV, R ∼ 500, and
mσ ∼ 106 GeV, we obtain TRH ∼ GeV, which is well above
big-bang nucleosynthesis (BBN) bound TRH ≳ 4–5 MeV.
Apparently, the determination of R depends on Γcurv, which
is rather model-dependent. In this work, instead of con-
sidering specific curvaton decay models, we regard R as a
free parameter for simplicity.
The total curvature perturbation ζ on superhorizon scales

is conserved for purely adiabatic evolution. In our scenario,
ζr and ζσ denote the component curvature perturbations of
the radiation and curvaton fluids, respectively. In the flat
gauge, they are given by

ζr ¼ −Hδρr=ρ̇r ¼ δρr=ð4ρrÞ; ð34aÞ

ζσ ¼ −Hδρσ=ρ̇σ ¼ δρσ=ð3ρσÞ; ð34bÞ

where ζσ is evaluated after the curvaton has entered its
pressureless oscillating phase. Before the curvaton decay,
ζr is inherited from the inflaton decay products. At early
times, when the curvaton energy density is negligible, one
has ζ ≃ ζr. As the curvaton energy fraction grows, however,
ζ evolves due to the relative entropy perturbation between
the two fluids. In the sudden-decay approximation, the
total curvature perturbation after decay is therefore written
as [38]

ζ ¼ 4ζr þ 3Rζσ
4þ 3R

¼ ð1 − rdecÞζr þ rdecζσ; ð35Þ

where rdec ≡ 3R=ð4þ 3RÞ. Unlike the standard curvaton
mechanism, what we consider here is a mixed inflaton-
curvaton scenario in which ζr cannot be neglected [53–55].
It is convenient to rewrite Eq. (35) as

ζ ¼ ζr þ rdecðζσ − ζrÞ; ð36Þ

1In the presence of the λ2ϕ2σ4=M2
Pl term, the curvaton field

does not behave purely as nonrelativistic matter. A sizable σ4

term would delay the epoch at which ρσ becomes dominant. In
our numerical calculations, we have checked that at the end of
inflation, when ϕ ¼ ϕe, the curvaton energy density is indeed
much smaller than the total energy density.
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so that the adiabatic mode induced by the inflaton is carried
by ζr, while the curvaton provides an additional contribu-
tion through the relative isocurvature perturbation ζσ − ζr.
Accordingly, we define ζinf ≡ ζr and ζcurv ≡ rdecðζσ − ζrÞ.
Then the curvature perturbation power spectrum can be
expressed as

Pζ ¼ Pinf
ζ þ Pcurv

ζ þ Pmix
ζ

∝ hζinfζinfi þ hζcurvζcurvi þ 2hζinfζcurvi; ð37Þ

where h� � �i denotes the correlation function.2 In the flat
gauge, the last term in Eq. (37) is proportional to hδϕδσi.
Since the mass mixing between δϕ and δσ is proportional to
λ2, hζinfζcurvi should be negligibly small compared with the
diagonal terms. Therefore, we can ignore the cross term,3

which results in Pζ ≈ Pinf
ζ þ Pcurv

ζ with

Pinf
ζ ¼

�
H�
2π

�
2 1

2ϵ�M2
Pl

; ð38aÞ

Pcurv
ζ ¼

�
R

4þ 3R

�
2
�

H�
πσinf

�
2

: ð38bÞ

Evaluating the above quantities at the pivot CMB scale
k� gives the amplitudes

Ainf
s ≡ Pinf

ζ ðk�Þ; Acurv
s ≡ Pcurv

ζ ðk�Þ: ð39Þ

The total amplitude is As ¼ Ainf
s þ Acurv

s . Above, we see
that the total curvature perturbations have different con-
tributions from the inflaton and the curvaton, both depend-
ing on the ratio R.
With the help of Eqs. (38a) and (38b), we can derive the

spectral index ns as

ns − 1 ¼ 1

Pζ

�
dPinf

ζ

d ln k
þ dPcurv

ζ

d ln k

�����
k�

¼ Ainf
s

As
ðninfs − 1Þ þ Acurv

s

As
ðncurvs − 1Þ; ð40Þ

where ninfs can be calculated using Eq. (23) in the slow-roll
regime, whereas ncurvs is given by [38]

ncurvs − 1 ≈ 2
Ḣ�
H2�

þ 2

3

m2
σ

H2�
: ð41Þ

In the case where mσ ≪ H� and Ḣ�=H2� ≪ 1, we approx-
imately have ncurvs ≈ 1. We can now readily see how the
presence of the curvaton modifies the inflationary predic-
tions of hilltop models. In the single-field hilltop scenario,
the amplitude of the primordial scalar spectrum Ainf

s can be
compatible with observations, while the predicted spectral
index ns typically comes out too small in the sub-Planckian
case. With the curvaton, both As and ns are altered. The
total amplitude As no longer needs to be entirely sourced by
Ainf
s . Accordingly, one has Ainf

s =As < 1 in Eq. (40), which
implies jns − 1j < jninfs − 1j, so that the predicted ns can be
closer to unity compared to the single-field hilltop case.
Using the best-fit values ns ¼ 0.9649 and lnð10−10AsÞ ¼
3.049 from Planck18 (TT, TE, EEþ lowE) results for
illustration, one arrives at Ainf

s ≃ 1.0 × 10−9 and Acurv
s ≃

1.1 × 10−9 for the cubic hilltop, and Ainf
s ≃ 1.3 × 10−9 and

Acurv
s ≃ 7.6 × 10−10 for the quartic hilltop.
In addition, the tensor-to-scalar ratio r also gets modi-

fied, i.e.,

r ¼ At

As
¼ 16ϵ�

1þ Acurv
s =Ainf

s
; ð42Þ

where At ¼ 2H2�=ðπ2M2
PlÞ has been adopted.

In Appendix B, we rederive the above results adopting
the δN formalism [56,57]. Moreover, the δN formalism
could also help us calculate the magnitude of the primordial
non-Gaussianity [57–60], which may be significant in the
curvaton scenario, since the final curvature perturbations
arise from the nonlinear conversion of the curvaton iso-
curvature fluctuations into adiabatic ones after its decay.
The local non-Gaussianity can be described by a dimen-
sionless parameter fNL, which can be estimated as [cf.
Eq. (B15)]

fNL ≈
�
Acurv
s

As

�
2
�

5

4rdec
−
5

3
−
5

6
rdec

�
: ð43Þ

V. RESULTS AND DISCUSSIONS

In this section, we test the curvaton-assisted cubic and
quartic hilltop inflation models against the CMB observa-
tions. Before proceeding to the numerical analysis, we shall
make some analytical order-of-magnitude estimates.
We focus on the scenario where the primary inflationary

phase can be approximately described by a purely cubic or
quartic hilltop potential, for which the formulas for the
primordial observables remain valid. To achieve this, we
require Bp ≲m2

ϕ, so that Vϕ is dominated by the second
term in Eq. (8). By adopting the formulas in single-field
slow-roll hilltop inflation, we can rewrite Eqs. (38a) and
(38b) as the expressions that depend explicitly on the model
parameters. For Ainf

s , we have

2By definition, hζkζ�k0 i ¼ ð2πÞ3δð3Þðk − k0ÞPζðkÞ. After hori-
zon exit, each mode freezes and becomes effectively classical, so
the power spectrum is given by the squared amplitude of the
mode function at horizon exit PζðkÞ ¼ jζexitk j2. Then the dimen-
sionless power spectrum is given by PζðkÞ ¼ k3PζðkÞ=ð2π2Þ.

3A more explicit form of the cross term is given in Appen-
dix B.
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Ainf
s ≈

3N4
eM2

PlΛ4

4π2μ6
ðcubic hilltopÞ; ð44aÞ

Ainf
s ≈

8N3
eΛ4

3π2μ4
ðquartic hilltopÞ; ð44bÞ

and

Acurv
s ≈

λΛ4

27π2mϕM3
Pl

; ð45Þ

where we have assumed R ≫ 1 and omitted theOð1Þ factor
ξ. It can be seen that Λ exhibits a positive relation with μ,
whereas it shows a negative relation with λ. The ratio
between Ainf

s and Acurv
s turns out to be

Ainf
s

Acurv
s

¼ 81N4
emϕM5

Pl

4λμ6
and

72N3
emϕM3

Pl

λμ4
ð46Þ

for the cubic and quartic hilltop models, respectively. Λ
approximately cancels out in the ratio. One can thus see
from Eqs. (40) and (42) that the dependence of ns and r on
Λ is weak. In addition, we should require that jVσσj ¼
m2

σ þ 6λ2ϕ2σ2inf=M
2
Pl ≲H2 holds at ϕe, which turns out

to be a strong constraint on the parameter space. More
accurately, one can see from Eq. (25) that ϕ2

e ≃ μ6=ð36M4
PlÞ

in the cubic case and ϕ2
e ≃ μ4=ð12M2

PlÞ in the quartic case.
After substituting the analytical estimate of ϕe into
Eq. (46), we find that the cubic case carries one extra
power of Ne in Ainf

s =Acurv
s , compared with the quartic case.

As a result, demanding Ainf
s and Acurv

s to be of comparable
size typically pushes the cubic model toward a larger ϕe,
which makes the condition jVσσj≲H2 much harder to
satisfy.
Based on the above discussions, we perform an illus-

trative Bayesian analysis to assess the consistency of our
curvaton-assisted hilltop inflation model with cosmological
observations. We fix the values of mϕ ¼ 3 × 10−11MPl,
mσ ¼ 5 × 10−12MPl, and R ¼ 500,4 while treating the
remaining parameters θ ¼ fμ;Λ; λg as the scanning param-
eters. A log-flat (uniform-in-log) prior is imposed on these

parameters, such that πðθÞ ¼ 1 for

−1 ≤ log10ðμ=MPlÞ ≤ 0; −5 ≤ log10ðΛ=MPlÞ ≤ −2;

−5 ≤ log10λ ≤ −1; ðjVσσj=H2Þjϕe
< 1: ð47Þ

Otherwise, πðθÞ ¼ 0. Here we restrict the prior range to
μ≲MPl to maintain a clean separation between the sub-
Planckian and trans-Planckian regimes. However, we note
that this is mainly a choice for definiteness. In hilltop
inflation, even when μ is slightly larger than MPl, e.g.,
μ ≃ 2MPl, the actual inflaton excursion may still remain
below the Planck scale.
For the purpose of a phenomenological estimate, we

construct a simplified likelihood in terms of the observables
D ¼ fAs; ns; rg [with As ≡ lnð1010AsÞ]. For simplicity,
we assume the measurement errors are Gaussian and
uncorrelated, and then the log-likelihood is related to
the χ2 statistic as logL ¼ −χ2=2, where the total χ2 is
calculated as the sum of the contributions from each
observable

χ2ðθÞ ¼ ðnsðθÞ − n̄sÞ2
σ2ns

þ ðAsðθÞ − ĀsÞ2
σ2As

þ r2ðθÞ
σ2r

; ð48Þ

where nsðθÞ, AsðθÞ, and rðθÞ are the values predicted by
the model for the parameter set θ, the values n̄s and Ās are
the observed central values, and σ represents the corre-
sponding 1σ (68% C.L.) uncertainties. This simplified
likelihood is sufficient for identifying viable benchmark
regions, but should not be regarded as a substitute for a full
experimental likelihood analysis. As discussed above, we
adopt the Planck18 (TT, TE, EEþ lowE) constraints and
the combination of ACT DR6, Planck, and DESI Year-1
data, labeled by P-ACT-LB as the observational baselines
for our parameter inference. For Planck18 (TT, TE,
EEþ lowE), the central values and the corresponding 68%
C.L. uncertainties for ns and As at the pivot k� ¼
0.05 Mpc−1 are determined by [2]

ns ¼ 0.9649� 0.0044; As ¼ 3.045� 0.016; ð49Þ

while for P-ACT-LB, we use5 [8]

ns ¼ 0.9743� 0.0034; As ¼ 3.060þ0.011
−0.012 : ð50Þ

For the tensor-to-scalar ratio r, the most stringent upper
bound is derived from the BICEP/Keck18 (BK18) result
[52], namely,

r < 0.036 ð95%C:L:Þ at k� ¼ 0.05 Mpc−1: ð51Þ

4The choice of fixing the values of fR;mϕ; mσg is motivated as
follows. First, from Eq. (38b), a sizable curvaton contribution to
the scalar power spectrum requires a sufficiently large R, while
for R ≫ 1 the prefactor R=ð4þ 3RÞ is already close to saturation
and depends only weakly on the precise value of R. Second, mϕ

affects Acurv
s mainly through the value of σinf ≃ ξσt at the exit from

the diffusion region. On the one hand, according to Eq. (38b),
obtaining a sizable Acurv

s disfavors very large mϕ. On the other
hand, as shown in Appendix C, once m2

ϕ ≪ B3, σt becomes
nearly independent ofmϕ. We therefore fixmϕ to a representative
value. Finally, the role of mσ is mainly to ensure that the curvaton
remains effectively frozen during hilltop inflation, and its impact
on the inflationary observables is negligible within the parameter
region of interest.

5We approximate σAs
by the average value σAs

¼ 0.0115when
constructing the likelihood function for As.
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We thereby model the χ2 function for r as a one-sided
Gaussian distribution with a mean of zero and a standard
deviation σr ¼ 0.036=1.96 ¼ 0.0184.
The posterior probability distribution PðθjDÞ of the

parameters θ given the observational data D is proportional
to the product of the likelihood function LðDjθÞ and the
prior probability distribution πðθÞ,

PðθjDÞ ∝ LðDjθÞπðθÞ: ð52Þ

We explore the parameter space using an MCMC algo-
rithm. For the cubic hilltop model, we do not find any
viable parameter region with μ < MPl in our numerical
scans, even after varying mϕ, mσ, and R. The main issue is
that the model cannot simultaneously reproduce the
observed inflationary observables and satisfy the curvaton
condition. A detailed analysis of the viability of the cubic
hilltop model can be found in Appendix C. In contrast, in
the quartic model we find a parameter region that is
consistent with current cosmological observations. The
resulting one-dimensional (1D) and two-dimensional
(2D) marginalized posterior distributions are displayed
as corner plots in Fig. 3. The inner and outer contours

correspond to the 68% and 95% credible intervals (i.e.,
approximately 68% and 95% of the samples fall within the
corresponding contours), while the blue and red shaded
regions represent the constraints from the Planck18 and
P-ACT-LB, respectively. Meanwhile, we also present
marginalized posterior constraints for model parameters
{μ, Λ, λ} and the predicted values of As, ns, r, and fNL in
Table I. Some remarks are as follows.
First, our analysis demonstrates that the curvaton-

assisted quartic hilltop inflation model is consistent with
current observations from both Planck and ACT
Collaborations. It is evident that P-ACT-LB yields more
compact posterior distributions, providing more stringent
constraints on the model parameters.
Second, the preferred value of Λ from the posterior

distributions is around Oð1015Þ GeV, implying a potential
origin from Grand Unified Theories (GUTs). The median
value of the coupling parameter λ is determined to be
∼4 × 10−4. As for the parameter μ, the 1D posterior is
skewed toward the upper prior boundary μ < MPl. In the
Planck18 case, the distribution already shows a clear
flattening before the imposed cutoff μ < MPl is reached,
and still admits a meaningful 68% credible interval,
μ=MPl ¼ 0.771þ0.149

−0.149 . In contrast, the P-ACT-LB posterior
is more strongly piled up against the boundary, with about
32% of the samples satisfying μ=MPl > 0.95, indicating a
substantial prior-boundary effect. For this reason, we quote
the constraint on μ in terms of a one-sided 95% lower
bound.
Finally, the parameter relations exhibited in the 2D

posterior distributions indicate that μ is negatively corre-
lated with λ and positively correlated with Λ, which are

FIG. 3. The 1D marginalized and 2D joint posterior probability
distributions for the model parameters fμ;Λ; λg in the quartic
hilltop model, where we fix R ¼ 500, mϕ ¼ 3 × 10−11MPl, and
mσ ¼ 5 × 10−12MPl. Constraints are derived from an MCMC
Bayesian analysis incorporating observational data for ns andAs
from Planck18 (TT, TE, EEþ lowE) (blue) and P-ACT-LB
(red), as well as the upper limit on the tensor-to-scalar ratio r <
0.036 at 95% C.L. from BICEP/Keck18 (BK18). The inner
and outer contours in the 2D plots correspond to the 68% and
95% credible intervals, respectively.

TABLE I. Marginalized posterior constraints for the curvaton
assisted quartic hilltop model in the sub-Planckian region, where
we set R ¼ 500, mϕ ¼ 3 × 10−11MPl, and mσ ¼ 5 × 10−12MPl.
Unless otherwise stated, quoted uncertainties correspond to the
marginalized 68% credible intervals. For μ in the P-ACT-LB
case, we quote the 95% lower bound, since its posterior is visibly
skewed toward the prior boundary μ < MPl. For r, we quote the
95% upper bound.

Quartic hilltop

Parameters Planck18 P-ACT-LB

log10ðμ=MPlÞ −0.113þ0.077
−0.093 > −0.129

μ=MPl 0.771þ0.149
−0.149 > 0.743

log10ðΛ=MPlÞ −3.497þ0.075
−0.086 −3.457þ0.029

−0.041
Λ=MPl ð3.18þ0.60

−0.57 Þ × 10−4 ð3.49þ0.24
−0.32 Þ × 10−4

log10 λ −3.386þ0.244
−0.243 −3.326þ0.099

−0.098
λ ð4.11þ3.09

−1.76 Þ × 10−4 ð4.72þ1.21
−0.95 Þ × 10−4

ns 0.9630þ0.0041
−0.0043 0.9720þ0.0025

−0.0029
As 3.045þ0.016

−0.016 3.060þ0.011
−0.011

r < 10−6 < 10−6

fNL −0.114þ0.053
−0.066 −0.278þ0.060

−0.058
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well described by the analytical formulas in Eqs. (44a),
(44b), and (45).
So far, our analysis has focused on the sub-Planckian

hilltop regime. In that case, the inclusion of the curvaton
alleviates the tension with observations, while the predicted
tensor-to-scalar ratio remains negligible, r < 10−6. It is
nevertheless instructive to briefly examine the trans-
Planckian regime with μ≳MPl, where the inflationary
dynamics is qualitatively different. In this case, the end of
slow-roll inflation is no longer determined by η ¼ −1, but
instead by ϵ ¼ 1. Accordingly, the field value at the end of
inflation, ϕe, is no longer given by Eq. (25), and the
corresponding r − ns relation is modified. For the truncated
hilltop potential VHTðϕÞ ∝ 1 − ðϕ=μÞp used in the Planck
analysis, in the slow-roll approximation one obtains [61]

r ≈
8p2ðMPl=μÞ2x2p−2

ð1 − xpÞ2 ; ð53aÞ

ns − 1 ≈ −
2pðp − 1ÞðMPl=μÞ2xp−2

1 − xp
−
3r
8
; ð53bÞ

where x≡ ϕ�=μ. In the limit μ ≫ MPl, this reduces to
ns ≈ 1–3r=8. Nevertheless, in the large μ limit, the trun-
cated potential becomes negative soon after the end of
inflation, which may subsequently cause the universe to
collapse.
Therefore, a more self-consistent approach is to consider

a stabilized version of the hilltop potential that remains
non-negative [62], as in the perfect-square form of VHT

adopted in Eq. (3). In this case, the higher-order term
required to keep the potential positive significantly modi-
fies the expressions for r and ns. More explicitly,

r ≃
8p2ðMPl=μÞ2x2p−2

ð1 − xp=2Þ2 ; ð54aÞ

ns − 1 ≃ −
2pðp − 1ÞðMPl=μÞ2xp−2

1 − xp=2
−
r
4
; ð54bÞ

which reduces to ns ≈ 1 − r=4 in the μ ≫ MPl limit.
The blue curves in the left and right panels of Fig. 4 show

the r − ns predictions for the single-field quartic hilltop
model calculated using the truncated potential VHT ¼
Λ4½1 − ðϕ=μÞ4� and the full stabilized potential
VHT ¼ Λ4½1 − ðϕ=μÞ4=2�2, respectively, together with the
experimental constraints from P-ACT-LB-BK18 and
Planck-LB-BK18. In this regime, r is significantly
enhanced.
For the truncated potential, for the single-field quartic

hilltop model in the left panel of Fig. 4 (blue curves), the
theoretical prediction lies almost entirely outside the 68%
credible region of the P-ACT-LB-BK18 constraints, even
for Ne ¼ 60. For the more self-consistent full stabilized
potential, for the single-field quartic hilltop model in the
right panel of Fig. 4 (blue curves), the predicted values of r
are even larger, and the predictions for 50 ≤ Ne ≤ 60 lie
entirely outside the 95% credible region of the P-ACT-
LB-BK18 constraints, indicating even stronger tension
with the data.

FIG. 4. Relations between the tensor-to-scalar ratio r and the spectral index ns in the trans-Planckian quartic hilltop model where
μ≳MPl. We use the truncated potential VHT ¼ Λ4½1 − ðϕ=μÞ4� in the left panel, and the full potential VHT ¼ Λ4½1 − ðϕ=μÞ4=2�2 in the
right panel. The pink- and orange-shaded contours are the constraints from the P-ACT-LB-BK18 and Planck-LB-BK18 results,
with the darker and lighter colors denoting the 68% and 95% C.L. allowed regions, respectively [63]. Blue lines correspond to the
predicted r − ns relations in the single-field hilltop model, while the green lines represent the r − ns relations in the curvaton-assisted
quartic hilltop model for λ ¼ 10−6, obtained from the viable points withAs restricted to the narrow range 3.0 < As < 3.1, by averaging
r in each ns bin. Note that here the results for the curvaton-assisted hilltop model are also derived within the trans-Planckian regime.
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In Fig. 4 we also illustrate the behavior of the curvaton-
assisted model in the trans-Planckian regime (green
curves), where good agreement with the data is obtained.
This part is intended only for comparison, as an illustrative
extension, rather than as a full Bayesian analysis analogous
to the sub-Planckian case discussed above. In this repre-
sentative example, we have fixed λ ¼ 10−6 and selected
points satisfying the basic observational requirement
3.0 < As < 3.1. The green curves in Fig. 4 are then
obtained by averaging r within each ns bin for these
selected points. Unlike in the single-field trans-Planckian
hilltop model, the values of r obtained using the truncated
and full stabilized potentials differ only moderately, which
can be understood partly from the curvaton contribution to
the scalar perturbations, while the narrow As window
allows different parameter combinations to compensate
for changes in the inflaton potential. Typically, we find r ∼
Oð0.01Þ for ns ∼ 0.97. This suggests that, unlike the single-
field case, the curvaton-assisted scenario can remain
compatible with current constraints while predicting a
potentially observable tensor signal, making it an interest-
ing target for future CMB experiments such as LiteBIRD
[64] and CMB-S4 [65].
Before closing this section, we turn to a brief comment

on the non-Gaussianity. According to Table I, the preferred
local non-Gaussianity coefficient fNL is found to be
negative with a magnitude of Oð0.1Þ. The up-to-date
constraint on the local non-Gaussianity is fNL ¼ −0.9�
5.1 [3]. Hence, our prediction for the non-Gaussianity lies
well within current experimental limits, yet still represents a
small but distinct deviation from the standard single-field
slow-roll prediction fNL ∼Oð1 − nsÞ.

VI. CONCLUSIONS

Conventional hilltop inflation models face the initial-
condition problem that the inflaton field must start to roll
extremely close to the top of the hilltop potential, raising a
concern about its naturalness. In this work, we have
discussed a mechanism involving a curvaton field that
significantly relaxes this problem. We have focused on the
cubic and quartic hilltop models in particular. The curvaton
σ couples to the inflaton field via a cross term given in
Eq. (5), which contributes to the effective mass of the
inflaton and modulates the shape of the inflaton potential.
The required operators can be embedded in a supersym-
metric framework.
Given white-noise fluctuations at the Hubble scale for

both inflaton and curvaton fields, we have shown, both
analytically and numerically, that the onset of hilltop
inflation is insensitive to the initial position of the curvaton
within a certain region of field space. The dynamics of the
field evolution is described by the Langevin equations. In
the numerical simulation, we applied an MCMC analysis
to solve the equations, and in the analytical derivation,
mean-square values of the fields ϕ and σ were taken as

observables. Both results match very well, as shown in
Fig. 1, and the insensitivity to the initial conditions is
confirmed in Fig. 2.
The curvaton is assumed to be sufficiently light com-

pared with the Hubble rate during inflation, so that it does
not dominate the Universe until the Hubble rate decreases
to become comparable to the curvaton mass after inflation.
It plays an essential role in modifying the primordial
curvature perturbations via the ratio R of the curvaton
energy density to the radiation energy density at the time of
curvaton decay. We have explicitly derived the expressions
for the primordial observables in the presence of a curvaton.
We further performed an illustrative Bayesian analysis,

based on a simplified likelihood constructed from the
Planck and recent ACT results, to confirm the consistency
of our model with cosmological observations. Given a
sufficiently large R and suitable inflaton and curvaton
masses, the overall potential scale Λ can be of order the
GUT scale, and the inflaton field value can be of order the
sub-Planckian scale, both remaining consistent with these
data in the quartic hilltop model. Furthermore, we com-
pared our model with single-field hilltop inflation in terms
of the predicted tensor-to-scalar ratio and spectral index in
the trans-Planckian regime. A tensor-to-scalar ratio of
Oð0.01Þ was obtained in the curvaton-assisted inflation
scenario with μ ≫ MPl and λ ¼ 10−6, consistent with both
the Planck and the recent ACT data, and this can be tested
in next-generation CMB experiments.
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APPENDIX A: LANGEVIN EQUATIONS

In the stochastic inflation formalism, the evolution of the
coarse-grained scalar field is governed by two contribu-
tions: a deterministic drift corresponding to its classical
slow-roll motion, and a stochastic source arising from the
continuous horizon crossing and subsequent freezing of
short-wavelength quantum fluctuations. As a result, the
dynamics of the field can be described by a stochastic
differential equation of Langevin type [66]:

dφ ¼ −
Vφ

3H2
dN þ H

2π
dWN; ðA1Þ

where φ ¼ ϕ; σ and WN denotes the Wiener stochastic
process with increments satisfying hdWNi ¼ 0 and
hðdWNÞ2i ¼ dN. dWN is related to the white noise ξφ
via dWN ¼ ξφdN. Then one can immediately note that
Eq. (A1) takes the same form as Eqs. (9) and (10).
Taking the expectation value of Eq. (A1) and utilizing

hdWNi ¼ 0, we obtain the Langevin equation of the
expectation value hφi as

dhφi
dN

¼ −
hVφi
3H2

: ðA2Þ

To derive the Langevin equation for the field mean-
square values, we consider the stochastic differential of φ2,
namely,

dðφ2Þ ¼ 2φdφþ ðdφÞ2

¼ −φ
2Vφ

3H2
dN þ 2φ

H
2π

dWN þ
�
H
2π

�
2

dN; ðA3Þ

where ðdφÞ2 cannot be neglected since hðdWNÞ2i ¼ dN is
of first order in the infinitesimal. Again, taking the expect-
ation value of Eq. (A3) and using hφdWNi ¼ 0, we obtain
the Langevin equation for hφ2i,

dhφ2i
dN

¼ −
2

3H2
hVφ · φi þ

�
H
2π

�
2

: ðA4Þ

For our model setup with λ≲ 10−2, the covariance
between ϕ and σ is negligible, which allows us to treat
the Langevin equations for ϕ and σ separately. As men-
tioned in the main text, the starting point of σ is randomly
selected in the range σ ≳ σc, while the initial value of ϕ is
very close to zero. In this case, Vσ ≈m2

σσ, and Eq. (A4)
reduces to

dhσ2i
dN

≈ −
2m2

σ

3H2
hσ2i − 4λ2hϕ2ihσ4i

3H2M2
Pl

þ
�
H
2π

�
2

; ðA5Þ

which reproduces Eq. (12b). As for the field ϕ, since Vϕ

contains higher-order terms in ϕ, in general one cannot

reduce the equation for hϕ2i into a form analogous to
Eq. (A5). In the following, we examine the explicit forms of
Langevin equations for hϕ2i for the cubic and quartic
hilltop cases.
Cubic hilltop. In the cubic hilltop case with p ¼ 3, Vϕ is

written as

Vϕ ¼ m2
ϕ

�
σ4

σ4c
− 1

�
ϕ − 3Λ4

ϕ2

μ3
þ � � � : ðA6Þ

From Eq. (A2), it is not difficult to see that ϕ can develop a
nonzero expectation value due to the ϕ2 term in Vϕ. A static
solution can be reached if dhϕi=dN ≃ 0 is satisfied, which
yields

hϕi ≃ 3Λ4hϕ2i
m2

ϕμ
3

�
σ4

σ4c
− 1

�−1
: ðA7Þ

For the parameter range of interest, hϕi≲ ϕrms ≡
ffiffiffiffiffiffiffiffiffi
hϕ2i

p
holds. Hence, under the condition that ϕ follows an
approximately Gaussian distribution, one can get
hϕ3i ≈ 3hϕi · hϕ2i. Then Eq. (A4) can be recast into

dhϕ2i
dN

≈ −
2

3H2
ðC1hϕ2i þ C2hϕ2i2Þ þ

�
H
2π

�
2

; ðA8Þ

with

C1 ¼ m2
ϕ

�hσ4i
σ4c

− 1

�
; C2 ¼ −

27Λ8

m2
ϕμ

6

�hσ4i
σ4c

− 1

�−1
:

ðA9Þ

Quartic hilltop. Unlike the cubic hilltop potential, in the
quartic hilltop case we have

Vϕ ¼ m2
ϕ

�
σ4

σ4c
− 1

�
ϕ − 4Λ4

ϕ3

μ4
þ � � � ; ðA10Þ

which involves only odd powers of ϕ. Therefore, as long as
hϕi is sufficiently close to zero, it will eventually stabilize
at hϕi ¼ 0. For an approximate Gaussian distribution,
hϕ4i ¼ 3hϕ2i2 should be satisfied. In this case, the
Langevin equation for hϕ2i also takes the form as

dhϕ2i
dN

≈ −
2

3H2
ðC1hϕ2i þ C2hϕ2i2Þ þ

�
H
2π

�
2

; ðA11Þ

with

C1 ¼ m2
ϕ

�hσ4i
σ4c

− 1

�
; C2 ¼ −

12Λ4

μ4
: ðA12Þ
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APPENDIX B: δN FORMALISM

In this section, we derive the explicit formulas for
inflationary observables in our model by implementing
the δN formalism [56,57,67]. On superhorizon scales, the
curvature perturbation ζ appears in the spatial part of the
perturbed metric ds2 in the form

ds2 ¼ −dt2 þ a2ðtÞe2ζðt;xÞδijdxidxj: ðB1Þ

Accordingly, the physical volume element dVðxÞ around
the position x is proportional to a3ðtÞe3ζðt;xÞ. On the other
hand, the expansion of the background volume can be
connected to the number of e-folds as a3ðtÞ ∼ e3N . As a
result, dVðxÞ ∝ e3½NþδNðxÞ� with δNðxÞ being the difference
between the local number of e-folds in each Hubble patch
and the background average. Hence, one can directly
identify the curvature perturbation with the local fluc-
tuation in the number of e-folds, namely, ζðxÞ ¼ δNðxÞ.
In practice, one can select a spatially flat slice where the

curvature perturbation in the three-dimensional metric
vanishes as the initial hypersurface, labeled by “*”, and
a uniform-density slice where δρ ¼ 0 as the final hyper-
surface, labeled by “f.”Note that the flat hypersurface must
be evaluated at the horizon exit. Then we have ζ ¼ δNf

� . In
the two-field framework, δNf

� can be computed with the
help of Taylor expanding [67]

δNf
� ¼ Niδφ

i� þ
1

2
Nijδφ

i�δφ
j
� þ � � � ; ðB2Þ

with Ni ≡ ∂Nf
�=∂φi�, Nij ≡ ∂

2Nf
�=ð∂φi�∂φ

j
�Þ, and φ ¼ ϕ; σ

in our case. We adopt the sudden–decay approximation for
the curvaton and take the final uniform-density hypersur-
face to coincide with the epoch of its decay, and then Nϕ

and Nσ can be evaluated by

Nϕ ¼ 1

MPl
ffiffiffiffiffiffiffi
2ϵ�

p ; Nσ ¼
2rdec
3σinf

; ðB3Þ

where

rdec ≡ 3ρσ
4ρr þ 3ρσ

����
decay

: ðB4Þ

The factor rdec enters the expressions for Nϕ and Nσ

because, after the curvaton decay, the total curva-
ture perturbation ζ is a weighted combination of the
adiabatic and isocurvature contributions, namely, ζ ¼
ζr þ rdecðζσ − ζrÞ.
Now we can use the above formulas to calculate

corresponding inflationary observables.

Power spectrum. The total power spectrum reads

Pζ ≡ hζζi ¼ NiNjhδφi�δφ
j
�i

¼
�
H�
2π

�
2

ðN2
ϕ þ N2

σ þ 2κNϕNσÞ; ðB5Þ

where the coefficient κ≡ hδϕ�δσinfi=½H2�=ð2πÞ2�. Under
the assumption that σ is light and the mixing between ϕ and
σ is weak, κ ∼M2

PlVϕσ=V ¼ 4λ2ϕσ3=V ≪ 1 can be safely
neglected. Hence, we get

Pζ ≈
�
H�
2π

�
2
�

1

2ϵ�M2
Pl

þ
�
2rdec
3σinf

�
2
�
; ðB6Þ

which turns out to be Eqs. (38a) and (38b).
Tensor-to-scalar ratio. As the introduction of the cur-

vaton only modifies the scalar perturbation power spec-
trum, the tensor-to-scalar ratio becomes

r≡ PT

Pζ
¼ 8

M2
PlðN2

ϕ þ N2
σÞ
: ðB7Þ

Substituting Eq. (B3) into the above equation, we obtain

r ¼ 16ϵ�
1þ 2ϵ�M2

Pl½2rdec=ð3σinfÞ�2
: ðB8Þ

Spectral index. In the δN formalism, the spectral index
can be expressed as

ns ¼ 1þ N2
ϕ

N2
ϕ þ N2

σ
ð−6ϵ� þ 2η�Þ

þ N2
σ

N2
ϕ þ N2

σ
ð−2ϵ� þ 2ηðσÞ� Þ; ðB9Þ

where ηðσÞ ≡M2
PlVσσ=V has been defined. Since the

curvaton potential is rather flat, ηðσÞ should be highly
suppressed. Moreover, ϵ� should also be negligible in
hilltop inflation models. Hence, the expression for ns
can be simplified into

ns ≈ 1þ 2η�
1

1þ 8r2decϵ�M
2
Pl=ð3σinfÞ2

: ðB10Þ

Non-Gaussianity. If the primordial fluctuations obey a
strict Gaussian distribution, all statistical information is
fully characterized by the two-point function. To be more
concrete, all odd-point correlation functions vanish, while
even-point functions can always be reduced to products of
two-point functions. In this sense, the presence of a
nonvanishing three-point function serves as a clear
indicator of non-Gaussianity. In the δN formalism, a
nonvanishing quadratic term may generate a nonzero
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three-point function. Schematically, one finds hζ3i∼
hδφiδφjihδφkδφli, which implies that nonlinear depend-
ence of ζ on the field fluctuations could lead to non-
Gaussianity [57–60].
The non-Gaussianity can be described by a dimension-

less parameter fNL, defined as

fNL ≡ 5

6

NiNjNij

ðNkNkÞ2

¼ 5

6

N2
ϕNϕϕ þ 2NϕNσNϕσ þ N2

σNσσ

ðN2
ϕ þ N2

σÞ2
: ðB11Þ

In the case where Nϕϕ is small and Nϕσ is negligible, fNL is
reduced to

fNL ≈
5

6

N2
σNσσ

ðN2
ϕ þ N2

σÞ2
: ðB12Þ

To proceed, we need the explicit form ofNσσ. Keeping in
mind that rdec also depends on σinf through ρσ ∝ σ2inf , we
have

Nσσ ¼
∂

∂σinf

�
2

3

rdec
σinf

�
¼ 2

3

�
r0dec
σinf

−
rdec
σ2inf

�
; ðB13Þ

with r0dec ≡ ∂rdec=∂σinf . Using the definition of rdec given in
Eq. (B4), one finds

Nσσ ¼
2rdec
9σ2inf

ð3 − 4rdec − 2r2decÞ: ðB14Þ

Therefore, we eventually arrive at

fNL ≈
�

N2
σ

N2
ϕ þ N2

σ

�
2
�

5

4rdec
−
5

3
−
5

6
rdec

�
; ðB15Þ

where we should note that Acurv
s ¼ H2�N2

σ=ð2πÞ2 and
Ainf
s ¼ H2�N2

ϕ=ð2πÞ2.

APPENDIX C: VIABILITY OF THE CUBIC
HILLTOP CASE

In this appendix, we explain why the sub-Planckian
cubic hilltop case cannot be rescued by the curvaton
mechanism in our benchmark setup. As we have mentioned
in the main text, the main difficulty arises from the curvaton
condition jVσσj≲H2. For the cubic hilltop model, using
ϕ2
e ≃ μ6=ð36M4

PlÞ and σinf ≃ σt with

σt¼ σc

�
1þ B3

m2
ϕ

�
1=4

; σ2c ¼
mϕMPl

λ
; ðC1Þ

from jVσσj≲H2, one finds

λmϕμ
6

6M5
Pl

�
1þ B3

m2
ϕ

�
1=2 ≲ Λ4

3M2
Pl

; ðC2Þ

where m2
σ has been omitted from jVσσj. Hence, λ should

obey the following upper bound:

λ≲ 2Λ4M3
Pl

mϕμ
6ð1þ B3=m2

ϕÞ1=2
: ðC3Þ

From Eq. (44a), we have

Ainf
s ≈

3N4
eM2

PlΛ4

4π2μ6
: ðC4Þ

With the help of the above equation, the upper bound on λ
can be rewritten as

λ≲ 8π2MPl

3N4
emϕð1þ B3=m2

ϕÞ1=2
Ainf
s : ðC5Þ

For our benchmark values mϕ ¼ 3 × 10−11MPl and
mσ ¼ 5 × 10−12MPl, and requiring Ainf

s ∼ 10−9, this gives

λ≲ 10−4

ð1þ B3=m2
ϕÞ1=2

≲ 10−4: ðC6Þ

One should note that although the upper bound in Eq. (C5)
appears to scale as λ ∝ m−1

ϕ , this does not imply that one
can evade the constraint by taking mϕ arbitrarily small.
Indeed, once m2

ϕ ≪ B3, one has ð1þ B3=m2
ϕÞ1=2≃

ðB3Þ1=2=mϕ. This inverse dependence on mϕ cancels the
explicit factor of mϕ in σ2c , so that σt becomes approx-
imately independent of mϕ. The bound on λ then saturates
to a value independent of mϕ, showing that lowering mϕ

does not help to restore a sizable curvaton contribution.
On the other hand, the ratio between the curvaton and

inflaton contributions to the scalar spectrum is

Acurv
s

Ainf
s

≈
4λμ6

81N4
emϕM5

Pl

: ðC7Þ

Since μ < MPl and λ is bounded as above, one obtains the
conservative upper bound Acurv

s =Ainf
s ≲ 10−2. Therefore, in

the sub-Planckian cubic hilltop case, the curvaton contri-
bution can at most be at the few-percent level and is, in
general, much smaller. The inflaton contribution thus
dominates the total scalar spectrum, and the prediction
for ns remains essentially that of the single-field cubic
hilltop model.
We have also performed a full numerical scan of the

cubic case. The results show that the posterior distribution
of ns is sharply concentrated around ns ≃ 0.93, which is
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precisely the characteristic prediction of the single-field
sub-Planckian cubic hilltop model for N� ¼ 55. This
confirms the validity of the above analytical estimate
and further demonstrates that the inclusion of the curvaton
is insufficient to bring the sub-Planckian cubic hilltop
model into agreement with observations.
For the trans-Planckian case of cubic hilltop inflation,

the results are similar to those of quartic trans-Planckian
hilltop inflation. In this regime, the end of inflation is no
longer determined by the condition jηj ¼ 1, but instead by
ϵ ¼ 1. In the limit μ ≫ MPl, the single-field cubic hilltop
model in the trans-Planckian regime likewise predicts a
sizable tensor-to-scalar ratio r. For Ne ¼ 60, when the full
stabilized cubic hilltop potential VHT ¼ Λ4½1 − ðϕ=μÞ3=2�2
is adopted, only a small segment of the prediction lies

within the 95% credible region of the Planck-LB-BK18
constraints, whereas the entire prediction lies outside the
95% credible region once the ACT data are included. Once
the curvaton is included, for the trans-Planckian case of
cubic hilltop inflation, the value of r can be suppressed, so
that both ns and r can simultaneously lie within the 68%
credible regions preferred by the P-ACT-LB-BK18 and
Planck-LB-BK18 data. In summary, the resulting
ns − r predictions for the trans-Planckian case of cubic
hilltop inflation are qualitatively similar to those shown in
Fig. 4 for the quartic hilltop trans-Planckian case. Thus, we
do not display the results for the trans-Planckian case of
cubic hilltop inflation separately since the plot would be
very similar to Fig. 4 for the quartic hilltop trans-
Planckian case.
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