PHYSICAL REVIEW D 113, 125002 (2026)

Computational quantum field theory for fermion pair creation
in two-dimensional curved spacetimes

Mohammed Alkhateeb ,1‘2 James P. Edwards ,2 and Yves Caudano
'Research Unit Lasers and Spectroscopies (UR-LLS), naXys and NISM, University of Namur,
Rue de Bruxelles 61, B-5000 Namur, Belgium
*Mathematical Sciences Department, University of Plymouth, Plymouth, PL4 S8AA, United Kingdom

® (Received 16 February 2026; accepted 27 April 2026; published 2 June 2026)

Similarly to the well-known particle-antiparticle pair production process in strong electromagnetic fields
(the Schwinger effect), the matter field vacuum state can be excited by time-dependent, curved spacetime
geometries. We study this process using a spacetime resolved numerical approach in the interaction picture
by extending computational quantum field theory (CQFT), well-adapted to simulate the time evolution of
quantum fields, to spin-1/2 fermions in curved spacetime. Within this framework, we investigate vacuum
excitation of a Dirac field induced by a spacetime-curvature quench. In particular, we evolve the fermionic
Minkowski vacuum in a 1 + 1-dimensional idealized curved spacetime characterized by a localized
Gaussian deformation of flat spacetime. Particle production is quantified by fermion-antifermion pair
numbers defined with respect to the Minkowski basis of asymptotically flat spacetime. We analyze how the
excitation depends on the strength and spatial extent of the curvature deformation and discuss the numerical
implementation of CQFT in curved backgrounds. While the postquench geometry is static and no
electromagnetic field is included, this work establishes a foundation for studying particle creation in

genuinely time-dependent curved spacetimes and electromagnetic backgrounds.
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I. INTRODUCTION

The creation of particle-antiparticle pairs from the
quantum vacuum by strong electromagnetic fields was
studied from a field theory perspective by Schwinger [1],
employing the quantum electrodynamics of fermions in an
electric field background. Schwinger built upon earlier
work of Sauter, who solved the Dirac equation in a classical
electric field background [2], alluding to the possibility of
particle-antiparticle pair creation. In particular, Sauter
identified transitions between positive- and negative-energy
states induced by potential ramps of the order of the rest
energy over a Compton wavelength. An elegant route to the
pair creation rate, via the optical theorem, was provided by
the calculation of the imaginary part of the effective action
by Euler and Heisenberg (spinor QED) [3] and Weisskopf
(scalar QED) [4]. The Schwinger effect can be understood
as a tunneling process out of a false vacuum, and so is
exponentially suppressed below a “critical” electric field
strength, 1.3 x 10'"® V/m. Such fields still cannot be
reached in the lab frame in earth-based experiments.
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Note, however, that the fields experienced in the rest frame
of a Lorentz-boosted electron beam incident on a high-
intensity laser can surpass the critical field strength,
inducing other nonlinear processes (for examples of laser
facilities see [5-8]).

A related effect was later predicted by Hawking [9],
where strong gravitational fields near the event horizon of
black holes lead to the creation of particle-antiparticle pairs,
giving rise to what is known as Hawking radiation. There,
the curved spacetime background plays a role analogous to
the electric field in the Schwinger effect. Similarly, the
Unruh effect can be associated with the appearance of a
horizon in the spacetime of a uniformly accelerated
observer [10-12]. The success of quantum field theory
in curved spacetimes in predicting Hawking radiation has
inspired further studies in the emerging field of gravity
analogues, including optical [13,14] and acoustic [15,16]
versions of black holes, as well as black hole analogues in
condensed matter systems [17,18].

In the context of strong electromagnetic fields, computa-
tional quantum field theory (CQFT) has proven successful
in studying pair creation resulting from colliding laser
pulses where the created particle densities are obtained by
evolving the fermionic vacuum state in the presence of a
time-dependent background field [19-22]. CQFT has also
shed light on the dynamics of Klein tunneling [23-25] and
provided insights into the tunneling time problem [26,27].
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The extension of CQFT to curved spacetime seems natural
given this success, and is the subject of this work. Doing so
would align the CQFT framework with recent studies of
pair creation in combined electromagnetic and gravitational
fields [28-32].

Particle creation by time-dependent and spatially varying
gravitational backgrounds has been extensively studied
within the framework of quantum field theory in curved
spacetime [33,34]. Well-known examples include cosmo-
logical particle production during inflation [35,36] and
Hawking radiation from black holes [9,37]. Standard
analytic techniques include Bogoliubov transformations
relating asymptotic in- and out-mode [9,33-36,38,39]
and adiabatic renormalization schemes [40]. Alternatives,
based on saddle points [41-43] in the worldline formalism
of quantum field theory [44,45] and the double copy
[46-49] have also been applied. These approaches provide
deep conceptual insight and some have been applied to a
variety of geometries [46-49]. However, their ability to
account for real-time field dynamics in regions of spatially
localized and time dependent curvature profiles of the type
considered here is less straightforward.

On the numerical side, several methods have been
developed to solve the Dirac equation in curved geometries.
For studies of Dirac materials, quasiconformal coordinate
transformations have been used to simulate electron
dynamics on strained graphene surfaces, which induces
an effective curvature [50]. Pseudospectral and operator-
splitting techniques can treat Dirac Hamiltonians with
spatially varying coefficients with high accuracy [51].
These approaches focus on the single-particle Dirac equa-
tion, whereas we focus here on the fully dynamical Dirac
field and investigate pair creation induced directly by
spacetime curvature within the CQFT framework.

The present work contributes to this landscape by
extending computational quantum field theory [19,20,22]
to curved spacetimes. CQFT evolves the fermionic field
state in real time by recasting this evolution as generated by
the first-quantized Dirac Hamiltonian. This is simulated on
a discretized spacetime lattice by constructing the time
evolution operator using the split-operator approach to
avoid the doubling problem corresponding to spurious
fermion modes caused by lattice discretization [52].

One challenge in CQFT is the ambiguity of particle
number at transient times (see, for example [53]). The
expectation value of the particle number (or density)
operator, or the contribution to this from given momentum
/ spin states, is in general dependent on the basis of one-
particle states used to define these (second-quantized)
operators. This reflects the inequivalence of the asymptotic
vacua (and indeed that of the instantaneous Hamiltonian)
which lead to different mode decompositions of the field—
which also shows pair creation to be down to vacuum
decay. For example, when particle numbers are computed
using a mode expansion in terms of adiabatic eigenstates of

the Dirac equation built from the vacuum state in the
asymptotic future, the resulting particle numbers corre-
spond to those that would be observed asymptotically if the
external background were removed instantaneously [53];
these can vary over orders of magnitude larger than the
physical, asymptotic number of created pairs. To mitigate
this ambiguity, calculations are typically performed in
fields that vanish asymptotically in space or time, where
an unambiguous particle interpretation is available far from
the interaction region [25-27]. Similarly, in the present
work, the extended CQFT framework for curved space-
times is applied to backgrounds that are asymptotically flat.
Importantly, however, a central advantage of CQFT is its
ability to evaluate real-time, spatially or momentum
resolved observables, such as charge densities and currents,
at finite times and in arbitrary background fields, inde-
pendently of a specific particle interpretation.

The approach introduced here provides the possibility of
real-time, operator-level simulation of vacuum excitation in a
genuinely curved spacetime using a numerically tractable
method. The approach therefore opens a complementary
pathway for investigating nonperturbative quantum field—
theoretical phenomena in curved spacetimes, with dynamical
and operator-level control that is difficult to obtain in
existing numerical frameworks. In particular, we study the
Dirac field in a genuinely curved 1 + 1-dimensional space-
time and arrive at the well-known result that spacetime
curvature alone—without electromagnetic fields—can induce
quench-driven vacuum excitation and fermion-antifermion
pair production with respect to a chosen mode decomposition,
visible in the real-time evolution of the vacuum state.

Our formalism integrates the covariant Dirac equation,
the spin connection, and curvature-dependent Hamiltonian
into a numerically stable operator-splitting scheme. This
places our approach at the intersection of semiclassical
QFT in curved backgrounds, strong-field QED numerics,
and analog-gravity simulations. The resulting framework
provides a complementary, nonperturbative tool to simulate
fields in arbitrary time-dependent geometries, accounting
for the dynamics inside localized curvature profiles.
Although we follow the common approach of reducing
the dimensionality of the problem to lower computational
cost, the method developed is not restricted the two-
dimensional geometries studied here.

Dilaton gravity [54-57] provides a string-inspired frame-
work [54] in which such a dimensional reduction can be
carried out while retaining essential gravitational features.
In the present work, the spacetime metric is not assumed to
be a solution of a specific dilaton gravity model; rather, it is
inspired by dilaton-type geometries, and is chosen to
provide a smooth and nonsingular curved background
suitable for studying vacuum excitation and particle cre-
ation within the CQFT framework.

The paper is organized as follows. Section II reviews the
CQFT formalism in flat spacetime and the split-operator
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implementation. In Sec. III we extend this framework to a
1 4 1-dimensional curved background described by a
smooth, localized Gaussian deformation of flat spacetime,
and derive a Hermitian Hamiltonian and its unitary time-
evolution operator. Section IV presents numerical results
for the real-time evolution of the fermionic vacuum and the
associated pair-production observables. Finally, Sec. V
discusses the physical interpretation and limitations of
the particle-number definition used here and outlines
extensions to more realistic measurement scenarios and
additional external fields.

II. FORMALISM OF COMPUTATIONAL
QUANTUM FIELD THEORY

We begin with a brief review of the CQFT approach for
electromagnetic interactions on a flat spacetime before then
adapting this formalism to a curved manifold. As such we
will present the Dirac equation in the context of both
relativistic quantum mechanics and quantum field theory
before outlining the connection between the two.

A. First-quantized Dirac theory

In flat spacetime, the Dirac equation for a relativistic
particle in the presence of an external electromagnetic four-
potential A, (x) reads

(iy" D, (x) = m)y (x) = O, (1)
D, =0d,—iA,, (2)

where natural units 2 = ¢ = ¢ = 1 are used throughout this
work. Here x* = (1, x) denotes the spacetime coordinates
with 4 =0, 1,2, 3 and A, (x) represents a prescribed (fixed
and classical) external electromagnetic background. In a
chosen inertial frame, this equation can be rewritten in
Schrodinger form as

iatW(t’X) = (I:Ifr+l:lem)l//<t’x>7 (3)

]:Iem = }’OY”AW (4)

where H #r 18 the free Dirac Hamiltonian and H,, repre-
sents the electromagnetic interaction with the field.

We now specialize to fermionic field theory in 1+ 1

spacetime dimensions. In this case one may choose the
following representation of the Clifford algebra,

yO = 03, 71 = i627
which leads to the free Hamiltonian

Ay, = poy + mos. (5)

From now on, x will denote solely the spatial coordinate
and ¢ the temporal coordinate in the laboratory frame. The

first-quantized version of this theory—or the one-particle
theory—has, of course, various well-known issues.
However, we presented it here because the Hamiltonian
in Eq. (3) will reappear when we reformulate the second-
quantized theory below.

In the single particle theory, the Dirac equation is
considered as applying to the wave function, y(x). The
Hilbert space is spanned by eigenstates of I:If,, which are
easily expressed in position space in terms of the familiar
(2D) Dirac spinors:

ot =i

where E,, = \/p? + m? and N(p) is a normalization factor.
In the above, v,(x) and w,(x) are the positive and negative
frequency eigenfunctions of the one-particle Hamiltonian

corresponding to momentum “p.” E, = \/c*p* + m*c*, x
is the spatial coordinate, and N(p) is a normalization factor.

B. Second quantization and QFT observables

In the second-quantized theory, the fermionic field is
promoted to an operator, expanded as as

wmm=/@@m%w+@mww» (6)

where v,(x) and w),(x) are the positive- and negative-
energy solutions of the free Dirac equation, and b (1) and

d (1) are the fermionic annihilation operators for particles
and antiparticles, respectively—these obey the standard
anticommutation relations for creation and annihilation
operators and are used to build the Fock space of multi-
particle states of the field.

The quantum-field-theoretical Hamiltonian is

~

W=y (e ) H (1. ). (7)

where H is the corresponding first-quantized Hamiltonian
in (3). The connection between the second-quantized
approach and the first-quantized Schrodinger form pre-
sented above is that it has been shown [20] that the
Heisenberg equation of motion for the field operator,

i0r(t,x) = [ir(t.x), H], (8)

can be written (exactly) similarly to the single-particle
evolution equation
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i0(1,x) = Hip(t,x). )

Here, the Hamiltonian A acts on the spinor-valued mode
functions appearing in the expansion of the field operator.
Consequently, the time evolution of the field operator can
be generated by an operator, (1), interpreted in the first-
quantized setting,

y(t.x) = U0 (0.x) = e H(0,x),  (10)

where the final equality holds for stationary one-particle
Hamiltonians.

The time dependence of the creation and annihilation
operators is obtained by reexpanding the evolved field
operator in a fixed reference basis, chosen according to
the physical context of the measurement. In the presence of
external electromagnetic fields that vanish asymptotically in
space or in time,1 a natural choice for this basis is the set of
free Dirac eigenstates. Hence we can write

by (1) = [ @' (Usy, by + Uiy, (1),
80 = [ a0/ Uy, by + U, (03]). (11

where, for example, our matrix notation means

Uy, (1) = /dxv;(x)lj(t)wp/(x),

and b Pr d ,» are the annihilation operators in the asymptotic
past (in our scenario of a curvature quench this is equivalent
to taking the operators at t = (), and similarly for creation
operators. So the time-evolved operators define a Fock space
in terms of the creation and annihilation operators in the
asymptotic past.

With these identifications, the number-density operators
associated with positive- and negative-energy states are
defined as

pol00) = [ apap'B by (00} 50,0,
p(tx) = // dpdp'd(0)dy (0w, (Iw,(x).  (12)

Note that this definition implicitly contains the identifica-
tion of particle states according to the time-evolved
operators. The momentum spectrum of the -created
fermions (respectively antifermions) is determined by the
number operators corresponding to each particle
momentum,

"The extension to gauge potentials that are asymptotically pure
gauge is straightforward.

pp-(1.p) = d(1)d, (7). (13)

Similarly, the charge-density operator is given by

Pt x) =yt (£, ) (2. x). (14)

Inserting the mode expansion only the particle and anti-
particle (“diagonal”) terms will survive once we take
vacuum expectation values below. Using the fermionic
anticommutation relations, one finds

p(03) = [[ dpdp/5}0)by (0} 02,
- // dpdp'dy (N (Wh(x)wy (x) + ...

=po(t,x) = p_(t,x) + ..., (15)

where the omitted terms will drop out below.

To determine a number or charge density of created pairs
in the Heisenberg picture, we determine the vacuum expect-
ation values of p,p_, and p,,, obtaining, respectively:

2

o020 = [[an] [ av., 00,0

2

R R

pot.) = [ dp/|Uy,0, 0

pp-(0) = [ dp'\U, 0P (16)

However, p. can only be interpreted unambiguously as
corresponding to the physical density of pairs created in the
asymptotic limit + — oo, or at large spatial distances from
variation in the electromagnetic field profile. This is because
these expectation values depend explicitly on the choice of
basis [through v, (x) and @, (x)], or, physically, the choice of
states that fill out the Fock space and define the multiparticle
states.

C. Split-operator approach to computational quantum
field theory evolution

The CQFT approach aims to evaluate observables at
successive times during the real-time evolution of the Dirac
field operator generated by the first-quantized Hamiltonian
with a finite spatial resolution. In order to do so, we
discretize space to a one-dimensional lattice of width A,

N N N
X=<—-—— ——+1 e — ,
{ > ox, ( 5 + >5x, > 6x}
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with lattice spacing x = A/(N + 1). The corresponding
reciprocal-space lattice is

P = N5 N+1 1) N&
- 2 p’ 2 pv"'72 p ’

where 6p = 2z /A.

The background scalar potential V(x) and vector poten-
tial A(x) are evaluated on the position-space lattice, while
the free Hamiltonian I:If, is most conveniently evaluated in
momentum space. For each momentum p = ndp, with
ne{-%.-5+1,....5}, the (first-quantized) positive-
and negative-energy basis spinors are the momentum space
eigenstates of Hy,:

i =N )

m+E,

(plwy) = N<p>(_"’fE”).

The time-evolution operator over a short time step ot is
written in symmetrized (second-order) split-operator form as

U =10,, (%) U(61)0,, (%) , (17)

where Uy, and U,,,, denote the evolution operators associated
with the free Hamiltonian and the electromagnetic interaction,
respectively. The matrix element of the free evolution operator

is given explicitly by
100l = (e 1) = (" )ao=1),

Uy Unp
(18)
with matrix elements
m
Uy = cos(E,6t) — i—sin(E,ét),
E,
. P .
U]z = —lE—pSln(Epél),
Uy = Uy,
Uy, = cos(E,bt) + iEﬁsin(Epét). (19)

p

The interaction step is applied in position space and reads
(WU (7)) = exp [=i(V (x) + 01 A(x))]8(x = x").  (20)

Transition amplitudes suchas U, , = (w,| Ulv s U Wy, =
(w,|U|w),) and so on, are evaluated numerically. With these
in hand, we can then evaluate the created pair number and/or

charge densities by evaluating (16) on the discretized
momentum space lattice.

The same CQFT approach presented in this section can
be used to calculate the numbers and number densities of
created boson-antiboson pairs and to study the propagation
of bosonic wave packets in strong electromagnetic fields
that are supercritical with respect to the bosonic mass
[58,59]. This approach has also been used to study the
dynamics of Klein tunneling [25] and regular tunneling of
both fermionic and bosonic fields [60], both where the
background field vanishes asymptotically and inside the
potential barrier through which the wave packet tunnels.
For this reason, the same projection onto the asymptotic
mode decomposition as in Eq. (11) was used in
those works.

However, in other contexts where the background field is
time dependent, different reexpansions can be employed.
For example, one may use a basis that diagonalizes the
Hamiltonian instantaneously. This yields the same particle
numbers as the adiabatic particle number. As discussed in
the introduction, the adiabatic particle number can exhibit
intermediate values that are orders of magnitude greater
than the asymptotic one converged to at late times. Using
different bases for the mode expansion, say the basis that
diagonalizes the Hamiltonian at ¢ — oo, would result in
different numbers at finite times. The dependence of
particle number, calculated at intermediate times, on the
quantization scheme is also observed in phase-space
approaches to pair production (see, e.g., [61]).

As an illustration, consider Sauter’s time-dependent
field,

a(e) =22 (1 + tanh (o)) 21)
One option is to use the basis that instantaneously diag-
onalizes the Hamiltonian given in Eq. (3). Alternatively,
one may project on to the Hamiltonian at asymptotically
late times, for which a(t) — a® becomes constant (pure
gauge) and recover the adiabatic particle number [53]. In
the late time limit, the pair creation rates agree. In Fig. 1 we
show the number of created pairs as determined by CQFT
using the basis that instantaneously diagonalizes the
Hamiltonian given by Eq. (3) with the background corre-
sponding to the Sauter’s field given by Eq. (21).

III. COMPUTATIONAL QUANTUM FIELD
THEORY IN CURVED SPACETIMES

To adapt CQFT to curved spacetime we will start with
the Dirac equation and show that [at least in (1 + 1)-
dimensional spacetime] it can be recast into Schrédinger
form. We will then show that the first-quantized quantum
theory can be used to generate time evolution for the
second-quantized theory as for electromagnetic inter-
actions, although achieving this will require a field
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FIG. 1. Number of created fermion-antifermion pairs for a
Sauter step given by Eq. (21), with E, = 1/4, and @ = 0.1. The
upper panel shows the time evolution over a duration of 2004,
while the lower panel is a zoom of the late-time region. The
obtained asymptotic number is N =~ 7.4 x 107°. The calculation
is performed using CQFT on a lattice of width 1004 with 2!! sites
and time step 6t = 0.001/ increasing the number of lattice sites or
reducing the time step does not change the curves at the
resolution shown. The asymptotic number of created pairs agrees
with the asymptotic adiabatic particle number [53].

redefinition. For details on our curved space conventions,
see Appendix A.

In curved spacetime, the free massive Dirac equation
takes the covariant form [see (A 6)]

iy* () Vo (x) = my(x) = 0, (22)

where V, denotes the spinor covariant derivative. Using the
vielbein  formalism, —whereby ~we set g, (x) =
e, (x)e,’(x)n,, and y* = ey, this equation can be
written explicitly as

ieua(x)ya(ay + QD()C))I//(X) - ml//(x> =0, (23)

where e, are the vielbeins and €2, is the spinor connection
(Fock-Ivanenko coefficient) detailed further below.
Throughout this section, we distinguish between curved
spacetime coordinates (z,&) and local Lorentz (tangent-
space) coordinates (7, x), and we will use the Greek letters
corresponding to the curved coordinates instead of their
respective numerical indices when citing the connections

and tetrads. For example, we will use Ff ¢ and e rather than

[}, and €% so that the curved coordinate variable is
indicated explicitly.

A. Background geometry

We consider a static 1 + 1-dimensional spacetime that is
flat Minkowski space for 7 < 0. We introduce a deforma-
tion for 7 > 0, whereby the manifold becomes curved, with
line element

(24)

where
a(é) =1 —pe&/7. (25)

Here, then, rq controls the width of the Gaussian deforma-
tion of flat spacetime and f control its strength. In order to
avoid coordinate singularities and keep the metric signature
fixed, we choose to take f to be smaller than unity.

The metric (24) is chosen as a smooth, asymptotically
flat deformation of flat spacetime that is free of curvature
singularities. Such regular background geometries are
particularly well suited for numerical investigations of
quantum field dynamics in curved spacetime. Although
no assumption is made regarding the microscopic gravita-
tional origin of this geometry, the metric Eq. (24) is inspired
by a classical solution of a two-dimensional string theory
[54,56] where the metric takes the same form as in Eq. (24)
with a(&) = 1 — Be™2.

This restriction to smooth spacetimes is motivated by
fundamental considerations in quantum field theory on
curved backgrounds. In spacetimes containing curvature
singularities or lacking global hyperbolicity, the quantum
Hamiltonian governing field evolution generally fails to be
essentially self-adjoint. As a consequence, quantum time
evolution is not uniquely defined unless additional boun-
dary conditions are specified at the singularity, leading to
ambiguities in the dynamics [62]. By working with a
regular background geometry that is asymptotically flat,
these issues are avoided and a well-defined, unitary time
evolution will ensue (see below).

The nonvanishing Christoffel symbols associated with
the metric (24) are (see Appendix A 2)

e e _ @)
T =T = 2@

M = Jal&)a/ (&),

a(¢)
gcf == 2a(é)’ (26)

where a prime denotes differentiation with respect to &.
From here one finds a nonzero Riemann curvature tensor
characterized by the Ricci scalar,
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2 2
RE) = a'(&) = L et - 22),

)

>0 (27)

(with the Kretschmann scalar being the square of this). This
confirms that the metric remains flat at asymptotic spatial
distance [recall that in (1 + 1)-dimensional spacetime the
Ricci tensor is given by R, (£) = 1R(£)g,, ()]

Before proceeding let us address the question of con-
tinuity of the metric at ¢ = 0. Of course a smooth switch-on
could be implemented by introducing a time-dependent
coefficient, e.g., a(7, &) = 1 — s()e~<"/", where s(7) inter-
polates from O to f. This would introduce additional time-
derivative terms in the Dirac equation arising from the time
dependence of the tetrads and spin connection. For sim-
plicity, here we consider a sudden quench allowing the
lattice spacing to regulate the discontinuity at 7 = 0. Terms
proportional to §(z), which can arise from derivatives of the
step function 9,0(7) in a global metric description, are
instead encoded in matching conditions at z = 0, which in
the present formulation reduce to continuity of the rescaled
field,

x(07.8) = x(07.8). (28)

The postquench evolution for z > 0 is then generated
by Eq. (38).

B. Vielbeins and spin connection
We choose the diagonal vielbein (see Appendix A 1)

651 =

a(é). (29)

with all other components vanishing.
The only nonvanishing components of the spin con-
nection are (see Appendix A 3 and A 4)

a(¢)
>

0o _ 1 _
Dy, = Wy, =

(30)

while @y, = 0. Then the spinor connection for the matter
field is given by (see Appendix A 5)

= _Zwabuouhv Guh = é [ya’ yb]' (31)

Using the 1+ 1-dimensional representation y° = o3 and

y' = io,, one finds

)

Q
T g

o, Q=0 (32)

C. Dirac equation and Hamiltonian formulation

Inserting Eqgs. (29) and (32) into (23), the Dirac equation
in our curved spacetime becomes (for 7 > 0)

;(§> o (af +@al)w<r, )

- (Va(§)o,0: + m)y(z.&) = 0. (33)

The covariant Dirac current j* = yy*y satisties V,j* = 0
and defines a conserved inner product on a Cauchy surface
of constant 7). Taking the curvature into account, this inner
product is defined by

(w1.v2) :/d(f\/%llfillfz- (34)

Our aim is to rewrite the equation of motion for the field in
Schrodinger form so as to develop a first-quantized
representation of its time evolution. Nevertheless, the
Dirac Hamiltonian obtained from Eq. (33) is not manifestly
Hermitian with respect to the flat L?(d¢) norm due to the &
dependence of the vielbeins. We therefore perform the field
redefinition

1(1.8) = a7 (E)y(z. &), (35)

which yields a Hamiltonian that is Hermitian with respect
to the standard flat inner product

()(1,)(2)2/615)(1)(2- (36)

In the first-quantized setting, the Dirac equation,
Eq. (33), can then be rewritten in the Schrodinger form
in terms of the rescaled field,

i0.(7.&) = Hy(z,£), (37)

where 7 denotes the curved-spacetime time coordinate
associated with the background metric (24). The
Hamiltonian is (for 7 > 0)

| R
H = 5{0‘(5), bor + Va(&)mos. (38)
The anticommutator of the
Hamiltonian operator.
Itis convenient to decompose H into the free flat-spacetime
Hamiltonian A ¢ and curvature-induced corrections:

ensures  Hermiticity

(39)

I:Igr = 5{0‘(5) -1, p}o, + ( a(é) - 1)””03- (40)
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For the metric (24), this yields

N N 1
i = fy, =54/ pYoy + (\/1 = pe €78 = 1) may;

(41)

the free part of the Hamiltonian can be used to define the states
of the theory corresponding to flat space.

It is important to note, however, that a rescaling
analogous to that introduced in Eq. (35) can be carried
out in the general 1 4 1-dimensional case once the space-
time metric is written in conformally flat form. Indeed,
every two-dimensional Lorentzian metric is locally con-
formally flat. Consequently, a metric of the general form

ds* = a (1. £)d7 — ay (1. £)dE> (42)

can always be brought, by a suitable local coordinate
transformation, to the form (See Appendix B)

ds? = a(7, &) (dr”? — d&?). (43)

In these conformal coordinates, the spin connection com-
ponents can be computed straightforwardly. In the repre-
sentation y° = o5 and y! = is,, one finds

dza(7, &)
) = s Q /
T 40{(,[/’5/) 0] &

_dya(7, &)
= mﬂl. (44)

Introducing the rescaled spinor field
P(7.&) = a7 Ey(7. &), (45)
the Dirac equation assumes the Schrodinger-like form
i0yp(7, &) = —ic\0p (7. &) + m/a(r . & )osp(7, &).
(40)

The corresponding Hamiltonian operator is manifestly
Hermitian with respect to the flat inner product, and the
resulting time evolution is unitary.

D. Field quantization and split-operator time evolution

Now we quantize the fields, by setting

2.8 = / dp(b,(0)0,(&) + dy(Dw,(8).  (47)

where v,(x) and w),(x) are the solutions of the free Dirac
equations in the Minkowski flat spacetime.

As in flat space, the second-quantized Hamiltonian
density is

H=j"(r.&)H 3(2.8), (48)

and the Heisenberg equation for the time evolution of the
field can, again, be written using the first-quantized
Hamiltonian as

i0.7(r.x) = H(r.y). (49)

As such, we may employ the time evolution operator
corresponding to the single-particle Hamiltonian.

The free evolution operator for 7 is identical to that
obtained in the flat-spacetime case discussed in Sec. II, with
the Minkowski time coordinate ¢ replaced by the curved-
spacetime time coordinate 7:

Uy, (57) = emiHnor, (50)

Its explicit matrix therefore not
repeated here.

Using a symmetric Baker-Campbell-Hausdorff split-
operator scheme, the full time-evolution operator is

approximated to O(673) as

N N T\ ~ ot
U<5T) = Ucur2 <?) Ucurl <?)
N . ot ~ ot
X Ufr (57) Ucurl <E> UcurZ <?> . (51)

Here U, corresponds to the momentum-dependent

representation  is

. . _£E2/42 A .
curvature term involving {e~¢/"0, p} and is evaluated most
conveniently in momentum space,

v (67) = exp {—;{f‘,ﬁ}m&], (52)

where f(&) = e~/ and the momentum—space matrix
elements of f‘ are

(PIFIp) = / dE(p|&) £(E)(Elp)
= [ der@er ()

On the other hand, IAJCWZ is applied in position space,

(E10 2 (57)[E) = exp [—ig(£)dT](£ = &), (54)

with

g(&) = (\/ 1—pe /7 - 1)m63. (55)

The resulting time-evolution operator U is used in direct
analogy with the flat-spacetime case discussed in Sec. II. In
particular, it is applied to evolve the quantized field in time
and to compute transition amplitudes between time-evolved
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single-particle states. These amplitudes are then used to
construct the time-dependent creation and annihilation
operators and to evaluate expectation values of quantum
field observables.

Since the system is initially prepared in the Minkowski
vacuum prior to the introduction of the spacetime curvature
quench, the initial field operator is the free Dirac field
7(0,&) given by Eq. (6)—this provides the boundary
condition for 7(0, £). The subsequent time evolution can
be described equivalently either by the original Dirac
equation Eq. (33) or by the rescaled equation Eq. (37).
We evolve the latter, because it yields a Hermitian
Hamiltonian and unitary time evolution in our first-quan-
tized representation.

As in the flat-spacetime formulation, we project the time
evolved field onto a reference basis. In the present work,
this basis is chosen to be the set of free Dirac eigenstates.
This choice is natural for the background geometry
considered here, which is asymptotically flat, and allows
for a direct interpretation of particles and antiparticles in
terms of free asymptotic states.

The physical densities are those corresponding to the
conserved currents and can be expressed equivalently in
terms of the field ¢ (7, x) or 7(z, x)

1
a(é)

The number density operators for one particle positive
energy and negative energy states p, are respectively:

5 1 D (Dot (EV
P = [ avarBi by
a1 (A% (v
= [ avar i emiem . )

o (0. (. &) =71 (2. H(r. &) (56)

Pch =

if these operators are derived from the field decomposition
of y and

po(r.8) = // dpdp'B(1)b (1)} (&), (£).
po(e.8) = // dpdp' b (0)b (Wh(Ewy (&), (58)

if they are derived from the field decomposition of y. The
number density operators in the momentum space are
given by

T
Py (2. p) = &} (), (o) (59)

The number density of one-particle states defined with
respect to the Minkowski free basis as introduced in
Egs. (57) and (58) are basis dependent and correspond

to excitations measured relative to the Minkowski vacuum
(this can be shown by calculating the time evolution after
turning off the spacetime curvature at any instant such the
evolution continues with the free Minkowski space
Hamiltonian only whereafter the number density remains
constant). In contrast, the charge density operator given by
Eq. (56) is a basis-independent observable.

Using the time evolution operator Eq. (51), one can
compute the amplitudes Uy,v,» Upu, and so on. The
number density of the created fermion—anti-fermion pairs
Ppairs and their spectrum p,(p), all calculated with respect
to the flat spacetime vacuum, are then obtained by
computing the vacuum expectation value of p_ (r,&) or
p_(z, &) given by Eq. (57). The vacuum expectation values
are given by

2

pi(r.8) = / dp' / dp'U,,, ,(t)v, (&)

2

p-(.8) = / dp’ / dp'Uy,. , (T)wy (&)

pp(5.0) =Py (5:0) = [ AP0, (5
— [ vV, 0P (60)

while the expectation value of the charge density is
vanishing everywhere, as no charge separation is taking
place since the spacetime curvature does not couple to
charge, and no electromagnetic field is included in the
scenarios discussed in this work. The number of pairs Ny
is then obtained by integrating p,;,s over £ or by integrating
p,(p) over p so that one obtains:

Ny = / dp / U, o (D). (61)

It is important to note that in the framework of the CQFT
presented in this work the background geometry can be
time dependent as one can introduce space- and time-
dependent perturbations to the flat Minkowski vacuum.
However, neither the backreaction nor the self-interaction
of the matter field is accounted for. The fermionic field is
therefore evolved on the background geometry without
accounting for gravitational backreaction or fermion self-
interactions. The present formulation thus corresponds to
quantum field theory on a prescribed classical spacetime.
Extensions of the method that incorporate backreaction and
self-reaction effects and loop corrections will be considered
in future work.

IV. RESULTS AND ILLUSTRATIONS

Starting from the field characterizing the fermionic
vacuum, we evolve it using the time evolution operator
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%107

N, pairs

FIG. 2. Number of created pairs in the case of a Gaussian
deformation of width » = 11 and lattice width A = 1004 for
different lattice spacings corresponding to N = 2° sites (dotted
line), N = 2'0 (dashed line), N = 2'! (solid line). For greater
values of N, the curves become indistinguishable in the plotting
resolution.

calculated in the curved spacetime characterized by the
Gaussian deformation of the flat spacetime, Eq (24). We
calculate the number densities and the spectrum of the
created fermions in position space.

To assess numerical stability, we performed convergence
tests with respect to both the spatial lattice spacing A& and
the time step Az. For sufficiently small A¢ and Az the
results for the particle number and spatial number density
become indistinguishable within the plotting resolution,
indicating that the calculation is in the converged regime.
Figure 2 shows the total number of fermion—antifermion
pairs created for several lattice resolutions; convergence is
reached for A¢ < 0.0974 and Az <0.014.

As a complementary diagnostic we also monitored the
norm of a Gaussian wave packet to test the unitarity of the
evolution. Using the time evolution operator, Eq. (51), we
evolved a one-particle wave packet propagating through the
curved spacetime. The initial wave packet was chosen to be

0 1 1/4 _(x—xg)z ip 1 &
= 40 ~tPoX
100 = (5] e () (6

with xy = —104, py = 100047, and 6 = 21. We found that
the symmetrized operator splitting used in Eq. (51) pre-
serves the norm to sufficiently high accuracy; over the full
simulation time of 204 the deviation ¢(7) = |jy(?)]|* — 1
remains below 3.4 x 10713 for &&= 0.04881 and
0t = 0.014 and it becomes smaller for smaller 6 and
or. This is consistent with the expected global error of
O(87%) corresponding to an error of O(673) over each time
step of the second-order splitting scheme. In Fig. 3 we
show the propagation of this wave packet through the
curved spacetime.

In Fig. 4 we plot the total number of created fermion-
antifermion pairs as a function of time. After an initial
growth, the production reaches saturation due to the Pauli
blockade. The number of pairs created at which saturation
sets in depends on the spatial width of the curvature

£

FIG. 3. The probability density of a a one-particle fermionic
wave packet evolved with the time evolution operator Eq. (51).
The initial wave packet is given by Eq. (62) and its corresponding
density is shown by the dotted line. The dash-dotted line shows
the density corresponding to the evolved wave packet at r = 104,
and the solid line shows it at = 154. The discretization uses a
lattice of width 1004 and of 10'' sites. The time step is
o, = 0.014.

deformation; wider curvature profiles lead to greater
asymptotic pair numbers, as the pairs can be excited over
a larger spatial volume. Similarly, stronger curvature
deformations correspond to larger values of the parameter
p in Eq. (25) as it increases the value of the Ricci scalar
Eq. (27). As can be seen in Fig. 5 which shows the number
of created pairs as a function of time for different values of
p, increasing f results in a faster growth of the particle
number and a higher saturation value. Figure 6 shows the
momentum spectrum of created pairs obtained at late times
for different values of  too. Greater densities are obtained
for greater values of f. Physically, stronger curvature
deformations couple to a larger number of fermionic
modes, enabling pair production channels that are not
accessible for smaller f—note, however, that this does
not delay the onset of Pauli blocking.

In Fig. 7 we show the time evolution of the momentum
spectrum of the created pairs and of their number density as

x10™
10
Z 5 'I'\ ___________________________________________ =
0
0 5 10 15

T[Al

FIG. 4. Number growth of created fermion-antifermion pairs
for different widths of the Gaussian curvature Eq. (25). For wider
curvatures, the production reaches saturation at later times and for
greater numbers of created pairs. The dotted line corresponds to
ro = 14, the dash-dotted line corresponds to ry = v/24 and the
solid line corresponds to ry = v/3A. The numbers are calculated
on a lattice of width 1004 and of N = 2!! sites.
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2

N, pairs
)

0 5 10 15 20

FIG. 5. Number growth of created fermion-antifermion pairs
for different strengths of the Gaussian curvature with ry = 1. For
stronger curvatures, more pairs are created and saturation is
reached for greater numbers. The dotted line corresponds to
p = 0.5, the dash-dotted line corresponds to f = 0.7, the solid
line corresponds to f = 0.8 and the dotted line corresponds to
p=009.

><10'5
10}
=
o
< 5
O o - B—
-20 0 20
-1
pA]

FIG. 6. Spectrum of created fermion-antifermion pairs calcu-
lated at = = 104 for different strengths of the Gaussian curvature
with rq = 1. For stronger curvatures, more modes are created
and saturation is reached for greater numbers. The solid line
corresponds to f = 0.7, the dash-dotted line corresponds to
£ = 0.6, and the dotted line corresponds to f = 0.5.

a function of spatial position, by plotting these quantities
for three illustrative times.

The results show that pair creation is initially supported
close to the central, positive peak in the Ricci curvature.
Pairs later start to form in regions of negative curvature and
propagate outwards. Before saturation, the total number of
pairs is monotonically increasing (see also Fig. 2). The part
of the density created in the regions of negative curvature
gradually propagates far from the center of the curvature
bump where the calculated number densities become
physical, while the part created in the positive region is
confined inside the curvature region, blocking more cre-
ation at later times (the Pauli blockade). The momentum
spectrum shows little temporal variation of the range of
momenta of created pairs, but they become more concen-
trated about the turning points of the scalar curvature
momentum as time increases, which tends to reduce the
range of momenta carried by the pairs produced at
later times.

%107
5 )
=
— 2
&
1
—— 0 = =
1
pA]
%107
10
0 —
‘\.'
2 S
0'd
-4

xR T
§[A]

FIG. 7. Momentum spectrum of created fermion-antifermion
pairs (upper panel) and their number density(lower panel) at three
times: 7 = 0.14 (dotted line), 7 = 1.3 (dashed line), and 7 = 104
(solid black line), where 4 is the electron Compton wavelength.
The Ricci scalar R(¢), Eq. (27) corresponding to the spacetime
curvature given by Eqgs. (24) and (25) with = % is shown in the
upper panel by the solid gray line. The calculated number
densities are physical at late times and far from the spatial
variations of the Ricci scalar. Calculations use N = 2!! lattice
sites and a time step oz = 0.014.

V. DISCUSSION

We have shown that the CQFT formalism can be
extended to curved spacetimes and used to investigate
vacuum excitation and real-time fermion—antifermion pair
creation. The particle numbers reported in this work are
defined with respect to the free Dirac basis; they correspond
to the excitations that would be observed by a Minkowski
observer if the curvature were removed instantaneously. As
is well known in quantum field theory in curved spacetime
[33,34], particle number is not an invariant quantity and
depends on the particular mode decomposition used to
define the vacuum. The goal of the present work is
therefore not to provide a physical particle spectrum in a
specific observational scenario, but rather to establish the
mathematical and numerical framework required for apply-
ing CQFT to curved backgrounds and obtain unambiguous
pair creation numbers as seen by inertial observers in
asymptotically flat Minkowksi space.

Another physically meaningful particle definition can be
obtained by projecting onto the instantaneous eigenstates of
the Hamiltonian or of the charge-density operator; this will
be explored in future work. Importantly, while the number
densities of separate positive- and negative-energy states
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depend on the chosen basis, the charge density, which is
equal to the difference between them, is basis independent
in the sense that changing the basis corresponds to
changing the vacuum with respect to which we calculate
the numbers. This becomes especially relevant when
spatially dependent electromagnetic fields are included,
since they can separate the created charges and give rise to
basis-independent quantities such as charge densities and
currents. The same CQFT approach can be used to
investigate the time evolution of scalar fields in curved
spacetimes. This will be investigated in future works. In
addition, it would be interesting to employ the CQFT
framework to investigate whether universal scaling behav-
ior analogous to that observed in spatially inhomogeneous
electromagnetic fields [63,64] arises near critical points in
pair production induced by varying geometries.

Future extensions of the method will therefore include,
in addition to the curved background, spatially varying
electromagnetic fields, as well as implementing projection
schemes based on instantaneous diagonalization of the
Hamiltonian. Additionally, numerical improvements will
be implemented to reduce time ordering errors in the time
evolution operator beyond the time-step refinement used in
the present work [65]. These extensions will enable the
study of more realistic physical scenarios in which the
notion of particle number becomes unambiguous and
directly observable. Moreover, the field self-interaction
can be introduced through effective actions taking into
consideration the radiative corrections.

Extending the present CQFT approach to higher space-
time dimensions faces the fact that, in contrast to the two-
dimensional case, generic spacetimes are not locally con-
formally flat. Nevertheless, many physically relevant
geometries, including FLRW, de Sitter, and anti—de
Sitter spacetimes, are conformally flat. In such cases,
rescalings analogous to that introduced in Eq. (35) can
be employed to obtain a Hermitian Hamiltonian and a
unitary time-evolution operator. By contrast, for spacetimes
that are not conformally flat, such as the Schwarzschild
geometry, alternative strategies must be adopted, perhaps
on a case by case basis, in order to render the Dirac
equation in a suitable Schrodinger form so that the first-
quantized approach can be employed.
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APPENDIX A: DIRAC EQUATION IN CURVED
SPACETIME

The formulation of the Dirac equation in curved space-
time relies on a smooth curved spacetime having a
Minkowskian tangent space at any point. At each spacetime
point one may introduce a local inertial frame in which the
metric takes the Minkowski form and local Lorentz
symmetry is manifest. The relation between quantities
defined in this local Lorentz frame and those defined in
an arbitrary curved coordinate system is provided by the
tetrad (or vielbein) formalism.

In this appendix we review the construction of a
covariant derivative acting on spinor fields in curved
spacetime and outline the derivation of the Dirac equation
in a generally covariant form. The strategy is to determine
the spinor connection by requiring that spinor bilinears
transform correctly as tensors under parallel transport. In
particular, we will demand that the probability current
constructed from a spinor field transforms as a vector under
local Lorentz transformations and parallel transport.

Throughout this section, Greek indices (u, v, ...) denote
curved spacetime coordinate indices, while Latin indices
(a,b, ...) denote indices associated with the local Lorentz
(orthonormal) frame.

1. Tetrads and local inertial frames

At each spacetime point x, one may introduce a local
inertial (orthonormal) frame in accordance with the equiv-
alence principle. The tetrad fields e#,(x) and their inverses
e“,(x) relate tensor components in this local Lorentz frame
to those in an arbitrary curved coordinate system. At a
given spacetime point, one may choose local inertial
coordinates y“ such that the tetrads coincide with the
Jacobian matrices

B oxH
=5 ;

a 9y*
e’ (x) = pori i

ety (x) (A1)

This identification is purely pointwise and does not imply
the existence of a global coordinate transformation; in a
generic curved spacetime the tetrad fields are not globally
integrable as coordinate derivatives. For a vector j, the
components in the two frames are related by

J(x) = ey (x)j* (x).  (A2)

The tetrads satisfy the orthonormality relations
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(A3)

where 7,, = diag(1,—1,—1,—1) is the Minkowski metric
in the local Lorentz frame.

2. Levi-Civita connection and vector parallel transport

We assume that spacetime is equipped with the Levi-
Civita connection, which is torsion-free,

> —=1»

v vp

and metric compatible,

V, 9 =0.
The corresponding Christoffel symbols are therefore

given by

1
Fp/w = Egﬂg(augua + ayg/m - ao"gpw)' (A4)

The parallel transport of a vector expressed in the coor-
dinate basis takes the form

JH x4 dx) = 1 (x) = T4 (x) " (x)dx. (AS)
It is often convenient to express vector components in the
local Lorentz frame while keeping the spacetime displace-
ment dx* in curved coordinates. We therefore introduce a
“mixed” parallel transport law,

JU(x 4 dx) = j(x) = 0%h,(x) /7 (x)dx?,  (A6)
where @w%,, is the spin connection associated with the
tetrad. The corresponding covariant derivative is

vaja = ao‘ja + a)abﬂjb' (A7)
The purpose of introducing this mixed covariant derivative
is to relate the parallel transport of vectors in curved
spacetime to their transport in the local Lorentz frame.
By requiring consistency between these two descriptions,

we determine the spin connection w“,, in terms of the
tetrads and the Christoffel symbols.

3. Spin connection from tetrads

Using the transformation rule (A2), the mixed transport
law (A6) can be rewritten in terms of curved indices as

JH(x + dx) = et ,(x + dx)j*(x + dx)
= J*(x) + 0, o (x) j* (x)dx

— e ()ay, (x) [ (x)dx*,  (A8)

where we have used
et (x + dx) = e ,(x) + 0 e, (x)dx". (A9)

Comparing Eq. (A8) with the standard coordinate-basis
parallel transport (AS) and eliminating j¢, we obtain

=¥ ;e%, = 9,e!) — ety y,. (AIO)
Solving for the spin connection yields
oy, = e?,0,et), + e, e, IV (A11)

This is the standard expression for the spin connection in
terms of the tetrads and the Levi-Civita connection.

4. Antisymmetry of the spin connection

The spin connection is antisymmetric in its local Lorentz
indices. This property follows from metric compatibility in
the local frame, or equivalently from the requirement that
parallel transport preserves the local Lorentz scalar product.

To demonstrate this explicitly, consider the squared
length of a vector after parallel transport:

J(x 4 dx)napj? (x + dx) = n,,j%(x) " (x)
= Nap oo’ g, jdx”

- ﬂabjbwacvjcdxy' (A12)

Since parallel transport preserves lengths, the O(dx) terms
must cancel, implying

nabjaa)bdujd = _nubjbwacyjc‘ (A13)
Lowering the first Lorentz index of the spin connection,
@ gy = Nap®” 4y this becomes

jaa)adyjd = _jawduyjd' (A14)

Because j*j¢ is symmetric under a <> d, this relation can
hold for arbitrary j¢ only if
(A15)

WDggy = —Wygy-

5. Spinor parallel transport and spinor connection

We now turn to spinor fields. We assume that the parallel
transport of a spinor y is governed by a matrix-valued
connection €,
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wx+dx) = w(x) - Q(p(x)de.  (Al6)
The adjoint spinor i = y'y? transforms as
P(x +dx) = p(x) =y (0)QI(x)y0dxt,  (AL7)
while the scalar bilinear
S(x) = w(x)w(x) (A18)

must transform as a scalar under parallel transport.
Requiring V,S = 9, S implies
Q, = —"Qfy’. (A19)

Next, consider the probability current in the local
Lorentz frame,

J4(x) = w(x)ry(x), (A20)

which must transform as a Lorentz vector. Computing its
parallel transport using the spinor connection gives

J(x +dx) = j () + () [,y y (x)dx. (A21)

On the other hand, vector parallel transport requires
J(x + dx) = j4(x) — 0%, j° (x)dx". (A22)

Equating these expressions yields the well-known condi-
tion

. Q] = o%r". (A23)
A solution consistent with this relation is
Q, = —ﬁa)ubyo“h, (A24)
where
o =217 (425)

This expression satisfies the required commutation relation,
as may be verified using the gamma-matrix algebra.

6. Dirac equation in curved spacetime

The curved-spacetime gamma matrices are defined by

rH(x) = e, (x)r,

which ensures that they satisfy the spacetime Clifford
algebra {y#,y*} = 2¢*I and that the Dirac current trans-
forms as a spacetime vector, and the spinor covariant
derivative is defined by

vvl// = abll/ + Qvl//' (A26)

The Dirac equation in curved spacetime then takes the
generally covariant form

iy*'Voy —my =0, (A27)

or explicitly,

e’ " (au + QD)W —my =0 (A28)

with Q, given by Eq. (A24).

APPENDIX B: LOCAL CONFORMAL FLATNESS
OF 1+ 1-DIMENSIONAL METRICS

In this appendix we show that any 1 + 1-dimensional
Lorentzian metric of the form

ds> = a;(z,&)de* — ay(1, &)dE, a, >0, a, >0,

(B1)

is locally conformally flat. That is, in a suitable local
coordinate system (7', &), the metric can be written as

ds? = a(7', &) (dr? — d&?), (B2)

with a positive conformal factor a.

Throughout this appendix we work locally on an open
set where a;(z, &) > 0 and a,(z, &) > 0, so that the metric
has Lorentzian signature.

1. Null decomposition

Define the function

a (7,
o(r.8) = aféf’ g (B3)
Then the metric (B1) can be factorized as
ds® = a(z.§)(d7* = ¢(7.£)*dE?)
= a,(r,&)(dr — cd&)(dr + cdé). (B4)
Introduce the two null 1-forms
w_ = dr — cdé, w, =dr+ cdé, (B5)
so that
ds* = aqjo_w,.. (B6)

It remains to seek local coordinates adapted to these null
directions.
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2. Integrating factors and null coordinates

We look for nonvanishing functions u(z, &) and v(z, &)
such that the 1-forms

du = pw_ = p(dr — cdé), dv =vw, = v(dr + cdf),

(B7)

are exact.

The condition that du and dv be closed, d(du) = 0 and
d(dv) = 0, yields the first-order linear partial differential
equations

Ogp + 0, (uc) = 0, (B8)

dzv — 0, (vc) = 0. (B9)
These equations are transport equations along the charac-
teristic curves defined by

dr = +c(r, &)dE, (B10)
which coincide with the null curves of the metric. Standard
local existence results for first-order linear PDEs ensure
that smooth, nonvanishing solutions y and v exist in a
sufficiently small neighborhood, given appropriate initial
data. Consequently, the functions u(z, &) and v(z, &) define
a local coordinate system.

From (B7) we obtain

1 1
dr — cdé = —du, dr + cdé =—dv. (B11)
U v

Substituting into (B6) gives

ds* = /%dudﬂ = 6% (u, v)dudv, (B12)
where
ai(t(u,v),&(u, v
0%(u, v) = l(ﬂET, 5;5 5 ) (B13)
3. Conformally flat coordinates
Finally, define new coordinates (7’,¢&’) by
v+u v—u
v = ;L Coe=2t (B14)
A direct computation shows that
dudv = d7”* — d&”. (B15)
Therefore, the metric (B12) becomes
ds* = 6*(u,v)(de? — d&?). (B16)
Defining
a(e. &) = P(u(7.&).v(7.&)). (B17)
we arrive at the conformally flat form
ds* = a(7, &)(de”? — d&?). (B13)

This completes the proof of the well-known fact that any
1 + 1-dimensional Lorentzian metric of the form (B1) is
locally conformally flat.
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